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In this work we study thermal leptogenesis using nonequilibrium quantum field theory. Starting from

fundamental equations for correlators of the quantum fields we describe the steps necessary to obtain

quantum-kinetic equations for quasiparticles. These can easily be compared to conventional results and

overcome conceptional problems inherent in the canonical approach. Beyond CP-violating decays we

include also those scattering processes which are tightly related to the decays in a consistent approxi-

mation of fourth order in the Yukawa couplings. It is demonstrated explicitly how the S-matrix elements

for the scattering processes in the conventional approach are related to two- and three-loop contributions

to the effective action. We derive effective decay and scattering amplitudes taking medium corrections and

thermal masses into account. In this context we also investigate CP-violating Higgs decay within the same

formalism. From the kinetic equations we derive rate equations for the lepton asymmetry improved in that

they include quantum-statistical effects and medium corrections to the quasiparticle properties.
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I. INTRODUCTION

If one combines today’s Standard Model (SM) of
particle physics and that of cosmology, one finds inevitably
that particles and their antiparticles annihilate at a very
early moment in the evolution of the Universe, leaving
just radiation behind. The absence of a sizable matter-
antimatter asymmetry at this epoch would imply that the
Universe as we know it could never form. The question
about the origin of the observed asymmetry therefore
represents a major challenge for modern physics (see
Ref. [1] for a recent review). In the SM baryon and
lepton number are (accidental) global symmetries. If
baryon number was also conserved in the early universe
a dynamical emergence of the asymmetry would have been
impossible. In grand-unified extensions (GUTs) of the SM,
baryon number (and also lepton number) is explicitly
broken. According to past reasoning, this could provide
a solution to the apparent discrepancy. In the class of
‘‘GUT-baryogenesis’’ scenarios the matter-antimatter
imbalance is generated by asymmetric decays of new
super-heavy bosons. Anomalous electroweak processes
[2,3] (sphalerons) which violate baryon and lepton number
but conserve their difference essentially eliminated the
prospects for GUT baryogenesis [4]. At the same time,
it inspired the now widely appreciated scenarios of
‘‘electroweak baryogenesis’’ [4,5] and ‘‘baryogenesis via
leptogenesis’’ [6]. According to the latter scenario, the

asymmetry is initially generated in the leptonic sector by
the decay of heavy Majorana neutrinos at an energy scale
far above the electroweak scale. Subsequently it is con-
verted into the observed baryon asymmetry by sphalerons.
The mass scale of the heavy Majorana neutrinos required
for leptogenesis [7,8] fits together very well with the
mass differences inferred from observations of solar-,
atmospheric- and reactor-neutrino oscillations.
We focus here on the conventional, but most popular,

high-energy (type-I) seesaw extension:

L ¼ LSM þ 1

2
�Niði6@�MiÞNi � h�i �‘� ~�PRNi

� hyi� �Ni
~�yPL‘�;

where Ni ¼ Nc
i are the heavy Majorana fields, ‘� are the

lepton doublets, ~� � i�2�
� is the conjugate of the Higgs

doublet, and h are the corresponding Yukawa couplings.
The Majorana mass term violates lepton number and the
Yukawa couplings can violate CP. Therefore the model
fulfills essential requirements for baryogenesis [9]. They
can also be realized for more complicated SM extensions
and a wide range of values for couplings and neutrino
masses [10–13]. In general the right-handed neutrinos
do not necessarily get into thermal equilibrium and
CP-violating oscillations between them can contribute to
the asymmetry. This effect of leptogenesis through neu-
trino oscillations [14] is crucial for neutrino-minimal
extensions of the SM (�MSM) [15,16] and poses interest-
ing questions for nonequilibrium quantum field theory
[17–19]. In the considered scenario of thermal leptogenesis
the heavy Majorana neutrinos experience only a moderate
deviation from thermal equilibrium at the time when
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the bulk of the asymmetry is produced. Also, for a hier-
archical mass spectrum, effects related to oscillations are
negligible.

The amount of the generated asymmetry is determined
by the out of equilibrium evolution of the heavy Majorana
neutrinos. Therefore, statistical equations for the abun-
dance of the neutrinos and the generated asymmetry are
needed. The conventional approach here follows the lines
developed for GUT baryogenesis [20]. The CP-violating
amplitudes for the decay and scattering processes involv-
ing the heavy Majorana neutrinos are computed in terms of
Feynman graphs at lowest loop order. They are used to
build generalized Boltzmann collision terms for these pro-
cesses. Each of them contributes to the evolution of the
distributions of Majorana neutrinos and leptons or, upon
momentum integration, their entire abundances.

However this approach is plagued by the so-called
double-counting problem which manifests itself in the
generation of a nonvanishing asymmetry even in thermal
equilibrium. This technical issue is expression of the fact
that the ‘‘naive’’ generalization of the collision terms is
quantitatively inexact, and inconsistent in the presence of
CP violation. After a real intermediate state (or RIS)
subtraction procedure and a number of approximations, it
can be made consistent with fundamental requirements.
Nevertheless this pragmatic solution remains unsatisfac-
tory. The requirement of unitarity guarantees a consistent
approximation for the amplitudes, realized by the RIS
subtraction, if the statistical system is in thermal equilib-
rium. However, the deviation from equilibrium is a funda-
mental requirement for leptogenesis and it is not obvious
how the equations have to be generalized for a system out
of equilibrium.

Furthermore, the CP violation arises from one-loop
contributions due to the exchange of virtual quanta. As
such they seem to be beyond a Boltzmann approximation.
But the relevant imaginary part is due to intermediate states
in which at least some of the particles are on shell. These
can also be absorbed or emitted by the medium and it is not
obvious how such contributions enter the amplitudes. It is,
however, clear that the influence of medium effects on the
one-loop contributions enters directly the CP-violating
parameter and therefore the source for the lepton asymme-
try. Their size can be of the same order as that of the
vacuum contributions.

Those questions can be addressed within a first-principle
approach based on nonequilibrium quantum field theory
(NEQFT). Several aspects of leptogenesis have already
been investigated within this approach [21]. The influence
of medium effects on the generation of the asymmetry has
been studied, e.g., in Refs. [19,22–27], and an analysis with
special emphasis on off-shell effects was performed in
Refs. [28,29]. The role of flavor effects as well as the range
of applicability of the conventional approach to the analy-
sis of flavored leptogenesis has been investigated in

Ref. [30]. The resonant enhancement of the lepton
asymmetry has been addressed within a first-principle
approach in Refs. [17,18,31,32]. In addition, steps towards
a consistent inclusion of gauge interactions have been
taken [11,33–39].
In this work we use the two-particle-irreducible (2PI)

formalism of NEQFT to derive Boltzmann-like quantum-
kinetic equations for the lepton asymmetry. In particular,
we show how two-body scattering processes that violate
lepton number by two units and contribute to the washout
of the asymmetry emerge within the 2PI formalism. This
approach treats quantum field theory and the out of equi-
librium evolution on an equal footing and allows us to
overcome the conceptional difficulties inherent in the
conventional approach. It allows us to obtain quantum-
generalized Boltzmann equations which include medium
effects and which are free of the double-counting problem.
In other words, the structure of the obtained quantum-
kinetic equations automatically ensures that the asymmetry
vanishes in thermal equilibrium and no need for RIS
subtraction arises. The resulting equation for the lepton
asymmetry YL is given by

sH
z

dYL

dz
¼X

i

Z
d�pkq

‘�Ni
F pk;q

‘�$Ni
�‘�$Ni

�X
i

Z
d�pkq

�‘ ��Ni
F pk;q

�‘ ��$Ni
��‘ ��$Ni

� 2
Z

d�p1k1p2k2
‘� �‘ ��

F p2k2;p1k1
�‘ ��$‘�

��‘ ��$‘�

�
Z

d�p1p2k1k2
‘‘ �� ��

F k1k2;p1p2
�� ��$‘‘

� �� ��$‘‘

�
Z

d�p1p2k1k2
�‘ �‘��

F p1p2;k1k2
�‘ �‘$��

��‘ �‘$��: (1)

Together with the ‘‘effective amplitudes’’ � this is the
main result of this paper. In Eq. (1) we introduced

F
papb...;pipj...

ab...$ij... � ð2�Þ4�ðpa þ pb þ � � � � pi � pj � � � �Þ
� ½fifj . . . ð1� �afaÞð1� �bfbÞ . . .
� fafb . . . ð1� �ifiÞð1� �jfjÞ . . .�; (2)

with �a ¼ þð�Þ1 for fermions (bosons). Note that

F
papb...;pipj...

ab...$ij... vanishes in equilibrium due to detailed

balance. This ensures that the asymmetry vanishes in ther-
mal equilibrium as mentioned before. The effective ampli-
tudes contain medium effects ignored in the corresponding
canonical expressions.
We find that, in the amplitudes of the scattering

processes medium effects are subdominant and can be
neglected at low temperature. The total decay amplitude
of the Majorana neutrino is barely affected as well.
However, at high temperatures the available phase space
shrinks when taking gauge interactions in the form of
effective thermal masses of Higgs and leptons into account.
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This leads to a suppression of the decay and scattering
rates. Since the CP-violation appears as a loop effect it is
more sensitive to influences of the surrounding medium.
Even though there is a partial cancellation of the fermionic
and bosonic contributions, the CP-violating parameter is
enhanced by medium effects. However, the thermal masses
reduce the enhancement and turn it into suppression at high
temperatures.

We review the conventional approach to leptogenesis
based on RIS subtraction in Sec. II. In Sec. III we demon-
strate explicitly that in thermal equilibrium the success of
this procedure is guaranteed by the requirement of unitar-
ity. In Sec. IV we review the derivation of rate equations for
total abundances and discuss to which extent quantum-
statistical and medium corrections can be incorporated
in the reaction densities. In Sec. V we review the applica-
tion of the 2PI approach of NEQFT to leptogenesis.
Equation (1) and explicit expressions for the effective
in-medium decay and scattering amplitudes are derived
within this framework in Sec. VI. We compare the results
obtained within the 2PI formalism to those of a conven-
tional analysis with manual RIS subtraction. In Sec. VII we
derive rate equations and the CP-violating amplitudes for
Higgs decay within the framework of NEQFT. Finally,
we summarize the results and present our conclusions in
Sec. VIII.

II. CONVENTIONAL APPROACH

The amount of produced asymmetry depends on the de-
tails of the nonequilibrium evolution of the Majorana neu-
trinos aswell as on the strength ofCP violation. The latter is
usually quantified by CP-violating parameters [10–13]:

�i �
�Ni!‘� � �Ni! �‘ ��

�Ni!‘� þ �Ni! �‘ ��

;

where �Ni!‘� and �Ni! �‘ �� are the vacuum decay rates to a

particle or antiparticle pair, respectively. For a hierarchical
mass spectrum �i can be computed perturbatively as the
interference of the tree-level, one-loop vertex [6] and
one-loop self-energy [40–42] amplitudes in Fig. 1. The
contribution of the loop diagrams can be accounted for by
effective Yukawa couplings [43]:

	þ;�i � h�i � ih�jðhyhÞ�jigij; (3a)

	�;�i � h��i � ih��jðhyhÞjigij; (3b)

where the loop function gij is defined as

gij � 1

16�

MiMj

M2
i �M2

j

þ 1

16�

Mj

Mi

"
1�

 
1þM2

j

M2
i

!
ln

 
1þM2

i

M2
j

!#
: (4)

The first term in Eq. (4) is related to the self-energy and
the second term to the vertex contribution. The decay
widths are proportional to the absolute values of the

effective couplings, �Ni!‘� ¼ gwð	yþ	þÞiiMi=ð32�Þ and
�Ni! �‘ �� ¼ gwð	y�	�ÞiiMi=ð32�Þ, respectively, where we

have summed over flavors of the leptons and SUð2ÞL
indices (hence the factor gw ¼ 2) in the final state. Since
the phase space for the decay into particles and anti-
particles is the same, one gets for the CP-violating
parameter:

�vaci � ImðhyhÞ2ij
ðhyhÞii

� 2gij; j � i: (5)

Let us note in passing that the divergence of the loop
function for j ¼ i is not physical and can be removed by
a resummation of the self-energy contribution [42–44].
Here we work in a regime where the mass splittings
jMi �Mjj are large enough to render effects related to

the enhancement of the self-energy contribution irrele-
vant (nonresonant leptogenesis). We do not require a
strictly hierarchical mass spectrum, however.
To describe the statistical evolution of the lepton

asymmetry one usually employs generalized Boltzmann
equations for the one-particle distribution functions of the
different species [20,45,46]. Taking into account decay and
inverse decay processes one writes for the distribution
function of the leptons (for a single flavor):

p
D
f‘ ¼ 1

2

X
i;si

Z
d��

k d�
Ni
q ð2�Þ4�ðpþ k� qÞ

� ½jMj2Ni!‘�ð1� f‘Þð1þ f�ÞfNi

� jMj2‘�!Ni
f‘f�ð1� fNi

Þ�; (6)

where d�a
p ¼ d3p=½ð2�Þ32Ep� is the invariant phase

space element, si denotes spin degrees of freedom of Ni,
and D
 is the covariant derivative. The corresponding

equation for antileptons may be obtained by inter-

changing ‘$ �‘ and �$ ��. CPT invariance implies
that jMj2Ni!‘�¼jMj2�‘ ��!Ni

and jMj2
Ni! �‘ ��

¼ jMj2‘�!Ni
.

Furthermore, in thermal equilibrium detailed balance
requires that ð1� f

eq
‘ Þð1þ f

eq
� ÞfeqNi

¼ f
eq
‘ f

eq
� ð1� f

eq
Ni
Þ.

Subtracting the two relations we find for the contribution
of the (inverse) decay terms:

FIG. 1. Tree-level, one-loop self-energy and one-loop vertex
contributions to the decay of the heavy Majorana neutrino.
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p
D
ðf‘ � f �‘Þ ¼ 2 � 1
2

X
i;si

Z
d��

k d�
Ni
q ð2�Þ4

� �ðpþ k� qÞfeqNi
ð1� f

eq
‘ Þð1þ f

eq
� Þ

�
h
jMj2Ni!‘� � jMj2Ni! �‘ ��

i
: (7)

If the decay amplitudes in square brackets differ, the right-
hand side of Eq. (7) represents the (nonzero) CP-violating
source term for the asymmetry generation. The total asym-
metry is given by the sum over all flavors and SUð2ÞL
components, nL �

P
�;aðn‘ � n �‘Þ, where n‘; �‘ are integrals

of f‘; �‘ over the phase space. Neglecting the quantum-

statistical terms, ð1� f‘Þð1þ f�Þ � 1, and integrating

Eq. (7) over the lepton phase space we obtain for its time
derivative:

@tnL � 2 � gN
2�2

X
i

�i�iM
2
i TK1

�
Mi

T

�
� 0; (8)

where K1 is the modified Bessel function of the second
kind, �i ¼ �Ni!‘� þ �Ni! �‘ �� is the total tree-level decay

width of Ni, and the factor gN ¼ 2 emerges from the
sum over the Majorana spin degrees of freedom in (7),
see Appendix A for more details. This implies that the
source term for the lepton asymmetry differs from zero
even in equilibrium. On the other hand, combined with
time translational invariance of an equilibrium state,
CPT invariance requires the asymmetry to vanish in
thermal equilibrium. Thus, we arrive at an apparent
contradiction.

The generation of an asymmetry in equilibrium within
the S-matrix formalism is a manifestation of the so-called
double-counting problem. In vacuum an inverse decay
immediately followed by a decay is equivalent to a scat-
tering process where the intermediate particle is on the
mass shell (real intermediate state or RIS). Thus, the same
contribution is taken into account twice: once by the
amplitude for (inverse) decay processes, and once by that

for the ‘�$ �‘ �� scattering processes, see Fig. 2(a).
Let us convince ourselves that this is indeed the case.

Including scattering processes we have for the distribution
function of the leptons:

p
D
f‘¼���þ1

2

X
�;a

Z
d�p2k2k1

�‘ ���
ð2�Þ4�ðpþk1�p2�k2Þ

�½jMj2�‘ ��!‘�
f �‘f ��ð1�f‘Þð1þf�Þ

�jMj2
‘�! �‘ ��

f‘f�ð1�f �‘Þð1þf ��Þ�; (9)

where the dots denote the contribution of the (inverse)
decay processes, the sum is over flavors and SUð2ÞL
components of the antileptons and we have introduced

d�
papb...pipj...

ab...ij... � d�a
pa
d�b

pb
. . . d�i

pi
d�j

pj
. . .

to shorten the notation. In the unflavored regime, to which
we restrict our analysis, the distribution functions of
leptons of all flavors are equal. If the Majorana neutrinos
are close to equilibrium the difference between the distri-
bution functions of the two spin degrees of freedom can be
neglected as well. Therefore, in the expression for the total
asymmetry nL the summation over spin, flavor and SUð2ÞL
components reduces to summation of the corresponding
decay and scattering amplitudes. We will denote these
sums over internal degrees of freedom by � and call
them effective amplitudes in the following. For the effec-

tive amplitude of �‘ ��! ‘� scattering one obtains [43]

��‘ ��!‘� ¼ 4ðp1p2Þ
X
ij

MiMj½2ð	yþ	þÞ2ijP�i ðsÞPjðsÞ

þ 2ðhyhÞ2ijP�i ðtÞPjðtÞ þ ð	yþhÞ2ijP�i ðsÞPjðtÞ
þ ðhy	þÞ2ijP�i ðtÞPjðsÞ�;

where p1;2 are the momenta of initial and final leptons,

respectively, and s and t are the usual Mandelstam varia-
bles. The amplitude �‘�! �‘ �� is obtained by interchanging

	þ $ 	�. Note that the loop corrections to the Yukawas
vanish for negative momentum transfer, i.e., in the t chan-
nel. For this reason the above scattering amplitude contains
combinations of the Yukawa couplings and their one-loop
corrected counterparts. The propagators Pi are given by

P�1i ðq2Þ ¼ q2 �M2
i þ i�ðq2ÞMi�i; (10)

where � is the Heaviside step function. The RIS contribu-
tion appears for the flavor diagonal (i ¼ j) terms in the
product of the s-channel amplitudes since only in this case
the s�M2

i terms vanish simultaneously in both Pi and Pj.

In other words,

��‘ ��!Ni!‘� ¼
8ð	yþ	þÞ2iiM2

i ðp1p2Þ
ðs�M2

i Þ2 þ ðMi�iÞ2
;

and a similar result for �‘�!Ni! �‘ ��. Using the definitions

of the effective couplings (3) and the expression for the

CP-violating parameter (5) we find that ð	yþ	þÞ2 �
ðhyhÞ2iið1þ �iÞ2. Furthermore, for a small decay width,
we can approximate the Breit-Wigner propagator by a
delta-function using

FIG. 2. Two-body scattering process �‘ ��$ ‘�. Both graphs
contribute with all Ni as intermediate states. Here (a) is the
s-channel contribution and we read (b) as t-channel contribution.
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lim
�!0þ

2�

!2 þ �2
¼ lim

�!0þ
4�3

½!2 þ �2�2 ¼ 2��ð!Þ; (11)

where ! ¼ s�M2
i and �i ¼ Mi�i in the considered case.

The RIS contribution to the scattering amplitude then takes
the form

��‘ ��!Ni!‘� � ��‘ ��!Ni

��ðs�M2
i Þ

Mi�i

�Ni!‘�

2ðp1p2Þ
M2

i

;

(12)

where �Ni!‘� ¼ gwð	yþ	þÞii2pq � gwð	yþ	þÞiiM2
i is the

decay amplitude squared summed over all internal degrees
of freedom (and a similar expression for antiparticles). Just
as one would expect, it is proportional to the product of the
corresponding inverse decay and decay amplitudes. The
additional momentum dependence (momenta of the lep-
tons) arises because the initial and final states contain
fermions. Close to thermal equilibrium f �‘ � f‘ � f

eq
‘

and f �� � f� � f
eq
� . Neglecting the quantum-statistical

terms we can write the RIS contribution to the source
term as

@tnL � 2
Z

d�p1k1p2k2
�‘ ��‘�

ð2�Þ4�ðp1 þ k1 � p2 � k2Þ
� f

eq
‘ f

eq
� ½��‘ ��!Ni!‘� ��‘�!Ni! �‘ ���: (13)

Taking into account that with Maxwell-Boltzmann distri-
butions feq‘ feq� ¼ feqNi

in the presence of the Direct delta and

performing the phase space integration using Eq. (A6) we
obtain a result identical to Eq. (8).

To correct the double counting in equilibrium we may
therefore subtract the RIS contribution from the tree-level
scattering amplitude �T

�‘ ��!‘�
:

�0�‘ ��!‘�
� �T

�‘ ��!‘�
�X

i

��‘ ��!Ni!‘�;

and similarly for the conjugate process ‘�! �‘ �� . At first
sight it might seem that the RIS subtracted scattering
amplitudes �0 do not contribute to the generation of the
lepton asymmetry in equilibrium,

@tnL � 2
Z

d�p1k1p2k2
�‘ ��‘�

ð2�Þ4�ðp1 þ k1 � p2 � k2Þ

� feq‘ feq�

�
�T

�‘ ��!‘�
�X

i

��‘ ��!Ni!‘�

��T
‘�! �‘ ��

þX
i

�‘�!Ni! �‘ ��

�
;

but also cannot compensate the asymmetry generated in
equilibrium by the decay processes, see Eq. (8). However,
upon phase space integration the difference of the unsub-
tracted scattering amplitudes vanishes at leading order
in h. The remaining difference of the RIS amplitudes
precisely compensates the contribution of the (inverse)
decay processes (8).

The RIS subtracted scattering amplitude can be conven-
iently rewritten in terms of a ‘‘RIS subtracted propagator’’
P RIS

ij . Motivated by Eq. (11) we define its diagonal com-

ponents such that they vanish upon integration over s in the
vicinity of the mass pole:

P RIS
ij ðsÞ ¼

ðs�M2
i Þ2 � ðMi�iÞ2

½ðs�M2
i Þ2 þ ðMi�iÞ2�2

: (14)

Since the second of the expressions (11) approaches the
delta function faster than the first it is common to write
Eq. (14) in the form

P RIS
ij ðsÞ ! P�i ðsÞPiðsÞ � �

Mi�i

�ðs�M2
i Þ: (15)

For i � j there is no need to perform the RIS subtraction
and therefore P RIS

ij ðsÞ � P�i ðsÞPjðsÞ. In the following we

will also need the sum of the RIS subtracted tree-level
scattering amplitudes. It does not contribute to the genera-
tion of the asymmetry but plays a role for its washout. It is
defined as

��‘ ��$‘� �
1

2
½�0�‘ ��!‘�

þ�0
‘�! �‘ ��

�
¼ 4ðp1p2Þ

X
ij

MiMj ReðhyhÞ2ij½2P RIS
ij ðsÞ

þ 2P�i ðtÞPjðtÞ þ P�i ðsÞPjðtÞ þ P�i ðtÞPjðsÞ�:
(16)

Since it contains only the real part of ðhyhÞ2ij this process is
CP conserving. A further important washout process is
‘‘$ �� �� scattering which receives the t- and u-channel
contributions, see Fig. 3. By analogy with Eq. (16) it is
convenient to introduce

�‘‘$ �� �� �
1

2
½� �� ��!‘‘ þ���! �‘ �‘�

¼ 2ðp1p2Þ
X
ij

MiMj ReðhyhÞ2ij

� ½2P�i ðtÞPjðtÞ þ 2P�i ðuÞPjðuÞ
þ P�i ðuÞPjðtÞ þ P�i ðtÞPjðuÞ�: (17)

Since the intermediate Majorana neutrino cannot go on
shell in the t and u channel, there is no need to use the RIS
subtracted propagator in Eq. (17).
Above we have briefly reviewed the canonical approach

to the computation of the lepton asymmetry, which is based

FIG. 3. Two-body scattering process ‘‘$ �� �� .
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on generalized Boltzmann equations. Boltzmann equa-
tions, according to conventional reasoning, describe scat-
tering processes of particles which propagate freely over
timescales that are large compared to the duration of
individual interactions. This picture seems to be consistent
with the use of S-matrix elements which are intended to
describe transitions between asymptotically free initial and
final states. However, in leptogenesis the crucial processes
(CP-violating decays) involve unstable particles which
spoils this picture. In vacuum the amplitudes for such
processes can be computed in terms of their Feynman
graphs. However the naive way of generalizing the
Boltzmann equation by multiplying the obtained ampli-
tudes by the one-particle distributions of the initial states
and integrating over phase space leads to inconsistent
equations. The origin of this problem is that the obtained
collision terms for particle decay and inverse decay in
Eq. (6) miscount the rate of particle generation. In a
short time interval a finite number of unstable Majorana
neutrinos—formed by inverse decay of particles and
antiparticles—decays immediately back to either particles
or antiparticles. These contributions to particle generation
are not included in Eq. (6) where the amplitudes are
defined in terms of Feynman graphs. For leptogenesis, in
the presence of CP-violation, it leads to inconsistent equa-
tions and must be corrected. Since the missing contribution
can be constructed as the rate of a two-body scattering
process with on-shell intermediate state this issue can be
addressed by the RIS-subtracting procedure presented
above. It modifies the amplitudes for two-body scattering
in order to cure the problem which appears due to the
collision terms for particle decay.1

III. RIS SUBTRACTION WITH
QUANTUM STATISTICS

It is well known that unitarity has important consequen-
ces for baryogenesis and leptogenesis [45,47,48] as it
implies restrictions for the CP-violating amplitudes. The
issue of RIS subtraction is as well tightly related to unitar-
ity as has been mentioned in, e.g., Ref. [43]. As noted in
Sec. II, the use of naive Boltzmann equations of the kind
(9) for unstable particles leads to problems such as the
spurious asymmetry generation in the presence of CP
violation in the decay of the heavy neutrinos. In this section
we show explicitly that the success of the RIS subtraction
in thermal equilibrium is guaranteed by the unitarity of
the S matrix and how it can be generalized to include
quantum-statistical terms. The approach to RIS subtraction

differs slightly from the one discussed in the previous
section.
To illustrate it we work in thermal equilibrium, f

eq
�‘
¼

f
eq
‘ and f

eq
��
¼ f

eq
� , where

f
eq
a ¼ ðeEa=T þ �aÞ�1: (18)

Subtracting from the Boltzmann equation (9) the corre-
sponding equation for antiparticles, summing over internal
degrees of freedom of the leptons and integrating withR
d3p=½ð2�Þ3Ep� we obtain in thermal equilibrium2:

dnL
dt
¼ 2

X
i

Z
d�pkq

‘�Ni
ð2�Þ4�ðpþ k� qÞ

� ½�Ni!‘� ��Ni! �‘ ���ð1� f
eq
‘ Þð1þ f

eq
� ÞfeqNi

þ 2
Z

d�p1k1p2k2
‘�‘� ð2�Þ4�ðp1 þ k1 � p2 � k2Þ

� ½�0�‘ ��!‘�
��0

‘�! �‘ ��
�ð1� feq‘ Þð1þ feq� Þfeq‘ feq� :

(19)

We can exploit the unitarity of the S matrix and CPT
symmetry to obtain a requirement for a consistent approxi-
mation of the decay and scattering amplitudes. To this end
we multiply Eq. (B4), which follows from the generalized
optical theorem at order h4, by feq‘ feq� and integrate over

d�‘
kd�

�
p . Assuming Maxwell-Boltzmann equilibrium

distributions we may use feq‘ feq� ¼ feqNi
in the presence of

the energy conserving Dirac delta on the right-hand side:

X
i

Z
d�pkq

‘�Ni
ð2�Þ4�ðpþ k� qÞ½�Ni!‘� ��Ni! �‘ ���feqNi

¼ �
Z

d�p1k1p2k2
‘�‘� ð2�Þ4�ðp1 þ k1 � p2 � k2Þ

� ½�0�‘ ��!‘�
��0

‘�! �‘ ��
�feq‘ f

eq
� : (20)

We see that imposing this as a condition for the scattering
amplitudes will correctly yield dnL=dtjeq ¼ 0 if we ne-

glect the quantum-statistical terms in (19). Equation (19)
represents the zeroth-order term in an expansion about
equilibrium. Using Eq. (20) we can therefore obtain con-
sistent equations at this order without the need to specify
the detailed form of�0�‘ ��!‘�

and�0
‘�! �‘ ��

. At higher order

(for washout contributions) we also need to know the sum
�0�‘ ��!‘�

þ�0
‘�! �‘ ��

, see Sec. IV. We know from Sec. II

that relation (20) can be satisfied by subtracting RIS
contributions from the tree-level two-body scattering
amplitudes and taking the zero width limit:

1The two pictures might seem equivalent for leptogenesis, but
the first one implies that the Boltzmann equation for Majorana
neutrino decay miscounts the rate as well. This is not corrected
by the RIS subtraction of ‘�$ �‘ �� processes. However the
corresponding correction appears at order �2i , which is usually
neglected.

2In order to achieve exact thermal equilibrium, in this section
we drop the 3HnL contribution which describes the dilution due
to the expansion of the Universe.
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�0�‘ ��!‘�
¼ ��‘ ��$‘� �

X
i

��‘ ��!Ni

��ðs�M2
i Þ

2Mi�i

�Ni!‘�;

(21a)

�0
‘�! �‘ ��

¼ �‘�$ �‘ �� �
X
i

�‘�!Ni

��ðs�M2
i Þ

2Mi�i

�Ni! �‘ ��:

(21b)

Note that, strictly speaking, the RIS terms in Eq. (12)
include 4ðp1p2Þ=M2

i factors. However, upon the phase
space integration in Eq. (20) the two expressions give
identical results and are therefore equal in an average
sense. It is obvious from comparison of Eqs. (19) and
(20) that the above definition of the RIS subtracted
scattering amplitudes is not sufficient to guarantee zero
asymmetry in equilibrium if quantum-statistical terms
are included. However this can be achieved if we replace
the vacuum decay width in Eq. (21) by the thermal
one [11,49]:

�i ¼ �iðqÞ � 1

2gNMi

Z
d�‘

pd�
�
k ð2�Þ4�ðq� p� kÞ

� ½�Ni!‘� þ�Ni! �‘ ���ð1� f
eq
‘ þ f

eq
� Þ: (22)

Using the identity 1¼RdsRd4q�þðq2�sÞ�ðq�p�kÞ
and the fact that the (inverse) decay amplitudes are related
by CPT symmetry we can rewrite the RIS contribution to
the second term of Eq. (19) in the form

�
Z
ds
Z d4q

ð2�Þ3�þðq
2�sÞX

i

�ðs�M2
i Þ

2Mi�i

�
Z
d�‘

p1
d��

k1
ð2�Þ4�ðq�p1�k1Þ

�feq‘ feq� ½�Ni!‘�þ�Ni! �‘ ���
�
Z
d�‘

p2
d��

k2
ð2�Þ4�ðq�p2�k2Þ

�ð1�feq‘ Þð1þfeq� Þ½�Ni!‘���Ni! �‘ ���: (23)

The integration over s is trivial. The �þðq2 � sÞ term
ensures that after integration over dq0 the intermediate
Majorana neutrino is on shell, q2 ¼ M2

i . Using feq‘ feq� ¼
f
eq
Ni
ð1� f

eq
‘ þ f

eq
� Þ together with the definition (22) we can

rewrite the second term of Eq. (23) as 2gNMi�if
eq
Ni

which

cancels the factors coming from RIS subtraction. The
resulting expression reads

� 2
X
i

Z
d�pkq

‘�Ni
ð2�Þ4�ðpþ k� qÞ

� ½�Ni!‘� ��Ni! �‘ ���ð1� f
eq
‘ Þð1þ f

eq
� ÞfeqNi

;

and cancels the first term on the right-hand side of
Eq. (19). Since ��‘ ��!‘� ¼ �‘�! �‘ �� at Oðh4Þ the new RIS

subtracted source term for the asymmetry vanishes in
equilibrium.
The thermal width �i defined in Eq. (22) would also be

obtained if one computes it using thermal cutting rules
instead of the optical theorem (which applies in vacuum),
see Appendix B.3 We have seen that the unitarity of the
S matrix can be employed to generalize the concept of
RIS subtraction to rate equations which include quantum-
statistical factors. As we shall see in Sec. VII, the Majorana
neutrino decay is at high temperature replaced by
Higgs decay if the Higgs acquires a large effective thermal
mass. In this case thermal cutting rules enforce relations
between the amplitudes which can be used to obtain
consistent equations, analogous to the optical theorem,
see Appendix B.
Note again that in Eq. (23) we had to assume that the

Majorana neutrinos are in exact thermal equilibrium. For
leptogenesis this is an inconsistent assumption since the
deviation of their distribution from equilibrium realizes the
third Sakharov condition and drives the generation of
the asymmetry. Not surprisingly, the NEQFT approach
leads to a (slightly) different result for the kinetic equa-
tions. However the differences between the two approaches
enter only at an order beyond the usual approximation as
we will discuss in the next section.

IV. RATE EQUATIONS

In this section we review the derivation of rate equations,
discuss in how far quantum-statistical and medium correc-
tions can be incorporated, and compare the structure
obtained when starting from the NEQFT result (1) with
the conventional form. Solving a system of Boltzmann-like
equations in general requires the use of numerical codes
capable of treating large systems of stiff differential equa-
tions for the different momentum modes—a cumbersome
task if one wants to study a wide range of model parame-
ters. In the context of baryogenesis, a commonly employed
simplification is to approximate the Boltzmann equations
by the corresponding network of ‘‘rate equations’’ for
number densities na or abundances Ya � na=s, where s
is the comoving entropy density. The resulting equations
correspond to the hydrodynamical limit of the Boltzmann
kinetic equations, in the comoving frame of homogeneous
Friedman-Robertson-Walker (FRW) space-time. To obtain
evolution equations for Ya in the conventional approach,
i.e., from Eq. (9), we therefore integrate the corresponding
Boltzmann equations over gad

3p=½Epð2�Þ3� to obtain, on

the left-hand sides,

dna
dt
þ 3Hna ¼ sH

z

dYa

dz
;

3Note in this context that the computation of the self-energy
contribution to the CP-violating parameter in thermal QFT is in
effect only a variation of this [24].
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where we have introduced the dimensionless inverse tem-
perature z ¼ M1=T and the Hubble rate H ¼ HjT¼M1

. In

the homogeneous and isotropic universe the derivative of
the quantity YL � nL=s can be related to the divergence

of the lepton current j
L ¼ ðnL; ~0Þ—a quantity which
is particularly easy to access in the first-principles
computation—by

D
j


L ðtÞ ¼

sH
z

dYL

dz
:

On the right-hand sides we get sums of integrated collision
terms representing the effect of the different inter-
actions. We separate contributions attributed to decays and
scattering:

dYL

dz
¼X

i

dYLi

dz

��������D
þdYL

dz

��������S
:

The decay contributions dYLi
=dzjD to dYL=dz are very

similar to the decay contributions dYNi
=dzjD to dYNi

=dz

and we can treat them in the same way. Reordering the
contributions to dYLiðNiÞ=dzjD we find

sH
z

dYLi
Ni

dz

��������D
¼ sH

z

dYLi
Ni

dz

��������D;extra
þ
Z
d�qkp

Ni�‘

�½��Ni⇄‘�F
pk;q
‘�$Ni

��Ni⇄ �‘ ��F
pk;q
�‘ ��$Ni

�;
(24)

where the upper (lower) signs and arrows correspond to the
rate equations for L (Ni) abundance and we defined

sH
z

dYLi

dz

��������D;extra
�
Z

d�qkp
Ni�‘ð2�Þ4�ðq� k� pÞ

� ð�Ni!‘� ��‘�!Ni
Þð1� fNi

Þ
� ½f�f‘ þ f ��f �‘�; (25)

which corresponds to Eq. (8), as well as

sH
z

dYNi

dz

��������D;extra
�
Z

d�qkp
Ni�‘ð2�Þ4�ðq� k� pÞ

� ð�‘�!Ni
��Ni!‘�Þ

� fNi
½ð1� f‘Þð1þ f�Þ

� ð1� f �‘Þð1þ f ��Þ�: (26)

We usedCPT symmetry of the amplitudes in the derivation
of Eqs. (25) and (26). Later wewill see that the second term
in Eq. (24) appears also in the first-principle approach,
compare Eq. (1), while the terms in Eqs. (25) and (26)
are absent. This motivates the separation into ‘‘regular’’
and ‘‘extra’’ terms performed in Eq. (24). For the contri-
butions attributed to scattering we get

sH
z

dYL

dz

��������S
¼ sH

z

dYL

dz

��������S;extra

þ
Z
d�kpqr

‘�‘�ð�0�‘ ��!‘�
þ�0

‘�! �‘ ��
ÞF kp;qr

‘�$ �‘ ��

þ
Z
d�kpqr

‘‘��

h
�‘‘! �� ��F

kp;qr

‘‘$ �� ��

���‘ �‘!��F
kp;qr
�‘ �‘$��

i
; (27)

with

sH
z

dYL

dz

��������S;extra
¼þ

Z
d�kpqr

‘�‘�ð2�Þ4�ðkþp�q�rÞ

�ð�0�‘ ��!‘�
��0

‘�! �‘ ��
Þ

�½ð1�f‘Þð1þf�Þf �‘f ��

þð1�f �‘Þð1þf ��Þf‘f��; (28)

corresponding to Eq. (13). Again, Eq. (28) does not
appear in the first-principle approach. Since in equilib-
rium the regular terms in each of Eqs. (24) and (27)
vanish by detailed balance we retain Eq. (19) in the
sum of decay and scattering contributions. The latter
vanishes as well in equilibrium if we adopt, e.g.,
Eq. (21) with thermal width for the RIS subtracted am-
plitudes �0�‘ ��!‘�

, �0
‘�! �‘ ��

. Out of equilibrium the last

terms constitute a structural difference compared to the
results obtained from first principles. This difference car-
ries over to the rate equations. We will therefore analyze
these contributions separately.
The computational advantage of rate equations over

full Boltzmann equations is maximized by a number of
common approximations. In particular, assuming that
all species are close to equilibrium and that the
Majorana neutrino distribution function fNi

ðt; j ~qjÞ is

proportional to its equilibrium distribution for all values
of the momentum j ~qj. The temperature for all kinetic
equilibrium distributions is set to a common value T
while finite deviations of the chemical potential with
small 
=T are permitted. These approximations result
for 
‘=T, 
�=T, 
Ni

=T 	 1 in a closed network of rate

equations for the abundances of the form (compare with
Refs. [10,11,43,45]):

sH
z

dYL

dz
¼X

i

h�i�D
Ni
i
�
YNi

Yeq
Ni

� 1

�
� YL

2Yeq
‘

ð1þ c�‘Þc‘

�
�X

i

h�W
Ni
i þ 4h�0‘��‘ ��

i þ 4h� �‘ �‘
��i

�
; (29a)

sH
z

dYNi

dz
¼ �h�D

Ni
i
�
YNi

Y
eq
Ni

� 1

�
; (29b)

where we have introduced
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�i �
�Ni!‘� ��Ni! �‘ ��

�Ni

; (30a)

�Ni
� �Ni!‘� þ�Ni! �‘ ��: (30b)

The factor c‘ � 9
ð3Þ=�2 � 1:1 (we neglect the thermal
lepton masses here) relates the chemical potential of the
leptons to their number density,


‘

T
� c‘ � YL

2Y‘

;

and the coefficient c�‘ takes into account that in the SM

the chemical potentials of leptons and Higgs are related
by 
� ¼ c�‘ �
‘ with c�‘ ¼ 4=7 through equilibrium

gauge, Yukawa and sphaleron interactions [50–52].
Hence, the evolution of the abundances close to equi-

librium is roughly governed by a few average quantities
called reaction densities which describe decay and scat-
tering processes. We will refer to h�i�D

Ni
i, h�D

Ni
i, h�W

Ni
i as

CP-violating decay reaction density, decay reaction
density and washout reaction density, respectively. For
comparison with standard results we want to maintain
the form of Eqs. (29) and repeat their derivation from
Eqs. (24) and (27) to obtain expressions for the reaction
densities which take the quantum-statistical factors of the
Boltzmann equation into account. This is important in
the present context because the thermal corrections to the
CP-violating parameter, to be derived later, are of a
similar kind. To this end we use that the SM gauge and
Yukawa interactions keep the Higgs and leptons very
close to kinetic equilibrium:

fa ¼ ðeðEp�
aÞ=T þ �aÞ�1;

with a common temperature T‘ ¼ T� ¼ T and chemical

potentials 
‘ ¼ �
 �‘, 
� ¼ �
 ��. We shall also use feqa
for the equilibrium distribution functions with zero
chemical potential defined in Eq. (18).

Since a chemical potential with positive sign will appear
for either the Higgs or its antiparticle, we need to include at
least the thermal mass of the Higgs to be consistent. In the
dense plasma gauge, Yukawa and Higgs self-interactions
induce a large thermal Higgs mass of about 0:4T. With

�=T 

‘=T 
 �vaci 	 m�=T 
 0:4, the Higgs cannot

acquire a condensate component. It is then safe to use a
Bose-Einstein equilibrium distribution function to describe
the distribution of the Higgs particles. Using that ð1�
�afaÞ ¼ exp ððEk �
aÞ=TÞfa and hence, for a general
decay collision term N $ ab in the presence of the energy
conserving Dirac delta,4 fafb ¼ exp ðð
aþ
bÞ=TÞ�
ð1� �afaÞð1� �bfbÞfeqN =ð1� feqN Þ, we may write

Z
d�qpk

Nab�ab !NF
pk;q
ab$N

¼
Z

d�qpk
Nabð2�Þ4�ðq� k� pÞ�ab !Nð1� �afaÞ

� ð1� �bfbÞ
�

fN � feqN
ð1� �NfNÞfeqN

� ðe
aþ
b
T � 1Þ

�

� ð1� �NfNÞ f
eq
N

ð1� �Nf
eq
N Þ

: (31)

We can now expand the exponential in square brackets in
the small quantity ð
a þ
bÞ=T. If this quantity is tiny at
all times the integral (31) will not change much if we
neglect quadratic and higher order terms.5 For the zeroth-
order (first) term in square brackets we use the linear
expansion ð1��afaÞð1��bfbÞ�ð1��af

eq
a Þð1��bf

eq
b Þ�

½1�ð�a

a

T feqa þ�b

b

T feqb Þ� of the prefactor. The linear order
(second) term in square brackets will appear preceded
by just the zeroth-order factor ð1� �af

eq
a Þð1� �bfeqb Þ ¼

fabð1� �Nf
eq
N Þ with
fab � ð1� �af

eq
a � �bf

eq
b Þ: (32)

To write the results in a compact form we introduce decay
reaction densities with quantum-statistical factors included:

hX�D
Ni
i �

Z
d�pkq

‘�Ni
ð2�Þ4�ðq� k� pÞX�Ni

feqNi
f‘�;

(33)

and

hX�W
Ni
i � hXð1� feqNi

Þ�D
Ni
i

¼
Z

d�pkq
‘�Ni
ð2�Þ4�ðq� k� pÞX�Ni

� ð1� feqNi
ÞfeqNi

f‘�; (34)

where�Ni
is the total Majorana decay amplitude. Similarly

we define the scattering reaction densities as

hX�ab
ij i �

Z
d�kpqr

abij ð2�Þ4�ðkþ p� q� rÞX�ab$ij

� ð1� �afeqa Þð1� �bfeqb Þfeqi feqj : (35)

Since �ab$ij refers here to a CP-symmetric (tree-level)

amplitude squared we have hX�ab
ij i ¼ hX�ij

abi if X is sym-

metric as well.
With help of Eq. (C2) we may separate the contributions

to dYLi
=dzjD into terms proportional to �fNi

�
ðfNi
� f

eq
Ni
Þ, terms proportional to �fNi

� 
‘

T , or just pro-

portional to 
‘=T (see Appendix C for details):

4N, a and b can be any species for which the above conditions
apply. Here we identify N ¼ Ni, a 2 f‘; �‘g, b 2 f�; ��g.

5By inserting equilibrium distribution functions for leptons
and Higgs in the derivation of the CP-violating parameter we
will neglect terms of the order �vaci ð
‘ þ
�Þ=T as well.
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sH
z

dYLi

dz

���������fNi

¼
�
�i
�fNi

feqNi

�D
Ni

�
; (36a)

sH
z

dYLi

dz

���������fNi

‘
T

¼ 
‘

T

�
ðc�‘f

eq
� � f

eq
‘ Þ

�fNi

f
eq
Ni

�D
Ni

�
;

(36b)

sH
z

dYLi

dz

��������
‘
T

¼ �
‘

T
ð1þ c�‘Þ

�ð1� fNi
Þ

ð1� f
eq
Ni
Þ�

W
Ni

�
:

(36c)

In addition we get with Eq. (C4) for the extra term in
Eq. (24):

sH
z

dYLi

dz

��������D;extra
¼ 2hð1� fNi

Þ�i�D
Ni
i:

Equation (36) describes the generation of a net asymmetry
due to out of equilibrium decays of heavy Majorana neu-
trinos. Once 
‘=T has a nonzero value, there will be a slight
difference in the decay rates to particles and antiparticles,
respectively which is not due to CP violation in the decay
amplitude, but due to the presence of slightly different occu-
pation numbers of leptons and Higgs in the final states of the
decays. At linear order this combined effect of blocking and
stimulated emission is accounted for by Eq. (36b). Depending
on the ‘‘typical’’ sign of (c�‘f

eq
� � feq‘ ) it can add to or

diminish an existing asymmetry. Finally, Eq. (36c) describes
washout due to inverse decays. In Sec. V we will see that the
functional dependence on f‘� ¼ ð1þ f

eq
� � f

eq
‘ Þ in the

integrated collision terms is the same as that encountered in
the CP-violating parameter �i itself.

Considering the last two terms in Eq. (27) we find for the
scattering contributions:

sH
z

dYL

dz

��������S;

‘
T

¼ �4
‘

T
ð1þ c�‘Þ½h�0‘��‘ ��

i þ h�‘‘
�‘ ��
i�;

(37)

where we defined the ‘‘RIS subtracted reaction density’’

h�0‘��‘ ��
i. If we adopt the amplitudes defined in Eq. (21) in the

framework of RIS subtraction, it is given by

h�0‘��‘ ��
i �

��
1�X

i

�ð1þ �2i Þ�Ni

4�‘�$ �‘ ��Mi�i

�ðs�M2
i Þ
�
�‘�

�‘ ��

�
:

Note that the contribution proportional to �2i is of higher
order in h. Furthermore, we get for the extra term:

sH
z

dYL

dz

��������S;extra
� �2X

i

hð1� f
eq
Ni
Þ�i�D

Ni
i

þ 2

‘

T

X
i

h�iðfeq‘ � c�‘f
eq
�

þ feq‘ � c�‘f
eq
� Þ�W

Ni
i: (38)

Here we used

�ð16�Þ2pq�Ni
�ðs�M2

i Þ
g2wM

2
i�‘�$ �‘ ��

�‘�
�‘ ��

�
¼ h�W

Ni
i:

We have written Eq. (38) schematically in order to show
how it compares to other washout terms. Note that the extra
terms indicate that there will be a slight difference between
the equations obtained in the 2PI approach and those
obtained with RIS subtraction at finite temperature.
Comparing Eqs. (38) and (37) we see that the first term
in the former equation will cancel the latter contribution in
thermal equilibrium (fNi

¼ feqNi
) if the decay contributions

are summed up. The second term in Eq. (38) is due to
quantum statistics. Since it is proportional to �i
=T it can
be large only if �i is large (as in the case of resonant
leptogenesis). Anticipating our knowledge about the struc-
ture obtained within NEQFT, we will ignore the extra term
in what follows.
At the time being, everything is still exact with respect to

deviations of fNi
from equilibrium. This distribution is

necessarily distorted due to the fact that it is subject to
conflicting equilibrium conditions corresponding to the
decay into particles and antiparticles, by the effects of the
expansion and, possibly, due to nonequilibrium initial con-
ditions. In order to obtain the full momentum-dependent
distribution function wewould have to solve the correspond-
ing full kinetic equations however [22,23,53–55].
To proceed we shall as usual assume that the deviation of

the Majorana neutrinos from equilibrium is small. This
allows us to neglect the �fNi


‘

T contribution (36b) and to

replace fNi
! feqNi

in Eq. (36c). The extra terms cancel at

this level of approximation up to the quantum-statistical
term. In order to bring the remaining source-term equation
(36a) into the conventional form, we need to assume that
the nonequilibrium distribution of the Majorana neutrino is
proportional to its equilibrium value (with momentum
independent prefactor)6

fNi
� nNi

n
eq
Ni

feqNi
:

With this approximation we can write�
X
�fNi

feqNi

�

�
¼
�
YNi

Yeq
Ni

� 1

�
hX�i:

The total contribution to the evolution equations for the
lepton asymmetry is then given by

dYL

dz
¼X

i

�
dYLi

dz

���������fNi

þ dYLi

dz

��������
‘
T

�
þ dYL

dz

��������S;

‘
T

;

6This amounts to the assumption that its shape can, in terms of
its quantitative effect on the integrated collision terms, effec-
tively be captured by a Maxwell-Boltzmann distribution with
(small) ‘‘pseudochemical potential’’ [46]. Strictly speaking, it
implies that we need to revert to a classical distribution function
for the Majorana neutrinos.
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i.e., we obtain Eq. (29a). We see that, at this level of
approximation, there are no contributions due to extra
terms apart from those which cancel due to the RIS sub-
traction. Quantitative differences can arise if the deviation
of the Majorana neutrinos from equilibrium is large or �i is
of order 1. For the evolution of the Majorana neutrino
we obtain with Appendix C, similar to Eq. (36), the decay
contributions

sH
z

dYNi

dz

���������fNi

¼ �
�
�fNi

f
eq
Ni

�D
Ni

�
; (39a)

sH
z

dYNi

dz

���������fNi

‘
T

¼ �
‘

T

�
�iðc�‘f

eq
� � feq‘ Þ

�fNi

f
eq
Ni

�D
Ni

�
;

(39b)

sH
z

dYNi

dz

��������
‘
T

¼ þ
‘

T
ð1þ c�‘Þ

�
�i
ð1� fNi

Þ
ð1� f

eq
Ni
Þ�

W
Ni

�
;

(39c)

and for the extra term in Eq. (24):

sH
z

dYNi

dz

��������D;extra
¼ �2
‘

T
ð1þ c�‘Þ

�
�i
ð1� fNi

Þ
ð1� feqNi

Þ�
W
Ni

�

� 2

‘

T

�
�iðc�‘f

eq
� � feq‘ Þ

�fNi

feqNi

�D
Ni

�
:

(40)

Neglecting again �fNi


‘

T and �i

‘

T contributions we obtain

dYNi

dz
¼ dYNi

dz

���������fNi

;

i.e., Eq. (29b). If higher order contributions are taken into
account, we get a difference between the conventional
equations and those derived in the 2PI formalism.
Ignoring the contribution (39b) and the second term in
Eq. (40), which are due to quantum statistics, we obtain a
contribution,

� YL

2Y
eq
‘

h�i�W
Ni
i;

to dYNi
=dz. Here the upper sign applies if the extra terms

are included and the lower sign if not. This can therefore
result in the inclusion of this term with wrong sign even if
quantum statistics are neglected, compare, e.g., Ref. [43].7

The reaction densities for decay, h�i�D
Ni
i, h�D

Ni
i, h�W

Ni
i,

and scattering, h�0‘��‘ ��
i, h�‘‘

�� ��
i, represent the hydrodynam-

ical coefficients which govern the evolution of the number
densities (abundances). Wewill compute them numerically
once the additional medium dependence of the amplitudes

(in particular the CP-violating parameters) has been de-
rived. In addition, it is useful to define a thermally averaged
CP-violating parameter as

h�ii �
h�i�D

Ni
i

h�D
Ni
i ;

which equals �i if it is momentum independent, such as in
the zero temperature case, but will differ once thermal
effects are included. This quantity is meaningful for the
comparison with conventional results because it takes
into account that the deviation of the Majorana neutrino
abundance from equilibrium, which appears in the source
term for the lepton abundance, is influenced by the
(CP-conserving) decay reaction density in the denominator.
Inserting conventional vacuum amplitudes in Eq. (29)

with Eqs. (33) and (34) and dropping quantum-statistical
factors one obtains the conventional results for the reaction
densities. For the readers convenience we quote them here.
For the decay reaction density we obtain

h�W
Ni
i ¼ h�D

Ni
i � gN

2�2
M2

i �iTK1

�
Mi

T

�
; (41)

and h�i�D
Ni
i ¼ �ih�D

Ni
i, see Appendix A. For the two-body

scattering the reaction density is given by

h�ab
ij i �

T

64�4

Z 1
smin

ds
ffiffiffi
s
p

K1

� ffiffiffi
s
p
T

�
�̂ðsÞ; (42)

where �̂ðsÞ is so-called reduced cross section:

�̂ðsÞ � 1

8�

Z 2�

0

d’ai

2�

Z tþ

t�

dt

s
jMj2ab$ij: (43)

For the ‘‘$ �� �� process it reads

�̂ ¼ 1

2�

X
ReðhyhÞ2ij ffiffiffiffiffiffiffiffiffi

aiaj
p 	

1

ai � aj
ln

�
aiðxþ ajÞ
ajðxþ aiÞ

�

þ 1

2

1

xþ ai þ aj
ln

�ðxþ aiÞðxþ ajÞ
aiaj

�

; (44)

where we have replaced s by x � s=M2
1 and introduced

dimensionless quantities ai � M2
i =M

2
1 and ci � �i=Mi ¼

ðhyhÞii=8�. The case i ¼ j is included in this expression in
the limiting sense aj ! ai. Note that Eq. (44) only contains

the real part of ðhyhÞ2. The contribution of the imaginary
part vanishes because ImðhyhÞ2ij is antisymmetric with

respect to i$ j whereas the sum in the curly brackets is
symmetric under this transformation. The integration of
Eq. (16) yields for the reduced ‘‘RIS subtracted cross

section’’ of the ‘�$ �‘ �� process:

7The origin of this difference is that no RIS subtraction alike is
performed for the Boltzmann equation of the heavy Majorana
neutrino.
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�̂0 ¼ 1

4�x

X
ReðhyhÞ2ij ffiffiffiffiffiffiffiffiffi

aiaj
p

�
	
x2
ðx� aiÞðx� ajÞ þ ð1� 2�ijÞaiajcicj
½ðx� aiÞ2 þ ðaiciÞ2�½ðx� ajÞ2 þ ðajcjÞ2�

þ 2
xþ ai
aj � ai

ln

�
xþ ai
ai

�
þ 2

xþ aj
ai � aj

ln

�
xþ aj
aj

�

þ x� ai
ðx� aiÞ2 þ ðaiciÞ2

�
x� ðxþ ajÞ ln

�
xþ aj
aj

��

þ x� aj

ðx� ajÞ2 þ ðajcjÞ2
�
x� ðxþ aiÞ ln

�
xþ ai
ai

��

:

(45)

The reduced ‘‘cross section’’ (45) is negative8 in the vicin-
ity of the mass shells, x � ai. This is due to the �ðMi�iÞ2
term in the numerator of the RIS subtracted propagator
(14). Note that because we have not approximated this term
by the Dirac delta the structure of Eq. (45) is slightly
different from the one usually used in the literature [43].

V. NONEQUILIBRIUM QFTAPPROACH

In this section we briefly review the description of
leptogenesis within nonequilibrium quantum field theory
[56–59]. This framework has been shown recently to be
suitable for the derivation of quantum dynamic equations
for the lepton asymmetry within a first-principle approach,
and to incorporate medium, off-shell, coherence and
possibly further quantum effects in a self-consistent way
[21–30,60–65]. We continue these efforts by deriving
consistent quantum corrected Boltzmann equations that
describe the generation and washout of the lepton asym-
metry and include the (inverse) decay as well as scattering
processes mediated by Majorana neutrinos.

A. Closed time path (CTP) and propagators

The lepton asymmetry is given by the
 ¼ 0-component
of the expectation value of the lepton-current operator:

j


L ðxÞ ¼

�X
�;a

�‘a�ðxÞ�
‘a�ðxÞ
�
:

It can be expressed in terms of the leptonic two-point
function. We define the two-point functions for the
Higgs, lepton and Majorana fields with time arguments
attached to the CTP shown in Fig. 4 by

�abðx; yÞ ¼ hTC�
aðxÞ��bðyÞi; (46a)

S��ab ðx; yÞ ¼ hTC‘
a
�ðxÞ �‘b�ðyÞi; (46b)

Sijðx; yÞ ¼ hTCNiðxÞ �NjðyÞi; (46c)

where the sub- and superscripts refer to SUð2ÞL and flavor
indices and TC denotes time ordering with respect to the
CTP. We will frequently use matrix notation for the flavor

indices, where, e.g., Ŝ denotes the flavor matrix Sij, etc.
Using the definition (46b) we find for the lepton current:

j


L ðxÞ ¼ �

X
�;a

tr½�
S
��
aa ðx; xÞ�:

Two-point functionsGðx; yÞ (whereG stands for�, S orS)
defined on the CTP can be decomposed into a spectral
function G� and statistical propagator GF:

Gðx; yÞ ¼ GFðx; yÞ � i

2
sgnCðx0 � y0ÞG�ðx; yÞ: (47)

The signum function is either þ1 or �1 depending on
whether x0 or y0 occur ‘‘later’’ on the contour C.GF andG�

encode information on the state and the spectrum of the
system, respectively. For example, for the leptons they are
given by

S��abFðx; yÞ ¼
1

2
h½‘a�ðxÞ; �‘b�ðyÞ��i;

S��ab�ðx; yÞ ¼ ih½‘a�ðxÞ; �‘b�ðyÞ�þi;
where ½:; :�� denote (anti-)commutators. Statistical and
spectral functions of Majorana neutrino and Higgs can be
expressed similarly, with þ and � exchanged for bosons.
Although there are only two independent two-point
functions for each species, it is convenient to introduce
additional combinations of them, namely the Wightman
functions

G_ðx; yÞ ¼ GFðx; yÞ � i

2
G�ðx; yÞ; (48)

as well as retarded and advanced functions,

GRðx; yÞ ¼ �ðx0 � y0ÞG�ðx; yÞ; (49a)

GAðx; yÞ ¼ ��ðy0 � x0ÞG�ðx; yÞ: (49b)

From the above definitions one can see that the difference
of the retarded and advanced propagators gives the spectral
one, whereas the sum yields the hermitian propagator
Ghðx; yÞ:

GRðx; yÞ �GAðx; yÞ ¼ G�ðx; yÞ; (50a)

GRðx; yÞ þGAðx; yÞ ¼ 2Ghðx; yÞ: (50b)

FIG. 4. Closed time path.

8Note that �̂0 is not a physical cross section but denotes the
contribution to the reaction density arising from the difference of
the full and the RIS term. We stress that all physical rates are
manifestly positive, e.g., the washout term, to which �̂0 yields a
subleading correction that is relatively suppressed by Yukawa
couplings. See also Ref. [43].
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Finally, we will also need the CP conjugated propagators
on the CTP:

��abðx; yÞ � �bað �y; �xÞ; (51a)

�S��ab ðx; yÞ � ðCPÞS��ba ð �y; �xÞTðCPÞ�1; (51b)

�Sijðx; yÞ � ðCPÞSjið �y; �xÞTðCPÞ�1: (51c)

Here �x ¼ ðx0;� ~xÞ, C ¼ i�2�0 and P ¼ �0 are the charge
conjugation and parity matrices, respectively, and the
transposition refers to spinor indices. CP conjugated
statistical and spectral functions immediately follow from
the above definition by inserting the decomposition (47).

B. Kadanoff-Baym equations for leptons

The time evolution of the two-point functions is
described self-consistently by the Kadanoff-Baym (KB)
equations. These equations can be obtained from a varia-
tional principle using the so-called 2PI effective action
[66]. The resulting equations of motion have the form of
Schwinger-Dyson equations for the nonequilibrium propa-
gators formulated on the CTP:

Ŝ�1ðx; yÞ ¼ Ŝ�10 ðx; yÞ � �̂ðx; yÞ: (52)

Here Ŝ�1ðx; yÞ is the inverse of the full lepton propagator in
coordinate space, and Ŝ�10 ðx; yÞ is the inverse of the free
lepton propagator,

Ŝ�10 ðx; yÞ ¼ �ab�
�� 6@x�Cðx� yÞPL:

The information about the interaction processes is encoded
in the self-energies �. They can be obtained by cutting one
line of the 2PI contributions to the effective actions. The
two- and three-loop contributions are presented in Fig. 5.

The KB equations can be obtained by convoluting the
Schwinger-Dyson equation with the full propagator, which
yields

6@xS��ðx; yÞ ¼ ����Cðx� yÞ þ
Z
C
d4z���ðx; zÞS��ðz; yÞ:

Here
R
C d

4z ¼ R
C dz

0
R
d3z. After decomposing the result-

ing equation into statistical and spectral components, one
obtains

i6@xS��F ðx; yÞ ¼
Z x0

0
d4z���

� ðx; zÞS��F ðz; yÞ

�
Z y0

0
d4z���

F ðx; zÞS��� ðz; yÞ; (53a)

i6@xS��� ðx; yÞ ¼
Z x0

y0
d4z���

� ðx; zÞS��� ðz; yÞ: (53b)

The equations for Majorana and Higgs propagators
have a similar structure, with the Klein-Gordon instead
of the Dirac operator for the latter. The Schwinger-Dyson
equations (52) and the corresponding Kadanoff-Baym
equations (53) are formally very similar to the Schwinger-
Dyson equation in vacuum. However, out of equilibrium the
propagators depend not only on the relative coordinate s ¼
x� y, but also on the central coordinate X ¼ ðxþ yÞ=2,
which makes their solution much more involved. In contrast
to the Schwinger-Dyson equation in vacuum, the KB equa-
tions determine the spectral properties of the system includ-
ing medium corrections, as well as the nonequilibrium
dynamics of the statistical propagator self-consistently.
Since the latter represents the quantum field theoretical
generalization of the classical particle distribution functions,
KB equations can be seen as the quantum field theoretical
generalizations of Boltzmann equations.
As pointed out above, an equation of motion for the

lepton asymmetry can be derived by considering the
divergence of the lepton current D
j



L ðxÞ. Using the KB

equations (53) one obtains9

D
j


L ðxÞ ¼ �gwlimy!x

ðD

x þD


y Þtr½�
S
��ðx; yÞ�

¼ gwi
Z x0

0
D4z tr½���

� ðx; zÞS��F ðz; xÞ

����
F ðx; zÞS��� ðz; xÞ � S��� ðx; zÞ���

F ðz; xÞ
þ S��F ðx; zÞ���

� ðz; xÞ�: (54)

Here summation over repeated indices is implicitly as-
sumed. The two equations above represent the quantum

FIG. 5. Two- and three-loop contributions to the 2PI effective
action and the corresponding contributions to the lepton
self-energy. Note that the propagator lines used here denote full
resummed propagators in contrast to those employed in the
previous Feynman graphs. The contributions (a) and (c) to the
2PI effective action are known as ‘‘setting-sun’’ and ‘‘Mercedes’’
diagrams, respectively. The corresponding self-energies are pre-
sented in (b) and (d).

9We assume here that in FRW space-time the effects of the
Universe expansion can be captured, to the required accuracy, by
introducing the invariant integration measure D4z � ffiffiffiffiffiffiffi�gp

d4z
and using the covariant derivative D
. As has been demon-
strated in Ref. [67], this is the case for scalar fields. A manifestly
covariant generalization of center and relative coordinates X and
s to curved space-time can be found in Ref. [68].
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generalization of the Boltzmann equation for the lepton
asymmetry. Thus, they may be considered as the master
equations for a quantum field theoretical treatment of
leptogenesis [21,61].

The dependence of the two-point functions on the rela-
tive coordinate s is characterized by the hard scales like the
Majorana neutrino mass M1 or the temperature T of the
surrounding plasma. In contrast to that, the variation with
the central coordinate X is given by the macroscopic time
evolution of the system, e.g., the Hubble rate H or the
Majorana decay rate �. Therefore, it is possible to perform
an expansion in slow relative to fast time scales, i.e., in
powers of, e.g., �=M1 or H=T. Technically, this can be
realized by a so-called gradient or derivative expansion
with respect to X, and a Fourier transformation with
respect to s, known as Wigner transformation, see
Appendix D for more details. Then, to leading order in
the gradients, the evolution equation (54) for the lepton
asymmetry becomes Markovian, and after some straight-
forward algebra, can be written as

D
j


‘ ðtÞ ¼ gw

Z 1
0

dp0

2�

Z d3p

ð2�Þ3 trf½���
< ðt; pÞS��> ðt; pÞ

����
> ðt; pÞS��< ðt; pÞ� � ½ ����

< ðt; pÞ �S��> ðt; pÞ
� ����

> ðt; pÞ �S��< ðt; pÞ�g: (55)

Note that it is possible to investigate higher orders in the
derivative expansion systematically [26,69]. In Eq. (55) all
two-point functions are evaluated in Wigner space, where
p is the physicalmomentum [67] that corresponds to s. For
a spatially homogeneous system (like FRW) the two-point
functions depend only on the time coordinate t ¼ X0,
and on the momentum p, because of spatial translational
invariance. Strictly speaking, this is true only in the rest
frame of the medium (comoving frame). In a general
frame the two-point functions depend on X � u, where u

is the four-velocity of the medium. The latter satisfies the
normalization condition u
u
 ¼ 1, and is given by u ¼
ð1; 0; 0; 0Þ in the medium rest frame.

In order to allow for a physical interpretation of Eq. (55)
we have written it such that the integration is over positive
frequencies only, and expressed the lepton propagator
and self-energy in terms of the Wigner-transformed
Wightman functions, Eq. (48). In thermal equilibrium,
the Wightman functions depend only on the momentum
p and satisfy the Kubo-Martin-Schwinger (KMS) relation

Gth
>ðpÞ ¼ �ep�u=TGth

<ðpÞ for fermions (bosons), respec-
tively. When inserting the KMS relations for propagators
and self-energies into Eq. (55), one immediately finds that
the divergence of the lepton current vanishes in thermal
equilibrium as it should (see also Ref. [25]). In other
words, the quantum equation for the lepton asymmetry is
in accordance with the third Sakharov condition. We em-
phasize that it is not necessary to apply RIS subtraction to
obtain this result within the CTP approach [22,23,25].

The four terms on the right-hand side of Eq. (55) may be
interpreted as gain and loss terms of leptons and antilep-
tons, respectively, [22,23]. In particular, one may define

generalized lepton distribution functions f��‘ ðt; pÞ via the

so-called Kadanoff-Baym ansatz

S��> ¼ ð1� f��‘ ÞS��� ; S��< ¼ �f��‘ S��� : (56)

Thus the contribution on the right-hand side of Eq. (55)

that contains S��< corresponds to the lepton loss term, while

the contribution proportional to S��> represents the lepton
gain term. Analogous definitions relate the CP conjugate
propagators with the antilepton distribution. Note that
the KMS relations ensure that in equilibrium f approaches

the Fermi-Dirac distribution f��‘ ! ���feqFD. The flavor

off-diagonal components encode coherent flavor correla-

tions [30]. In the unflavored regime considered here f��‘ ¼
���f‘ and S�� ¼ ���S. In the quasiparticle approxima-
tion, the spectral function is given by

S��� ðt; pÞ ¼ ð2�Þsignðp0Þ�ðp2 �m2
‘Þ���PL 6pPR

� S��
��PL 6pPR; (57)

where we assume that leptons obey conventional disper-
sion relation and m‘ is the effective thermal mass. These
assumptions might be modified in the presence of a
medium [11,70,71].
Due to the presence of the Dirac-delta function in

Eq. (57) the integration over p0 in Eq. (55) is trivial and
leaves only the integration over spatial momenta of on-
shell leptons. Therefore the right-hand side of Eq. (55)
can be interpreted as a difference of two (integrated)
Boltzmann-like equations—one for the particles and one
for the antiparticles [23]. According to the physical inter-
pretation of Eq. (55) in terms of gain and loss terms, the
Wightman components of the lepton self-energy and of its
CP conjugate are the analogs of the collision integrals.
Since we limit our analysis to the unflavored regime, it is
convenient to perform the summation over the flavor
indices: ������ ¼ ��� � �. Then the one-loop contri-
bution, see Fig. 5(b), takes the form

�ð1Þ_ ðt; pÞ ¼ �
Z

d�4
kd�

4
qð2�Þ4�ðpþ k� qÞ

� ðhyhÞjiPRS
ij
_ðt; qÞPL�+ðt; kÞ; (58)

where d�4
q � d4q=ð2�Þ4. The explicit expression for the

two-loop contribution is rather lengthy and it is convenient
to split it into three distinct terms:

�ð2Þ_ ¼ �ð2:1Þ_ þ�ð2:2Þ_ þ�ð2:3Þ_ : (59)

The first term on the right-hand side reads
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�ð2:1Þ_ ðt; pÞ ¼
Z

d�4
qd�

4
kð2�Þ4�ðpþ k� qÞ

� ½ðhyhÞinðhyhÞjm�mnðt; q; kÞPLCS
ij
_ðt; qÞ

� PL�+ðt; kÞ þ ðhyhÞniðhyhÞmjPRS
ji
_ðt; qÞ

� CPRVnmðt; q; pÞ�+ðt; kÞ�; (60)

where we have introduced two functions containing loop
corrections:

�mnðt; q; kÞ �
Z

d�4
k1
d�4

k2
d�4

k3
ð2�Þ4�ðqþ k1 þ k2Þ

� ð2�Þ4�ðkþ k2 � k3Þ
� ½PRS

mn
R ðt;�k3ÞCPRS

T
Fðt; k2Þ�Aðt; k1Þ

þ PRS
mn
F ðt;�k3ÞCPRS

T
Rðt; k2Þ�Aðt; k1Þ

þ PRS
mn
R ðt;�k3ÞCPRS

T
Aðt; k2Þ�Fðt; k1Þ�;

and Vnmðt; q; kÞ � P�ynmðt; q; kÞP to shorten the notation.
Comparing Eqs. (58) and (60) we see that they have a very
similar structure. First, the integration is over momenta of
the Higgs and Majorana neutrino and the delta function
contains the same combination of the momenta. Second,
both self-energies include one Wightman propagator
of the Higgs field and one Wightman propagator of the
Majorana field. Upon the use of the Kadanoff-Baym
ansatz the Wightman propagators can be interpreted as
cut-propagators which describe on-shell particles created
from or absorbed by the plasma [72]. On the other hand,
the retarded and advanced propagators can be associated
with the off-shell intermediate states. We therefore con-
clude that Eqs. (58) and (60) describe (inverse) decays of
the heavy neutrino into a lepton-Higgs pair.

The second term on the right-hand side of Eq. (59)
contains two Wightman propagators of the Higgs field
and one Wightman propagator of the lepton field. The
Majorana propagator appears only in the intermediate
state:

�ð2:2Þ_ ðt;pÞ ¼
Z

d�4
p2
d�4

k1
d�4

k2
ð2�Þ4�ðpþ k1�p2� k2Þ

� ðhyhÞniðhyhÞmj½PRS
ij
R ðt;p2þ k2Þ

�CPRS
T
+ðt;�p2ÞPL�CSmn

A ðt;p2� k1ÞPL

��+ðt; k1Þ�+ðt;�k2Þ�: (61)

We therefore conclude that this term describes lepton
number violating scattering processes mediated by the
heavy neutrino. Finally the last term in Eq. (59) contains
two Wightman propagators of the Majorana field and one
of the lepton field, whereas the Higgs field is in the inter-
mediate state:

�ð2:3Þ_ ðt;pÞ¼
Z
d�4

p2
d�4

q1d�
4
q2ð2�Þ4�ðpþq1�p2�q2Þ

�ðhyhÞijðhyhÞlk½PRS
jk
_ðt;�q1ÞCPRS

T
_ðt;p2Þ

�PLCS
li
_ðt;q2ÞPL�Aðt;�q2�p2Þ

��Rðt;q1�p2Þ�: (62)

Therefore it can be identified with the Higgs mediated
scattering processes. These conserve lepton number and
do not contribute to generation of the lepton asymmetry.
The CP conjugate of the Wigner transforms can

be obtained using Eq. (51). In practice this amounts to
replacing the propagators by their CP conjugate and the
couplings by their complex conjugate in the above expres-
sions. For instance for the CP conjugate of the one-loop
self-energy we find

��
ð1Þ
_ ðt; pÞ ¼ �

Z
d�4

kd�
4
qð2�Þ4�ðkþ p� qÞ

� ðhyhÞ�jiPR
�Sij
_ðt; qÞPL

��+ðt; kÞ: (63)

Expression for the CP conjugate of the two-loop lepton
self-energy can be obtained in a similar way.
For the Higgs propagators in the above self-energies we

can also use the Kadanoff-Baym ansatz,

�> ¼ ð1þ f�Þ��; �< ¼ f���; (64)

and the simple quasiparticle approximation for the spectral
function,

��ðt; kÞ ¼ ð2�Þsignðk0Þ�ðk2 �m2
�Þ; (65)

wherem� is the effective thermal mass. Effects of the finite

thermal Higgs mass will be studied in Sec. VII.

VI. MAJORANA CONTRIBUTION

In this section we will analyze the lepton number and
CP-violating (inverse) decay of the Majorana neutrino as
well as the two-body scattering processes mediated by the
heavy neutrino. In particular, we will derive expressions
for the in-medium CP-violating parameters, decay widths
and scattering amplitudes. We will also explicitly demon-
strate that the obtained equation for the lepton asymmetry
is free of the double-counting problem.

A. Decay at tree-level approximation

In the previous section we have used the Kadanoff-
Baym ansatz and quasiparticle approximation for the
Higgs and lepton fields. Let us now assume that similar
approximations also hold for Majorana neutrinos. That is,
we assume that in Eqs. (58) and (63) the spectral function

Sij
� is diagonal in flavor space and can be approximated by

Sij
� ¼ ð2�Þsignðq0Þ�ðq2 �M2

i Þ�ijð6qþMiÞ;
and that it is related to the Wightmann components via the
Kadanoff-Baym ansatz:
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S ii
> ¼ ð1� fNi

ÞSii
�; Sii

< ¼ �fNi
Sii

�:

Substituting Eqs. (58) and (63) in Eq. (55) and making the
above approximations we find after some algebra that the
lepton current can be represented in the form

D
j


L ðtÞ ¼

X
i

Z
d�qpk

Ni‘�
½�‘�$Ni

F pk;q
‘�$Ni

���‘ ��$Ni
F pk;q

�‘ ��$Ni
�; (66)

where F have been introduced in Eq. (2) and we have
defined

�T
‘�$Ni

� gwðhyhÞiitr½ð6qþMiÞPL 6p�; (67a)

�T
�‘ ��$Ni

� gwðhyhÞiitr½ð6qþMiÞPL 6p�: (67b)

The superscript T stands for ‘‘tree level.’’ The expression
(66) strongly resembles the Boltzmann equation. Therefore
the functions �T

‘�$Ni
and �T

�‘ ��$Ni
can be interpreted as

effective in-medium amplitudes squared, see Fig. 6,
summed over internal degrees of freedom, for the decays
into leptons and antileptons, respectively. The two effec-
tive amplitudes (67) can be replaced by the total decay
amplitude and the CP-violating parameter. Using Eq. (67)
we find that within the used approximations the resulting
decay amplitude coincides with the outcome of the vacuum
calculation, �Ni

¼ 4gwðhyhÞiiðpqÞ, and that �i ¼ 0.

In the presence of a nonzero lepton asymmetry f‘ � f �‘

and f� � f ��. ThereforeF
pk;q
‘�$Ni

� F pk;q
�‘ ��$Ni

and this leads

to a washout of the asymmetry. Despite the fact that
Eq. (66) correctly describes the (leading-order) washout
processes, it fails to describe processes which generate
lepton asymmetry: in the considered approximation �i ¼ 0
because the CP-violating effects, which are required to
produce the asymmetry, are of fourth order in the Yukawa
couplings of the Majorana neutrino. In Eq. (67) we have
taken into account only terms quadratic in the coupling.
In other words, this approximation corresponds to the tree-
level approximation in the canonical approach.

Terms of higher order in the couplings emerge from
three- and higher-loop contributions to the lepton self-
energy, see Eqs. (59)–(61), as well as from expansion of
the full Majorana propagators entering the self-energies.

B. Equilibrium solution for Majorana propagator

In order to define an effective CP-violating parameter and
decay width that incorporate medium corrections we have to
identify the quasiparticle excitations in the system. To per-
form this analysis we follow the discussion of the self-energy
contribution within a toy model as presented in Ref. [23]. As
has been demonstrated there, it is important to take the
matrix structure of the Majorana propagator in flavor space
into account. Our starting point is the Schwinger-Dyson
equation for the Majorana two-point function:

Ŝ�1ðx; yÞ ¼ Ŝ�10 ðx; yÞ � �̂ðx; yÞ:

Let us split the self-energy into diagonal and off-diagonal
components in flavor space and introduce a diagonal propa-
gator S defined by the equation:

Ŝ�1ðx; yÞ ¼ Ŝ�10 ðx; yÞ � �̂dðx; yÞ; (68)

where Ŝ0 is the free propagator and �̂d denotes the
diagonal components of the self-energy. The poles of the
diagonal propagator define the quasiparticle excitations. It
can be shown that the dynamics of these is described by a
Boltzmann-like quantum-kinetic equation.
Inserting this decomposition into the Schwinger-Dyson

equation we find, using matrix notation,

Ŝ�1ðx; yÞ ¼ Ŝ�1ðx; yÞ � �̂0ðx; yÞ; (69)

where �̂0 denotes the off-diagonal components of the

self-energy and Ŝ the full neutrino propagator including
flavor-diagonal and flavor off-diagonal contributions.

Multiplying Eq. (69) by Ŝ from the left, by Ŝ from the
right and integrating over the contour C we obtain a formal
solution for the full nonequilibrium propagator:

Ŝðx; yÞ ¼ Ŝðx; yÞ þ
Z
C
D4uD4vŜðx; uÞ�̂0ðu; vÞŜðv; yÞ:

(70)

After decomposing the propagators and self-energies into
the spectral and statistical components, we can rewrite
Eq. (70) in the form

ŜFð�Þðx; yÞ ¼ ŜFð�Þðx; yÞ �
Z

D4uD4v�ðu0Þ�ðv0Þ

� ½ŜRðx; uÞ�̂0Rðu; vÞŜFð�Þðv; yÞ
þ ŜRðx; uÞ�̂0Fð�Þðu; vÞŜAðv; yÞ
þ ŜFð�Þðx; uÞ�̂0Aðu; vÞŜAðv; yÞ�: (71)

Here we are using the retarded and advanced propagators
defined by Eq. (49), so that the integration can be extended
to the whole uv plane. Using their definitions and Eq. (71),
we can also derive formal solutions for the retarded and
advanced propagators:

ŜRðAÞðx; yÞ ¼ ŜRðAÞðx; yÞ �
Z

D4uD4v�ðu0Þ�ðv0Þ

� ŜRðAÞðx; uÞ�̂0RðAÞðu; vÞŜRðAÞðv; yÞ: (72)

Next we Wigner transform Eqs. (71) and (72) and perform
the leading order gradient expansion as has been outlined
in Sec. V. Combining both results, we find for the full
statistical and spectral propagators and the corresponding
causal two-point functions of the system in to equilibrium:

FIG. 6. Tree-level contribution.
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ŜFð�Þ ¼ ŜFð�Þ � ŜR�̂
0
RŜFð�Þ � ŜR�̂

0
Fð�ÞŜA� ŜFð�Þ�̂

0
AŜA;

(73a)

ŜRðAÞ ¼ ŜRðAÞ � ŜRðAÞ�̂
0
RðAÞŜRðAÞ; (73b)

where all propagators and self-energies are evaluated at the
same point ðX; qÞ in configuration space. We can express
the full statistical and spectral propagators in terms of the
diagonal ones and the off-diagonal self-energies,

Ŝ Fð�Þ ¼ �̂R½ŜFð�Þ � ŜR�̂
0
Fð�ÞŜA��̂A; (74)

where �̂R and �̂A are defined by �̂R � ðIþ ŜR�̂
0
RÞ�1

and �̂A � ðIþ �̂0AŜAÞ�1, respectively, with I being the
4n� 4n unit matrix in the Dirac and flavor space of the n
generations. The solution (74) reduces the dynamics of the
full statistical and spectral propagators to the dynamics of
two quasiparticle excitations. Their masses, decay widths
and CP-violating parameters are determined by the me-
dium and the abundances are described by the correspond-
ing one-particle distribution functions. Strictly speaking,
the solution (74) is valid only in thermal equilibrium.
However, we assume that it also holds for small deviations
from equilibrium.

To consistently analyze processes of the fourth order in
the coupling one has to use so-called extended quasipar-
ticle approximation (eQP) for the statistical propagator and
spectral function [73–77]. The eQP approximation repre-
sents the diagonal propagator as a sum of two terms:

Ŝ _ ¼ ~̂S_ � 1

2
ðŜR�̂

d
_ŜR þ ŜA�̂

d
_ŜAÞ: (75)

The first describes decay processes, whereas the second
can be associated with scattering processes (see Ref. [78]
for a similar ansatz). Inserting Eq. (75) into Eq. (74) we get
a solution for the resummed Majorana propagator consis-
tent up to the fourth order in the couplings:

Ŝ_ ¼ �̂R

�
~̂S_ � ŜR�̂

0
_ŜA

� 1

2
ðŜR�̂

d
_ŜR þ ŜA�̂

d
_ŜAÞ

�
�̂A: (76)

The first term in the above formula describes Majorana
decay, see Sec. VI C, whereas the remaining three terms
describe the two-body scattering processes mediated by the
Majorana neutrino. These are discussed in Sec. VID.

Using definition of the retarded and advanced two-point
functions, Eq. (49), and the Schwinger-Dyson equation for
the diagonal propagators, Eq. (68), we find that the causal
propagators in Eq. (76) are given by

Ŝ RðAÞ ¼ �ð6q� M̂� �̂RðAÞÞ�1: (77)

Splitting the retarded and advanced self-energies into the
vector and scalar components we can write the solution of
Eq. (77) in the form:

SRðAÞ ¼ �
ð6q��v

RðAÞÞ þ ðMþ�s
RðAÞÞ

ðq��v
RðAÞÞ2 � ðMþ�s

RðAÞÞ2
;

� ��h � i
2�

v
�

�h � i��

; (78)

where we have omitted flavor indices to shorten the nota-
tion and introduced

�h � ð6q��v
hÞ þ ðMþ�s

hÞ;

�h � ðq��v
hÞ2 � ðMþ�s

hÞ2 �
�
1

2
�v

�

�
2
;

�� � �v
h�

v
� � q�v

�:

From Eq. (78) we can extract the spectral and Hermitian
propagators. To leading order in the Yukawas they read

S� � þ�h

2��

�2
h þ�2

�

� �hS�; (79a)

Sh � ��h

�h

�2
h þ�2

�

� �hSh: (79b)

The on-shell condition is defined by �h ¼ 0. Expanding
�h to linear order in the Yukawas we find

�h � ðq2 �M2Þð1� 2�=�MÞ
þ ð�=�MÞq2 ln ðjq2j=M2Þ � 2q�v;med

h ;

where �v;med
h is the medium-induced component of the

Hermitian self-energy in the on-shell renormalization
scheme. In vacuum the on-shell condition is fulfilled for
q2 ¼ M2, i.e., M is the physical vacuum mass. At nonzero
temperatures the mass receives medium-induced correc-
tions. To linear order in the Yukawas the effective mass is

given by M2 � M2 þ 2q�v;med
h . For a hierarchical mass

spectrum, which we consider here, the contributions of the
Hermitian self-energy are always negligible and we will
use �h � q2 �M2 and �h � 6q�M in the following.
From Eq. (79) we can also deduce the effective width. To
leading order in the Yukawas it is given byM� � �q�v

�.

The minus sign in this definition ensures that the effective
decay width is positive. One-loop contribution to the
Majorana self-energy is derived in Appendix D. In a
CP-symmetric medium it is given by

�ij
� ¼ � gw

16�
½ðhyhÞijPL þ ðhyhÞ�ijPR�L�: (80)

Therefore we can write the effective decay width in the
form �i ¼ �i � ðqL�=M

2
i Þ, where �i is the total vacuum

decay width. For positive q2 and q0 the loop integral L�

takes the form

L

� ¼ 16�

Z
d��

k d�
‘
pð2�Þ4�ðq� k� pÞp


� ½1þ f�ðEkÞ � f‘ðEpÞ�: (81)
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For massless final states 2ðqpÞ ¼ M2
i . Therefore the defi-

nition of the effective decay width inferred in Sec. III from
the requirement of successful RIS subtraction is consistent
with that implied by Eq. (79).

For the eQP Wightman propagators we can use the
Kadanoff-Baym ansatz. As can be inferred from Eq. (75),
the corresponding spectral function reads

~̂S � ¼ � 1

2
ŜR�̂

d
�ŜR�̂

d
�ŜA�̂

d
�ŜA: (82)

Substituting Eq. (78) into Eq. (82) we obtain

~S� ¼ � 1

2
ð�h�

v
��h�

2
� þ 4�h�

v
��

v
����h

þ�v
��

v
��

v
��

2
hÞ=ð�2

h þ�2
�Þ2; (83)

where we have again omitted the flavor indices. The sec-
ond and the third terms in Eq. (83) vanish on the mass shell
and can be neglected. Commuting �h and �v

� in the first

term and again neglecting contributions which are tiny
on the mass shell we finally obtain for the eQP spectral
function:

~S � � �h

4�3
�

½�2
h þ�2

��2
: (84)

Note that structures of Eqs. (84) and (79a) are very similar.
Furthermore, as follows from Eq. (11), in the limit of
vanishing decay width both of them approach the delta
function. However, for a small but finite decay width the
eQP spectral function is a better approximation to the delta
function than Eq. (79a). Therefore, we can approximate it
by the usual expression,

~S � � ð2�Þsignðq0Þ�ðq2 �M2Þð6qþMÞ;
and at the same time keep finite-width terms in the diago-
nal propagators.

C. CP violation in Majorana decay

To go beyond the tree-level approximation and take into
account CP-violating effects we need to consider contri-
butions to the lepton self-energy that are of the fourth order
in the Yukawa couplings.

One of them comes from expansion of the Majorana
propagator in the one-loop self-energy. Substituting the
decay term of Eq. (76) into Eq. (58) we can write it in
the form

�ð1Þ_ ðt; pÞ ¼ �
Z

d�4
qd�

4
kð2�Þ4�ðq� k� pÞðhyhÞmn

� PR�
ni
R ðt; qÞ~Sii

_ðt; qÞ�+ðt; kÞ�im
A ðt; qÞPL:

(85)

Substituting Eq. (85) and its CP conjugate into Eq. (54) we
find that the resulting contribution to the divergence of
the lepton current has precisely the form (66). However,
the corresponding effective amplitudes are no longer equal:

�T
‘�$Ni

þ�S
‘�$Ni

� gw
X
mn

ðhyhÞmntr½�ni
R ðt; qÞð6qþMiÞ

��im
A ðt; qÞPL 6pPR�; (86a)

�T
�‘ ��$Ni

þ�S
�‘ ��$Ni

� gw
X
mn

ðhyhÞ�mntr½ ��ni
R ðt; qÞð6qþMiÞ

� ��im
A ðt; qÞPL 6pPR�: (86b)

The matrices �̂R and �̂A are evaluated on the mass shell of
the i0th Majorana neutrino. The bar denotes CP conjuga-
tion and the trace is over Dirac indices. As compared to
tree-level result (67) it additionally contains interference of
the tree-level and one-loop self-energy contributions to the
Majorana decay amplitude, see Fig. 7. For a hierarchical
mass spectrum we can use the approximation

�̂ R � I� ŜR�̂
0
R � I� i

2
Ŝh�̂

0
�;

and a similar approximation for �̂A. Using furthermore
Eqs. (79) and (80) we find for the CP-violating parameter:

�Si ¼
X ImðhyhÞ2ij
ðhyhÞiiðhyhÞjj

�M2
ijMi�j

ð�M2
ijÞ2 þ ð�j=MjqL�Þ2

pL�

qp
;

(87)

where p and q are on-shell momenta of the outgoing lepton
and decaying Majorana neutrino, respectively. In vacuum
L

� ¼ �ðq2Þsignðq0Þq
 and the CP-violating parameter

takes the form

�Si ¼
X ImðhyhÞ2ij
ðhyhÞiiðhyhÞjj

�M2
ijMi�j

ð�M2
ijÞ2 þ ð�jM

2
i =MjÞ2

: (88)

The ‘‘regulator’’ in the denominator of Eq. (88) differs
from the result Mi�j found in Refs. [43,44] by the ratio

of the masses. For a hierarchical neutrino mass spectrum
the regulator term is subdominant and this difference is
numerically small. Note also that although Eq. (87) does
not diverge in the limit of vanishing mass difference the
approximations made in the course of its derivation are not
applicable for a quasidegenerate mass spectrum [23]. For a
consistent treatment of resonant enhancement within
NEQFT we refer to Ref. [17].
The two-loop lepton self-energy is of the fourth order in

the couplings to begin with. Therefore, for a hierarchical
mass spectrum one can safely neglect the off-diagonal
components of the Majorana propagators and replace S
by the eQP one:

FIG. 7. Interference of tree-level and one-loop self-energy
corrections.
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�ð2:1Þ_ ðt; pÞ ¼
Z

d�4
qd�

4
kð2�Þ4�ðpþ k� qÞ

� ½ðhyhÞ2ij�jjðt; q; kÞPLC~Sii
_ðt; qÞPL�+ðt; kÞ

þ ðhyhÞ2jiPR
~Sii
_ðt; qÞCPRVjjðt; q; kÞ�+ðt; kÞ�:

(89)

Substituting Eq. (89) and its CP conjugate into Eq. (54) we
again find that the resulting contribution to the divergence
of the lepton current has the form (66). The corresponding
effective amplitudes read

�V
Ni$‘� � �gwðhyhÞ2ijMitr½�jjðq; kÞCPL 6pPR�

� gwðhyhÞ2jiMitr½CVjjðq; kÞPL 6pPR�; (90a)

�V
Ni$ �‘ ��

� �gwðhyhÞ2ijMitr½CVjjðq; kÞPL 6pPR�
� gwðhyhÞ2jiMitr½�jjðq; kÞCPL 6pPR�: (90b)

They describe interference of the tree-level and one-loop
vertex contributions to the Majorana decay amplitude, see
Fig. 8. To account for the contribution of the vertex correction
to the decay width and the CP-violating parameter we have
to substitute the sum of�V

Ni$‘� and�T
Ni$‘� þ�S

Ni$‘� and

a similar sum for the antiparticles into Eq. (30). The vertex
contribution to the decay amplitude is of fourth order in the
coupling and is negligible compared to the tree-level term.
Since we assume the medium to be almostCP symmetric we
can use, at leading order, CP-symmetric two-point functions
in the loop integrals�jj and Vjj. Then, at leading order in the

Yukawa couplings, we find for the vertex contribution to the
CP-violating parameter:

�Vi ¼ �
X ImðhyhÞ2ij
ðhyhÞii

MiMj

qp

Z
d�4

k1
d�4

k2
d�4

k3
ð2�Þ4

� �ðqþ k1 þ k2Þð2�Þ4�ðkþ k2 � k3Þðpk2Þ
� ½��ðk1ÞSFðk2ÞSjj

h ðk3Þ þ�Fðk1ÞS�ðk2ÞSjj
h ðk3Þ

� �hðk1ÞS�ðk2ÞSjj
F ðk3Þ þ �hðk1ÞSFðk2ÞSjj

� ðk3Þ
þ ��ðk1ÞShðk2ÞSjj

F ðk3Þ þ �Fðk1ÞShðk2ÞSjj
� ðk3Þ�:

(91)

The quasiparticle approximation and the KB ansatz enforce
two of the intermediate lines of the vertex loop to be on-shell
whereas the remaining line described by the Hermitian part
of the retarded and advanced propagators remains off-shell.
The three lines in square brackets in Eq. (91) therefore
correspond to different cuts through two of the three internal
lines of the loop diagram Fig. 1(c). Note also that only for one

of the three internal lines the corresponding distribution
function enters the result.
The first possible cut described by the first line in square

brackets corresponds to cutting the propagators of Higgs
and lepton. One can interpret this cut as decay of the
Majorana neutrino into a lepton-Higgs pair which is fol-
lowed by a subsequent t-channel scattering mediated by a
virtual Majorana neutrino. Introducing

K


i ðq; kÞ ¼ 16�

Z
d��

k2
d�‘

p2
ð2�Þ4�ðq� k2 � p2Þ

� p


2 ½1þ f�ðEk2Þ � f‘ðEp2

Þ�M2
iS

ii
h ðk� p2Þ;

(92)

we can rewrite the first term in Eq. (91) in a form
which strongly resembles the form of the self-energy
CP-violating parameter:

�Vi ¼ �
1

2

X ImðhyhÞ2ij
ðhyhÞiiðhyhÞjj

Mi�j

M2
j

pKj

qp
: (93)

In vacuum Kj can be computed explicitly and we recover

the well-known result [6]:

�Vi ¼
X ImðhyhÞ2ij
ðhyhÞiiðhyhÞjj

�j

Mi

½1� ð1þM2
j =M

2
i Þ

� ln ð1þM2
i =M

2
j Þ�: (94)

Adding up Eqs. (88) and (94) we obtain the canonical
expression for the vacuum CP-violating parameter, Eq. (5).
If the intermediate Majorana neutrino is much heavier

than the decaying one then M2
jS

jj
h � 1 and therefore

Kjðq; kÞ � L�ðqÞ. In this case we can also neglect the

regulator term in the denominator of Eq. (87). In this
approximation the two CP-violating parameters have the
same structure and their sum can be written in the form:

�i ¼ �vaci

pL�

qp
:

Note that the combination of the distribution functions that
enters the self-energy and vertex CP-violating parameters,
see Eqs. (81) and (92), is the same as that of f‘� ¼ 1þ
f
eq
� � f

eq
‘ encountered in the derivation of the rate equa-

tions, see Eq. (32). This result is in agreement with the
findings of [22,23,25,29] using NEQFT and of Kießig and
Plümacher [33] based on imaginary-time thermal QFT.
Note that older results featured a different dependence on
the distribution functions, with an additional term qua-
dratic in the one-particle distribution functions which is
absent in Eq. (93) as well as in Eq. (87):

1þ �f� � �f‘ þ 2 �f� �f‘ ! 1þ �f� � �f‘:

In Ref. [24] it was demonstrated that the result obtained
using thermal field theory can be reconciled with the result
of NEQFT calculation once causal Green’s functions are
used in the former. The two other cuts in Eq. (91) are
proportional to fN � f‘ and to fN þ f�, respectively.

FIG. 8. Interference of tree-level and one-loop vertex
corrections.
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They vanish in the zero temperature limit and are usually
Boltzmann suppressed at finite temperatures, but can be
relevant in specific cases [27].

The quantities that enter the rate equations are the
decay, washout and CP-violating decay reaction densities.
In the canonical approximation, i.e., when the quantum-
statistical effects and effective masses of the Higgs and
leptons are neglected, they are given by Eq. (41). If the
thermal masses are neglected but the quantum-statistical
effects are taken into account, there is an enhancement of
the decay and washout reaction densities at high tempera-
ture, see Fig. 9. However, the inclusion of the thermal
masses turns this enhancement into a suppression at high
temperatures. It is explained by the decrease of the decay
phase space. At intermediate temperatures the thermal
masses become small relative to the Majorana mass and
we observe a minor enhancement. For the CP-violating
reaction density we observe a very similar behavior. Given
that for a hierarchical mass spectrum most of the asymme-
try is typically generated by the lightest Majorana neutrino
at zf 
 lnK1 
Oð1Þ, where K1 is the washout parameter

(see Appendix E), we expect the medium effects to induce
a moderate enhancement of the total generated asymmetry.

D. Majorana-mediated scattering

Two-body scattering processes mediated by Majorana
neutrinos violate lepton number by two units and play an
important role in the washout of the generated asymmetry.

In this section we derive the effective scattering amplitudes
using NEQFT. This is an important part of our results.
The last three terms in Eq. (76) contain the Wigner-

transformed one-loop Majorana self-energy:

�ij
_ðt; qÞ ¼ �gw

Z
d�4

kd�
4
pð2�Þ4�ðq� p� kÞ

� ½ðhyhÞijPLS_ðt; pÞPR�_ðt; kÞ
þ ðhyhÞjiPRP �S_ðt; �pÞPPL

��_ðt; �kÞ�; (95)

see Appendix D 3 for more details. Combining them with
Eq. (58) we find that their contribution to the divergence of
the lepton current (55) contains twoWightman propagators
of leptons and two of the Higgs field. As we have argued
above, these correspond to initial and final states in the
kinetic equations. Therefore, we conclude that these terms
describe scattering processes depicted in Figs. 2 and 3. As
Higgs and leptons are maintained close to equilibrium we
can safely use the Kadanoff-Baym ansatz for their propa-
gators in the Majorana self-energy (95). Inserting Eq. (95)
into the scattering terms of Eq. (76) we can then split the
Majorana propagator into a lepton number conserving and
lepton number violating part:

Sij
>ðqÞ ¼ gw

Z
d�4

kd�
4
pð2�Þ4�ðq� p� kÞ��ðkÞS�ðpÞ

� ½ð1� fp‘ Þð1þ fk�ÞSij
LCðq; pÞ

þ ð1� fp�‘ Þð1þ fk��ÞSij
LVðq; pÞ�; (96a)

Sij
<ðqÞ ¼ �gw

Z
d�4

kd�
4
pð2�Þ4�ðq� p� kÞ��ðkÞS�ðpÞ

� ½fp‘ fk�Sij
LCðq; pÞ þ fp�‘ f

k
��
Sij

LVðq; pÞ�; (96b)

where we have defined

Sij
LC ¼ ðhyhÞij

�
ð1��ijÞSii

RðqÞPL 6pPRS
jj
A ðqÞ

þ�ij

2
ðSii

RðqÞPL 6pPRS
jj
R ðqÞ þSii

AðqÞPL 6pPRS
jj
A ðqÞÞ

�
;

(97a)

Sij
LV ¼ ðhyhÞji

�
ð1��ijÞSii

RðqÞPR 6pPLS
jj
A ðqÞ

þ�ij

2
ðSii

RðqÞPR 6pPLS
jj
R ðqÞ þSii

AðqÞPR 6pPLS
jj
A ðqÞÞ

�
:

(97b)

Here we neglected higher order terms coming from the

matrices �̂R and �̂A. The first terms in Eqs. (97a) and
(97b) corresponds to the second term in Eq. (76), whereas
the remaining terms correspond to the last two terms in
Eq. (76). Substituting the Majorana propagators (96) into
the lepton current (55) together with the one-loop lepton
self-energy (58) we finally obtain

FIG. 9 (color online). Decay and CP-violating reaction den-
sities with thermal lepton and Higgs masses, hX�D

Ni
i, and with

zero masses, hX�D
Ni
im¼0, for the two Majorana neutrinos N1 and

N2. The values are normalized to the corresponding reaction
density in the conventional approximation hX�D

Ni
ivac. The ther-

mal enhancement due to quantum-statistical factors is overcom-
pensated by the phase space suppression due to thermal masses
at high temperatures. Note that we show only the self-energy
contribution to the CP-violating reaction densities.
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D
j


L ðtÞ¼g2w

Z
d�4

p1
d�4

k1
d�4

p2
d�4

k2
��ðk1Þ��ðk2Þ

�S�ðp1ÞS�ðp2Þ½ALVðp1þk1;p1;p2ÞF p1k1;p2k2
‘�$ �‘ ��

þALCðp1þk1;p1;p2ÞF p1k1;p2k2
‘�$‘� �: (98)

Note that the zeroth component of the momenta in the
above equation can have both signs. The effective ampli-
tudes of the lepton number conserving and lepton number
violating processes read

ALVðq; p1; p2Þ � ðhyhÞjitr½Sij
LVðq; p2ÞPL 6p1PR�; (99a)

ALCðq; p1; p2Þ � ðhyhÞjitr½Sij
LCðq; p2ÞPL 6p1PR�: (99b)

The functions ALCðq; p1; p2Þ and ALVðq; p1; p2Þ are sym-
metric under the exchange of the momenta p1 and p2. This
implies that the contribution of ALC in Eq. (98) vanishes.
The terms of SLV diagonal in flavor space correspond to
the RIS propagator. Substituting Eq. (78) into Eq. (99a) and
taking the trace we find that it contains only the scalar
components of the retarded and advanced propagators and
is proportional to:

S2
R þ S2

A � 2M2
�2

h ��2
�

½�2
h þ�2

��2
;

� 2M2 ðq2 �M2Þ2 � ðM�Þ2
½ðq2 �M2Þ2 þ ðM�Þ2�2 : (100)

Equation (100) differs from the canonical result (14)
only in that the vacuum masses and decay widths are
replaced by thermal ones. For a hierarchical mass spectrum
this difference can be safely neglected. Introducing an
analogue of the RIS subtracted propagator,

P ijðqÞ � Sii
AðqÞSjj

R ðqÞ �
1

2
�ijSii

�ðqÞSii
�ðqÞ; (101)

we can rewrite the lepton number violating effective
amplitude in a compact form:

ALVðq; p1; p2Þ ¼ 2ðhyhÞ2ijðp1p2ÞMiMjP ijðqÞ:
Next we perform the trivial integrations over the

frequencies using the Dirac deltas in the quasiparticle
spectral functions (57) and (65). Each Dirac delta can be
decomposed into two terms, one with positive and one with
negative frequency. Therefore, the integration over the four
frequencies gives rise to 24 terms, but only six of them
satisfy energy conservation ensured by the remaining delta
function. In a homogeneous and isotropic medium the one-
particle distribution functions satisfy

1�f‘ð�pÞ¼f �‘ðpÞ; 1þf�ð�kÞ¼�f ��ðkÞ; (102)

and the diagonal Majorana propagators have the properties

S ii
�ð�qÞ ¼ �Sii

�ðqÞ; Sii
Rð�qÞ ¼ Sii

AðqÞ: (103)

Upon substitution of the resulting self-energy into
Eq. (55) and the use of Eqs. (102) and (103), the remaining

six contributions in the lepton current can be conveniently
written as

D
j


L ðtÞjSS ¼ �

Z
d�p1p2k1k2

‘‘�� ½�ðt�tÞ�� ��$‘‘
F k1k2;p1p2

�� ��$‘‘

þ�ðt�tÞ�‘ �‘$��
F p1p2;k1k2

�‘ �‘$��

þ 2ð�ðs�sÞ�‘ ��$‘�
þ�ðt�tÞ�‘ ��$‘�

ÞF p1k1;p2k2
�‘ ��$‘�

�; (104)

where we have defined the effective scattering amplitudes:

�ðs�sÞ�‘ ��$‘�
¼ 2g2wðp1p2Þ

X
ReðhyhÞ2ijMiMjP ijðqsÞ; (105a)

�ðt�tÞ�‘ ��$‘�
¼ 2g2wðp1p2Þ

X
ReðhyhÞ2ijMiMjP ijðqtÞ; (105b)

�ðt�tÞ�‘ �‘$��
¼ 2g2wðp1p2Þ

XðhyhÞ2ijMiMjP ijðqtÞ; (105c)

�ðt�tÞ�� ��$‘‘
¼ 2g2wðp1p2Þ

XðhyhÞ2jiMiMjP ijðqtÞ: (105d)

The momenta of the Majorana neutrinos are related to the
momenta of the initial and final states by qs ¼ p1 þ k1 and
qt ¼ p1 � k2. From Eq. (105) we see that the obtained
amplitudes contain only s� s and t� t interference terms.
Indeed, in the products of the Majorana propagators in
Eq. (101) both of them depend on the same momentum.
The missing cross terms emerge from the two-loop

(vertex) contribution to the lepton self-energy. As we
have mentioned in Sec. V, within the discussed assump-
tions and approximations the second and third terms on the
right-hand side of Eq. (59) describe scattering processes.
Since they are of the fourth order in the Yukawas, we can
replace the full Majorana propagators by the diagonal
propagators. The third term, Eq. (62), corresponds to
lepton number conserving processes and does not need to
be discussed further. The second one, Eq. (61), is given by

�ð2:2Þ_ ðt;pÞ ¼
Z

d�4
p2
d�4

k1
d�4

k2
ð2�Þ4�ðpþ k1�p2� k2Þ

� ðhyhÞ2ij½PRS
jj
R ðt;p2þ k2Þ

�CPRS
T
+ðt;�p2ÞPLCSii

Aðt;p2� k1Þ
�PL�+ðt; k1Þ�+ðt;�k2Þ�: (106)

We substitute Eq. (106) into the equation for the lepton
current (55) and perform the steps preceding Eq. (104).
Using furthermore relations (102) we find

D
j


L ðtÞjVS ¼�

Z
d�p1k1p2k2

‘�‘�

h
2�ðs�tÞ�‘ ��$‘�

F p1k1;p2k2
�‘ ��$‘�

þ�ðu�tÞ�� ��$‘‘
F k1k2;p1p2

�� ��$‘‘
þ�ðu�tÞ�‘ �‘$��

F p1p2;k1k2
�‘ �‘$��

i
;

where we have introduced
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�ðs�tÞ�‘ ��$‘�
� 4gwðp1p2Þ

X
MiMjReðhyhÞ2ij

� RefSii
AðqtÞSii

RðqsÞg; (107a)

�ðu�tÞ�‘ �‘$��
� 2gwðp1p2Þ

X
MiMjRefðhyhÞ2ijSii

AðqtÞSii
RðquÞg;

(107b)

�ðu�tÞ�� ��$‘‘
� 2gwðp1p2Þ

X
MiMjRefðhyhÞ2jiSii

AðquÞSii
RðqtÞg;

(107c)

and qu ¼ p2 � k2. The combinations of the momenta ap-
pearing in the products of the Majorana propagators clearly
indicate that the above amplitudes correspond to the inter-
ference terms of the s-, t-, and u-channel contributions.

Combining Eqs. (105) and (107) we obtain for the
effective amplitude of ‘‘$ �� �� scattering:

�‘‘$ �� �� ¼ 2ðp1p2Þ
XðhyhÞ2ijMiMj½4P ijðqtÞ

þ Sii
AðqtÞSjj

R ðquÞ þ Sii
AðquÞSjj

R ðqtÞ�; (108)

whereas the effective amplitude of ‘�$ �‘ �� scattering
reads

�‘�$ �‘ �� ¼ 4ðp1p2Þ
X

ReðhyhÞ2ijMiMj½2P ijðqsÞ

þ 2P ijðqtÞ þSii
AðqtÞSjj

R ðqsÞ þSii
AðqsÞSjj

R ðqtÞ�:
To compare the obtained expressions with the vacuum
results of the canonical computation, Eqs. (16) and (17),
we evaluate the retarded and advanced propagators at
zero temperature. In vacuum L�ðt; qÞ ¼ �ðq2Þsignðq0Þ6q.
Therefore for positive q0 it follows from Eq. (77) that

Sii
R=AðqÞ � �½q2 �M2

i � i�ðq2Þ�i=Miq
2��1: (109)

In the vicinity of the mass shell of the respective Majorana
neutrino q2 ¼ M2

i and we find

Sii
R ¼ �Pi; Sii

A ¼ �P�i : (110)

For t and u channels the imaginary parts of Eqs. (10) and
(109) vanish, so that in the vacuum limit

P ijðqÞ ¼ P�i ðq2ÞPjðq2Þ;
and P ij is symmetric with respect to i$ j. The squares of

the t- and u-channel propagators in Eq. (17) give identical
contributions to the reduced cross section of ‘‘$ �� ��
process. Therefore, upon substitution of Eq. (108) into
Eq. (43) and the use of the i$ j symmetry, we recover
for the reduced cross section the canonical result (44).
Relations (110) imply that the off-diagonal components
of P ij and P RIS

ij coincide. For the s channel the diagonal

components of P ii are given in the vacuum limit by

P iiðqsÞ ¼ ðs�M2
i Þ2 � ð�i=MisÞ2

½ðs�M2
i Þ2 þ ð�i=MisÞ2�2

:

Thus, in the vicinity of the mass shell, s � M2
i , the canoni-

cal expression for the RIS-subtracted propagator, Eq. (14),
coincides with the expression obtained from first prin-
ciples. This justifies results of the earlier calculations.

For the reduced cross section of ‘�$ �‘ �� scattering we
recover Eq. (45).
At finite temperatures L�ðt; 6qÞ is not zero even for t and u

channels. In otherwords, themediumeffects induce additional
contributions to the effective decay amplitudes. However,
these contributions are proportional to the coefficients ci.
Numerical analysis shows that for the two chosen sets of
parameters, seeAppendixE, the additional correction typically
does not have any sizable impact on the reaction densities.
A quantity relevant for the numerical analysis is the ratio

zh�ab
ij i=H s. The dependence of this ratio on the dimen-

sionless inverse temperature is presented in Figs. 10 and
11. If the approximate expression (42) is used, then the

reaction density of ‘�$ �‘ �� scattering becomes negative
for 2 & z & 3 for the first set of the parameters whereas for
the second set of the parameters it turns negative for 0:5 &
z & 1. A qualitatively similar behavior has also been ob-
served in Ref. [43]. This rather counterintuitive result can
be traced back to the behavior of the RIS part of the
effective amplitude (16) which is negative in the vicinity
of the mass shell. Its sign is not fixed by physical require-
ments, since it constitutes a subleading contribution to the
washout rate. As can be inferred from Fig. 10, for the first
set of model parameters the quantum-statistical corrections

FIG. 10 (color online). Washout reaction densities due to
‘‘$ �� �� and ‘�$ �‘ �� scattering processes for benchmark
point 1 in the approximation of massless leptons and Higgs.
Shown are the reaction densities computed using the Boltzmann
approximation (42) (thin lines), and taking into account the
quantum-statistical effects, (35) (thick lines). The (RIS sub-

tracted) reaction densities h�0‘��‘ ��
i may be negative as they are

not the physical rates for the 2$ 2 scattering process.
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render the RIS subtracted reaction density of ‘�$ �‘ ��
scattering positive in the whole range of temperatures.
However, this is merely a numerical coincidence. For the
second set of parameters, see Fig. 11, the reaction density

of ‘�$ �‘ �� scattering remains negative for 0:4 & z &
0:9. It is nevertheless important to note that even in the
region where the reaction density is negative the quantum-
statistical corrections shift it upwards as compared to the
result of the canonical computation.

As far as �‘ �‘$ �� scattering is concerned, the
quantum-statistical corrections enhance the reduced reac-
tion density at high temperatures by about 50%. As the
temperature decreases, the reaction density computed us-
ing Eq. (35) approaches the one computed using Eq. (42) as
one would expect. A similar behavior is also observed for

the reaction density of ‘�$ �‘ �� scattering.
In Figs. 10 and 11 we neglected the thermal masses of

initial and final states. To estimate the size of the mass
corrections, in Fig. 12 we plot ratio of the reaction density
of the ‘‘$ �� �� scattering computed using thermal
masses of the Higgs and leptons with and without the
quantum-statistical terms to the canonical one for the two
sets of parameters. If the quantum-statistical effects are
neglected, the thermal masses lead to a
15% suppression
of the reaction densities. On the other hand, an enhance-
ment induced by the quantum-statistical terms to a large
extent compensates the mass-induced suppression. As a
result, the deviation from the canonical reaction density
does not exceed 
5% in the whole range of temperatures.

To compare the relative importance of the (inverse) decay
and scattering processes in Figs. 13 and 14 we also present
the uniformly normalized reaction densities. In both caseswe
observe a qualitatively similar picture: for the chosen sets of
parameters reaction densities of the scattering processes are
strongly suppressed by the smallness of the Yukawa cou-
plings as compared to those of the decay processes.

In the rate equation for the lepton asymmetry, see
Eq. (29a), the total washout rate is given by a sum of
reaction densities for decays and scattering. Whereas
h�W

Ni
i and h�‘‘

�� ��
i are positive, the RIS subtracted reaction

density h�0‘��‘ ��
i can be negative at some temperatures. If the

total washout rate would turn negative, it would lead to a
spurious self-enhanced generation of the asymmetry. In
Figs. 13 and 14 we show the sum of the reactions densities.
For both parameter sets it is positive. This sum should
always be positive. If the quantum-statistical terms are

FIG. 11 (color online). Washout reaction densities due to ‘‘$
�� �� and ‘�$ �‘ �� scattering processes for benchmark point 2.
Compare Fig. 10.

FIG. 12 (color online). Ratio of the reaction density computed
using thermal masses with (thick lines) and without (thin lines)
the quantum-statistical terms to the canonical one for the two
sets of parameters.

FIG. 13 (color online). Washout reaction densities due to ‘‘$
�� �� and ‘�$ �‘ �� scattering processes for benchmark point 1
in the approximation of massless leptons and Higgs. For com-
parison the washout reaction densities for N1 and N2 (inverse)
decays are shown as well. Note that the normalization differs
from the one used in Figs. 10 and 11. For the present choice of
parameters, contributions by 2$ 2 scatterings are strongly sup-
pressed by the smallness of the couplings.
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neglected this can be demonstrated explicitly. In the ab-
sence of the quantum-statistical corrections, the results of
this section revert to the ones discussed in Sec. II. Using the
expression for the RIS propagator, Eq. (15), we can rewrite
the RIS subtracted scattering amplitude (16) as a difference
of the unsubtracted one and the RIS term. Since the latter is
proportional to �ðs�M2

i Þ the integration in Eqs. (42) and
(43) is trivial and we obtain after some algebra:

4h�0‘��‘ ��
i � 4h�‘�

�‘ ��
i �X

i

h�W
Ni
i: (111)

The total washout rate is then given by 4h�‘�
�‘ ��
i þ 4h�‘‘

�� ��
i

and is positive as a sum of two positive functions. In other

words, even though h�0‘��‘ ��
i can be negative at some tem-

peratures, the total washout rate is always positive. The
form of the unsubtracted scattering reaction density that
can be inferred from Eq. (111) is another manifestation of
the double-counting. If we had not subtracted the RIS
contribution, we would have counted contributions of the
inverse decay processes twice and ended up with an in-
correct prediction for the generated asymmetry.

VII. HIGGS CONTRIBUTION

In the preceding section we have approximately taken
the gauge interactions into account in the form of effective
masses of the Higgs and leptons.10 The thermal masses are

of order of gT and large enough to influence the values of
the reaction densities quantitatively. In particular, the
Majorana neutrino decay can become kinematically for-
bidden when the sum of the masses of lepton and Higgs
exceeds the heavy Majorana neutrino mass. For even
higher temperatures [with m�ðTÞ>m‘ðTÞ þMiðTÞ] the

Higgs decay channel into a lepton-Majorana pair becomes
kinematically allowed instead and can contribute to the
asymmetry since it violates CP. For simplicity we do not
take modified dispersion relations into account here, see
Refs. [11,33,34,49,70], but use the simple picture of tem-
perature dependent thermal masses as an estimate:

m2
� ¼

�
3

16
g22 þ

1

16
g02 þ 1

4
h2t þ 1

2
	

�
T2;

m2
‘ ¼

�
3

32
g22 þ

1

32
g02
�
T2;

(112)

where we use the temperature dependent values of the
SUð2ÞL, Uð1Þ, top Yukawa and Higgs self-couplings g2,
g0, ht and 	 assuming a Higgs mass of 115 GeV [80]. We
also ignore that the thermal mass of leptons might be better

approximated by the ‘‘asymptotic thermal mass’’
ffiffiffi
2
p

m‘

in a kinematic regime in which their momentum is such
that p2 
 ðgTÞ2 [81]. We also do not take into account, in
our quantitative analysis, the thermal corrections to the
Majorana neutrino masses as they are negligible compared
to their vacuum masses.11

The CP-violating decay of the Higgs arises from the
interference of the tree-level, self-energy and vertex graphs
depicted in Fig. 15. Although in this case the decaying
particle—the Higgs doublet—is very close to thermal
equilibrium due to the Yukawa and gauge interactions of
the Standard Model, the Majorana neutrino in the final
state may deviate from equilibrium, so that the third
Sakharov condition is fulfilled.
Using the expression for the divergence of the lepton

current, Eq. (55), we can extract the corresponding
CP-violating parameter. To calculate the self-energy con-
tribution it is convenient to rewrite the one-loop lepton
self-energy (58) in the form

�_ðt; pÞ ¼ �ðhyhÞji
Z

d�4
kd�

4
qð2�Þ4�ðqþ p� kÞ

� ��_ðt; �kÞPRCðSji
+ÞTðt; qÞC�1PL; (113)

where the transposition is only in Dirac space and we have
used one of the properties of Majorana propagator:

ðSij
_ÞðX; qÞ ¼ CðSji

_ÞTðX;�qÞC�1: (114)

FIG. 14 (color online). Washout reaction densities due to ‘‘$
�� �� and ‘�$ �‘ �� scattering processes as well as (inverse)
decays for benchmark point 2. Compare Fig. 13.

10We will not attempt a fully consistent inclusion of gauge
interactions here. Their effect has been addressed systematically
for the production rate of Majorana neutrinos in various tempera-
ture regimes in Refs. [36,37,39,79], but not for CP-violating rates
up to now. In this work we model gauge interactions in a
simplified way by including thermal masses, similar as has been
done previously in the context of thermal field theory computa-
tions [11]. In this way the results obtained within NEQFT can be
compared to previous computations, and may ultimately be com-
pared to a full treatment of gauge interactions within NEQFT.

11Note that they may be relevant in the different context of
resonant leptogenesis if the size of the thermal correction is
comparable to the mass splittings jMi �Mjj as they can influ-
ence the resonance in this case.
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In its CP conjugate the Yukawa couplings are replaced by
their complex conjugates and the propagators by the CP
conjugate ones.

Similar to the case of the Majorana decay, substituting
Eq. (113) into Eq. (50) we can define effective Higgs decay
amplitudes:

� ��$‘Ni
� gw

X
mn

ðhyhÞmntr½�mi
R ðqÞð6qþMiÞ�in

A ðqÞPR 6pPL�;

(115a)

��$ �‘Ni
� gw

X
mn

ðhyhÞ�mntr½ ��mi
R ðqÞð6qþMiÞ ��in

A ðqÞPR 6pPL�:

(115b)

The overall factor gw in Eqs. (115) comes from summation
over the doublet components of the (decaying) Higgs
particle. To leading order in the couplings,

� ��$‘Ni
� 2gw

�
ðhyhÞiiðp � qÞ

þ gw
16�

ImðhyhÞ2ijMiMjS
jj
h ðpL�Þ

�
; (116a)

��$ �‘Ni
� 2gw

�
ðhyhÞiiðp � qÞ

� gw
16�

ImðhyhÞ2ijMiMjS
jj
h ðpL�Þ

�
; (116b)

which, up to the relative sign in square brackets, coincides
with the amplitudes (86). The corresponding CP-violating
parameter reads

�S�;i ¼ �
ImðhyhÞ2ij
ðhyhÞiiðhyhÞjj

Mi�j

M2
i �M2

j

pL�

pq
; (117)

where p and q are the momenta of the on-shell final lepton
and Majorana neutrino with positive zeroth components,
respectively. The direction of momentum flow is as defined
in Fig. 15. Although L� in Eqs. (87) and (117) is one and

the same function, because of the different kinematic
regimes the explicit result in terms of the distribution
functions differs for the Higgs decay:

L�ðt; qÞ ¼ 16�
Z

d��
k d�

‘
pð2�Þ4�ðqþ p� kÞ

� 6p½f�ðEkÞ þ f‘ðEpÞ�; (118)

see Appendix D 3. Note that our result is different
from the one presented in Refs. [11,12,82]. Instead of the

f� � f‘ � 2f�f‘ dependence, it is proportional to a sum,

f� þ f‘, of the two distribution functions. This depen-

dence can also be obtained in the framework of real time
thermal field theory using causal n-point functions, com-
pare Ref. [24]. The derivation within the Kadanoff-Baym
formalism gives certainty concerning the sign of the con-
tribution by Higgs decay. The CP-violating parameter
(117) has an opposite sign relative to that for Majorana
neutrino decay. However, it is canceled by the relative sign
in Eq. (126).
To calculate the vertex contribution we use Eq. (114)

and represent the two-loop self-energy (89) in the form

�ð2:1Þ_ ðt; pÞ ¼
Z

d�4
qd�

4
kð2�Þ4�ðpþ q� kÞ

� ½ðhyhÞ2ij�jjðt;�q;�kÞPL

� ðSii
+ÞTðt; qÞCPL

��_ðt; �kÞ þ ðhyhÞ2jiPRC

� ðSii
+ÞTðt; qÞPRVjjðt;�q;�pÞ ��_ðt; kÞ�:

(119)

Its CP conjugate again differs by the conjugation of the
Yukawas and propagators. Substituting Eq. (119) and its
CP conjugate into Eq. (55) we obtain for the corresponding
effective amplitudes:

�V
��$‘Ni

� gwðhyhÞ2ijMi tr½�jjð�q;�kÞCPL 6pPR�
þ gwðhyhÞ2jiMi tr½CVjjð�q;�kÞPL 6pPR�;

(120a)

�V
�$ �‘Ni

� gwðhyhÞ2ijMi tr½CVjjð�q;�kÞPL 6pPR�
þ gwðhyhÞ2jiMi tr½�jjð�q;�kÞCPL 6pPR�:

(120b)

Just like for the self-energy contribution we observe that
the overall sign of the vertex contribution to the Higgs
decay amplitude is opposite to that in the Majorana
decay, compare Eqs. (90) and (120). The corresponding
CP-violating parameter reads

�V�;i ¼
X ImðhyhÞ2ij
ðhyhÞii

MiMj

qp

Z
d�4

k1
d�4

k2
d�4

k3
ð2�Þ4

� �ðq� k1 � k2Þð2�Þ4�ðk� k2 � k3Þðpk2Þ
� ½��ðk1ÞSFðk2ÞSjj

h ðk3Þ þ�Fðk1ÞS�ðk2ÞSjj
h ðk3Þ

� �hðk1ÞS�ðk2ÞSjj
F ðk3Þ � �hðk1ÞSFðk2ÞSjj

� ðk3Þ
þ ��ðk1ÞShðk2ÞSjj

F ðk3Þ � �Fðk1ÞShðk2ÞSjj
� ðk3Þ�:

(121)

The last three lines of Eq. (121) correspond to the three
possible cuts of the vertex graph. Similarly to the Majorana
decay, only two of the intermediate states can be on-shell
and for only one of them the corresponding distribution
function enters the result. The value of the vertex
CP-violating parameter depends on the temperature as

FIG. 15. Tree-level contribution and one-loop corrections to
the (anti-)Higgs decay amplitude. The additional arrows illus-
trate the direction of momentum flow.
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well as on masses of the Majorana neutrinos. For definite-
ness, let us assume a strongly hierarchical mass spectrum,
Mj�m�>Mi. In this case, the contribution of the last

two lines in Eq. (121) is strongly suppressed. Integrating
out the delta functions we find for the contribution of the
first cut:

�V�;i ¼
1

2

X ImðhyhÞ2ij
ðhyhÞiiðhyhÞjj

Mi�j

M2
j

pKj

qp
; (122)

where the loop function Kj is now defined as

K

i ðq; kÞ ¼ 16�

Z
d��

k2
d�‘

p2
ð2�Þ4�ðqþ p2 � k2Þ

� p

2 ½f�ðEk2Þ þ f‘ðEp2

Þ�M2
iS

ii
h ðk� p2Þ:

(123)

Note that the vertex CP-violating parameter (122) has an
opposite sign relative to that for Majorana neutrino decay.
Similarly to the self-energy contribution we observe that
the 1� f‘ þ f� combination is replaced in (123) by

f‘ þ f�. For a milder mass hierarchy the two other cuts

can become important. Their contributions are proportional
to 1� f‘ � fN and f� þ fN , respectively.

The first-principle computation gives for the Higgs
decay contribution to the evolution of the lepton current
an expression similar to Eq. (24):

dYLi
Ni

dz
¼ z

sH

Z
d�qkp

Ni�‘

h
� ��!‘Ni

F qp;k

Ni‘$ ��

���! �‘Ni
F qp;k

Ni
�‘$�

i
: (124)

We do not discuss extra terms here which would arise
from naive Boltzmann equations. To write this as a rate
equation we need to repeat the steps in Sec. IV which lead
to Eq. (36). For a general process aN $ b (where we
allow for deviations from equilibrium in fN) we have
Eq. (C3). Therefore we obtain, for Higgs decay, the follow-
ing contributions to the rate equations for lepton number
and Majorana neutrino abundance (see Appendix C):

sH
z

dYLi

dz

���������fNi

¼�
�
��;i

�fNi

f
eq
Ni

�D
�;i

�
; (125a)

sH
z

dYLi

dz

���������fNi

‘
T

¼
‘

T

�
��;ið1�feq‘ �c�‘f

eq
� Þ

�fNi

feqNi

�D
�;i

�
;

(125b)

sH
z

dYLi
Ni

dz

��������
‘
T

¼�
‘

T
ð1þc�‘Þ

�ð1�fNi
Þ

ð1�f
eq
Ni
Þ�

W
�;i

�
:

(125c)

We introduced the decay and washout reaction densities,
hX�D

�;ii and hX�W
�;ii, for Higgs decay:

hX�D
�;ii �

Z
d�pqk

‘Ni�
ð2�Þ4�ðqþ p� kÞX��;if

eq
Ni
f‘�;

hX�W
�;ii � hXð1� feqNi

Þ�D
�;ii; (126)

where now f‘� ¼ ðfeq� þ f
eq
‘ Þ. In complete analogy to

Eq. (30) the total amplitude and the CP-violating parame-
ter for (anti-)Higgs decay are defined as

��;i � � ��!‘Ni
þ��! �‘Ni

� 2� ��$‘Ni
;

��;i �
� ��!‘Ni

���! �‘Ni

��;i

:

Similarly to the Majorana neutrino decays we also define
an averaged CP-violating parameter as

h��;ii �
h��;i�

D
�;ii

h�D
�;ii

:

By comparing Eqs. (125a) and (36) we observe that,
ignoring �fNi


‘=T contributions, the difference to the

Majorana neutrino decay contributions amounts to the
replacements hX�D

Ni
i ! �hX�D

�;ii and hX�W
Ni
i ! hX�W

�;ii.
We therefore obtain Eq. (29a) with an opposite sign for the
CP-violating source term. This sign cancels the relative
sign of the CP-violating parameter such that Majorana
neutrino decay and Higgs decay contribute effectively
with same sign. Similarly, for the contribution to the
Majorana neutrino rate equation:

FIG. 16 (color online). Averaged self-energy CP-violating
parameters for Majorana neutrino and Higgs decay for
benchmark point 1 as a function of the inverse temperature.
Thin lines represent the value in the zero temperature limit. With
conventional dispersion relations, the decay N1 ! ‘� is active
at z > 4:93� 10�1 but replaced at high temperatures
(z < 1:18� 10�1) by ��! N1‘. The decay N2 ! ‘� is active
at z > 1:54� 10�1 but replaced at high temperatures
(z < 3:62� 10�2) by ��! N2‘.
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sH
z

dYLi

dz

���������fNi

¼ �
�
�fNi

feqNi

�D
�;i

�
;

sH
z

dYLi

dz

���������fNi

‘
T

¼ 
‘

T

�
ð1� feq‘ � c�‘f

eq
� Þ

�fNi

f
eq
Ni

�D
�;i

�
;

sH
z

dYLi
Ni

dz

��������
‘
T

¼ �
‘

T
ð1þ c�‘Þ

�
��;i

ð1� fNi
Þ

ð1� f
eq
Ni
Þ�

W
�;i

�
:

To compute the thermally averaged CP-violating parame-
ter we take into account the temperature dependent evolu-
tion of the lepton and Higgs masses (112) [11]. The
averaged CP-violating parameter in the Higgs decay
and in the Majorana decay as functions of the inverse
temperature are presented in Figs. 16 and 17. At very
high temperatures the magnitude of h�ii can be much
larger for Higgs decay. As the temperature decreases the
CP-violating parameter for the Higgs decay approaches
zero. This is explained by the shrinking of the available
phase space in the loop integrals (118) and (123).

VIII. CONCLUSIONS

In this paper we have studied leptogenesis in the type-I
seesaw extension of the Standard Model using the 2PI
formalism of nonequilibrium quantum field theory.

The asymmetry generation can, in the case of thermal
leptogenesis, be approximately described by rate equa-
tions. Usually these statistical equations are treated as a
‘‘black box’’ in the sense that their form is assumed given
and model specific amplitudes are inserted by hand.
Indeed, this approach is supported by the observation that
it describes the free decay in the zero temperature limit
correctly and inherent inconsistencies (namely the
‘‘double-counting problem’’) can be resolved in exact
equilibrium. However, out of equilibrium it is not obvious

whether the subtraction of real intermediate states works to
all orders and how amplitudes computed in thermal field
theory enter kinetic equations. These issues can be com-
pletely avoided in a systematic treatment within nonequi-
librium quantum field theory.
Only in recent years fundamental questions related to

the nonequilibrium statistical description received more
attention. The progress here is mainly based on the 2PI
formalism which is known to yield consistent quantum-
kinetic equations without double counting. These equa-
tions can be reduced to a system of Boltzmann-like kinetic
equations for quasiparticles which can easily be compared
to the conventional results. In the course of the derivation,
necessary approximations and the related physical assump-
tions have to be specified explicitly. Therefore, this
approach enables a deeper insight into the dynamics of
the asymmetry generation.
In the conventional analysis the minimal set of interac-

tions is obtained at order Oðh4Þ of the perturbative expan-
sion. We have complemented existing analyses based on
the 2PI formalism by the computation of further processes
which appear at this order. Starting from a system of
Kadanoff-Baym and (equivalent) Schwinger-Dyson equa-
tions for leptons and heavy Majorana neutrinos we have
derived Boltzmann-like quantum-kinetic equations for the
lepton asymmetry. They include (inverse) decays of the
heavy Majorana neutrinos as well as two-body scattering
processes mediated by the heavy neutrinos:

sH
z

dYL

dz
¼X

i

Z
d�pkq

‘�Ni
F pk;q

‘�$Ni
�‘�$Ni

�X
i

Z
d�pkq

�‘ ��Ni
F pk;q

�‘ ��$Ni
��‘ ��$Ni

� 2
Z

d�p1k1p2k2
‘� �‘ ��

F p2k2;p1k1
�‘ ��$‘�

��‘ ��$‘�

�
Z

d�p1p2k1k2
‘‘ �� ��

F k1k2;p1p2
�� ��$‘‘

� �� ��$‘‘

�
Z

d�p1p2k1k2
�‘ �‘��

F p1p2;k1k2
�‘ �‘$��

��‘ �‘$��:

Because all terms in this equation are proportional to F , a
combination of the distribution functions which vanishes in
equilibrium, the obtained equations are free of the double-
counting problem and no need for the real intermediate
state subtraction arises. Together with the systematic deri-
vation of the effective decay and scattering amplitudes �
this is the main result of the present work. The individual
amplitudes arise as combinations of different 2PI contri-
butions. The vertex contribution to the CP-violating decay
amplitude is obtained as a cut of the 2PI Mercedes
diagram. The same graph yields also the s� t contribu-

tions to ‘�$ �‘ �� and the u� t contribution to ‘‘$ �� ��
process. To extract the self-energy contribution, the off-
diagonal elements of the Majorana neutrino propagator
have to be taken into account. In addition, an extended

FIG. 17 (color online). Averaged self-energy CP-violating pa-
rameters for Majorana neutrino and Higgs decay for benchmark
point 2. See caption of Fig. 16.
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quasiparticle approximation needs to be employed in order

to obtain the s� s and t� t contributions to ‘�$ �‘ �� as
well as u� u and t� t contributions to ‘‘$ �� �� scat-
tering from the setting-sun diagram.

In the zero temperature limit the effective amplitudes
reduce to the canonical ones. In particular, the form of the

resulting amplitudes for ‘�$ �‘ �� scattering coincides
with the RIS subtracted amplitudes encountered in existing
calculations. At finite temperatures the effective ampli-
tudes receive thermal corrections. Medium corrections to
the Majorana decay amplitudes into leptons and antilep-
tons are Oðh4Þ. They are small compared to the tree-level
vacuum contribution and are therefore negligible for the
total decay width. On the other hand, they play an impor-
tant role for the CP-violating source terms, which are
proportional to the difference of the two amplitudes. We
find that medium corrections to the CP-violating parame-
ter are linear in the particle number densities. Although
there is a partial cancellation of the bosonic and fermionic
contribution, the CP-violating parameter is enhanced. In
the effective scattering amplitudes the medium corrections
affect only the regulator term in the denominator of the
Breit-Wigner propagators. Due to the smallness of the
Majorana decay width, which is constrained by the light
neutrino masses, numerically these corrections are very
small in the case of nondegenerate Majorana neutrinos.

Taking SM interactions into account in the form of
thermal lepton and Higgs masses results in a suppression
of the phase space for the Majorana neutrino decay and
the enhancement of the CP-violating parameters is over-
compensated. At even higher temperatures, when the
effective Higgs mass exceeds the Majorana masses, the
CP-violating decay of the Higgs into a lepton-Majorana
pair can become kinematically allowed instead. At these
temperatures the averaged CP-violating parameters for
Higgs decay exceeds that obtained for Majorana decay in
vacuum by orders of magnitude. The signs of the corre-
sponding CP-violating parameters are opposite but their
contribution to the lepton asymmetry has the same sign
(at least in the limit of hierarchical Majorana masses).
These results are in qualitative agreement with earlier
studies based on thermal field theory and may ultimately
be compared to a full treatment of CP-violating decays out
of equilibrium, including gauge interactions.

We have also derived the corresponding rate equations
for abundances of the participating species. They are
obtained as expansion in small deviations from equilibrium
(
=T and �fNi

) and represent the hydrodynamical

approximation of the Boltzmann kinetic equations. As
compared to the standard (zero temperature) result they
are improved in that the obtained coefficients include
medium corrections to the quasiparticle properties and
take into account quantum-statistical effects. We compare
with the result obtained if the amplitudes are computed
in thermal quantum field theory and the RIS subtraction

is performed manually. We find that there are differences
at higher order in the expansion parameters. The
coefficients—reaction densities—reflect the interplay be-
tween the medium enhancement of the effective amplitudes
and the phase space suppression induced by the thermal
masses of Higgs and leptons. At very low temperatures the
reaction densities approach their canonical limit.
Since for a hierarchical mass spectrummost of the asym-

metry is typically generated by the lightest Majorana neu-
trino at temperatures of the order and smaller than its mass,
we expect a moderate enhancement of the total generated
asymmetry is possible for a typical average to strong wash-
out scenario. For a detailed phenomenological analysis it is
necessary to include further phenomena such as flavor
effects and �L ¼ 1 scattering processes which contribute
to the washout at Oðg2h2Þ. Additional quantum effects
beyond the present analysis are relevant for nonstandard
scenarios in which the Majorana neutrinos have degenerate
masses or if they are not as close to thermal equilibrium.
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APPENDIX A: KINEMATICS

The reaction densities contain distribution functions of
the initial and final states, which depend on the correspond-
ing energies. Therefore to compute the reaction densities
we need to analyze the kinematics of the decay and scat-
tering processes.

1. Decay

To compute the CP-violating reaction density and the
decay reaction density we need to evaluate the integral:

hX�D
Ni
i ¼

Z
d�N

q f
eq
N

Z
d��

k d�
‘
pð2�Þ4

� �ðkþ p� qÞX�N½1� feq‘ þ feq� �:
For the washout reaction densities or reaction densities for
Higgs decay we have similar expressions. The integration

over d3k can be performed trivially and yields ~k ¼ ~q� ~p.

Using j ~kj ¼ ð ~q2 þ ~p2 � j ~qjj ~pj cos �Þ12 and integrating over
� we remove the remaining Dirac delta and obtainZ

d��
pd�‘

kð2�Þ4�ðkþ p� qÞ

! 1

8�j ~qj
Z Eþ

E�
dEp

Z 2�

0

d’

2�
: (A1)
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The integration limits are given by

E� ¼ 1

2
½Eqð1þ x‘ � x�Þ � j ~qj	1

2ð1; x‘; x�Þ�; (A2)

where x‘ � m2
‘=q

2, x� � m2
�=q

2 and 	ðx; y; zÞ �
x2 þ y2 þ z2 � 2xy� 2xz� 2yz is the usual kinematical
function. For an on-shell heavy neutrino q2 ¼ M2. Ifm‘ ¼
m� ¼ 0 then 	ð1; x‘; x�Þ ¼ 1 and the above expression

simplifies to E� ¼ 1
2 ðEq � j ~qjÞ. On the other hand, ifM ¼

m‘ þm� then 	ð1; x‘; x�Þ ¼ 0 and therefore Eþ ¼ E� ¼
Eqðm‘=MÞ. Since the integration limits coincide in this

case, the integral vanishes.
Combining it with the integration over d3q and using the

isotropy of the medium we find

hX�D
Ni
i ¼ 1

32�3

Z 1
M

dEqf
eq
N

Z Eþ

E�
dEpX�N½1� feq‘ þ feq� �:

If quantum-statistical effects are neglected then both the
CP-violating parameter and the total tree-level decay
amplitude are momentum independent and the integration
can be performed analytically. We get

hX�D
Ni
i � gN

2�2
XM2

i �iTK1

�
Mi

T

�
;

where gN ¼ 2 is the number of the Majorana spin degrees
of freedom. Similar results are obtained for Higgs decay
and washout reaction densities.

2. Two-body scattering

For 2$ 2 scattering processes the reaction density is
defined by

h�ab
ij i �

Z
d�

papbpipj

abij ð2�Þ4�ðpa þ pb � pi � pjÞ
� f

eq
a f

eq
b ð1� f

eq
i Þð1� f

eq
j Þ�ab$ij: (A3)

To reduce it to a form suitable for the numerical analysis
we insert an identity,

1 ¼
Z

ds
Z

d4q�ðpa þ pb � qÞ�þðq2 � sÞ;

into Eq. (A3). The resulting expression can be interpreted
as a product of the inverse decay and decay amplitudes
integrated over the ‘‘mass’’ and energy of the intermediate
state:Z

d�
papbpipj

abij ð2�Þ4�ðpa þ pb � pi � pjÞ

!
Z

ds
Z d4q

ð2�Þ4 �þðq
2 � sÞ

�
Z

d�a
pa
d�b

pb
ð2�Þ4�ðpa þ pb � qÞ

�
Z

d�i
pi
d�j

pj
ð2�Þ4�ðq� pi � pjÞ: (A4)

For the third line we will use Eq. (A1). For the last line
it is more convenient to us a different representation.
Integrating out the delta function we obtain for the last
line in Eq. (A4):

1

4�

Z d�i

4�

~p2
i

q0j ~pij � Eij ~qj cos� : (A5)

Note that not all angles are kinematically allowed, see
Eq. (A8) below. As a product of Lorentz-invariant quanti-
ties the integral is also Lorentz invariant. We can therefore
boost to the center-of-mass frame where ~q ¼ 0 and

q0 ¼
ffiffiffi
s
p

. By energy-momentum conservation j ~pij=q0 ¼
1
2	

1
2ð1; xi; xjÞ, where q2 ¼ s now. The angle integration

can be partially reduced to integration over the
Mandelstam variable t ¼ ðpa � piÞ2 using the relation
dt ¼ 2j ~pajj ~pijd cos�ai. Note that the azimuthal angle
’ai is Lorentz invariant by itself. Therefore, boosting
back to the rest frame of the medium we can write the
left-hand side of Eq. (A5) in the form

	�1
2ð1; xa; xbÞ � 1

8�

Z d’ai

2�

Z dt

s
:

Integrating furthermore over dq0 and using the fact that the
integrand is independent of the orientation of ~q, we finally
obtain

h�ab
ij i ¼

1

64�4

Z 1
smin

ds
Z 1ffiffi

s
p dEq	

�1
2ð1; xa; xbÞ

�
Z Eþ

E�
dEaf

eq
a f

eq
b

1

8�

Z 2�

0

d’ai

2�

�
Z tþ

t�

dt

s
�ab$ijð1� f

eq
i Þð1� f

eq
j Þ; (A6)

where
ffiffiffiffiffiffiffiffiffi
smin
p ¼ max ðPminit;

P
mfinÞ. Just like for particle

decay, the integration limits E� are given by Eq. (A2) but
with x‘ and x� replaced by xa and xb, respectively, and the

three-momentum given by j ~qj ¼ ðE2
q � sÞ12. The range of

integration over t is given by

t� ¼ m2
a þm2

i �
s

2
½ð1þ xa � xbÞð1þ xi � xjÞ

� 	
1
2ð1; xa; xbÞ	1

2ð1; xi; xjÞ�:
In particular, for massless initial and finial states it reduces
to tþ ¼ 0 and t� ¼ �s.
If the quantum-statistical effects are neglected then

feqa ðEaÞfeqb ðEbÞ ¼ feqN ðEqÞ. The integration over Ea can

be easily performed in this case and, combined with the

	�1
2ð1; xa; xbÞ prefactor, gives j ~qj. In the same approxima-

tion the last line of (A6) does not depend on the distribution
functions and gives so-called ‘‘reduced cross section’’:

�̂ðsÞ � 1

8�

Z 2�

0

d’ai

2�

Z tþ

t�

dt

s
�ab$ij: (A7)

Using Eq. (A7) and integrating over Eq we recover the

usual expression for the scattering reaction density:
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h�ab
ij i �

T

64�4

Z 1
smin

ds
ffiffiffi
s
p

K1

� ffiffiffi
s
p
T

�
�̂ðsÞ:

To take the quantum-statistical effects into account we
need to express energies of initial and final states in terms
of the integration variables. By energy conservation Eb ¼
Eq � Ea. Therefore Ea and Eb as well as the related

momenta j ~paj and j ~pbj are completely fixed by the second
and third integration variables. Next we consider the final
states. By energy conservation Ej ¼ Eq � Ei. It remains to

express Ei in terms of the integration variables. Let us
choose the coordinates such that ~pa points along the x
axis and ~pb lies in the xy plane. Then the momentum
transfer ~q also lies in the same plane. Its components are
given by ~q ¼ j ~qjðcos�aq; sin �aq; 0Þ where

cos�aq ¼
2EaEq � sþm2

b �m2
a

2j ~qjj ~paj :

The components of ~pi can be written in the form ~pi ¼
j ~pijðcos �ai; sin �ai cos’ai; sin �ai sin’aiÞ. Then the angle
between the vectors ~pi and ~q is given by

cos�qi ¼ cos�aq cos �ai þ sin�aq sin �ai cos’ai:

Using energy-momentum conservation we can express Ei

in terms of this angle and the integration variables:

Ei ¼ 1

2

s

sþ ~q2sin 2�qi
½Eqð1þ xi � xjÞ

þ j ~qj cos�qið	ð1; xi; xjÞ � 4xi ~q
2=ssin 2�qiÞ12�: (A8)

Note that for 4m2
‘ ~q

2 > 	ðs;m2
‘; m

2
�Þ the difference under

the square root in Eq. (A8) can become negative for some
angles. This means that such scattering angles are forbid-
den kinematically and should not be integrated over.

Since Eq. (A8) implicitly depends on �ai it is convenient
to use this angle as an integration variable instead of t. The
integration measure in Eq. (A6) is then modified according
to dt! 2j ~pajj ~pij sin �aid�ai.

To calculate the scattering amplitudes we need the three
Mandelstam variables. s is an integration variable. t is
given by

t ¼ m2
a þm2

i � 2EaEi þ 2j ~pajj ~pij cos �ai:
The remaining one, u, can be inferred from the
Mandelstam relation sþ tþ u ¼ P

m2.

APPENDIX B: GENERALIZED OPTICAL
THEOREM AND THERMAL CUTTING RULES

The generalized optical theorem is a consequence of the
unitarity of the S matrix and can be seen as a consistency
condition for the amplitudes to ensure conservation of
probability. It can also be seen as a consequence of the

Cutkosky cutting rules [83–85] for the computation of the
discontinuities of Feynman diagrams. As such it can be
applied to unstable particles at any given order of pertur-
bation theory. We may write it as

� i½Ma!bðfkig; fpigÞ �M�
b!aðfpig; fkigÞ�

¼X
i

�Y
il

Z
d�il

�
ð2�Þ4�

�X
j

kj �
X
il

qil

�

�Ma!iðfkig; fqilgÞM�
b!iðfpig; fqilgÞ: (B1)

The amplitudes Ma!b include all contributing diagrams
(at a given order of perturbation theory) and the sum on the
right-hand side is over all possible real intermediate states i
which contribute to Ma!b. The generalized optical
theorem can be exploited to see explicitly why the RIS
subtraction works. To this end, we apply it to the forward

scattering processes ‘�! ‘� and �‘ ��! �‘ �� , see
Fig. 18, above the energy thresholds s > m2

N1
(the contri-

bution by N2 real intermediate states etc. can be addressed
analogously) and s > ðm‘ þm�Þ2.
We include all possible graphs up to Oðh4Þ.

Furthermore, we sum Eq. (B1) over all internal degrees
of freedom of initial and final states and absorb these in the
‘‘effective amplitudes’’ defined in Sec. II. We get for the
process involving particles

2Im

	X
dof0s

M‘�!‘�




¼
Z

d�N1
q ð2�Þ4�ðkþ p� qÞ�‘�!N1

þ
Z

d�‘
qd�

�
r ð2�Þ4�ðkþ p� q� rÞ�‘�! �‘ ��

þ
Z

d�‘
qd�

�
r ð2�Þ4�ðkþ p� q� rÞ�‘�!‘�:

(B2)

The amplitudes squared on the right-hand side contain the
relevant graphs including the vertex and self-energy con-
tributions, see Fig. 1, whose interference terms lead to
CP-violation in the particle decay. In the same way one

finds for �‘ ��$ �‘ �� :

FIG. 18. One-loop contributions to ‘�! ‘� scattering at
Oðh4Þ. The cuts through the internal lepton and Higgs lines
yield the s� s, s� t and t� t contributions to ‘�! �‘ �� . The
cuts through single internal Majorana lines yield the interference
terms which contribute to the CP-violating parameter.
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	X
dof0s

M �‘ ��! �‘ ��




¼
Z

d�N1
q ð2�Þ4�ðkþ p� qÞ��‘ ��!N1

þ
Z

d�‘
qd�

�
r ð2�Þ4�ðkþ p� q� rÞ��‘ ��!‘�

þ
Z

d�‘
qd�

�
r ð2�Þ4�ðkþ p� q� rÞ��‘ ��! �‘ ��:

(B3)

As a consequence of CPT we have
P

M‘�!‘� ¼P
M �‘ ��! �‘ ��. Therefore the difference of the left-hand

sides of Eqs. (B2) and (B3) as well as that of the third
terms on the right-hand sides vanish. Subtracting the right-
hand sides we obtain

Z
d�‘

qd�
�
r ð2�Þ4�ðkþ p� q� rÞ½�‘�! �‘ �� ���‘ ��!‘��

¼ �
Z

d�N1
q ð2�Þ4�ðkþ p� qÞ½�‘�!N1

���‘ ��!N1
�;

(B4)

as a requirement for a consistent approximation of the
amplitudes compatible with unitarity and CPT. It is ob-
vious that this cannot be satisfied if the scattering ampli-
tudes are in tree-level approximation; meanwhile, the
decay amplitudes violate CP. We show in Sec. III how
Eq. (B4) can be satisfied by replacing the two-body scat-
tering amplitudes�! �0. The solution for�0 amounts to
subtracting the real intermediate state contributions from
�. In order to obtain an equivalent result for the Higgs
decay at high temperature (i.e., for m� >m‘ þMi) we

need to consider different processes since the amplitude
jMj ��!‘Ni

cannot be obtained as cut of the graphs in

Fig. 18. One could try to draw and to cut graphs for ‘Ni !
‘Ni scattering, but the obtained cuts are lepton number
conserving and would drop out in the difference YL ¼
Y‘ � Y �‘. Instead the relevant contributions appear as ‘‘ther-
mal cuts’’ of the t-channel contributions to ‘ ��! ‘ ��
depicted in Fig. 19. Since they exist only at finite density
we need to use finite temperature ‘‘circling rules,’’ which
can be seen as a generalization of Eq. (B1), to compute the
imaginary part of causal n-point functions in the real time
formalism [86–88]:

2Imfi�1F ð�ÞR=Aðx1; . . . ; x�; . . . ; xn; zjÞg

¼ � Xnot all
xi

X
zj

Imfi�1F>ðx1; . . . ; x�; . . . ; xn; zjÞ

� i�1F<ðx1; . . . ; x�; . . . ; xn; zjÞg; (B5)

where ‘‘not all’’ means that not all xi should be circled at
the same time. It was shown in Ref. [24] that causal n-point
functions are the ones relevant for the computation of
CP-violating parameters. The vertex x� with largest or
smallest time is always circled. We can use this equation
together with the circling rules given in Refs. [24,86] to
compute the imaginary parts of the graphs in Fig. 19 and

the CPT-conjugated process �‘�! �‘�. Taking the differ-
ence of both we obtain, similar to Eq. (B4),Z

d�‘
qd�

�
r ð2�Þ4�ðkþ p� q� rÞ½�‘�! �‘ �� ���‘ ��!‘��

¼ �
Z

d��
q ð2�Þ4�ðkþ p� qÞ½�‘N1! �� ��‘ �N1!��:

We can also use Eq. (B5) to compute the thermal widths
which cut off the s- and t-channel resonances by cutting the
self-energy graphs as shown in Fig. 20. Furthermore, the
thermal CP-violating parameters can be obtained using
thermal cutting rules, see, e.g., Fig. 21 and Ref. [24].
Altogether, the concept of RIS subtraction can be general-
ized to include quantum-statistical effects using thermal
quantum field theory in the real time formalism and a

FIG. 19. One-loop contributions to ‘ ��! ‘ �� scattering at
Oðh4Þ. Due to medium effects the particles in the loop can be
on shell.

FIG. 20. The thermal width can be obtained using (causal)
finite temperature cutting rules.

FIG. 21. Circlings contributing to the self-energy (a), (b) and
vertex (c)–(e) CP-violating parameter for Majorana neutrino
decay and for Higgs decay (f), (g), (c)–(e). The contributions
by graphs (b), (f) vanish since Ni and Nj cannot be on-shell

simultaneously for i � j. Contributions by graphs (c)–(e) are
suppressed if the cut is through an internal Majorana neutrino
line.
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complete set of reaction densities can be computed. Note
however that inconsistencies are inherent out of equilib-
rium and arise, e.g., at higher order in the expansion
performed in Sec. IV. Similar computations where per-
formed in Refs. [33,49] in the imaginary time formalism
of thermal quantum field theory.

APPENDIX C: RATE EQUATIONS

In this appendix we present some detailed intermediate
steps in the derivation of rate equations with quantum-
statistical terms. To obtain these we need to assume that
the system is close to thermal equilibrium. Under certain
conditions it is then possible to reduce Boltzmann-like
equations to a set of rate equations for the systems
evolution. Assuming that the detailed conditions given in
Sec. IV are fulfilled and using Eq. (31), we get for the
integrated Boltzmann equations with quantum-statistical
terms:

Z
d�qpk

Ni‘�
½��Ni⇄‘�F

pk;q
‘�$Ni

��Ni⇄ �‘ ��F
pk;q
�‘ ��$Ni

�

¼
Z
d�qpk

Ni‘�
ð2�Þ4�ðq�r�kÞ

�
	
��Ni⇄‘�ð1�f‘Þð1þf�Þ

� fNi
�feqNi

ð1�fNi
ÞfeqNi

�ðeþ
‘þ
�
T �1Þ

�
��Ni⇄ �‘ ��ð1�f �‘Þð1þf ��Þ

�
� fNi

�feqNi

ð1�fNi
ÞfeqNi

�ðe�
‘þ
�
T �1Þ

�

ð1�fNi

Þ feqNi

ð1�f
eq
Ni
Þ :

(C1)

This expression is still exact with respect to deviations
from equilibrium and, taking into account results before
Eq. (32), it has an obvious expansion in 
=T. We can see
that there will be contributions proportional to �fNi

¼
ðfNi
� f

eq
Ni
Þ, to 
=T and proportional to �fNi


=T at linear

order. The coefficients of these terms were introduced in
Sec. IV [Eqs. (33) and (34)] and dubbed reaction densities.
We find for theOð
=TÞ expansion of each of the two terms
in Eq. (C1), i.e., for the general collision term of ab$ N
in Eq. (31):

Z
d�qpk

Nab�ab$NF
pk;q
ab$N

�
�
�ab$N

�N

�fN
f
eq
N

�D
N

�
�
�
�ab$N

�N

�fN
f
eq
N

�
�a

a

T
f
eq
a

þ�b

b

T
feqb

�
�D
N

�
�
aþ
b

T

�
�ab$N

�N

ð1��NfNÞ
ð1��Nf

eq
N Þ

�W
N

�
;

(C2)

where we defined the decay reaction densities as

hX�D
Ni �

Z
d�pqk

aNbð2�Þ4�ðq� k� rÞX�Nf
eq
N fab;

hX�W
N i � hXð1� feqN Þ�D

Ni;

with fab � ð1� �af
eq
a � �bf

eq
b Þ. For a general process

aN $ b (where we allow again for deviations from equi-
librium in fN) we find in the same way

Z
d�qpk

Nab�aN$bF
pk;q
aN$b

�
�
��aN$b

�b

�fN
feqN

�D
b

�
�
�
�aN$b

�b

�fN
feqN

�
�
�
a

T
ð1� �af

eq
a Þ þ �b


b

T
feqb

�
�D
b

�

�
a �
b

T

�
�aN$b

�b

ð1� �NfNÞ
ð1� �NfeqN Þ

�W
b

�
; (C3)

where

hX�D
b i �

Z
d�pqk

aNbð2�Þ4�ðrþ q� kÞX�bf
eq
N fab;

hX�W
b i � hXð1� feqN Þ�D

Ni;

with, now, fab � ðfeqa þ �Nf
eq
b Þ. Note that these reaction

densities will tend to zero in the zero temperature limit
because of their dependence on the distribution functions.
Using the general result (C2) we obtain the contributions to
Eq. (C1), and therefore to Eq. (24), proportional to �fNi

,

sH
z

dYLi
Ni

dz

���������fNi

¼
���Ni⇄‘� ��Ni⇄ �‘ ��

�Ni

�fNi

feqNi

�D
Ni

�
;

contributions proportional to �fNi
� 
‘

T ,

sH
z

dYLi
Ni

dz

���������fNi

‘
T

¼ 
‘

T

���Ni⇄‘� þ�Ni⇄ �‘ ��

�Ni

� ðc�‘f
eq
� � f

eq
‘ Þ

�fNi

feqNi

�D
Ni

�
;

or just proportional to 
‘=T:

sH
z

dYLi
Ni

dz

��������
‘
T

¼ �
‘

T
ð1þ c�‘Þ

�
���Ni⇄‘� þ�Ni⇄ �‘ ��

�Ni

ð1� fNi
Þ

ð1� feqNi
Þ�

W
Ni

�
:

This leads immediately to the result in Eq. (36). Similarly,
we get using Eq. (C3) for the contributions (124) by (anti-)
Higgs decay to the rate equations:
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dYLi
Ni

dz

���������fNi

¼ �
�� ��!‘Ni

���! �‘Ni

��

�fNi

feqNi

�D
�

�
;

sH
z

dYLi
Ni

dz

���������fNi

‘
T

¼ �
‘

T

�� ��!‘Ni
���! �‘Ni

��

� ðc�‘f
eq
� � ð1� f

eq
‘ ÞÞ

�fNi

feqNi

�D
�

�
;

sH
z

dYLi
Ni

dz

��������
‘
T

¼ �
‘

T
ð1þ c�‘Þ

�� ��!‘Ni
���! �‘Ni

��

� ð1� fNi
Þ

ð1� feqNi
Þ�

W
�

�
:

In addition we get for the extra terms in Eqs. (25) and (26):

dYLi
Ni

dz

��������D;extra
/ ð1� 1Þ

�
�Ni⇄‘� ��‘�⇄Ni

�Ni

ð1� fNi
Þ�D

Ni

�

þ ð1� 1Þ
‘

T
ð1þ c�‘Þ

�
�
�Ni⇄‘� ��‘�⇄Ni

�Ni

ð1� fNi
Þ�D

Ni

�

þ ð1� 1Þ
‘

T

�
�Ni⇄‘� ��‘�⇄Ni

�Ni

� ðc�‘f
eq
� � f

eq
‘ Þð1� fNi

Þ�D
Ni

�
: (C4)

This means that for dYLi=dz only the first term and for
dYNi

=dz the last two terms contribute. The terms propor-

tional to the difference of �Ni⇄‘� and �Ni⇄ �‘ �� lead to

contributions proportional to the CP-violating parameter.
To reduce the two-body scattering terms in Eq. (27)

we can use the same methods to find for the general
expression,Z

d�kpqr
abij ð2�Þ4�ðkþ p� q� rÞ�ab$ij½ð1� �afaÞ

� ð1� �bfbÞfifj � ð1� �ifiÞð1� �jfjÞfafb�;
the Oð
=TÞ expansion:Z

d�kpqr
abij ð2�Þ4�ðkþ p� q� rÞ�ab$ijð1� �afaÞ

� ð1� �bfbÞfifj½ð1� 1Þ � ðe
aþ
b�
i�
j
T � 1Þ�

¼ 
c þ
d � ð
a þ
bÞ
T

h�ab
ij i þ ð1� 1Þh�ab

ij i

� ð1� 1Þ
��

�a


a

T
feqa þ �b


b

T
feqb � �i


i

T
feqi

� �j


j

T
feqj

�
�ab
ij

�
;

where the two-body scattering reaction density was intro-
duced in Eq. (35). The last expression results after first
order expansion in 
=T.

APPENDIX D: 2PI EFFECTIVE ACTION
AND SELF-ENERGIES

In this appendix we derive one-loop contribution to the
self-energy of the Majorana field as well as one- and two-
loop contributions to the self-energy of leptons.

1. 2PI effective action

The 2PI effective action is defined as a functional of
the one- and two-point functions consisting of an infinite
sum of all 2PI vacuum diagrams [66]. In practice, its
expansion can be characterized in terms of the number of
loops appearing in each diagram:

i�2PI½S;S;�� ¼
X
n

i�ðnÞ2PI½S;S;��:

The two lowest order contributions, i�ð2Þ2PI and i�ð3Þ2PI, rele-
vant for leptogenesis are shown in Fig. 5. Their contribu-
tions to the 2PI action read

i�ð2Þ2PI ¼ �
Z
C
d4ud4wTr½hPRSðu; wÞPLh

ySðw; uÞ
� ���ðu;wÞ��; (D1a)

i�ð3Þ2PI ¼
1

2

Z
C
d4ud4wd4�d4�Tr½hPRSðu; wÞCPRh

TST

� ð�;wÞ���ðw; �Þ�h�PLCSð�; �ÞPLh
ySð�; uÞ�

� ��ðu;�Þ��: (D1b)

In Eqs. (D1a) and (D1b) the trace is taken over flavor, Dirac
and SUð2ÞL indices whereas the transposition only acts in
flavor and Dirac space.

2. Lepton self-energies

By functional differentiation of the 2PI effective action
with respect to the two-point function we obtain the cor-
responding self-energy which enters the Schwinger-Dyson
equation:

�ðn�1Þ�� ðx; yÞ ¼ �i ��ðnÞ2PI½S�
�ST��ðy; xÞ

: (D2)

Here, flavor indices are shown explicitly whereas the
SUð2ÞL and Dirac structure is embodied implicitly in
matrix notation. The resulting self-energy is given by a
combination of the Majorana, lepton and Higgs propaga-
tors. Since we do not consider the flavor effects and the
early universe was in an SUð2ÞL-symmetric state,

�abðx; yÞ ¼ �ab�ðx; yÞ; S��ab ðx; yÞ ¼ �ab�
��Sðx; yÞ:

Since �4 ¼ ��2 ¼ 1 the lepton self-energy also becomes

diagonal: ���
ab ¼ �ab�

��. Furthermore, in the unflavored

approximation it is convenient to sum over lepton flavors:
� � P

��
��. Then the one- and two-loop order contribu-

tions to the lepton self-energy, see Fig. 5, take the form
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�ð1Þðx;yÞ¼�ðhyhÞjiPRS
ijðx;yÞPL�ðy;xÞ; (D3a)

�ð2Þðx;yÞ¼�ðhyhÞijðhyhÞlk
Z
C
d4wd4�PRS

jkðx;wÞ
�CPRS

Tð�;wÞPLCS
lið�;yÞPL�ðy;wÞ�ð�;xÞ:

(D3b)

Eventually, it is the Wightman components that we are
interested in since they enter the gain and loss terms on the
right-hand side of Eq. (55). Therefore, we insert the usual
decomposition of the propagators G 2 f�; S;Sg into the
spectral and statistical parts, Eq. (47), into the self-energies
(D3a) and (D3b). A formal decomposition of the self-
energy in analogy to (47) allows us to identify its spectral
and statistical part and define theWightman components in
coordinate space as �_ ¼ �F � i

2 ��. For the one-loop

self-energy (D3a) they read

�ð1Þ_ ðx; yÞ ¼ �ðhyhÞjiPRS
ij
_ðx; yÞPL�+ðy; xÞ: (D4)

In the case of the two-loop contribution, Eq. (D3b), the
computation becomes slightly elaborate. The complication
is due to the appearance of 32 different terms after insert-
ing the decomposition (47) for each of the five propagators
into Eq. (D3b) as well as due to the two remaining inte-
grations over the internal space-time arguments w and �.
The decomposition makes the path-ordering explicit and
allows us to convert the integration along the CTP into an
integration along the positive branch. The 32 terms contain
different combinations of the sign functions. These can be
rewritten by using relations given in Appendix C of
Ref. [22]. After some simple but lengthy algebra we obtain
for the Wightman components:

�ð2Þ_ ðx; yÞ ¼ ðhyhÞijðhyhÞlk
Z
C
d!

Z
C
d�½PRS

jk
R ðx;!ÞCPRS

T
Fð�;!ÞPLCS

li
_ð�; yÞPL�+ðy;!Þ�Að�; xÞ

þ PRS
jk
F ðx;!ÞCPRS

T
Rð�;!ÞPLCS

li
_ð�; yÞPL�+ðy;!Þ�Að�; xÞ

þ PRS
jk
R ðx;!ÞCPRS

T
Að�;!ÞPLCS

li
_ð�; yÞPL�+ðy;!Þ�Fð�; xÞ

þ PRS
jk
_ðx;!ÞCPRS

T
Rð�;!ÞPLCS

li
Að�; yÞPL�Fðy; !Þ�+ð�; xÞ

þ PRS
jk
_ðx;!ÞCPRS

T
Að�;!ÞPLCS

li
Fð�; yÞPL�Rðy;!Þ�+ð�; xÞ

þ PRS
jk
_ðx;!ÞCPRS

T
Fð�;!ÞPLCS

li
Að�; yÞPL�Rðy; !Þ�+ð�; xÞ

þ PRS
jk
R ðx;!ÞCPRS

T
+ð�;!ÞPLCS

li
Að�; yÞPL�+ðy;!Þ�+ð�; xÞ

þ PRS
jk
_ðx;!ÞCPRS

T
_ð�;!ÞPLCS

li
_ð�; yÞPL�Rðy;!Þ�Að�; xÞ�: (D5)

Specific approximations will allow us to interpret both
expressions, Eqs. (D4) and (D5), as describing decay,
inverse decay and scattering processes of quasiparticles
in the medium.

The expressions for the one- and two-loop self-energies
given by Eqs. (D4) and (D5) depend explicitly on two
coordinates in four-dimensional space-time. However, the
self-energies which govern the gain and loss term on the
right-hand side of Eq. (55) are expressed in terms of phase
space coordinates. Let us therefore exchange the pair of
space-time arguments ðx; yÞ for an equivalent set of center
and relative coordinates, X � ðxþ yÞ=2 and s � x� y. In
contrast to thermal equilibrium, the out of equilibrium
propagators depend not only on the relative coordinate s
but also on the center coordinate X. Performing a so-called
Wigner transformation [58], i.e., a Fourier transformation
with respect to the relative coordinate s, we can trade the
latter for a momentum space variable:

GFðXuv; pÞ ¼
Z

d4suve
ipsuvGFðXuv; suvÞ; (D6a)

G�ðXuv; pÞ ¼ �i
Z

d4suve
ipsuvG�ðXuv; suvÞ; (D6b)

where we have used Xuv ¼ ðuþ vÞ=2 and suv ¼ u� v,
ðu; vÞ 2 fx; y; w; �g according to the various combinations
appearing in Eqs. (D4) and (D5). Note that the factor�i in
the definition (D6b) is conventional and makes the Wigner
transform of the spectral propagator a Hermitian matrix.
Definitions of the Wigner transforms of the advanced and
retarded propagators coincide with that for the statistical
propagator.
The Wigner transform of Eq. (D4) is obtained

straightforwardly:

�ð1Þ_ ðt; pÞ ¼ �ðhyhÞji
Z

d�4
kd�

4
qð2�Þ4�ðq� k� pÞ

� PRS
ij
_ðt; qÞPL�+ðt; kÞ:

Note that motivated by the homogeneity and isotropy of
the early universe we only indicate time dependence of the
propagators and self-energy, t � X0

xy. To obtain the Wigner

transform of Eq. (D5) we will use an additional approxi-
mation: each of the Wigner transforms of the propagators
we replace by GðXuv; pÞ ! GðX; pÞ. This means that we
neglect the variations of Xuv from the center coordinate
X ¼ Xxy at which the self-energy is evaluated. Technically,
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it corresponds to a gradient expansion to lowest order and
therefore disregards all memory effects. This can be com-
pared to the ‘‘Stoßzahlansatz’’ within the usual approach to
the Boltzmann equation. It is convenient to represent the
resulting expression as a sum of three terms:

�ð2Þ_ ¼ �ð2:1Þ_ þ �ð2:2Þ_ þ �ð2:3Þ_ : (D7)

The first term on the right-hand side of Eq. (D7) corre-
sponds to the Wigner transform of lines one to three and
four to six in Eq. (D5):

�ð2:1Þ_ ðt; pÞ ¼
Z

d�4
qd�

4
kð2�Þ4�ðp� qþ kÞ½ðhyhÞij

� ðhyhÞlk�jkðt; q; kÞPLCS
li
_ðt; qÞPL�+ðt; kÞ

þ ðhyhÞjiðhyhÞklPRS
il
_ðt; qÞ

� CPRVkjðt; q; kÞ�+ðt; kÞ�; (D8)

where we have introduced two functions containing loop
corrections:

� jkðt; q; kÞ �
Z

d�4
k1
d�4

k2
d�4

k3
� ð2�Þ4�ðqþ k1 þ k2Þ

� ð2�Þ4�ðkþ k2 � k3Þ
� ½PRS

jk
R ðt;�k3ÞCPRS

T
Fðt; k2Þ�Aðt; k1Þ

þ PRS
jk
F ðt;�k3ÞCPRS

T
Rðt; k2Þ�Aðt; k1Þ

þ PRS
jk
R ðt;�k3ÞCPRS

T
Aðt; k2Þ�Fðt; k1Þ�;

and Vkjðt; q; kÞ � P�ykjðt; q; kÞP. As we will see, (D8) de-

scribes CP-violating decay of the heavy Majorana neutrino.
The second term on the right-hand side of Eq. (D7) is given
by the Wigner transform of the seventh line of Eq. (D5) and
describes lepton number violating scattering processes:

�ð2:2Þ_ ðt;pÞ¼
Z
d�4

p2
d�4

k1
d�4

k2
ð2�Þ4�ðpþk1�p2�k2Þ

�ðhyhÞijðhyhÞlk½PRS
jk
R ðt;p2þk2Þ

�CPRS
T
+ðt;�p2ÞPLCS

li
Aðt;p2�k1Þ

�PL�+ðt;k1Þ�+ðt;�k2Þ�:
Finally the last term in Eq. (D7) corresponds to the last line
of Eq. (D5),

�ð2:3Þ_ ðt;pÞ ¼
Z

d�4
p2
d�4

k1
d�4

k2
ð2�Þ4�ðrþq1�p2� q2Þ

� ðhyhÞijðhyhÞlk½PRS
jk
_ðt;�q1ÞCPRS

T
_ðt;p2Þ

�PLCS
li
_ðt; q2ÞPL�Aðt;�q2�p2Þ

��Rðt;q1�p2Þ�;
and can be identified with lepton number conserving pro-
cesses which do not contribute to generation of the lepton
asymmetry.

3. Majorana self-energy

Differentiating Eq. (D1a) with respect to the two-point
function of the Majorana neutrino and using definitions of

the CP-conjugate two-point functions we obtain for the
Majorana self-energy

�ijðx; yÞ ¼ �gw½ðhyhÞijPLSðx; yÞPR�ðx; yÞ
þ ðhyhÞ�ijPRP �Sð �x; �yÞPPL

��ð �x; �yÞ�; (D9)

where we have assumed the SUð2ÞL symmetry of the
medium and neglected flavor effects. The factor gw ¼ 2
in Eq. (D9) comes from the summation over the SUð2ÞL
indices. The CP conjugate self-energy differs from
Eq. (D9) only in the propagators replaced by their CP
conjugate counterparts and the couplings replaced by their
complex conjugates.
From Eq. (D9) we can read off the Wightman compo-

nents of the self-energy:

�ij
_ðx; yÞ ¼ �gw½ðhyhÞijPLS_ðx; yÞPR�_ðx; yÞ

þ ðhyhÞ�ijPRP �S_ð �x; �yÞPPL
��_ð �x; �yÞ�:

Its CP-conjugate can be obtained by complex conjugating
the couplings and replacing the two-point functions by
their CP-conjugates. To calculate amplitudes of the scat-
tering processes we will need its Wigner transform:

�ij
_ðt; qÞ ¼ �gw

Z
d�4

kd�
4
pð2�Þ4�ðq� p� kÞ

� ½ðhyhÞijPLS_ðt; pÞPR�_ðt; pÞ
þ ðhyhÞjiPRP �S_ðt; �pÞPPL

��_ðt; �kÞ�: (D10)

From Eq. (D10) we can deduce theWigner transform of the
corresponding spectral self-energy:

�ij
� ðt; qÞ ¼ � gw

16�
½ðhyhÞijPL��ðt; qÞPR

þ ðhyhÞ�ijPR
���ðt; �qÞPL�;

where we have introduced

��ðt; qÞ � 16�
Z

d�4
kd�

4
pð2�Þ4�ðq� k� pÞ

� ½�Fðt; kÞS�ðt; pÞ þ��ðt; kÞSFðt; pÞ�;
���ðt; qÞ � 16�

Z
d�4

kd�
4
pð2�Þ4�ðq� k� pÞ

� P½ ��Fðt; kÞ �S�ðt; pÞ þ ���ðt; kÞ �SFðt; pÞ�P;
and �q � ðq0;� ~qÞ. In the quasiparticle approximation the
Wigner transforms of the two-point functions of leptons
and the Higgs are given by Eqs. (56), (57), (64), and (65),
respectively. In a CP-symmetric medium, which the early

universe was to a very good approximation, ���ðt; kÞ ¼
��ðt; kÞ and ��Fðt; kÞ ¼ �Fðt; kÞ. The homogeneity and

isotropy of the early universe furthermore imply that
there is no dependence on the momentum direction and

the spatial central coordinate so that ���ðt; �kÞ ¼ ��ðt; kÞ
and ��Fðt; �kÞ ¼ �Fðt; kÞ. Just like for scalars, in a
CP-symmetric medium the fermion two-point functions
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are related by �S�ðt; pÞ ¼ S�ðt; pÞ and �SFðt; pÞ ¼ SFðt; pÞ.
As for the p! �p transformation, the terms in the lepton
propagators which carry spinor structure are not invariant
under it:

PL
�6pPR ¼ PLP 6pPPR ¼ PPR 6pPLP: (D11)

Since P2 ¼ 1, Eq. (D11) implies that in a homogeneous,

isotropic and CP-symmetric medium �� and� are left and
right projections of the same ‘‘vector’’ integral L�:

�ij
� ¼ � gw

16�
½ðhyhÞijPL þ ðhyhÞ�ijPR�L�:

Explicit form of L� depends on the kinematic regime and is

presented below.
To evaluate the decay amplitudes as well as amplitudes

of the s-channel scattering processes we need to evaluate it
for positive q2 ¼ M2 and q2 ¼ s. If q0 is also positive then
L� takes the form

L�ðt; qÞ ¼ 16�
Z

d��
k d�

‘
pð2�Þ4�ðq� k� pÞ

� 6p½1þ f�ðt; kÞ � f‘ðt; pÞ�: (D12)

To obtain Eq. (D12) we have used the quasiparticle
approximation for the two-point functions and integrated
over the zeroth components of the momenta. Integrating
out the energy-momentum conserving delta function we
obtain for its Lorentz components:

L0
� ¼ 2T

y
I1ðy0; yÞ;

~L� ¼ ~q

j ~qj
2T

y2

�
y0I1ðy0; yÞ � 1

2
ðy20 � y2Þ

� ð1þ x‘ � x�ÞI0ðy0; yÞ
�
; (D13)

where y0 � q0=T and y � j ~qj=T. The integral functions In
are defined by

Inðy0; yÞ �
Z zþ

z�
dzzn

�
1þ 1

ey0�z � 1
� 1

ez þ 1

�
;

where, in complete analogy with Eq. (A2), the integration
limits are given by

z� ¼ 1

2
½y0ð1þ x‘ � x�Þ � y	

1
2ð1; x‘; x�Þ�: (D14)

For positive q2 and negative q0 the components of L� are

related to the ones above by L0
�ð�q0; ~qÞ ¼ L0

�ðq0; ~qÞ and
~L�ð�q0; ~qÞ ¼ � ~L�ðq0; ~qÞ, respectively.
To evaluate amplitudes of the t- and u-channel processes

we also need to calculate L� for negative square of the

momentum transfer. In this case momentum-energy
conservation ensures that r0 and k0 cannot be positive or
negative simultaneously. If they have different signs then,
assuming homogeneity and isotropy of the medium and
using relations (102), we find

L�ðt; qÞ ¼ 16�
Z

d��
k d�

‘
pð2�Þ4 6pf�ðqþ k� pÞ

� ½f ��ðt; kÞ þ f‘ðt; pÞ� þ �ðq� kþ pÞ
� ½f�ðt; kÞ þ f �‘ðt; pÞ�g: (D15)

Equation (D15) implies that for negative square of the
momentum transfer L� vanishes in vacuum. Although it is

in principle possible to retain the thermal masses of leptons
and the Higgs in the calculation, the resulting expressions
are quite lengthy in this case. Neglecting the thermalmasses
we obtain for the Lorentz components of L� in this regime:

L0
� ¼ 2T

y

X
�
I�1 ðy0; yÞ;

~L� ¼ ~q

j ~qj
2T

y2
X
�
½y0I�1 ðy0; yÞ �

1

2
ðy20 � y2ÞI�0 ðy0; yÞ�;

(D16)

where the integral functions are given by

I�n ðy0; yÞ �
Z 1

1
2ðy�y0Þ

dzzn
�

1

ez þ 1
þ 1

ez�y0 � 1

�
:

Note that in this regime y > y0 and therefore the lower
integration limit is positive.
To compute the scattering amplitude we need to calcu-

late the product qL�. For the s channel we find

qL� ¼ q2ð1þ x‘ � x�Þy�1I0ðy0; yÞ;
whereas the corresponding expression for the t and u
channels reads

qL� ¼ q2y�1
X
�
I�0 ðy0; yÞ: (D17)

At low temperatures Eq. (D17) is exponentially small and
vanishes in the vacuum limit.
To analyze the Higgs decay we need to evaluate the

spectral loop integral in a region of the phase space where
the effective Higgs mass exceeds the sum of the Majorana
and lepton masses. Using properties of the distribution
functions under the p0 ! �p0 transformation we find
after some algebra from Eq. (118):

L�ðt; qÞ ¼ 16�
Z

d�kp
�‘ð2�Þ4�ðqþ p� kÞ6p½feq� þ f

eq
‘ �:

Just like in Eq. (D12), the integration is over the (on-shell)
momenta of the Higgs and lepton and the Majorana
momentum serves as a constraint. Note that in this case
we are interested only in the on-shell Majorana momenta
and therefore q2 ¼ M2. After integrating out the delta
function we obtain a result similar to Eq. (D13):

L0
� ¼ 2T

y
J1ðy0; yÞ;

~L� ¼ ~q

j ~qj
2T

y2

�
y0J1ðy0; yÞ � 1

2
ðx� � x‘ � 1ÞJ0ðy0; yÞ

�
;

where the integral function is defined as
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Jnðy0; yÞ �
Z zþ

z�
dzzn

�
1

ez þ 1
þ 1

ezþy0 � 1

�
:

The integration limits are given by an expression similar to
Eq. (D14) but with 1þ x‘ � x� replaced by x� � x‘ � 1.

When the effective Higgs mass approaches the kinematic
limit, m� ¼ m‘ þM the upper integration limit ap-

proaches the lower one, and the integral vanishes.

APPENDIX E: NUMERICAL PARAMETERS

To perform the quantitative analysis we need to specify
the Yukawa couplings. For simplicity we focus on the case
of a very heavy third Majorana neutrino M3 � M2 >M1

(minimal see-saw model). In this limit the Yukawa cou-
plings can be expressed in terms of the observed active
neutrino masses and mixing angles and only one complex
additional free parameter !. In the Casas-Ibarra parame-
trization [89–92] the Yukawa couplings are given by

ðhyhÞ11 ¼ M1

v2
ðm2j1�!2j þm3j!2jÞ;

ðhyhÞ22 ¼ M2

v2
ðm3j1�!2j þm2j!2jÞ;

ðhyhÞ12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1M2

p
v2

ðm2!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�!2

p
� �m3!

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�!2

p
Þ;

where v � 174 GeV is the Higgs vacuum expectation
value and we have assumed normal hierarchy. In this
case the physical neutrino masses are given by

m2 ¼ ð�m2
solÞ12 � 8:71 � 10�12 GeV;

m3 ¼ ð�m2
sol þ�m2

atmÞ12 � 5:0 � 10�11 GeV:

For illustration we choose the benchmark points ! ¼
exp ð�0:01 � IÞ and ! ¼ exp ð�0:5 � IÞ denoted by BM1
and BM2 in the plots. As masses of the right-handed

neutrinos we choose M1 ¼ 109 GeV and M2 ¼
ffiffiffiffiffi
10
p

M1,
respectively. This choice of parameters is such that
effects related to the resonant enhancement will be unim-
portant but contributions from both heavy Majorana neutri-
nos can be relevant. Note however that there are lower
bounds on the washout parameters Ki � �i=HjT¼M1

¼
~mi=m? [with ‘‘equilibrium neutrino mass’’ m? ¼
16�5=2

ffiffiffiffiffiffiffiffiffi
g�SM

p
v2=ð3 ffiffiffi

5
p

MPlÞ], see Figs. 22 and 23. The
freeze-out of the asymmetry will therefore typically occur
late (i.e., T 	 Mi) which renders medium effects in general

small. However for the qualitative issues discussed in this

paper our preference is to specify a consistent set of parame-

ters for which we can discuss the generation of the lepton

asymmetry in terms of two heavy Majorana neutrinos. This

is of course not a general restriction for the employed

techniques.
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(Amsterdam) 315, 305 (2005).
[11] G. F. Giudice, A. Notari, M. Raidal, A. Riotto, and A.

Strumia, Nucl. Phys. B685, 89 (2004).
[12] S. Davidson, E. Nardi, and Y. Nir, Phys. Rep. 466, 105

(2008).
[13] S. Blanchet and P. Di Bari, New J. Phys. 14, 125012

(2012).
[14] E. K. Akhmedov, V. Rubakov, and A.Y. Smirnov, Phys.

Rev. Lett. 81, 1359 (1998).
[15] L. Canetti, M. Drewes, and M. Shaposhnikov,

arXiv:1204.3902.
[16] L. Canetti, M. Drewes, T. Frossard, and M. Shaposhnikov,

arXiv:1208.4607.
[17] M. Garny, A. Kartavtsev, and A. Hohenegger, Ann. Phys.

(Amsterdam) 328, 26 (2013).
[18] B. Garbrecht and M. Herranen, Nucl. Phys. B861, 17

(2012).
[19] M. Drewes and B. Garbrecht, arXiv:1206.5537.
[20] E.W. Kolb and M. S. Turner, The Early Universe,

Frontiers in Physics Vol. 69 (Addison-Wesley, Redwood
City, CA, 1990).

[21] W. Buchmüller and S. Fredenhagen, Phys. Lett. B 483,
217 (2000).

[22] M. Garny, A. Hohenegger, A. Kartavtsev, and M. Lindner,
Phys. Rev. D 80, 125027 (2009).

[23] M. Garny, A. Hohenegger, A. Kartavtsev, and M. Lindner,
Phys. Rev. D 81, 085027 (2010).

[24] M. Garny, A. Hohenegger, and A. Kartavtsev, Phys. Rev.
D 81, 085028 (2010).

[25] M. Beneke, B. Garbrecht, M. Herranen, and P. Schwaller,
Nucl. Phys. B838, 1 (2010).

[26] M. Garny, A. Hohenegger, and A. Kartavtsev,
arXiv:1005.5385.

[27] B. Garbrecht, Nucl. Phys. B847, 350 (2011).
[28] A. Anisimov, W. Buchmüller, M. Drewes, and S.

Mendizabal, Phys. Rev. Lett. 104, 121102 (2010).
[29] A. Anisimov, W. Buchmüller, M. Drewes, and S.

Mendizabal, Ann. Phys. (Amsterdam) 326, 1998 (2011).
[30] M. Beneke, B. Garbrecht, C. Fidler, M. Herranen, and P.

Schwaller, Nucl. Phys. B843, 177 (2011).
[31] B. Garbrecht, Phys. Rev. D 85, 123509 (2012).
[32] B. Garbrecht, Nucl. Phys. B868, 557 (2013).
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J. Cosmol. Astropart. Phys. 08 (2009) 028.
[56] J. S. Schwinger, J. Math. Phys. (N.Y.) 2, 407 (1961).
[57] L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964).
[58] E. Calzetta and B. L. Hu, Phys. Rev. D 37, 2878 (1988).
[59] J. Berges, AIP Conf. Proc. 739, 3 (2004).
[60] M. Lindner and M.M. Müller, Phys. Rev. D 73, 125002

(2006).
[61] A. De Simone and A. Riotto, J. Cosmol. Astropart. Phys.

08 (2007) 002.
[62] M. Lindner and M.M. Müller, Phys. Rev. D 77, 025027

(2008).
[63] A. Anisimov, W. Buchmüller, M. Drewes, and S.

Mendizabal, Ann. Phys. (Amsterdam) 324, 1234 (2009).
[64] J.-S. Gagnon and M. Shaposhnikov, Phys. Rev. D 83,

065021 (2011).
[65] M. Drewes, arXiv:1012.5380.
[66] J.M. Cornwall, R. Jackiw, and E. Tomboulis, Phys. Rev. D

10, 2428 (1974).
[67] A. Hohenegger, A. Kartavtsev, and M. Lindner, Phys. Rev.

D 78, 085027 (2008).
[68] D. J. Toms, Phys. Rev. D 35, 3796 (1987).
[69] J. Berges and S. Borsanyi, Phys. Rev. D 74, 045022

(2006).
[70] H. A. Weldon, Physica (Amsterdam) 158A, 169 (1989).
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