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We investigate a (super-)renormalizable and ghost-free theory of gravity, showing that under a natural

(exponential) ansatz of the form factor and a suitable truncation it can give rise to the Starobinsky

inflationary theory in cosmological frameworks, and thus offering a theoretical justification of its origin.

We study the corresponding inflationary evolution and we examine the generation of curvature perturba-

tions, adapting the fðRÞ-like equations in a symmetry-reduced Friedmann-Lemaı̂tre-Robertson-Walker

metric. Furthermore, we analyze how the ultraviolet regime of a simply renormalizable and unitary theory

of gravity is also compatible with the Starobinsky action, and hence we show that such a theory could

account for an inflationary phase of the Universe in the ultraviolet regime.
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I. INTRODUCTION

Recently a new gravitational action principle has been
introduced and/or reconsidered in order to alleviate the
shortcomings of Einstein theory [1–5]. This theory, and
the corresponding approach to quantum gravity partly
inspired by the Cornish and Moffat papers [6], is con-
structed in order to fulfill a synthesis of minimal hypo-
theses: (i) classical solutions must be singularity-free,
(ii) Einstein-Hilbert action should be a good approximation
of the theory at a much smaller energy scale than the
Planck mass, (iii) the spacetime dimension has to decrease
with the energy in order to have a complete quantum
gravity theory in the ultraviolet regime, (iv) the theory
has to be perturbatively renormalizable at the quantum
level (this requirement is strongly related to the previous
one), (v) the theory has to be unitary, with no other pole in
the propagator in addition to the graviton, (vi) spacetime is
a single continuum of space and time and in particular the
Lorentz invariance is not broken, consistently with obser-
vations. This (super-)renormalizable gravitational theory
is therefore consistent with the basic requirements of
quantum gravity.

On the other hand, a large amount of research has been
dedicated to the construction of modified gravitational
theories, which are capable of describing the observed
late-time acceleration and the detected signatures of infla-
tion (see Ref. [7] and references therein). Amongst them
the fðRÞ gravity (see Ref. [8] and references therein) is
perhaps the most investigated one, with interesting impli-
cations in spite of its simple form. However, although
the above modified-gravity scenarios exhibit interesting
phenomenology in agreement with observations, their

construction is mainly artificial, without a theoretical jus-
tification, hoping that an underlying fundamental theory of
quantum gravity, unknown up to now, would eventually
provide them as low-energy limits. In the same lines,
gravitational modifications based on the inclusion of finite
higher derivatives (see Ref. [9] and references therein)
can also have interesting cosmological implications.
For instance, nonlocal theories with Lagrangian density
L ¼ FðR;h R;h2R; . . . ;hmR;h�1R; . . . ;h�mRÞ have a
classical equivalent scalar representation obtained intro-
ducing 2ðmþ nÞ auxiliary scalar fields, which is capable to
explain inflation and dark energy in a unified framework
[10,11]; see also Ref. [12] for a complete review. However,
all these extensions of general relativity seems to be arti-
ficial too, with the main exception being the Horava-
Lifshitz gravity, in which the higher-order derivatives are
added following the fundamental symmetries of the theory
[13] and the inclusion of fermionic matter has been con-
jectured to be responsible for the perturbatively consistent
UV behavior [14]. See also Ref. [15] for an investigation of
nonlocally modified models of gravity, compatible with
quantum loop corrections, in light of theory application
as a mechanism for current cosmic acceleration.
In the present work we are interested in providing a

theoretical justification of some of fðRÞ-gravitational sce-
narios, in the context of the above (super-)renormalizable
gravitational theory. In particular, we show that this theory,
which in principle contains infinite number of higher-
derivative terms, under a suitable truncation can give rise
to the famous Starobinsky theory [16],

L ¼ Rþ �R2; (1)
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which proves to be a viable inflationary model in perfect
agreement with current observations. Especially the
recently released Wilkinson microwave anisotropy probe
(WMAP) nine-year results suggest that Starobinsky model
is the one that best describes the data, comparing to scalar
field inflation [17]. Starobinsky model was first introduced
due to one loop contributions of conformally covariant
matter fields to the Einsteinian theory of gravity [16], but
it was subsequently shown that it can be derived in the
framework of superstring theory [18–20], or that it can be
embedded in M theory [21] and in FðRÞ supergravity [22].
In the following we show that the Starobinsky model can
alternatively and naturally emerge from a consistent trun-
cation of the aforementioned (super-)renormalizable quan-
tum gravity models, when a proper form factor is assumed.

The plan of the work is as follows: In Sec. II we review
(super-)renormalizable gravity (SRG) and we show how
the Starobinsky model can arise under a suitable ansatz for
the form factor. In Sec. III we examine the inflation real-
ization in such a scenario and we provide the correspond-
ing values of observables. Finally, in Sec. IV we discuss on
the obtained results, while Sec. V is devoted to the
conclusions.

In what follows we use the signature ðþ � � � ��Þ, and
the curvature tensor is defined as R�

��� ¼ �@��
�
�� þ � � � ,

the Ricci tensor as R�� ¼ R�
���, and the curvature scalar as

R ¼ g��R��, where g�� is the metric tensor [23].

II. (SUPER-)RENORMALIZABLE GRAVITY

Let us briefly review SRG. In order to be more transpar-
ent, we first describe the general theory and then we
provide the Starobinsky theory as a special case.

A. General theory

SRG is well defined perturbatively at the quantum level.
Additionally, at the classical level, the gravitational poten-
tial [2], the black hole solutions [1,3,4,24,25] and the
cosmological solutions are singularity-free [2,26]. The
corresponding gravitational Lagrangian is a ‘‘nonpoly-
nomial’’ extension of the renormalizable quadratic Stelle
theory [27] and it has the following general structure:

L ¼ R� R���ðh�ÞR�� þ 1

2
R�ðh�ÞR; (2)

where the ‘‘form factor’’ �ðh�Þ is an ‘‘entire function’’ of
the covariant D’Alembertian operator and h� ¼ h=�2,
with � is an invariant mass scale. We mention that
nonlocality only involves positive powers of the
D’Alembertian operator since the two form factors are
entire functions. The above theory is not unique, but all
the freedom present in the action can be embedded in the
function �ðh�Þ [28,29]. Such a function must be inter-
preted in analogy with the interaction of a photon with a

nucleon; that is, the form factor for gravity �ðh�Þ could be
eventually measured experimentally.
It proves convenient to express the form factor �ðh�Þ

introducing a new form factor Vðh�Þ that appears in both
the spin-two and spin zero part of the propagator, namely,

�ðh�Þ � Vðh�Þ�1 � 1

h
: (3)

The above choice is essential in order to have a unitarity
ghost-free theory [1–4], and the classical Lagrangian
simplifies to

L ¼ R�G��

�
Vðh�Þ�1 � 1

h

�
R��; (4)

whereG�� is the Einstein’s tensor. In order to better clarify
this point we recall here the gauge invariant two-point
function for the theory (4):

½O�1ðkÞ�gauge inv: ¼ Vðk2=�2Þ
k2

�
Pð2Þ � Pð0Þ

2

�
; (5)

where OðkÞ is the kinetic operator arising from an expan-
sion of the gravitational action around the flat metric
��� in powers of the graviton field h��, defined by

g�� ¼ ��� þ h��. Since Vðh�Þ in (3) is a nonpolynomial

transcendental entire function, only a massless graviton
propagates and thus the theory is ghost free. Moreover,
the above theory is super-renormalizable [1,3,4], as well as
unitary and microcausal [28].
In this paper we will mainly focus on the following very

natural form factor: Vðh�Þ ¼ e�h� . This ansatz corre-
sponds to a specific and notable super-renormalizable
theory, since in Ref. [3] it was shown that in this case
the graviton propagator is the same with the one obtained
starting from a theory of gravity endowed with 	-Poincaré
quantum groups of symmetry. Other possible interpreta-
tions of such choice come from string filed theory [30–34],
stochastic fluctuations of the spacetime at short distance
[35] or if we intrinsically assume fractal properties of the
spacetime when it is probed at high energy [36–41].
Finally, it would be intriguing to consider the role of the
cutoff in defining a minimal length, following the perspec-
tive of possible phenomenological explorations (see for
instance Ref. [42]).

B. Embedding the Starobinsky Rþ �R2 model
in super-renormalizable gravity

At the classical level we can truncate the theory (4) at
will. In this subsection we focus on the first correction to
the Einstein-Hilbert action. Since we are dealing with a
D ¼ 4 Friedmann-Lemaı̂tre-Robertson-Walker (FLRW)
metric, the following term turns out to be topological:

Z
d4x

ffiffiffiffiffiffi
jgj

q
½3R��R

�� � R2� ¼ topological; (6)
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which reduces the truncated theory to

L ¼ Rþ 1

6�2
R2 þO

�
RhR

�4

�
: (7)

When RhR=�2 � R2 the above Lagrangian reduces to
the Starobinsky inflationary model Rþ �R2; that is, the
super-renormalizable gravity offers an alternative explana-
tion from its origin at the fundamental level.

In order to obtain a realistic cosmological application
of the above model, one needs to include the matter
Lagrangian LM, corresponding to an energy-momentum
tensor T��. Then the total action in a universe governed by

the above truncated super-renormalizable gravity writes as

S ¼ 1

2
2

Z
d4x

ffiffiffiffiffiffi
jgj

q �
Rþ 1

6�2
R2 þLM

�
; (8)

where 
2 ¼ 8�GN and GN is the gravitational constant.
We conclude that the action (4) can be truncated and

then recast in the language of fðRÞ theories, provided that
fðRÞ ¼ Rþ R2=ð6�2Þ, which is the famous Starobinsky
model [16,19]. The resulting truncated equations of motion
are recovered to be

R�� � 1

2
g��Rþ R

3�2

�
R�� � 1

4
g��R

�

� 1

3�2
ðg��hR�r�r�RÞ ¼ 8�GNT��: (9)

It is interesting to mention that starting from an infinite
number of higher-derivative terms and under the above
suitable truncation, super-renormalizable gravity gives
rise to a specific fðRÞ gravity model, which in some sense
is a unification of the different classes in general modified
gravity, i.e., the fðRÞ and the explicitly higher-derivative
one.

C. Embedding the Starobinsky Rþ �R2 model
in renormalizable gravity

For completeness, in this subsection we explore another
specific choice of the form factor VðzÞ, which introduces
the construction of renormalizable gravity (RG). In par-
ticular, choosing

VðzÞ�1 ¼ eHðzÞ; (10)

with z :¼ �h� and

HðzÞ ¼ 1

2

�
�E þ �ð0; z2Þ

�
þ log jzj; Reðz2Þ> 0;

(11)

the ultraviolet limit of the form factor is

lim
z!þ1VðzÞ

�1 ¼ �z: (12)

Since the entire function �ðzÞ approaches a constant for
jzj ! þ1, this theory embodies the quadratic Stelle action
in the ultraviolet limit, but without any ghost pole in the

propagator. The form factor cross-connects the quadratic
action in the infrared, with an equivalent theory in the
ultraviolet. The amplitudes are divergent at each order in
the loop expansion and the maximal superficial degree of
divergence is four, similarly to the local Stelle’s theory.
Thus, the theory ceases to be super-renormalizable, but it
preserves renormalizability and unitarity as it can be
inferred from the general structure of the propagator (5)
within the form factor (10).
Let us consider now the intermedium regime. We can

write the entire function HðzÞ as a series

HðzÞ ¼ Xþ1

n¼1

ð�1Þn�1 z2n

2nn!
¼ z2

2
� z4

8
þOðz6Þ: (13)

The theory for a FLRW spacetime coincides with the
Starobinsky theory in the high energy regime, and it is
well approximated by the same theory at lower energies
too. In particular, the ultraviolet Lagrangian is exactly

LUV � Rþ 1

6�2
R2: (14)

Applying the Starobinsky and/or Mijic [16,19] analysis
yields a general class of solutions enjoying initial quasi-
de Sitter inflationary behavior. Nevertheless, we are still
confronted with the issue of connecting the inflationary
epoch to the current FLRW universe phase of expansion.
Relation (14) is indeed valid at high curvatures and, as long
as R decreases during expansion, higher-derivative correc-
tions to (13) may be important, at least for a short period,
and may force the exact solutions to be different. Thus, we
cannot easily conclude that the theory (12) gives a suitable
cosmological expansion, since we should investigate care-
fully the behavior of the solution in the intermedium
regime (13), the reheating and the connection with
FLRW universe. Therefore, even though one expects that
higher-derivative terms are negligible, a deeper analysis of
the cosmological solutions in the intermedium regime is
needed in order to exclude classical instabilities. We leave
such a detailed investigation for a future work.

D. Differences with string theory

We finish this section by referring to some differences
with the string theory scenarios. In particular, in super-
string theory the effective action of the point-particle limit
of the ten-dimensional Lagrangian is made out of the usual
Einstein-Hilbert term plus the operators

R���
R
���
 þ aR��R

�� þ bR2;

where a and b are constants. After compactification the
four-dimensional theory reads as

Lstring ¼ Rþ
�
aþ 1

3
þ b

�
GNV6

h�i R2; (15)
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where V6 is the compactified volume of the six ‘‘extra’’
dimensions and h�i is the expectation value of the scalar
dilaton field. Therefore, using arguments and taking inspi-
ration from string theory, we might think of fixing uniquely
the coefficient in front of R2 in the SRG and RG. However,
in string theory the preferred values for a, b are a ¼ �4
and b ¼ 1 [19,43], and thus comparison of (15) and (1)
would suggest that � ¼ 0, namely no R2 term is favored by
superstring theory. However, these values for the parame-
ters a and b are ambiguous because they are sensible to a
metric field redefinition [44]. On the other hand, in (super-)
renormalizable gravity, if a Starobinsky limit of the theory
exists, the corresponding coefficient is uniquely fixed.
In addition, in such a theory any form factor of the
form Vðh�Þ�1 � 1þh� þOðh2

�Þ is compatible with

the Starobinsky inflationary model. Thus, we can see that
Starobinsky scenario can arise in SRG and RG more
effectively than in string theory.

III. INFLATION IN SUPER-RENORMALIZABLE
GRAVITY

In the previous section we saw that the super-
renormalizable theory, when RhR=�2 � R2, reduces
to the Starobinsky inflationary model Rþ �R2 with
� ¼ 1=6�2. Thus, provided that such an approximation
starts to be valid at the beginning of inflation, and hence
lasts up to the present epoch, in the proposed SRG model
one can obtain the same inflationary picture as in the
Starobinsky theory. In the following we summarize the
main properties of the SRG models introduced in
Sec. II B, as they are deduced by Rþ �R2 Starobinsky
model.

In Ref. [16] it has been shown that the Starobinsky
theory admits an unstable de Sitter phase, and in
Ref. [19] the authors have shown that the same theory
entails a general class of solutions describing with a certain
accuracy the cosmological evolution of the Universe.
Indeed, such solutions behave initially as a quasi-de
Sitter universe, with a slowly decreasing Hubble parameter

HðtÞ ’ H0 ��2

6
ðt� t0Þ; (16)

withH0 the Hubble parameter at the beginning of inflation,
namely at time t0. Having lasted for a time tosc � t0 ’
6H0=�

2, inflation ends and the Universe enters a phase
of oscillations with

HðtÞ ’ fðtÞcos 2ð!tÞ; (17)

where ! ’ �=2 and with

fðtÞ ’ 1=½3=!þ 3ðt� toscÞ� (18)

representing the damping factor for the amplitude’s oscil-
lations. During the oscillatory phase the Universe is

reheated and standard-model particles are produced with
a reheating temperature [19]

Tr ’ 3� 10�2��1
2 ’ 4� 1017 GeV

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6�2=M2

p

q
; (19)

where Mp denotes the Planck mass.

It should be noticed that one needs Tr ’ 1010–1016 GeV
in order to avoid the monopole problem and properly
account for baryogenesis. Finally, after reheating, the
Universe enters the usual FLRW phase and then evolves
as in the standard cosmological picture.1

The Rþ �R2 scenario entails a spectral index ns � 1 ’
�2=Ne ’ �0:04� ð50=NeÞ and a tensor-to-scalar ratio
r ’ 12=N2

e ’ 0:005� ð50=NeÞ2, parametrized in terms of
the e-foldings number Ne which is � independent within
a good approximation [22]. Agreement with WMAP
nine-year data [17], accounting for ns ¼ 0:971� 0:010
and r < 0:13 at 95% confidence level, is recovered pro-
vided that Ne ’ 50� 55 [17,22]. Moreover the amplitude
of initial perturbations requires [22]

�

Mp

’ 1:5� 10�5 � ð50=NeÞ: (20)

Taking into account the constraints from cosmological
perturbations in (19), the reheating temperature turns out
to be Tr ’ 5� 1012 GeV. Assuming supersymmetry, a
potential issue related to such a value of Tr is the over-
production of gravitinos, which would take place at reheat-
ing temperatures Tr 	 1010 GeV for a wide range of
gravitino’s masses [45,46]. The role of a R3 term in low-
ering the reheating temperature down to Tr ’ 109 GeV has
been addressed in Ref. [22]. Such a term also originates
within the framework of the higher-dimensional extension
of the SRG theories we have addressed in this paper. We
leave to a forthcoming paper the task of establishing a
quantitative relation with the study developed in Ref. [22].
In light of these considerations, the SRG model

constructed in Sec. II A provides a suitable inflationary
scenario which mimics very well the Starobinsky theory,
to which it reduces at low curvatures RhR=�2 � R2.
Additionally, the SRG model can be related to FLRW
universe at late times. However, as we discussed in
Sec. II C, this is not the case for the RG model introduced
there, since even though the latter model reduces asymp-
totically to Rþ �R2 gravity for R ! 1, it may deviate
from the Starobinsky theory as long as the curvature R
decreases, and thus the relation between the RG model and
the FLRW universe will be nontrivial in this case. Finally,
we remark that the mass scale �, which represents a cutoff
for the higher-derivative terms, is well below the Planck
scale, and thus it may have observational consequences for
highly energetic but still sub-Planckian phenomena.

1A cosmological constant is still needed in order to describe
the late-time acceleration.
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IV. DISCUSSION

Let us make some remarks concerning the equivalence
of our particular SRG model of Lagrangian (7) with the
fðRÞ ¼ Rþ �R2 gravity. As we analyzed in Sec. II B the
Starobinsky model can be obtained through a coherent
truncation of SRG, and thus in Sec. III we used this result
in order to describe the inflationary scenario in SRG.
However, some significant differences could arise between
the SRG and Starobinsky model.

As it is well known, a general property of fðRÞ gravity is
the appearance of an extra scalar curvaton degree of free-
dom. Such a scalar degree of freedom can be explicitly
expressed performing a Weyl transformation of the metric

tensor ~g��ðxÞ � exp ½ ffiffiffiffiffiffiffiffi
2=3

p
k�� g��ðxÞ, which maps the

original fðRÞ theory of the Jordan frame into general
relativity plus a scalar field in the Einstein frame, provided
that the scalar field potential is Vð�Þ ¼ ½f0ðRÞ ~R� fðRÞ�=
2k2f0ðRÞ2, where f0ðRÞ � @fðRÞ=@R and ~R is the Ricci
scalar constructed with the ~g�� metric tensor (for instance

see Ref. [47]). Therefore, the phenomenology of the
fðRÞ scenario could be obtained in terms of the scalar field
� in the Einstein frame. For example the number of e-folds

during inflation is recovered to be Ne ¼
Rtf
t Hdt ’R�

�f
V=V 0M2

pd�, where tf denotes the time at the end of

inflation.
What is more important in the above picture is that the

extra scalar degree of freedom is responsible for scalar
perturbations during inflation. Thus, in the Einstein frame
the slow-roll inflation parameters are obtained in terms
of the scalar field � as �� ¼ ðM2

p=2ÞðV 0=VÞ2 and �� ¼
M2

pV
00=V [48], which lead to the slope of the power spec-

trum: ns ¼ 1þ 2�� � 6��. Finally, the amplitude of

initial perturbations is given by �2
R ¼ M4

pV=ð24�2��Þ,
which is observationally estimated [48] to be

ðVð�Þ=��Þ14 ’ 6:6� 1016 GeV.

Therefore, as we analyzed in detail in the previous
section, in the specific case of fðRÞ ¼ Rþ �R2 gravity
the above analysis allows to estimate the � parameter as
�=Mp 
 10�5 [22,49], and correspondingly for the power

spectrum ns ¼ 1þ 2�� 6� ’ 1� 2=Ne, for the tensor
primordial spectrum nt ’ �2� ’ �3=2N2

e , and for the
tensor-to-scalar ratio r ¼ 16� ’ 12=N2

e [49]. In other
words, in the fðRÞ ¼ Rþ �R2 model the induced extra
scalar degree of freedom � is responsible for the genera-
tion of primordial scalar perturbations which in turn are
used to estimate the � parameter, or the � parameter in the
SRG case.

However, a general feature of SRG and RGwhich makes
a fundamental difference with Rþ �R2 theory, is the fact
that no extra scalar degree of freedom seems to exist in
such theories. In fact, in Refs. [1–4] it has been shown
that, after quantization of the gravitational field on flat
Minkowskian background metric, only the usual massless

spin-two gravitons and no other extra degrees of freedom
are found. We stress that this result has been demonstrated
only on a flat background and it is not trivially extended to
a curved spacetime. However, if confirmed, this would in
part invalidate the analysis performed in Sec. III. In par-
ticular, at a classical background level the evolutionary
picture described in Sec. III is safely valid, since the
truncation introduced in Sec. II B is valid as long as
RhR=�2 � R2. However, at perturbation level the
absence of the extra degree of freedom (if confirmed) could
leave the scenario without a mechanism to generate pri-
mordial perturbations during the inflationary epoch, and
thus one should need to find other such mechanisms,
for instance introducing by hand additional scalar or alter-
natively vector fields [50] (such a formulation would
also imply that the obtained bound on the parameter
�
 10�5 �Mp would need to change).

Nevertheless, note that SRG can have an advantage
comparing to fðRÞ ¼ Rþ �R2 gravity, concerning the
generation of non-Gaussianities. In particular, it is known
that the effective scalar degree of freedom of fðRÞ ¼
Rþ �R2 gravity is not capable to correctly produce the
non-Gaussianities. On the other hand, SRG has still the
choice to add higher-order terms in the Lagrangian (7),
which could lead to non-Gaussian perturbations. Since
upper bounds on non-Gaussianities may be soon imposed
through the experimental investigation of cosmic micro-
wave background radiation by the WMAP [51] and the
Planck satellites, it will furnish an immediate opportunity
to falsify models with large non-Gaussianities in order to
distinguish among the plethora of inflationary models of
the literature. We mention that the amount and shape of
deviations from a Gaussian distribution of primordial den-
sity reveal a critical dependence on the details of the given
inflationary model [52,53], and thus it could be a crucial
test for the SRG origin of Starobinsky scenario.

V. CONCLUSIONS

In this work we investigated the realization of inflation
in the context of (super-)renormalizable gravity, which is a
gravitational theory constructed consistently with the basic
and minimal requirements of a quantum gravity, being
well defined perturbatively at the quantum level. The
corresponding gravitational Lagrangian is a ‘‘nonlocal’’
extension of the renormalizable quadratic Stelle theory,
expressed using a form factor consisting of an entire
function. Thus, at the classical level we can truncate the
theory in order to obtain many subclasses, one of them
being the Starobinsky inflationary model. Similarly,
imposing suitably a different choice for the form factor,
instead of super-renormalizability we can obtain a renor-
malizable theory that can also give rise to the Starobinsky
model, though not so efficiently. In summary, (super-)
renormalizable gravity offers an explanation of the origin
of the Starobinsky model at the fundamental level.
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The approximate realization of the Starobinsky model
in (super-)renormalizable gravity allows us to use the
inflationary results of that model in order to examine
inflation in (super-)renormalizable gravity. In particular,
we find that the solutions of the theory behave initially
as a quasi-de Sitter universe, with a slowly decreasing
Hubble parameter, and thus inflation can end and the
Universe enter a phase of damping oscillations that
reheats it.

However, there is still a difference between Starobinsky-
type inflation in fðRÞ gravity and the Starobinsky-type
inflation in (super-)renormalizable gravity. In particular,
while in the former there appears an extra scalar curvaton
degree of freedom which is responsible for generating the
perturbations during inflation, in the latter case no extra
scalar degree of freedom seems to exist. Although this has
not be proven for general spacetimes but only for flat ones,
if confirmed it would make necessary an incorporation of a
new mechanism to generate the observationally required
primordial perturbations. However, inflation in (super-)
renormalizable gravity has an advantage, namely that it
could lead to non-Gaussian perturbations, which is not the
case in Starobinsky-type fðRÞ gravity inflation. Such a

prospect would act as an additional asset for (super-)
renormalizable gravity.
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