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Calculation of 1/m? corrections to (A,(v, s)|by*ysb|A, (v, s)) for polarized A,
in the Bethe-Salpeter equation approach
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The heavy baryon A, (Q = b or ¢) can be regarded as composed of a heavy quark and a scalar light
diquark, which has good spin and isospin quantum numbers. In this picture we establish the Bethe-
Salpeter equation for A, to second order in the 1/m, expansion. With the kernel containing both the
scalar confinement and the one-gluon-exchange terms we solve the Bethe-Salpeter equation numerically.
The value of the spin-dependant form factor for the matrix element (A, (v, 5)|by*ysb|A, (v, 5)), €,, which

is nonzero at order 1/ m,z,, is obtained numerically from our model.
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I. INTRODUCTION

In the past few decades there has been much progress in
heavy flavor physics due to the discovery of the new flavor
and spin symmetries SU(2), X SU(2); in the heavy-quark
limit and the establishment of the heavy-quark effective
theory (HQET) [1]. The Large Hadron Collider (LHC) will
provide much more data for heavy hadrons, and hence it
will be able to test the standard model (SM) more accu-
rately. One may expect more precise measurements of
Cabibbo-Kobayashi-Maskawa matrix elements such as
V.» in the near future.

There have been extensive studies in the literature on
inclusive semileptonic decays of bottom hadrons, H;, —
Xewv, (X represents all hadrons in the final states) [2—13],
especially since the establishment of HQET. These studies
include corrections to the leading-order results from per-
turbative QCD [a,(m,;)] terms and from nonperturbative
terms, which are suppressed by powers of m,. It was
|
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pointed out that there are no 1/m;, corrections to leading
order in the 1/m; expansion for the differential decay
widths of inclusive semileptonic decays of bottom hadrons,
dl'/dq*dE,, where q is the total momentum of the electron
and the neutrino and E, is the electron energy in the A,’s
rest frame [2]. Bigi er al. studied 1/ m% corrections to the
decay width dI'/dE, [7]. Manohar and Wise extensively
analyzed 1/m? corrections to dI'/dq*dE, for the unpolar-
ized bottom hadron H, and for the polarized A, [8]. In
recent years, theoretical calculations for the inclusive
semileptonic decay widths and for the moments of inclu-
sive observables have been carried out to order 1/m;
and 2B, (By =11 — 2n;/3, ny is the number of quark
flavors) [9-13].

At leading order in ag(m,;) the polarized differential
semileptonic decay rate for A, — X, e, (where X, repre-
sents all hadrons containing an up quark) is

dr V|G 1
IdEdEdoosd  2m [W1q2 " W2<2E6EV B “12) + Wag*(E, = Ev)]
Vi |?GE > 1, , 7
+ 477'3 COS 0{[qu + G2(2E9EV - Eq ) + G3q |(Ee - E,)lil(Ee + EV — Z—E'e)
2
+ G6(q2 - 4E€EV) - Gng - G9q2<Ee - EV + %)}’ (1)

where the electron mass is neglected, j = u, ¢, 6 is the
angle between the electron three-momentum and the spin
vector of A, in the A,’s rest frame, E, is the neutrino
energy in the rest frame of A,, ¢> = (p, + p,)? is the
invariant mass of the lepton pair, the kinematic variables
are to be integrated over the region ¢> < 4E,E,, W;, W,,
and W5 are the form factors in the spin-independent
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hadronic tensor W*”, and G,, G,, G3, G4, Gg, and Gy
are the form factors in the spin-dependent hadronic tensor
WEY. WHY and WE” have the following forms [8]:

Wh? = _g,uI/Wl + U’uUVW2 - l.E”'Va'BanIBW:;
+ gt q" Wy + (gHv” + q"vH)Ws (2)

and
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W = —q - s[—g""G, + v*v"G, — ie*"*Pu,q,3G;
+q"q"Gy + (q"v" + q"v*)Gs]
+ (s*v¥ + s7"vH)Gg + (s*qg” + sVq*)G,
+ l.Eﬂ“VaBUaSBGg + l.E’u’Vd'Ban'BG9): (3)

where s# is the spin vector of A, and v* is the velocity
of Ab'

When the electron mass is ignored, the form factors W,,
Ws, G4, Gs, and G in Egs. (2) and (3) do not contribute to
the differential inclusive semleptomic decay rate of the
polarized A, [8]. The expressions for other form factors
(W, Wy, W3, Gy, Gy, G3, Gg, Gg, and Gg) were obtained to
second order in the 1/m, expansion in Ref. [8]. It was
shown that 1/m? corrections were characterized by two
parameters, u2 and €, for polarized A, decays (the spin
energy is zero for A,). u2 is the kinetic energy, which is
defined as

IJ«2 _ <Ablﬁv(lDL)2hv|Ab>

4

g Zmb

where h, denotes the field of the » quark in HQET,
D‘i = D* — v*v - D, with D* being the covariant deriva-
tive. The value of u2 was calculated for the first time in
Ref. [14]. €, is defined as

(Ay(v, S)ll;')’/\')’SblAb(vr 5))
= (1 + Gb)”_tAb(v! S)')’)"YSMA,,(U, S) = (1 + Gb)s)‘y (5)

where u,, (v, s) is the Dirac spinor of A, with helicity s. €,
is equal to zero at leading order in the 1/m,, expansion due
to the heavy-quark symmetry. It is also zero at the first
order in 1/m,, expansion because of the current conserva-
tion [15]. It is the aim of the present paper to calculate the
value of €, at order 1/m3. This will be important for the
precise measurement of V,, in polarized A, decays.
When the quark mass is very heavy compared with the
QCD scale Aqcp, the light degrees of freedom in a heavy
baryon Ay (Q = b or ¢) become blind to the flavor and
spin quantum numbers of the heavy quark because of the
SU(2); X SU(2), symmetries. Therefore, the angular mo-
mentum and flavor quantum numbers of the light degrees
of freedom become good quantum numbers that can be
used to classify heavy baryons, and A, corresponds to the
state in which the angular momentum of the light degrees
of freedom is zero. So it is natural to regard the heavy
baryon as composed of one heavy quark and a light di-
quark. When 1/m corrections are taken into account,
since the isospin of A is zero, the isospin of the light
degrees of freedom is also zero. Therefore, the spin of the
light degrees of freedom should also be zero in order to
guarantee that the total wave function of A is antisym-
metric. Hence the spin and isospin of the light degrees of
freedom are still fixed even when 1/ mg corrections are
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taken into account. Therefore, we still treat A, as com-
posed of a heavy quark and a light diquark.

Based on the above picture, the three-body system is
simplified to a two-body system. We will establish the
Bethe-Salpeter (BS) equation for A, in this picture to
order 1/ sz Then, we will solve this equation numerically
by assuming that the kernel contains the scalar confine-
ment and the one-gluon-exchange terms. Furthermore, we
will express €, in terms of the BS amplitude of A, in order
to calculate the value of €, to second order in the 1/m,
expansion.

The remainder of this paper is organized as follows. In
Sec. II we will establish the BS equation for A, to second
order in the 1/mg expansion and discuss the form of its
kernel. Then, we will solve the equation numerically. In
Sec. III we will express €, in terms of the BS amplitude of
A, and calculate the value of €, for different model pa-
rameters. Finally, Sec. IV is reserved for summary and
discussion.

II. BETHE-SALPETER EQUATION FOR A, TO
SECOND ORDER IN THE 1/m, EXPANSION

As we discussed in the Introduction, A is regarded as a
bound state of a heavy quark and a light scalar diquark.
Hence we can define the BS amplitude of A, as the
following:

x(xp, x5, P) = OIT ¢ (x1) @ (x2) [ Ao (P)), (6)

where ¢ (x;) and ¢(x,) are the field operators of the heavy
quark at position x; and the light scalar diquark at position
X,, respectively, P = m oV is the momentum of AQ, and v
is its velocity. Let my and mj represent the masses of
the heavy quark and the light diquark in the baryon,

= QOTQmD’ Ay = mQ"ermD, and p represents the relative
momentum of the two constituents. Then, the BS ampli-
tude in momentum space is defined as

. a4 .
X(x1, xp, P) = e'PX fﬁelpxXP(P)y @)

where X = A;x; + A,x, is the coordinate of the center of
mass and x = x; — X,.

Itis straightforward to prove that the BS equation for A,
has the following form in momentum space:

4
xo(p) = Se(py) [ %K(R . Dxr@Sn(py). (8

where p; = AP + p, pp = —A,P + p are the momenta
of the heavy quark and the light scalar diquark, respec-
tively, K(P, p, q) is the kernel which is defined as the sum
of two-particle irreducible diagrams, and Sp(p;) and
Sp(p,) are propagators of the heavy quark with momentum
p; and the light diquark with momentum p,,
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i 9 where we have expanded the BS amplitude, the propagator

pi—mg + ie’ ®) of the heavy quark, and the kernel to 1/ mé.
It is easy to show that Sp remains unchanged in the
| 1/mg expansion. Then, by comparing the two sides of
Sp(pr) = 5—>——. (10)  Eq. (11) at each order in 1/my, we have following

p; —mp tie e ;
quations.
To leading order in the 1/m expansion,

Sp(py) =

In order to solve the BS equation for A, to second order

in the 1/m expansion, we rewrite Eq. (8) as the following: d*q
X0 ()= Sor(p1) [ KoP. p. Dxor@Sp(p). - (12

1 1
Xor(p) + m_QX“D(p) + m_2X2P(p) To first order in the l/mQ expansion,

0
1 1 4
= (SOF(PI) + m_QSIF(pl) + m_zQS2F(P1)) xip(p) = Si1r(p1) f(;quy;Ko(P’ P @) xor(q@)Sp(p2)
4 d4
<[ (j L(Kop o)+ LK1<P P a) +Sor(p) [ 5K, DX @)So(p2)
d4
KD ) X (XOP(Q) o irla) +Surlpy) [ S KolP. p )x1r()S ().
0
1 (13)
+ — x20(q@) )Sp(p2), (11)
sz et ) b To second order in the 1/ mo expansion,
X2p(P) = S2r(p1) f o) Ko(P, p, @) xor(9)Sp(p2) + Sir(p1) f 27 K\(P, p, @) xor(q)Sp(p2)
+ SlF(pl)[WKO(P: P x1p(@)Sp(p2) + SOF(pl)f(quy;Kz(P: P> @) xor(@)Sp(p2)
4 4
+Sorlpy) [ (qu)m (P, P Dx1#(@)S0p2) + Sor(pr) [ %KO(R X @Sp(py).  (14)

In the following we will use the variables p; = v - p — Aym,,, p, = p — (v - p)v. Then, in leading order, first order,
and second order in the 1/m expansion, we have the following equations for the heavy quark propagator using the relation
P11 = /\IP + p [16,17]

i(1+9)

S = , 15
or(P1) 2(p; + Ey + mp + ig) (15

i(1—9) i iQE, — p)(1 + ¥)
Sir(p1) = — + b — L P 3 (16)

4 20p, + Ey +mp +ie) 4(p,+ Ey+ mp + i)

S, ):i(P1+E0+mD)(1+75)_i_I5;_ ip;
20LP 8 4 4(pl + EO + mp + 18)

_ 2B+ ) +iQE, — pf IQE, — p})*(1 + ¥) an

4(p; + Ey + mp + 18)2 8(pl + Ey+ mp + ig)’’

where E,, E|, and E, represent the binding energies, which satisfy the relation
1 1

mAQ—mQ+mD+E0+—E]+—E2 (18)

Sp(py) remains unchanged in the 1/m, expansion, and we rewrite it as the following using the relation
pr=—AP+p:
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S =), 19

where W2 = P+ mb.

We assume the kernel has the following form:

—iKy =101V, + v ® (p, + pY*V,,  (20)
—iK; =10 1V; + y* ® (p, + ph)*V,, (2D

- lK2 = 1 ® IVS + ’}/’u ® (pz + p/Z)MV@ (22)

where the first terms on the right-hand sides of
Egs. (20)—(22) arise from the scalar confinement and the
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second ones are from the one-gluon-exchange diagram,
and p, and p) are the momenta of the light diquark
attached to the gluon. v* and y* in Egs. (20)—(22) are
from the vertex of the heavy quark and the gluon. It is noted
that y* in Eq. (20) becomes v* because of heavy-quark
symmetry (see Fig. 1). The forms of V; and V, were given
before [16]. In this work, we assume that V5 and V,, Vs and
Ve have the same forms as V; and V,, respectively.
However, V5 and V,, Vs and Vg are suppressed with respect
to V; and V, by order Aqcp/mg and Agep/mp, respec-
tively. Note that v* in Eq. (20) is replaced by y* in
Egs. (21) and (22) since there is no heavy-quark spin
symmetry when we include 1/m,, corrections.

Combining Egs. (12)—(22), we have the BS equations for
Ay in leading order, first order, and second order in the
1/mg expansion,

i(1+9) i
o) = 5o I [ 61y, v, 0 (5 ¢ PPV )
P
i(1+9) i
xip(p) = 2p, + mp + Ey + ic) ,[(2 )4 [1e 1V + Y ® (p2 + Pz)“‘ﬁ]XQP(Q)m
i(1+9) q . i
11V, + ® + pl)*V. —_
20p, + mp + Ey + ie) [(27)4 i 1 v, ® (Pt P Valirq) I’12 - W2 +ie
OB 1 ’ ]
4(p1 + mp + EO + 18)2 4 2(pl + mp + EO + l8)
I
f(z p [1®1V,+v,®(p, + Pz)ﬂvz]XOP(Q)m (24)
i(1+9) d*q i
= 1®1V, + v, ®(p, + ph)*V. -
X2p(P) p Ty ¥ Eotie) (277)4 i 1+ v,®(py+ ph) z])(zp(q) T
i(1+9) i
1®1V; + ® + 2% -
2pr +my + Ey +i2) f ) i[1®1Vs+y,®(p, + ph) 4]X1p(q) Wi
i(1+ ) i
1®1V: + ® + % S
2p, + mp + E, + ie) /(277_)41[ 5T Yu (2 Pz) 6]X0P(51) WP e

(2E,+p))(1+¢) 1—¥
+l[4(pl+mD+E0+18)2 4 *

< e, o, ® (2 + pi) Valnisla)

(=2E, + p))(1 + ¥)

- Wi +ie l|:4(pl + mp + E, + ig)?

1- ﬁ ﬁt i
- + 1®1V; + ® + % —_—
4 2(pl+mD+E0+is)]f(2 )41[ 3+ Y. ®(pa+ph) 4]XOP(Q) W2 +is
n Z.I:(Pz +mp+E)1+9¥) P n —p7 _ 2E,(1+¢) _ QE, — p)¥,
8 4 4Mp,+mp+Ey+ie) 4p,+mp+Ey+ie) 4(p,+mp+ Ey+ie)?

(2E, —
8(p; + mp + Ey + ie)?

2\2 ‘g
pi)*( +¥) ]f(;i 7 11V, +v ®(pz+p2)”“V2]X0P(6])

i

—_ 25
- Wi+is 25)
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P, P/2

Hoa

FIG. 1. Diquark-gluon-diquark vertex. u and « are the
Lorentz and color indices of the gluon, respectively.

It is noted that Eqgs. (23) and (24) are just the equations
obtained before in the heavy-quark limit [16], and to first
order in the 1/m, expansion [17].

In general, yp(p) can be expanded as

Xr(p) = (A+ Bf + Cp + Dbpuy,(v.s),  (26)

where A, B, C, D are Lorentz scalar functions. It is easy to
prove that
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and hence we have [16]
Xor(P) = bop(plun, (v, 5), (28)

where ¢p(p) is a scalar function.

However, ¥ x1p(p) and ¥ x»p(p) do not equal y,p(p) and
xap(p), respectively, so we define

w0 =" w0 20 =" o),

(29)
Xap(p) = #sz(l)), Xap(P) = #sz(P)-
It is easy to see that
ﬁXIZP(P) = X{ZP(p): (30)
ﬁXI,ZP(P) = _XIZP(P)- (3D
Hence, like xop(p), x{,p(p) can be expressed as
X12p(P) = &1 2p(Plun, (v, 5), (32)

where ¢{,(p) and ¢,(p) are scalar functions.
By using Egs. (26) and (31), we can see that

X[zP(P) = Ift‘f’l_,zp(P)uAQ(U, 5), (33)

where again ¢ ,(p) and ¢,,(p) are scalar functions. Then

¥ Xxor(P) = xor(P), (27) " we obtain equations for all the scalar functions,
|
—1i d4q
= Vi + (p; + q)V , 34
bor(p) (p1 + mp + Eg + ie)(p% — W123 ¥ ig) f(27)4[ 1+ (P + q)Valdor(q) (34)
—i
+ -
¢1p(p) (p; + mp + Ey + ie)(p? — W3 + ie)
<[ 1y, 4+ Vit + !
Qm*t 3 Prr qutal®orid (p; + mp + Ey + ie)(p? — W3 + ie)
d*q —i(—2E, + p?)
X | —=[V, + (p; + q)Vo1dn(q) + L
,[(277')4[ 1T (21 a)V2léi(@) 2(p; + mp + Ey + ie)*(p? — Wi + ie)
d*q
X IW[VI + (p1 + q)Valbor(q), (35)
—i d4q
Iy = Vi+ (p;+ q)V , 36
é1p(p) 2pr + mp + Eg + i) (p? — WA + ie) /(277_)4[ 1+ (o + @)Valdor(q) (36)
b,p(p) = by f T Vi + (pr + q)V2ldop(q)
2p (pl + mp + EO + lS)(plz - WIZ) + 18) (27T)4 2P

—i

J’_

—i

4
[ v+ i+ apviloista)

+
(p; + mp + Ey +ie)(p? — W3 + ig)

d4
f (2734 (P 4: — 4)Vadip(q)
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J’_
(p; + mp + Ey + ig)(pi —
—i(=2E; + p})

4
W2+ ie) j(iﬁ“ [Vs + (p1 + ) Veldor(q)
2

d*q
J’_
2(p; + mp + Ey + ie)*(p? — Wi + ie) ,[(277')4

—i

(Vi + (pr + q)Valdip(q)

J’_
2(p; + mp + Ey + ig)(p] —
—i(=2E, + p})

4
Wt o) [(;1;;4[% + (pr+ @)Valp: - 4:415(9)
P

2(p; + mp + Ey + ie)*(p? —

d4
W2 + ic) [(2754 [V5 + (pr + q)Valdor(q)
P

iE,

+[ ip? +
Ap, +mp + Ey +ie)(p? — Wi +ie) (p,+mp+ Ey+ie)*(p? — Wi + ie)

—i(2E; — p7)?

4(p; + mp + Ey +ie)}(p? — Wi + ig)

—i

4
][(;iwq)“ Vi + (pi + q)Valbop(q)

d4q

J’_
2(p; + mp + Ey + is)(p% - Wi +ie) J (2m)

i
2(p? — W3

(f’z_P(P) =

d4q Pt 4 , _
+ ig) [(277)4[% +(pi + qz)"z]ﬂ%(q) +

=[P a0 — pPVador(q), (37)

—i
2(p, + mp + Ey + ie)(p? — W3 + ig)

4
X /(;quyl[Vl + (1 + q)Valdip(q) +

—i

2(p? — Wi +ie) J 2m)*

J’_
2(p; + mp + Ey + ie)*(p] —

4
W2 7o) /(;54 [Vs + (p1 + @) Vildor(q) + )
2

d* :
1 (1 + Iljl : ZI)V4¢0P(CI)
t t

i
(p? — W3 + ie)
i2E; — p})

4
x [ SV (i apValrta) +

4
X /‘(2177-5;4[‘/1 + (p1 + q)Valbor(q).

From Egs. (34) and (36) it is easy to see that [17]

B19(p) = 5 bor(p). (39)

The numerical solutions for ¢p(p) and ¢{,(p) can be
obtained by discretizing the integration region into n
pieces (with n sufficiently large). In this way, the integral
equations become matrix equations and the BS scalar
functions ¢(p(p) and ¢,(p) become n-dimensional vec-
tors. Thus ¢p(p) is the solution of the eigenvalue equation
(A — D¢y = 0, where A is an n X n matrix corresponding
to the right-hand side of Eq. (34). In order to have a unique
solution for the ground state, the rank of (A — I) should be
n — 1. From Eq. (35), ¢p(p) is the solution of (A —
I)¢p, = B, where B is an n-dimensional vector correspond-
ing to the first and third integral terms on the right-hand
side of Eq. (35). In order to have solutions for ¢,(p), the
rank of the augmented matrix (A — I, B) should be equal to
that of (A — I), i.e., B can be expressed as linear combi-
nation of the n — 1 linearly independent columns in
(A — I). This is difficult to guarantee if B # 0, since the
way to divide (A —1I) into n columns is arbitrary.
Therefore, following Ref. [17], we demand the following
condition in order to have solutions for ¢,(p):

(38)
2
d4q _E] + Lr
— + (p; + + 2
S v v R
(2m) Di D 0
X (Vi + (1 + a)Vs) [dorta) = 0. (40)
The simplest forms for V5 and V, that satisfy Eq. (40) are
E —%
V3= 2V, (4D
D + mp + EO + ie
E] - ]7_%
vV, = 2 V. (42)

_pl+mD+E0+18

With Eq. (40), ¢/p(p) satisfies the same eigenvalue
equation as ¢gp(p). Therefore, we have

d1p(p) = odop(p), (43)

where o is a constant of proportionality with dimension of
mass. It was determined to be zero by applying Luke’s
theorem [15] at the zero-recoil point in HQET [17].
Therefore, ¢{,(p) does not contribute.

As to the forms of V5 and Vi, we simply assume that

V5 = 52V1, V(, = 52V2; (44)
where & is a parameter which is of order Agcp.
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From Eq. (38) we can see that ¢;,(p) is only related to
dop(p) and ¢ p(p), so our goal is to solve the BS
equations of ¢gp(p) and ¢3,(p) numerically.

In the covariant instantaneous approximation,
‘7[ = Vilp]:ql, i=1, 2 [16-18]. In the meson case, one
has [18]

- 8wk’
\% — -2 353 _
llmeson [(Pt — qt)z + Mz]z ( 77) (pt qt)
&k k!
) 45
G 0 + w27 @)
- 16
V2|meson = u Lretr (46)

3 (p—a) +p?
where k’ and a are coupling parameters related to the
scalar confinement and the one-gluon-exchange terms,
respectively. The parameter w is introduced to avoid the
infrared divergence in numerical calculations, and in the
end we will take the limit x4 — 0. In the baryon case, since
the scalar confinement term is still due to a scalar interac-
tion, the form of V, need not be changed. Only the pa-
rameter ' in the meson case has to be replaced by «, which
describes the scalar confinement interaction between the
heavy quark and the diquark. However, the diquark is not a
pointlike object, so there should be a form factor in V,,
F(Q*)(Q = p, — pb), to describe the structure of the di-
quark (see Fig. 1) [19],

2
Ageff Q()

F(Q?) = =0
©) = 50

(47)

where Q3 is a parameter that freezes F(Q?) when Q2
is very small. In the high-energy region the form factor is

proportional to ;, which is consistent with perturbative

Q2 >
QCD calculations [20]. By analyzing the electromagnetic

form factor for the proton, it was found that Q% =
3.2 GeV? can lead to consistent results with the
experimental data [19]. Based on the above analysis, the
form of the kernel for the BS equation in the baryon case is
taken as [16]

PHYSICAL REVIEW D 87, 076013 (2013)

agefo(z)
3 [(p,— q)* + ?l(p, — q)* + Q31

~ 167
V2 - -

(49)

From the BS-equation solutions in the meson case it was
found that the values m; = 5.02 GeV and m, = 1.58 GeV
give predictions which are in good agreement with experi-
ments [18]. Hence in the baryon case we take

1 1
mp + EO + _El + —2E2 = 0.62 GeV.
my, mb

(50)

The dimension of « is three and that of «’ is two. This
extra dimension in k should be caused by nonperturbative
diagrams, which include the frozen form factor F(Q?) in
the low-momentum region. Since Agcp is the only pa-
rameter which is related to confinement, we expect that

k= 0K, (51
where 6 is of order Agcp. It is noted that the two propor-
tionality parameters in Eqs. (44) and (51) could be different
in general, although they are both of order Agcp. However,
in order to simplify our model we assume these two
parameters are the same. The value of x was determined
to be in the region between 0.02 GeV? and 0.08 GeV? in
Ref. [14]. Since «’ is about 0.2 GeV? [18], we take & to be
in the range from 0.1 to 0.4 GeV.

One notes that E; ~ AgcpEg, E; ~ AgepE), and hence
we further assume that E, = 8E,, E, = §E, = 8°E,.

In general, ¢op(p) can be a function of p; and p,.
Defining ¢op(p,) = [(dp,/27)pop, one immediately
gets the BS equation for ¢p(p,),

5 1
Porlp) == 2(=W, + mp + Ey)W,
d3‘1t ~ "~
Q2m) (Vi =2W,Vy)dop(q),  (52)

~ 87K 3 a3
Vi= [(p, — ¢ )2 + P — @2m)8°(pi — q) where we have used the residue theorem and selected the
! ; upper contour in the p; plane, which has a singular point
'k 8me 48) —W, + ie (see Fig. 2).
Qm)? (k* + u?)? Substituting V, and V, into Eq. (52) we have [16]
|
7 1 q1dq, 167k 7 32mag, Q5W,
~W, +mp + E = - + s
( P mp 0)¢0P(pt) ZWP{ 477_2 (ptz + q[z + I/l2)2 — 4pt2qt2 ¢0P(Qt) 3(Q() — uz)
qu‘h 1 [ln (p, + %)2 + u? . (p, + %)2 + Q%]&O (q )}
P
4 2p.q; (Pt - 41)2 + u? (Pt - %)2 + Q% !
1 q’dq, 167k

2w, J 4w (pi +qf +u?) —4piq

2 2 éOP(pt)- (53)
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-m D-E e W _-ie

FIG. 2. Three singular points, —mp — Ey — ig,
and W, — ig, in the p; plane.

W, +ie,

This is an eigenvalue equation of ¢op(p,). Solving this
equation, we obtain the values of the model parameter oy
corresponding to different values of « and m, (see Table I).
With the numerical result of ¢op(p,), we can solve
&3p(p,) numerically from Eq. (37).
The normalization equation for the BS equation takes
the following form [21]:

(2 pm f d4qd4q’xk(q’)—[l(q q, k)
+ K(q', ¢, B)xi(q) = 2ko, (54)

where 1(q', ¢, P) = 6“(q' — @)[Sr(p)] [Sp(=p)] 7",
in which p; = AP + ¢/, p, = —A\,P + ¢', and k repre-
sents the energy of A, which is the mass of A, in the rest
frame of A,. With this condition we can give the plots of
the normalized ¢p(p,) and ¢;p(p,) in Figs. 3 and 4,
respectively.

III. NUMERICAL RESULTS OF ¢,

With the numerical results of the BS amplitudes solved
above, we can calculate the value of €,. The left-hand side
of Eq. (5) can be expressed as the overlap integral of the BS
amplitude by the following:

(Ap(v, )by ysb| A, (v, 5))
d4
-/ )4XP(P)’)’ ysxp(P)Sp'(p2).  (55)
Hence we have

(1 + €,)ity, (v, 5)y*ysun, (v, 5)
d4

- )4XP(P)7 ysxp(P)Sp'(p2).  (56)

Expanding both sides of Eq. (56) to order 1 /mé, we
have

TABLE 1. Values of agy for different mp and «.
k(GeV?) 0.02 0.04 0.06 0.08
mp = 650 MeV Qgeft 0.66 0.7 0.73 0.75
mp = 700 MeV Qgefp 0.69 0.73 0.76 0.78
mp = 750 MeV [T 0.74 0.77 0.79 0.8
mp = 800 MeV Qgepf 0.77 0.8 0.82 0.83
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051

\
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FIG. 3 (color online). Plot of ¢yp(p,) with mp = 650 MeV,

k = 0.04.

(1 + € T wa + LZEZb)’ZAb(U, )y ysuy, (v, 5)
mb mb
d* 1
- [ s, s>[¢>0p<p> o (@il

T bip)h) + %(«zs;p(p) o)) ] s
[¢0p<p> o (Blp) + b))

" —2(¢;P(p>¢gp(p)ﬁt>]um<v, 0S5 (pa), (57)
my,

where we have expanded €, in Eq. (5) as

€, = €y +_€1b +—2 €rp. (58)
my, mb

0.5
045 i\:
04F \
035F |

\
0.3 \

>+
$plR) 25
(Gev™*) 02f \
0.15 \
0.1
\
\\
0.05 AN
\\\
O L 1 - - — L L
0 05 1 15 2 25 3 35
B (GeV)

FIG. 4 (color online). Plot of ¢3p(p,) with mp = 650 MeV,

k = 0.04.
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By comparing the two sides of Eq. (57) at each order in the 1/m, expansion, we have the following equations.

To leading order in the 1/m expansion,
(1 + eop)iin, (v, )y ysuy, (v, s

To first order in the 1/ mo expansion,

= [Lp
-

(v, $)pop(P) Y ysdop(plua, (v, $)S5' (pa). (59)

4
€rpitn, (v, $)y ysup, (v, 5) = [ (;1:)4 iy, (v, ) Pop(P) Y ysb1p(P) + dop(P) ¥ ysbid1p(P) + &1p(P) ¥ ysbor(p)

+ (D) By ysdop(p)uy, (v, $)S5 (pa). (60)

To second order in the 1/ mg expansion,
d* p

€xpiip, (v, s)y"ysu,\b(u, s) = [W iy, (v, N pop(P)Y*vsd3p(p) + bop(P) Y vsB:d2p(P) + &1 (P) ¥ ¥sdTp(p)

+ &1 (P)Y ysbd1p(p) + D 1p(P) B Y ¥s D p(P) + S 1p(P) By vsbidip(p)
+ &3p(P)Y ysbor(p) + dop(P) iy vsdop(p)Jun, (v, 5)Sp! (po). (61)

Getting rid of the spinors, €, at each order in the 1/ mQ expansion can be expressed as the following:

(1+ €)= (2 2n) ¢0P(P)¢0P(P)S Y(pa), (62)

€p = 2[(2 ) dor(P)DTp(P)SH' (p2), (63)

€ = 2/d4—pcb (P)3p(P)p7 — W3) — d1p(P) (PP (p] — W3) (64)
(277_)4 or 2P 1 P 3 (2 )4 1P 1P l P/

From Eq. (62) one can see immediately that €5, = 0
because the Isgur-Wise function is normalized to 1. From
Eq. (63) we have €;;, = 0 since ¢;»(p) = 0. This is con-
sistent with the demand of the current conservation [15].

Substituting Egs. (34), (37), and (39) into Eq. (64) and
using @(p,) = 3 421 ¢ (p) and the residue theorem, we
obtain the value of €,; with the obtained numerical results
of ¢op(p,) and ¢3p(p,). The results are listed in Table II.

We can see from Table II that the value of €,;, depends
on our model parameters, mp and k. In the ranges of the
parameters, €,, is always negative. The absolute value of
€5, increases with an increase of mp and k. When mp =

650 MeV, 4/|€,,| changes from 0.33 to 0.56 GeV. When
mp = 800 MeV, +/[€,,] changes from 0.62 to 0.79 GeV.

As expected, v/|€,] is of order Agcp. This indicates that
our results are reasonable.

TABLE II. Values of €, for different mp and «.
k(GeV3)  0.02 0.04  0.06 0.08
p =650 MeV €,,(GeV?) —0.11 —0.19 —0.26 —0.32
p =700 MeV €,,(GeV?) —0.16 —0.25 —0.32 —0.41
mp =750 MeV  €,,(GeV?) —0.27 —-0.36 —0.44 —0.49
mp = 800 MeV  €,,(GeV?) —0.39 —-047 —0.56 —0.62

[
IV. SUMMARY AND DISCUSSION

More and more data have been and will be collected at
the LHC. This makes possible more precise measurements
of Cabibbo-Kobayashi-Maskawa matrix elements, espe-
cially the value of V. V,;, can be measured through the
inclusive semileptonic decays of polarized A,. Since the
decay rate involves two parameters, w2 and €, to second
order in the 1/m; expansion, the theoretical calculation of
these two parameters is important for extracting more
precise values of V,, from experimental data. w2 was
calculated in the previous work. In this paper we focused
on the theoretical calculation of €, in the BS equation
approach. Since €, is only nonzero at second order in the
1/m,, expansion, it is necessary to establish the BS equa-
tion for A, to this order.

We regarded the heavy baryon A, as being composed of
a heavy b quark and a light scalar diquark based on the fact
that the light degrees of freedom in A, have fixed spin and
isospin quantum numbers. In this picture, we established
the BS equation for A, to second order in the 1/m,
expansion. Then we solved the BS equation numerically
by applying the kernel, which includes the scalar confine-
ment and the one-gluon-exchange terms. To second order
in the 1/m, expansion, we obtained numerical results for
BS scalar functions. Expressing €, as the overlap integral
of the BS amplitude for A,, we obtained the numerical

076013-9
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values for €,. It was found that €,, is only nonzero at 1/ m,%,
as expected. This indicates that our result is consistent with
the requirements from the heavy-quark symmetry and the
current conservation. At 1 /m%, €, can be expressed as
€5,/ m?. We found that in the ranges of our model parame-
ters, €, is always negative, and varies form —0.11 GeV?
to —0.62 GeV2. We found that /€, | is of order Agcp, as
expected.

There are some uncertainties in our model. Compared
with the heavy meson case, heavy baryons are much
more complicated. To order 1/m, there are two parame-
ters in our model, mp and « [17]. When we expanded to
second order in the 1/m, expansion, more uncertainties
were involved, including the forms for the kernel V5 and
Ve and the values of binding energies at orders 1/m(E,)

PHYSICAL REVIEW D 87, 076013 (2013)

and 1/m3(E,). To simplify our model we assumed that
V5 = 52‘/1, V6 = 52‘/2, E2 = 6E1 = 52E0, with the
same proportionality parameter &, which is of order
Agcp- Our model to first order in the 1/mg expansion
has been tested in A, — A, semileptonic decay and
A, — A.7 nonleptonic decay [16,17,22]. Further tests
are needed in other physical processes and for the model
to 1/mj,
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