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We briefly review the approach to dipole-dipole scattering in holographic QCD developed in G. Basar

et al., Phys. Rev. D 85, 105005 (2012), based on a stringy Schwinger mechanism. The pomeron emerges

through the exchange of closed strings between the dipoles and yields Regge behavior for the elastic

amplitude. We calculate curvature corrections to this amplitude in both a conformal and confining

background, identifying the holographic direction with the virtuality of the dipoles. The wee-dipole

density is related to the string tachyon diffusion in both virtuality and the transverse directions. We give an

explicit derivation of the dipole saturation momentum both in the conformal and confining background.

Our holographic result for the dipole-dipole cross section and the wee-dipole density in the conformal

limit are shown to be identical in form to the BFKL pomeron result when the noncritical string transverse

dimension is D? ¼ 3. The total dipole-dipole cross section is compared to DIS data from HERA.
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I. INTRODUCTION

In perturbative QCD, dipole-dipole as onium-onium
scattering has long been used to describe high energy
scattering, [1–13]. In the 1-pomeron exchange, this is
equivalent to the BFKL approach [14]. The scattering am-
plitude can be defined through the convolution of densities
of the wee-dipoles originating from the parent dipoles and
diffusing along the rapidity direction in transverse space.
This fundamental diffusion was foreseen long ago by
Gribov and will be referred to as Gribov’s diffusion [15].

Holographic QCD offers a nonperturbative framework for
discussing diffractive scattering at large number of colorsNc

and strong t’Hooft coupling � ¼ g2Nc. Originally, elastic
and inelastic parton-parton and dipole-dipole scattering in
the pomeron limit were addressed using noncritical and
variational surface exchanges in conformal and nonconfor-
mal anti–de Sitter (AdS) backgrounds [16–20]. The pomeron
and reggeon emerge from an imaginary contribution to the
Nambu-Goto string in confined AdS with an unexplained
multibranch structure. Recently, key aspects of the pomeron
were shown to follow from a stringy Schwinger mechanism
in dipole-dipole scattering with different pomeron parame-
ters [1]. The unexplained multibranch structure observed in
Refs. [18–20] follows from the N-ality of the dipole source.

An alternative derivation of the pomeron as a graviton
using the Virasoro-Shapiro amplitude in ten dimensions
was suggested in Refs. [21–25]. While in flat space the
amplitude is real, it was argued that the effect of curvature
will cause it to reggeize with the spin-2 graviton trans-
muting to a spin-2 glueball Regge trajectory timelike and
the pomeron spacelike. While the surface exchange and the
graviton approaches for the strongly coupled pomeron are
similar in spirit, they differ in content. Indeed, in conformal

AdS the multigraviton interactions are dominant for small
dipoles [17], while in confined AdS gravitons are massive
on distance scales of the order of the confinement scale
where the dipole-dipole interaction is dominated by mass-
less string exchange [1]. In the conformal limit, both
approaches appear similar although with totally different
parameters for the pomeron as the underlying exchange is
different.
Diffractive dipole-dipole scattering in holographic QCD

is dominated by closed string pair creation at large rapidity
� and impact parameter b?. In Ref. [1] it was argued that
the elastic and forward part of the dipole-dipole scattering
amplitude is totally dominated by a string pair creation
process reminiscent of the Schwinger particle pair creation
process whereby the induced longitudinal electric field on
the exchanged string world sheet is E=�T ¼ tanh ð�=2Þ.
This induced electric field causes the string to feel a
longitudinal acceleration and consequently a local Unruh
temperature. The latter is an alternate and novel way of
physically justifying Gribov’s wee parton diffusion in the
context of the pomeron exchange.
In curved AdS, the scattering amplitude in holography is

closely related to Gribov diffusion in curved space. As the
analysis of the Schwinger mechanism in Ref. [1] was
carried using string exchange in Witten’s confining back-
ground in the near horizon limit (flat space), it is important
to extend it to curved AdS space. Below, we show that the
extension to conformal AdS3 (short for transverse AdS5)
yields a result that is similar to the one for the onium-
onium scattering amplitude following from the BFKL
pomeron exchange in QCD [2–13], the differences being
the pomeron intercept and diffusion constant. We also
discuss the concept of dipole saturation for conformal
and confining AdS3, a point of intense interest both at
HERA and present and future colliders.
Saturation in the context of holographic models was

also discussed recently in Refs. [26,27] using different
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arguments. The arguments presented in Refs. [26,27] are
based on the Virasoro-Shapiro amplitude in ten dimensions
[21,22]. As we noted above this construction is far from the
pomeron kinematics in confining geometries with massive
glueballs. The saturation analysis in Refs. [28,29] makes
use of a Euclidean surface that does not contain the stringy
Schwinger mechanism with an essential singularity in the
limit of a zero rapidity gap. The surface exchanges in
Refs. [1,18–20] do. A more model dependent approach to
saturation through the use of a black disk approximation
for the dipole-dipole cross section in transverse AdS was
recently discussed in Ref. [30].

In Refs. [1,18–20] it was suggested that in the pomeron
regime with confining geometry, the string is far from
critical and supersymmetric with D? < 8. Indeed, most
of the QCD string simulations spacelike for heavy quarko-
nia indicate that D? ¼ 2. Timelike the QCD gluon ladder
exchange is conformal at weak coupling [14], so it is
natural to enforce conformality on the string exchange.
As we will show below,this is naturally achieved by ex-
tending the string in the holographic direction in D? ¼ 3
with hyperbolic or AdS curvature.

The ensuing wee-dipole distribution and cross sections
at strong coupling compare favorably with those obtained
using the BFKL resummation kernel at weak coupling
[2–13]. The holographic pomeron in D? ¼ 3 follows
from an effective string theory perhaps of the type advo-
cated by Luscher [31]. While we will use holographic QCD
in the form of AdS5 with a wall as a model throughout, a
more systematic approach within holography and follow-
ing Luscher’s long string arguments may be sought in AdS
along the arguments in Ref. [32].

In Sec. II, we briefly review the holographic Schwinger
mechanism for dipole-dipole scattering presented in
Ref. [1]. The pomeron parameters are distinct from those
reported in Refs. [18–20]. In Sec. III, we show that the
ensuing dipole-dipole cross section is analogous to the
cross section for onium-onium scattering in BFKL-
resummed QCD [3]. In Sec. IV, we suggest a holographic
correspondence between dipole-dipole scattering of vary-
ing sizes and parton-parton scattering of varying scales,
whereby the scale is identified with the holographic direc-
tion z [21]. In Sec. V, we derive the wee-dipole density and
define the saturation momentum for dipole-dipole scatter-
ing through the total inclusive cross section both for the
conformal as well as the confining geometry (conformal
plus a hard wall). For the conformal background, our
results are compared to the perturbative QCD dipole-
dipole scattering result using BFKL methods. We compare
our results for the proton structure function F2 to HERA
data in Sec. VI. Our conclusions are in Sec. VII.

This paper contains a number of novel relations and
results in comparison to the existing literature addressing
the pomeron problem in the context of holography. In
Sec. II, we show anew that the dipole-dipole amplitude is

dominated by the tachyon of the closed and noncritical
bosonic string, a very important physical point not noted in
Ref. [1]. In Sec. III, the dipole-dipole cross section is
explicitly constructed and shown to correctly match the
onium-onium cross section in QCD for D? ¼ 3, albeit at
strong coupling. In Sec. IV, we show how to construct the
wee-dipole density in the context of holography that leads
to a new definition of the concept of saturation momentum
in holography. In Sec. V, we show anew that the holo-
graphic saturation momentum in the conformal limit is
in one-to-one correspondence with the QCD saturation
momentum obtained in the 1-pomeron approximation pro-
vided that D? ¼ 3. In particular, holography suggests that
at low Bjorken x, the saturation momentum scales as

1=x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D?=6

ffiffiffi
�

pp
. In Sec. VI, a new and explicit holographic

expression for the F2-structure function in DIS is derived
that is valid both in the conformal and confining regime. In
particular, a specific nonperturbative region in the cumu-
lative HERA data is identified using these newly derived
saturation momenta.

II. STRINGY SCHWINGER MECHANISM

The eikonalized dipole-dipole scattering amplitudeT in
Euclidean space takes the following form [33]:

1

�2is
T ð�; qÞ �

Z
db?eiq?�b?WW; (1)

with

WW ¼ hðWð�;b?Þ � 1ÞðWð0; 0Þ � 1Þi; (2)

and

W ð�;b?Þ ¼ 1

Nc

Tr

�
Pc exp

�
ig

Z
C�
d�AðxÞ � v

��
(3)

is the normalized Wilson loop for a dipole, hWi � 1. In
Euclidean geometry C� is a closed rectangular loop of
width a that is slopped at an angle � with respect to the
vertical imaginary time direction. The two-dimensional
integral in (1) is over the impact parameter b? with t ¼
�q2?, and the averaging is over the gauge configurations

using the QCD action.
Following Refs. [16–20,1,21–24], the averaging in (2)

will be sought in the context of holography. For small size
dipoles, the chief contribution to (2) stems from the ex-
change of a closed string whose world sheet spans a
funnel between the two dipoles as first suggested by
Veneziano in the context of the topological expansion
[34]. In Ref. [1], (2) was estimated using a (quantum)
closed string exchange

WW ¼ g2s
Z 1

0

dT

2T
KðTÞ; (4)

with KðTÞ a string partition function with cylinder topol-
ogy of modulus T with twisted boundary conditions.
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The string coupling gs � 1=Nc reflects on the subleading
(handle contribution) character of the exchange in
large Nc.

The dominant contribution to (4) was found to follow
from the poles of the longitudinal stringy mode contribu-
tions in Ref. [1],

WWpoles � g2s
4

X1

k¼1

ð�1Þk
k

�
k�

�

�
D?=2

� aa0

�0 e
�kb2

?=2��
0þD?�=12k; (5)

with �0 ¼ 1=ð2��TÞ. The summation over k is over the
N-ality of the Wilson loop. k ¼ 1 for a loop in the funda-
mental representation. This will be understood below. At
large � the string freezes in its ground state. (5) can be
rewritten as

WW poles � g2s
4

�
�

�T

�
D?=2 X1

k¼1

ð�1Þk
k

aa0

�0 Kkð�;b?Þ: (6)

The emerging propagator at the poles,

K kð�;b?Þ ¼
�

k

2��0�

�
D?=2

e�kb2
?=2��

0þD?�=12k; (7)

satisfies a diffusion equation in flat space,
�
@� � D?

12k

�
Kkð�;b?Þ ¼ Dkr2

?Kkð�;b?Þ; (8)

with a diffusion constant in rapidity spaceDk ¼ �0=2k. For
long strings with b? large, the pertinent AdS metric on the
string is nearly flat. The effects of curvature will become
apparent at intermediate b? and will be addressed below.

For long strings, the diffusion propagator (7) emerges as
the natural version of the periodic string propagator in (4)

in the diffusive regime b? � ffiffiffiffiffiffiffiffiffi
��0p

. We note that (8) is just
the proper time evolution of the tachyonic string mode,

ð@T? þ ðM2
0 �r2

?ÞÞKkðT?;M;b?Þ ¼ 0; (9)

after the identification T? ¼ Dk�. The tachyonic mass
follows from the harmonic string spectrum:

M2
n ¼ 4

�0

�
n�D?

24

�
! �D?

6�0 : (10)

The occurrence of (9) is naturally explained by noting
that the dominant contribution to the closed string propa-
gator in (4) stems from short proper times T ¼ 2�k=� < 1
[1]. We recall that T is the period of the open string
exchange by T-duality. So T ¼ 1=ðb?TUÞ plays effec-
tively the role of a ‘‘temperature’’ for the open string.
Indeed explicit arguments in Ref. [1] show that TU �
�=2�b? > 1 acts as an Unruh temperature on the open
string world sheet after properly identifying the induced
longitudinal electric field at the origin of this phenomenon.
Much like the heavy-quark string dimensionally reduces
and diffuses at finite and real temperature [35], so does the

holographic string under the effect of TU. This analogy
provides a physically novel interpretation of Gribov’s wee
parton diffusion in the context of the pomeron exchange
[15]. Since the Unruh temperature is lower than the
Hagedorn temperature for long and noncritical strings,
the dominant string mode is the tachyon.

III. ONIUM-ONIUM SCATTERING

QCD dipole-dipole scattering at large � and weak cou-
pling has been extensively discussed by Mueller and others
[2,3,3–12]. This approach to high-energy hadron-hadron
scattering was pioneered by Gribov [15]. Typically, the
scattering is viewed as a parent dipole of size a depleting
into a cascade of daughter dipoles (wee-dipoles) and
smashing against a similar parent dipole of size a0 for fixed
income parameter b?. The onium-onium cross section in
the single BFKL exchange reads [3]

�BKFL
tot ð�Þ ¼ 2�

�3=2

N2
c

aa0
eð�BFKL�1Þ�

ð4�DBFKL�Þ1=2 ; (11)

with

�BFKL ¼ 1þ �

�2
ln 2; DBFKL ¼ 7��ð3Þ=ð8�2Þ (12)

the BFKL intercept and diffusion constant, respectively.
� is the Riemann zeta function.
The holographic dipole-dipole scattering amplitude in a

confining (Witten) AdS background in the single funnel-
exchange approximation was worked out in Ref. [1] in the
near horizon limit or, equivalently, for long strings. In this
work, the confining background will be simplified to AdS
with a wall. The dipole-dipole cross section for a single
string exchange in the near horizon limit is [1]

�totð�Þ ¼ g2s
2�0 ð2�2�0ÞD?=2aa0

eð�P�1Þ�

ð4�D�ÞD?=2�1
: (13)

In leading order in 1=
ffiffiffiffi
�

p
,

�P ¼ 1þD?
12

; D ¼ �0

2
¼ 1

2
ffiffiffiffi
�

p (14)

are the holographic intercept and diffusion constant, re-
spectively. For AdS with a wall, the effective string tension
will be defined as

gs � 	
1

4��02Nc

� 	
�

4�Nc

; (15)

with �0 ¼ 1=
ffiffiffiffi
�

p
the string tension (in units of the AdS

radius). We note that the 1=Nc dependence of the string
coupling does not depend on the nature of the holographic
model, but the � dependence does. The parameter 	 fol-
lows from the unfixed overall constant in the derivation of
the dipole-dipole amplitude, see Eq. (32) in Ref. [1], where
it was absorbed in the definition of the dipole size. Here we
have chosen to absorb it into the definition of the string

HOLOGRAPHIC POMERON: SATURATION AND DIS PHYSICAL REVIEW D 87, 075023 (2013)

075023-3



coupling instead, hence the label effective. Below, it will be
fixed phenomenologically to 	 ¼ 2:5.

A comparison of (14) to (11) suggests that effectively
D? ¼ 3, an observation that will be iterated below. In a
way, the results of Ref. [1] can be thought as following
from a noncritical string theory in D? þ 2 dimensions, as
perhaps advocated by Luscher a while ago [31]. In this
effective string theory, the Polyakov action is the leading
and universal contribution for long strings.

The dependence on aa0 in (11) and (13) is noteworthy as
it differs from a2a02 in perturbation theory. In the string
description this follows readily from the fact that the string
attachment to the dipole only depends on a and a0 at each
end respectively. This is not the case for 2 gluon exchange
in perturbation theory where each gluon attaches to a and
a0 respectively, thus a2 and a02. In both cases the dipole-
dipole cross section vanishes as a, a0 ! 0 as it should.

IV. CURVED TACHYON DIFFUSION

The preceding observations hold true even in curved
space whereby the string in a curved background is also
subjected to a high Unruh temperature at the end points.
Although the exact form of the string propagator in curved
space in (4) is unknown, we expect the longitudinal pole
structure leading to the reduction (5) to remain unchanged
since it follows from short proper times, i.e., T � 1=� < 1,
which are insensitive to curvature. Since �> 1 we still
expect a large Unruh temperature on the dual open string
exchange, and therefore a reduction of the tachyonic string
to transverse space, which is curved on the diffusion time
scale. Tachyon diffusion in curved space follows through
�
@T? þ

�
M2

0�
1ffiffiffiffiffiffiffi
g?

p @
g

�
?

ffiffiffiffiffiffiffi
g?

p
@�

��
�?ðx?;x0?Þ¼0; (16)

where we have suppressed b?, M to alleviate the notation.
The metric g? in (16) is that of the transverse space with
positive signature. (16) is the curved space generalization
of (9). Below, we show how the curved diffusion propa-
gator �? can be substituted to Kk to generalize (5)–(7) to
curved AdS. In general x? is an arbitrary point in D?.
In hyperbolic AdS type spaces it is useful to separate x? ¼
ðx; zÞ with z along the holographic direction and x in the
two-dimensional physical space for D? ¼ 3 for instance
with diffusion in AdS3. The formal solution to (16) reads

�?ðx?; x0?Þ ¼ hx?je�T?ðM2
0
�r2

C
Þjx0?i; (17)

with r2
C the curved Laplacian in (16) and T? ¼ D� � 1

for k ¼ 1. The transverse evolution propagator �? in (17)
ties to the tachyon propagator GðjÞ,

hx?jGðjÞ � ðjþ ðM2
0 �r2

CÞÞ�1jx0?i; (18)

through an inverse Mellin transform

�? ¼
Z
C

dj

2i�
ejT?GðjÞ; (19)

with C a pertinent contour in the complex j plane at the
rightmost of all singularities. The tachyon propagator in
(18) obeys the curved equation

ðjþ ðM2
0 �r2

CÞÞGðj; x?; x0?Þ ¼
1ffiffiffi
g

p �D?ðx? � x0?Þ: (20)

A similar propagator was noted in Ref. [23] starting from
the graviton using the critical closed string scattering
amplitude in ten dimensions.

A. Conformal

In transverse hyperbolic space AdSD? with metric

ds2? ¼ 1

z2
ðdb2

? þ dz2Þ; (21)

all length scales are measured in units of the AdS radius
which is set to 1, and reinstated at the end by inspection.
The propagator for a scalar field is given by [36,37]

G D?oddðj; 
Þ ¼
1

4�

� �1

2� sinh ð
Þ d
d


�
m�1 e��


sinh ð
Þ (22)

for D? ¼ 2mþ 1 and

G D?evenðj; 
Þ ¼
1

2�

� �1

2� sinh ð
Þ d
d


�
m
Q��1=2ðcosh ð
ÞÞ

(23)

for D? ¼ 2m with

�2 ¼ j� j0; j0 ¼ �M2
0 � ðD? � 1Þ2=4: (24)

Q is a Legendre function of the second kind. The chordal
distance 
 is defined through

cosh
 ¼ 1þ d ¼ 1þ b2
? þ ðz� z0Þ2

2zz0
; (25)

which gives for
b2
?

2zz0 � 1


� ln

�
b2
?

zz0

�
; sinh ð
Þ � b2

?
2zz0

: (26)

For D? ¼ 3, inserting the conformal propagator (22) in
(19) yields the conformal evolution kernel,

�?ð�; 
Þ ¼ ej0D�

ð4�D�Þ3=2

e�


2

4D�

sinh ð
Þ ; (27)

with the diffusion constant D ¼ �0=2 ¼ 1=ð2 ffiffiffiffi
�

p Þ for con-
formal AdS3, after restricting the N-ality to k ¼ 1. This
heat kernel was obtained in Ref. [38] using a group theo-
retical approach. (27) shows that in conformal AdS3, the
tachyon mode of the bosonic string diffuses in hyperbolic
space along the geodesic distance as measured by 
 which
is about twice the chordal distance for small displacement,
i.e., 
2 � 2d � 1. Again the rapidity � plays the role of
time.
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B. Confining

Confinement in AdS is captured in a simplified way by
the hard-wall model, whereby only a slice of the AdS space
is considered with 0 	 z 	 z0 and z0 � 1=� setting up the
confinement scale [22]. In this case, all scales are set by z0
implicitly in the intermediate expressions and explicitly in
the final ones. We note that in the hard wall model we still

use the identification �0 � l2s=z
2
0 �

ffiffiffiffi
�

p
.

To simplify the analysis for the curved diffusion, we
define the total wee-dipole density N ¼ �=ðzz0ÞD?�2.
Since the scattering amplitude is symmetric under the
interchange of the two dipoles and we are going to identify
z, z0 with the effective size of the dipoles, the correct
rescaling of N is by powers of zz0. Using the conformal
variable u ¼ � ln ðz=z0Þ, the diffusion equation for the
dipole density reads

ð@T? þ ðM2
0 þD? � 2Þ � @2u � e2ur2

b?ÞN ¼ 0: (28)

The proper time evolution of N in AdS amounts to a
transport or diffusion equation, with the initial condition

N ðT? ¼ 0; u; u0;b?Þ ¼ �ðu� u0Þ�ðb?Þ (29)

as one-dipole per unit area in the transverse b?.
The boundary condition for solving (28) follows from

the conservation of the diffusion charge in the slab 0 	
z 	 z0 or 0 	 u 	 1,

d

dT?

Z
dudb?eT?ðM2

0
þD?�2ÞN

¼
Z

db?eT?ðM2
0
þD?�2Þ@u¼0N; (30)

assuming that the diffusion current vanishes at b? ¼ 1
and at u ¼ 1 (UV boundary) as no holographic source is
subsumed. Thus, the Neumann boundary condition

@u¼0N ¼ 0 (31)

enforces that the (singlet) wee-dipole current does not leak
in the infrared at z ¼ z0. As a result,

Z
dudb?eT?ðM2

0
þD?�2ÞN � 1 (32)

is fixed both in the conformal and confining case. Other
boundary conditions on the wall, e.g., absorptive or mixed,
will result in wee-dipole current loss in the infrared or
confining region, with (32) less than 1. While intricate
physically, these boundary conditions will be pursued
elsewhere.

The solution to (28) subject to (29)–(31) is readily
obtained by the image method for the current conserving
Neumann boundary condition

NðT?; u; u0;b?Þ ¼ 1

z20
eu

0þu�ð�; 
Þ þ 1

z20
eu

0�u�ð�; 

Þ

¼ 1

zz0
�ð�; 
Þ þ z

z0z20
�ð�; 

Þ; (33)

with the conformal solution (27) for �ð�; 
Þ. The invari-
ance of the interchange of the two dipoles in the conformal
case gets affected in the confining contribution [second
part in (33)]. The chordal distances follow from (25) as

cosh
 ¼ cosh ðu0 � uÞ þ 1

2
b2
?e

u0þu;

cosh

 ¼ cosh ðu0 þ uÞ þ 1

2
b2
?e

u0�u;
(34)

with �u the image of u with respect to the holographic
wall at u ¼ 0.

C. Wee-dipole density

N obeys a ‘‘Markovian’’-type chain rule,

Z
du00db?

00NðT? � T?
00; u; u00;b? � b?

00Þ
�NðT?

00 � T0
?; u

00; u0;b?
00 � b0

?Þ
¼ NðT? � T0

?; u; u
0;b? � b0

?Þ; (35)

which follows readily from the diffusion evolution kernel
as a propagator in rapidity space. (35) suggests a
‘‘Weizsaecker-Williams’’ analogy for the virtual dipole
field surrounding each of the initial projectile and target
dipole. Thus, the total number of wee-dipoles either in the
target or the projectile follows from the normalization

Nwee¼
Z
dudb?N¼e�TðM2

0þD?�2Þ � ðs=s0Þ�P�1 (36)

with the 1=
ffiffiffiffi
�

p
corrected intercept

�P ¼ 1þD?
12

� ðD? � 1Þ2
8

ffiffiffiffi
�

p : (37)

N is interpreted as the density of wee-dipoles of scale u at a
transverse distance b? sourced by a dipole of scale u0
located at b0

? ¼ 0. Their total number or multiplicity is

given by (36) and grows exponentially with the rapidity
� ¼ T=D � ln ðs=s0Þ. This growth is at the origin of the
violation of unitarity in the scattering amplitude. Here it is
tamed by the eikonalized amplitude whereby a class of
1=Nc corrections are resummed.
Using the chain rule (35) and the dipole density (33), we

obtain the asymptotic dipole density

Nð�; z; z0;b?Þ � 2
eð�P�1Þ�

ð4�D�Þ3=2
z

z0b2
?

� ln

�
b2
?

zz0

�
e�ln 2ðb

2
?
zz0 Þ=ð4D�Þ

(38)
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in the conformal case and in the limit
b2
?

2zz0 � 1. The

analogue of (38) in the context of onium-onium scattering
was discussed in Refs. [3–5]. In particular, in the BFKL
1-pomeron approximation it is given by [3]

NBFKLð�;z;z0;b?Þ�2
eð�BFKL�1Þ�

ð4�DBFKL�Þ3=2
z

z0b2
?

� ln

�
b2
?

zz0

�
e
�ln2

�
b2?
zz0

�.
ð4DBFKL�Þ

; (39)

with the BFKL intercept �BFKL and diffusion constant
DBFKL, see (12). Modulo the pomeron intercept and the
diffusion constant, which are different (weak coupling or
BFKL versus strong coupling or holography), the holo-
graphic result in the conformal limit is identical to the
BFKL 1-pomeron approximation. Again, the occurrence
of the 3=2 exponent reflects on diffusion in D? ¼ 3 as
noted earlier. It is remarkable that the BFKL resummation
of perturbative QCD diagrams is encoded in the stringy
Schwinger mechanism discussed in Ref. [1], albeit in
hyperbolic space.

Figure 1 shows the distribution of the holographic wee-
dipole density (33) in solid line versus b? for z ¼ z0 ¼
1:8 GeV�1 and � ¼ 10. The dashed curve is the asymp-
totic distribution (38). Figure 2 shows the distribution of
the BFKL wee-dipole density (39) (solid line) versus

b?=
ffiffiffiffiffiffi
zz0

p
for also z ¼ z0 ¼ 1:8 GeV�1 and � ¼ 10. The

dashed curve is the ÒimprovedÓ BFKL result in Ref. [10].
The latter follows from (39) by inserting a factor of 16 in
the argument of the logarithm which corresponds to rescal-
ing down the BFKL distribution by a factor of 4 along the

b?=
ffiffiffiffiffiffi
zz0

p
axis. The holographic results use D ¼ 0:10 and

�P � 1 ¼ 0:146, while the BFKL results use DBFKL ¼
0:72 and �P � 1 ¼ 0:477 with � ¼ 23. Both the holo-
graphic and the improved distributions are less skewed
and more centered. The holographic distribution is less
spread than the improved BFKL distribution in b?,
therefore less infrared sensitive.

V. SATURATION IN CURVED SPACE

In curved space the holographic picture suggests the
identification of the holographic direction with the effec-
tive size of the scatterer [21,22,39,40]. We now suggest
that dipole-dipole scattering in holography can be thought
of as scattering a wee-dipole cloud of virtuality 1=z onto a
wee-dipole cloud of virtuality 1=z0. This leads to the
concept of dipole saturation as first discussed in Ref. [41].
For D? ¼ 3, we identify

aa0

�0 Kkð�;b?Þ ! zz0Nð�; z; z0;b?Þ: (40)

In terms of (40), the leading (k ¼ 1) contribution to (5) in a
curved AdS background reads

WW poles � �g2s
4
ð2��0Þ3=2zz0Nð�; z; z0;b?Þ: (41)

The differential dipole-dipole cross section at finite impact
parameter is then [1]

d4�tot

dudu0db?
¼ 2ð1� eWWpolesÞ: (42)

Assuming that the target is a proton with a dipole wave
function peaked at some virtuality corresponding to uT,
i.e., ’Tðu0Þ ¼ �ðu0 � uTÞ, (42) averaged over a target
wave function reads

d3�tot

dudb?
� 2ð1� ehWWpolesiÞ; (43)

with only the first cumulant retained and

hWWpolesi ¼
Z

dz’TðzÞWWpoles: (44)

Higher cumulants are suppressed by higher powers of
g2s � 1=N2

c . This amounts to z0 ! zT in (41).
(43) suggests the definition of the saturation momentum

Qs from

10.05.02.0 3.01.5 15.07.0
b zz ’

0.001

0.002

0.005

0.010

0.020

0.050

0.100

b2N

FIG. 1. Holographic wee-dipole spatial distributions for z ¼
z0 ¼ 1:8 GeV�1 and � ¼ 10. Confining density in (33): solid
curve; asymptotic density in (38): dashed curve. See text.

2 5 10 20 50
b zz ’

0.10

0.50

0.20

0.30

0.15

b2N

FIG. 2. BFKL wee-dipole spatial distributions for z ¼ z0 ¼
1:8 GeV�1 and � ¼ 10. BFKL density (39): solid curve;
improved BFKL density: dashed curve. See text.
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d3�tot

dusdb?
� 2ð1� e�zsQs=ð2

ffiffi
2

p ÞÞ; (45)

with Qs � �2
ffiffiffi
2

p hWWpolesi=zs fixed by the saturating

dipole size zs ¼
ffiffiffi
2

p
=Qs. This saturating behavior is illus-

trated in Fig. 3. This is the canonical choice for which

ð1� e�zsQs=ð2
ffiffi
2

p ÞÞ ! ð1� e�1=2Þ � 0:4; (46)

leading to a scattering amplitude of order 1. The saturation
momentum follows from the transcendental equation,

zsffiffiffi
2

p Qsð�;b?Þ ¼ g2s
2
ð2��0Þ3=2zszTNð�; zs; zT;b?Þ ¼ 1:

(47)

Saturation takes place whenever the dipole density

N� N2
c=�

5
4 > 1 in (hard wall) holography. This is compa-

rable to perturbative QCD with N� N2
c=� > 1. As the

dipole density Nð�; zs; zT;b?Þ is peaked around some
finite zs for fixed �, zT, b?, the solution to (47) has in
general two solutions. To explicit them, we now need to
detail the holographic parameters.

Our set of dimensionless holographic parameters con-
sists ofD? ¼ 3, Nc ¼ 3, � ¼ 23, and 	 ¼ 2:5. The choice
of � is fixed by the F2 slope in comparison to the DIS data
(see below). The value of 	 is fixed by the saturation scale
(see below). Since � ¼ g2Nc, the Yang-Mills coupling is
g2=4� ¼ 0:6, which is on the strong coupling side.

We note that although the original string coupling is
small, i.e., �=4�Nc ¼ 0:6< 1 as required by holography,
the physical value of Nc < � is at odds with the holo-
graphic and strong coupling limit. This notwithstanding,
our corrected soft pomeron intercept is

�P � 1 ¼ 1

4
� 1

2
ffiffiffiffi
�

p ¼ 0:146: (48)

Although this numerical value is on the higher side of the
pp scattering data of 0.08, it only refers to the bare soft
pomeron intercept which is likely to decrease through
multipomeron resummation and shadowing.

Our set of dimensionfull holographic parameters con-
sists of z0 ¼ 2 GeV�1, zT ¼ 1:8 GeV�1, s0 ¼ 10�1 GeV2,
which are set close to the confining scale in QCD. We
kinematically translate the rapidity through

� ¼ ln

�
s

s0

�
� ln

�
Q2

s0

�
1

x
� 1

��

using the DIS kinematics (see below). For fixed � ¼ 5 and
zT ¼ 2 and varying b?, an illustration of (47) is shown in
Fig. 4, using these parameters. The numerical dependence
of the slope in Fig. 4 near the origin (small zs=z0) is linear.

A. Conformal

In the conformal limit, the dipole density is explicit,
giving the implicit saturation density,

Qsð�;b?Þ ¼ g2sffiffiffi
2

p ð2��0Þ3=2 1
zs

eð�P�1Þ�

ð4�D�Þ3=2

e�


2

4D�

sinh ð
Þ : (49)

For large transverse separation
b2
?

2zszT
� 1, (49) defines a

dipole density in the transverse coordinate,

Qsð�;b?Þ �
ffiffiffi
2

p
g2sð2��0Þ3=2 eð�P�1Þ�

ð4�D�Þ3=2
zT
b2
?

� ln

�
b2
?

zszT

�
e
�ln 2ð b

2
?

zszT
Þ=ð4D�Þ

: (50)

The large � ¼ ln ðs=s0Þ> 1 exponential asymptotics of
(49) and (50) have two solutions, say zs1 < zs2. Only the
small dipole solution zs1 is retained in the conformal case,
as the large dipole solution zs2 is deep in the infrared and
unphysical. In the confined case, it is naturally cut off by
the wall (see below). With this in mind and to leading
exponential accuracy,

Q sð�;b?Þ � zT
b2
?
e2D�ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð�P�1Þ=D

p
�1Þ: (51)

0.2 0.4 0.6 0.8 1.0
z z0

0.1

0.2

0.3

0.4

0.5

0.6

1 eWWpoles

FIG. 3. Saturating behavior of the dipole-dipole cross section
(43), at � ¼ 15 for fixed b? ¼ 2 GeV�1. See text.
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zsQs 2

FIG. 4 (color online). Illustration of the solutions to (47) with
b2
? ¼ 0 GeV�2 (black, solid), b2

? ¼ 1 GeV�2 (black, dashed)

and b2
? ¼ 3 GeV�2 (red) at � ¼ 8. See text.
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At large
ffiffiffiffi
�

p
,

Q sð�;b?Þ � zT
b2
?

�
1

x

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D?=6

ffiffiffi
�

pp
; (52)

illustrating the smallness of the exponent. For the parame-
ters used above, (51) reads

Q sð�;b?Þ � zT
b2
?

�
1

x

�
0:228=2

: (53)

An early phenomenological approach to describe DIS data
at HERA by Golec-Biernat and Wuesthoff (GBW) in
Ref. [13], defines the saturation momentum as

QGBW
s ðxÞ ¼

�
x0
x

�
�=2

GeV: (54)

HERA data are fitted with x0 ¼ 3:04 10�4 and � ¼ 0:288.
Note that the GBW saturation momentum corresponds to

the substitution zsQs=ð2
ffiffiffi
2

p Þ ! ðzsQGBW
s =2Þ2 in (45).

While the magnitude of the saturation momentum in our
holographic approach can be adjusted by tuning 	, we find
that the x dependence of the saturation momentum (53)
agrees well with the phenomenological fit in (54) as shown
in Fig. 5.

B. Confining

The identification (40) carries over to the confining case.
The saturation momentum follows from the transcendental
equation

Qsð�;b?Þ ¼ g2s
2
ð2��0Þ3=2 eð�P�1Þ�

ð4�D�Þ3=2

�
�
1

zs


e�

2

4D�

sinh ð
Þ þ
zs
z20



e
� 
2


4D�

sinh ð

Þ
�
: (55)

The x dependence of the saturation momentum [(49) and
(55)] is shown in Fig. 5. Figure 6 shows the relevant
solution (zs 	 z0) for the saturation momentum. Note the
slow dependence of the holographic saturation momentum
on the longitudinal energy in the range ln ð1=xÞ 	 12. Also
note the nontrivial dependence on the impact parameter in
the scattering amplitude orQs as opposed to a factorization
approach done in most saturation and color glass-
condensate models, compare [42] and references within.

VI. DIS IN CURVED SPACE

DIS of a lepton on a proton target can be viewed as a
small size dipole scattering through a proton [2–8]. Dipole-
dipole scattering using Wegner-Wilson loops to discribe
high-energy reactions of hadrons and photons was dis-
cussed in Refs. [43,44]. A holographic approach to DIS
starting from the graviton limit and based on the critical
string amplitude was elaborated in Refs. [39,40], see also
Ref. [45]. Our approach is noncritical and rooted in the
dipole-dipole formulation as detailed in Ref. [1] and briefly
reviewed above.
The dipole-dipole cross section is useful for the deter-

mination of the inclusive proton structure function
F2ðx;Q2Þ for small Bjorken x and large Q2. Specifically
Refs. [7,8],

F2ðx;Q2Þ ¼ Q2

4�2�EM

ð�T þ �LÞ; (56)

and �T þ �L ¼ �tot can be regarded as the total (virtual)
photon-to-proton or dipole-to-dipole cross section. By the
optical theorem

�totðsÞ ¼ � 1

s
ImT ðs; t ¼ 0Þ; (57)

whereby

10 12 14 16
Ln 1 x

1.0

1.5

2.0

2.5

Qs GeV

FIG. 5 (color online). x dependence of the saturation momen-
tum (55). Black, solid: b2

? ¼ 0 GeV�2. Black, dashed: b2
? ¼

1 GeV�2. Dashed red curve: saturation momentum in the
conformal limit (49), with b2

? ¼ 1 GeV�2. The dashed dotted

blue curve is the GBW saturation momentum from (54). See text.
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1.4

1.6

Qs GeV

FIG. 6 (color online). Impact parameter dependence of the
saturation momentum (55). Upper curve (black, solid): � ¼ 5;
lower curve (dashed, solid): � ¼ 8. Lowest curve (red, dashed):
Saturation momentum in the conformal limit (49), � ¼ 8.
See text.
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T ðs; 0Þ ¼ �2is
Z

db?dudu0’PðuÞ’Tðu0Þð1� eWWpolesÞ;
(58)

which is an averaging of the zz0-dipole-dipole cross section
over the target ’Tðu0Þ and projectile ’PðuÞ dipole wave
functions, respectively. Thus,

F2ðx;Q2Þ ¼ Q2

2�2�EM

Z
db?dudu0’PðuÞ’Tðu0Þ

� ð1� eWWpolesÞ: (59)

The integration in (58) and (59) involves all values of the
impact parameter. While the validity of our approach fol-
lowing Ref. [1] is for large b, we note that the dominant

contribution to (58) and (59) stems from b� ffiffiffiffiffiffiffiffiffi
�0�

p
, which

is large. Typically, the (target) proton and (projectile)
photon dipole distributions are peaked, say

’PðuÞ � ð�EM=	
2Þ�ðu� uPÞ; ’Tðu0Þ � �ðu� uTÞ:

(60)

The normalization of the projectile (current) distribution in
(60) is fixed empirically by the magnitude of the measured
structure function F2. Of course, (60) are schematic wave
functions that nonetheless capture the key physics and
allow for analytical integration. We expect only small
modifications if more realistic wave functions are used.

Inserting (60) into (59) and using the dipole-dipole cross
section forD? ¼ 3 yields in the 1-pomeron exchange limit
and in the conformal case

F2ðx;Q2Þjconformal � g2s
8�2	2

ð2��0Þ3=2zTQ eð�P�1Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�D�

p

� ðe� 1
4D�ln

2ðQzTÞÞ (61)

and in the confining case

F2ðx;Q2Þjconfining� g2s
8�2	2

ð2��0Þ3=2zTQeð�P�1Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�D�

p

�ðe� 1
4D�ln

2ðQzTÞþe�
1

4D�ln
2ðQz2

0
=zTÞÞ; (62)

with uP ¼ ln ðz0QÞ, uT ¼ ln ðz0=zTÞ. We have used the fact
that

NðT?; u; u0; t ¼ 0Þ

¼ e�T?ðM2
0
þ1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4�T?

p ðe�ðu0�uÞ2=4T? þ e�ðu0þuÞ2=4T?Þ (63)

for t ¼ �q2
? ¼ 0, after making use of the Fourier

transform

NðT?; u; u0;q2
?Þ ¼

Z
db?eiq?�b?NðT?; u; u0;b?Þ: (64)

Since the diffusion kernel in (63) is generic, the Q2

dependency of the structure factor is sensitive to the ?
dimensions considered, N ¼ �=ðzz0ÞD?�2.

The above approximation is justified when the photon
momentum is sufficiently larger than the saturation scale,
Q � Qs, at all impact parameters b?. For the range of
values for Q2, x considered to compare to the HERA data,
the value for the proton structure function F2 using the
exponentiated 1-pomeron exchange (59) differs by less
than 8% compared to F2 from (62).
Figure 7 compares our result (62) to the HERA data

[46], using the holographic parameter set quoted above.
With our choice of parameters, our result for the
1-pomeron exchange amplitude in the confining back-
ground appears to fit the DIS data overall. Note that for
z0 � zT, the contribution from the hard wall is comparable
to the conformal contribution. Thus, the conformal result
(61) alone is not sufficient to describe the data with our set
of parameters. Clearly our analysis is only qualitative, and
a more thorough study of the parameter dependences and
the fitting accuracy is needed.
Finally, we note that (47) defines the saturation line as a

separatrix between the dilute and dense wee-dipole envi-
ronment. For fixed virtuality Q2 (inverse dipole size
squared) and impact parameter b?, Fig. 8 shows the rap-
idities at which the cross section saturates in the black solid
and dashed curves, i.e., when the condition in (47) is
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FIG. 7. Proton structure function F2 in the confining back-
ground (62). See text.
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fulfilled. For comparison, the Golec-Biernat Wuesthoff
result in (54) is shown as the blue solid curve. The points
are the measured HERA data for the F2 structure function.
We note that (47) admits in general two distinct solutions
for fixed x, Q2 or �, but only the one with the largest � is
shown which is warranted by our approximations. The
HERA points at the left of the confining wall 1=z20 ¼ 1=4
are well within the confining region. The confined holo-
graphic saturation lines are stiff in longitudinal energy as
already noted in Fig. 5 above. For b? ¼ 0 the HERA
points to the far right of the saturation line are well within
the perturbative or dilute wee-dipole phase. Those close or
to the left of the saturation line corresponds to the saturated
wee-dipole phase. The closer they are to the confining wall
1=z20 ¼ 1=4 the less perturbative they are in nature.

The holographic saturation lines show that a large swath
of the measured points at HERA which is well within the
holographic saturation domain is sensitive to the impact
parameter dependence b? of the saturation scale.

VII. CONCLUSIONS

Dipole-dipole scattering in holographic QCD is purely
imaginary at large rapidity � which is a key feature of
QCD. It follows from the t-channel exchange of closed
strings induced by a prompt longitudinal ‘‘electric’’ field.
The pomeron with N-ality 1 is a closed string exchange
triggered by a stringy Schwinger mechanism. The creation
process fixes the pomeron slope, intercept, and weight
(‘‘residue’’) in the elastic amplitude. From the open-closed
string duality, Gribov’s diffusion follows from the presence
of a large electric acceleration or Unruh temperature that
causes the tachyonic mode of the dual open string to
dimensionally reduce from D to D? and diffuse.
In curved AdS space, the holographic direction is iden-

tified with the size of the dipole. The idea of Gribov diffu-
sion appears as a tachyon diffusion in both virtuality and
transverse space. In the conformal limit and forD? ¼ 3, the
dipole-dipole scattering amplitude and its related wee-
dipole density are found to be identical to the QCD results
for onium-onium scattering using the QCD BFKL pom-
eron. The results are readily extended to confiningAdSwith
awall, and yield an explicit relation for the dipole saturation
momentum as a function of rapidity � [or equivalently
ln ð1=xÞ] and impact parameter b?. For large impact pa-
rameter, the holographic saturation momentum is closely
related to the GBW saturation momentum [13].
The dipole-dipole scattering amplitude in both confor-

mal and confining AdS3 is used to analyze the F2 structure
function. A comparison with DIS data from HERA shows
that the x and Q2 dependence of our holographic result are
compatible with the data in the 1-pomeron exchange ap-
proximation, with no a priori need for an eikonal multi-
pomeron resummation. This conclusion is only qualitative
as a more thorough study of the parameter space of the
holographic model as well as the fitting accuracy are
needed.
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