
Bc ! Dð�ÞT decays in perturbative QCD approach

Zhi-Tian Zou,1 Xin Yu,1 and Cai-Dian Lü1,2,*
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In this work, we investigate Bc ! Dð�ÞT decays in the perturbative QCD approach, based on kT
factorization, where T denotes a light tensor meson. For all decays considered in this work, there are

no contributions from factorizable emission diagrams because the emitted tensor meson cannot be

generated from (axial-)vector current or (pseudo)scalar density. We find that the annihilation amplitudes

are dominant in these decays due to the large Cabibbo-Kobayashi-Maskawa elements, which can be

perturbatively calculated without parametrization in the pQCD approach. The branching ratios of

the Bc ! Dð�ÞK�2 decays can reach 10�5 to 10�4, which is one order of magnitude larger than that of

the corresponding Bc ! Dð�ÞK� decays, where heavy cancellation occurred between the penguin emission

and tree annihilation diagrams. With such large branching ratios, they can very likely be observed in the

ongoing LHCb experiments. We also predict a large percentage of transverse polarizations in those

W-annihilation-diagram dominant Bc ! D�T decay channels.
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I. INTRODUCTION

After the first observation was reported in 1998 by the
CDF Collaboration [1], which was confirmed in 2008 by
the CDF and D0 Collaborations [2] at the Tevatron in
excess of 5� significance, the study of Bc mesons has
become one of the current topics of interest, especially
since the Large Hadron Collider (LHC) experiment began
running normally. From the point of view, the Bc meson is
a ground state of two heavy quarks’ system, with a c quark
and a �b quark, which is very different from the symmetric
heavy quarkonium ð �cc; �bbÞ states, due to the flavor
B ¼ �C ¼ �1 carried by the Bc meson. Since the Bc

meson carries explicit flavor, it cannot annihilate via a
strong interaction or an electromagnetic interaction like
the mesons consisting of �cc or �bb. It can only decay via a
weak interaction. Thus, it provides us with an ideal plat-
form to understand the weak interaction of heavy quark
flavor [3,4]. Unlike the heavy-light Bq meson (q ¼ u, d, s),

both the �b and c can decay with the other as a spectator, or
they can annihilate into pairs of leptons or light mesons.
If more data become available, Bc physics might be useful
to study the perturbative and nonperturbative QCD dynam-
ics, final state interactions, and even new physics beyond
the standard model [3,4]. In recent years, many theoretical
studies on the production and decays of the Bc meson have
been done based on operator product expansion [5,6],
nonrelativistic QCD (NRQCD) and perturbative methods
[7–11], QCD sum rules [12,13], SUð3Þ flavor symmetry
[14], the Isgur-Scora-Grinstein-Wise (ISGW) quark model
[15–17], the QCD factorization approach [18,19], and the
perturbative QCD (PQCD) approach [20–26].

The Bmeson decays involving a tensor meson have been
studied in Refs. [27–40]. In Refs. [16,17], the authors
studied some analogous Bc decays involving a tensor
meson in final states, but only with the tensor meson
as the recoiled meson. In this work, we focus on the

Bc ! Dð�ÞT decays, where T denotes a light tensor meson
with JP ¼ 2þ. We know that a factorizable amplitude
proportional to the matrix element hT j j� j 0i, where j�

is the (V � A) or (S� P) current, does not contribute
because this matrix element vanishes from Lorentz covari-

ance considerations [28,29,33,34]. Thus, these Bc ! Dð�ÞT
decays are prohibited in naive factorization. To our knowl-
edge, these decays are never considered in theoretical
papers due to this difficulty of factorization. In order to
give the predictions to these decay channels, it is necessary
to go beyond the naive factorization to calculate the
nonfactorizable and annihilation-type diagrams. What is
more, the annihilation amplitudes will be dominant in

these Bc ! Dð�ÞT decays because they are proportional
to the large Cabibbo-Kobayashi-Maskawa (CKM) matrix
elements Vcb and VcsðdÞ. It is worth mentioning that the

annihilation-type diagrams can be perturbatively calcu-
lated without parametrization in the PQCD approach
[41,42]. The PQCD approach has successfully predicted
the pure annihilation-type decays Bs ! �þ�� [43,44] and
B0 ! D�s Kþ [45,46], which have been confirmed by
experiments [47,48]. So, for these annihilation dominant
decays, the calculation in the PQCD approach is reliable.

In this paper, we shall study these Bc ! Dð�ÞT decays in
the PQCD approach, which is based on the kT factorization
[49–51]. In this approach, we keep the transverse momen-
tum of quarks, and as a result, the end-point singularity in
collinear factorization can be avoided. On the other hand,
the double logarithms will appear in the QCD correction*lucd@ihep.ac.cn
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due to the additional energy scale introduced by the trans-
verse momentum. Using the renormalization group equa-
tion, the double logarithms can be resummed, which
results in the Sudakov form factor. This factor effectively
suppresses the end-point contribution of the distribution
amplitude of mesons in the small transverse momentum
region, which makes the calculation in the PQCD approach
reliable and consistent.

In these decays, there is one more intermediate energy
scale, the c quark mass. As a result, another expansion
series of mc=mBc

will appear. So far, the factorization has

been approved at the leading order of mc=mBc
expansion

[52,53], which has also been proved by soft collinear
effective theory [54]. We consider only the leading order
contribution of the expansion for each kind of diagram,
not the same order for all the diagrams. The factorization
should be improved in this power expansion order by order.

This paper is organized as follows. In Sec. II, we present
the formalism and wave functions of the considered
decays. Then, we perform the perturbative calculations
for the considered decay channels with the PQCD ap-
proach in Sec. III. The numerical results and phenomeno-
logical analysis are given in Sec. IV. Finally, Sec. V
contains a short summary.

II. FORMALISM AND WAVE FUNCTION

In order to give the predictions for these considered

Bc ! Dð�ÞT decays, the key step is to calculate the tran-
sition matrix elements:

M / hDð�ÞTjH effjBci; (1)

where the weak effective HamiltonianH eff can be written
as [55]

H eff ¼ GFffiffiffi
2
p

� X
q¼u;c

V�qbVqX½C1ð�ÞOq
1ð�Þ þ C2ð�ÞOq

2ð�Þ�

� V�tbVtX

�X10
i¼3

Cið�ÞOið�Þ
��
; (2)

with VqbðXÞ and VtbðXÞ (X ¼ d, s) the CKMmatrix elements.

Ojðj ¼ 1; . . . ; 10Þ are the local four-quark operators:

current-current (tree) operators

Oq
1 ¼ ð �b�q�ÞV�Að �q�X�ÞV�A;

Oq
2 ¼ ð �b�q�ÞV�Að �q�X�ÞV�A;

(3)

QCD penguin operators,

O3 ¼ ð �b�X�ÞV�A
X
q0
ð �q0�q0�ÞV�A;

O4 ¼ ð �b�X�ÞV�A
X
q0
ð �q0�q0�ÞV�A;

(4)

O5 ¼ ð �b�X�ÞV�A
X
q0
ð �q0�q0�ÞVþA;

O6 ¼ ð �b�X�ÞV�A
X
q0
ð �q0�q0�ÞVþA;

(5)

and electroweak penguin operators,

O7 ¼ 3

2
ð �b�X�ÞV�A

X
q0
eq0 ð �q0�q0�ÞVþA;

O8 ¼ 3

2
ð �b�X�ÞV�A

X
q0
eq0 ð �q0�q0�ÞVþA;

(6)

O9 ¼ 3

2
ð �b�X�ÞV�A

X
q0
eq0 ð �q0�q0�ÞV�A;

O10 ¼ 3

2
ð �b�X�ÞV�A

X
q0
eq0 ð �q0�q0�ÞV�A;

(7)

where � and � are the color indices and q0 are the
active quarks at the scale mb, i.e., q

0 ¼ ðu; d; s; c; bÞ. The
left-handed and right-handed currents are defined as
ð �b�q�ÞV�A¼ �b���ð1��5Þq� and ð �q0�q0�ÞVþA¼ �q0���ð1þ
�5Þq0�, respectively. The combinations ai of the Wilson
coefficients are defined as [56]

a1 ¼ C2 þ C1=3; a2 ¼ C1 þ C2=3;

ai ¼ Ci þ Ciþ1=3; i ¼ 3; 5; 7; 9;

aj ¼ Cj þ Cj�1=3; j ¼ 4; 6; 8; 10:

(8)

In hadronic B decays, there are several typical scales,
and expansions with respect to the ratios of the scales are
usually carried out. The electroweak physics higher than
the W boson mass can be calculated perturbatively. The
physics between the b quark mass scale and the W boson
mass scale can be included in the Wilson coefficients
Cið�Þ of the effective four-quark operators, which are
obtained by using the renormalization group equation.
The physics between MB and the factorization scale is
included in the calculated hard part in the PQCD approach.
The physics below the factorization scale is nonperturba-
tive and described by the hadronic wave functions of
mesons, which are universal for all decay modes. Finally,
in the PQCD approach, the decay amplitude can be
factorized into the convolution of the Wilson coefficients
CðtÞ, the hard scattering kernel, and the light-cone wave
functions �Mi;ðBÞ of mesons characterized by different

scales,

A�
Z
dx1dx2dx3b1db1b2db2b3db3�Tr½CðtÞ�Bðx1;b1Þ
��M2

ðx2;b2Þ�M3
ðx3;b3ÞHðxi;bi;tÞStðxiÞe�SðtÞ�; (9)

where bi is the conjugate variable of the quark transverse
momentum kiT , xi is the momentum fraction of valence
quarks, and t is the largest scale in the hard partHðxi; bi; tÞ.
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The jet function StðxiÞ, which is obtained by the threshold
resummation, smears the end-point singularities on xi [57].

The Sudakov form factor e�SðtÞ is from the resummation of
the double logarithms, which suppresses the soft dynamics
effectively, i.e., the long-distance contributions in the large
b region [58,59]. Thus, it makes the perturbative calcula-
tion of the hard part H applicable at intermediate scales,
i.e., the mB scale.

In the PQCD approach, the initial and final state meson
wave functions are the most important nonperturbative
inputs. For the Bc meson, we only consider the contribution
from the first Lorentz structure, like the Bqðq ¼ u; d; sÞ
meson,

�Bc
ðxÞ ¼ iffiffiffiffiffiffiffiffiffi

2Nc

p ð6PþmBc
Þ�5�Bc

ðx; bÞ: (10)

For the distribution amplitude, we adopt the model [20]

�Bc
ðx;bÞ¼ fBc

2
ffiffiffiffiffiffiffiffiffi
2Nc

p �ðx�mc=mBc
Þexp

�
�1

2
w2

Bc
b2
�
; (11)

in which exp ½� 1
2w

2
Bc
b2� represents the kT dependence.

fBc
and Nc ¼ 3 are the decay constant of the Bc meson

and the color number, respectively. So far, there are not
enough experimental data to constrain the wave function
and the distribution amplitude of the Bc meson. On the
other hand, because the c quark is massive (relative
to the known light quarks u, d, and s), we approximatively
take the leading order wave function without the spread.
In fact, a spread of the c quark momentum acts the
same as the change of its central value. Fortunately, for
these considered decays, the dominant contributions are
from the annihilation-type diagrams, which do not depend
heavily on the shape of the Bc meson distribution
amplitude.

As discussed in Ref. [27], for these Bc ! Dð�ÞT decays,
the �2 polarizations (JP ¼ 2þ) do not contribute due to
the angular momentum conservation argument. Because of
the simplification, the wave functions for a generic tensor
meson are defined by [27]

�L
T ¼

1ffiffiffi
6
p

�
mT	

��L�TðxÞþ	��L 6P�t
TðxÞþm2

T

	� �v
P �v �s

TðxÞ
�

�?T ¼
1ffiffiffi
6
p ½mT	

�
�?�

v
TðxÞþ	��? 6P�T

TðxÞ

þmTi	�
���5�
�	�
�?n

�v��a
TðxÞ�; (12)

where 	� 	 	�
v



P�v , and 	�
 is the polarization tensor, which

can be found in Refs. [27–29]. The distribution amplitudes
can be given by [27–29]

�TðxÞ ¼ fT
2

ffiffiffiffiffiffiffiffiffi
2Nc

p �kðxÞ; �t
T ¼

f?T
2

ffiffiffiffiffiffiffiffiffi
2Nc

p hðtÞk ðxÞ;

�s
TðxÞ ¼

f?T
4

ffiffiffiffiffiffiffiffiffi
2Nc

p d

dx
hðsÞk ðxÞ; �T

TðxÞ ¼
f?T

2
ffiffiffiffiffiffiffiffiffi
2Nc

p �?ðxÞ;

�v
TðxÞ ¼

fT
2

ffiffiffiffiffiffiffiffiffi
2Nc

p gðvÞ? ðxÞ; �a
TðxÞ ¼

fT
8

ffiffiffiffiffiffiffiffiffi
2Nc

p d

dx
gðaÞ? ðxÞ:

(13)

The asymptotic twist-2 and twist-3 distributions are
[27–29]

�k;?ðxÞ ¼ 30xð1� xÞð2x� 1Þ;
hðtÞk ðxÞ ¼

15

2
ð2x� 1Þð1� 6xþ 6x2Þ;

hðsÞk ðxÞ ¼ 15xð1� xÞð2x� 1Þ;
gðaÞ? ðxÞ ¼ 20xð1� xÞð2x� 1Þ;
gðvÞ? ðxÞ ¼ 5ð2x� 1Þ3:

(14)

These light-cone distribution amplitudes (LCDAs) of the
light tensor meson are asymmetric under the interchange
of momentum fractions of the quark and antiquark in the
SUð3Þ limit because of the Bose statistics [28,29].

For the Dð�Þ meson, in the heavy quark limit, the two-
parton LCDAs can be written as in Refs. [20,60–63],

hDðpÞjq�ðzÞ �c�ð0Þj0i
¼ iffiffiffiffiffiffiffiffiffi

2Nc

p
Z 1

0
dxeixp�z½�5ð6PþmDÞ�Dðx; bÞ���;

hD�ðpÞjq�ðzÞ �c�ð0Þj0i
¼ � 1ffiffiffiffiffiffiffiffiffi

2Nc

p
Z 1

0
dxeixp�z½	Lð6PþmD� Þ�L

D� ðx; bÞ

þ	Tð6PþmD� Þ�T
D� ðx; bÞ���:

(15)

For the distribution amplitude of the D meson, we take the
same model as that used in Refs. [61–63],

�Dðx; bÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffi
2Nc

p fD6xð1� xÞ½1þ CDð1� 2xÞ�

� exp

��!2b2

2

�
; (16)

with CD ¼ 0:5� 0:1, ! ¼ 0:1 GeV and fD ¼ 207 MeV
[64] for the Dð �DÞ meson and CD ¼ 0:4� 0:1, ! ¼
0:2 GeV, and fDs

¼ 241 MeV [64] for the Dsð �DsÞ meson.

In the wave function of D�ðsÞ mesons, the �L
D� and �

T
D� may

not be related by the equation of motion. Since the mass
difference ofDðsÞ andD�ðsÞ is very small, in the heavy quark

limit, the light quark in Dð�ÞðsÞ mesons is not sensitive to the

spin and color of the heavy c or �c quark. Thus, we have
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fTD� � fD�
mc �md

mD�
� fD� � fTD�

mc �md

mD�
� oð ��=mD� Þ:

(17)

Like Ref. [60], we adopt the same model for �L
D� and �T

D�

as that of the D meson, and we take fTD� ¼ fD� , just for
simplification. For the D�ðsÞ meson, we determine the decay

constant by using the following relation based on heavy
quark effective theory [65]:

fD�ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffi
mDðsÞ

m�DðsÞ

s
fDðsÞ : (18)

III. PERTURBATIVE CALCULATION

There are six types of diagrams contributing to the

Bc ! Dð�ÞT decays, which are shown in Fig. 1. The domi-
nant factorizable emission-type diagrams in most other
decay modes are not shown here, because they do not
contribute for tensor meson emission. The second line of
the figure shows the factorizable and nonfactorizable
annihilation-type diagrams.
After the perturbative calculation, the decay amplitudes

for the nonfactorizable emission diagrams in Figs. 1(a) and
1(b) are as follows.
(i) ðV� AÞðV� AÞ operators:

MLL
enf ¼

32

3
�CFm

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Tðx2Þ�Dðx3; b1Þf½rDð1� x3Þ þ x1 þ x2 � 1�
� EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ � ½rDð1� x3Þ þ x1 � x2 þ x3 � 1�EenfðtbÞhenfðx1; x2; x3; b1; b2Þg; (19)

(ii) ðV� AÞðVþ AÞ operators:

MLR
enf ¼

32

3
�CFrTm

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Dðx3; b1Þf½�s
Tðx2Þðx1 þ x2 þ rDðx1 þ x2 þ x3 � 2Þ � 1Þ

þ�t
Tðx2Þððx1 þ x2Þð1þ rDÞ � rDx3 � 1Þ� � EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ

þ ½�t
Tðx2Þðx1 � x2 þ rDðx1 � x2 � x3 þ 1ÞÞ ��s

Tðx2Þðx1 � x2 þ rDðx1 � x2 þ x3 � 1ÞÞ� � EenfðtbÞ
� henfðx1; x2; x3; b1; b2Þg; (20)

(iii) ðS� PÞðSþ PÞ operators:

MSP
enf ¼ �

32

3
�CFm

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Tðx2Þ�Dðx3; b1Þ½ðrDðx3 � 1Þ � x1 � x2 � x3 þ 2Þ
� EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ þ ðrDð1� x3Þ þ x1 � x2ÞEenfðtbÞhenfðx1; x2; x3; b1; b2Þ�; (21)

where CF ¼ 4=3 is the group factor of SUð3Þc. The hard scale taðbÞ and the functions Eenf and henf can be found in

Appendix A.
Figures 1(c) and 1(d) are the factorizable annihilation diagrams, whose contributions are as follows.
(i) ðV� AÞðV� AÞ operators:

FIG. 1. Leading order Feynman diagrams contributing to the Bc ! Dð�ÞT decays in PQCD. (a, b) the nonfactorizable emission
diagrams, (c, d) the factorizable annihilation diagrams, and (e, f) the nonfactorizable annihilation diagrams.
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MLL
af ¼ 8

ffiffiffi
2

3

s
CF�fBc

m4
Bc

Z 1

0
dx2dx3

Z 1=�

0
b2db2b3db3�Dðx3; b3Þf½2�s

Tðx2ÞrDrTðx3 þ 1Þ þ�Tðx2Þx3�
� EafðtcÞhaf1ðx2; x3; b2; b3Þ þ ½�Tðx2Þð2rcrD � x2Þ þ rTð��t

Tðx2Þð2rDðx2 � 1Þ þ rcÞ
þ�s

Tðx2Þð�2ðx2 þ 1ÞrD þ rcÞÞ�EafðtdÞhaf2ðx2; x3; b2; b3Þg; (22)

(ii) ðS� PÞðSþ PÞ operators:

MSP
af ¼ �16

ffiffiffi
2

3

s
CFfBc

�m4
Bc

Z 1

0
dx2dx3

Z 1=�

0
�Dðx3; b3Þ½ð2�s

Tðx2ÞrT þ rD�Tðx2Þx3ÞEafðtcÞhaf1ðx2; x3; b2; b3Þ
þ ð�Tðx2Þð2rD � rcÞ þ rTð�s

Tðx2Þðx2 � 4rDrcÞ ��t
Tðx2Þx2ÞÞ � EafðtdÞhaf2ðx2; x3; b2; b3Þ�; (23)

with rc ¼ mc=mBc
. mc is the mass of the c quark. tcðdÞ, Eaf, and haf1ð2Þ are also listed in Appendix A.

The last two diagrams in Fig. 1 are the nonfactorizable annihilation diagrams, whose contributions are as follows.

(i) ðV� AÞðV� AÞ operators:

MLL
anf ¼ �

32

3
CF�m

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Dðx3; b2Þf½�Tðx2Þð1� x1 � x2 � rbÞ
� rTrDð�t

Tðx2Þðx1 þ x2 � x3Þ þ�s
Tðx2Þðx1 þ x2 þ x3 � 2þ 4rbÞÞ�EanfðteÞhanf1ðx1; x2; x3; b1; b2Þ

þ ½�s
Tðx2ÞrDrTð�x1 þ x2 þ x3 þ 4rcÞ þ�t

Tðx2ÞrDrTðx1 � x2 þ x3Þ þ�Tðx2Þðx3 þ rcÞ�
� EanfðtfÞhanf2ðx1; x2; x3; b1; b2Þg; (24)

(ii) ðV� AÞðVþ AÞ operators:

MLR
anf ¼ �

32

3
CF�m

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Dðx3; b2Þf½�ð�t
Tðx2Þ þ�s

Tðx2ÞÞrTðx1 þ x2 � 1� rbÞ
þ�Tðx2ÞrDðx3 � 1� rbÞ� � EanfðteÞhanf1ðx1; x2; x3; b1; b2Þ þ ½�ð�s

Tðx2Þ þ�t
Tðx2ÞÞrTðx1 � x2 þ rcÞ

��Tðx2ÞrDðx3 � rcÞ� � EanfðtfÞhanf2ðx1; x2; x3; b1; b2Þg; (25)

with rb ¼ mb=mBc
. teðfÞ, Eanf, and hanf1ð2Þ are also listed in Appendix A.

With the factorization formulas obtained above, for these Bc ! DT decays, the total amplitudes containing the Wilson
coefficients and CKM elements can be written as

AðBc ! aþ2 D
0Þ ¼ GFffiffiffi

2
p fV�ubVudMLL

enfC1 þ V�cbVcdðMLL
af a1 þMLL

anfC1Þ � V�tbVtd½MLL
enfðC3 þ C9Þ þMLR

enfðC5 þ C7Þ

þMLL
af ða4 þ a10Þ þMSP

af ða6 þ a8Þ þMLL
anfðC3 þ C9Þ þMLR

anfðC5 þ C7Þ�g; (26)

AðBc ! K�þ2 D0Þ ¼AðBc ! aþ2 D0Þ jVud!Vus;Vcd!Vcs;Vtd!Vts;a
þ
2
!K�þ

2
; (27)

AðBc ! a02D
þÞ ¼ GFffiffiffi

2
p 1ffiffiffi

2
p fV�ubVudMLL

enfC2 � V�cbVcdðMLL
af a1 þMLL

anfC1Þ � V�tbVtd½MLL
enfð�C3 þ 3a10=2Þ

þMLR
enfð�C5 þ C7=2Þ þMSP

enfð3C8=2Þ �MLL
af ða4 þ a10Þ �MSP

af ða6 þ a8Þ �MLL
anfðC3 þ C9Þ

�MLR
anfðC5 þ C7Þ�g; (28)
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AðBc ! K�02 DþÞ ¼ GFffiffiffi
2
p fV�cbVcsðMLL

af a1 þMLL
anfC1Þ � V�tbVts½MLL

enfðC3 � C9=2Þ þMLR
enfðC5 � C7=2Þ

þMLL
af ða4 þ a10Þ þMSP

af ða6 þ a8Þ þMLL
anfðC3 þ C9Þ þMLR

anfðC5 þ C7Þ�g; (29)

AðBc ! fq2D
þÞ ¼ GFffiffiffi

2
p 1ffiffiffi

2
p fV�ubVudMLL

enfC2 þ V�cbVcdðMLL
af a1 þMLL

anfC1Þ � V�tbVtd½MLL
enfðC3 þ 2C4 � C9=2þ C10=2Þ

þMLR
enfðC5 � C7=2Þ þMSP

enfð2C6 þ C8=2Þ þMLL
af ða4 þ a10Þ þMSP

af ða6 þ a8Þ þMLL
anfðC3 þ C9Þ

þMLR
anfðC5 þ C7Þ�g; (30)

AðBc ! fs2D
þÞ ¼ GFffiffiffi

2
p f�V�tbVtd½MLL

enfðC4 � C10=2Þ þMSP
enfðC6 � C8=2Þ�g; (31)

AðBc ! a02D
þ
s Þ ¼ GFffiffiffi

2
p 1ffiffiffi

2
p fV�ubVusMLL

enfC2 � V�tbVts½MLL
enf3C10=2þMSP

enf3C8=2�g; (32)

AðBc ! �K�02 Dþs Þ ¼ GFffiffiffi
2
p fV�cbVcdðMLL

af a1 þMLL
anfC1Þ � V�tbVtd½MLL

af ða4 þ a10Þ þMSP
af ða6 þ a8Þ þMLL

anfðC3 þ C9Þ

þMLR
anfðC5 þ C7Þ�g; (33)

AðBc ! fq2D
þ
s Þ ¼ GFffiffiffi

2
p 1ffiffiffi

2
p fV�ubVusMLL

enfC2 � V�tbVts½MLL
enfð2C4 þ C10=2Þ þMSP

enfð2C6 þ C8=2Þ�g; (34)

AðBc! fs2D
þ
s Þ¼GFffiffiffi

2
p fV�cbVcsðMLL

af a1þMLL
anfC1Þ�V�tbVts½MLR

enfðC5�C7=2ÞþMLL
enfðC3þC4�C9=2�C10=2Þ

þMSP
enfðC6�C8=2ÞþMLL

af ða4þa10ÞþMSP
af ða6þa8ÞþMLL

anfðC3þC9ÞþMLR
anfðC5þC7Þ�g: (35)

From Eq. (42), we know that

AðBc ! Dð�Þf2Þ ¼AðBc ! Dð�Þfq2 Þ cos�
þAðBc ! Dð�Þfs2Þ sin �; (36)

AðBc ! Dð�Þf02Þ ¼AðBc ! Dð�Þfq2 Þ sin �
�AðBc ! Dð�Þfs2Þ cos �; (37)

with � ¼ 7:8
.
The amplitudes of Bc ! D�T decay can be decom-

posed as

Að	D; 	TÞ ¼ iAN þ ið	T�D � 	T�T ÞAs

þ ð	�
��n
�v
	T��D 	T��T ÞAp; (38)

where AN contains the contribution from the longitudinal
polarizations, whileAs andAp represent the transversely
polarized contributions. 	TD is the transverse polarization
vector of the D� meson, and 	TT is the vector used to
construct the polarization tensors of the tensor meson.
For each decay process of Bc ! D�T, the amplitudes
AN , As, and Ap have the same structures as
Eqs. (26)–(35), respectively. The factorization formulas
for the longitudinal and transverse polarizations for the
Bc ! D�T decays are listed in Appendix B.

IV. NUMERICAL RESULTS AND DISCUSSIONS

The decay width of a Bc meson at rest decaying into D
and T mesons is

�ðBc ! DTÞ ¼ j ~Pj
8�m2

Bc

jAðBc ! DTÞj2; (39)

where the momentum of the final state particle is given by

j ~Pj ¼ 1

2mBc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½m2

Bc
� ðmD þmTÞ2�½m2

Bc
� ðmD �mTÞ2�

q
:

(40)

The masses and decay constants of tensor mesons
needed in the numerical calculations are summarized in
Table I. Other parameters such as the QCD scale (GeV),

TABLE I. The masses and decay constants of light tensor
mesons [28,66,67].

Tensor [mass (MeV)] fT (MeV) f?T (MeV)

f2ð1270Þ 102� 6 117� 25
f02ð1525Þ 126� 4 65� 12
a2ð1320Þ 107� 6 105� 21
K�2ð1430Þ 118� 5 77� 14

ZHI-TIAN ZOU, XIN YU, AND CAI-DIAN LÜ PHYSICAL REVIEW D 87, 074027 (2013)

074027-6



the mass (GeV), and the lifetime and decay constant of the
Bc meson are

�f¼4
MS
¼ 0:25; mBc

¼ 6:286; fBc
¼ 0:489;

Bc
¼ 0:46 ps; !Bc

¼ 0:6; mb ¼ 4:8;

mc ¼ 1:5:

(41)

For the CKM matrix elements, we adopt the Wolfenstein
parametrization, taking A ¼ 0:808, � ¼ 0:2253, �� ¼
0:132, and �� ¼ 0:341 [48].

Like the �� �0 mixing, the isoscalar tensor states
f2ð1270Þ and f02ð1525Þ also have a mixing, given by

f2¼fq2 cos�þfs2 sin�; f02¼fq2 sin��fs2 cos�; (42)

with fq2 ¼ 1ffiffi
2
p ðu �uþ d �dÞ, fs2 ¼ s�s, and the mixing angle

� ¼ 5:8
 [68], 7.8
 [69], or ð9� 1Þ
 [48].
For Bc ! D�T decays, with three kinds of polarization

amplitudes, the decay width can be written as

�ðBc!D�TÞ ¼ j ~Pj
8�m2

B

½jAN j2 þ2ðjAs j2 þ jAp j2Þ�:

(43)

The CP averaged branching ratios and the direct CP
asymmetries for the considered decay modes using the
PQCD approach are summarized in Tables II and III. The
numerical results obtained from perturbative calculations
are sensitive to many parameters. For the theoretical un-
certainties in our calculations, we estimated three kinds:
The first errors are caused by the hadronic parameters of
meson wave functions, such as the decay constants and the
shape parameters of light tensor mesons and charmed
mesons, which are given in Sec. II and in this section.
The second errors are estimated from the uncertainty of
�QCD ¼ ð0:25� 0:05Þ GeV and the choice of the hard

scales varying from 0:8t to 1:2t, which characterize the
unknown next-to-leading order QCD corrections. The third
error is from the uncertainties of the CKM matrix

elements. It is easy to see that the most important theoreti-
cal uncertainty is caused by the nonperturbative hadronic
parameters, which can be improved by experiments. For
these considered decays, the dominant contributions are
from the annihilation-type diagrams, which do not depend
heavily on the distribution amplitude of the Bc meson. The
Bc meson wave function, especially the decay constant and
momentum fraction of the c quark, is an overall factor with
less than 10% uncertainty for the branching ratios of all
channels. So we do not include this small uncertainty in the
numerical tables.
It is easy to find that there are large theoretical uncer-

tainties in any of the individual decay channel calculations,
mostly due to the shortage of the tensor meson property
and the distribution amplitude of the Bc meson. In order to
reduce the effects of the choice of input parameters, we
define the ratios of the branching ratios between relevant
decay modes:

BrðBc ! Dð�Þ0aþ2 Þ
BrðBc ! Dð�Þþa02Þ

� 2; (44)

BrðBc ! Dð�ÞþK�02 Þ
BrðBc ! Dð�Þ0K�þ2 Þ

� BrðBc ! Dð�Þþa02Þ
BrðBc ! Dð�Þþf2Þ

� 1; (45)

BrðBc ! Dð�Þþs �K�02 Þ
BrðBc ! Dð�Þþs f02Þ

�
�fTK�

2
ðfK�

2
ÞVcd

fTf02
ðff02ÞVcs

�
2 � 1

20
; (46)

BrðBc ! Dþf2Þ
BrðBc ! DþK�02 Þ

�
�
1ffiffiffi
2
p fTf2Vcd

fTK�2
Vcs

�
2 � 1

20
; (47)

BrðBc ! D�þf2Þ
BrðBc ! D�þK�02 Þ

�
�
1ffiffiffi
2
p ff2Vcd

fK�2Vcs

�
2 � 1

40
: (48)

It is obvious that any significant deviation from the above
relations will be a test of the factorization or signal of new
physics.

TABLE II. Branching ratios (unit: 10�6) and direct CP asymmetries (unit: %) of Bc ! DT
decays calculated in the PQCD approach.

Decay modes Class Branching ratios Adir
CP

Bc ! D0aþ2 A 2:17þ0:83þ0:17þ0:20�0:71�0:17�0:18 6:47þ1:35þ5:33þ0:00�1:15�1:59�0:74
Bc ! D0K�þ2 A 31:9þ10:3þ2:81þ0:86�8:76�2:86�0:54 �0:44þ0:13þ0:10þ0:10�0:15�0:22�0:02
Bc ! Dþa02 A 1:10þ0:42þ0:09�0:23�0:36�0:11�0:26 18:2þ4:73þ10:2þ0:00�3:77�4:65�2:30
Bc ! DþK�02 A 31:6þ11:3þ3:10þ1:01�9:69�2:13�0:63 0.0

Bc ! Dþf2 A 1:51þ0:58þ0:12þ0:14�0:48�0:09�0:16 �9:71þ3:45þ4:09þ2:70�3:97�5:21�1:59
Bc ! Dþf02 A, P 0:012þ0:006þ0:004þ0:001�0:005�0:003�0:002 �47:5þ16:9þ10:2þ9:7�20:1�4:8�9:7
Bc ! Dþs a02 C 0:0047þ0:0011þ0:0016þ0:0006�0:0007�0:0012�0:0004 �2:04þ0:34þ0:62þ0:58�0:37�1:29�0:28
Bc ! Dþs �K�02 A 1:90þ0:67þ0:20þ0:09�0:59�0:22�0:07 �1:00þ0:76þ0:72þ0:00�0:82�0:50�0:03
Bc ! Dþs f2 A, P 1:87þ0:43þ0:45þ0:06�0:40�0:44�0:06 2:53þ0:51þ1:45þ0:10�0:48�0:72�0:51
Bc ! Dþs f02 A 40:9þ11:9þ4:32þ1:20�10:7�4:17�0:81 �0:11þ0:02þ0:03þ0:02�0:02�0:06�0:00
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For all considered Bc ! Dð�ÞT decays, the factorizable
emission diagrams do not contribute, because the tensor
meson cannot be produced through local ðV � AÞ current
or ðS� PÞ density. But these decays can obtain contribu-
tions from nonfactorizable and annihilation diagrams. In
fact, most of these decays are dominated by the W annihi-
lation diagrams (A), as classified in the tables. There are
only four decay channels, which are dominated by the
color suppressed (C) or penguin (P) diagrams with almost
negligible branching ratios. As we know, usually the anni-
hilation diagrams are power suppressed compared with the
emission diagrams in B decays. This is also shown in the
first channel of Table III in Ref. [26] for the Bc ! D0�þ
decay, where the emission diagram (T) is indeed dominant.
If the � meson is replaced by the corresponding tensor
meson aþ2 , we get a smaller branching ratio of Bc ! D0aþ2 ,
since the emission of a tensor meson is prohibited. But for
those penguin dominant decay channels with a b! s
transition, such as Bc ! D0K�þ and DþK�0, the contribu-
tions from the annihilation-type diagrams are enhanced by
the large CKM elements VcsðdÞ and largeWilson coefficient

a1. The annihilation diagrams are at the same order of
magnitude as penguin emission diagrams but with a rela-
tive minus sign [26]. These penguin ‘‘dominant’’ decays
thus have smaller branching ratios than tree dominant
Bc ! D0�þ decays, unlike the Bþ decays. In our consid-
ered Bc decays with missing tensor meson emission dia-
grams, the corresponding Bc ! D0K�þ2 andDþK�02 decays

have much larger branching ratios shown in Table II due to
the large annihilation contribution alone. Therefore, it is
interesting that the Bc meson decays to tensor final states
with branching ratios as large as 10�4 will be easier for
experiments to search than the corresponding decays with
vector final states.

As stated in Refs. [3,4], the LHC experiment, specifi-
cally the LHCb, can produce around 5� 1010 Bc events
each year. The Bc decays with a decay rate at the level
of 10�6 can be detected with a good precision at LHC

experiments [14]. On the basis of our predictions, some of

these Bc ! Dð�ÞT decays with large branching ratios can
be observed in the experiments soon. The predicted
branching ratio of Bc ! DþK�02 in this work is about 3�
10�5. The branching ratios of Dþ and K�02 decays with
charged final states are 10% (Dþ ! K��þ�þ) [70] and
25% [BðK�02 ! K�Þ ¼ ð49:9� 1:2Þ%], respectively.

Assuming a total efficiency of 1% [70], one can expect
about dozens of events. For Bc ! Dþs f02, the predicted
branching ratio is 4� 10�5. The branching ratios of Dþs
and f02 decays with charged final states are about 6%
(Dþs ! KþK��þ) and 45% [Bðf02 ! K �KÞ ¼ ð88:7�
2:2Þ%], respectively. Assuming a total efficiency of 1%,
one can expect about 100 events. They are the most prom-
ising channels to be measured in the forthcoming experi-
ments. For Bc ! D�þK�02 and Bc ! D�þs f02, the D�ðsÞ will
decay to DðsÞ first. The situation is similar. Because the

branching ratios of these two Bc decays are of order 10
�4,

we also expect that they will be measured by the ongoing
LHCb experiments. On the other hand, since the contribu-
tions from penguin operators are so small compared with
the contributions from tree operators, the direct CP asym-
metries are all very small except for Bc ! Dþf02. For
Bc ! Dþf02 decay, the tree contributions from the fq2
term are suppressed by the mixing angle [see (42)], to be
at the same level with penguin contributions from the fs2
term. The interference is sizable; thus, the direct CP asym-
metry is around �50%. Unfortunately, this decay channel
is not accessible easily by current experiments due to a too-
small branching ratio.
For Bc ! D�T decays, we also calculate the percentage

of the transverse polarization RT , which can be described as

RT ¼ 2ðjAsj2 þ jApj2Þ
jANj2 þ 2ðjAsj2 þ jApj2Þ : (49)

Usually, from naive factorization expectation, the longitu-
dinal polarizations dominate the branching ratios of

TABLE III. Branching ratios (unit: 10�6), direct CP asymmetries (unit: %), and the percent-
age of transverse polarizations RT (unit: %) of Bc ! D�T decays calculated in the PQCD
approach.

Decay modes Class Branching ratio Adir
CP RT

Bc ! D�0aþ2 A 7:34þ2:05þ0:99þ0:24�1:75�0:49�0:12 5:02þ0:54þ1:34þ0:07�0:54�1:37�0:51 69.8

Bc ! D�0K�2 A 151þ30:1þ18:2þ4:69�26:5�10:5�3:00 �0:15þ0:02þ0:05þ0:03�0:02�0:08�0:06 82.5

Bc ! D�þa02 A 3:75þ1:05þ0:49þ0:05�0:88�0:23�0:02 7:94þ1:25þ4:07þ0:34�1:23�3:87�1:26 68.2

Bc ! D�þK�02 A 158þ30:6þ16:0þ0:00�28:5�14:9�13:4 0.0 80.3

Bc ! D�þf2 A 3:38þ1:03þ0:43þ0:33�0:90�0:22�0:26 �2:47þ1:01þ1:55þ0:82�1:11�5:11�0:00 69.7

Bc ! D�þf02 A 0:091þ0:025þ0:011þ0:009�0:023�0:008�0:009 �5:62þ1:40þ4:63þ0:29�1:55�6:30�0:00 45.3

Bc ! D�þs a02 C 0:0051þ0:0008þ0:0022þ0:0006�0:0006�0:0015�0:0004 �3:81þ0:24þ0:52þ1:09�0:17�0:81�0:51 12.7

Bc ! D�þs �K�02 A 8:94þ1:70þ0:79þ0:45�1:58�0:92�0:28 2:30þ0:24þ0:85þ0:01�0:14�0:45�0:01 82.0

Bc ! D�þs f2 A 3:60þ0:42þ0:61þ0:11�0:38�0:51�0:08 2:09þ0:15þ0:39þ0:10�0:16�0:41�0:40 98.4

Bc ! D�þs f02 A 190þ30:5þ19:6þ6:14�28:1�13:2�3:88 �0:036þ0:004þ0:011þ0:008�0:003�0:012�0:001 89.5
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B decays. However, from the numerical results shown in
Table III, one can see that the transverse polarized contri-
butions are about at the same level as the longitudinal
polarized contributions. In fact, from Eqs. (B4) and
(B14), we can find that, although the transverse polarized
contributions are power suppressed, they are also about at
the same level as the longitudinal polarized contributions
because the two factorizable annihilation diagrams
strongly cancel each other in the longitudinally polarized
case. As a result, for these W-annihilation-diagram domi-
nant decays, the percentages of the transverse polarization
are around 70% or even bigger. This large percentage can
be understood as follows [71]: We know that the light
quark and the antiquark created from hard gluons are
left-handed or right-handed with equal opportunity. What
is more, the c quark from the four-quark operator is right-
handed. So the D� meson can be longitudinally polarized
or transversely polarized with polarization � ¼ �1.
Because the antiquark from the four-quark operator is
right-handed, and the quark produced from the hard gluon
can be either left-handed or right-handed, with the addi-
tional contribution from the orbital angular momentum, the
tensor meson can be longitudinally polarized or trans-
versely polarized with polarization � ¼ �1. As a result,
the transverse polarization can become so large, with addi-
tional interference from other diagrams. For Bc ! D�þs f2,
the longitudinal contributions from color suppressed dia-
grams and W annihilation diagrams strongly cancel each
other, while the transverse contributions can not cancel
because the transverse contributions from color suppressed
tree diagrams are too small. As a result, the ratio of
transverse polarizations becomes as large as 98.4%. But
for the color suppressed dominant Bc ! D�þs a02 decay,
according to the power counting rules in the factorization
assumption, the longitudinal contributions should be

dominant due to the quark helicity analysis [72,73]. The
ratio is only around 10%.

V. SUMMARY

In this paper, we investigate Bc ! Dð�ÞT decays within
the framework of the perturbative QCD approach. We esti-
mate and calculate the contributions of different diagrams in
the leading order approximation of mD=mBc

expansion.

Most of these decays are dominated by the W annihilation
diagrams, which are only calculable in the pQCD approach.
Since the emission of a tensor meson is prohibited, the
cancellation between the penguin emission diagram and

the tree annihilation diagram that occurred in the Bc !
Dð�ÞV decays [26] does not exist here. We predict one-

order-magnitude larger branching ratios for Bc ! Dð�ÞK�2
decays than the corresponding Bc ! Dð�ÞK� decays. The

Bc ! Dð�ÞK�2 decays are thus easier to detect in the ongoing
LHCb experiments. These samples of Bc decays would
provide an opportunity to study properties of the Bc meson
and the factorization theorem of decay modes with a tensor
meson emitted. Most of the direct CP asymmetries are very
small because the penguin contributions are too small com-
pared with the tree annihilation contributions. We also pre-
dict large ratios of transverse polarizations, around 70% or
even bigger for those W annihilation dominant decays.
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APPENDIX A: RELATED HARD FUNCTIONS

In this appendix, we summarize the functions that appear in the analytic formulas in Sec. III. The first two diagrams in
Fig. 1 are nonfactorizable emission diagrams, whose hard scales taðbÞ can be determined by

ta ¼ max
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � r2DÞð1� x3Þ

q
mBc

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j ðx3 � 1Þ½ð1� r2DÞð1� x2Þ � ðx1 � r2DÞ� j

q
mBc

; 1=b1; 1=b2
o
; (A1)

tb ¼ max
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � r2DÞð1� x3Þ

q
mBc

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j ðx3 � 1Þ½ð1� r2DÞx2 � ðx1 � r2DÞ� j

q
mBc

; 1=b1; 1=b2
o
: (A2)

The evolution factors EenfðtaÞ and EenfðtbÞ in the analytic formulas (see Sec. III) are given by

EenfðtÞ ¼ �sðtÞ exp ½�SBc
ðtÞ � STðtÞ � SDðtÞ�jb1¼b3 : (A3)

The Sudakov exponents are defined as

SBc
ðtÞ ¼ s

�
x1

mBcffiffiffi
2
p ; b1

�
þ 5

3

Z t

1=b1

d ��

��
�qð�sð ��ÞÞ; (A4)
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SDðtÞ ¼ s

�
x3

mBcffiffiffi
2
p ; b3

�
þ 2

Z t

1=b

d ��

��
�qð�sð ��ÞÞ; (A5)

STðtÞ ¼ s

�
x2

mBcffiffiffi
2
p ; b2

�
þ s

�
ð1� x2Þ

mBcffiffiffi
2
p ; b2

�
þ 2

Z t

1=b

d ��

��
�qð�sð ��ÞÞ; (A6)

where the sðQ; bÞ can be found in Appendix A of Ref. [50]. The function henf can be given as

henfðx1; x2; x3; b1; b2Þ ¼ ½�ðb2 � b1ÞK0ðD0mBc
b2ÞI0ðD0mBc

b1Þ þ �ðb1 � b2ÞK0ðD0mBc
b1ÞI0ðD0mBc

b2Þ�

�
8<
:

i�
2 H

ð1Þ
0 ð

ffiffiffiffiffiffiffiffiffijD2jp
mBb2Þ; D2 < 0;

K0ðDmBb2Þ; D2 > 0;
(A7)

with

D2
0 ¼ ð1� x3Þðx1 � r2DÞ; (A8)

D2 ¼ ðx3 � 1Þ½ð1� r2DÞx2 � ðx1 � r2DÞ�: (A9)

For the rest of the diagrams, the related functions are summarized as follows:

tc ¼ max
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� r2DÞx3

q
mBc

; 1=b2; 1=b3
o
;

td ¼ max
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2x3ð1� r2DÞ
q

mBc
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� r2DÞx2 þ r2D � r2c

q
mBc

; 1=b2; 1=b3
o
;

(A10)

EafðtÞ ¼ �sðtÞ exp ½�STðtÞ � SDðtÞ�; (A11)

haf1ðx2; x3; b2; b3Þ ¼
�
i�

2

�
2
Hð1Þ0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2x3ð1� r2DÞ

q
mBc

b2
	h
�ðb2 � b3ÞHð1Þ0

� ffiffiffiffiffiffi
F2
1

q
mBc

b2
	
J0
� ffiffiffiffiffiffi

F2
1

q
mBc

b3
	

þ �ðb3 � b2ÞHð1Þ0

� ffiffiffiffiffiffi
F2
1

q
mBc

b3
	
J0
� ffiffiffiffiffiffi

F2
1

q
mBc

b2
	i
� Stðx3Þ (A12)

haf2ðx2; x3; b2; b3Þ ¼ haf1ðx2; x3; b2; b3Þjb2 !b3;F
2
1
!F2

2
; (A13)

with

F2
1 ¼ ð1� r2DÞx3; (A14)

F2
2 ¼ ð1� r2DÞx2 þ r2D � r2c: (A15)

The StðxÞ is the jet function with the expression [57]

StðxÞ ¼ 21þ2c�ð3=2þ cÞffiffiffiffi
�
p

�ð1þ cÞ ½xð1� xÞ�c; (A16)

where c ¼ 0:3. For the nonfactorizable diagrams, we omit the StðxÞ, because it provides a very small numerical effect to
the amplitude [74],

te ¼ max
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2x3ð1� r2DÞ
q

mBc
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jr2b � ð1� x3Þð1� x1 � ð1� r2DÞx2Þj

q
mBc

; 1=b1; 1=b2
o
;

tf ¼ max
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2x3ð1� r2DÞ
q

mBc
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jr2c þ x3ðx1 � ð1� r2DÞx2Þj

q
mBc

; 1=b1; 1=b2
o
;

(A17)

Eanf ¼ �sðtÞ � exp ½�SBðtÞ � STðtÞ � SDðtÞ� jb2¼b3 ; (A18)
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hanfjðx1; x2; x3; b1; b2Þ ¼ i�

2
½�ðb1 � b2ÞHð1Þ0 ðGmBc

b1ÞJ0ðGmBc
b2Þ þ �ðb2 � b1ÞHð1Þ0 ðGmBc

b2ÞJ0ðGmBc
b1Þ�

�
8<
:

i�
2 H

ð1Þ
0

� ffiffiffiffiffiffiffiffiffi
jG2

j j
q

mBc
b1
	
; G2

j < 0;

K0ðGjmBc
b1Þ; G2

j > 0;
(A19)

with j ¼ 1, 2.

G2 ¼ x2x3ð1� r2DÞ; (A20)

G2
1 ¼ r2b � ð1� x3Þð1� x1 � ð1� r2DÞx2Þ; (A21)

G2
2 ¼ r2c þ x3ðx1 � ð1� r2DÞx2Þ: (A22)

APPENDIX B: FACTORIZATION FORMULAS FOR Bc ! D�T

For longitudinal polarization, the decay amplitudes of various diagrams and various effective operators are

MLLðNÞ
enf ¼ 32

3
�CFm

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Tðx2Þ�Dðx3; b1Þf½rDð1� x3Þ � x1� x2þ 1�
�EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ þ ½rDð1� x3Þ þ x1� x2þ x3� 1�EenfðtbÞhenfðx1; x2; x3; b1; b2Þg; (B1)

MLRðNÞ
enf ¼ � 32

3
�CFrTm

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Dðx3; b1Þf½�s
Tðx2ÞððrD � 1Þðx1 þ x2Þ � rDx3 þ 1Þ

þ�t
Tðx2Þð�x1 � x2 þ rDðx1 þ x2 þ x3 � 2Þ þ 1Þ� � EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ

þ ½��s
Tðx2Þðx2 � x1 þ rDðx1 � x2 � x3 þ 1ÞÞ þ�t

Tðx2Þðx2 � x1 þ rDðx1 � x2 þ x3 � 1ÞÞ�
� EenfðtbÞhenfðx1; x2; x3; b1; b2Þg; (B2)

MSPðNÞ
enf ¼ 32

3
�CFm

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Tðx2Þ�Dðx3; b1Þ½ðrDðx3 � 1Þ � x1 � x2 � x3 þ 2Þ
� EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ þ ðrDðx3 � 1Þ þ x1 � x2ÞEenfðtbÞhenfðx1; x2; x3; b1; b2Þ�; (B3)

MLLðNÞ
af ¼ 8

ffiffiffi
2

3

s
CF�fBc

m4
Bc

Z 1

0
dx2dx3

Z 1=�

0
b2db2b3db3�Dðx3; b3Þf½2�s

Tðx2ÞrDrTð1� x3Þ ��Tðx2Þx3�
� EafðtcÞhaf1ðx2; x3; b2; b3Þ þ ½�Tðx2Þx2 þ rTrcð�s

Tðx2Þ ��t
Tðx2ÞÞ�EafðtdÞhaf2ðx2; x3; b2; b3Þg; (B4)

MSPðNÞ
af ¼ �16

ffiffiffi
2

3

s
CFfBc

m4
Bc
�
Z 1

0
dx2dx3

Z 1=�

0
�Dðx3; b3Þ½ð2�s

Tðx2ÞrT � rD�Tðx2Þx3ÞEafðtcÞhaf1ðx2; x3; b2; b3Þ
þ ðð�s

Tðx2Þ ��t
Tðx2ÞÞrTx2 þ�Tðx2ÞrcÞ � EafðtdÞhaf2ðx2; x3; b2; b3Þ�; (B5)

MLLðNÞ
anf ¼ � 32

3
CF�m

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Dðx3; b2Þf½�Tðx2Þðx1 þ x2 � 1þ rbÞ
þ rTrDð�t

Tðx2Þðx1 þ x2 þ x3 � 2Þ þ�s
Tðx2Þðx1 þ x2 � x3ÞÞ�EanfðteÞhanf1ðx1; x2; x3; b1; b2Þ

þ ½��s
Tðx2ÞrDrTðx1 � x2 þ x3Þ þ�t

Tðx2ÞrDrTðx1 � x2 � x3Þ ��Tðx2Þðx3 þ rcÞ�
� EanfðtfÞhanf2ðx1; x2; x3; b1; b2Þg; (B6)
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MLRðNÞ
anf ¼ � 32

3
CF�m

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�Dðx3; b2Þf½�ð�t
Tðx2Þ þ�s

Tðx2ÞÞrTðx1 þ x2 � 1� rbÞ
þ�Tðx2ÞrDðx3 � 1� rbÞ� � EanfðteÞhanf1ðx1; x2; x3; b1; b2Þ þ ½�ð�s

Tðx2Þ þ�t
Tðx2ÞÞrTðx1 � x2 þ rcÞ

��Tðx2ÞrDðx3 � rcÞ� � EanfðtfÞhanf2ðx1; x2; x3; b1; b2Þg: (B7)

For transverse polarization, the corresponding decay amplitudes are

MLLðsÞ
enf ¼ �

16ffiffiffi
3
p �CFm

4
Bc
rT

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�T
Dðx3; b1Þf½ð�a

Tðx2Þ þ�v
Tðx2ÞÞðx1 þ x2 � 1Þ�

� EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ þ ½�a
Tðx2Þðx1 � x2Þ þ�v

Tðx2Þð�2ðx1 � x2 þ x3 � 1ÞrD þ x1 � x2Þ�
� EenfðtbÞhenfðx1; x2; x3; b1; b2Þg; (B8)

MLLðpÞ
enf ¼MLLðsÞ

enf j�a
T$�v

T
; (B9)

MLRðsÞ
enf ¼ � 16ffiffiffi

3
p �CFm

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�T
Dðx3; b1Þ�T

Tðx2Þf½rDðrD � 1Þðx3 � 1Þ�

� EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ þ ½rDðrD � 1Þðx3 � 1Þ�EenfðtbÞhenfðx1; x2; x3; b1; b2Þg; (B10)

MLRðpÞ
enf ¼MLRðsÞ

enf ; (B11)

MSPðsÞ
enf ¼ �

16ffiffiffi
3
p �CFm

4
Bc
rT

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�T
Dðx3; b1Þf½�v

Tðx2Þð2rDðx1 þ x2 þ x3 � 2Þ

� x1 � x2 þ 1Þ þ�a
Tðx2Þðx1 þ x2 � 1Þ�EenfðtaÞhenfðx1; ð1� x2Þ; x3; b1; b2Þ

þ ½ð�a
Tðx2Þ ��v

Tðx2ÞÞðx1 � x2Þ�EenfðtbÞhenfðx1; x2; x3; b1; b2Þg; (B12)

MSPðpÞ
enf ¼ �MSPðsÞ

enf j�a
T$�v

T
; (B13)

MLLðsÞ
af ¼ 4

ffiffiffi
2
p

CF�fBc
rDm

4
Bc

Z 1

0
dx2dx3

Z 1=�

0
b2db2b3db3�

T
Dðx3; b3Þf½�rTð�a

Tðx2Þð1� x3Þ þ�v
Tðx2Þð1þ x3ÞÞ�

� EafðtcÞhaf1ðx2; x3; b2; b3Þ þ ½rTð�a
Tðx2Þðx2 � 1Þ þ�v

Tðx2Þðx2 þ 1ÞÞ ��T
Tðx2Þrc�EafðtdÞhaf2ðx2; x3; b2; b3Þg;

(B14)

MLLðpÞ
af ¼MLLðsÞ

af j�a
T$�v

T
; (B15)

MSPðsÞ
af ¼ 8

ffiffiffi
2
p

CF�fBc
m4

Bc

Z 1

0
dx2dx3

Z 1=�

0
b2db2b3db3�

T
Dðx3; b3Þf½rTð�a

Tðx2Þ þ�v
Tðx2ÞÞ�EafðtcÞhaf1ðx2; x3; b2; b3Þ

� ½rDð�T
Tðx2Þðr2D � 1Þ þ 2�v

Tðx2ÞrTrcÞ�EafðtdÞhaf2ðx2; x3; b2; b3Þg; (B16)

MSPðpÞ
af ¼MSPðsÞ

af j�a
T$�v

T
; (B17)

MLLðsÞ
anf ¼

16ffiffiffi
3
p CF�rDm

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�T
Dðx3; b2Þf½��T

Tðx2ÞrDðx3 � 1Þ � 2�v
Tðx2ÞrTrb�

� EanfðteÞhanf1ðx1; x2; x3; b1; b2Þ þ ½�T
Tðx2ÞrDx3 þ 2�v

Tðx2ÞrTrc�EanfðtfÞhanf2ðx1; x2; x3; b1; b2Þg; (B18)

MLLðpÞ
anf ¼MLLðsÞ

anf j�v
T!�a

T
; (B19)
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MLRðsÞ
anf ¼

16ffiffiffi
3
p CF�m

4
Bc

Z 1

0
d½x�

Z 1=�

0
b1db1b2db2�Bc

ðx1; b1Þ�T
Dðx3; b2Þf½�ð�a

Tðx2Þ þ�v
Tðx2ÞÞrTðx1 þ x2 � 1� rbÞ

þ�T
Tðx2ÞrDðx3 � 1� rbÞ�EanfðteÞhanf1ðx1; x2; x3; b1; b2Þ � ½rTð�a

Tðx2Þ þ�v
Tðx2ÞÞðx1 � x2 þ rcÞ

þ�T
Tðx2ÞrDðx3 � rcÞ�EanfðtfÞhanf2ðx1; x2; x3; b1; b2Þg; (B20)
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(2012).

[26] Z. Rui, Z. T. Zou, and C.D. Lü, Phys. Rev. D 86, 074008
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