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We derive a nonequilibrium fluctuation-dissipation relation for bosonic correlation functions from

holography in the classical gravity approximation at strong coupling. This generalizes the familiar thermal

fluctuation-dissipation relation in the absence of external sources. This also holds universally for any

nonequilibrium state which can be obtained from a stable thermal equilibrium state in perturbative

derivative (hydrodynamic) and amplitude (nonhydrodynamic) expansions. Therefore, this can provide a

strong experimental test for the applicability of the holographic framework. We discuss how it can be

tested in heavy-ion collisions. We also make a conjecture regarding multipoint holographic nonequilib-

rium Green’s functions.
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I. INTRODUCTION

Nature challenges us to understand phenomena in
real time. This is very difficult to do in the microscopic
formulation of the laws of nature given in the framework of
quantum field theory.

Though quantum field theory is experimentally success-
ful in understanding microscopic processes when perturba-
tion theory works, it has very limited success in describing
macroscopic phenomena in real time. The best we can
typically do is to calculate rate and cross sections using
perturbation theory, and use the results as inputs for kinetic
or phenomenological equations. For example, for dilute
quantum gases we can use the Boltzmann equation, where
the two-body scattering cross section is an input. However,
for few systems do we know how to formulate systematic
corrections to the Boltzmann equations, which take into
account the uncertainty principles of quantum dynamics.

The main difficulty is that time-dependent perturbation
theory gives us the behavior in time only in a Taylor series.
This fails to give a uniform approximation in time away from
the initial phase of evolution, or to describe decoherence,
thermalization and hydrodynamics in a unified framework.
Even when the coupling constants are small, we need an
essentially nonperturbative approach to understand the origin
of irreversibility from the microscopic quantum field theory.

In recent decades, there has been impressive progress in
nonequilibrium quantum field theory, which attempts to
bridge this gap using the two-particle irreducible action
formalism.1 Still, a lot of progress is needed to develop

approximation schemes which take into account unitarity
and conservation laws in a controlled manner. As these
methods are nonperturbative, some progress is also needed
in understanding renormalizability in these formalisms.
Holography in the form of gauge/gravity duality is a

new tool which gives a nonperturbative reformulation of
quantum field theory [7]. This is particularly tractable
when the quantum field theory is a strongly coupled gauge
theory and the rank of the gauge group is large. In such a
case, gauge/gravity duality maps a quantum field theory to
a familiar classical theory of gravity in one higher dimen-
sion. At present, this is the best nonperturbative reformu-
lation of quantum gauge theories at hand which can
describe phenomena in real time.
In this paper, we will try to unearth a special feature of

holographic duality at strong coupling and large rank of the
gauge group (i.e., large N), which gives a genuinely
nonequilibrium result and is also a model-independent
(i.e., universal) feature.2 By a genuinely nonequilibrium
result, we imply onewhich cannot be obtained readily from
equilibrium correlation functions. We also try to focus on a
feature which gives fundamental insight on thermalization
and the nature of quantum kinetics. This leads us to study
the nonequilibrium fluctuation-dissipation relation, as de-
scribed below.
It is known from nonequilibrium quantum field theory

that in order to get the quantum formulation of kinetic
equations, we need the nonequilibrium spectral and statis-
tical functions. We define them below.
The spectral function can be understood as an off-shell

generalization of the density of states. Here we will define

1This started with the closed time-path formalism of
Schwinger and Keldysh [1]. The next advancement came with
the two-particle irreducible (2PI) action formalism due to
Cornwall, Jackiw and Tomboulis [2], and the incorporation of
the Schwinger-Keldysh closed time contour into it by Calzetta
and Hu [3]. This will be briefly reviewed in Sec. II of this paper.
For a review of recent progress of systematic approximations of
the two-particle irreducible action and its applications, please
see Refs. [4–6].

2At this stage we can make a comparison to the famous
universal holographic result at strong coupling and large N
that the viscosity-to-entropy-density ratio �=s equals 1=4�
[8]. However, this is not a genuinely nonequilibrium result by
our definition, because it can be computed via holographic
prescriptions from thermal correlators and applying the Kubo
formula [9].
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it for a bosonic operator Oðx; tÞ. It can be obtained as
a Wigner transform of the commutator, i.e., a Fourier
transform of the relative coordinate as below:

Að!;k;x; tÞ ¼
Z

d3rdtre
ið!tr�k�rÞ

��
O

�
xþ r

2
; tþ tr

2

�
;

O

�
x� r

2
; t� tr

2

���
: (1)

The expectation value above is taken in a nonequilibrium
state. In the case of fermionic fields, we need to take the
anticommutator above.

It can be proved (see Appendix A) that the spectral
function is proportional to the imaginary part of the
Wigner-transformed retarded Green’s function as below:

Að!;k;x; tÞ ¼ �2 ImGRð!;k;x; tÞ: (2)

Therefore, the spectral function is real. In the case of
fermionic Hermitian operators, it is also non-negative.

Physically, Að!;k;x; tÞ encodes the probability that
a quasiparticle with momentum k at a given point in
space-time given by x and t will have energy !. We note
that the uncertainty principle forces us to consider the
quasiparticle off shell. At strong coupling, we expect the
broadening of peaks and typically no sharply defined
quasiparticles.

At equilibrium, due to translational invariance, the
spectral function Að!;k;x; tÞ does not depend on the
center-of-mass coordinates x and t. It is measurable by
angle-resolved photoemission spectroscopy of electrons.
Away from equilibrium, a time-resolved version of the
same angle-resolved photoemission spectroscopy is neces-
sary (see, for instance, Ref. [10]).

The statistical function can be understood as an off-shell
generalization of the quasiparticle distribution function in
phase space. It is the Wigner transform of the anticommu-
tator for bosonic fields (the commutator for fermionic
fields), as below:

GKð!;k;x; tÞ
¼ � i

2

Z
d3rdtre

ið!tr�k�rÞ

�
��
O

�
xþ r

2
; tþ tr

2

�
; O

�
x� r

2
; t� tr

2

���
: (3)

Wewill show in the next section that the statistical function
is related to the imaginary part of the Wigner-transformed
Feynman propagator as follows:

GKð!;k;x; tÞ ¼ i ImGFð!;k;x; tÞ: (4)

Thus, the statistical function is purely imaginary. In litera-
ture, this is often defined without a �i factor in front as in
Eq. (3). In that case, it is real, and when integrated over !
at fixed k, x and t, it gives the time-dependent phase space
distribution of quasiparticles in the semiclassical limit at

weak coupling. Here, we will keep the �i factor—in this
case, it is also known as the Keldysh propagator.
The statistical function/Keldysh propagator can be

indirectly measured by following the space-time evolution
of expectation values of operators, like conserved currents
and the energy-momentum tensor. We note that both the
nonequilibrium statistical and spectral functions need
regularization for removing ultraviolet divergences, which
are, however, expected to be independent of the state. What
is relevant for physical observations is their dependence on
the nonequilibrium hydrodynamic and nonhydrodynamic
variables characterizing the state.
At equilibrium, the statistical function is again indepen-

dent of x and t due to translational invariance. Also, it is
determined from the spectral function using analyticity.
The relation between the spectral function and the statisti-
cal function at equilibrium is known as the fluctuation-
dissipation relation, which at thermal equilibrium is as
follows in the bosonic case:

GKð!;kÞ ¼ �i

�
nBEð!Þ þ 1

2

�
Að!;kÞ: (5)

It is called the fluctuation-dissipation relation because it
implies the fluctuation-dissipation theorems [6], like that
relating the thermal electrical noise (current fluctuations)
to the electric resistance.
Away from equilibrium, analyticity is insufficient to

relate the spectral and statistical functions. They evolve
in a coupled way given by the so-called Kadanoff-Baym
equations, which can be derived from the two-particle
irreducible action (see Sec. II). In the semiclassical limit
at weak coupling, the Kadanoff-Baym equations reduce to
the Boltzmann equation with quantum corrections.
Formally, these equations relating off-shell quantities are
valid at strong coupling also. Even at weak coupling,
however, nonperturbative methods are needed to make
complete sense of these equations and for making system-
atic expansions, as mentioned earlier. In general, we do not
expect any generalization of the flucutation-dissipation
relation away from equilibrium which can be stated in a
universal way independent of the details of the nonequi-
librium state and the nature of external perturbations.
Numerical simulations of Kadanoff-Baym equations

based on the 2PI effective action at weak coupling indeed
show apparent thermalization—at long time, the spectral
and statistical functions satisfy Eq. (5). Such simulations
as, for instance, OðNÞ scalar field theories at large N
and weak coupling [11] indeed show thermalization, but
far away from equilibrium, there seems to be no simple
fluctuation-dissipation relation between spectral and sta-
tistical functions.
Summary of results: In this paper, we study the none-

quilibrium spectral and statistical functions in states which
are perturbatively connected to thermal equilibrium with
external sources absent. These are nonequilibrium states
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undergoing strongly coupled hydrodynamic and nonhydro-
dynamic relaxation.

At strong coupling, we expect a few operators to suffice
in describing typical states. This is so because most of the
operators except the relevant order parameters, conserved
currents and the energy-momentum tensor will be expected
to have large anomalous dimensions. This will be more
generic in nonsupersymmetric theories [12,13], where we
do not have chiral primary operators,3 unless there are
emergent symmetries at large N (as in Ref. [14]).

Thus, we can describe the nonequilibrium states holo-
graphically at strong coupling and large N using solutions
that use Einstein’s gravity coupled to a few gauge fields
(dual to conserved currents) and scalar fields (dual to
relevant order parameters). Here we will further specialize
to states where conserved currents and order parameters
vanish in the course of evolution. Thus, we will be able to
describe these states using the hydrodynamic and nonhy-
drodynamic quasinormal modes of pure gravity along with
their nonlinear evolution.

The holographic prescription for obtaining the spectral
function in this class of states systematically in the deriva-
tive (hydrodynamic) and amplitude (nonhydrodynamic)
expansions has been obtained before. In this paper, we
will generalize this methodology to obtain the statistical
function in the same expansions systematically. We will
find that the nonequilibrium statistical function, like the
nonequilibrium spectral function, individually carries a
detailed imprint of the nonequilibrium state—in particular,
detailed information about the dispersion relation of the
relaxation modes and their nonlinear interactions.
However, there is a simple, generalized nonequilibrium
fluctuation-dissipation relation between the spectral and
statistical functions, again set exactly by the final tempera-
ture of thermal equilibrium.

This nonequilibrium fluctuation-dissipation relation,
being independent of the nonequilibrium state concerned,
is universal and is as follows:

GKð!;k;x; tÞ ¼ �i

�
nBEð!Þ þ 1

2

�
Að!;k;x; tÞ; (6)

where nBEð!Þ is set by the final equilibrium temperature.
We note that the definitions of both the spectral and statis-
tical functions involve the Wigner transform, so this rela-
tion is nonlocal in both space and time. However, we
recover the equilibrium fluctuation-dissipation relation at
long times when the spectral and statistical functions are
independent of x and t. Also, this relation is strictly true in
the absence of external sources, so conservation of energy
implies that the final equilibrium temperature is set by the
total energy of the initial state. We elaborate later in Sec. V

that the relation is not in contradiction with the locality and
causality of the underlying field theory.
Furthermore, at strong coupling, we expect the

Kadanoff-Baym equations to have strong quantum mem-
ory; thus, a Boltzmann-like limit where the spectral
and statistical functions will behave quasilocally is likely
to be absent. Therefore, the nonequilibrium fluctuation-
dissipation relation need not be specified by local data.
What is surprising is that the only data required is the total
conserved energy of the state in the large N and strong
coupling limit.
This relation has been obtained in the probe-brane limit

in Refs. [15,16].
Methodology in brief and organization of this paper:We

describe briefly the methodology we will follow here along
with the organization of this paper.
We start from nonequilibrium field theory in Sec. II.

We review briefly the Schwinger-Keldysh formalism. We
then obtain new parametrizations of the nonequilibrium
fluctuation-dissipation relation which will be necessary for
having consistent derivative/amplitude expansions of the
spectral and statistical functions. We show that the parame-
ters must satisfy additional field-theoretic constraints.
Based on this nonequilibrium fluctuation-dissipation rela-
tion, we find that any nonequilibrium Green’s function can
be written as an appropriate weighted sum of the nonequi-
librium retarded and advanced Green’s functions. The
weights are also subject to field-theoretic constraints.
Additionally, we obtain new formal understanding of
some important features of the effective action for non-
equilibrium Green’s functions.
In Sec. III, we review the construction of gravity duals of

nonequilibrium states and introduce the derivative/ampli-
tude expansions. We then study the dynamics of the scalar
field dual to the bosonic order parameter in the same
expansions. We find the unique boundary conditions for
the nonequilibrium modes consistent with the derivative/
amplitude expansions which give regularity at the horizon.
The only new element here will be the study of conjugation
properties of the boundary conditions necessary for later
analysis of field-theoretic constraints.
In Sec. IV, we map boundary conditions of the nonequi-

librium modes to the parametrization of nonequilibrium
Green’s functions as an appropriate sum of the nonequi-
librium retarded and advanced Green’s functions obtained
in Sec. II.
This map is possible because of our previous work, in

which the boundary conditions for the nonequilibrium
modes which give solutions regular at the horizon have
been identified and utilized to obtain the causal response
function which gives the holographic nonequilibrium re-
tarded Green’s function [13]. This builds on the holo-
graphic prescription for the thermal retarded Green’s
function proposed by Son and Starinets [17]. We show
that the advanced response function obtained from the
regular nonequilibrium solution gives the holographic

3The chiral primary operators are special, because they are
typically protected from receiving large quantum corrections to
their anomalous dimensions.
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nonequilibrium advanced Green’s function, which passes
field-theoretic consistency tests.

We then show that the sum of causal and advanced
gravitational response functions evaluated using appropri-
ate boundary conditions maps to the parametrization of
the nonequilibrium Feynman propagator required for it
to have consistent derivative/amplitude expansions. The
boundary conditions which depart from regularity are
responsible for the nonequilibrium shifts in the weights
of the nonequilibrium retarded and advanced Green’s
functions in the weighted sum. We then study reality con-
straints on the parameters obtained from field theory and
show that the only boundary conditions which are consis-
tent are those which give regularity at the horizon. Thus,
we find that there are no nonequilibrium shifts in the
weights of the nonequilibrium retarded and advanced
Green’s functions in the weighted sum which gives the
nonequilibrium Feynman propagator.

We also give intuitive arguments why regularity at the
horizon in combination with linear response theory should
determine all nonequilibrium propagators holographically.

In Sec. V, we obtain the nonequilibrium statistical func-
tion from the nonequilibrium Feynman propagator, and
hence the nonequilibrium fluctuation-dissipation relation.
We argue why its form is consistent with the locality and
causality of the underlying field theory. We also give a
conjecture on higher point nonequilibrium correlation
functions in the absence of external sources.

In Sec. VI, we show that although our holographic
prescriptions generalize to some extent in higher-derivative
gravity, we cannot expect our results to hold beyond strong
coupling even when the classical gravity approximation is
valid. The main reason for this will be that the bulk scalar
will not be minimally coupled to gravity generically.

In Sec. VII, we conclude with a summary of the key
results and a discussion on how the holographic nonequi-
librium fluctuation-dissipation result can be tested in
heavy-ion collisions particularly.

The appendixes give relevant supporting material.
Before proceeding further, we would like to mention

that an interesting formalism has been proposed by van
Rees and Skenderis in Ref. [18] for doing real-time
holography by construction of a gravitational analogue of
the Schwinger-Keldysh closed time contour. Though this
formalism seems ideally suited for doing thermal field
theory in real time, it is very difficult to adapt this to
nonequilibrium states. The main difficulty lies in the
construction of smooth Euclidean caps for nonequilibrium
geometries, which is necessary in this formalism to set
nontrivial initial boundary conditions, i.e., to represent the
creation of nontrivial states holographically.

Furthermore, there is an interesting approach [19] due to
Son and Herzog for obtaining the thermal Schwinger-
Keldysh propagators. It is difficult to generalize this to
nonequilibrium context as well, as this will involve the
construction of Penrose diagrams of nonequilibrium

geometries. Indeed, it is not known how to do this for
nonequilibrium geometries in perturbation theory.
However, elements of these approaches may be

concretely realized in special nonequilibrium geometries.
It will also be necessary to understand how to construct
the nonequilibrium spectral and statistical functions
holographically in the presence of external sources using
systematic expansions. We leave such investigations to
future work.
Notations: We will denote the position and momentum

four-vectors without bold fonts, as for instance by x and k,
respectively. The spatial position and momentum vectors
will be denoted in bold fonts, as for instance by x and k,
respectively.

II. ASPECTS OF NONEQUILIBRIUM
QUANTUM FIELD THEORY

In this section, we will first briefly review the
Schwinger-Keldysh formalism of nonequilibrium field
theory. In particular, we will define the effective action,
which gives the equation of motion of the expectation
value of operators and their Green’s functions. Then we
will show formally that this effective action contains no
new information from the usual effective action, which is
the Legendre transform of the generating functional of
connected vacuum correlation functions. Finally, we will
establish some new relations between the nonequilibrium
Green’s functions of bosonic Hermitian local operators.

A. The nonequilibrium propagators from
an effective action

The basic tool of nonequilibrium field theory is the
construction of an effective action, which is a functional
of the operator and correlation functions. The evolution of
the expectation value of the operator and the Green’s
functions in all states, including those which are away
from equilibrium, can be obtained by extremizing the
effective action �½OðxÞ; Gðx; yÞ�. By construction, this
effective action does not depend on any equilibrium or
nonequilibrium variables like temperature, velocity or
shear-stress tensor. These nonequilibrium variables
parametrize the solutions, which can be obtained from
definite initial conditions.4

The effective action �½OðxÞ; Gðx; yÞ� can be defined as
the double Legendre transform of a generalization of the
generating functional of vacuum correlation functions:
Z½JðxÞ; Kðx; yÞ�. This generalized partition function

4Typically, we need infinite variables to parametrize nonequi-
librium states, hence nonequilibrium expectation values of op-
erators and their correlation functions. However, as we will see
in the next section, we may expect that, at least in field theories
admitting holographic gravity duals, there are nonequilibrium
states which can be parametrized by hydrodynamic variables and
shear-stress tensor alone.
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includes not only a source JðxÞ, but also an arbitrary bilocal
interaction term Kðx; yÞ, and is defined as below:

Z½J; K� ¼ eiW½J;K�

¼
Z

D�s exp

�
i

�
S½�� þ

Z
d4xJðxÞOðxÞ

þ 1

2

Z
d4xd4yOðxÞKðx; yÞOðyÞ

��
: (7)

Above, � collectively denotes all the elementary fields.
The operatorO, which couples to J locally andK bilocally,
is a polynomial of these elementary fields � and their
derivatives.

We then define the expectation value of the
operator OðxÞ and its Green’s function Gðx; yÞ through
the following:

�W½J;K�
�JðxÞ ¼ OðxÞ;

�W½J;K�
�Kðx; yÞ ¼ 1

2
ðOðxÞOðyÞ þGðx; yÞÞ:

(8)

Eliminating JðxÞ and Kðx; yÞ in favor of OðxÞ and Gðx; yÞ,
we can now perform a double Legendre transform to define
the effective action as below:

�½OðxÞ; Gðx; yÞ� ¼ W½J; K� �
Z

d4xJðxÞOðxÞ

� 1

2

Z
d4xd4yKðx; yÞðOðxÞOðyÞ

þGðx; yÞÞ: (9)

Clearly,

��½O; G�
�OðxÞ ¼ �JðxÞ �

Z
d4yKðx; yÞOðyÞ;

��½O;G�
�Gðx; yÞ ¼ � 1

2
Kðx; yÞ:

(10)

Therefore, in the absence of the sources JðxÞ and
Kðx; yÞ, extremizing the generalized effective action
�½OðxÞ; Gðx; yÞ� gives the dynamics of both the expecta-
tion value of the operator and their Green’s functions.

There is one important point in the above construction
which we mention now. As stated in the Introduction, for
nonequilibrium states we need to know separately the
spectral function (the commutator/anticommutator) and
the statistical function (the anticommutator/commutator)
for both bosonic/fermionic operators.

To get complete information about the nonequilibrium
Green’s functions, we need to construct the partition func-
tionW½JðxÞ; Kðx; yÞ�, and consequently the effective action
�½OðxÞ; Gðx; yÞ�, over the so-called Schwinger-Keldysh
closed real time contour Cs, as shown in Fig. 1. This time
contour travels from �1 to 1 and then back from 1 to
�1, thus transversing the entire real line first forward and
then backward.

In fact, the full closed-time-contour ordered Green’s
function GCsðx; yÞ can be written as a combination of the

commutator and the anticommutator, and hence as a sum
over the spectral function and the statistical function as
below:

GCsðx; yÞ ¼ GKðx; yÞ � i

2
Aðx; yÞ; signCsðx0 � y0Þ; (11)

where signCsðx0 � y0Þ is defined according to the contour

ordering over the full closed time contour Cs.
5

The usefulness of the effective action �½OðxÞ; Gðx; yÞ�
is realized only when we can reformulate it diagrammati-
cally. This has been done first in Ref. [2] via a 2PI
effective action when the operator O is an elementary
field. A full discussion of this is outside the scope of the
present paper. We do mention, however, that though
there is a diagrammatic formulation, this is nonperturba-
tive, as the lines of the diagrams are the full propagator
Gðx; yÞ. Therefore, the effective action �½OðxÞ; Gðx; yÞ�
typically admits no perturbative expansion in a small
parameter.
Despite this drawback, in happy circumstances, we do

get good approximations to experimental results or simu-
lations, particularly when the coupling is weak and we can
have a good intuition about the relevant diagrams to sum
over in the effective action [6]. We need to resum over
infinite diagrams to remove infrared divergences. There is
no systematic understanding about how we can improve a
given approximation while removing the infrared diver-
gences in order to better the description. Nevertheless, this
is so far the best field-theoretic tool at hand which gives a
fundamental description of a physical process in an ap-
proximation that is uniform in time, i.e., which not only
works at the initial time but also far in the future.
Furthermore, this also reproduces quantum corrections to
the Boltzmann equation.

FIG. 1 (color online). The Schwinger-Keldysh closed time
contour Cs. The forward- and backward-directed parts of the
contour have been displaced slightly above and below the real
axis, respectively, just to distinguish them clearly. The operator
insertions can be in either the forward or backward leg of the
contour.

5When both the operator insertions are on the upper contour,
we get the Feynman propagator, for instance. In general, both the
commutator and anticommutator are needed to get the propa-
gator over the full contour. Thus, the contour is convenient for
obtaining the independent dynamics of the nonequilibrium spec-
tral and statistical functions.
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B. Redundancy of information in the effective action

We will demonstrate here that the effective action
�½OðxÞ; Gðx; yÞ� formally does not contain any more infor-
mation than the usual effective action �½OðxÞ�. We recall
that �½OðxÞ; Gðx; yÞ� is obtained from Z½JðxÞ; Kðx; yÞ�
by definition as in Eqs. (8) and (9), while �½OðxÞ� is
obtained from the usual partition function Z½JðxÞ�,
the generating functional of vacuum correlation functions.
�½OðxÞ� is the usual one-particle irreducible (1PI) effective
action when OðxÞ is an elementary field. The effective
action �½OðxÞ; Gðx; yÞ� does not admit any perturbative
expansion in a small parameter, but �½OðxÞ� does.

The effective action �½OðxÞ; Gðx; yÞ� is necessary to
obtain a description which is a uniform approximation in
time, but our current understanding of such approximations
seems to be inadequate. It is not known how to have an
approximation scheme which simultaneously takes care of
unitarity in a controlled manner, is renormalizable by
standard counterterms and satisfies all Ward identities
(for recent progress, see Ref. [4]). Therefore, it is useful
to have an argument for why, in principle, all the infor-
mation is there in the usual effective action �½OðxÞ�, for
which such issues have been resolved. This will be
useful for us later.

To show this, it is sufficient to prove that
W½JðxÞ; Kðx; yÞ� can be constructed from W½JðxÞ�, as
�½OðxÞ; Gðx; yÞ� and �½OðxÞ� are obtained from
W½JðxÞ; Kðx; yÞ� and W½JðxÞ�, respectively, via Legendre
transforms. From Eq. (8), we readily observe that

�W½J;K�
�Kðx; yÞ ¼ 1

2

�
�W½J;K�
�JðxÞ

�W½J;K�
�JðyÞ � �2W½J;K�

�JðxÞ�JðyÞ
�
; (12)

where we have used OðxÞ ¼ �W½J; K�=�JðxÞ and
Gðx; yÞ ¼ �OðxÞ=�JðyÞ. Thus, all functional K- deriva-
tives of W½J; K� can be converted to functional J- deriva-
tives of W½J; K�. Therefore, W½J; K� can be constructed
readily from W½J; K ¼ 0� ¼ W½J�. This is also expected,
because a quantum field theory is indeed uniquely defined
once we know all connected vacuum correlation functions,
hence W½J�.

C. New relations between nonequilibrium
Green’s functions

We will now investigate the general structure of
nonequilibrium Green’s functions of local bosonic
operators in nonequilibrium states. Here the operators
will be taken in the Heisenberg representation.

In particular, we will establish some useful relations
between the retarded propagator and the Feynman
propagator, based on the assumption that the nonequilib-
rium parts of both admit systematic perturbative
expansions.

The definition of the Feynman propagator is

GFðx1; x2Þ ¼ �ihTðOðx1ÞOðx2ÞÞi; (13)

where T denotes time ordering.
We begin with the known relation (for proof, see

Appendix A)6

GFðx1; x2Þ ¼GKðx1; x2Þ � i

2
Aðx1; x2Þsignðt1 � t2Þ: (14)

Note that this is just a special case of Eq. (11) when the
operator insertions are in the forward part of the closed
time contour.
However,

�iAðx1; x2Þsignðt1� t2Þ ¼�iAðx1; x2Þ�ðt1� t2Þ
þ iAðx1; x2Þ�ðt2� t1Þ

¼GRðx1; x2ÞþGAðx1; x2Þ: (15)

Therefore,

GFðx1; x2Þ ¼ GKðx1; x2Þ þ 1

2
ðGRðx1; x2Þ þGAðx1; x2ÞÞ;

(16)

or in the Wigner-transformed form,

GFðk; xÞ ¼ GKðk; xÞ þ ReGRðk; xÞ; (17)

using GR � ðk; xÞ ¼ GAðk; xÞ, which has been proved in
Appendix A.
We further note thatGKðk; xÞ is purely imaginary, which

follows from its definition as proved in Appendix A.
Therefore, we conclude from Eq. (17) that

ReGFðk; xÞ ¼ ReGRðk; xÞ; ImGFðk; xÞ ¼ �iGKðk; xÞ:
(18)

It is to be noted that unlike the retarded Green’s func-
tion GRðk; xÞ or the advanced Green’s function GAðk; xÞ,
the Feynman propagator is not analytic in ! in either
the upper half plane or the lower half plane. This can be
seen from the instance of the vacuum Feynman propagator
itself, in which positive frequency modes are propagated in
the future and negative frequency modes are propagated
in the past; i.e., the vacuum Feynman propagator is
�ð!ÞGRðkÞ � �ð�!ÞGAðkÞ. The term �ð!ÞGRðkÞ
implies lack of analyticity in ! in the lower half plane,
as the positive frequency poles are shifted there with the
standard i� prescription, and similarly �ð�!ÞGAðkÞ im-
plies there is no analyticity in the upper half plane, as the
negative frequency poles are shifted there.

6From now on, we will denote the commutator as Aðx1; x2Þ,
where it is implicitly implied that the inverse Wigner transform
has been done on the spectral function Aðk; xÞ. Similarly, we
will denote �i=2 times the anticommutator as GKðx1; x2Þ.
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Generally speaking, if a function is analytic in a
variable in the upper half plane or lower half plane, with
other variables held fixed, it can be fully constructed
from its imaginary part or its real part. For instance,
as ImGRðk; xÞ ¼ �ð1=2ÞAðk; xÞ (for proof, see
Appendix A), and as it is analytic in the upper half plane
in !,7 the retarded Green’s function can be constructed
from the spectral function using

GRð!;k;x; tÞ ¼
Z 1

�1
d!0

2�

Að!0;k;x; tÞ
!�!0 þ i�

: (19)

In the case of the Feynman propagator, its real part
ReGRðk; xÞ and its imaginary part GKðk; xÞ hold indepen-
dent information in nonequilibrium states; one cannot be
kinematically constructed from the other because of non-
analyticity in ! in the complex upper half plane or the
lower half plane.

We also note that as the Feynman propagator is
symmetric, i.e., GFðx1; x2Þ ¼ GFðx2; x1Þ, it follows that
after Wigner transform, GFðk; xÞ ¼ GFð�k; xÞ, as proved
in Appendix A.

The thermal Feynman propagator is a linear combina-
tion of the retarded or causal response with weight
nBEð!Þ þ 1 and the advanced or anticausal response with
weight �nBEð!Þ for a given frequency, with nBEð!Þ ¼
1

e
!
T�1

being the Bose-Einstein distribution at temperature

T. Thus,

GFðkÞ ¼ ðnBEð!Þ þ 1ÞGRðkÞ � nBEð!ÞGAðkÞ: (20)

As T ! 0,

nBEð!Þ þ 1 ! �ð!Þ; �nBEð!Þ ! �ð�!Þ; (21)

so we recover the vacuum Feynman propagator in this
limit.

It is not hard to see that Eq. (20) satisfies GFðkÞ ¼
GFð�kÞ, because

nBEð�!Þ þ 1 ¼ �nBEð!Þ or

�nBEð�!Þ ¼ nBEð!Þ þ 1;
(22)

and also GAð�!;�kÞ ¼ GRð!;kÞ.

We can rewrite the thermal Feynman propagator
[Eq. (20)] as

GFðkÞ ¼ ReGRðkÞ þ ið2nBEð!Þ þ 1ÞImGRðkÞ: (23)

So, comparing Eq. (17) with the above, we get

GKðkÞ ¼ ið2nBEð!Þ þ 1ÞImGRðkÞ: (24)

However, ImGRðkÞ ¼ �ð1=2ÞAðkÞ. So,

GKðkÞ ¼ �i

�
nBEð!Þ þ 1

2

�
AðkÞ: (25)

The above is the fluctuation-dissipation relation in
thermal equilibrium. It is so called because it implies the
fluctuation-dissipation theorems [6], like those relating
the thermal-electrical noise (current fluctuations) to the
electric resistance.
We will now try to parameterize the nonequilibrium

fluctuation-dissipation relation. Using this, we will get a
parameterization of nonequilibrium Green’s functions.
Let us assume we are near equilibrium. Then the

nonequilibrium state can be parametrized in terms of hy-
drodynamic and relaxational modes. This will allow us to
do a perturbative expansion. Let us, for instance, linearize
the state in terms of hydrodynamic fluctuations �u and �T.
In this approximation, both the spectral and the statistical
functions will depend linearly on these variables. Thus, the
nonequilibrium fluctuation-dissipation relation will be
linear in this approximation.
The exact nature of the dependence of the spectral

and statistical functions on the hydrodynamic and
nonhydrodynamic variables will be determined later in
the holographic classical gravity approximation. As of
now, we will take this dependence to be implicit.
It is also clear that we can improve the linear approxi-

mation by including quadratic dependence of the spectral
and statistical functions on the hydrodynamic and non-
hydrodynamic variables, which we will do systematically
later. The general structure will be as follows:

GKðk; xÞ ¼ GðeqÞ
K ðkÞ þGðneqÞ

K ðk; xÞ;
Aðk; xÞ ¼ AðeqÞðkÞ þAðneqÞðk; xÞ;

GðneqÞ
K ðk; xÞ ¼ Gð1Þ

Kðk; xÞ þGð2Þ
Kðk; xÞ þ � � � þGðnÞ

Kðk; xÞ þ � � � ;
AðneqÞðk; xÞ ¼ Að1Þðk; xÞ þAð2Þðk; xÞ þ � � � þAðnÞðk; xÞ þ � � � :

(26)

Above, the superscript ðnÞ denotes the order of multilinear dependence of the term on the nonequilibrium variables.

7Analyticity of GRðk; xÞ in the lower half ! plane is guaranteed by the �ðt1 � t2Þ term in GRðx1; x2Þ.
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The nonequilibrium fluctuation-dissipation relation can
be parametrized as follows:

G
ðeqÞ
K ðkÞ ¼ �i

�
nBEð!Þ þ 1

2

�
AðeqÞðkÞ;

Gð1Þ
Kðk; xÞ ¼ �i

Z
d4k1f

ð1;0Þðk; k1; xÞAðeqÞðk1Þ

� i

�
nBEð!Þ þ 1

2

�
Að1Þðk; xÞ; . . . : (27)

Above, fð1;0Þðk; k1; xÞ is real because each term in
the expansion of Aðk; xÞ is real, while each term in
the GKðk; xÞ expansion is purely imaginary. Also, the
Bose-Einstein distribution nBEð!Þ appearing above is
always determined by the final equilibrium temperature.
Furthermore, as we have shown in Appendix A, because
GKðx1; x2Þ is symmetric in x1 and x2, after Wigner trans-
form it should satisfyGKðk; xÞ ¼ GKð�k; xÞ. Similarly, as
shown in Appendix A,Aðk; xÞ ¼ �Að�k; xÞ. Therefore,
these imply that

fð1;0Þðk; k1; xÞ ¼ fð1;0ÞS ðk; k1; xÞ þ fð1;0ÞA ðk; k1; xÞ; such that fð1;0ÞS ðk; k1; xÞ and fð1;0ÞA ðk; k1; xÞ are real; and

fð1;0ÞS ðk; k1; xÞ ¼ fð1;0ÞS ð�k; k1; xÞ; fð1;0ÞA ðk; k1; xÞ ¼ �fð1;0ÞA ð�k;�k1; xÞ: (28)

Similarly, at the next order,

Gð2Þ
Kðk; xÞ ¼ �i

Z
d4k1d

4k2f
ð2;0;0Þðk; k1; k2; xÞAðeqÞðk1ÞAðeqÞðk2Þ

� i
Z

d4k1d
4k2d

4x1f
ð2;1;0Þðk; k1; k2; x; x1ÞAð1Þðk1; x1ÞAðeqÞðk2Þ

� i
Z

d4k1d
4x1f

ð2;1Þðk; k1; x; x1ÞAð1Þðk1; x1Þ � i

�
nBEð!Þ þ 1

2

�
Að2Þðk; xÞ; etc:

(29)

Again, by definition fð2;0;0Þðk; k1; k2; xÞ, fð2;1;0Þðk; k1; k2; x; x1Þ and fð2;1Þðk; k1; x; x1Þ have to be real, and the Bose-Einstein
distribution nBEð!Þ appearing above is always determined by the final equilibrium temperature. Similarly, the symmetry of
the statistical function and the antisymmmetry of the spectral function in x1 and x2 prior to Wigner transform give
further restrictions on fð2;0;0Þðk; k1; k2; xÞ, fð2;1;0Þðk; k1; k2; x; x1Þ and fð2;1Þðk; k1; x; x1Þ as in Eq. (28). The last two terms of
Eq. (29) are linear, while the remaining terms are nonlinear corrections to the equilibrium fluctuation-dissipation relation.
Clearly, nonlinear corrections are expected, because the Kadanoff-Baym equations which give equations of motion of the
spectral and statistical functions are nonlinear. We easily note that as Gð2Þ

K and Að2Þ are quadratic in nonequilibrium
variables while Gð1Þ

K and Að1Þ are linear, fð2;0;0Þ depends quadratically while fð2;1;0Þ and fð2;1Þ depend linearly on
nonequilibrium variables.

We will find the above parametrization of the nonequilibrium fluctuation-dissipation relation useful in determining it
holographically. It can be also useful for experimental determination.

It then follows from Eqs. (18) and (27) that the general structure of the nonequilibrium Feynman propagator for small
perturbations away from equilibrium should be

GFðk; xÞ ¼ G
ðeqÞ
F ðkÞ þG

ðneqÞ
F ðk; xÞ; G

ðneqÞ
F ðk; xÞ ¼ Gð1Þ

F ðk; xÞ þGð2Þ
F ðk; xÞ þ � � � þGðnÞ

F ðk; xÞ þ � � � ;
G

ðeqÞ
F ðkÞ ¼ ðnBEð!Þ þ 1ÞGðeqÞ

R ðkÞ � nBEð!ÞGðeqÞ
A ðkÞ;

Gð1Þ
F ðk; xÞ ¼ iGð1Þ

Kðk; xÞ þ ReGð1Þ
R ðk; xÞ;

¼
Z

d4k1f
ð1;0Þðk; k1; xÞðGðeqÞ

R ðk1Þ �GðeqÞ
A ðk1ÞÞ þ ðnBEð!Þ þ 1ÞGð1Þ

R ðk; xÞ

� nBEð!ÞGð1Þ
A ðk; xÞ: (30)

We have also used Aðk; xÞ ¼ �2 ImGRðk; xÞ and GR � ðk; xÞ ¼ GAðk; xÞ above. Similarly, from Eq. (29), we can derive
that

AYAN MUKHOPADHYAY PHYSICAL REVIEW D 87, 066004 (2013)

066004-8



Gð2Þ
F ðk; xÞ ¼ �

Z
d4k1d

4k2f
ð2;0;0Þðk; k1; k2; xÞðGðeqÞ

R ðk1Þ �G
ðeqÞ
A ðk1ÞÞðGðeqÞ

R ðk2Þ �G
ðeqÞ
A ðk2ÞÞ

�
Z

d4k1d
4k2d

4x1f
ð2;1;0Þðk; k1; k2; x; x1ÞðGð1Þ

R ðk1; x1Þ �Gð1Þ
A ðk1; x1ÞÞðGðeqÞ

R ðk2Þ �GðeqÞ
A ðk2ÞÞ

þ
Z

d4k1d
4x1f

ð2;1Þðk; k1; x; x1ÞðGð1Þ
R ðk1; x1Þ �Gð1Þ

A ðk1; x1ÞÞ þ ðnBEð!Þ þ 1ÞGð2Þ
R ðk; xÞ � nBEð!ÞGð2Þ

A ðk; xÞ; etc:
(31)

We note that with the explicit form of the fluctuation-dissipation relation in Eq. (27), we can write any nonequilibrium
Green’s function as a functional of the nonequilibrium retarded Green’s function. As the Wigner-transformed advanced
Green’s function can be obtained from the Wigner-transformed retarded Green’s function simply by complex conjugation,
an alternative representation is a weighted sum of the nonequilibrium retarded and advanced Green’s functions, where the
weights are specified by the nonequilibrium fluctuation-dissipation relation.

Thus, any nonequilibrium Green’s functionGðk; xÞ should have the following structure in the linearized approximation:

Gðk; xÞ ¼ GðeqÞðkÞ þGðneqÞðk; xÞ; GðneqÞðk; xÞ ¼ Gð1Þðk; xÞ þGð2Þðk; xÞ þ � � � þGðnÞðk; xÞ þ � � � ;
GðeqÞðkÞ ¼ f

ðeqÞ
R ð!ÞGðeqÞ

R ðkÞ þ f
ðeqÞ
A ðkÞGðeqÞ

A ðkÞ;
Gð1Þðk; xÞ ¼

Z
d4k1ðfð1;0ÞR ðk; k1; xÞGðeqÞ

R ðk1Þ þ fð1;0ÞA ðk; k1; xÞGðeqÞ
A ðk1ÞÞ þ f

ðeqÞ
R ð!ÞGð1Þ

R ðk; xÞ þ fð1ÞA ðkÞGð1Þ
A ðk; xÞ;

(32)

where f
ðeqÞ
R;A should be determined by the equilibrium fluctuation-dissipation relation and fð1;0ÞR;A should be determined by

fð1;0Þ in the nonequilibrium fluctuation-dissipation relation [Eq. (27)]. Similarly,

Gð2Þðk; xÞ ¼
Z

d4k1d
4k2ðfð2;0;0ÞRR ðk; k1; k2; xÞGðeqÞ

R ðk1ÞGðeqÞ
R ðk2Þ þ fð2;0;0ÞRA ðk; k1; k2; xÞGðeqÞ

R ðk1ÞGðeqÞ
A ðk2Þ

þ fð2;0;0ÞAR ðk; k1; k2; xÞGðeqÞ
A ðk1ÞGðeqÞ

R ðk2Þ þ fð2;0;0ÞAA ðk; k1; k2; xÞGðeqÞ
A ðk1ÞGðeqÞ

A ðk2ÞÞ
þ

Z
d4k1d

4k2d
4x1ðfð2;1;0ÞRR ðk; k1; k2; x; x1ÞGð1Þ

R ðk1; x1ÞGðeqÞ
R ðk2Þ þ fð2;1;0ÞRA ðk; k1; k2; x; x1ÞGð1Þ

R ðk1; x1ÞGðeqÞ
A ðk2Þ

þ fð2;1;0ÞAR ðk; k1; k2; x; x1ÞGð1Þ
A ðk1; x1ÞGðeqÞ

R ðk2Þ þ fð2;1;0ÞAA ðk; k1; k2; x; x1ÞGð1Þ
A ðk1; x1ÞGðeqÞ

A ðk2ÞÞ
þ

Z
d4k1d

4x1ðfð2;1;0ÞR ðk; k1; x; x1ÞGð1Þ
R ðk1; x1Þ þ fð2;1;0ÞA ðk; k1; x; x1ÞGð1Þ

A ðk1; x1ÞÞ þ f
ðeqÞ
R ð!ÞGð2Þ

R ðk; xÞ

þ fðeqÞA ðkÞGð2Þ
A ðk; xÞÞ; etc: (33)

Above, ‘‘fð2;0;0ÞRR , etc.’’ should be determined from ‘‘fð2;0;0Þ,
etc.’’ in Eq. (29). We will find the above form of the
nonequilibrium Green’s functions useful for their holo-
graphic determination.

III. NONEQUILIBRIUM GEOMETRIES
AND THE REAL SCALAR FIELD

In this section, we will first review the geometries which
capture basic nonequilibrium processes like hydrodynam-
ics and relaxation in the dual theory. Then we will study
how the solution of a free massive real scalar field can be
perturbatively obtained in these geometries. This real sca-
lar field will be dual to a condensate—for instance, the
chiral condensate of QCD. Finally, we will determine
which solutions of the bulk scalar field are regular at the
horizon. We will show that the nonequilibrium corrections
to the equilibrium solutions are unique and determined by
boundary conditions at the horizon which can be stated in a

background independent manner, i.e., independently of the
details of the dual nonequilibrium state, in the regime of
validity of perturbation theory.
Most of this section is a review of the results of our

previous works [13,20,21]. The only new element that we
introduce is a careful study of complex conjugation prop-
erties of various terms, leading to the background metric
and solution of the bulk scalar field being real.

A. Holographic description of nonequilibrium states

The solutions of Einstein’s vacuum gravity with a nega-
tive cosmological constant, which settle down to black
holes with regular future horizons, holographically depict
many fundamental nonequilibrium processes. Each such
solution maps to a nonequilibrium state via gauge/gravity
duality at strong coupling and large N. Each such nonequi-
librium state can be characterized by the expectation
value of the energy-momentum tensor alone, because this
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completely determines the dual solution in gravity, which
is a regular perturbation of anti–de Sitter black brane [22].

Conceptually, these states are similar to certain special
solutions of the Boltzmann equation called conservative
solutions, which are completely determined by the energy-
momentum tensor [20]. This is only a conceptual similar-
ity, because the Boltzmann equation is valid only in the
weak coupling regime. Nevertheless, it is seen that one can
systematically construct phenomenological equations for
the energy-momentum tensor, and any solution of these
phenomenological equations can be lifted to a full solution
of the Boltzmann equation. Thus, such conservative
solutions give a systematic approach to obtaining the phe-
nomenology of irreversible processes in terms of energy-
momentum tensor alone. At long times, such solutions can
be approximated by purely hydrodynamic solutions of
the Boltzmann equation, known as normal solutions [23]
in literature. These normal solutions are thus special con-
servative solutions and allow us to compute linear and
nonlinear hydrodynamic transport coefficients at weak
coupling and dilute densities when the Boltzmann approxi-
mation is valid.8

In the case of gravity, one can also systematically
construct phenomenological equations involving the
energy-momentum tensor alone, which when satisfied
implies that the corresponding solution in gravity should
have a regular future horizon [20,21,25]. Just like in the
case of the Boltzmann equation, these phenomenological
equations can be expanded perturbatively in the derivative
(hydrodynamic) and amplitude (nonhydrodynamic) expan-
sion parameters as reviewed in Appendix B. These equa-
tions have the most general structure valid in any field
theory when the quantum corrections to the Boltzmann
equation are considered. Also, the values of phenomeno-
logical parameters are different at strong coupling.

At long times, all regular perturbations of anti–de Sitter
black branes become purely hydrodynamic. In such cases,
the metric can be constructed by the now well-known fluid/
gravity correspondence [9,26–28].

This hydrodynamic limit is also a natural consequence
of the phenomenological equations which admit purely
hydrodynamic solutions [20,21,25]. The phenomenologi-
cal equations, however, also describe other nonequilibrium
processes like decoherence and relaxation.

Another special class of solutions to these phenomeno-
logical equations describes homogeneous relaxation [21].
In this case, it has been explicitly proved that the future
horizon in corresponding solutions in gravity is indeed
regular, as outlined in Appendix B.

In this paper, for illustrative purposes we will use
two basic examples. The first example is that of the

five-dimensional anti–de Sitter black brane perturbed by
a hydrodynamic shear mode. The corresponding metric is9

ds2 ¼ l2

r2
dr2

fðrr0
l2
Þ þ

l2

r2

�
�f

�
rr0
l2

�
dt2 þ dx2 þ dy2 þ dz2

�

� 2l2

r2

�
1� f

�
rr0
l2

��
�uiðkðhÞÞeikðhÞ�xe�

k2ðhÞ
4�Ttdtdxi

þ 2l2

r2

�
�i

l2

4r0
kðhÞi�ujðkðhÞÞeikðhÞ�xe�

k2ðhÞ
4�Tth

�
�
rr0
l2

�
dxidxj

�
þOð�2Þ; (34)

where

fðsÞ ¼ 1� s4; hðsÞ ¼ � ln ð1� s4Þ: (35)

The first line in Eq. (34) corresponds to the AdS5 black
brane at temperature T ¼ r0=ð�l2Þ, with l being the
asymptotic radius of curvature and l2=r0 being the radius
of the horizon. The second and third lines describe the
hydrodynamic perturbations. Here � is the derivative
expansion parameter, which is kðhÞ=T.
The corresponding energy-momentum tensor is

t�� ¼ diagð�; p; p; pÞ � i�ðkðhÞi�uðkðhÞÞj
þ kðhÞj�uðkðhÞÞiÞeikðhÞ�xe�

k2ðhÞ
4�Tt þOð�2Þ; (36)

where

� ¼ 3p ¼ 3r40
2�2l5

; � ¼ r30
2�2l3

: (37)

Above, � and p are the thermal energy density and
pressure, and � is the shear viscosity satisfying �=s ¼
1=4� (applying standard thermodynamic relations to
determine the entropy density s). Also, �2 is given by
�2 ¼ ð8�GNÞ�1, where GN is the five-dimensional
Newton’s constant.
The conservation of the energy-momentum tensor is

required for Eq. (34) to be a solution of Einstein’s vacuum
equations. In fact, this follows from the vector constraint of
Einstein’s equations. The conservation of the energy-
momentum tensor yields the Navier-Stokes equation. The
latter implies that the velocity perturbation �uðkðhÞÞ is

transverse, i.e.,

�uðkðhÞÞ � kðhÞ ¼ 0: (38)

The above procedure can be extended nonlinearly to yield
higher-derivative [27,28] and nonlinear corrections [28] to
the Navier-Stokes equations.
The second example will be that of homogeneous

relaxation. The energy-momentum tensor for homogene-
ous relaxation takes the following form:

8Indeed, such an approach is also valid for non-Abelian gauge
theories, like quantum chromodynamics (QCD) at temperatures
higher then the confining scale �QCD and low baryon densities
[24].

9One can readily construct this metric using the methods of
Ref. [22].
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t�� ¼ diagð�; p; p; pÞ þ �ðnhÞ
ij ðtÞ: (39)

It is easy to see that the above energy-momentum tensor is

conserved for any �ðnhÞ
ij ðtÞ. In the case of a conformal field

theory, we further require that

�ðnhÞ
ij ðtÞ�ij ¼ 0: (40)

The above is also implied by the scalar constraint of
Einstein’s equations.

It is convenient to do a Fourier transform over time to

define �ðnhÞ
ij ð!ðnhÞÞ. The corresponding metric up to linear

order in �ðnhÞ
ij ð!ðnhÞÞ is [21]

ds2 ¼ l2

r2
dr2

fðrr0
l2
Þ þ

l2

r2

�
�f

�
rr0
l2

�
dt2 þ dx2 þ dy2

�

þ 2l2

r2

�
�ðnhÞ

ij ð!ðnhÞÞ~h
�
rr0
l2

; !ðnhÞ
�
dxidxj

�
þOð�2Þ;

(41)

with � being the nonhydrodynamic amplitude expansion

parameter, �ðnhÞ
ij =p. Furthermore, ~hðs; !ðnhÞÞ follows the

equation of motion:

d2 ~hðs;!ðnhÞÞ
ds2

�
ð2þ ð1þ 3

r4�
r4
0

Þs3 � 6
r4�
r4
0

s4Þ
sfðsÞ

d~hðs; !ðnhÞÞ
ds

þ!2
ðnhÞl

4

r20

�
1

f2ðsÞ
�
~hðs;!ðnhÞÞ ¼ 0; (42)

such that

~hðs; !ðnhÞÞ ¼ s3 þOðs4Þ as s ! 0: (43)

This uniquely defines ~h.
It can be shown that Eq. (41) is regular at the horizon,

provided �ðnhÞ
ij ð!ðnhÞÞ has simple poles in !ðnhÞ exactly at

the location of the homogeneous quasinormal modes [21].
These quasinormal frequencies have both real and imagi-
nary parts, and unlike hydrodynamic modes, both of these
are large, i.e., OðTÞ. In case of the AdS5 black brane, these
are known to be [29]

!ðnÞ� ¼ �T½�1:2139� 0:7775i� 2nð1� iÞ�;
for large n: (44)

This follows from the general phenomenological equations
(see Appendix B).

The above analysis can be readily extended nonlinearly

in the amplitude parameter �ðnhÞ
ij =p, but we need to sum

over all time derivatives at each order in the amplitude
expansion to see manifest regularity (see Appendix B).
This is because the time derivatives of these modes are
large, i.e., OðTÞ. This is usual for nonhydrodynamic
relaxation modes even close to equilibrium.

The general phenomenological equations as discussed in
Appendix B have covariant form. In our examples, we have
written them in the laboratory frame, where the final
equilibrium configuration is at rest. This is useful from
the point of view of comparing our results for Green’s
functions with experiments.
The derivative and amplitude expansions in the laboratory

frame are as follows: The derivative expansion will count
powers of kðbÞ=T, where kðbÞ will be the momentum of the

background quasinormal mode. It will be useful also to
consider the quasinormal modes off shell (and impose the
on-shell condition later). In that case, the derivative expan-
sion will also count powers of !ðhÞ=T, with !ðhÞ being real

and the frequency of the hydrodynamic quasinormal modes
without the dispersion relation imposed. For a generic qua-
sinormal mode, the off-shell frequency will be denoted by
!ðbÞ. The amplitude expansion will count powers of �u,

�T=TðeqÞ and�ðnhÞ
ij =pðeqÞ, with all powers of!ðbÞ=T summed

up at each order for nonhydrodynamic modes.

B. The scalar field in nonequilibrium geometries

Here we will study the free real scalar field in the
background of nonequilibrium geometries as described
above. This real scalar field will be dual to an
appropriate-order parameter like the chiral condensate in
the field theory. The typical temperature of the nonequili-
birum state will be above that of symmetry restoration.
Thus, the chiral condensate will have no expectation value.
Furthermore, the chemical potentials will be assumed to
be small, so the flavor and baryon currents can be ne-
glected. These conditions are indeed valid for the quark-
gluon plasma produced by heavy-ion collisions at the
Relativistic Heavy-Ion Collider (RHIC) in Brookhaven
and at A Large Ion Collider Experiment (ALICE) at CERN.
Thus, our nonequilibrium backgrounds can be modeled

by the regular perturbations of AdS black branes in
Einstein’s vacuum gravity. As we are interested in the
two-point correlations in these nonequilibrium geometries,
we can ignore the backreaction of the scalar field, which
will contribute only to higher-point correlations.
It is convenient to Fourier transform the dependence on

the boundary coordinates. We first need to do this for the
background metric.
Let us take the example of the hydrodynamic shear

mode perturbation discussed before for concreteness.
As is evident from Eq. (34), to achieve this, we need to
Fourier transform the velocity perturbation �u. We have
already done the Fourier transform in the boundary spatial
coordinates, but we have not done the Fourier transform of
the time dependence yet.
The Fourier transform of �uðx; tÞ can be defined as [13]

�uðkðhÞ; !ðhÞÞ ¼ �
�

1

2�i

�
�uðkðhÞÞ

!ðhÞ þ i
k2
ðhÞ

4�T

; (45)

NONEQUILIBRIUM FLUCTUATION-DISSIPATION . . . PHYSICAL REVIEW D 87, 066004 (2013)

066004-11



such that �u�ðkðhÞÞ ¼ �uð�kðhÞÞ. If we integrate !ðhÞ over
the real line and then close it in with the semicircle at
infinity in the lower half plane, as shown in Fig. 2, we find
that

Z
C
d!ðhÞ�uðkðhÞ; !ðhÞÞeikðhÞ�xe�i!ðhÞt

¼ �uðkðhÞÞeikðhÞ�xe�
k2ðhÞ
4�Tt: (46)

Similarly, in the case of the homogeneous perturbation

given by Eq. (41), we can write �ðnhÞ
ij ð!ðnhÞÞ as

�ðnhÞ
ij ð!ðnhÞÞ ¼ � X1

n¼0

X
þ;�

�
1

2�i

�
aðnÞij

!ðnhÞ �!ðnÞ�
; (47)

where aðnÞij are constants satisfying aðnÞij�ij ¼ 0, and

!ðnÞ� satisfies Eq. (44).

This can be generalized to any quasinormal mode, which
can also be represented as a solution of the linearized
phenomenological equations. The dispersion relation of
any quasinormal mode can be written as

!ðbÞ�ðkðbÞÞ ¼ �Re!ðbÞðkðbÞÞ þ i Im!ðbÞðkðbÞÞ;
Im!ðbÞðkðbÞÞ< 0: (48)

This gives rise to a complex pole in the Fourier-transformed

�uð!ðbÞ;kðbÞÞ, �Tð!ðbÞ;kðbÞÞ, �ðnhÞ
ij ð!ðbÞ;kðbÞÞ, as below:

�uðkðbÞ; !ðbÞÞ ¼ �
�

1

2�i

�
�u�ðkðbÞÞ

!ðbÞ � Re!ðbÞðkðbÞÞ þ iIm!ðbÞðkðbÞÞ ;

�TðkðbÞ; !ðbÞÞ ¼ �
�

1

2�i

�
�T�ðkðbÞÞ

!ðbÞ � Re!ðbÞðkðbÞÞ þ iIm!ðbÞðkðbÞÞ ;

�ðnhÞ
ij ðkðbÞ; !ðbÞÞ ¼ �

�
1

2�i

�
aij�ðkðbÞÞ

!ðbÞ � Re!ðbÞðkðbÞÞ þ iIm!ðbÞðkðbÞÞ ;

aij�ðkðbÞÞ�ij ¼ 0:

(49)

We will denote the frequency and momentum of the
background perturbation as !ðbÞ and kðbÞ, respectively, to
distinguish them clearly from those of the scalar field,
which will be denoted by ! and k. Note that both !ðbÞ
and ! are real by definition.

The metric is real, and so are �uðx; tÞ, �Tðx; tÞ and

�ðnhÞ
ij ðx; tÞ. So we need to consider a pair of modes which

are complex conjugates to each other. The complex con-
jugation involves a subtlety which has not been mentioned
in our earlier work. It involves

(1) Reversing the sign of kðbÞ and !ðbÞ, as (for example)

we can see readily from Eq. (45) that

�uð�kðhÞ;�!ðhÞÞ ¼
�

1

2�i

�
�uð�kðhÞÞ
!ðhÞ � i

k2
ðhÞ

4�T

¼
�

1

2�i

�
�u � ðkðhÞÞ
!ðhÞ þ i

k2
ðhÞ

4�T

¼ �u � ðkðhÞ; !ðhÞÞ: (50)

(2) Integration over !ðbÞ, which makes the mode on

shell, over the contour C� as shown in Fig. 3, which
goes over the real line and closes in the semicircle
over the upper half plane instead of the lower half
plane, as for example

Z
C�
d!ðhÞ�uð�kðhÞ;�!ðhÞÞe�ikðhÞ�xei!ðhÞt

¼ �uð�kðhÞÞe�ikðhÞ�xe�
k2ðhÞ
4�Tt

¼ �u � ðkðhÞÞe�ikðhÞ�xe�
k2ðhÞ
4�Tt: (51)

We note that the contour C� is a reflection of the original
contour C over the real line. It is necessary to integrate the
complex conjugates of Eq. (48) over C� so that the complex
conjugate modes also decay in the future. We readily see

FIG. 2 (color online). Contour for integration of !ðhÞ over C,
which picks the contribution from the pole in the lower half
plane.
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that we need to combine the two modes to produce a real
perturbation, as for example

Z
C
d!ðbÞ�uð!ðbÞ;kðbÞÞeikðbÞ�xe�i!ðbÞt

þ
Z
C�
d!ðbÞ�uð�!ðbÞ;�kðbÞÞe�ikðbÞ�xei!ðbÞt

¼ ð�uðkðbÞÞeikðbÞ�xe�iRe!ðbÞðkðbÞÞt

þ �uð�kðbÞÞe�ikðbÞ�xeiRe!ðbÞðkðbÞÞtÞeIm!ðbÞðkðbÞÞt (52)

for a general velocity perturbation �uðx; tÞ.
The free scalar field satisfies the usual equation of

motion in the nonequilibrium geometry, which is

ðhþm2Þ�ðr;x; tÞ ¼ 0: (53)

The d’Alembertian h, however, is that of the nonequilib-
rium geometry.

Let us first consider the case in which the perturbation of
the geometry away from the AdS black brane is linearized

in �u, �T and �ðnhÞ
ij . Let these background perturbations be

a sum of the specific mode given by the frequency!ðbÞ and
momentum kðbÞ as in Eq. (48) and its complex conjugate at

frequency �!ðbÞ and momentum �kðbÞ.
The profile of the scalar field can be constructed as

follows: Let us consider a specific mode of the scalar
field at a frequency ! and momentum k. Interacting with
the quasinormal modes in the background, new modes at
frequencies !�!ðbÞ and momenta k� kðbÞ will be

generated. So, in the linearized nonequilibrium back-
ground, the general solution of the scalar field will take
the form

�ðx; t; rÞ ¼ Að!;kÞ
�
�ðeqÞð!;k; rÞe�ið!t�k�xÞ

þ
Z
C
d!ðbÞ�ðneqÞð!;k; !ðbÞ;kðbÞ; rÞ

� e�iðð!þ!ðbÞÞt�ðkþkðbÞÞ�xÞ

þ
Z
C�
d!ðbÞ�ðneqÞð!;k;�!ðbÞ;�kðbÞ; rÞ

� e�iðð!�!ðbÞÞt�ðk�kðbÞÞ�xÞ
�
: (54)

We note the following points regarding the above equation:
(1) The nonequilibrium corrections given by

�ðneqÞð!;k;!ðbÞ;kðbÞ;rÞ and �ðneqÞð!;k;�!ðbÞ;
�kðbÞ;rÞ can be evaluated systematically in the

derivative and amplitude expansions.

(2) Both �ðneqÞð!;k; !ðbÞ;kðbÞ; rÞ and �ðneqÞð!;k;
�!ðbÞ;�kðbÞ; rÞ will be determined uniquely by

the boundary conditions at the horizon.
(3) We need to perform integrations over !ðbÞ using the

contour prescriptions described above so that the
background is on shell.

(4) The most general solution can be obtained as above
by simply superposing over different equilibrium
modes at !, k along with their unique nonequilib-
rium corrections, with an overall arbitrary coeffi-
cient Að!;kÞ.

As an explicit illustration, let us examine the profile of
the scalar field in the background metric [Eq. (34)] with a
hydrodynamic shear wave perturbation.
The equation of motion of the equilibrium part

�ðeqÞð!;kÞ is
ðhABB

!0;k0 þm2Þ�ð!0 �!Þ�2ðk0 � kÞ�ðeqÞð!;k; rÞ ¼ 0;

(55)

wherehABB
!;k is the Laplacian in the unperturbed AdS black

brane metric given by

l2hABB
!;k ¼ r2f

�
rr0
l2

�
@2r þ r

�
�2f

�
rr0
l2

�
þ rr0

l2
f0
�
rr0
l2

��
@r

þ r2
�

!2

fðrr0
l2
Þ � k2

�
: (56)

Above, f is the blackening function of the AdS Reissner-
Nordstorm black brane, which vanishes at the horizon
located at r ¼ l2=r0, and is as given in Eq. (35).
The equations of motion of the nonequilibrium parts of

the solution up to the first order in the derivative expansion
are

ðhABB
!0;k0 þm2Þ�ð!0 �!�!ðhÞÞ�3ðk0 �k�kðhÞÞ�ðneqÞð!;k;!ðhÞ;kðhÞ;rÞ¼Vð!;k;!ðhÞ;kðhÞ;rÞ�ðeqÞð!;k;rÞ;

ðhABB
!0;k0 þm2Þ�ð!0 �!þ!ðhÞÞ�3ðk0 �kþkðhÞÞ�ðneqÞð!;k;�!ðhÞ;�kðhÞ;rÞ¼Vð!;k;�!ðhÞ;�kðhÞ;rÞ; �ðeqÞð!;k;rÞ;

(57)

FIG. 3 (color online). Contour for integration of !ðhÞ over
C � , which picks the contribution from the pole in the upper
half plane.
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with

Vð!;k; !ðhÞ;kðhÞ; rÞ ¼ V1ð!;k; !ðhÞ;kðhÞ; rÞ þ V2ð!;k; !ðhÞ;kðhÞ; rÞ þOð�2Þ;

V1ð!;k; !ðhÞ;kðhÞ; rÞ ¼ 2r2

l2fðrr0
l2
Þ!

�
1� f

�
rr0
l2

��
�uð!ðhÞ;kðhÞÞ � k;

V2ð!;k; !ðhÞ;kðhÞ; rÞ ¼ i
r2

2r0
h

�
rr0
l2

�
kikjkðhÞi�ujð!ðhÞ;kðhÞÞ:

(58)

Above, hðrr0=l2Þ gives the hydrodynamic correction to the
background metric which is proportional to kðhÞi�uj þ
ði $ jÞ, and is as given in Eq. (35). Also, V has been
expanded up to first order in the derivative expansion
only, with the first term V1 depicting the contribution at
the zeroth order in the derivative expansion, and V2 depict-
ing the contribution at the first order in the derivative
expansion, respectively. Both are linear in �u, as we
have treated the background in the quasinormal mode
approximation. Note that the derivative expansion counts
only the order of appearance of hydrodynamic frequency
!ðhÞ and kðhÞ through derivatives of �u, while dependence
in ! and k should be treated exactly at each order.

As indicated in Eq. (54), we need to integrate!ðbÞ so that
the background metric is on shell. After this integration,
the profile of the scalar field is

�ðx; t; rÞ ¼ �ðeqÞð!;k; rÞe�ið!t�k�xÞ

þ ð�ðneqÞð!;k;kðhÞ; rÞe�i!teiðkþkðhÞÞ�x

þ�ðneqÞð!;k;�kðhÞ; rÞe�i!teiðk�kðhÞÞ�xÞe�
k2ðhÞ
4�Tt:

(59)

Above, �ðneqÞð!; k; kðhÞ; rÞ and �ðneqÞð!; k;�kðhÞ; rÞ
are the residues of �ðneqÞð!; k; !ðhÞ; kðhÞ; rÞ and

�ðneqÞð!;k;�!ðhÞ;�kðhÞ;rÞ at the poles !ðhÞ ¼
�ik2

ðhÞ=ð4�TÞ, respectively. The functions �ðneqÞð!;k;

!ðhÞ;kðhÞ; rÞ and �ðneqÞð!;k;�!ðhÞ;�kðhÞ; rÞ depend line-

arly on �uð!ðhÞ;kðhÞÞ and �uð�!ðhÞ;�kðhÞÞ, respectively,
through the V terms in Eq. (57). The contours C and C� pick
up the residues of the poles in �uð!ðhÞ;kðhÞÞ and

�uð�!ðhÞ;�kðhÞÞ in the upper and lower half planes,

respectively.

It follows that �ðneqÞð!;k;kðhÞ; rÞ takes the following

form up to first order in the derivative expansion:

�ðneqÞð!;k;kðhÞ; rÞ ¼ �ðneqÞ
1 ð!;k; rÞ�uðkðhÞÞ � k

þ�ðneqÞ
2 ð!;k; rÞkikjkðhÞi�ujðkðhÞÞ

þOð�2Þ: (60)

The similar expansion for�ðneqÞð!;k;�kðhÞ; rÞ is obtained
simply by reversing the sign of kðhÞ above.

The above procedure can be readily generalized when
the background metric is expanded nonlinearly in the

perturbations parametrized by �u, �T and �ðnhÞ
ij .

Let us focus on the case of the nonlinear hydrodynamic
background whose explicit forms can be found in the
literature. Let us consider the Laplacian when we take
into account quadratic dependence on two distinct velocity
perturbations �uðkðhÞÞ and �uðk0ðhÞÞ, for instance, at a given
order in the derivative expansionm (i.e., at themth order in
the hydrodynamic momentum). The solution for � will
receive a correction quadratic in the amplitude of velocity
perturbation, and at mth order in the derivative expansion,
this takes the form

�ð2;mÞðr; k; kðhÞ; k0ðhÞÞeiðkþkðhÞþk0ðhÞÞ�x þ ðkðhÞ ! �kðhÞÞ
þ ðk0ðhÞ ! �k0ðhÞÞ þ ðkðhÞ ! �kðhÞ; k0ðhÞ ! �k0ðhÞÞ: (61)

The radial dependence above can be determined by the
equation of motion:

hABB
k0 �3ðk0 � k� kðhÞ � k0ðhÞÞ�ð2;mÞðr; k0; kðhÞ; k0ðhÞÞ
¼ Sð2;mÞðr; k; kðhÞ; k0ðhÞÞ; (62)

where hABB
k is the Laplacian for a scalar with

four-momentum k in the unperturbed AdS5 black brane,

and Sð2;mÞ is the source term determined by the background
perturbation. For m ¼ 1, i.e., at first order in the derivative

expansion, the source term Sð2;1Þ can contain terms like

ðk � �uðkðhÞÞÞðkðhÞ � �uðk0ðhÞÞÞ�ðeqÞ, ðkðhÞ � �uðk0ðhÞÞÞ�ð1;0Þ,
etc. Finally, we need to integrate !ðhÞ and !0

ðhÞ over C or

C0 so that the background metric is taken on shell.
Thus, perturbatively, the solution of the scalar field in an

arbitrary background can be systematically expanded in
both the derivative and amplitude expansions.

C. The boundary conditions for regularity

The behavior of the general solution�ðeqÞð!;k; rÞ in the
equilibrium black brane background can be split into one
that is incoming at the horizon and another that is outgoing

at the horizon. The incoming mode �inðeqÞð!;k; rÞ can be

defined uniquely by its behavior near the horizon r ¼ l2

r0
as

below:

AYAN MUKHOPADHYAY PHYSICAL REVIEW D 87, 066004 (2013)

066004-14



�inðeqÞð!;k; rÞ �
�
1� rr0

l2

��i !
4�T
: (63)

The outgoing mode �outðeqÞð!;kÞ can be similarly defined
uniquely by its behavior near the horizon, given by

�outðeqÞð!;k; rÞ �
�
1� rr0

l2

�
i !
4�T
: (64)

Also,

�inðeqÞ � ð!;k; rÞ ¼ �inðeqÞð�!;�k; rÞ
¼ �outðeqÞð!;k; rÞ
¼ �outðeqÞ � ð�!;�k; rÞ: (65)

In fact, the effect of reversing the sign of k is trivial, as
the solution can only depend on its modulus due to the
rotational symmetry of the black brane background.

It is natural to include only the incoming solution when
!> 0, because it respects the causal structure of the black
brane, which forbids anything coming out of the horizon
classically. We can also follow Ref. [30] to argue that if
we keep both the incoming and outgoing modes, it will
cause a singular backreaction at the horizon. As we will be
considering quasinormal mode perturbations of the back-
ground metric which are incoming at the horizon, we
should exclude the outgoing solution of the scalar field to
prevent singular backreaction at the horizon. Thus, the
general solution at the zeroth order is

�ðeqÞð!;k; rÞ ¼ AinðeqÞð!;kÞ�inðeqÞð!;k; rÞ: (66)

Until the end of this subsection, we will assume !> 0.
Later, we will add a complex conjugate term necessary to
make the full solution real. This complex conjugate will
take care of the case !< 0.

In order to study the regularity of the nonequilibrium
solution, let us first examine the approximation where the
background metric perturbation is linearized in �u, �T and

�ðnhÞ
ij . In particular, let us study the case of the hydrody-

namic shear wave perturbation.
It is easy to see from Eq. (57) that the general form of the

nonequilibrium part of the solution can be written as

�ðneqÞð!;k; !ðhÞ;kðhÞ; rÞ
¼ AinðneqÞð!;k; !ðhÞ;kðhÞÞ�inðeqÞð!þ!ðhÞ;kþ kðhÞ; rÞ

þ AoutðneqÞð!;k; !ðhÞ;kðhÞÞ�inðeqÞð!þ!ðhÞ;kþ kðhÞ; rÞ
þ AinðeqÞð!;kÞ�inðneqÞð!;k; !ðhÞ;kðhÞ; rÞ
þ ð!ðhÞ ! �!ðhÞ;kðhÞ ! �!ðhÞÞ (67)

up to first order in the derivative expansion. The first two
lines above indicate the homogeneous solutions of Eq. (57),
but with ! now replaced by !þ!ðhÞ, and k replaced by

kþ kðhÞ. The coefficients of these homogeneous solutions,

AinðneqÞð!;!ðhÞ;k;kðhÞÞ and AoutðneqÞð!;!ðhÞ;k;kðhÞÞ,
respectively, have to be linear in �u and have a consistent
derivative expansion also. Their dependence on !ðhÞ
and kðhÞ can be expanded systematically in terms of rota-

tionally invariant scalars like �u � k, kikjkðhÞi�uj,
!ðhÞkikjkðhÞi�uj, etc. Up to first order in the derivative

expansion, only the first two scalars will appear. The co-
efficients of these scalars should be functions of ! and k
only, as the dependence on!ðhÞ and kðhÞ can be absorbed in
coefficients of the scalars appearing at higher orders in the
derivative expansion. Thus, up to first order in the deriva-
tive expansion, we should have

AinðneqÞð!;!ðhÞ;k;kðhÞÞ ¼ AinðneqÞ
1 ð!;kÞ�uð!ðhÞ;kðhÞÞ � kþ AinðneqÞ

2 ð!;kÞkikjkðhÞi�ujð!ðhÞ;kðhÞÞ þOð�2Þ;
AoutðneqÞð!;!ðhÞ;k;kðhÞÞ ¼ AoutðneqÞ

1 ð!;kÞ�uð!ðhÞ;kðhÞÞ � kþ AoutðneqÞ
2 ð!;kÞkikjkðhÞi�ujð!ðhÞ;kðhÞÞ þOð�2Þ:

(68)

We recall that for the hydrodynamic shear mode,
�u � kðhÞ ¼ 0, so there are no more possible terms up
to first order in kðhÞ. In Eq. (68) above, A

inðneqÞ
1 ð!;kÞ,

A
inðneqÞ
2 ð!;kÞ, A

outðneqÞ
1 ð!;kÞ and A

outðneqÞ
2 ð!;kÞ are

arbitrary.
The last line of Eq. (67) denotes the particular solution

determined completely by the perturbation of the back-
ground [Eq. (58)] and the zeroth-order solution [Eq. (66)]
as appearing on the right hand side of Eq. (57). There is no

new constant appearing here. �inðneqÞð!;k; !ðhÞ;kðhÞ; rÞ
is the particular solution sourced by �inðeqÞð!;k; rÞ and
can be thought of as the nonequilibrium correction
to the incoming mode. Its behavior at the horizon is
given by

�inðneqÞð!;k; !ðhÞ;kðhÞ; rÞ

� i2

�
�Tl2

r0

�
2 !�uð!;kðhÞÞ � k
ð2!þ!ðhÞÞ!ðhÞ

�
1� rr0

l2

��i !
4�T
: (69)

We observe that this particular solution is simply propor-
tional to the equilibrium incoming mode at the leading
order, and hence is regular at the horizon.
Just like in the case of equilibrium, we should discard

the outgoing solution to prevent potentially harmful back-
reaction. Therefore, we should choose

AoutðneqÞð!;k; !ðhÞ;kðhÞÞ ¼ 0;

i:e:; A
outðneqÞ
i ð!;kÞ ¼ 0; for i ¼ 1; 2; . . . : (70)
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We recall that, as in Eq. (54), we need to integrate over
!ðhÞ on the contour C given in Fig. 2. It is clear from the

form of AinðneqÞð!;k; !ðhÞ;kðhÞÞ in Eq. (68) that the pole in

the lower half plane of �uð!ðhÞ;kðhÞÞ as given by Eq. (45)

will produce a divergence at the horizon whose leading
term is

�
1� rr0

l2

��i !
4�T�

k2ðhÞ
16�2T2 : (71)

This can be readily seen from the behavior of the incoming

homogeneous solution �inðeqÞð!þ!ðhÞ;kþ kðhÞ; rÞ near

the horizon as given by Eq. (63), substituting !ðhÞ with its

on-shell value. To get rid of this divergence, we also need
to set

AinðneqÞð!;k; !ðhÞ;kðhÞÞ ¼ 0;

i:e:; A
inðneqÞ
i ð!;kÞ ¼ 0; for i ¼ 1; 2; . . . : (72)

Similarly, we can write the general solution for

�ðneqÞð!;k;�!ðhÞ;�kðhÞ; rÞ in Eq. (57) as a sum of homo-

geneous solutions given by �inðeqÞð!�!ðhÞ;k� kðhÞ; rÞ
and �outðeqÞð!�!ðhÞ;k� kðhÞ; rÞ with coefficients

AinðneqÞð!;�!ðhÞ;k;�kðhÞÞ and AoutðneqÞð!;�!ðhÞ;
k;�kðhÞÞ, respectively. These coefficients are arbitrary

but have a consistent derivative expansion as in Eq. (68).

The particular solution is AinðeqÞð!;kÞ�inðneqÞð!;k;�!ðhÞ;
�kðhÞ; rÞ with coefficient AinðeqÞð!;kÞ and

�outðneqÞð!;k;�!ðhÞ;�kðhÞ; rÞ, which is completely deter-

mined by the equilibrium solution and is regular at the
horizon.

Once again, we should set AoutðneqÞ to zero to prevent

harmful backreaction. We should also set AinðneqÞ to zero, as
the integration over the contour C� (see Fig. 3), as in
Eq. (54), will produce a leading divergence at the horizon
of the form shown in Eq. (71).

In a way, these boundary conditions for regularity are
also a consequence of reality constraints [Eq. (78)] which

relate AinðneqÞ to AoutðneqÞ. We note that as the background
metric is real, for every background ð!ðbÞ;kðbÞÞ quasinor-
mal mode, we need to include the complex conjugate
ð�!ðbÞ;�kðbÞÞ quasinormal mode. Thus, Eq. (78) tells

us that if the coefficients of the outgoing homogeneous
solutions are set to zero, so should be the coefficients of the
ingoing homogeneous solutions.

The particular solutions which remain are regular at
the horizon. Therefore, regularity at the horizon uniquely
determines the nonequilibrium correction to the profile of
the scalar field in the unperturbed black brane background.
The full solution is

Að!;kÞð�ðeqÞ
�
!;k; rÞe�ið!t�k�xÞ

þ
Z
C
d!ðhÞ�inðneqÞð!;k; !ðhÞ;kðhÞ; rÞ

� e�iðð!þ!ðhÞÞt�ðkþkðhÞÞ�xÞ

þ
Z
C�
d!ðhÞ�inðneqÞð!;k;�!ðhÞ;�kðhÞ; rÞ

� e�iðð!�!ðhÞÞt�ðk�kðhÞÞ�xÞ
�
: (73)

The above boundary conditions apply to all quasinormal
mode backgrounds. In each case, we need to set the coef-
ficient of the outgoing mode at the horizon to zero to
prevent harmful backreaction. Also, the coefficient of the
incoming mode should be set to zero; otherwise the !ðbÞ
integration will produce divergence at the horizon whose
leading term will take the form

�
1� rr0

l2

��i
ð!þRe!ðbÞ ðkðbÞÞÞ

4�T

�
1� rr0

l2

�Im!ðbÞðkðbÞ Þ
4�T

: (74)

The above is divergent, because for any quasinormal mode,
Im!ðbÞðkðbÞÞ< 0.
The particular solution is regular at the horizons in all

the instances checked so far. For instance, in the case of the
metric perturbed by the homogeneous relaxation mode in
Eq. (41), the particular solution vanishes at the horizon due
to factors like

�
1� rr0

l2

�
n
�
ln

�
1� rr0

l2

��
m
:

This particular solution gives the unique nonequilibrium
correction to the equilibrium solution. The full solution, as
in Eq. (73), has only one arbitrary constant, which is
Að!;kÞ.
The above boundary conditions are also valid when we

take into account the nonlinear dependence of the back-

ground metric on �u, �T and �ðnhÞ
ij .

Let us consider the case of the scalar field in the
nonlinear hydrodynamic background. In particular, let us
consider quadratic dependence on �u at mth order in the
derivative expansion. This nonequilibrium correction is

�ð2;mÞ, with the equation of motion given in Eq. (62).

Clearly, the general solution of �ð2;mÞ near the horizon
can again be separated into two homogeneous pieces—
the incoming and the outgoing modes—and a particular
piece which has no arbitrary integration constant and is

completely determined by the source term Sð2;mÞ. In order
to prevent harmful backreaction, we should set the coeffi-
cient of the outgoing mode to zero. Also, as discussed
before, the integration over the hydrodynamic frequencies
!ðhÞ and !0

ðhÞ will produce a divergence at the horizon

for the incoming mode, as (for instance) in the case
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above, with dependence on two hydrodynamic shear wave
background modes like

�
1� rr0

l2

��i !
4�T�

k2ðhÞ
16�2T2

�
k02ðhÞ

16�2T2
����

: (75)

Obviously, the coefficient of the incoming mode has to
depend on �uðkðhÞÞ and �uðk0

ðhÞÞ as required by the order

in the perturbation expansion, as in Eq. (68). The poles in
!ðhÞ and !0

ðhÞ, as in Eq. (45), produce the above divergent

behavior after integration over the contours C or C � . In a
consistent holographic setup, the particular solution should
be regular at the horizon.

Thus, the full solution of the scalar field in the nonequi-
librium background is undetermined only up to an overall
constant Að!;kÞ. This is because the equilibrium solution
�inð!;kÞ has a unique nonequilibrium correction which is
regular at the horizon.

We also note that for the full solution of �ðr;x; tÞ to be
real, we also need to superimpose �inðr;�!;�kÞ ¼
�outðr;!;kÞ with �inðr;!;kÞ. Note that the outgoing
boundary condition is indeed natural for the negative-
frequency modes. As long as there is CPT invariance in
the dual theory, the outgoing modewith negative frequency
is the natural CPT conjugate of the incoming mode with
positive frequency.

We also note that the nonequilibrium correction to
�inðr;�!;�kÞ is also the complex conjugate to the
nonequilibrium correction to �inðr;!;kÞ. In particular,
the corrections to �inðr;�!;�kÞ due to the background
quasinormal modes are complex conjugates to the correc-
tions to �inðr;�!;�kÞ due to the complex conjugated
quasinormal modes, i.e.,

�inðneqÞ � ðr; !;k; !ðbÞ;kðbÞ; !0
ðbÞ;k

0
ðbÞ; . . .Þ

¼ �inðneqÞðr;�!;�k;�!ðbÞ;�kðbÞ;�!0
ðbÞ;�k0

ðbÞ; . . .Þ:
(76)

As in the background perturbations, for every ð!ðbÞ;kðbÞÞ
mode there is the complex conjugate ð�!ðbÞ;�kðbÞÞmode;

the full nonequilibrium corrections of �inð!;kÞ and
�inð�!;�kÞ are complex conjugates of each other. We
can readily see that the complex conjugate is also regular at
the horizon.

Similarly,

�outðneqÞ � ðr;!;k;!ðbÞ;kðbÞ;!0
ðbÞ;k

0
ðbÞ; . . .Þ

¼�outðneqÞðr;�!;�k;�!ðbÞ;�kðbÞ;�!0
ðbÞ;�k0

ðbÞ; . . .Þ:
(77)

For the more general solution, which is not necessarily
regular at the horizon, we also need

AinðneqÞð!;k;!ðbÞ;kðbÞ;!0
ðbÞ;k

0
ðbÞ; . . .Þ

¼ AoutðneqÞð!;k;�!ðbÞ;�kðbÞ;�!0
ðbÞ;�k0

ðbÞ; . . .Þ (78)

for the solution to be real. We can readily see that these
imply specific relations between coefficients of the deriva-
tive expansion of both sides of the above equation. We can
also derive similar requirements at higher orders in the
amplitude expansion.

IV. BOUNDARY CONDITIONS AND
NONEQUILIBRIUM RESPONSE FUNCTIONS

In the previous section, we have studied the solution
of a free scalar field in a nonequilibrium geometry. These
geometries represent nonequilibrium states which are per-
turbatively connected to thermal equilibrium in the deriva-
tive and amplitude expansions. Utilizing these expansions,
we will now build a framework in which we can determine
the nonequilibrium corrections to the Green’s functions
holographically.

A. On the physical significance of the boundary
conditions at the horizon

We have seen in the previous section that the nonequi-
librium modification of the solution of the scalar field is
determined uniquely by regularity. We required the non-
equilibrium modes generated by the background quasinor-
mal modes to be regular at the horizon. This amounted to
putting both the boundary conditions at the horizon—
namely, setting the coefficient of the incoming and out-
going homogeneous solutions to zero.
We may wonder what is the physical significance of

putting both boundary conditions at the horizon in terms
of the dual field theory. This has been partly explored in
Ref. [13].
Firstly, we indeed expect that the external source will

receive nonequilibrium medium modifications just like the
expectation value of the operator. This is because the
external source as seen by the quasiparticles should be
screened by the nonequilibrium collective excitations of
the medium. Thus, the Dirichlet boundary condition is the
wrong thing to use for the nonequilibrium bulk modes, as
this would imply no such screening happens [13].
Secondly, the quasiparticle dispersion relation is

modified by the nonequilibrium collective excitations of
the medium. We know, for instance, that the mass of the
quasiparticles receives thermal contributions. Taking this
thermal mass into account is necessary for curing infrared
divergences in thermal field theory. In nonequilibrium field
theory, the effective mass is space-time dependent, which
is natural, given that the temperature is space-time depen-
dent as well. Furthermore, the effective mass can depend
on the velocity and shear-stress perturbations as well.
There is no systematic way to obtain the dependence
of the effective mass as a function of the background
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temperature, velocity and shear-stress perturbations in
nonequilibrium field theory.

Our holographic prescription gives a way to achieve
this. The quasiparticle dispersion relation in equilibrium

is obtained by solving for !ðeqÞðkÞ at a given k, such that

the external source satisfies J ðeqÞð!ðeqÞðkÞ;kÞ ¼ 0, the
latter being determined by the incoming boundary condi-
tion at the horizon. This can be readily generalized to
nonequilibrium to obtain the space-time-dependent shifts
of the quasiparticle dispersion relations as parametrized
by the background velocity, temperature and shear-stress
perturbations [13]. This is reviewed in Appendix C.

The shift in the effective mass should come from
the resummation of infrared divergences. As the infrared
physics is given by the dynamics of the horizon holograph-
ically, this indeed justifies why both the boundary condi-
tions for the nonequilibriummodes should be applied at the
horizon. Thus, we determine the nonequilibrium modifica-
tion of the source uniquely, and hence the space-time shifts
of the quasiparticle dispersion relations.

Building on this intuition, we can claim that the
dependence of the nonequilibrium contributions of the
Green’s functions on the temperature, velocity and
shear-stress perturbations characterizing the collective
excitations should also come from resumming infrared
divergences. Hence, we can build on the hypothesis that
the boundary conditions which will determine the nonequi-
librium contributions to the propagators should be applied
at the horizon.

Thus, we will examine general boundary conditions at
the horizon which need not lead to a regular solution in the
bulk. In the next subsection, we will study how the non-
equilibrium corrections to the external source and the
expectation value of the operator are parametrized by these
boundary conditions. Then, in the following subsection, we
will use linear response theory and field theoretic consis-
tency to determine the relevant boundary conditions for a
given nonequilibrium Green’s function.

We will find eventually that regularity at the horizon
determines all the nonequilibrium Green’s functions in the
holographic classical gravity approximation. In the final
subsection, we will return to nonequilibrium field theory to
intuitively understand this.

B. Nonequilibrium modifications of external
source and expectation value

For the moment, let us assume we have specified a pair
of boundary conditions at the horizon which need not give
a solution which is regular at the horizon. This means we

have made specific choices of AinðneqÞð!;k; !ðbÞ;kðbÞÞ and
AinðneqÞð!;k; !ðbÞ;kðbÞÞ, the coefficients of the two homo-

geneous solutions. Any such choice has to be consistent
with derivative and amplitude expansions. As, for instance,
in Eq. (68), this amounts to making arbitrary choices for

AinðneqÞ
i ð!;kÞ and AoutðneqÞ

i ð!;kÞ.
After such choices are made, the entire solution is

determined uniquely. We can readily determine the nor-
malizable and non-normalizable modes from the solution
by following its behavior at the boundary. The full non-
normalizable mode, which is the sum of the equilibrium
and nonequilibrium parts, is identified with the external
source coupling to the dual operator. Let us denote this as
J ðxÞ. The full normalizable mode is identified with the
expectation value of the dual operator in the dual state,
namely OðxÞ.
Thus, the equilibrium part of the source and the expec-

tation value of the operator can be obtained from the

behavior of �ðeqÞðk; rÞ near r ¼ 0, as given below:

�ðeqÞðk; rÞ � J ðeqÞðkÞr4�� þOðeqÞðkÞr�: (79)

In the above equation,� is the anomalous dimension of the
dual operator and is related to the mass of the bulk scalar
field by

� ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2l2

p
: (80)

The nonequilibrium corrections to the source and the ex-
pectation value of the operator in the dual nonequilibrium

state can be obtained from the behavior of �ðneqÞðk; kðbÞ; rÞ
and �ðneqÞðk;�kðbÞ; rÞ near r ¼ 0,

�ðneqÞðk;�kðbÞ; rÞ � J ðneqÞðk;�kðbÞÞr4��

þOðneqÞðk;�kðbÞÞr�: (81)

In the case of the hydrodynamic shear mode background, for
example, the nonequilibrium source and expectation value
take the following form, as can be seen from Eq. (67):

ðJ ;OÞðneqÞð!;k;�!ðhÞ;�kðhÞÞ ¼ AinðneqÞð!;k;�!ðhÞ;�kðhÞÞðJ ;OÞinðeqÞð!�!ðhÞ;k� kðhÞÞ
þ AoutðneqÞð!;k;�!ðhÞ;�kðhÞÞðJ ;OÞinðeqÞð!�!ðhÞ;k� kðhÞÞ
þ AinðeqÞð!;kÞðJ ;OÞinðneqÞð!;k;�!ðhÞ;�kðhÞÞ: (82)

In the above equation, ðJ ;OÞinðeqÞ;outðeqÞð!�!ðhÞ;k�
kðhÞÞ are obtained from asymptotic expansions of
�inðeqÞ;outðeqÞð!�!ðhÞ;k�kðhÞ;rÞ. Similarly, ðJ ;OÞinðneqÞ�
ð!;k;�!ðhÞ;�kðhÞÞ are obtained from the asymptotic ex-
pansions of �inðneqÞð!;k;�!ðhÞ;�kðhÞ; rÞ. We note that

�inðeqÞ;outðeqÞð!�!ðhÞ;k�kðhÞ;rÞ and�inðneqÞð!;k;�!ðhÞ;
�kðhÞ; rÞ are each solutions of the radial equation, and
therefore have the same asymptotic expansions.
Furthermore, using the specific form of the coefficients

AinðneqÞ;outðneqÞ as given in Eq. (68), it is easy to see that the
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nonequilibrium modifications of the external source and
the expectation value take the form

ðJ ;OÞðneqÞð!;�!ðhÞ;k;�kðhÞÞ
¼ ðJ ;OÞðneqÞ1 ð!;kÞ�uð�!ðhÞ;�kðhÞÞ �k
�ðJ ;OÞðneqÞ2 ð!;kÞkikjkðhÞi�ujð�!ðhÞ;�kðhÞÞþOð�2Þ;

(83)

with

ðJ ;OÞðneqÞi ð!;kÞ ¼ A
inðneqÞ
i ð!;kÞðJ ;OÞinðeqÞð!;kÞ

þ AoutðneqÞ
i ð!;kÞðJ ;OÞoutðeqÞð!;kÞ

þ ðJ ;OÞinðneqÞi ð!;kÞ: (84)

In this form, it is explicitly clear how the nonequilibrium
modifications of the source and the expectation value
depend on the boundary conditions at the horizon, namely

in the choice of AinðneqÞ;outðneqÞ
i ð!;kÞ.

The full space-time dependence of the source J ðxÞ and
the expectation value of the operator OðxÞ thus take the
form

ðJ ;OÞð!;k;x; tÞ
¼ ðJ ;OÞðeqÞð!;kÞeiðk�x�!tÞ

þ
Z
C
d!ðbÞðJ ;OÞðneqÞð!;k; !ðbÞ;kðbÞÞ

� eiððkþkðbÞÞ�x�ð!þ!ðbÞÞtÞ þ
Z
C�
d!ðbÞðJ ;OÞðneqÞ

� ð!;k;�!ðbÞ;�kðbÞÞeiððk�kðbÞÞ�x�ð!�!ðbÞÞtÞ: (85)

After the integrations over !ðbÞ required to take the

background on shell are done as above, we are left with
the residues at the poles of the quasinormal modes.
Therefore,

ðJ ;OÞð!;k;x; tÞ
¼ ðJ ;OÞðeqÞð!;kÞeiðk�x�!tÞ

þ ðJ ;OÞðneqÞð!;k;kðbÞÞeiððkþkðbÞÞ�xÞÞe�ið!þRe!ðbÞðkðbÞÞÞt

�e�Im!ðbÞðkðbÞÞtþðJ ;OÞðneqÞð!;k;�kðbÞÞeiððk�kðbÞÞ�xÞÞ

�e�ið!�Re!ðbÞðkðbÞÞÞte�Im!ðbÞðkðbÞÞt: (86)

Thus, in the case of the hydrodynamic shear mode back-
ground, we get

ðJ ;OÞð!;k;x; tÞ
¼ ðJ ;OÞðeqÞð!;kÞeiðk�x�!tÞ þ ðJ ;OÞðneqÞ

� ð!;k;kðhÞÞeiððkþkðhÞÞ�xÞÞe�i!te�
k2ðhÞ
4�Tt

þ ðJ ;OÞðneqÞð!;k;�kðhÞÞeiððk�kðhÞÞ�xÞÞe�i!te�
k2ðhÞ
4�Tt;

(87)

where

ðJ ;OÞðneqÞð!;k;�kðhÞÞ
¼ ðJ ;OÞðneqÞ1 ð!;kÞ�uð�kðhÞÞ � k� ðJ ;OÞðneqÞ2

� ð!;kÞkikjkðhÞi�ujð�kðhÞÞ þOð�2Þ; (88)

with ðJ ;OÞðneqÞi given by Eq. (84). Comparing Eqs. (83)
and (88), we see that we have extracted the residue of
�uð�!ðhÞ;�kðhÞÞ as given in Eq. (45) at the poles !ðhÞ ¼
�ik2

ðhÞ=ð4�TÞ. In general, ðJ ;OÞðneqÞð!;k;�kðbÞÞ will

take the form

ðJ ;OÞðneqÞð!;k;�kðbÞÞ
¼ AinðneqÞð!;k;�kðbÞÞðJ ;OÞinðeqÞð!;kÞ

þ AoutðneqÞð!;k;�kðbÞÞðJ ;OÞoutðeqÞð!;kÞ
þ ðJ ;OÞinðneqÞð!;k;�kðbÞÞ; (89)

with AinðneqÞ;outðneqÞ and ðJ ;OÞinðneqÞ having consistent
derivative and amplitude expansions. For instance,

AinðneqÞð!;k;kðbÞÞ ¼ AinðneqÞ
3 ð!;kÞ�ijðkðbÞÞkikj þ � � � .

The above discussion is readily generalized by including
nonlinearities in the dynamics of the nonequilibrium per-
turbations of the background. For instance, if we take into
account the quadratic dependence on two hydrodynamic
shear modes �uðkðhÞÞ and �uðk0

ðhÞÞ, the corrections will

take the form

ðJ ;OÞðneqÞð!;k;kðhÞ;k0
ðhÞÞeiðkðhÞþk0

ðhÞÞ�xe�i!te
�


k2ðhÞþk02ðhÞ

4�T

�
t

þ ðkðhÞ ! �kðhÞÞ þ ðk0
ðhÞ ! �k0

ðhÞÞ (90)

after doing integrations over !ðhÞ and !0
ðhÞ. Furthermore,

ðJ ;OÞðneqÞð!;k;kðhÞ;k0
ðhÞÞ

¼ ðJ ;OÞðneqÞ3 ð!;kÞð�uðkðhÞÞ �kÞð�uðk0
ðhÞÞ �kðhÞÞ þ � � �

(91)

at the first order in the derivative expansion. All these terms
are fixed uniquely in terms of the boundary conditions at
the horizon.
The general form of the nonequilibrium corrections to

source and expectation value as in Eq. (89) after including
nonlinear dynamics of the background involves

ðJ ;OÞðneqÞð!;k;�kðbÞ1; . . . ;�kðbÞnÞ
¼ AinðneqÞð!;k;�kðbÞ1; . . . ;�kðbÞnÞðJ ;OÞinðeqÞ

� ð!;kÞ þ AoutðneqÞð!;k;�kðbÞ1; . . . ;�kðbÞnÞ
� ðJ ;OÞoutðeqÞð!;kÞ þ ðJ ;OÞinðneqÞ
� ð!;k;�kðbÞ1; . . . ;�kðbÞnÞ; (92)

which will appear with a spatiotemporal factor
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eið�kðbÞ1�����kðbÞnÞ�xe�ið�Re!ðbÞ1ðkðbÞ1Þ�����Re!ðbÞnðkðbÞnÞÞt

� eð�Im!ðbÞ1ðkðbÞ1Þ�����Im!ðbÞnðkðbÞnÞÞt:

C. Mapping linear response to nonequilibrium
Green’s functions

There is a basic linear response to an external perturba-
tion in any physical system: the causal response. This
causal response gives the retarded Green’s function.

Holographically, the equilibrium causal response maps
to the incoming boundary condition at the horizon [17].
This is expected to be the case because it is the only
boundary condition that is consistent with the causal struc-
ture of the black hole, which forbids anything propagating
out of the horizon classically.

We have seen that the incoming equilibrium solution of
the bulk scalar field has a unique nonequilibrium correc-
tion which is regular at the horizon and is free of poten-
tially harmful backreaction at the future horizon. We need
regularity at the horizon to preserve the global causal
structure of the black brane. We recall that this nonequi-
librium solution which is regular at the horizon requires
very specific boundary conditions at the horizon. These
boundary conditions have been determined even after in-
cluding nonlinearities in the dynamics of the perturbations
of the background quasinormal modes.

Furthermore, this nonequilibrium solution which is
regular at the future horizon uniquely determines the

nonequilibrium modifications to the external source and
the expectation value of the dual operator. It has been
proposed that it determines the nonequilibrium corrections
to the causal response, and therefore the nonequilibrium
retarded Green’s function [13].
The retarded Green’s function in any state is given by the

causal response in that state. Thus, the holographic non-
equilibrium retarded Green’s function is

GRðx1; t1;x2t2Þ ¼
Z

d!d3k
Oð!;k;x1; t1Þ
J ð!;k;x2; t2Þ : (93)

Let us go back to the linearized approximation when
the nonequilibrium perturbation in the background is given
by a single quasinormal mode, or a single relaxation mode
in the dual theory. In that case, the full spatiotemporal
forms of J and O above are as in Eq. (86). The boundary
conditions required for regularity at the horizon are
that the coefficients of the homogeneous solutions

AinðneqÞ;outðneqÞ should be set to zero, so that the nonequilib-
rium corrections to external source/expectation values are

given fully by ðJ ;OÞinðneqÞð!;k;�kðbÞÞ, respectively.
One can see that after performing the Wigner transform

(for intermediate steps, see Appendix D), the nonequilib-
rium retarded Green’s function takes the following
form [13]:

GRð!;k;x; tÞ ¼
Z

d!1

Z
d3k1G

ðeqÞ
R ð!1;k1Þ

�
�ð!�!1Þ�3ðk�k1Þ

� 1

2�i

�
Mð!1;k1;kðbÞÞ�3

�
k�k1 �

kðbÞ
2

�
1

ð!�!1 � Re!ðbÞðkðbÞÞ
2 � i

Im!ðbÞðkðbÞÞ
2 Þ

�N ð!1;k1;kðbÞÞ�3

�
k�k1 þ

kðbÞ
2

�
1

ð!�!1 þ Re!ðbÞðkðbÞÞ
2 þ i

Im!ðbÞðkðbÞÞÞ
2 Þ

�
eikðbÞ�xe�iRe!ðbÞðkðbÞÞteIm!ðbÞðkðbÞÞt

þ 1

2�i

�
Mð!1;k1;�kðbÞÞ�3

�
k�k1 þ

kðbÞ
2

�
1

ð!�!1 þ Re!ðbÞðkðbÞÞ
2 þ i

Im!ðbÞðkðbÞÞ
2 Þ

�N ð!1;k1;�kðbÞÞ�3

�
k�k1 �

kðbÞ
2

�
1

ð!�!1 � Re!ðbÞðkðbÞÞ
2 � i

Im!ðbÞðkðbÞÞ
2 Þ

�

� e�ikðbÞ�xeiRe!ðbÞðkðbÞÞteIm!ðbÞðkðbÞÞt
�
; (94)

with

GðeqÞ
R ð!;kÞ ¼ OðeqÞð!;kÞ

J ðeqÞð!;kÞ (95)

being the equilibrium retarded Green’s function and

Mð!1;k1;�kðbÞÞ ¼
OinðneqÞð!1;k1;�kðbÞÞ

OðeqÞð!1;k1Þ
; N ð!1;k1;kðbÞÞ ¼

J inðneqÞð!1;k1;�kðbÞÞ
J ðeqÞð!1;k1Þ

: (96)
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The complex conjugate mode corrections included
above needed for complete field-theoretic consistency
(see below) were not included in our earlier work [13].

The crucial elements to note are as follows:
(1) The nonequilibrium contributions involve two

pieces, spatiotemporally comoving with the back-
ground quasinormal modes at momenta �kðbÞ,
respectively.

(2) The nonequilibrium contributions to the equilibrium
retarded propagator at frequency ! and momentum
k involves a convolution with support at momenta
k� kðbÞ=2 and poles at frequencies !�
Re!ðbÞðkðbÞÞ=2� i Im!ðbÞðkðbÞÞ=2.

These features reflect the classical gravity approximation.
We will see how these generalize beyond the quasinormal-
mode approximation of the background.

Also note that as the nonequilibrium correction to the
equilibrium solution which is regular at the future horizon
is unique, the overall solution is undetermined up to
an overall multiplicative constant Að!;kÞ, as in Eq. (54).
This multiplicative constant Að!;kÞ cancels between the
numerator and denominator in Eq. (93). Therefore, the
nonequilibrium retarded Green’s function is uniquely de-
termined by this holographic prescription.

The advanced Green’s function should be naturally
related to the advanced response. Thus,

GAðx1; t1;x2; t2Þ ¼
Z

d!d3k
Oð!;k;x2; t2Þ
J ð!;k;x1; t1Þ : (97)

The above also follows from the definitions that
GAðx1; t1;x2; t2Þ ¼ GRðx2; t2;x1; t1Þ (for proof of the
latter, see Appendix A). For the holographic definition of
advanced response, bothO and J above must be evaluated
in the same nonequilibrium solution as in Eq. (93) in the
case of the retarded propagator, i.e., in the solution involv-
ing the unique correction to the equilibrium incoming
mode which is regular at the future horizon. Therefore,

O and J take the form, as in Eq. (86), with ðJ ;OÞðneqÞ ¼
ðJ ;OÞinðneqÞ.

From Appendix A, it follows that after the Wigner trans-
form, GAð!;k;x; tÞ ¼ GRð�!;�k;x; tÞ. Therefore,
GAð!;k;x; tÞ is given by Eq. (94) with ð!;kÞ replaced
by ð�!;�kÞ.

Also, GR � ðk; xÞ ¼ GAðk; xÞ, as proved in Appendix A.
This is also satisfied, as can be seen from Eq. (94),
using GAðk; xÞ ¼ GRð�k; xÞ. To do this, one first reverses
the sign of the integrated variables !1 and k1 and then
uses results from Sec. III C which imply that

ðJ ;OÞðeqÞ �ðkÞ¼ðJ ;OÞðeqÞð�kÞ and ðJ ;OÞinðneqÞ�ðk;kðbÞÞ¼
ðJ ;OÞinðneqÞð�k;�kðbÞÞ. Thus, our holographic prescrip-

tions for the nonequilibrium retarded and advanced propa-
gators pass important field-theoretic consistency tests.

At the beginning of this section, we have already
made the hypothesis that nonequilibrium Green’s functions
in the holographic classical gravity approximation should
be determined by appropriate boundary conditions at the
horizon. These boundary conditions should be determined
by the consistency of the map with field-theoretic
requirements.
In order to map a nonequilibrium Green’s function to

boundary conditions at the horizon, we start from the
gravity side. Consider an arbitrary solution of the bulk
scalar field in the nonequilibrium geometry which is
consistent with the derivative/amplitude expansions but
not necessarily regular at the horizon. This means that
the space-time profile of the source and expectation
value takes the form of Eq. (86), with the nonequilibrium
parts taking the general form of Eq. (89). We should

make a choice of both AinðneqÞð!;k;kðbÞÞ and

AoutðneqÞð!;k;kðbÞÞ to specify the solution uniquely. This

amounts to making choices of coefficients of AinðneqÞ
i ð!;kÞ

and AoutðneqÞ
i ð!;kÞ of terms like �uðkðbÞÞ � k,

�ðnhÞ
ij ðkðbÞÞkikj in their derivative/amplitude expansions,

as in Eq. (68).
The most well-defined response functions on the gravity

side are the causal and advanced response functions. Let us
consider the following response function evaluated in an
arbitrary nonequilibrium solution:

Gðx1; x2Þ ¼
Z

d!d3k

�
f
ðeqÞ
R ð!ÞOð!;k;x1; t1Þ

Jð!;k;x2; t2Þ
þ f

ðeqÞ
A ð!ÞOð!;k;x2; t2Þ

Jð!;k;x1; t1Þ
�
: (98)

Physically, the boundary conditions given by the choice

of AinðneqÞð!;k;kðbÞÞ and AoutðneqÞð!;k;kðbÞÞ can be inter-

preted as follows: The full response function above at
equilibrium is the sum of the causal response with weight

f
ðeqÞ
R ð!Þ and the advanced response with weight f

ðeqÞ
A ð!Þ.

The boundary conditions AinðneqÞð!;k;kðbÞÞ and

AoutðneqÞð!;k;kðbÞÞ thus shift the weight of the nonequilib-
rium causal response and the nonequilibrium advanced
response in the total weighted sum, because individually
they are given by the boundary conditions

AinðneqÞð!;k;kðbÞÞ and AoutðneqÞð!;k;kðbÞÞ, which are set

to zero.
It is then easy to repeat the steps which lead from

Eqs. (93) to (94), as explicitly shown in Appendix D. We
find that Eq. (98) reproduces our general parametrization
of any nonequilibrium Green’s function as a weighted sum
of the retarded and advanced Green’s functions [Eq. (32)],
which is valid at the leading order in amplitude expansion,
with the identification
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fð1;0ÞR ð!;k; !1;k1;x; tÞ ¼ � fðeqÞR ð!Þ
2�i

�
~Mð!1;k1;kðbÞÞ�3

�
k� k1 �

kðbÞ
2

�
1

ð!�!1 � Re!ðbÞðkðbÞÞ
2 � i

Im!ðbÞðkðbÞÞ
2 Þ

þ ~N ð!1;k1;kðbÞÞ�3

�
k� k1 þ

kðbÞ
2

�
1

ð!�!1 þ Re!ðbÞðkðbÞÞ
2 þ i

Im!ðbÞðkðbÞÞÞ
2 Þ

�

� eikðbÞ�xe�i Re!ðbÞðkðbÞÞteIm!ðbÞðkðbÞÞt þ f
ðeqÞ
R ð!Þ
2�i

�
~Mð!1;k1;�kðbÞÞ�3

�
k� k1 þ

kðbÞ
2

�

� 1

ð!�!1 þ Re!ðbÞðkðbÞÞ
2 þ i

Im!ðbÞðkðbÞÞ
2 Þ

þ ~N ð!1;k1;�kðbÞÞ�3

�
k� k1 �

kðbÞ
2

�

� 1

ð!�!1 � Re!ðbÞðkðbÞÞ
2 � i

Im!ðbÞðkðbÞÞ
2 Þ

�
e�ikðbÞ�xei Re!ðbÞðkðbÞÞteIm!ðbÞðkðbÞÞt; (99)

where

~Mð!1;k1;�kðbÞÞ ¼
OðneqÞð!1;k1;�kðbÞÞ �OinðneqÞð!1;k1;�kðbÞÞ

OðeqÞð!1;k1Þ

¼ AinðneqÞð!1;k1;�kðbÞÞOinðeqÞð!1;k1Þ þ AoutðneqÞð!1;k1;�kðbÞÞOoutðeqÞð!1;k1Þ
OðeqÞð!1;k1Þ

;

~N ð!1;k1;�kðbÞÞ ¼
J ðneqÞð!1;k1;�kðbÞÞ � J inðneqÞð!1;k1;�kðbÞÞ

J ðeqÞð!1;k1Þ

¼ AinðneqÞð!1;k1;�kðbÞÞJ inðeqÞð!1;k1Þ þ AoutðneqÞð!1;k1;�kðbÞÞJ outðeqÞð!1;k1Þ
J ðeqÞð!1;k1Þ

(100)

Also, fð1;0ÞA ðk; k1; xÞ is given by the above Eqs. (99) and
(100) with f

ðeqÞ
R ð!Þ replaced by f

ðeqÞ
A ð!Þ and ð!;kÞ re-

placed by ð�!;�kÞ.
Thus, there is a map between between the parameters

fð1;0ÞR;A in the leading-order parametrization [Eq. (32)] of

nonequilibrium Green’s functions required for consistent
perturbation expansions, and the leading-order boundary

conditions AinðneqÞ;outðneqÞ for the nonequilibrium modes set

at the horizon. However, fð1;0ÞR;A should also satisfy other

field-theoretic requirements, aside from producing consis-
tent derivative and amplitude expansions.

Let us work this out explicitly for the nonequilibrium
Feynman propagator. In this case, we should set in the

gravity response function [Eq. (98)] fðeqÞR ð!Þ ¼ nBEð!Þ þ
1 and fðeqÞA ð!Þ ¼ fðeqÞR ð�!Þ ¼ �nBEð!Þ to reproduce the

equilibrium Feynman propagator.
The holographic nonequilibrium Feynman propagator

GFðx1; x2Þ is therefore given by

GFðx1; x2Þ ¼
Z

d!d3k

�
ðnBEð!Þ þ 1ÞOð!;k;x1; t1Þ

Jð!;k;x2; t2Þ
� nBEð!ÞOð!;k;x2; t2Þ

Jð!;k;x1; t1Þ
�
; (101)

with both J and O evaluated in a nonequilibrium solution

with boundary conditions given by AinðneqÞð!;k;kðbÞÞ and

AoutðneqÞð!;k;kðbÞÞ, both of which we should determine

now using field-theoretic consistency conditions.
Note that the holographic Feynman propagator

[Eq. (101)] is symmetric in x1 and x2 as required. This
can be seen by exchanging x1 and x2 while reversing the
signs of the integrated variables ! and k.
Let us now compare the holographic form of the non-

equilibrium Feynman propagator [Eq. (101)] with the pa-
rametrization [Eq. (30)] that yields consistent perturbative
expansions obtained earlier. Our comparison yields

fð1;0Þðk;k1;xÞ

¼�i
Z 1

�1
d!0

2�
P

�
fð1;0ÞR ðk;!0;k1;xÞþfð1;0ÞA ðk;!0;k1;xÞ

!0 �!1

�

�1

2
ðfð1;0ÞR ðk;k1;xÞ�fð1;0ÞA ðk;k1;xÞÞ; (102)

where fð1;0ÞR ðk; k1; xÞ is given by Eq. (99) with fðeqÞR ð!Þ ¼
nBEð!Þ þ 1, and fð1;0ÞA ðk; k1xÞ is also given by Eq. (99) with
fðeqÞR ð!Þ replaced by fðeqÞA ð!Þ ¼ fðeqÞR ð�!Þ ¼ �nBEð!Þ.
Also, P denotes the principal value.
For the case of the Feynman propagator, using Eq. (78)

and f
ðeqÞ
A ð!Þ ¼ f

ðeqÞ
R ð�!Þ, we find that

fð1;0ÞR ðk; k1; xÞ ¼ fð1;0ÞA ð�k;�k1; xÞ: (103)

We can now compare with the requirements in Eq. (28) to
obtain
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fð1;0ÞS ðk; k1; xÞ ¼ 0; fð1;0ÞA ðk; k1; xÞ ¼ fð1;0Þðk; k1; xÞ:
(104)

We recall that the above implies that the constraint of
symmetry in x1 and x2 is satisfied for the holographic
GFðx1; x2Þ, which is also evident in the defining form
[Eq. (101)].

There are two crucial field-theoretic requirements
in Eq. (28) which should be additionally satisfied in the

above identifications. These are that fð1;0ÞS ðk; k1; xÞ and

fð1;0ÞA ðk; k1; xÞ should be real. One can readily see from

Eq. (99) that it is impossible to satisfy these for all x unless

both fð1;0ÞR ðk; k1; xÞ and fð1;0ÞA ðk; k1; xÞ vanish identically.

The latter is possible only when AinðneqÞ and AoutðneqÞ are
both set to zero, giving the solution which is regular at the
horizon. This implies there are no nonequilibrium shifts in
the weights of the causal and advanced responses in
Eq. (101).

Thus, we have proved when the quasinormal approxi-
mation of the background is valid:

GFðk; xÞ ¼ ðnBEð!Þ þ 1ÞGRðk; xÞ � nBEð!ÞGAðk; xÞ:
(105)

This follows simply from Eq. (101), using boundary

conditions where AinðneqÞ and AoutðneqÞ are set to zero in
Eq. (101) and then performing a Wigner transform.

We can now go beyond the quasinormal mode approxi-
mation of the background. This means taking into account
nonlinearities in the dynamics of the hydrodynamic and
relaxational modes constituting the nonequilibrium state.

We note that Eq. (93) still gives the holographic retarded
Green’s function because it follows from linear response
theory—the expectation value and source are obtained
from the full nonequilibrium solution which depends non-
linearly on the nonequilibrium perturbations �u, �T and

�ðnhÞ
ij and is regular at the future horizon. We have dis-

cussed how we obtain this full nonequilibrium solution in
Sec. III C—namely we apply the same boundary condi-
tions which cut down both the homogeneous incoming and
outgoing solutions at each order in the amplitude perturba-
tion expansion.

The retarded response function depends nonlinearly on
each term in the perturbation expansion, though. Let us
denote ðnÞ as the order in the amplitude expansion; i.e., it
counts the total number of pertubation parameters �u, �T

and �ðnhÞ
ij as in Sec. III C. Then the retarded Green’s func-

tion up to nth order in the amplitude expansion is obtained
from

OðeqÞ þOð1Þ þ � � � þOðnÞ

J ðeqÞ þ J ð1Þ þ � � � þ J ðnÞ :

At the nth order we get not only OðnÞ=J ðnÞ but also

ðOð1Þ=J ð1ÞÞn. Above, we have suppressed the derivative

expansion, but it clear we can do a double expansion in
the derivatives and amplitudes of the background pertur-
bation close to equilibrium.
Similarly, the advanced Green’s function is given by

Eq. (97), but the expectation value and the source are
obtained from the full nonequilibrium solution which is
regular at the horizon. One can readily check that the full
holographic retarded and advanced propagators also satisfy
the relation GR � ðk; xÞ ¼ GAðk; xÞ by simply repeating the
same steps discussed earlier to all orders in the perturbation
expansion.
One can now map the holographic linear response

as given by Eq. (98) to a given nonequilibrium propagator.
In Eq. (98), we need to use appropriate boundary condi-
tions at the horizon instead of those fixed by regularity at
each order in the amplitude expansion. These boundary
conditions give the nonequilibrium shifts of the weight of
the retarded and advanced Green’s functions which con-
stitute the given nonequilibrium propagator.
It is also easy to see that, at the second order in

the amplitude expansion, we will obtain the same
structure [Eq. (33)] as we argued from field theory
from the holographic response [Eq. (98)]. Namely,

fð2;0;0ÞRR;RA;AR;AAðk; k1; k2; xÞ will depend on the boundary con-

ditions on the solutions �ð2;n;mÞ, where n and m denote the
order of the derivative expansion acting on each of the two
amplitude expansions. These are reflected by the boundary

conditions given by Að2;n;mÞinðneqÞðk;�kðbÞ1;�kðbÞ2Þ and

Að2;n;mÞoutðneqÞðk;�kðbÞ. We note that the reality constraints

[Eq. (78)] tell us there are exactly four independent bound-
ary conditions for the four independent parameters

fð2;0;0ÞRR;RA;AR;AAðk; k1; k2; xÞ. Without writing the detailed

expression for fð2;0;0ÞRR;RA;AR;AAðk; k1; k2; xÞ we can readily see

that, taking all orders in derivative expansion into account,
(1) The dependence on k is given by a sum of four

terms which get supported by �3ðk� k1 � k2 �
kðbÞ1 � kðbÞ2Þ, respectively.

(2) As functions of !, these terms have poles in !�
!1 �!2 �!ðkðbÞ1Þ �!ðkðbÞ2Þ, respectively, where
!ðkðbÞ1Þ and !ðkðbÞ2Þ are the complex dispersion

relations of the two quasinormal modes appearing
at the quadratic order.

(3) The space-time dependences are given by

eið�kðbÞ1�kðbÞ2Þ�xÞe�ið�!ðkðbÞ1Þ�!ðkðbÞ2ÞÞt, respectively.
One can similarly work out that fð2;1;0Þðk; k1; k2; x; x1Þ
are determined by Að1ÞinðneqÞ;outðneqÞðk; kðbÞÞ, the boundary

conditions appearing at the linear order in the amplitude
expansion.
We can now specialize to the holographic Feynman

propagator as given by Eq. (101). We can see that we
reproduce the general form [Eq. (31)] at the second order

in the amplitude expansion. We get fð2;0;0Þðk; k1; k2; xÞ simi-
larly from the boundary conditions at the quadratic order
and satisfy the properties listed above. Once again, these
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satisfy the symmetry requirements—but not the reality

constraints—at all x and t, unless both AinðneqÞðk;kðbÞ1;kðbÞ2Þ
and AoutðneqÞðk; kðbÞ1; kðbÞ2Þ are set to zero; thus, the solution

is taken to be exactly the same as given by regularity at the

horizon. Similarly, one can show that fð2;1;0Þðk; k1; k2; x; x1Þ
in Eq. (31) should also vanish. This result generalizes to
higher orders in the amplitude expansion.

Thus, we show that the holographic Feynman pro-
pagator is given by Eq. (105) to all orders in the amplitude
expansion. In other words, only the solution which is
regular at the horizon contributes in the linear response
[Eq. (101)] holographically in determining the nonequilib-
rium Feynman propagator.

Given that both the nonequilibrium retarded Green’s
function and the Feynman propagator are determined by
the regular solution, all nonequilibrium propagators are
also determined by the regular solution in the gravitational
response [Eq. (98)]. Thus, the boundary conditions which
determine the nonequilibrium corrections to the Green’s
functions are determined by regularity alone.

D. On why regularity at the horizon is sufficient

Our main result is that the regularity at the horizon and
the linear response theory together determine all the non-
equilibrum Green’s functions holographically. We can try
to understand the physical significance of this result in
terms of the dual field theory.

Clearly, the nonequilibrium dynamics of the expec-
tation value of the operator, as (for instance) the energy-
momentum tensor, is determined by regularity at the
horizon. Indeed, this is how hydrodynamic transport coef-
ficients are determined. In field theory, this is given by the
effective action �½O�, as discussed in Sec. II.

We recall from Sec. II A that the nonequilibrium evolu-
tion of the propagators is given by the effective action
�½O; G� evaluated over the Schwinger-Keldysh contour.
In Sec. II A we also showed that the effective action
�½O; G� can be obtained from �½O� applying functional
identities. Thus, we should require no new information to
determine the dynamics of nonequilibrium Green’s func-
tions other than those required to determine the nonequi-
librium evolution of the expectation value of the operator.

Holographically, this should imply that, just as regular-
ity at the horizon is a sufficient principle to determine the
nonequilibrium evolution of the expectation value of the
operator, it should be a sufficient principle to determine
the nonequilibrium Green’s functions also. Therefore, the
results of Sec. II A give a field-theoretic justification of the
holographic arguments advanced here.

V. THE HOLOGRAPHIC NONEQUILIBRIUM
FLUCTUATION-DISSIPATION RELATION

In the previous section, we have proved that the holo-
graphic nonequilibrium Feynman propagator is given by

Eq. (105). This result is true in nonequilibrium states close
to thermal equilibrium, or more precisely, in states pertur-
batively connected to equilibrium in derivative and ampli-
tude expansions. This result holds in the absence of any
external forces. Also, this result is valid even when the
nonlinearities in the dynamics of hydrodynamic and non-
hydrodynamic variables characterizing the nonequilibrium
state are taken into account.
From the holographic Feynman propagator [Eq. (105)],

one can readily obtain the nonequilibrium statistical func-
tion using Eq. (18). Thus, we obtain the holographic non-
equilibrium fluctuation-dissipation relation:

GKðk; xÞ ¼ ið2nBEð!Þ þ 1ÞImGRðk; xÞ
¼ �i

�
nBEð!Þ þ 1

2

�
Aðk; xÞ: (106)

We recall again that the Bose-Einstein distribution, nBEð!Þ
above, is determined by the temperature of final thermal
equilibrium. Thus, at long times we recover the usual
equilibrium fluctuation-dissipation relation.
We may wonder if this result is in contradiction with the

locality and causality of the dual field theory, because it
depends on the temperature of thermal equilibrium to be
attained in the future. This is not the case, for the following
reasons:
(1) The fluctuation-dissipation relation [Eq. (106)]

relates the Wigner-transformed statistical function
GKðk; xÞ and Aðk; xÞ. The Wigner transform in-
volves Fourier transform in the relative coordinate
x1 � x2 in both GKðx1; x2Þ and Aðx1; x2Þ. The
Fourier transform receives contributions from all
values of the relative coordinate x1 � x2; thus,
both GKðk; xÞ and Aðk; xÞ are nonlocal in space
and time by construction.

(2) The result [Eq. (106)] is true strictly in the absence
of external forces. In such situations, no energy is
being pumped in externally; therefore, the final
equilibrium temperature is fixed by the total energy
of the initial state. So there is no teleological adjust-
ment involved, as may naively appear to be the case.

Crucially, GKðk; xÞ andAðk; xÞ behave as local objects
in space-time typically at weak coupling. In this case, the
Kadanoff-Baym equations governing their evolution re-
duce approximately to a Boltzmann equation which is local
in space and time. At strong coupling, we do not expect this
to be the case; therefore, we have no reason to expect that
GKðk; xÞ and Aðk; xÞ will be related by local data. What
we find is that the total conserved energy in the laboratory
frame is sufficient to relate them—we do not need any
more details of the nonequilibrium state, provided the field
theory can be described holographically and the classical
gravity approximation with a minimally coupled bulk sca-
lar is valid. Individually, though, GKðk; xÞ and Aðk; xÞ
carry detailed information of the relaxational modes of the
system and their nonlinear dynamics.
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We also note that in the late equilibrium state where
our derivative and amplitude expansions are valid, the
background hydrodynamic and nonhydrodynamic varia-
bles satisfy generic phenomenological equations which
can be derived from classical gravity (for details, see
Appendix B). These phenomenological equations, just
like the Navier-Stokes equation, hold irrespectively of
initial conditions. The dual geometries have regular future
horizons. Nevertheless, we can expect that not all solutions
of these generic equations can be lifted to solutions in the
field theory. Only a class of dual nonequilibrium geome-
tries will also be regular in the past, and these will be
genuine solutions in field theory. However, regularity in
the past cannot be analyzed in perturbative derivative and
amplitude expansions. Thus, there will indeed be hidden

constraints in the initial conditions for �u, �T and �ðnhÞ
ij

coming from the requirement of regularity in the past.
Nevertheless, these do not affect our main conclusions, at
least for the large class of nonequilibrium states which
admit permit perturbative derivative and amplitude expan-
sions in the future.

We may also ask how this result may generalize to
higher-point nonequilibrium Green’s functions. To address
this, we have to study the backreaction of the scalar field on
the background geometry with an arbitrary external source
at the boundary. Regarding the generalization, we make the
following conjectures:

(1) In the classical gravity approximation, the
fully causal higher-point Green’s function �ðtn �
tn�1Þ . . . �ðt2 � t1Þh½OðxnÞ; ½Oðxn�1Þ; . . . ½Oðx2Þ;
Oðx1Þ� . . .��i can be determined from the regular
solution alone.

(2) The other higher-point Green’s functions can be
obtained from the causal higher-point function using
their general field-theoretic properties and the con-
sistency of their allowed forms with the classical
gravity approximation.

The first point above simply says that a regular future
horizon determines the full causal structure, and hence
the causal Green’s functions. The second point above gen-
eralizes our derivation of the holographic Feynman propa-
gator. This conjecture says that we do not need to construct
any partition function to obtain nonequilibrium correlation
functions—general dynamical principles should suffice to
determine them as in field theory. In future work, we would
like to test or prove this conjecture.

VI. DO OUR RESULTS SURVIVE STRINGY
CORRECTIONS TO CLASSICAL GRAVITY?

We will find here that we cannot certainly say that
our results will survive the stringy corrections which typi-

cally give 1=
ffiffiffiffi
	

p
corrections in the strong coupling limit as

a function of the dimensionless coupling 	. In gauge
theories, 	 is the ’t Hooft coupling.

Nevertheless, all of our conclusions generalize even if
there are stringy corrections in gravity dynamics (involving
higher orders in curvatures and their derivatives), provided
the scalar field dual to the operator is minimally coupled to
gravity. The latter is certainly not guaranteed, but could be
true in supersymmetric contexts.
Firstly, we will show that our prescriptions which give

solutions which are regular at the future horizon in the
nonequilibrium geometry indeed remain valid, as long as
the bulk scalar field is minimally coupled to gravity.
We observe that the structure of the homogeneous

incoming solution near the horizon can be determined
from geometric optics, if the bulk scalar field is minimally
coupled to gravity. We can certainly construct an appro-
priate function of r, which we denote as r�ðrÞ, such that the
incoming radial null geodesic at the horizon is

v ¼ t� r�ðrÞ:
Clearly, r�ðrÞ has to increase monotonically as r moves
towards the horizon because of blueshifting. The homoge-
neous incoming wave solution in the thermal background
by a quasinormal mode perturbation will always behave as

� e�ið!þ!ðbÞÞv

near the horizon at the leading order, as the geometrical
optics approximation is always good at the horizon due to
the blueshifting. Therefore, as long as thermal geometry is
stable, the integration over!ðbÞ, which we need to do to put
the metric on shell, will produce a divergent factor:

e�Im!ðbÞðkðbÞÞr�ðrÞ:

If the thermal background is stable, all its quasinormal
fluctuations should satisfy Im!ðbÞðkðbÞÞ< 0. Therefore,

the homogeneous incoming solution will always be diver-
gent at the horizon.
On the other hand, the argument that the outgoing modes

will cause divergent backreaction at the horizon is based on
analyticity in !—this remains true as long as the thermal
background is stable.
In any consistent classical gravity, the black brane dual

to the thermal background should be stable; thus, we need
to cut down both the homogeneous incoming and the out-
going modes for regularity at the horizon.
The chain of arguments determining nonequilibrium

propagators will similarly carry through all the way to
the nonequilibrium fluctuation-dissipation relation
[Eq. (106)]. This will be true, provided the black brane
does not support quasinormal modes where both the mo-
mentum and frequency could be imaginary, or where the
frequency/momentum is imaginary while the momentum/
frequency vanishes, respectively. One can check, if this
happens, the reality arguments which cut down other
boundary conditions to determine that nonequilibirum
propagators other than those required by regularity will
no longer hold.
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In fact, a quasinormal mode with imaginary momentum
at zero frequency will signify the existence of hair. Also,
a quasinormal mode with imaginary frequency at zero
momentum can be interpreted as a thermal tensorlike
Goldstone mode. The first situation is unlikely, as usually
black branes do not have hair. The second situation is
unlikely, as usually in field theories we do not have sponta-
neous breaking of Lorentz symmetry.

Even if the bulk scalar remains minimally coupled
taking stringy corrections into account, we still need
some care. Though the equations of motion may admit

systematic perturbative expansion in 1=
ffiffiffiffi
	

p
, all solutions

which thermalize to black branes need not admit such
expansion. Also, we cannot take the limit 	 ! 0 smoothly,
as in this limit curvature diverges asymptotically.
Therefore, we still need to be on the strong coupling side
for our results to generalize.

We may conclude that the nonequilibrium fluctuation-
dissipation relation [Eq. (106)] requires not only the
validity of the classical gravity approximation, but also
for the classical theory of gravity to be nearly Einstein’s
theory, and the bulk scalar field to be minimally coupled to
gravity.

VII. CONCLUDING REMARKS

The key points of this paper may be summarized as
follows:

(1) The holographic nonequilibrium spectral function
carries systematic information about the relaxation
modes of the system and their collective nonlinear
dynamics.

(2) The holographic prescription for obtaining the
nonequilibrium spectral function is independent of
the nonequilibrium state (i.e., the gravitational back-
ground) and is obtained by requiring regularity at
the horizon at strong coupling and large N.

(3) This holographic prescription should also hold in
any theory of classical gravity which has a stable
thermal background as a solution as long as the bulk
scalar dual to the bosonic operator is minimally
coupled to gravity.

(4) It is possible to map the parametrization of none-
quilibrium Green’s functions required for their con-
sistent derivative/amplitude expansions to linear
response functions in gravity using arbitrary bound-
ary conditions for the nonequilibrium modes.

(5) Field-theoretic consistency determines the holo-
graphic nonequilibrium Feynman propagator.

(6) From the holographic nonequilibriumFeynman propa-
gator, we obtain the nonequilibrium fluctuation-
dissipation relation.

(7) The holographic nonequilibrium fluctuation-
dissipation relation holds universally for any
nonequilibrium state at strong coupling in the clas-
sical gravity approximation and thus provides a

potentially strong test of the applicability of holo-
graphic duality.

Except for the first two points, all these have been derived
in this paper.
We may now discuss how the holographic scenario can

be tested at RHIC or ALICE. Our discussion will assume
that the plasma produced by the heavy-ion collision under-
goes three stages of evolution: (i) the initial phase, (ii) a
strongly coupled nearly conformal phase, and (iii) the final
hadron gas phase. The classical gravity approximation
studied here can only apply to the middle phase of
evolution. This picture is supported by lattice studies, as
in Ref. [31], where it was found that QCD is indeed
close to a strongly coupled fixed point at a scale of about
175 MeV (which is nearly the temperature of the
quark-gluon plasma produced at RHIC/ALICE) for small
chemical potentials. This is also consistent with the ob-
served incredibly short time of thermalization (� 1 fm=c)
[32,33].
We note that in the early stage of the ultrarelativistic

collisions, we may use perturbative QCD, which gives a
quantum kinetic theory involving quarks and gluons. In
this case, we may use models like that of Ref. [34]. Wemay
also use color glass condensate models where the 2PI
effective action technique has been used to obtain the
growth of fluctuations and correlations of various operators
[35]. In the late stage of expansion of the fireball, we can
use the ultrarelativistic quantum molecular dynamics
(UrQMD) simulations, which model the quantum kinetics
of the hadron gas [36]. The holographic fluctuation and
correlation of the chiral condensate needs to be matched
with the quantum kinetics of the early and late phases of
the expansion to obtain a complete picture that can be
tested experimentally.
In the holographic phase, we may use the gravitational

backgrounds provided by Einstein’s gravity with anti–de
Sitter boundary conditions to calculate the nonequilibrium
spectral function. The nonequilibrium spectral function
gives us a way to determine the collective nonlinear
dynamics of the relaxation modes and thus check if the
phenomenological equations obtained from gravity really
describe the space-time evolution of the fireball in the
strongly coupled phase. The latter can also be tested
independently by detailed measurement of the transverse
momentum spectra and elliptic flow coefficient of the
hadron gas. A mutual confirmation will be a strong test
for holography.
The nonequilibrium spectral function combined with the

nonequilibrium fluctuation-dissipation relation gives suffi-
cient data to match with correlations of the emission of
pions and their resonances in the later stage of expansion,
as pions and their resonances have the same quantum
numbers as the chiral condensate. Thus, we can build a
more sophisticated theory of pion interferometry to recon-
struct the expansion of the fireball and test the holographic
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nonequilibrium fluctuation-dissipation relation. As the
fluctuation-dissipation relation holds universally for any
nonequilibrium state in the classical gravity approxima-
tion, its validation will indeed be a very strong test for
holography.

In fact, it has been observed that statistical models using
pure thermal estimates work very well for predicting the
spectrum of hadrons produced from the fireball with the
temperature being set to the value at which the fireball
thermalizes [32,37]. This is surprising, given that the phase
transition does not occur adiabatically. This may already
hint that the holographic nonequilibrium fluctuation dis-
sipation relation is valid to a good accuracy.

The statistical function of the chiral condensate carries
direct information about the production of pions and their
resonances. Thus, a time-resolved study of the emission of
pions and their resonances will allow us to determine the
nonequilibrium statistical function once we know how to
match its evolution to the early and final phases.

A more refined time-resolved study of the correlations
of emitted pions and their resonances will allow deter-
mination of the nonequilibrium spectral function. This
also needs to be matched with the early and late stages of
evolution. Having thus determined the nonequilibrium sta-
tistical and spectral functions individually, we can check
the nonequilibrium fluctuation-dissipation relation.

The matching can be done by noting that in the
holographic phase, the nonequilibrium state, and also the
nonequilibrium spectral and statistical functions, can be
parametrized by a few nonequilibrium variables like the
hydryodynamic variables and the shear-stress tensor. These
variables represent the expectation value of a handful of
operators like the energy-momentum tensor. Thus, the
matching can be realized by tracking the evolution of these
operators. Some interesting progress has already been
made in this direction [38].

It thus looks possible that the holographic nonequilib-
rium fluctuation-dissipation relation can be tested in the
future in heavy-ion collisions. This may also lead to an
accurate experimental determination of the temperature at
which the plasma thermalizes.

It will be also interesting to understand how the
nonequilibrium fluctuation-dissipation relation can be
measured in order parameter correlations in quantum
critical systems.
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APPENDIX A: USEFUL IDENTITIES

1. Consequences of symmetry and transposition

Consider a Hermitian scalar operatorOðxÞ. The retarded
Green’s function for this operator is defined as

GRðx1; x2Þ ¼ �i�ðt1 � t2Þh½Oðx1Þ; Oðx2Þ�i: (A1)

The advanced Green’s function is defined as

GAðx1; x2Þ ¼ i�ðt2 � t1Þh½Oðx1Þ; Oðx2Þ�i: (A2)

It follows from the definitions that

GAðx1; x2Þ ¼ GRðx2; x1Þ: (A3)

We may also see that

GR � ðx1; x2Þ ¼GRðx1; x2Þ; GA � ðx1; x2Þ ¼GAðx1; x2Þ:
(A4)

Let us define the center-of-mass coordinate as x ¼
ðx1 þ x2Þ=2 and the relative coordinate as r ¼ x1 � x2.
The Wigner-transformed retarded and advanced Green’s
functions are

GR;Aðk; xÞ ¼
Z

d4reik�rGR;Aðx; rÞ: (A5)

It follows from Eq. (A3) that GAðx; rÞ ¼ GRðx;�rÞ. We
thus see that

GRð�k; xÞ ¼
Z

d4re�ik�rGRðx; rÞ

¼
Z

d4reik�rGRðx;�rÞ

¼
Z

d4reik�rGAðx; rÞ
¼ GAðk; xÞ: (A6)

In the second line above, we have changed variables from r
to �r.
Similarly, Eq. (A4) implies that GR � ðx; rÞ ¼ GRðx; rÞ

and GA � ðx; rÞ ¼ GAðx; rÞ. It follows then that

GR � ðk; xÞ ¼
Z

d4re�ik�rGR � ðx; rÞ

¼
Z

d4re�ik�rGRðx; rÞ ¼ GAðk; xÞ: (A7)
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In the second line above, we have used GR � ðx; rÞ ¼
GRðx; rÞ. Observing that the second line coincides with
the first equality in Eq. (A6), our final conclusion follows.
We can similarly prove that GA � ðk; xÞ ¼ GRðk; xÞ.

We now turn to the Feynman propagator GFðx1; x2Þ,
which is symmetric. Therefore, GFðx; rÞ ¼ GFðx;�rÞ.
Therefore, it follows that the Wigner transform of the
Feynman propagator should satisfy

GFð�k; xÞ ¼
Z

d4re�ik�rGFðx; rÞ ¼
Z

d4reik�rGFðx;�rÞ

¼
Z

d4reik�rGFðx; rÞ ¼ GFðk; xÞ: (A8)

In the second line above, we have changed variables from r
to �r, and in the third line we have used GFðx; rÞ ¼
GFðx;�rÞ.

Similarly, it follows from symmetry in x1 and x2 prior to
Wigner transform that GKðk; xÞ ¼ GKð�k; xÞ.

Using Eq. (A6), we also note that ReGRðk; xÞ ¼ ð1=2Þ�
ðGRðk; xÞ þGAðk; xÞÞ ¼ ð1=2ÞðGAð�k; xÞ þGRð�k; xÞÞ ¼
ReGRð�k; xÞ.

2. The statistical function is purely imaginary

According to Eq. (3), the inverse Wigner transform of
the statistical function is given by the anticommutator as
below:

GKðx; rÞ ¼ � i

2

��
O

�
xþ r

2

�
; O

�
x� r

2

���
: (A9)

Clearly,

GKðx; rÞ ¼ GKðx;�rÞ; GK � ðx; rÞ ¼ �GKðx; rÞ:
(A10)

Therefore,

GK � ðk; xÞ ¼
Z

d4re�ik�rGK � ðx; rÞ

¼ �
Z

d4re�ik�rGKðx; rÞ

¼ �
Z

d4reik�rGKðx;�rÞ

¼ �
Z

d4reik�rGKðx; rÞ
¼ �GKðk; xÞ: (A11)

In the second line above, we have used GK � ðx; rÞ ¼
�GKðx; rÞ; in the third line, we have changed variables
from r to �r; and in the fourth line, we have used
GKðx; rÞ ¼ GKðx;�rÞ.

Clearly,GK � ðk; xÞ ¼ �GKðk; xÞ implies thatGKðk; xÞ
is purely imaginary.

3. The spectral function and the retarded
Green’s function

According to Eq. (1), the inverse Wigner transform of
the spectral function is given by the commutator as below:

Aðx; rÞ ¼
��

O

�
xþ r

2

�
; O

�
x� r

2

���
: (A12)

It follows from Eqs. (A1) and (A2) and that

Aðx; rÞ ¼ iðGRðx; rÞ �GAðx; rÞÞ ¼ �2ImGRðx; rÞ;
(A13)

using �ðt1 � t2Þ þ�ðt2 � t1Þ ¼ 1. Clearly, then, after
Wigner transform,

Aðk; xÞ ¼ iðGRðk; xÞ �GAðk; xÞÞ ¼ �2ImGRðk; xÞ:
(A14)

Using Eq. (A6), we readily see from the above that

Aðk; xÞ ¼ �Að�k; xÞ: (A15)

4. The Feynman propagator as a sum of the
statistical and spectral functions

The definition of the Feynman propagator is

GFðx1; x2Þ ¼ �ihTðOðx1ÞOðx2ÞÞi; (A16)

where T denotes time ordering.
It follows from the definition of the Feynman propagator

that

GFðx1; x2Þ ¼ �ihOðx1ÞOðx2Þi
if t1 > t2 ¼ � i

2
hOðx1ÞOðx2Þ þOðx2ÞOðx1Þi

� i

2
hOðx1ÞOðx2Þ �Oðx2ÞOðx1Þi

if t1 > t2 ¼ GKðx1; x2Þ � i

2
Aðx1; x2Þ if t1 > t2:

(A17)

Similarly,

GFðx1; x2Þ ¼ �ihOðx2ÞOðx1Þi
if t2 > t1 ¼ � i

2
hOðx1ÞOðx2Þ þOðx2ÞOðx1Þi

þ i

2
hOðx1ÞOðx2Þ �Oðx2ÞOðx1Þi

if t2 > t1 ¼ GKðx1; x2Þ þ i

2
Aðx1; x2Þ if t2 > t1:

(A18)

Combining these, we obtain

GFðx1; x2Þ ¼ GKðx1; x2Þ � i

2
Aðx1; x2Þsignðt1 � t2Þ:

(A19)
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APPENDIX B: THE GENERAL
PHENOMENOLOGICAL EQUATIONS
FOR IRREVERSIBLE PROCESSES

The phenomenological equations generalizing hydrody-
namics which can be obtained from gravity can be argued
to be as follows. We can perform a kinematic Landau-
Lifshitz decomposition of the energy-momentum tensor as
below:

t�� ¼ �u�u� þ pP�� þ ���; (B1)

with u� being a timelike vector of unit norm (so u�u
� ¼

�1), and P�� being the projection tensor in the spatial

plane orthogonal to u� given by P�� ¼ u�u� þ ���.

We can define a local temperature using the equation of
state �ðTÞ locally. We can also set p by using the local
equation of state pðTÞ. Then ��� denotes the local non-

equilirbium part of the energy-momentum tensor.
Also, u� is defined to be the local velocity of energy

transport; therefore

u���� ¼ 0: (B2)

Thus, ��� has six independent components only. Together

with u� and T, it gives ten independent variables to
parametrize ten independent components of t��.

Furthermore, conformal invariance requires

� ¼ 3p; ����
�� ¼ 0: (B3)

This reduces the number of variables to nine, cutting down
the independent components of ��� from six to five.

To proceed further, we need to decompose ��� into two

parts, a purely hydrodynamic part �ðhÞ
�� and a nonhydordy-

namic part �ðnhÞ
�� which is dynamically independent of the

hydrodynamic variables, though they do couple to them
[20,21]. Thus,

��� ¼ �ðhÞ
�� þ �ðnhÞ

�� : (B4)

The fluid/gravity correspondence tells us that at strong
coupling, purely hydrodynamic states exist in the dual field
theory in the derivative expansion. Thus, we can consis-

tently set the nonhydrodynamic part �ðnhÞ
�� to zero.

The general form of the purely hydrodynamic part �ðhÞ
��

can be readily obtained order by order in the derivative
expansion by constructing the conformally covariant ten-
sors which are algebraic functionals of the derivatives of
the hydrodynamic variables. The derivative expansion pa-
rameter is a typical length scale of variation with respect to
the thermal wavelength. The transport coefficients are
determined via regularity at the future horizon [28]. Thus,

�ðhÞ
�� ¼ ��P



�P�

�

�
@
u� þ @�u
 � 2

3
P
�ð@ � uÞ

�
þOð�2Þ:

(B5)

Setting �ðnhÞ
�� ¼ 0, plugging ��� ¼ �ðhÞ

�� in the form of t��

into Eq. (B1), and demanding that @�t�� ¼ 0 results in the

hydrodynamic equations of motion.
Energy and momentum are always conserved, and

this follows directly from the constraints of Einstein’s
equations. This implies that

@�t�� ¼ @�ð�ðTÞu�u� þ pðTÞP�� þ �ðhÞ
�� þ �ðnhÞ

�� Þ ¼ 0:

(B6)

The above are sufficient to determine the evolution of u�

and T, but not that of the nonhydrodynamic shear-stress

tensor �ðnhÞ
�� . We require five more equations to determine

the latter. These should be provided by the regularity of the
horizon in gravity, as in the case of homogeneous relaxa-
tion. We need a separate expansion parameter—the ampli-

tude parameter �ðnhÞ
ij =p. As in the case of homogeneous

relaxation, though the spatial derivatives of �ðnhÞ
ij can be

expected to be small near equilibrium, the time derivatives
will be OðTÞ. The Lorentz and Weyl covariant general-
ization of the time derivative is D ¼ ðu � @Þ þ � � � .
The equation of motion for�ðnhÞ

ij should be such that (i) it

can be consistently set to zero, (ii) it is Lorentz and Weyl
covariant, and (iii) all time derivatives are summed over
at each order in the amplitude expansion. With these
requirements, it follows that this equation should take the
form [21,25]

�X1
n¼0

Dð1;nÞ
R Dn

�
�ðnhÞ

�� ¼ 1

2

X1
n¼0

�
ð	ðnÞ

1 Dn�ðnhÞ�
� Þ@ð�u�Þ þ ð	ðnÞ

1 Dn�ðnhÞ�
� Þ@ð�u�Þ � 2

3
P��ð	ðnÞ

1 Dn�ðnhÞ
� Þ@�u

þ ð	ðnÞ
2 Dn�ðnhÞ�

� Þ@½�u�� þ ð	ðnÞ
2 Dn�ðnhÞ�

� Þ@½�u��
�

� X1
n¼0

Xn
m¼0

Dð2;n;mÞ
R

�
Dm�ðnhÞ�

� Dn�ðnhÞ
�� � 1

3
P��Dm�ðnhÞ

� Dn�ðnhÞ�
�
þOð�2�; ��2; �3Þ (B7)

up to given orders in the derivative/amplitude expansion. Above, ð. . .Þ and ½. . .� denote symmetrization and antisymmet-
rization of the enclosed indices, respectively.
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Let us see how we can derive these equations from gravity
for the special case of homogeneous relaxation. In this
case, the flow is at rest, so we can go to an inertial frame
where u� ¼ ð1; 0; 0; 0Þ. Also, the temperature T is constant
in space and time. Furthermore, Eq. (B2) implies that
the nonzero components of ��� are the spatial
components �ij. The conservation of energy and momen-
tum implies that �ijðtÞ is an arbitrary function of time.

Nevertheless, regularity at the horizon can be expected to
be guaranteed only when �ijðtÞ follows a definite equation
of motion.
One can construct the dual metric in such cases pertur-

batively in the so-called amplitude expansion �ðnhÞ
ij ðtÞ=p.

Omitting the details, the metric up to second order in the
amplitude expansion takes the form below [21]:

ds2 ¼ l2

r2
dr2

fðrr0
l2
Þ þ

l2

r2

�
�f

�
rr0
l2

�
dt2 þ dx2 þ X1

n¼1

r4þn
0 fð1;nÞ

�
rr0
l2

��
d

dt

�
n
�ðnhÞ

ij dxidxj

þ X1
n¼1

Xn
m¼1

r8þnþm
0 fð2;n;mÞ

1

�
rr0
l2

��
d

dt

�
n
�ðnhÞ

kl

�
d

dt

�
m
�ðnhÞ

kl dt2 þ X1
n¼1

Xn
m¼1

r8þnþm
0 fð2;n;mÞ

2

�
rr0
l2

��
d

dt

�
n
�ðnhÞ

kl

�
d

dt

�
m
�ðnhÞ

kl dx2

þ X1
n¼1

Xn
m¼1

r8þnþm
0 fð2;n;mÞ

3

�
rr0
l2

���
d

dt

�
n
�ðnhÞ

ik

�
d

dt

�
m
�ðnhÞ

kj þ ði $ jÞ � 2

3
�ij

�
d

dt

�
n
�ðnhÞ

kl

�
d

dt

�
m
�ðnhÞ

kl

�
dxidxj þOð�3Þ

�
:

(B8)

We note that at each order in the amplitude expansion, we
have summed over all time derivatives of �ðnhÞ

ij ðtÞ. Thus, at
the first order in amplitude expansion, we get an infinite
number of radial functions fð1;nÞ corresponding to the nth
time derivative. These can be determined uniquely by
requiring fð1;1ÞðsÞ ¼ s4 þOðs8Þ and fð1;nÞðsÞ ¼ Oðs4þnÞ
for n > 1. In these Schwarzchild coordinates it turns out
that fð1;nÞ vanishes for odd n. Similarly, at the second order
in the amplitude expansion, we get an infinite number of
radial functions fð2;n;mÞ

1 , fð2;n;mÞ
2 and fð2;n;mÞ

3 , all of which
can be determined uniquely from their boundary behavior,
fð2;n;mÞ
i ¼ Oðs8þnþmÞ for i ¼ 1, 2, 3. Also, in these

Schwarzchild coordinates, fð2;n;mÞ
i vanishes when nþm

is odd.
The regularity analysis of the metric [Eq. (B8)] is subtle

and involves its translation to Eddington-Finkelstein coor-
dinates. One finds that the metric is regular if, up to second

order in the amplitude expansion, �ðnhÞ
ij ðtÞ satisfies the

following equation of motion [21]:

X1
n¼0

Dð1;nÞ
�
d

dt

�
n
�ðnhÞ

ij þ X1
n¼0

Xn
m¼0

Dð2;m;nÞ
��

d

dt

�
n
�ðnhÞ

ik

�
d

dt

�
m

� �ðnhÞ
kj � 1

3
�ij

�
d

dt

�
n
�ðnhÞ

kl

�
d

dt

�
m
�ðnhÞ

kl

�
þOð�3Þ ¼ 0:

(B9)

In order to see regularity of the metric at a future horizon,
order by order in the amplitude expansion, it is necessary to
sum over all time derivatives at each order. One can
determine the nonhydrodynamic phenomenological coef-

ficients Dð1;nÞ and Dð2;n;mÞ in terms of complicated recur-
sion relations. The first few terms are

Dð1;0Þ
R ¼ ��T; Dð1;1Þ

R ¼ �
�
�

2
� 1

4
ln 2

�
ð�TÞ2; etc:;

Dð2;0;0Þ
R ¼ 1

2ð�TÞ4 ; etc: (B10)

That it is necessary to sum over all time derivatives at each
order in the amplitude expansion to obtain regularity at the
horizon can be understood from the first order in the
amplitude expansion itself. It can be shown that the seriesP

Dð1;nÞ
R ð�i!Þn has simple zeroes at the location of the

discrete homogenous quasinormal modes (with k ¼ 0) in
the complex lower half plane. The locations of such qua-
sinormal modes are approximately given by [29]

!ðnÞ � �T½�1:2139� 0:775i� 2nð1� iÞ�: (B11)

We observe that both the real and imaginary parts are of

OðTÞ, signifying that the time derivatives of �ðnhÞ
ij are of

OðTÞ. Thus, we do need to sum over all time derivatives, as
we cannot do a small-frequency expansion even in the
linearized approximation.
The Eq. (B7) reduces to Eq. (B9) in the special case in

which T and u� are constant is space and time, and
furthermore we go to the laboratory frame where u� ¼
ð1; 0; 0; 0Þ. Thus, Dð1;nÞ

R and Dð2;n;mÞ
R should be as given in

Eq. (B10). The coefficients 	ðnÞ
1 and 	ðnÞ

2 denote the cou-

pling of �ðnhÞ
�� and its local time derivatives to hydrody-

namic variables. To determine these, one needs to construct
metrics with regular future horizons for configurations

where u� and T vary spatially and temporally while �ðnhÞ
��

is nonzero.
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APPENDIX C: NONEQUILIBRIUM SHIFTS IN
QUASIPARTICLE DISPERSION RELATIONS

Holographically, the vanishing of the source gives us the
quasiparticle poles (which can be so broad that we may not

call them quasiparticles). At equilibrium, J inðeqÞð!;kÞ van-
ishes only when! takes certain discrete values at a given k.
We may select a branch of quasiparticle poles given by

! ¼ !ðeqÞðkÞ such that J inðeqÞð!ðeqÞðkÞ;kÞ ¼ 0: (C1)

These correspond to the poles which can be complex
generally. The nonequilibrium modification depends on
space and time, and takes the form

! ¼ !ðeqÞðkÞ þ �!ðk;x; tÞ: (C2)

The nonequilibrium shift in the pole �!ðk;x; tÞ can
be obtained by solving J ðx; tÞ ¼ 0 perturbatively [13].
This amounts to solving the linear complex equation

�!ðk;x; tÞ@!J inðeqÞð! ¼ !ðeqÞðkÞ;kÞ
¼ �J inðneqÞð! ¼ !ðeqÞðkÞ;k;kðbÞÞe�iRe!ðbÞðkðbÞÞt

� eIm!ðbÞðkðbÞÞteikðbÞ�x

� J inðneqÞð! ¼ !ðeqÞðkÞ;k;�kðbÞÞeiRe!ðbÞðkðbÞÞÞt

� eIm!ðbÞðkðbÞÞte�ikðbÞ�x: (C3)

The nonequilibrium parts of the source, or equivalently, the
right-hand side of the above, is determined completely by
the equilibrium source by our prescription at the horizon.
This is precisely what we expect in the dual field theory.
The nonequilibrium shift in the pole should be determined
solely by the infrared behavior. For example, if the tempera-
ture fluctuates, so should the thermal mass. This gives a

good justification of our prescription. Our general expres-
sion [Eq. (C3)] shows that the pole of the resummed non-
equilibrium propagator can depend on the velocity and
shear-stress perturbations also.
It is evident from Eq. (C3) that �!ðk;x; tÞ will be

comoving, with the relaxational mode constituting the non-
equilibrium state (or the dual quasinormal mode) as below:

�!ðk;x; tÞ ¼ �!ðk;kðbÞÞe�iRe!ðbÞðkðbÞÞteIm!ðbÞðkðbÞÞteikðbÞ�x

þ �!ðk;�kðbÞÞeiRe!ðbÞðkðbÞÞÞteIm!ðbÞðkðbÞÞt

� e�ikðbÞ�x: (C4)

Furthermore, �!ðk;kðbÞÞ will have a consistent expansion

in the derivative/amplitude expansion which follows from

that of J inðneqÞð!;k;kðbÞÞ. For example, in the case of the

hydrodynamic shear wave background, �!ðk;kðhÞÞ takes

the form

�!ðk;kðhÞÞ ¼ �!1ðkÞ�u �kþ�!2ðkÞkikjkðhÞi�uj (C5)

up to first order in the derivative expansion. We thus
explicitly see in the above example how our holographic
prescription gives the nonequilibrium shift in the quasipar-
ticle pole parametrized in terms of the background velocity
perturbation.

APPENDIX D: WIGNER TRANSFORM
OF THE HOLOGRAPHIC RETARDED

GREEN’S FUNCTION

Writing explicitly, we get

GRðx1; t1;x2; t2Þ ¼
Z

d!d3k
Oð!;k;x1; t1Þ
J ð!;k;x2; t2Þ

¼
Z

d!
Z

d3kðOðeqÞð!;kÞe�i!t1eik�x1 þOinðneqÞð!;k;kðbÞÞe�ið!þRe!ðbÞðkðbÞÞÞt1eIm!ðbÞðkðbÞÞt1eiðkþkðbÞÞ�x1

þOinðneqÞð!;k;�kðbÞÞe�ið!�Re!ðbÞðkðbÞÞÞt1eIm!ðbÞðkðbÞÞt1eiðk�kðbÞÞ�x1Þ=ðJ ðeqÞð!;kÞe�i!t2eik�x2

þ J inðneqÞð!;k;kðbÞÞe�ið!þRe!ðbÞðkðbÞÞÞt2eIm!ðbÞðkðbÞÞt2eiðkþkðbÞÞ�x2

þ J inðneqÞð!;k;�kðbÞÞe�ið!�Re!ðbÞðkðbÞÞÞt2eIm!ðbÞðkðbÞÞt2eiðk�kðbÞÞ�x2Þ: (D1)

The above can be approximated in the derivative/amplitude expansion as below:

GRðx1; t1;x2; t2Þ ¼
Z

d!
Z

d3ke�i!ðt1�t2Þeik�ðx1�x2Þ O
ðeqÞð!;kÞ

J ðeqÞð!;kÞ
�
1þOinðneqÞð!;k;kðbÞÞ

OðeqÞð!;kÞ eikðbÞ�x1e�iRe!ðbÞðkðbÞÞt1eIm!ðbÞðkðbÞÞt1

þOinðneqÞð!;k;�kðbÞÞ
OðeqÞð!;kÞ e�ikðbÞ�x1eiRe!ðbÞðkðbÞÞt1eIm!ðbÞðkðbÞÞt1

� J inðneqÞð!;k;kðbÞÞ
J ðeqÞð!;kÞ eikðbÞ�x2e�iRe!ðbÞðkðbÞÞt2eIm!ðbÞðkðbÞÞt2

� J inðneqÞð!;k;�kðbÞÞ
J ðeqÞð!;kÞ e�ikðbÞ�x2eiRe!ðbÞðkðbÞÞt2eIm!ðbÞðkðbÞÞt2

�
: (D2)

It is easy to take the Wigner transform of the above to obtain Eq. (94).
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