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In the framework of the semiclassical approach, we find the leading finite-size effects on the normalized

structure constants in some three-point correlation functions inAdS5 � S5, expressed in termsof the conserved

string angular momenta J1, J2, and the world-sheet momentum pw, identified with the momentum p of the

magnon excitations in the dual spin chain arising inN ¼ 4 super Yang-Mills theory in four dimensions.
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I. INTRODUCTION

The correspondence between type IIB string theory on
AdS5 � S5 target space and the N ¼ 4 super Yang-Mills
theory (SYM) in four space-time dimensions, in the planar
limit, is the most studied example of the AdS/CFT duality
[1]. A lot of impressive progress has been made in this field
of research based on the integrability structures discovered
on both sides of the correspondence (for a recent overview
on AdS/CFT integrability, see Ref. [2]).

Various classical string solutions play an important role
in testing and understanding the AdS/CFT correspondence.
To establish relations with the dual gauge theory, we have
to take the semiclassical limit of large conserved charges
like string energy E and spins S1;2 on AdS5 and angular

momenta J1;2;3 on S5 [3].
An example of such a string solution is the so-called

‘‘giant magnon,’’ for which the energy E and the angular
momentum J1 go to infinity, but the difference E� J1 is
finite, while S1;2 ¼ 0, J2;3 ¼ 0 [4]. It lives on Rt � S2

subspace of AdS5 � S5, and gave a strong support for the
conjectured all-loop SUð2Þ spin chain, arising in the dual
N ¼ 4 SYM, and made it possible to get a deep insight
into the AdS/CFT duality. This was extended to the giant
magnon bound state (J2 � 0), or dyonic giant magnon,
corresponding to a string moving on Rt � S3 and related
to the complex sine-Gordon model [5]. Further extension
to Rt � S5 has also been worked out in Ref. [6], where
it was also shown that such type of string solutions can
be obtained by reduction of the string dynamics to the
Neumann-Rosochatius integrable system. It can be used
also for studding the finite-size effects, related to the wrap-
ping interactions in the dual field theory [7]. From the
string theory viewpoint, the leading, and even subleading
finite size, effect on the giant magnon dispersion relation
was first found and described in Ref. [8]. The case of the
leading finite-size effect on the dyonic giant magnon dis-
persion relation was considered in Ref. [9]. There, the
string theory result was compared with the result coming
from the�-term Lüscher correction, based on the S-matrix
description. Both results coincide.

During the years, many important achievements
concerning correlation functions in the AdS/CFT context
have been obtained. Recently, interesting developments
have been accomplished by considering general heavy
string states [10–70].1

In Refs. [37,39], the three-point correlation functions of
finite-size (dyonic) giant magnons [4,5] and three different
‘‘light’’ states have been obtained. They are given in terms
of hypergeometric functions and several parameters.
However, it is important to know their dependence on the
conserved string charges J1, J2 and the world-sheet
momentum p, because, namely, these quantities are related
to the corresponding operators in the dual gauge theory,
and the momentum of the magnon excitations in the dual
spin chain. That is why we are going to find this depen-
dence here. Unfortunately, this cannot be done exactly
for the finite-size case due to the complicated dependence
between the above mentioned parameters and J1, J2, p.
Because of that, we will consider only the leading
order finite-size effects on the three-point correlators.
In this paper, we will restrict ourselves to the case of
AdS5 � S5=N ¼ 4 SYM duality.
The paper is organized as follows. In Sec. II,

we first give a short review of the giant magnon solution.
Then, we explain the limitations under which the three-
point correlation functions considered here are computed
and give the exact results in the semiclassical limit.
Section III is devoted to the computation of the leading
order finite-size effects on the three-point correlators given
in Sec. II in terms of the conserved string angular momenta
and the world-sheet momentum p. In Sec. IV we conclude
with some final remarks.

II. FINITE-SIZE GIANT MAGNONS AND
THREE-POINT CORRELATORS

A. Review of the giant magnon solutions

We denote with Y, X the coordinates in AdS5 and S5

parts of the background AdS5 � S5:
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1Some papers devoted to the field theory side of the problem
are also included here.
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Y1þ iY2¼ sinh�sin�ei’1 ; Y3þ iY4¼ sinh�cos�ei’2 ;

Y5þ iY0¼ cosh�eit:

The coordinatesY are related to the Poincare coordinates by

Ym ¼ xm
z
; Y4 ¼ 1

2z
ðxmxm þ z2 � 1Þ;

Y5 ¼ 1

2z
ðxmxm þ z2 þ 1Þ;

where xmxm ¼ �x20 þ xixi, with m ¼ 0, 1, 2, 3 and i ¼ 1,
2, 3. We parametrize S5 as in Ref. [26].

Euclidean continuation of the timelike directions to te ¼
it, Y0e ¼ iY0, x0e ¼ ix0 will allow the classical trajectories
to approach the AdS5 boundary z ¼ 0 when �e ! �1,
and to compute the corresponding correlation functions.

The dyonic finite-size giant magnon solution, where
ð�; �Þ are the world-sheet coordinates, can be written as

(t ¼ ffiffiffiffiffi
W

p
�, i� ¼ �e)

x0e ¼ tanh ð ffiffiffiffiffi
W

p
�eÞ; xi ¼ 0; z ¼ 1

cosh ð ffiffiffiffiffi
W

p
�eÞ

;

cos� ¼ ffiffiffiffiffiffi
�p

p
dn

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p

1� v2

ffiffiffiffiffiffi
�p

p ð�� v�Þj1� �

�
;

	1 ¼ �� v�

1� v2
þ vWffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� u2
p ffiffiffiffiffiffi

�p
p ð1� �pÞ

��

�
� �p

1� �p

ð1� �Þ;

am

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p

1� v2

ffiffiffiffiffiffi
�p

p ð�� v�Þ
�
j1� �

�

	2 ¼ u
�� v�

1� v2
; (2.1)

where � is the angle on which the metric on S3 � S5

depends, while 	1;2 are the isometric angles on it.

dnð
j1� �Þ is one of the Jacobi elliptic functions,
�ð
;�j1� �Þ is the incomplete elliptic integral of the third
kind, and amðxÞ is the Jacobi amplitude. Let us also mention
that �p, �m are related to u, v, W parameters according to

�p þ �m ¼ 2� ð1þ v2ÞW � u2

1� u2
;

�p�m ¼ 1� ð1þ v2ÞW þ ðvWÞ2
1� u2

; (2.2)

and

� � �m

�p

: (2.3)

For the finite-size dyonic giant magnon string solution,
the explicit expressions for the conserved quantities and
the world-sheet momentum p can be written as [30]

E ¼ 2
ffiffiffiffiffi
W

p ð1� v2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p ffiffiffiffiffiffi
�p

p Kð1� �Þ;

J 1 ¼
2

ffiffiffiffiffiffi
�p

pffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p
�
1� v2W

�p

Kð1� �Þ �Eð1� �Þ
�
; (2.4)

J 2 ¼
2u

ffiffiffiffiffiffi
�p

pffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p Eð1� �Þ;

p ¼ 2vffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p ffiffiffiffiffiffi
�p

p
�

W

1� �p

�

�
� �p

1� �p

ð1� �Þj1� �

�

�Kð1� �Þ
�
; (2.5)

where2

E ¼ 2�Effiffiffiffi



p ; J 1;2 ¼ 2�J1;2ffiffiffiffi



p

are the string energy and the two angular momenta.
Kð1� �Þ, Eð1� �Þ, and �ð� �p

1��p
ð1� �Þj1� �Þ are the

complete elliptic integrals of first, second, and third kind.
As explained in Ref. [8],3 (2.5) should be identified with
the momentum of the magnon excitations in the spin chain
arising in the dual N ¼ 4 SYM theory.
The dyonic giant magnon dispersion relation, including

the leading finite-size correction, can be written as

E�J 1¼
ffiffiffiffi



p
2�

2
4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J 2
2þ4sin2ðp=2Þ

q
� sin4ðp=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J 2
2þ4sin2ðp=2Þ

q �

3
5;

(2.6)

where

� ¼ 16 exp

2
4� 2ðJ 1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

sin 2ðp=2Þ
J 2

2 þ 4sin 4ðp=2Þ

3
5: (2.7)

3See also Ref. [9] for the dyonic case.

2The relation between the string tension T and the ’t Hooft coupling 
 in the dual N ¼ 4 SYM is TR2 ¼ ffiffiffiffi



p
=2�, where R is the

common radius of AdS5 and S5 subspaces. Here R is set to 1.
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The second term in (2.6) represents the leading finite-size
effect on the energy-charge relation, which disappears for
� ! 0, or equivalently J 1 ! 1. It is nonzero only for J 1

finite.
The above two equalities are found under the following

conditions on the parameters:

0< u< 1; 0< v< 1; 0<W < 1;

0< �m < �p < 1:

The case of finite-size giant magnons with one angular
momentum can be obtained by setting u ¼ 0, or J 2 ¼ 0,
as can be seen from (2.4).

B. Three-point correlation functions

It is known that the correlation functions of any
conformal field theory can be determined in principle in
terms of the basic conformal data f�i; Cijkg, where �i

are the conformal dimensions defined by the two-point
correlation functions

hOy
i ðx1ÞOjðx2Þi ¼

C12�ij

jx1 � x2j2�i
;

and Cijk are the structure constants in the operator product

expansion

hOiðx1ÞOjðx2ÞOkðx3Þi ¼
Cijk

jx1 � x2j�1þ�2��3 jx1 � x3j�1þ�3��2 jx2 � x3j�2þ�3��1
:

Therefore, the determination of the initial conformal data
for a given conformal field theory is the most important
step in the conformal bootstrap approach.

The three-point functions of two ‘‘heavy’’ operators and
a light operator can be approximated by a supergravity
vertex operator evaluated at the heavy classical string
configuration [14,26]:

hVHðx1ÞVHðx2ÞVLðx3Þi ¼ VLðx3Þclassical:
For jx1j ¼ jx2j ¼ 1, x3 ¼ 0, the correlation function
reduces to

hVHðx1ÞVHðx2ÞVLð0Þi ¼ C123

jx1 � x2j2�H
:

Then, the normalized structure constants

C ¼ C123

C12

can be found from

C ¼ c�VLð0Þclassical; (2.8)

where c� is the normalized constant of the corresponding
light vertex operator.

Recently, first results describing finite-size effects on the
three-point correlators appeared [30,31,35,37,39]. This
was done for the cases when the heavy string states are
finite-size giant magnons, carrying one or two angular
momenta, and for three different choices of the light state:

(1) Primary scalar operators: VL ¼ V
pr
j .

(2) Dilaton operator: VL ¼ Vd
j .

(3) Singlet scalar operators on higher string levels:
VL ¼ Vq.

The corresponding (unintegrated) vertices are given
by [14]

Vpr
j ¼ ðY4 þ Y5Þ��prðX1 þ iX2Þj

� ½z�2ð@xm �@xm � @z �@zÞ � @Xk
�@Xk�; (2.9)

where the scaling dimension is�pr ¼ j. The corresponding

operator in the dual gauge theory is TrðZjÞ:4

Vd
j ¼ ðY4 þ Y5Þ��dðX1 þ iX2Þj½z�2ð@xm �@xm þ @z �@zÞ

þ @Xk
�@Xk�; (2.10)

where now the scaling dimension �d ¼ 4þ j to the lead-

ing order in the large
ffiffiffiffi



p
expansion. The corresponding

operator in the dual gauge theory is proportional to
TrðF2

��Z
j þ � � �Þ, or for j ¼ 0, just to the SYM

Lagrangian:

Vq ¼ ðY4 þ Y5Þ��qð@Xk
�@XkÞq: (2.11)

This operator corresponds to a scalar string state at level
n ¼ q� 1, and to leading order in 1ffiffiffi



p expansion

�q ¼ 2

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq� 1Þ ffiffiffiffi



p þ 1� 1

2
qðq� 1Þ

s
þ 1

1
A: (2.12)

The value n ¼ 1ðq ¼ 2Þ corresponds to a massive string
state on the first exited level and the corresponding opera-
tor in the dual gauge theory is an operator contained within
the Konishi multiplet. Higher values of n label higher
string levels.
The results obtained for the normalized structure con-

stants (2.8), for the case of finite-size giant magnons in
AdS5 � S5, and the above three vertices, are as follows
[37,39]:

4Z is one of the three complex scalars contained in N ¼ 4
SYM.
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Cprj ¼ �3=2c
pr
j

�ðj2Þ
�ð3þj

2 Þ
�

j�1
2
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� u2ÞWp

�
ð1�W þ jð1� v2WÞÞ2F1

�
1

2
;
1

2
� j

2
; 1; 1� �

�

� ð1þ jÞð1� u2Þ�p2F1

�
1

2
;� 1

2
� j

2
; 1; 1� �

��
; (2.13)

Cdj ¼ 2�3=2cd4þj

�ð4þj
2 Þ

�ð5þj
2 Þ

�
j�1
2
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� u2ÞWp

�
ð1� u2Þ�p2F1

�
1

2
;� 1

2
� j

2
; 1; 1� �

�
� ð1�WÞ2F1

�
1

2
;
1

2
� j

2
; 1; 1� �

��
; (2.14)

Cq ¼ c�q
�3=2

�ð�q

2 Þ
�ð�qþ1

2 Þ
ð�1Þq½2� ð1þ v2ÞW�q

ð1� v2Þq�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� u2ÞW�p

q ;
Xq
k¼0

q!

k!ðq� kÞ!
�
� 1� u2

1� 1
2 ð1þ v2ÞW

�
k
�k
p2F1

�
1

2
;
1

2
� k; 1; 1� �

�
;

(2.15)

where 2F1ða; b; c; zÞ is Gauss’s hypergeometric function.

III. LEADING ORDER FINITE-SIZE EFFECTS

As we already point out in the beginning, (2.4) and (2.5)
cannot be solved exactly with respect to the parameters
involved, in order to express the relevant three-point cor-
relation functions in terms of the conserved charges and p.
That is why we will consider here only the leading order
finite-size effects on the three-point correlators. This

means that we will consider the limit J 1 large, i.e., J1 �ffiffiffiffi



p
, where the finite-size corrections to both conformal

dimensions and energies of string states have been com-
puted also from the Lüscher corrections. Practically, the
problem reduces to consider the limit � ! 0, since � ¼ 0
corresponds to the infinite-size case, i.e., J 1 ¼ 1. The
relevant expansions of the parameters are [30]

�p ¼ �p0 þ ð�p1 þ �p2 log ð�ÞÞ�; �m ¼ �m1�;

W ¼ 1þW1�; v ¼ v0 þ ðv1 þ v2 log ð�ÞÞ�;
u ¼ u0 þ ðu1 þ u2 log ð�ÞÞ�: (3.1)

The coefficients on the first line in (3.1) can be obtained
by using the equalities (2.2) and the definition of � (2.3) to be

�p0¼1� v2
0

1�u20
;

�p1¼ v0

ð1�v2
0Þð1�u20Þ2

fv0½ð1�v2
0Þ2�3ð1�v2

0Þu20
þ2u40�2ð1�v2

0Þu0u1��2ð1�v2
0Þð1�u20Þv1g;

�p2¼�2v0

v2þðv0u2�u0v2Þu0
ð1�u20Þ2

;

�m1¼1� v2
0

1�u20
; W1¼� ð1�u20�v2

0Þ2
ð1�u20Þð1�v2

0Þ
: (3.2)

The coefficients in the expansions of v and u we take from
Ref. [71], where for the case under consideration we have to
set K1 ¼ �n1 ¼ 0, or equivalently� ¼ 0. This leads to

v0 ¼ sin ðpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q ;

u0 ¼ J 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þd
q ;

v1 ¼ v0ð1� v2
0 � u20Þ

4ð1� u20Þð1� v2
0Þ
½ð1� v2

0Þð1� log ð16ÞÞ

� u20ð5� v2
0ð1þ log ð16ÞÞ � log ð4096ÞÞ�;

v2 ¼ v0ð1� v2
0 � u20Þ

4ð1� u20Þð1� v2
0Þ
½1� v2

0 � u20ð3þ v2
0Þ�;

u1 ¼ u0ð1� v2
0 � u20Þ

4ð1� v2
0Þ

½1� log ð16Þ � v2
0ð1þ log ð16ÞÞ�;

u2 ¼ u0ð1� v2
0 � u20Þ

4ð1� v2
0Þ

ð1þ v2
0Þ: (3.3)

We need also the expression for �. It can be found
from the expansion of J 1, and to the leading order is given
by (2.7).

A. Giant magnons and primary scalar operators

Let us first point out that (2.13) simplifies a lot when j is
odd (j ¼ 2mþ 1, m ¼ 0; 1; 2; . . . ). In that case, Gauss’s
hypergeometric functions in (2.13) reduce to polynomials.
This results in

Cpr2mþ1 ¼ �3=2cpr2mþ1

�ðmþ 1
2Þ

�ðmþ 2Þ
�m=2�m

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� u2ÞWp
�

�
�2ðmþ 1Þð1� u2Þ ffiffiffi

�
p

�pPmþ1

�
1þ �

2
ffiffiffi
�

p
�

þ ð1�W þ ð2mþ 1Þð1� v2WÞÞPm

�
1þ �

2
ffiffiffi
�

p
��

;

(3.4)

where PnðzÞ are Legendre’s polynomials.
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Since the corresponding operators in the dual gauge theory are of the type TrðZjÞ, we will restrict ourselves to
integer-valued j.

Let us start with the simpler case when J2 ¼ 0, or equivalently u ¼ 0. Expanding (2.13) in � and using (3.1), (3.2), and
(3.3), one finds that5

Cpr10 	 0; Cpr20 	
4

3
c
pr
2 J 1sin

2ðp=2Þ�; Cprj0 	 c
pr
j aj sin ðp=2Þjþ1�; j ¼ 3; . . . ; 10; (3.5)

where

� ¼ 16 exp ½�2� J 1 csc ðp=2Þ�; (3.6)

for the case under consideration.6 The numerical coefficients aj are given by

aj ¼
�
1

4
�2;

24

3:5
;
1

16
�2;

27

32:5:7
;
3:5

29
�2;

210

33:52:7
;
5:7

211
�2;

214

32:52:72:11

�
:

A few comments are in order. From (3.5) one can conclude that the Cpr10 and C
pr
20 cases are exceptional, while C

pr
j0 have the

same structure for j 
 3. Cpr10 	 0 means that the small � contribution to the three-point correlator is zero to the leading

order in �. Cpr20 is the only one normalized structure constant of this type proportional to J 1. It is still exponentially

suppressed by �. The common feature of Cprj0 in (3.5) is that they all vanish in the infinite-size case, i.e., for � ¼ 0. This

property was established in Ref. [26], and confirmed even for the �-deformed case in Ref. [37]. Here, we obtained the
leading finite-size corrections to it.

Now, let us turn to the dyonic case, i.e., J2 � 0. Working in the same way, but with u � 0, we derive

j ¼ 1:

Cpr1 	 cpr1
�2

16

J 2
2 csc ðp=2Þ

½J 2
2 þ 4sin 2ðp=2Þ�3=2½J 2

2 þ 4sin 4ðp=2Þ�
�

�
8½J 2

2 þ 4sin 2ðp=2Þ�½J 2
2 þ 4sin 4ðp=2Þ� þ sin 2ðp=2Þ½40þ 17J 2

2 þ 2J 4
2 � 20ð3þ J 2

2Þ cos ðpÞ

þ 3ð8þ J 2
2Þ cos ð2pÞ � 4 cos ð3pÞ � 4

J 2
2 þ 8sin 2ðp=2Þ

J 2
2 þ 4sin 4ðp=2Þ � ðJ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

þ J 2
2 þ 4sin 2ðp=2ÞÞ

� ðJ 2
2 þ 4sin 4ðp=2Þ þ 2sin 2ðpÞÞsin 2ðp=2Þ��

�
; (3.7)

j¼ 2:

Cpr2 	 4

3
cpr2

1

½J 2
2 þ 4sin 2ðp=2Þ�3=2½J 2

2 þ 4sin 4ðp=2Þ�
�

�
2J 2

2½J 2
2 þ 4sin 2ðp=2Þ�½J 2

2 þ 4sin 4ðp=2Þ� � sin 4ðp=2Þ � ½20þ 3J 2
2 � 2J 4

2 � 2ð15

þ 2J 2
2Þcos ðpÞ þ ð12þJ 2

2Þcos ð2pÞ � 2cos ð3pÞ þ 8

J 2
2 þ 4sin 4ðp=2Þ ðJ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

þJ 2
2 þ 4sin 2ðp=2ÞÞ

� ð�3þ 2ð2þJ 2
2Þcos ðpÞ � cos ð2pÞÞsin 4ðp=2Þ��

�
; (3.8)

6This expression for � comes from (2.7) after setting J 2 ¼ 0.

5We use the notation Cprj0 in order to say that Cprj are computed for the case J2 ¼ 0.
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j ¼ 3:

Cpr3 	 c
pr
3

�2

256
csc ðp=2Þ ½J

2
2 þ 4sin 2ðp=2Þ�5=2
J 2

2 þ 4sin 4ðp=2Þ

�
�
48J 2

2sin
2ðp=2Þ J 2

2 þ 4sin 4ðp=2Þ
½J 2

2 þ 4sin 2ðp=2Þ�3 �
�

25J 4
2

½J 2
2 þ 4sin 2ðp=2Þ�2 � J 2

2

J 2
2 þ 4sin 4ðp=2Þ

½J 2
2 þ 4sin 2ðp=2Þ�3 ð21� 16 cos ðpÞ

� 5 cos ð2pÞ þ 8J 2
2Þ �

3

2
J 6

2

11� 12 cos ðpÞ þ cos ð2pÞ þ 6J 2
2

½J 2
2 þ 4sin 2ðp=2Þ�4 þ ð3J 2

2ðJ 2
2 þ 4sin 2ðp=2Þ

þ J 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

Þ � ð80þ 42J 2
2 þ 12J 4

2 � ð120þ 47J 2
2 � 4J 4

2Þ cos ðpÞ þ ð8þ J 2
2Þð6 cos ð2pÞ

� cos ð3pÞÞÞsin 4ðp=2ÞÞ 1

½J 2
2 þ 4sin 2ðp=2Þ�4½J 2

2 þ 4sin 4ðp=2Þ� �
20J 4

2sin
2ðpÞ

½J 2
2 þ 4sin 2ðp=2Þ�3

þ 3J 4
2sin

4ðpÞ
½J 2

2 þ 4sin 2ðp=2Þ�4 � 8

�
J 2

2 þ 4sin 4ðp=2Þ
J 2

2 þ 4sin 2ðp=2Þ
�
2
�
�

�
; (3.9)

j ¼ 4:

Cpr4 	 2

45
cpr4

½J 2
2 þ 4sin 2ðp=2Þ�5=2
J 2

2 þ 4sin 4ðp=2Þ
�
32J 2

2½J 2
2 þ 4sin 4ðp=2Þ�sin 2ðp=2Þ

½J 2
2 þ 4sin 2ðp=2Þ�3

�
�

17J 4
2

½J 2
2 þ 4sin 2ðp=2Þ�2 �

1

2
J 2

2

J 2
2 þ 4sin 4ðp=2Þ

J 2
2 þ 4sin 2ðp=2Þ�3 ð39� 32 cos ðpÞ � 7 cos ð2pÞ þ 16J 2

2Þ

� J 6
2

11� 12 cos ðpÞ þ cos ð2pÞ þ 6J 2
2

½J 2
2 þ 4sin 2ðp=2Þ�4 þ ð2J 2

2ðJ 2
2 þ 4sin 2ðp=2Þ þ J 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

Þ

� ð75þ 44J 2
2 þ 16J 4

2 � 2ð58þ 23J 2
2 � 4J 4

2Þ cos ðpÞ þ 4ð13þ J 2
2Þ cos ð2pÞ � 2ð6þ J 2

2Þ cos ð3pÞ

þ cos ð4pÞÞsin 4ðp=2ÞÞ � 1

½J 2
2 þ 4sin 2ðp=2Þ�4½J 2

2 þ 4sin 4ðp=2Þ� �
13J 4

2sin
2ðpÞ

½J 2
2 þ 4sin 2ðp=2Þ�3

þ 2J 4
2sin

4ðpÞ
½J 2

2 þ 4sin 2ðp=2Þ�4 � 3

�
J 2

2 þ 4sin 4ðp=2Þ
J 2

2 þ 4sin 2ðp=2Þ
�
2
�
�

�
: (3.10)

In the four formulas above � is given by (2.7).

B. Giant magnons and dilaton operator

The leading finite-size effect on the normalized structure constant in the three-point correlator of two finite-size giant

magnon’s states and zero-momentum dilaton operator (j ¼ 0), in the limit J1 �
ffiffiffiffi



p
, has been considered in Ref. [30].

Here, we will deal with the j > 0 cases. Since the corresponding operators in the dual gauge theory are proportional to
TrðF2

��Z
j þ � � �Þ, we will restrict ourselves to integer-valued j.

When j is odd (j ¼ 2mþ 1, m ¼ 0; 1; 2; . . . ), the normalized structure constants (2.14) simplify to

Cd2mþ1 ¼ 2�3=2cd2mþ5

�ðmþ 5
2Þ

�ðmþ 3Þ
�m=2�m

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� u2ÞWp
�
ð1� u2Þ ffiffiffi

�
p

�pPmþ1

�
1þ �

2
ffiffiffi
�

p
�
� ð1�WÞPm

�
1þ �

2
ffiffiffi
�

p
��

: (3.11)

Expanding (2.14) in � and using (3.1), (3.2), and (3.3), one finds
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j ¼ 1:

Cd1 	
3

4
�2cd5sin

3ðp=2Þ
8><
>:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q � 1

128ðJ 2
2 þ 4sin 2ðp=2ÞÞ3=2ðJ 2

2 þ 4sin 4ðp=2ÞÞ2

� ½ð840þ 826J 2
2 þ 258J 4

2 � 24J 6
2 � 2ð744þ 707J 2

2 þ 244J 4
2 þ 72J 6

2Þ cos ðpÞ
þ 4ð255þ 218J 2

2 þ 62J 4
2 � 6J 6

2Þ cos ð2pÞ � ð520þ 367J 2
2 þ 24J 4

2Þ cos ð3pÞ þ 2ð92
þ 47J 2

2 þ 3J 4
2Þ cos ð4pÞ � ð40þ 11J 2

2Þ cos ð5pÞ þ 4 cos ð6pÞÞ
þ 8J 1sin

2ðp=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

ðð8þ 19J 2
2 þ 12J 4

2Þ cos ðpÞ

þ ð8� 16J 2
2Þ cos ð2pÞ � ð8þ 3J 2

2Þ cos ð3pÞ � 2ð5þ 5J 2
2 � 2J 4

2 � cos ð4pÞÞÞ��
9>=
>;;

j ¼ 2:

Cd2 	
28

325
cd6sin

4ðp=2Þ
8><
>:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q � 1

128ðJ 2
2 þ 4sin 2ðp=2ÞÞ3=2ðJ 2

2 þ 4sin 4ðp=2ÞÞ2

� ½ð210þ 8J 2
2ð6� J 2

2Þð7þ 4J 2
2Þ � 8ð63þ 84J 2

2 þ 38J 4
2 þ 16J 6

2Þ cos ðpÞ þ ð585þ 576J 2
2

þ 176J 4
2 � 32J 6

2Þ cos ð2pÞ � 4ð115þ 84J 2
2 þ 4J 4

2Þ cos ð3pÞ þ 2ð111þ 56J 2
2 þ 4J 4

2Þ cos ð4pÞ
� 4ð15þ 4J 2

2Þ cos ð5pÞ þ 7 cos ð6pÞÞ � 8J 1sin
2ðp=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

ð15þ 8J 2
2 � 8J 4

2

� 4ð3þ 5J 2
2 þ 4J 4

2Þ cos ðpÞ � ð12� 8J 2
2Þ cos ð2pÞ þ 4ð3þ J 2

2Þ cos ð3pÞ � 3 cos ð4pÞÞ��
9>=
>;;

j ¼ 3:

Cd3 	
3:5

25
�2cd7sin

5ðp=2Þ
8><
>:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q þ 1

960ðJ 2
2 þ 4sin 2ðp=2ÞÞ3=2ðJ 2

2 þ 4sin 4ðp=2ÞÞ2

� ½20ð256ð13þ 15 cos ðpÞÞsin 10ðp=2Þ þ 288J 2
2ð5þ 7 cos ðpÞÞsin 8ðp=2Þ þ J 4

2ð54þ 241 cos ðpÞ
þ 10 cos ð2pÞ þ 15 cos ð3pÞÞsin 2ðp=2Þ þ 10J 6

2 cos ðpÞð5þ 3 cos ðpÞÞÞ
þ 60J 1sin

2ðp=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

ð20þ 6J 2
2 � 12J 4

2 � ð16þ 21J 2
2 þ 20J 4

2Þ cos ðpÞ

� 2ð8� 5J 2
2Þ cos ð2pÞ þ ð16þ 5J 2

2Þ cos ð3pÞ � 4 cos ð4pÞÞ��
9>=
>;;

j ¼ 4:

Cd4 	
211

3:52:7
cd8sin

6ðp=2Þ
8><
>:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q þ 1

8192ðJ 2
2 þ 4sin 2ðp=2ÞÞ3=2ðJ 2

2 þ 4sin 4ðp=2ÞÞ2

� ½64ð294þ 14J 2
2 � 60J 4

2 þ 48J 6
2 � 4ð51� 49J 2

2 � 53J 4
2 � 36J 6

2Þ cos ðpÞ
� ð435þ 8J 2

2ð61þ 19J 2
2 � 6J 4

2ÞÞ cos ð2pÞ þ 2ð305þ 209J 2
2 þ 6J 4

2Þ cos ð3pÞ
� 2ð179þ 83J 2

2 þ 6J 4
2Þ cos ð4pÞ þ 2ð53þ 13J 2

2Þ cos ð5pÞ � 13 cos ð6pÞÞ
þ 512J 1sin

2ðp=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp=2Þ
q

ð25þ 4J 2
2 � 16J 4

2 � ð20þ 22J 2
2 þ 24J 4

2Þ cos ðpÞ

� 4ð5� 3J 2
2Þ cos ð2pÞ þ 2ð10þ 3J 2

2Þ cos ð3pÞ � 5 cos ð4pÞÞ��
9>=
>;:

In the four formulas above � is given by (2.7).
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Actually, we computed the normalized coefficients in the three-point correlators up to j ¼ 10. However, since
the expressions for them are too complicated, we give here only the results for the first two odd and two even
values of j. Knowing these expressions, the conclusion is that they have the same structure for any j in the small� limit.7Namely,

Cdj 	 Ajc
d
jþ4sin

jþ2

�
p

2

�8><
>:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2ðp2Þ
q þ aj

ðJ 2
2 þ 4sin 2ðp2ÞÞ3=2ðJ 2

2 þ 4sin 4ðp2ÞÞ2

�
�
P3
j ðJ 2

2Þ þ J 1sin
2

�
p

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

2 þ 4sin 2

�
p

2

�s
Q2

j ðJ 2
2Þ
�
�

9>=
>;; (3.12)

where � is given in (2.7), Aj and aj are numerical coefficients, while P3
j ðJ 2

2Þ and Q2
j ðJ 2

2Þ are polynomials of third and
second order, respectively, with coefficients depending on p in a trigonometric way.

Now, let us restrict ourselves to the simpler case when J 2 ¼ 0, i.e., giant magnon string states with one (large) angular
momentum J 1 � 0. Knowing the above results for 1 � j � 10, one can conclude that the normalized structure constants
in the three-point correlators for any j 
 1 in the small � limit look like8

C d
j0 	

Aj

2
cdjþ4sin

j

�
p

2

��
sin

�
p

2

�
þ

�
Bj0 sin

�
p

2

�
þ Cj0 sin

�
3p

2

�
þDj0ð1þ cos ðpÞÞJ 1

�
e
�2� J 1

sin
p
2

�
; (3.13)

where

Bj0 ¼
�
�22; 3;

2:11

3
; 11;

2332

5
;
53

3
;
2:73

7
; 233; . . .

�
for j ¼ ð1; . . . ; 8; . . .Þ; Cj0 ¼ 1þ 3j; Dj0 ¼ 2ðjþ 1Þ:

C. Giant magnons and singlet scalar operators on higher string levels

For that case, the expressions for the normalized structure constants in the three-point correlation functions for dyonic
giant magnons are too long and complicated. That is why we will write down here the results for finite-size giant magnon
states only, i.e., for J 2 ¼ 0. Then, after small � expansion, one can find that (2.15) reduces to9

C q
0 	 c�q

ffiffiffiffi
�

p
Aq0

�ð�q2 Þ
�ð1þ�q

2 Þ fAq1 sin ðp=2Þ þ Aq2J 1 þ ½ðAq3 þ Aq4 cos ðpÞÞ sin ðp=2Þ þ ðAq5 þ Aq6 cos ðpÞÞJ 1

þ Aq7 csc ðp=2Þð1þ cos ðpÞÞJ 2
1��g; (3.14)

where Aqi (i ¼ 0; 1; . . . ; 7) are numerical coefficients, and for the case at hand � is given by (3.6).
This is the general structure of Cq0 . The values of Aqi we found are as follows (q ¼ 1; . . . ; 10):

Aq0 ¼ ð8; 24; 60; 420; 2520; 27720; 180180; 180180; 3063060; 116396280Þ;
Aq1 ¼ ð16;�16; 152;�632; 7216;�55216; 559304;�420312; 10089896;�301915216Þ;
Aq2 ¼ ð�8; 24;�60; 420;�2520; 27720;�180180; 180180;�3063060; 116396280Þ;
Aq3 ¼ ð2;�66; 147;�2575; 13446;�272694; 1555993;�2484923; 37469109;�2088496586Þ;
Aq4 ¼ ð2;�10; 171;�1027; 15334;�144942; 1747825;�1523631; 41620821;�1396357874Þ;
Aq5 ¼

�
�5; 31;� 187

2
;
1837

2
;�6343; 86653;� 1256569

2
;
3

2
490499;� 27342361

2
; 587890603

�
;

Aq6 ¼
�
1; 13;� 97

2
;
1207

2
;�4453; 65863;� 986299

2
;
3

2
400409;� 22747771

2
; 500593393

�
;

Aq7 ¼
�
�1; 3;� 15

2
;
105

2
;�315; 3465;� 45045

2
;
3

2
15015;� 765765

2
; 14549535

�
: (3.15)

9Cq0 � Cq computed for J 2 ¼ 0.

8Cdj0 is used for Cdj computed for the J 2 ¼ 0 case.

7The only difference in that sense is that for j odd an additional overall factor of �2 appears, as can be seen from the formulas above.
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IV. CONCLUDING REMARKS

In this paper, in the framework of the semiclassical ap-
proach, we computed the leading finite-size effects on the
normalized structure constants in some three-point correlation
functions in AdS5 � S5, expressed in terms of the conserved
string angular momenta J1, J2, and the world-sheet momen-
tum pw, identified with the momentum p of the magnon
excitations in the dual spin chain arising in N ¼ 4 SYM in
four dimensions. Namely, we found the leading finite-size
effects on the structure constants in three-point correlators of
two heavy (dyonic) giant magnon’s string states and the
following three light states:

(1) Primary scalar operators;
(2) Dilaton operator with nonzero momentum

(j 
 1);
(3) Singlet scalar operators on higher string levels.
A natural generalization of the above results would be

to consider the case of �-deformed (or TsT-transformed)
AdS5 � S5 type IIB string theory background. Another
possible issue to investigate is the case of AdS4 � CP3

type IIA string theory background, dual to N ¼ 6 super
Chern-Simons-matter theory in three space-time dimen-
sions (Aharony-Bergman-Jafferis-Maldacena model) and
its TsT deformations. We hope to report on these soon.
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