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We study the coupled �N system (negative parity, isospin 1
2 ) based on a lattice QCD simulation for

nf ¼ 2 mass degenerate light quarks. Both standard 3-quark baryon operators as well as meson-baryon

(4þ 1)-quark operators are included. This is an exploratory study for just one lattice size and lattice

spacing and at a pion mass of 266 MeV. Using the distillation method and variational analysis we

determine energy levels of the lowest eigenstates. Comparison with the results of simple 3-quark

correlation studies exhibits drastic differences and a new level appears. A clearer picture of the negative

parity nucleon spectrum emerges. For the parameters of the simulation we may assume elastic s-wave

scattering and can derive values of the phase shift.
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I. INTRODUCTION

Even if we consider only strong interactions almost all
hadrons are unstable. Calculations in lattice quantum chro-
modynamics (QCD) should therefore take into account the
resonant nature of these states and the coupled decay
channels. The bulk of lattice studies rely on correlation
functions for simple �qq- or qqq-type operators for mesons
or baryons, respectively. Formally one would expect that in
the full quantum field theory with dynamical quarks these
simple meson or baryon operators should (via dynamical
vacuum loops) couple to meson-meson or meson-baryon
states. It was found that such intermediate channels seem
to be coupling tooweak to be observed (see, e.g., Refs. [1–7]
for baryon correlation studies). Therefore one needs to
include explicitly hadron-hadron operators in the set of
interpolators, as has been demonstrated in meson reso-
nance studies [8–14].

The interplay between resonance levels and hadron-
hadron states has been discussed in Refs. [15–18], where
the resulting energy levels for finite spatial volume were
related to the continuum scattering phase shift in the elastic
region. Comparing the energy levels of a noninteracting
hadron-hadron state with those in the case of interactions
one finds a significant level shift (‘‘avoided level cross-
ing’’) in the energy region of the resonance. The effect of
such coupled channels depends on the system parameters.
For small volumes and unphysical large quark masses the
two-hadron energy levels may lie high above the observed
resonance levels or—for narrow resonances—outside the
influence region of the resonance.

Often it is technically not possible (e.g., due to a small
volume) to determine more than a few of the lowest energy
levels below the elastic threshold. In the elastic scattering
region each energy level corresponds to one value of the
phase shift and the resonance region then cannot be

mapped out sufficiently well. One the other hand, each
change of volume or other parameters requires a com-
pletely new simulation sequence (i.e., generating configu-
rations with dynamical fermions, quark propagators, etc.)
Studying interpolators in moving frames [19–23] allows us
to obtain further values on the same configurations.
Unfortunately, for coupled channels with two hadrons of
different mass, there can be mixing between different
partial waves, complicating the situation. Another compli-
cation is the opening of inelastic channels.
Starting from continuum models for a scattering process

based on phenomenologically determined parameters, one
can also derive the energy levels on finite volume lattices
[24–27]. Coupled channel potential models or unitarized
chiral perturbation theory motivated models in that way
allow us to compare with lattice results. Alternative meth-
ods to identify resonance parameters have been discussed
in that context [24,28,29].
A particularly interesting case is the negative parity

nucleon channel. There we have two low lying resonances
N�ð1535Þ and N�ð1650Þ which couple to N� in s wave.
Above the 10% level there are also further inelastic decays
N�ð1535Þ ! N� and N�ð1650Þ ! N�, �K. So far lattice
simulations of this channel that have determined ground
state energy levels and further excitations included only
3-quark interpolators [4–7]. In these studies two low lying
energy levels have been identified and assigned to the two
negative parity resonances. However, the lower of the two
levels showed a tendency to lie below the N�ð1535Þ.
In order to clarify the situation we study here for the first

time the coupled system of 3-quark nucleon interpolators
and pion-nucleon interpolators in the negative parity chan-
nel. The calculation requires the computation of many
more correlation graphs than before, including the notori-
ously demanding backtracking quark line contributions.
We therefore use the distillation method [30] for determin-
ing the cross correlation matrix for up to nine interpolators.
We use gauge configurations with nf ¼ 2 mass degenerate

dynamical quarks (of improved Wilson type) with a pion
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mass of 266 MeV. The 163 � 32 lattices have spatial extent
of 1.98 fm with Lm� � 2:68 (for details see Table I). The
energy levels are obtained with the variational method
[15,31–33].

The energy levels of the eigenstates in case of a finite
spatial extent L are discrete. They are determined by
diagonalizing the correlation matrix of interpolating op-
erators. The set of these interpolators has to be large
enough to allow the representation of the eigenstates. For
total momentum zero the pion-nucleon operators will have
the form NðnÞ�ð�nÞ where n abbreviates the possible
quantized momentum values 2n�=L. For the noninteract-
ing situation the corresponding energies are straightfor-
ward to compute, for the interacting case they are shifted
and have to be determined numerically from the correla-
tion matrix. We need to consider all interpolators that may
couple to the system in the energy region where one
expects eigenstates. Obviously the 3-quark interpolators
and the interpolator Nð0Þ�ð0Þ have to be included. In our
setting already the s-wave operator Nð1Þ�ð�1Þ lies high
above the lowest energy level. The same holds for a
possible N�2 channel (note, that for only two dynamical
quarks there is just one � meson called �2). We find that
the spectrum shows a clear difference whether the pion-
nucleon operator is included or not. If the pion-nucleon
interpolator is included we observe one more level below
threshold, typical for attractive channels, and the next two
levels are shifted closer to the expected resonances.

Following Sec. II where we present the parameters and
methods used, we discuss the results in Sec. III. The
Appendix lists the necessary Wick contractions for the
meson-baryon correlators.

II. METHODS

A. Lattice action and configurations

We use configurations from the study of reweighting
techniques [34,35] generously provided by the authors.
The gauge configurations were generated for nf ¼ 2 fla-

vors of mass degenerate light quarks and a tree level
improved Wilson-Clover action with gauge links smeared
using one level of normalized hypercubic smearing. The
valence u=d quarks have the same mass as the sea u=d
quarks. Table I lists the parameters used for the simulation
along with the number of (approximately independent)
gauge configurations used, the lattice spacing, volume
and the pion mass (for details see Refs. [8,11]). We note

that the small value Lm� � 2:68 may lead to finite size
effects which we cannot identify in this study since we
have just one lattice size available.

B. Determination of energy levels

Because of the finiteness of the spatial volume, the
energy spectrum of the correlation functions is discrete.
We determine the energy levels of the N and the N�
system with the variational method [15,31–33]. For a given
quantum channel one measures the Euclidean cross-
correlation matrix CðtÞ between several interpolators,

CijðtÞ ¼ hOiðtÞ �Ojð0Þi ¼
X
n

hOiðtÞjnie�Enthnj �Ojð0Þi; (1)

where the operators are located on the corresponding
Euclidean time slices. The generalized eigenvalue problem
CðtÞ ~unðtÞ ¼ �nðtÞCðt0Þ ~unðtÞ disentangles the eigenstates
jni with the eigenvalues

�nðt; t0Þ ¼ e�Enðt�t0Þð1þOðe��Enðt�t0ÞÞÞ; (2)

where �E may be as small as the distance to the next
nearby energy level. From the exponential decay one de-
termines the energy values of the eigenstates by exponen-
tial fits. The stability of the eigenvectors with regard to t
and the so-called effective energies

EnðtÞ ¼ log
�nðtÞ

�nðtþ 1Þ (3)

indicate the suitable fit range by exhibiting plateaulike
behavior. The set of interpolators should be large enough
to allow the system to reproduce the physical eigenstates.
Neglecting important interpolators may obscure the result.
On the other hand, in the calculations it is not possible to
have a complete set of interpolators and one is limited to a
reasonable subset. Also, the statistical quality of CðtÞ is an
issue. The reliability of the obtained energy levels de-
creases for higher jni, with the ground state being the
most reliable one.
The energy values are extracted using correlated fits of

�nðtÞ to one and two exponentials. A possible source of
systematic error is the choice of the fit range in t. From the
effective energy plots (cf. Figs. 2 and 3), the range of
stability of the eigenvectors and the �2 dependence of
the fits we estimate suitable fit ranges. The two-exponential
fits start at smaller t and we verify that the extracted levels
agree with results obtained from one-exponential fits
starting at larger t.

C. Interpolators

The N� system can be projected to isospin 1
2 and 3

2 ,

experimentally accessible by ��p scattering. Here we
study only the isospin 1

2 sector.

For the charged nucleon interpolator we use the operator
(on a given time slice)

TABLE I. Configurations used for the present study. NS and
NT denote the number of lattice points in spatial and time
directions, and L ¼ NSa is the size in physical units.

N3
S � NT � a½fm� L½fm� Lm�

No. of

configs m�½MeV�
163 � 32 7.1 0.1239(13) 1.98 2.68 280 266(3)(3)
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ðNðiÞ
� Þ�ð ~p ¼ 0Þ ¼ X

~x

�abcðP��
ðiÞ
1 uað ~xÞÞ�ðuTb ð ~xÞ�ðiÞ

2 dcð ~xÞÞ;

(4)

and for the neutral one with the quarks d, u, d. ð�1;�2Þ can
assume the three values ð1; C�5Þ, ð�5; CÞ and ði1; C�t�5Þ
for i ¼ 1, 2, 3. C denotes the charge conjugation matrix, �t

the Dirac matrix in time direction, and P� ¼ 1
2 ð1� �tÞ the

parity projector. We sum over all points of the time slice in
order to project to zero momentum. Summation over the
color indices a, b, c and the (not shown) Dirac indices is
implied.

In the distillation approach (see Sec. II D below) the
sources are smeared combining Nv eigenvectors. For the
nucleon 3-quark interpolators we choose Nv ¼ 32 and
Nv ¼ 64 and thus with the three different Dirac structures
have six operators.

The pion interpolators read

�þð ~p ¼ 0Þ ¼ X
~x

�dað ~xÞ�5uað ~xÞ;

�0ð ~p ¼ 0Þ ¼ X
~x

1ffiffiffi
2

p ð �uað ~xÞ�5uað ~xÞ � �dað ~xÞ�5dað ~xÞÞ;
(5)

where summation over the color index a is implied.
We consider the N� system in the rest frame. The

leading s-wave contribution then comes from the interpo-
lator with both particles at rest,

N�ð ~p ¼ 0Þ ¼ �5Nþð ~p ¼ 0Þ�ð ~p ¼ 0Þ; (6)

where Nþ denotes the positive parity nucleon and the
factor �5 ensures negative parity for the interpolator. In
the distillation approach we choose for the N� channel
Nv ¼ 32 and thus with the three different nucleon inter-
polators have three operators.

We project to isospin 1
2 by choosing the combination

ON�

�
I ¼ 1

2
; I3 ¼ 1

2

�
¼ p�0 þ ffiffiffi

2
p

n�þ; (7)

with p and n denoting the charged and the neutral nucleon
according to (4).

The negative parity N� channel becomes quickly inelas-
tic (see, e.g., Refs. [36–39]). According to the Particle Data
Group [40] the main decay channel is N� [35%–55% for
N�ð1535Þ, 50%–90% for N�ð1650Þ]. The second largest
decay rate is to N� [42%� 10% for N�ð1535Þ, 5%–15%
for N�ð1650Þ]. Most of the rest of 10%–20% is N�� and,
for N�ð1650Þ, also�K. For a lattice calculation at physical
quark masses one would need to include the inelastic
channels. This is beyond present-day capacity.

In our case (nf ¼ 2) there is just one pseudoscalar

meson � called �2, with a mass larger than 800 MeV
[41,42]. With our parameters (see Sec. III) these inelastic
channels would thus have thresholds above 1900 MeV. The
lowest state with total momentum zero but nonzero relative

momentumNð1Þ�ð�1Þ [momentum units 2�=ð16aÞ] has a
(noninteracting) energy of 1920 MeV as well. These en-
ergy values are above the observed lowest three levels. We
cannot exclude that in particular the highest of these may
be influenced by the Nð1Þ�ð�1Þ state.

D. Distillation method and correlation function

We compute the correlation matrix entries with help of
the distillation method [30]. This method has been success-
fully applied in several studies, including baryon correla-
tion functions [3,4,8,11,12,43,44]. It also allows for a
reliable evaluation of the partially disconnected diagrams.
On a given time slice one introduces separable (i.e., ex-
pressed by a sum of products separating the dependence on
~x and ~x0) quark smearing sources in the form

qc;	ð ~xÞ !
X
~x0
Scdð ~x; ~x0Þqd;	ð ~x0Þ �

X
~x0

XNv

i

vi
cð ~xÞvi�

d ð ~x0Þqd;	ð ~x0Þ;

(8)

where c, d and 	 denote color and Dirac indices and
summation over the color indices is implied. A suitable
choice for the vi is the eigenvectors of the spatial lattice
Laplacian [30]. Summing over all eigenvectors reproduces
the delta function, the spectral representation of unity. In
actual calculation one truncates the sum and uses the low-
est eigenmodes or subsets. The value of Nv depends on the
lattice size and Nv between 32 and 96 was found suitable
for our situation [8].
The advantage of the distillation approach lies in its

versatility. Instead of quark propagators Gc�;d
ðx; x0Þ
from one source located in x0 to other points on the lattice
one now computes propagators between eigenmode
sources, so called perambulators

��
ðj; tsnk; i; tsrcÞ �
X
~x; ~y;c;d

vj�
d ð ~x; tsnkÞGd�;c
ð ~x; ~yÞvi

cð ~y; tsrcÞ:

(9)

The interpolator structure decouples from the calculation
of the perambulators completely. For example, meson
correlators assume the form

Cðtsnk; tsrcÞ ¼ hMðtsnkÞMyðtsrcÞi
¼ ��
ðn; k; tsrcÞ�
	ðk; tsrc; i; tsnkÞ

��	�ði; j; tsnkÞ���ðj; tsnk;n; tsrcÞ; (10)

whereM denotes a meson interpolator like, e.g., the pion of
Eq. (5) and summation over the source index ði; j; k; nÞ
pairs and the Dirac index ð	;�;�; 
Þ pairs is implied.
Because of �5 Hermiticity of the Dirac operator the per-
ambulator for sink to source can be expressed by that from
source to sink,

�
	ðk; tsrc; i; tsnkÞ ¼ �5;		0�y	0
0 ði; tsnk; k; tsrcÞ�5;
0
: (11)
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The meson interpolator type is specified in

�	�ði; j; tÞ ¼ D	�

X
~x; ~y

vi�
d ð ~yÞFdcð ~y; ~xÞvj

cð ~xÞ � D	��̂ði; j; tÞ:

(12)

The factors D and F represent the Dirac structure and
momentum projection or derivative terms related to the
quantum numbers of the meson. Only � has to be recom-
puted for each meson interpolator whereas the perambu-
lator remains the same.

For 3-quark interpolators like the baryons one obtains
contributions to the correlation function of the form

C�
ðtsnk; tsrcÞ ¼ hN�ðtsnkÞ �N
ðtsrcÞi ¼ ��	��ði; j; k; tsnkÞ
�		0 ði; tsnk; i0; tsrcÞ ���0 ðj; tsnk; j0; tsrcÞ
���0 ðk; tsnk; k0; tsrcÞ �y


	0�0�0 ði0; j0; k0; tsrcÞ: (13)

For an interpolator N (without derivatives) � assumes the
form

�
	��ði; j; k; tÞ ¼ D
	��

X
~x

�abcv
i
að ~xÞvj

bð ~xÞvk
cð ~xÞFð ~xÞ

� D
	���̂ði; j; k; tÞ: (14)

Again, D carries the Dirac structure and F the possible
total momentum projection factors.

We also project the correlation functions to definite
parity with the projection operators P� ¼ 1

2 ð1� �tÞ.
In the Appendix we list the necessary contraction terms
expressed in terms of the perambulators.

E. Energy levels: Interpretation

We study the N� system in the 1
2
� channel in s wave in

the rest frame. From the energy value

E ¼ ffiffiffi
s

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpN þ p�Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p�2 þm2

�

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p�2 þm2

N

q

(15)

we extract the momentum p� ¼ jp�j with

p�2 ¼ ½s� ðmN þm�Þ2�½s� ðmN �m�Þ2�
4s

; (16)

and the dimensionless product of the momentum and the
spatial lattice size

q ¼ p� L

2�
: (17)

For a system of noninteracting pions and nucleons the
energy levels for given lattice size can be straightforwardly
computed (dotted lines in Fig. 1). For the interacting case,
with localized interaction region and in the elastic domain,
Lüscher [15–18] has given a relation between energy levels
and phase shift,

tanðqÞ ¼ �3=2q

Z00ð1;q2Þ
; (18)

where q is given in (17), and the generalized zeta function
Zlm is given in Ref. [17].
Assuming a phase shift parametrization, one can nu-

merically invert that relation and obtain the modified en-
ergy levels, which exhibit the phenomenon of avoided level
crossing by level ‘‘transmutation.’’

2.0 2.5 3.0 3.5 4.0 4.5 5.0

8

10

12

14

L

E

2.0 2.5 3.0 3.5 4.0 4.5 5.0
4

6

8

10

12

14

L

E

FIG. 1 (color online). Lowest energy levels vs the spatial
lattice size (both in units of the pion mass). Upper plot: physical
pion, nucleon and N�ð1535Þ masses comparing the noninteract-
ing levels (dotted) with the levels distorted due to interaction
(full lines); the broken horizontal line indicates the threshold, the
horizontal thick line the N�ð1535Þ mass; the N� is parametrized
as an elastic resonance with a decay width of 150 MeV. Lower
plot: unphysical values for m� ¼ 266 MeV, mN ¼ 1068 MeV;
for N� the mass is chosen as 1670 MeV without changing the
coupling strength. In both cases the lowest possible state is
Nð0Þ�ð0Þ, which coincides with the threshold in the noninteract-
ing case. For attractive interaction the level moves slightly below
the threshold to negative q2.
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The s-wave amplitude may be written

T ¼ ei sin ¼ 1

cot� i
: (19)

We also define for convenience

�0ðsÞ ¼ p�ffiffiffi
s

p cot ¼ 2Z00ð1; q2Þ
L

ffiffiffiffiffiffi
s�

p ; (20)

with the effective range parametrization near threshold

ffiffiffi
s

p
�0ðsÞ ¼ 1

a0
þOðp�2Þ; (21)

and scattering length a0. If the first resonance is of Breit-
Wigner shape, then �0 can be approximated linearly,

�0ðsÞ ¼ 1

�
ðsR � sÞ: (22)

Here sR denotes the resonance position and � is related to
the width

� ¼ p�ðsRÞ
sR

� (23)

or the coupling constant � ¼ g2=6�.
TheNð12�Þ (s-wave) scattering amplitude is shown in the

data analysis of Arndt et al. [36] and has an intricate
behavior, becoming quickly inelastic. In a simplification
of that case let us study the situation with just one elastic
resonance. In that case the phase shift and elastic amplitude
can be modeled where we have used a resonance mass of
1535 MeV and a width of 150 MeV. The resulting energy
levels demonstrating the expected avoided level crossing
are also shown in Fig. 1.

In the lower part of Fig. 1 we show the situation where
the pion mass has the larger value 266 MeV. (Note that it is
also used as unit mass in that plot.) The value of the stable
nucleon has been set to 1068 MeV and the resonance
position to 1670 MeV, all values close to the results of
our calculation to be discussed in Sec. III. The coupling
strength � at the resonance position is unchanged.

In this setting the picture changes drastically. For our
lattice size we have L � 2:68 (in units of m�) and the
energy level Nð1Þ�ð�1Þ lies clearly above the resonance.
The lowest possible state is Nð0Þ�ð0Þ, which coincides
with the threshold in the noninteracting case. For attractive
interaction the level moves slightly below the threshold to
negative q2, which is a finite volume artifact.

Choosing interpolators with nonzero total momentum
(‘‘moving frame’’) allows us in principle to obtain further
energy levels and thus additional values of the phase shift.
For the case of two particles of equal mass, this was
discussed in Refs. [19,20] and has been used in various
studies of the�� system. The situation for pairs of hadrons
with different masses is more complicated [21–23] since
there even and odd partial waves may mix. In this study we
rely on the case of zero momentum. Smaller quark masses

will require the consideration of further N� operators and
other interpolators.
Lüscher’s relation holds in the elastic region. Most often

inelasticity sets in early due to coupled channels. An
alternative approach is the inverse procedure starting
with a (unitarized) coupled channel parametrization of
the scattering matrix in continuum and then determining
the expected discrete energy levels on finite volumes, see,
e.g., Refs. [24–27]. The lattice results for the energy levels
can then be interpreted along these lines.

III. RESULTS

A. Pion and nucleon, noninteracting

The masses of the free pion and the ground state nucleon

Nð12
þÞ have to be estimated with the highest possible

precision in order to perform the subsequent analysis. For
the gauge configurations used here the pion was studied
carefully in Refs. [8,11] where the value am� ¼ 0:1673ð2Þ
was obtained and we use this value here as well.

For the positive parity nucleon Nð12
þÞ we study the

correlation matrix for the six operators

Oþ
1 ;O

þ
2 ;O

þ
3 ¼ Nð1Þ

þ ; Nð2Þ
þ ; Nð3Þ

þ with Nv ¼ 32;

Oþ
4 ;O

þ
5 ;O

þ
6 ¼ Nð1Þ

þ ; Nð2Þ
þ ; Nð3Þ

þ with Nv ¼ 64:
(24)

The correlation matrix is analyzed with the variational
method as discussed above. The ground state shows a
stable plateau behavior in the effective energy plot Fig. 2.
The first excitation is considerably higher than the ex-
pected Roper resonance. This observation is shared by
other recent studies (see, e.g., Refs. [1,4]) but disputed
[2,45]. The reason for the high value may lie in the incom-
pleteness of the interpolator basis, i.e., possibly missing
important 5-quark interpolators. To solve this puzzle is not
the object of our study. Our value of the ground state
nucleon (fit range 6–12) is amN ¼ 0:672ð4Þ [correspond-
ing to mN ¼ 1068ð6Þ MeV].

B. Interacting N� system

We compute the full correlation matrix for the following
operators:

3 6 9 12
t

0.0

0.5

1.0

1.5

2.0

a 
E

1.0

2.0

3.0

E
 [

G
eV

]

0

FIG. 2 (color online). The effective energy values for the Nð12
þÞ

channel (with 3-quark interpolators).
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O�
1 ;O

�
2 ;O

�
3 ¼ Nð1Þ� ; Nð2Þ� ; Nð3Þ� with Nv ¼ 32;

O�
4 ;O

�
5 ;O

�
6 ¼ Nð1Þ� ; Nð2Þ� ; Nð3Þ� with Nv ¼ 64;

O�
7 ;O

�
8 ;O

�
9 ¼ Oð1Þ

N�;O
ð2Þ
N�;O

ð3Þ
N� with Nv ¼ 32;

(25)

with the definition from (4) and (6).
Let us first consider results for the subset of 3-quark

interpolatorsO�
1 -O

�
6 . It turns out that inclusion of the type

Nð3Þ� does not improve the quality of the diagonalization
results. We therefore use only the subset
ðO�

1 ;O
�
2 ;O

�
4 ;O

�
5 Þ. We reproduce the usual (see, e.g.,

Refs. [4,5]) pattern of energy levels (see left-hand plot of
Fig. 3), which have been assigned to the two N� reso-
nances. However, as has been observed in Ref. [46], to-
wards smaller pion masses the lower level moves close to
the expected threshold and thus lies unexpectedly low if
compared to the N�ð1535Þ. The situation is shown in Fig. 4
(middle). The energy levels have the values 1.359(43) GeV
(exponential fit, fit range 6–10) and 1.709(29) GeV
(fit range 4–9).

This picture changes significantly when one includes the
N� interpolators in the correlation matrix. The right-hand
plot of Fig. 3 shows the effective energy levels when using
operators O�

1 , O
�
2 , O

�
4 , O

�
5 , O

�
7 , O

�
8 , O

�
9 in the analysis.

The exponential fits to the corresponding eigenvalues and
the resulting energy levels are listed in Table II.

Figure 4 (right) demonstrates the difference to the pre-
vious case with only 3-quark interpolators. The lowest
level now lies slightly below threshold, a feature typical
for attractive s wave [11,12] and a finite volume artifact.
This agrees with the behavior discussed in Sec. II E. The
two next-higher levels are now close to values lying
approximately 130 MeV above the physical resonance
positions of N�ð1535Þ and N�ð1650Þ, similar to the situ-
ation for the nucleon. Comparison with Fig. 1, where a
single elastic resonance parametrization has been used,

shows excellent agreement for the lowest two energy
levels.
The eigenvectors are fingerprints of the states and one

should have a stable composition across the fit range in
order to be sure to identify the same eigenstate. Figure 5
shows the eigenvector components of the three lowest
eigenstates. The eigenvectors have unit norm. The absolute
normalization of the 5-quark operators compared to the
3-quark ones is unclear. However, one finds that the ON�

contribution to the ground state is significantly larger than

to the higher levels. Interpolators of type Nð1Þ� contribute
importantly to the lowest eigenstate and dominate the third

state, whereas the interpolators of type Nð2Þ� are more
important for the second state.
In contrast, the effective energy levels of the pure

3-quark correlations system show more fluctuation.
Comparing with the full N� system results one gets the
impression that the two lowest states of the 3-quark system
interpolate between the three lowest states of the complete
system.
The lowest energy level of the two particle system lies

below threshold and the corresponding value of �0 may be
related to the scattering length. Table II gives also the
values of �0 from (20) due to the Lüscher analysis and
the resulting values of the phase shift, assuming elasticity.
The second energy level lies close to the point where the
phase shift crosses �=2 (this value is included within the
error bars). This closeness is pure chance: for slightly
larger lattices this would not have been the case
(cf. Fig. 1). As discussed, the kinematical situation (pion
mass and lattice size) allows the assumption to be in the
elastic domain and thus one is tempted to assume validity
of (22). The zero of the line connecting the values of �0 at
the two lowest energy levels gives the resonance position
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FIG. 3 (color online). Left: effective energy values for the case
without N� contribution. Right: including N� interpolators. The
horizontal broken line indicates the threshold value mN þm�.
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FIG. 4 (color online). Comparison of the energy levels. Left:
physical mass values (experiment). Middle: result when using
only 3-quark interpolators. Right: result when pion-nucleon
interpolators are included. The dashed lines indicate the scatter-
ing thresholds.
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a2sR ¼ 1:114ð135Þ corresponding to a resonance mass
mR ¼ 1:678ð99Þ GeV. This is approximately 140 MeV
above the physical value, but not surprising due to the
unphysical pion and nucleon masses, in fact, a similar shift
as for the nucleon. Also note that the N� system in nature
is already inelastic and the linearity assumption not justi-
fied in that case.

The third eigenstate has a phase shift of 47� (’ 227�
since the arctan is defined modulo 180�) indicating a
resonance lying closely above that energy value of
1.79 GeV—again assuming elastic scattering.
Because of the closeness of the threshold to the reso-

nance in our setting, as compared to nature, we cannot
expect physical values for scattering length or decay width.
With (21) we can estimate the scattering length from the
point close below threshold sthr. We find a value a0 ’
5:3ð�1:4Þ GeV�1 roughly four times larger than, e.g., the
leading order chiral perturbation theory value m�=ð4�F2

�Þ
[47,48].

IV. SUMMARY

We study N� scattering in the negative parity, isospin 1
2

sector in an ab initio lattice QCD calculation. The simula-
tion parameters are two dynamical, mass degenerate
quarks, a pion mass of 266 MeV, a spatial lattice size of
1.98 fm, and a volume 163 � 32 in lattice units. We use
3-quark and meson-baryon (5-quark) interpolators and
analyze the 9� 9 correlation matrix with help of the varia-
tional method.
We find a significant difference to the results of simple

3-quark correlation analyses. The overall behavior resem-
bles that found in meson-meson scattering lattice studies
for s-wave channels [11,12]. Because of the unphysical
values of the pion mass, the resonance position is higher
than the experimentally established values.
The main result of our study is that taking into account

meson-baryon interpolators indeed changes the obtained
energy spectrum significantly. This is a first step in that
direction. Obviously this is an exploratory study and sys-
tematic uncertainties stemming from the volume size, the
lattice spacing and the pion mass are not (yet) under
control. More work (moving frames, different volumes,
further coupled channels) will fill the gap between elastic
and inelastic threshold and allow the comparison with
experiment and continuum models.
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TABLE II. Final results for the lowest three energy levels of the coupled N� system with the interpolators O�
1 , O

�
2 , O

�
4 , O

�
5 , O

�
7 ,

O�
8 ,O

�
9 . The energy levels are determined by correlated one-exponential fits to the eigenvalues �nðtÞ in the given fit range. We verified

that two-exponential fits starting at smaller t agree with results obtained from one-exponential fits. The errors are determined by the
single-elimination jackknife method. For the values given in GeV we use the lattice spacing a ¼ 0:1239 fm (Sommer parameter
r0 ¼ 0:48 fm).

Level n t0 Fit range aEn ¼ a
ffiffiffi
s

p
E ¼ ffiffiffi

s
p

[GeV] �2

d:o:f: ap� �0  [degrees]

1 1 6–12 0.800(5) 1.272(8) 6:12=5 0.0985(57) I 0.149(48) 68(59)i

2 1 4–8 1.045(19) 1.662(30) 2:46=3 0.2726(155) 0.007(42) 89(9)

3 1 4–8 1.127(18) 1.792(29) 0:67=3 0.3362(134) 0.279(108) 47(10)
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APPENDIX: WICK CONTRACTIONS

Notation for the perambulators used in this
section: �ðt; t0; a; a0; 	; 	0Þ denotes the perambulator
�		0 ða; t;a0; t0Þ from (9), i.e., from source at t0 (source
vector a0, Dirac index 	0) to the sink at t (source vector
a, Dirac index 	).

Each source/sink nucleon contributes a factor of the

form �̂Nða; b; cÞ, which is constructed from the
Laplacian eigenvectors. For a given time slice we have

�̂snk
N ða; b; cÞ ¼ X

~x;i;j;k

�ijkv
i
að ~xÞvj

bð ~xÞvk
cð ~xÞ; (A1)

where � denotes the Levi-Civita symbol, v are the
Laplacian eigenvectors, and the sum runs over all sites
of the time slice and over the color indices i, j, k.

The corresponding factor for the pion �̂�ða; bÞ on a given
time slice reads

�̂ snk
� ða; bÞ ¼ X

~x;i;j

ijv
i�
a ð ~xÞvj

bð ~xÞ: (A2)

By permuting and renaming the Dirac indices 	;�; �; . . .
and the eigenvector indices a; b; c; . . . we group the differ-
ent contraction such that they have a common prefactor.
There also the gammamatrices of the nucleon and pion and
the parity projection operators P� are located.

1. N ! N

This entry (see Fig. 6) has the form

�Ay
	0�P

�
�
�

A

	�

B
���

By
�0�0�̂

snk
N ða; b; cÞ�̂src

N ða0; b0; c0ÞX
2

i¼1

Ai;

(A3)

where summation over index pairs is implied.

A1 ¼ �ðt; t0;c;c0;�;�0Þ�ðt; t0;a;b0;	;�0Þ�ðt; t0;b;a0;�;	0Þ
A2 ¼��ðt; t0;a;a0;	;	0Þ�ðt; t0;b;b0;�;�0Þ�ðt; t0;c;c0;�;�0Þ:

(A4)
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FIG. 6 (color online). Terms A1 and A2 contributing to N ! N.
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FIG. 8 (color online). Terms C1–C4 contributing to N� ! N.
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2. N ! N�

This matrix element has four terms (Fig. 7) contributing

1ffiffiffi
2

p �Ay
	0�P

�
�
�

A

	�

B
���

By
�0�0��

��̂
snk
N ða; b; cÞ�̂snk

� ðe; gÞ�̂src
N ða0; b0; c0ÞX

4

i¼1

Bi; (A5)

where summation over index pairs is implied.

B1 ¼ 3�ðt; t; b; e; �; �Þ�ðt; t0; a; c0; 	; �0Þ�ðt; t0; g; a0; ; 	0Þ�ðt; t0; c; b0; �; �0Þ
B2 ¼ �3�ðt; t0; b; b0; �; �0Þ�ðt; t0; c; c0; �; �0Þ�ðt; t; a; e; 	; �Þ�ðt; t0; g; a0; ; 	0Þ
B3 ¼ �3�ðt; t; c; e; �; �Þ�ðt; t0; b; a0; �; 	0Þ�ðt; t0; a; c0; 	; �0Þ�ðt; t0; g; b0; ; �0Þ
B4 ¼ 3�ðt; t0; c; c0; �; �0Þ�ðt; t; a; e; 	; �Þ�ðt; t0; b; a0; �; 	0Þ�ðt; t0; g; b0; ; �0Þ:

(A6)

3. N� ! N

This matrix element has four terms (Fig. 8) contributing

1ffiffiffi
2

p �Ay
	0�P

�
�
�

A

	�

B
���

By
�0�0�

�y
�00�̂

snk
N ða; b; cÞ�̂src

N ða0; b0; c0Þ�̂src
� ðg0; e0ÞX

4

i¼1

Ci; (A7)

where summation over index pairs is implied.

C1 ¼ 3�ðt; t0; b; b0; �; �0Þ�ðt; t0; c; c0; �; �0Þ�ðt0; t0; e0; a0; �0; 	0Þ�ðt; t0; a; g0; 	; 0Þ
C2 ¼ �3�ðt; t0; c; c0; �; �0Þ�ðt; t0; a; b0; 	; �0Þ�ðt0; t0; e0; a0; �0; 	0Þ�ðt; t0; b; g0; �; 0Þ
C3 ¼ �3�ðt; t0; c; a0; �; 	0Þ�ðt; t0; a; g0; 	; 0Þ�ðt; t0; b; c0; �; �0Þ�ðt0; t0; e0; b0; �0; �0Þ
C4 ¼ 3�ðt; t0; a; b0; 	; �0Þ�ðt; t0; c; a0; �; 	0Þ�ðt; t0; b; g0; �; 0Þ�ðt0; t0; e0; c0; �0; �0Þ:

(A8)

4. N� ! N�

Here 19 terms (Figs. 9–12) contribute

1

2
�Ay
	0�P

�
�
�

A

	�

B
���

By
�0�0��

��
�y
�00�̂

snk
N ða; b; cÞ�̂snk

� ðe; gÞ�̂src
N ða0; b0; c0Þ�̂src

� ðg0; e0ÞX
19

i¼1

Di; (A9)

where summation over index pairs is implied.

D1 ¼ 3�ðt; t0; b; b0; �; �0Þ�ðt; t0; c; c0; �; �0Þ�ðt0; t; e0; e; �0; �Þ�ðt; t0; a; g0; 	; 0Þ�ðt; t0; g; a0; ; 	0Þ
D2 ¼ �3�ðt0; t; e0; e; �0; �Þ�ðt; t0; a; b0; 	; �0Þ�ðt; t0; g; a0; ; 	0Þ�ðt; t0; b; c0; �; �0Þ�ðt; t0; c; g0; �; 0Þ
D3 ¼ �3�ðt0; t; e0; e; �0; �Þ�ðt; t0; c; a0; �; 	0Þ�ðt; t0; a; g0; 	; 0Þ�ðt; t0; b; c0; �; �0Þ�ðt; t0; g; b0; ; �0Þ
D4 ¼ 9�ðt0; t; e0; e; �0; �Þ�ðt; t0; a; c0; 	; �0Þ�ðt; t0; c; a0; �; 	0Þ�ðt; t0; b; g0; �; 0Þ�ðt; t0; g; b0; ; �0Þ
D5 ¼ �6�ðt; t0; a; a0; 	; 	0Þ�ðt0; t; e0; e; �0; �Þ�ðt; t0; b; c0; �; �0Þ�ðt; t0; g; b0; ; �0Þ�ðt; t0; c; g0; �; 0Þ;

(A10)

D6 ¼ �6�ðt0; t; e0; e; �0; �Þ�ðt; t0; g; g0; ; 0Þ�ðt; t0; b; a0; �; 	0Þ�ðt; t0; a; c0; 	; �0Þ�ðt; t0; c; b0; �; �0Þ
D7 ¼ 6�ðt; t0; a; a0; 	; 	0Þ�ðt; t0; b; b0; �; �0Þ�ðt; t0; c; c0; �; �0Þ�ðt0; t; e0; e; �0; �Þ�ðt; t0; g; g0; ; 0Þ
D8 ¼ �9�ðt; t; c; e; �; �Þ�ðt; t0; a; c0; 	; �0Þ�ðt0; t0; e0; a0; �0; 	0Þ�ðt; t0; b; g0; �; 0Þ�ðt; t0; g; b0; ; �0Þ
D9 ¼ 9�ðt; t0; c; c0; �; �0Þ�ðt; t; a; e; 	; �Þ�ðt0; t0; e0; a0; �0; 	0Þ�ðt; t0; b; g0; �; 0Þ�ðt; t0; g; b0; ; �0Þ
D10 ¼ 9�ðt; t0; g; g0; ; 0Þ�ðt; t; b; e; �; �Þ�ðt; t0; a; c0; 	; �0Þ�ðt0; t0; e0; a0; �0; 	0Þ�ðt; t0; c; b0; �; �0Þ;

(A11)
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D11 ¼ �9�ðt; t0; b; b0; �; �0Þ�ðt; t0; c; c0; �; �0Þ�ðt; t0; g; g0; ; 0Þ�ðt; t; a; e; 	; �Þ�ðt0; t0; e0; a0; �0; 	0Þ
D12 ¼ �3�ðt; t; c; e; �; �Þ�ðt; t0; a; g0; 	; 0Þ�ðt; t0; g; a0; ; 	0Þ�ðt; t0; b; c0; �; �0Þ�ðt0; t0; e0; b0; �0; �0Þ
D13 ¼ 3�ðt; t; b; e; �; �Þ�ðt; t0; a; c0; 	; �0Þ�ðt; t0; g; a0; ; 	0Þ�ðt0; t0; e0; b0; �0; �0Þ�ðt; t0; c; g0; �; 0Þ
D14 ¼ 3�ðt; t; c; e; �; �Þ�ðt; t0; b; a0; �; 	0Þ�ðt; t0; a; g0; 	; 0Þ�ðt0; t0; e0; b0; �0; �0Þ�ðt; t0; g; c0; ; �0Þ
D15 ¼ 6�ðt; t0; a; a0; 	; 	0Þ�ðt; t; c; e; �; �Þ�ðt0; t0; e0; b0; �0; �0Þ�ðt; t0; b; g0; �; 0Þ�ðt; t0; g; c0; ; �0Þ;

(A12)

D16 ¼ �3�ðt; t0; g; g0; ; 0Þ�ðt; t; c; e; �; �Þ�ðt; t0; b; a0; �; 	0Þ�ðt; t0; a; c0; 	; �0Þ�ðt0; t0; e0; b0; �0; �0Þ
D17 ¼ �6�ðt; t0; a; a0; 	; 	0Þ�ðt; t0; g; g0; ; 0Þ�ðt; t; c; e; �; �Þ�ðt; t0; b; c0; �; �0Þ�ðt0; t0; e0; b0; �0; �0Þ
D18 ¼ 9�ðt; t0; g; g0; ; 0Þ�ðt; t; a; e; 	; �Þ�ðt; t0; c; a0; �; 	0Þ�ðt; t0; b; c0; �; �0Þ�ðt0; t0; e0; b0; �0; �0Þ
D19 ¼ �9�ðt; t; a; e; 	; �Þ�ðt; t0; c; a0; �; 	0Þ�ðt; t0; b; g0; �; 0Þ�ðt; t0; g; b0; ; �0Þ�ðt0; t0; e0; c0; �0; �0Þ:

(A13)
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