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In the present work, we apply the one-boson-exchange potential model to investigate the possibility of

Yð2175Þ and �ð2225Þ as bound states of � ��ð3S1Þ and � ��ð1S0Þ, respectively. We consider the effective

potential from the pseudoscalar � exchange and �0 exchange, the scalar � exchange, and the vector !

exchange and � exchange. The �- and �0-meson-exchange potential is a repulsive force for the state 1S0
and attractive for 3S1. The results depend very sensitively on the cutoff parameter of the ! exchange (�!)

and least sensitively on that of the � exchange (��). Our result suggests the possible interpretation of

Yð2175Þ and �ð2225Þ as the bound states of � ��ð3S1Þ and � ��ð1S0Þ, respectively.
DOI: 10.1103/PhysRevD.87.054034 PACS numbers: 13.75.�n, 13.75.Cs, 14.20.Gk

I. INTRODUCTION

In 2005, the BABAR Collaboration announced the first
observation of Yð2175Þ in the initial-state-radiation process
eþe� ! �ISR�ð1020Þf0ð980Þ, and the experimental data
indicated that it is a JPC ¼ 1�� resonance with mass m ¼
2175� 10� 15 MeV and width � ¼ 58� 16� 20 MeV
[1]. Later, the BES Collaboration also observed a similar
structure in the decay of J=c ! ��f0ð980Þwith about 5�
significance [2]. Since both Yð2175Þ and Yð4260Þ are pro-
duced in eþe� annihilation and exhibit similar decay
patterns, Yð2175Þ might be interpreted as an s�s analogue
of the Yð4260Þ or as an s�ss �s state that decays predomi-
nantly to �ð1020Þf0ð980Þ [1]. So far, the interpretations of
Yð2175Þ include qqg hybrid [3,4], tetraquark state [5–7],
excited 1�� s�s state [8], and resonance state of �K �K
[9,10]. Besides these, there are also some other very inter-
esting speculations on Yð2175Þ [11–13].

The �ð2225Þ was first observed by the MARK III
Collaboration in the radiative decays J=c ! ��� [14].
Its mass and width were measured to be 2220 and
150 MeV, respectively, while its quantum numbers were
assigned to be JPC ¼ 0�þ. Later, the BES Collaboration
also observed a signal around 2240 MeV from a high
statistics study of J=c ! ��� in the �KþK�K0

LK
0
L final

state [13]. In Ref. [15], the authors investigated the strong
decays of 31S0 and 41S0 within the framework of the 3P0

meson decay model and found that the �ð2225Þ was very
hard to interpret as the 31S0 s�s state but a good candidate

for 41S0 s�s state.
Note that both Yð2175Þ and �ð2225Þ are close to the

threshold of � ��. If these two states are not the conven-
tional s�s excited state in the quark model, an interesting
interpretation is that they might be the loosely bound states

of � ��. If we only consider the S wave molecular states,

Yð2175Þ and �ð2225Þ should be assigned as � ��ð3S1Þ and
� ��ð1S0Þ, respectively. Actually, more than 30 years ago,

Dover et al. studied the bound states of� �� with the orbital
angular quantum L � 1 within the meson-exchange
model. The interested readers can refer to Ref. [16].
In the present work, we apply the one-boson-exchange

potential (OBEP) model, which works very well in inter-
preting the deuteron, to investigate the possibility of

Yð2175Þ and �ð2225Þ as bound states of � ��ð3S1Þ and

� ��ð1S0Þ, respectively. As a phenomenological model,

the one-boson-exchange formalism contains the long-
range force coming from the pion exchange, the
medium-range force coming from the � exchange and
the short-range force coming from the heavier vector
�=!=� exchange. So far, lots of effort has been spent on
the investigation of the possible bound states composed of
a pair of mesons or baryons within the one-boson-
exchange potential framework. In Ref. [17], the authors
performed a systematic study of the possible bound states
composed of a pair of heavy meson and heavy antimeson
within the one-boson-exchange framework. In Ref. [18],
using the Bonn meson-exchange model, the authors
performed a detailed and systematic study of the
nucleon-nucleon interaction. The one-boson-exchange
potential model leads to an excellent description of the
deuteron data, NN scattering phase shifts, and many other
observables.
The paper is organized as follows. After the Introduction,

we present the scattering amplitude in Sec. II and the
effective potential in Sec. III. The numerical results are
given in Sec. IV. We discuss our results in Sec. V.

II. SCATTERING AMPLITUDE

In the present work, we apply the Bonn meson-exchange
model, which works very well in the description of the
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deuteron, to calculate the effective interaction potential of

� ��. In this one-boson-exchange potential (OBEP) model,
the long-range � exchange, the medium-range � exchange
and � exchange, and the short-range ! exchange and �
exchange combine to account for the interaction of the
loosely bound deuteron [18]. Given that the system of

� �� is an isoscalar, the exchanged mesons include �, �0,
�, !. Besides, the heavier � should also account for the

interaction of � ��. The Feynman diagram at the tree level
is shown in Fig. 1.

In our study, we first derive the baryon-baryon potential
V��ðrÞ. Starting from V��, we directly obtain V� �� by
reversing the terms corresponding to the exchange of a
meson of odd G parity, Gi, i.e.,

V� ��ðrÞ ¼
X
i

ð�1ÞGiVi
��ðrÞ: (1)

The effective Lagrangian densities describing the ���,
�0��, ��� and !��, ��� vertices are

L��� ¼ �ig���
���5��; (2)

L�0�� ¼ �ig�0��
���5��0; (3)

L��� ¼ g���
����; (4)

L!�� ¼ �g!��
����!

��þ f!��

2m�

������@�!�; (5)

and

L��� ¼ �g���
�����

��þ f���

2m�

������@���: (6)

For the pseudoscalar-exchange Lagrangians, Eqs. (2) and
(3), there is also another pseudovector form,

L��� ¼ f���
�����5�@�� (7)

and

L�0�� ¼ f�0��
�����5�@��0: (8)

Actually, at the tree level, the ingoing and outgoing bary-
ons are on shell. Thus, these two types of Lagrangians are
equivalent to each other, and their coupling constants have
the following relations,

g��� ¼ 2m�f��� (9)

and

g�0�� ¼ 2m�f�0��: (10)

In the above,� is the Dirac spinor for the spin- 12 particle of

�. Actually, there only exits the vector form for the NN
system with the ! exchange, f!NN=g!NN ¼ 0 [18]. Thus
with the SUð3Þ-flavor symmetry, f!�� ¼ f��� ¼ 0.

Therefore, the Eqs. (5) and (6) change into

L!�� ¼ �g!��
����!

��; (11)

and

L��� ¼ �g���
�����

��: (12)

With the Lagrangians given in Eqs. (2)–(12), we can
derive the scattering amplitude of Fig. 1. In our calculation
we adopt the Dirac spinor as

uð ~q; sÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EþM

2M

s
	s

~�� ~q
EþM

 !
	s (13)

and

�uð ~q; sÞ � uyð ~q; sÞ�0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EþM

2M

s
	y
s �	y

s
~�� ~q

EþM

� �
: (14)

In the center-of-mass frame, the initial four-momentums
are P1ðE1; ~pÞ and P2ðE2;� ~pÞ, while the final four-
momentums are P3ðE1; ~p

0Þ and P4ðE2;� ~p0Þ; see Fig. 2.
Thus the four-momentum of the propagator is

q ¼ P3 � P1 ¼ P2 � P4 ¼ ð0; ~p0 � ~pÞ ¼ ð0; ~qÞ: (15)

For the convenience of algebraic calculations, we make the
following momentum substitution,

~q ¼ ~p0 � ~p (16)

and

~k ¼ 1

2
ð ~pþ ~p0Þ: (17)

In our calculation, we make the nonrealistic approxima-
tion and keep the terms up to order of 1

m2
�

. The scattering

amplitudes are

FIG. 1. The Feynman diagram at the tree level. FIG. 2. The four-momentum for the � �� system.
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iM� ¼ g2��� �u��5u�
i

q2 �m�
2
�u��5u�

¼ i
g2���

~q2 þm�
2

ð ~�1 � ~qÞð ~�2 � ~qÞ
4m�

2
; (18)

iM� ¼ �g2��� �u�u�
i

q2 �m2
�

�u�u�

¼ i
g2���

~q2 þm�
2

�
1�

~k2

2m2
�

þ ~q2

8m2
�

þ i
~S � ð ~k� ~qÞ

2m2
�

�
;

(19)

and

iM! ¼ �g2!�� �u��
�u�i

�g�� þ q�q�
m2

!

q2 �m2
!

�u��
�u�

¼ i
g2!��

~q2 þm2
!

�
1� ~q2

8m2
�

þ 3 ~k2

2m2
�

þ i
3 ~S � ð ~k� ~qÞ

2m2
�

� ð ~�1 � ~�2Þ � ~q2
4m2

�

þ ð ~�1 � ~qÞð ~�2 � ~qÞ
4m2

�

�
; (20)

where ~S ¼ 1
2 ð ~�1 þ ~�2Þ is the total spin of � ��. iM�0 is

similar to iM�, while iM� is similar to iM!. Making the

substitutions g��� ! g�0�� in Eq. (18) and g!�� !
g��� in Eq. (20), one can straightforwardly obtain iM�0

and iM�, respectively.

The coupling constants for the nucleon-nucleon-meson
have been fixed quite well by fitting the experimental data.
In the present work, we take the values of g
NN from the
Bonn meson-exchange model [18]. The values of the cou-
pling constants g
�� can be derived from g
NN through
the SUð3Þ-flavor symmetry. And they are

g��� ¼ �


ffiffiffi
4

3

s
gNN�ðcos�þ sin �Þ; (21)

and

g���0 ¼ 


ffiffiffi
4

3

s
gNN�ðcos�� sin�Þ; (22)

in which the quadratic Gell-Mann-Okubo mass formula is
used and


 � D=ðDþ FÞ ¼ 0:6; (23)

g��� ¼ 2

3
gNN�; (24)

g��! ¼ 2

3
gNN!; (25)

g��� ¼ 1

3
gNN!: (26)

The mass of � is taken as 1115.7 MeV from PDG [19].
We summarize the numerical values of the coupling con-
stants and the masses of the exchanged mesons in Table I.
For these exchanged mesons, while the masses of �, �0,

!, and � are well determined, the mass of � meson is in
fact still suffering large uncertainty with a large width
comparable with its mass. In principle, one should consider
the impact of varying its mass in its uncertainty range.
However its coupling constant and its mass in the phe-
nomenological potential model are correlated with each
other. If we vary the mass, we should also vary the coupling
constant to make them compatible with NN scattering data.
That needs too much extra work. So we just take them
from Bonn potential model [18] which fit the experimental
data including the deuteron and nucleon-nucleon scattering
data.

III. INTERACTIONAL POTENTIAL

In the scattering theory of quantum mechanics, the
relativistic S matrix has the form

hfjSjii ¼ �fi þ ihfjTjii ¼ �fi þ ð2�Þ4�4ðpf � piÞiMfi;

(27)

in which the T matrix is the interaction part of the Smatrix
and Mij is defined as the invariant matrix element

when extracting the four-momentum conservation of the
T matrix. The nonrelativistic S matrix has the form

hfjSjii ¼ �fi � 2��ðEf � EiÞiVfi: (28)

After considering both the relativistic normalization and
nonrelativistic normalization, one gets the relationship
between the interaction potential Vfi and the scattering

amplitude Mfi in the momentum space,

Vfi ¼ � MfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
f 2Ef

Q
i 2Ei

q � � MfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
f 2mf

Q
i 2mi

q : (29)

Considering the structure effect of the baryons, we
introduce one monopole form factor,

FðqÞ ¼ �2 �m2
ex

�2 � q2
¼ �2 �m2

ex

�2 þ ~q2
; (30)

at each vertex. Here, � is the cutoff parameter and mex is
the mass of the exchanged meson. To obtain the effective

TABLE I. The coupling constants g
��, the masses of the
exchanged mesons taken from PDG [19], and the cutoff
parameters �
.


 � �0 � ! �

m
 (MeV) 548.8 957.7 550.0 782.6 1019.5
g2

��

4�
4.473 9.831 3.459 8.889 2.222

�
 (GeV) 0.9 1.4 0.9 1.1 1.5
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potentials of the� �� system, one needs to make the follow-
ing Fourier transformation,

Vð ~k; rÞ ¼ 1

ð2�Þ3
Z

d ~q3e�i ~q�~rVð ~q; ~kÞF2ð ~qÞ; (31)

and the following functions will be very helpful:

F 1 ¼ F
�

1

~q2 þm2

�
�2 �m2

�2 þ ~q2

�
2
	

¼ mYðmrÞ ��Yð�rÞ � ð�2 �m2Þ e
��r

2�
; (32)

F 2 ¼ F
�

~q2

~q2 þm2

�
�2 �m2

�2 þ ~q2

�
2
	

(33)

¼ �m3YðmrÞ þm2�Yð�rÞ þ ð�2 �m2Þ�e��r

2
; (34)

F 3 ¼ F
�ð ~�1 � ~qÞð ~�2 � ~qÞ

~q2 þm2

�
�2 �m2

�2 þ ~q2

�
2
	

¼ 1

3
~�1 � ~�2

�
m2�Yð�rÞ �m3YðmrÞ

þ ð�2 �m2Þ� e��r

2

�
þ 1

3
S12

�
�m3ZðmrÞ

þ�3Zð�rÞ þ ð�2 �m2Þð1þ�rÞ�
2
Yð�rÞ

�

¼ ð ~�1 � ~�2ÞF 3a þ S12F 3b; (35)

F 4 ¼ F
� ~k2

~q2 þm2

�
�2 �m2

�2 þ ~q2

�
2
	

¼ m3

4
YðMrÞ ��3

4
Yð�rÞ ��2 �m2

4

�
�r

2
� 1

�
e��r

r

� 1

2

�
r2; mYðmrÞ ��Yð�rÞ ��2 �m2

2

e��r

�

	

¼ F 4a þ fr2;F 4bg; (36)

and

F 5 ¼ F
�
i
~S � ð ~q� ~kÞ
~q2 þm2

�
�2 �m2

�2 þ ~q2

�
2
	

¼ ~S � ~L

�
�m3Z1ðmrÞ þ�3Z1ð�rÞ

þ ð�2 �m2Þ�e��r

2r

�

¼ ~S � ~LF 5a: (37)

In the above equations, the functions YðxÞ, ZðxÞ, and Z1ðxÞ
are defined as

YðxÞ ¼ e�x

x
; (38)

ZðxÞ ¼
�
1þ 3

x
þ 3

x2

�
YðxÞ (39)

and

Z1ðxÞ ¼
�
1

x
þ 1

x2

�
YðxÞ: (40)

With the help of Eqs. (32)–(37), one can easily write the

effective potential of the system � �� as

V�ðrÞ ¼ � g2���

4�

�
~�1 � ~�2

4m2
�

F 3a þ 1

4m2
�

S12F 3b

�
; (41)

V�ðrÞ ¼
g2���

4�

�
�F 1 þ 1

2m2
�

F 4a � 1

8m2
�

F 2

þ 1

2m2
�

~S � ~LF 5a

�
; (42)

V!ðrÞ ¼ g��!

4�

�
�F 1 � 3

2m2
�

F 4a þ 1

8m2
�

F 2

� 3

2m2
�

~S � ~LF 5a þ ~�1 � ~�2

4m2
�

ðF 2 �F 3aÞ

� 1

4m2
�

S12F 3b

�
: (43)

The effective potentials for the �0 exchange and the �
exchange are similar to V� and V!, respectively. One can

directly obtain them by making substitutions g��� !
g�0�� in Eq. (41) and g!�� ! g��� in Eq. (43).

In order to make clear the specific roles of the exchanged

mesons in the effective potentials of the � �� system, we
adopt a set of values of the cutoff parameters based on the
mass of the exchanged meson in Table I and plot the
effective potential for states 1S0 and 3S1 in Fig. 3. From

Fig. 3 we can see that for the state 1S0 both the � exchange

and the �0 exchange provide repulsive force while the �
exchange, the ! exchange and the � exchange provide
attractive force. For the state 3S1, the � exchange and
the ! exchange provide repulsive force in the short range
but attractive force in the medium range, while the �
exchange, the � exchange, and the �0 exchange provide
attractive force.

IV. NUMERICAL RESULTS

The time-independent Schrödinger equation is�
� ℏ2

2�
r2 þ Vð ~rÞ � E

�
�ð ~rÞ ¼ 0: (44)

However, in our effective potential Vð ~rÞ, there exist
terms related to r2. Thus for the convenience of algebraic
manipulation, we separate these momentum-dependent
terms from the potential and write the Shrödinger equation
in the form
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�
� ℏ2

2�
r2� ℏ2

2�
ðr2
ðrÞþ
ðrÞr2ÞþV0ð ~rÞ�E

�
�ð ~rÞ¼ 0;

(45)

in which 
ðrÞ has form


ðrÞ ¼ ð�2�Þ
�
g2���

4�

1

2
F 4b �

g2��!

4�

3

2
F 4b

�
: (46)

In our calculation, we take the Laguerre polynomials as
a complete set of orthogonal basis to construct the radial
wave function. The normalized basis is

	nlðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2Þð2lþ 3Þn!
�ð2lþ 3þ nÞ

s
rle�rL2lþ2

n ð2rÞ;
n ¼ 1; 2; 3; . . . ; (47)

which satisfies

Z 1

0
	iðrÞ	iðrÞr2dr ¼ �ij: (48)

Then the total wave function can be written as

�ð ~rÞ ¼ Xn�1

i¼0

ai	i0ðrÞj�Si (49)

for the S wave (L ¼ 0) of the � �� system. j�Si is the spin
wave function. For the S wave state, L ¼ 0, the spin-orbit

interaction operator ~S � ~L is 0. The spin-spin interaction
operator ~�1 � ~�2 is 1 for the state 3S1 and �3 for the state
1S0. And, the tensor operator

~S12 is 0 for both states
3S1 and

1S0. Now with the initial state jii and the final state jfi, the
Hamiltonian of the Schrödinger equation can be written in
the following matrix form,

Hij ¼
Z 1

0
ai	i0ðrÞ

�
� ℏ2

2�
ð1þ 
ðrÞÞr2aj	j0ðrÞ

� ℏ2

2�
r2ð
ðrÞaj	j0ðrÞÞ

þ Vðr; ~S � ~L ¼ 0Þaj	j0ðrÞ
�
r2dr: (50)

Digitalizing this matrix, one can obtain the eigenvalue
and the eigenvector. If a negative eigenvalue is obtained, a
bound state exists. In our calculation, we apply a computa-
tional program which is based on the variational method.
We first vary the parameter  to get the lowest value, then
change the number of the trial wave function [the manipu-
lation is to tune n in the Eq. (49)] to reach a stable result.
For the cutoff parameter, we adopt the reasonable range

as 900� 2000 MeV and follow the rule that the heavier
the mass is, the bigger the cutoff parameter. Given that both
the � exchange and the �0 exchange provide repulsive
force for the state 1S0 but attractive force for the state
3S1, we fix the cutoff parameter to be �� ¼ 1900 MeV

for the � exchange and ��0 ¼ 2000 MeV for the �0

exchange to obtain the largest differences between the
states 1S0 and 3S1. For the other cutoff parameters for

the � exchange, ! exchange, and � exchange, we tune
them in the range 900� 2000 MeV to obtain the negative
and stable eigenvalue E for the states 1S0 and 3S1.
The numerical results are shown in Table II. Our results
indicate that when the cutoff parameters are adopted as
�� 	 ð900� 1000 MeVÞ, �! 	 ð1050� 1150 MeVÞ,

0.5 1.0 1.5 2.0 2.5 3.0
r fm

600

400

200

200

400

600

V r MeV

0.5 1.0 1.5 2.0 2.5 3.0
r fm

600

400

200

200

400

600

V r MeV

FIG. 3 (color online). The effective potentials of the system
� �� with the parameters given in Table I. The up one is for the
state 1S0, while the down one is for the state 3S1. The solid line

represents the total potential. The three dashing lines—short,
medium, and long—represent the contributions of the �, �, and
�0 exchanges, respectively. The contribution of the ! exchange
is denoted by the dotted line, while that of the � exchange is
reflected by the dot-dashed line.

TABLE II. Binding energies of the states � ��ð3S1Þ and
� ��ð1S0Þ with different sets of ��, �!, and ��. The cutoff

parameter for the � exchange and �0 exchange are fixed to be
�� ¼ 1900 and ��0 ¼ 2000 MeV respectively.

E (MeV)

�� (MeV) �! (MeV) �� (MeV) 3S1
1S0

900 1050 1100 �59:054 �15:316

925 1075 1125 �88:148 �25:218

950 1100 1150 �124:938 �38:011

975 1125 1175 �170:972 �53:989

1000 1150 1200 �228:668 �73:517
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and �� 	 ð1100� 1200 MeVÞ, we obtain loosely bound

states of � ��ð1S0Þ, with binding energy being �15:316�
�73:517 MeV. The binding of the state � ��ð3S1Þ is
much deeper, with binding energy being �59:045�
�228:668 MeV (see Table II).

Meanwhile, we also perform an investigation of the de-
pendence of the binding energies on ��, �!, and ��.

During our study, we change one of the above three
parameters in its proper range while keeping the other two
to be their lowest value. The cutoff parameter for the indi-
vidual meson should be larger than the mass of the
exchanged meson, so the lowest values of the cutoff
parameters can be taken as �� ¼ 900 MeV, �! ¼
900 MeV, and �� ¼ 1100 MeV. We plot the variation of

the binding energy with individual cutoff parameter in Fig. 4.
From the curves of Fig. 4, we see that the binding

energies of both 1S0 and 3S1 depend most sensitively on

�! and least sensitively on��. Since the solution changes

dramatically when the cutoff parameter of the !-exchange
increases, it seems that we should take �! < 1000 MeV.
On the other hand, the binding energy changes very slowly
with ��, so we fix the cutoff parameter of the � exchange

between 1700 and 1800 MeV. Given that the sigma is
lighter than the omega, we take �� ¼ 900 MeV. Based
on this analysis, we tabulated the numerical results in
Table III. From Table III, we can see that when the cutoff
parameters are taken as �� ¼ 900 MeV, �! 	
ð900� 1000 MeVÞ, and �� 	 ð1700� 1800 MeVÞ, we
obtain a loosely bound state of � ��ð1S0Þ, with binding

energy around �7:624��13:290 MeV. The state

� ��ð3S1Þ is also a loosely bound state, with slightly larger

binding energy around �50:389��82:744 MeV.

The threshold of � �� is 2231.3 MeV. If Yð2175Þ and

�ð2225Þ are regarded as bound states of � ��ð3S1Þ
and � ��ð1S0Þ, the binding energies should be �56:37 and

�6:37 MeV, respectively, both of which roughly lie in the
range of our results, �50:4��82:7 MeV for state

� ��ð3S1Þ and �7:6��13:3 MeV for states � ��ð1S0Þ.
From Table III, we can also tell that the difference between
the binding energy of the state 3S1 and that of the state

1S0
increases slowly when the attractive forces coming from
the! exchange and� exchange increase. Besides, we also
notice that the difference of the binding energy between
these two states is 43� 69 MeV, which is consistent with
the difference between the thresholds of Yð2175Þ and that
of �ð2225Þ. This prominent feature seems to indicate that
Yð2175Þ and�ð2225Þmight be regarded as the bound states

of � ��ð3S1Þ and � ��ð1S0Þ, respectively.
In this phenomenological model study, the results

depend very sensitively on the ! cutoff, more sensitive
than for the case of deuteron. In the case of the deuteron,
with constraints of abundant experimental data from NN
scattering, the ! cutoff was found to be in the range of
800� 1500 MeV [18]. Here the! cutoff needs to be in the
range of 900� 1000 MeV. This is understandable. For the
case of the deuteron, the t-channel ! exchange gives a

FIG. 4 (color online). The dependence of the binding energy
on ��, �!, and �� for the states 1S0 (left) and

3S1 (right). The

cutoff parameters for the � exchange and �0 exchange are fixed
to be �� ¼ 1900 MeV and ��0 ¼ 2000 MeV, respectively.

TABLE III. The binding energies of the states � ��ð1S0Þ and
� ��ð3S1Þ with the �� ¼ 900 MeV, 900 MeV<�! <
1000 MeV and 1700 MeV<�� < 1800 MeV. The cutoff

parameters for the � exchange and �0 exchange are fixed to
be �� ¼ 1900 and ��0 ¼ 2000 MeV, respectively.

E (MeV)

�� (MeV) �! (MeV) �� (MeV) 3S1
1S0

900 925 1700 �50:389 �7:624
900 925 1750 �57:221 �8:441
900 925 1800 �64:950 �9:290
900 950 1700 �64:891 �11:153
900 950 1750 �73:241 �12:203
900 950 1800 �82:744 �13:290
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repulsive force against the attractive force from the �
exchange. The two nucleons in the deuteron are loosely

bound. Here for the � �� system, the t-channel ! exchange
gives an attractive force added to that from the� exchange.

The � and �� are more deeply bound and hence much
closer to each other. This makes it more sensitive to the
short-range interactive and more sensitive to the short-
range cutoffs. Unfortunately, due to the lack of the experi-

mental data on � �� scattering, we cannot constrain the !
cutoff from other sources as in the case for the deuteron.
On the other hand, our model range of 900� 1000 MeV
here is still in the reasonable range comparing with that
from the deuteron.

Besides, we also perform a study of the hidden-charm

partner of � �� because of the similarity of the � �� and

�c
��c systems. Actually, in Ref. [20] the authors have

studied the baryonium �c
��c. However, they omit the

term related to F 4 [see Eq. (36)] which also appears in
the study of the deuteron [18]. We first reproduce their
results with our program and then focus on the contribution
of the terms related to F 4 in the formation of the bound

states of �c
��c and � ��. We summarize our results in

Tables IV, V, and VI.
Our results indicate that the terms related to F 4 have a

tiny influence on the bound state of the hidden-charm

�c
��c (see Table IV). These terms also change the binding

of the bound state of � ��ð1S0Þ very little (see Table V).

However, these terms can deepen the binding of the state

� ��ð3S1Þ significantly when binding energy of the state

� ��ð3S1Þ reaches tens of MeV. For example, when the

cutoff parameter is fixed to be 1100 MeV, the binding

energy of the state � ��ð3S1Þ is �57:974 MeV without the

F 4-related terms. However, it changes into�101:066with
the F 4-related terms included (see Table VI).
In Ref. [20], the authors also studied the spin-triplet

�c
��c, where the S-D mixing effect may be important.

In their study, they related the coupling constants
of Lambda-Lambda-meson to those of nucleon-nucleon-
meson via the quark model. Since there exists SUð3Þ-flavor
symmetry breaking of the coupling constants of nucleon-
nucleon-meson, the authors adopted the values f!�c�c

¼
�g!�c�c

, which leads to the vanishing S-D mixing. In the

present case we take f!�c�c
¼ 0 because f!NN ¼ 0. Now

we revisit the spin-triplet �c
��c system. We mainly focus

on the effect of the S-D mixing in forming the bound state

of �c
��c with the spin-triplet. We summarize our results in

Table VII. Our results indicate that the effect of the S-D

mixing in the formation of the bound state of �c
��c with

the spin-triplet is quite small. For example, when we set the
cutoff parameter to be 900 MeV, the binding energy with-
out the S-D mixing is �4:61 MeV. When we add the S-D

TABLE VI. The contribution of the terms related to F 4 in
forming the bound state of � ��ð3S1Þ. Here, we adopt the same

value for the cutoff parameters of all the exchanged mesons.

E (MeV)

� (MeV) Without F 4 With F 4

900 � 6:549 � 6:258
925 � 9:728 �10:125
950 �13:822 � 15:52
975 �18:868 �22:742
1000 �24:873 �32:126
1025 �31:823 �44:065
1050 �39:687 �59:054
1075 �48:421 �77:748
1100 �57:974 � 101:066

TABLE IV. The contribution of the term F 4 in forming the
bound state of �c

��cð1S0Þ. � is the cutoff parameter. The result

without F 4 (original) comes from Ref. [20].

E (MeV)

� (MeV) Original F 4 added

890 �2:80 � 2:88

900 �4:61 � 4:75

1000 �49:72 �53:20

1100 �142:19 �160:115

TABLE V. The contribution of the terms related to F 4 in
forming the bound state of � ��ð1S0Þ. Here, we adopt the same

value for the cutoff parameters of all the exchanged mesons.

E (MeV)

� (MeV) Without F 4 With F 4

900 �0:317 �0:274
925 �1:150 �1:140
950 �2:409 �2:492
975 �4:192 �4:474
1000 �6:568 �7:203
1025 �9:580 �10:783
1050 �13:261 �15:316
1075 �17:632 �20:914
1100 �22:711 �27:703

TABLE VII. The contribution of the S-D mixing in forming
the bound state of �c

��c. Here, we adopt the coupling constant
for the ! exchange as f!�c�c

¼ 0. The results under ‘‘original’’

are taken from Ref. [20].

E (MeV)

� (MeV) Original 1S0
3S1 � 3D1

890 �2:80 �2:80 �2:66
900 �4:61 �4:61 �4:40
1000 �49:72 �49:72 �46:50
1100 �142:19 �142:19 �130:17
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mixing, the binding energy is �4:40 MeV with the same
cutoff parameter (see Table VII).

V. SUMMARYAND DISCUSSION

In the present work, we have used the one-boson-
exchange potential (OBEP) model, which works very
well in describing the deuteron, to study the system of

� �� with quantum numbers JPC ¼ 1�� and 0�þ. We have
included the contributions of the pseudoscalar � and �0
exchanges, the scalar � exchange and the vector ! and �
exchanges. Since the reasonable range of the cutoff
parameter in the study of the deuteron is 800�
1500 MeV, we take the range as 900� 2000 MeV, which
is wide enough to study the dependence of the binding
solutions on the cutoff parameter. We follow the rule that
the heavier the meson is, the larger the cutoff. Also, the
cutoff parameter should be larger than the mass of the
corresponding exchanged mesons.

Our results indicate that both the � exchange and
the �0 exchange provide repulsive force for the state 1S0
but attractive force for the state 3S1. The � exchange
provides attractive force for both of these two states.
If we fix the cutoff parameters for the � exchange and the
�0 exchange to be �� ¼ 1900 and ��0 ¼ 2000 MeV, re-

spectively, we find the binding solutions for both of the two
states depend most sensitively on �! and least sensitively
on ��. We also find that the binding of the state 1S0 is

shallower than that of 3S1 with the same cutoff parameter.
When we fix �� ¼ 1900, �0

� ¼ 2000, and �� ¼
900 MeV and tune �! between 900 and 1000 MeV and
�� between 1700 and 1800 MeV, we obtain bound states

for both 1S0 and 3S1. The binding energies are �7:6�
�11:3 and �50:4��82:7 MeV, respectively. Assuming

Yð2175Þ and �ð2225Þ are bound states of � ��ð3S1Þ and

� ��ð1S0Þ, the binding energies should be �56:37 and

�6:37 MeV, respectively, which lie in the ranges of our

results, �50:4��82:7 and �7:6��11:3 MeV. Most
importantly, we also notice that the difference of the bind-
ing energies between the states 3S1 and 1S0 is 43�
69 MeV, which is consistent with the difference between
the masses of Yð2175Þ and �ð2225Þ. Our present calcula-
tion suggests that Yð2175Þ and �ð2225Þ may be the bound

states of � ��ð3S1Þ and � ��ð1S0Þ. The study of their decay

patterns within the same framework will be very helpful.

In fact, there is some evidence for the � �� near-threshold

enhancement in the J=c ! �� �� [21], which may be due
to the �ð2225Þ.
Because of the similarity of � �� and �c

��c, we also

perform a study of the hidden-charm partner of � ��.
Given that the authors in Ref. [20] have studied the bar-

yonium of �c
��c. We first confirm their results and then

focus on the contribution of the terms related to F 4 in

forming the bound states of � �� and �c
��c. From our

results, we find that the contribution of the terms related

to F 4 is small for the system �c
��c. The case of the state

� ��ð1S0Þ is similar. However, for the spin-triplet state of

� ��, the F 4-related terms change the binding energy
significantly when the binding energy is around tens of
MeV. We also find the S-D mixing provides quite small
contributions in the formation of the spin-triplet state

of �c
��c.
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