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New CPT-even and Lorentz-violating nonminimal coupling in the Dirac equation
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In this work, we propose a CPT-even and Lorentz-violating dimension-five nonminimal coupling
between fermionic and gauge fields, involving the CPT-even and Lorentz-violating gauge tensor of the
Standard Model extension. This nonminimal coupling modifies the Dirac equation, whose nonrelativistic
regime is governed by a Hamiltonian which induces new effects, such as an electric-Zeeman-like
spectrum splitting and an anomalouslike contribution to the electron magnetic moment, among others.
Some of these new effects allow one to constrain the magnitude of this nonminimal coupling in 1 part in

10'6 (ev)~!.
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L. INTRODUCTION

The Standard Model extension (SME) [1,2] has been the
usual framework for investigating signals of Lorentz
violation in physical systems. The SME is the natural
framework for studying properties of physical systems
with Lorentz violation, since it includes Lorentz-violating
terms in all sectors of the minimal Standard Model.
The Lorentz-violating (LV) terms are generated as vacuum
expectation values of tensors defined in a high energy
scale. This framework has inspired a great deal of
investigation in recent years. Such works encompass
several distinct aspects involving fermion systems and
radiative corrections [3,4], CPT-probing experiments [5],
the electromagnetic CPT- and Lorentz-odd term [6-8],
and the 19 electromagnetic CPT-even and Lorentz-odd
coefficients [9-11]. Recently, some studies involving
higher dimensional operators have also been reported
with great interest [12—14]. These many contributions
have elucidated the effects induced by Lorentz violation
and served to set up stringent upper bounds on the LV
coefficients.

Some time ago, a Lorentz-violating and CPT-odd non-
minimal coupling between fermions and the gauge field
was proposed [15] in the form

, .8
D,u = (')Iu + leAM + lEGM/\aB(kAF)/\FaB’ (1)

in the context of the Dirac equation (iy*D, — m)¥ = 0.
Here, the fermion spinor is W, while (k4 z)* = (vq, V) is the
Carroll-Field-Jackiw four-vector, and g is the constant that
measures the nonminimal coupling magnitude. The analy-
sis of the nonrelativistic limit revealed that this coupling
provides a magnetic moment (gv) for uncharged particles
[15], yielding an Aharonov-Casher phase for its wave
function. It was also shown that this particular nonminimal
coupling induces topological phases in more general con-
texts [16]. Its effects on the hydrogen spectrum were
studied in Ref. [17], while its influence in the dynamics
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of the Aharonov-Bohm-Casher problem was analyzed in
Ref. [18]. Recently, this coupling was considered in the
context of fermion-fermion ultrarelativistic scattering, with
the evaluation of corrections to the corresponding cross
section and establishment of an upper bound as tight as 1
part in 10'? [19]. Another recent work in this context was
developed involving aspects related to the Hall effect and
Landau levels [20]. Last, generalized versions of nonmi-
nimal couplings have been proposed to examine the
induction of several types of topological and geometrical
phases [21].

In the present work, we propose a new CPT-even,
dimension-five, nonminimal coupling linking the fermi-
onic and gauge fields in the context of the Dirac equation.
By considering the nonrelativistic limit of the modified
Dirac’s equation, we explicitly evaluate the new contribu-
tions to the nonrelativistic Hamiltonian. These new terms
imply a direct correction on the anomalous magnetic
moment, a kind of electrical Zeeman-like effect on the
atomic spectrum, and a Rashba-like coupling term. These
effects are then used to impose upper bounds on the
magnitude of the nonminimally coupled LV coefficients
at the level of 1 part in 10'® (eV) L.

II. A CPT-EVEN LORENTZ-VIOLATING
NONMINIMAL COUPLING

We consider a nonminimal coupling involving a usual
electron and the electromagnetic field in the context of the
Dirac equation

(iy“D,, — m )P =0, 2

where W@ is the electron spinor wave function, and the
covariant derivative with nonminimal coupling is

. 2@
Dy =0, +ieA, + == (Kp)uapy F*F, (3)
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with A© being the electron nonminimal coupling con-
stant, and (Kp),,q.p is the background tensor ruling
the Lorentz violation in the CPT-even electrodynamics
of the SME. This tensor possesses 19 components, whose
properties and effects have been examined since 2002
[9]. It has the same symmetries of the Riemann
tensor, (KF)angp = _(KF)Vapga» (KF)avpxp = _(KF)ampp,
and (Kr)a1pe = (Kp)ppars and a double null trace,
(Kp)2B s = 0, implying 19 components. It can be written
in terms of four 3 X 3 matrices kpg, Kpg, Kyg, and Kyp,
defined in Ref. [9] as

(kpE)jk = —2(KF)ojors 4)

1
(Kup)j = 2 €;pq €xim (KF) pgims )
(kpp)jk = —(Kup)j = €xpg(Kr)ojpg- (6)

The symmetric matrices xpg and kpyp contain the parity-
even components and possess together 11 independent
components, while xkpp and kyp possess no symmetry,
having together eight components, representing the
parity-odd sector of the tensor (Kp).

The Dirac equation (2) can be explicitly written as

2@
I:i')"uau —ey*A, +7(KF)MM,BO'MVFMB - me]q’(e) =0,

(7)

and
i i
ottt =Sy =yt = 50t 'l ®)
Thus, the relevant electron Lagrangian is

_ . 2@
L(e) = ‘P(E)(lﬁ —ef—m, + T(KF)/AmﬁUWFaB)lP(E)'

9)
Using the parametrization (4)—(6), we obtain
(KF) prapo™ F® = 20%[(kpg)ijE' + (kpp);;B’]
+ €0 [(kpp)igEY + (kpp)igBY),
(10)

where we have used F; = E’ and F,,, = €,,,,B" and ¢
and o/ are the components of the operator (8):

, 0 o y € 0% 0
0i — ; ) ij — [ Cijk
d l( o 0 )’ 7 ( 0 Eiij'k )
(11

Note that these components are also expressed as 0% =
ial, o = —¢; jkEk . These results are explicitly evaluated
in the following representation of the -y matrices:
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1 0 i_( 0 o
o -1) Y \-¢ o)
0 1 . (0 o
(1 0), o —(Ui 0), (12)
k
k — g 0
¥ (5 o)

with o = (o, oy, o,) being the Pauli matrices. With this
notation, Eq. (10) is written as

Vs

(KF) ppapa™ F*P = 2ia(E/ + B/) — 230(F/ + B),
(13)
where we have introduced the following definitions:

EX = (kpp)iE, B* = (kpp)i;B, (14)

EX = (kpp)i B, B = (kup)i,B", (15)

and the relation (6) was used. In the momentum coordi-
nates id,, — p,,, the corresponding Dirac equation is

i0, WO =[a-(p—eA)+edy+m,y°"— Aiy/(E +B)
+ Ay OSK(Er 4+ BR) [P, (16)

III. NONRELATIVISTIC LIMIT

In order to investigate the role played by this nonmini-
mal coupling, we should evaluate the nonrelativistic limit
of the Dirac equation. By writing the spinor ¥ in terms of
small (y) and large (¢) two-spinors,

)

the Dirac equation (16) leads to two two-component
equations:

[E—eAy—m,+LV1]p—[o - (p—eA)—LV2]y=0,
(18)

[0-(p—eA)+LV2]p—[E—eAy+m,—LV1]y=0,

(19)

with
LV1 = — A\ gk(EF + BY), (20)
LV2 = iAQDgi(E + BY). 21)

At this point we notice that the canonical momentum
remains defined as

7= (p — eA), (22)

once the term LV?2 appears with opposite relative signs in
Egs. (18) and (19). The small component is given by
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1
X = [o- 7+ LV2]e, (23)
[2m,]
which replaced in Eq. (18) leads to
1
[E—eAy—m, + LV1]p = [(o-m)— LV2]
[2m,]

X [(o )+ LV2]p. (24)

At first order in the Lorentz-violating parameters, the
following Hamiltonian is achieved:

1
H(e) = ﬁ[(p - €A)2 - 6(0' . B)] + eAO

X E+B)- (o xp)

m,

(e) (e)
eA ([E+B)-(0-XA)+;

e e

+io-(VXE) +io-(VXB)] (25)

+ g (E+B) -

+ [9,E + o,B!

In the case where we deal with uniform fields, the
Hamiltonian becomes

H© = ! [(p — eA)? —e(o - B)] + eA,
L. NG
+ A9 - (E+B) - ——(E+B)- (0 xp)
(e)
+ M E+B) - (0 X A). (26)

e

This Hamiltonian induces new effects. Note that the
term [ - (o0 X p) is a generalization of the Rashba coupling
term E - (o X p), while A¥) (o - B) implies a straightfor-
ward tree-level contribution to the anomalous magnetic
moment of the electron. As another example, the term
(o - [~E) leads to a kind of electric Zeeman effect, in the
total absence of a magnetic field.

IV. NONRELATIVISTIC PHYSICAL EFFECTS

In this section, we analyze some physical effects in-
duced by the correction terms enclosed in Eq. (26). In
this sense, we particularize this Hamiltonian for some
specific configurations of electric and magnetic fields.

We begin discussing the correction induced on the
atomic spectrum of hydrogen. In order to carry out the
contribution associated with the term o - £ involving
the spin operator, it is necessary to work with the wave

functions ‘Ifffl)jmjmj = Wutjm, (1, 0, &) Xm,» suitable to treat
the situations where there occurs an addition of angular
momenta (J =L + S), with n, [, j, and m; being the
associated quantum numbers. In this case, the correction
energy is given by

Ap = Anljm;m|o - [~E|nljmjms>. 27
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Now, we adopt a polarized spin configuration o = oz,
such that

o - E= (kyp)jo.E) (28)

with E; being one of the components of the electric field
and (kp£)3; a non-null element of the matrix (« ). Thus,

To complete this calculation, it is necessary to write the
|jm;) kets in terms of the spin eigenstates |mm,), which is
done by means of the general expression

limp) =Y mmy|jmp)lmmy), (30)

where (mmg|jm;) are the Clebsch-Gordan coefficients.
Evaluating such coefficients for the case j =1+ 1/2,
m; =m + 1/2, one has |jm;) = a;|lm 1) + ay|lm + 1]);

on the other hand, for j=1—1/2, m;=m+ 1/2,

one obtains |jm;) = a,|m 1) — a;lm + 1]), with a; =
J+m+1)/Q1L+ 1), ay =+ —m)/Q2l+ 1). Taking
now into account the orthonormalization relation
(m'mi|mmg) = 8,,,6,,, , it is possible to show that
Eq. (29) leads to

Ap = A(e)(KHE)SjEjO.mjlo'z|jmj>’ (31)
— 1+ M
Ap==*A (KHE)3jEj21—+, (32)

where the positive and negative signs correspond
to j=1I1+1/2 and j=1—1/2, respectively. It was
also used that (nljm;m|o |nljm;m;) = m;h/(21 + 1),
(nljm;mg|o|nljmmg) = (nljm;mi|o|nljmmg) = 0.
The dependence on m; leads to a spectrum splitting
in (2j + 1) lines, representing an electric-Zeeman-like
effect (due to the presence of an electric field that can be
external or the atomic one). Regarding the possibility of
measuring spectrum shifts as small as 107'° eV, and work-
ing with a typical atomic electric field for the hydrogen
fundamental level (ao = 0.529 A), whose magnitude is
E=51X10"N/C=1.2X10° (eV)? the Zeeman-like
splitting of Eq. (32) will be undetectable if

A (k)3 E; < 10710 (eV). (33)

It leads to the following upper bound:
[A€ (kpp)s;l <8 X 10717 (eV) L (34)

Now, an observation is worthwhile. In the derivation of
the result (32), one has used the Hamiltonian (26), particu-
larized for uniform fields. The nucleus Coulombic field,
however, is not constant, opening the possibility of achiev-
ing new spectrum shifts stemming from the varying elec-
tric field terms of Eq. (25), namely, V- E, o - (V X [).
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Knowing the definition (14), and the Coulombic field,
El = er//r3, we obtain

V-E= e/r3[(KDE)ii - 3(KDE)ij(Cosei)(cosej)]y (35)

VXE= —36/1’3[Eijk(KDE)kp(COSBj)(COSGP)]’ (36)

where cosf; = r'/r. We thus note that the expectation
value of V- [E only will receive contributions from the
trace and diagonal elements of the symmetric matrix
(kpg), while the expectation value of V X [ is affected
only by the nondiagonal terms. In other words, the spec-
trum corrections given by [W¥i, (V-E)¥,,,d’r and
v

* (VX E)W,,,d’r are in general non-null, with their
values being proportional to (1/r%) = (nlm|1/r3|nlm) =
[a3n®l(1 +1/2)(1 + 1)]"". Thus, the energy shifts go as
el A (kpg)ijl/(ma3) ~ 9 X 103X (kpge);;| (€V)?,  with
e = 4/1/137, leading to the following upper bound,
A€ (kpg)ijl < 1.1 X 1071 (eV)~!, less restrictive than
the one of Eq. (34), however.

Additional hydrogen spectrum corrections could arise
when one considers a nonminimal coupling for protons

similar to the one here devised for electrons. This can be
done proposing D, = 9, + ieA, + %(KF)MMB)/”F“B,
where A?) concerns the proton electromagnetic nonmini-
mal interaction. This proposal is analogue to the one
of Ref. [5]. Note that A" # A©) since the proton is
a composite particle. In this case, the modified Dirac

equation is
AP
I:iy“ 9, +ey*A, +T(KF)M,,QBO"“VFO"B - M,,]‘I’(P)

=0, (37)

where W(?) is the proton spinor wave function and M 18
the proton mass. We now consider a scenario in which
one supposes simultaneously two nonminimal coupling
terms (for the electron and proton interactions). The full
fermion Lagrangian is £ = L) + L(,), where

- AP
X (KF)WBWFM)W (38)

is the proton Lagrangian and L, is given by Eq. (9).
Working out the nonrelativistic limit, one obtains a full
Hamiltonian given as H = H® + H?) where H'® is the
one of Eq. (25), and H” is the analogue to this one for
the proton, with m, replaced by M, and —e—e. It
contains new tree-level contributions in A?) that yield
spectrum corrections. Noticing that M, =~ 1836m,, the
terms of the proton nonrelativistic Hamiltonian propor-
tional to M;l will yield bounds less restrictive than the
ones stemming from the electron Hamiltonian at least by
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a factor of 10°. The unique term of H”) able to lead to
a competitive bound is AP o - (E + B), implying the
same bound of Eq. (34), that is, |A?(kyg)s;l <8 X
10717 (eV)~!'. A detailed analysis about the spectrum
corrections induced by the Hamiltonian H = H'® +
H?) seems to be a sensitive issue for further investigation.

Another effect enclosed in Hamiltonian (26) is con-
cerned with the anomalous magnetic moment of the elec-
tron. A Lorentz-violating study on this issue was developed
in Ref. [22]. The electron magnetic momentis u = — uo,
with u = e/2m, and g =2 the gyromagnetic factor.
The anomalous magnetic moment of the electron is
given by g=2(1+a), with a=af2oe+- - =
0.001 159652 18279 representing the deviation (value in
the year 2008) in relation to the usual case. In this case, the
magnetic interaction is H' = u(1 + a)o - B. In accor-
dance with very precise measurements and QED calcula-
tions [23], precision corrections to this factor are
now evaluated at the level of 1 part in 10!, that is, Aa =
3 X 107!, In our case, the Hamiltonian (26) provides tree-
level LV contributions to the usual g = 2 gyromagnetic
factor, which cannot be larger than a. The total magnetic
interaction in Eq. (26) is

e

. (g - B
m, (o - B) + A9(o - B). (39)
For the magnetic field along the z axis, B = Bz, and a
spin-polarized configuration in the z axis, this interaction
assumes the form

2
M[l + 2 N ep)a ](«rzBox (40)
e

with 2% M9 (kyp)33 representing the tree-level LV correc-
tion that should be smaller than a. Under such considera-
tion, we obtain the following upper bound:

A (kpp)33l = 9.7 X 107! (eV) ™!, (41)

where we have used m, = 5.11 X 103 eV, e = /1/137.
Finally, we should claim the nonrelativistic Hamiltonian
(26) possesses a Rashba-like coupling term % E- (o Xp).
Indeed, the Rashba spin-orbit interaction, given by Hp =
Br(o.py, — o,p,), has been studied in many works [24].
In Ref. [25], the usual Rashba coupling term is examined in
connection with quantum transport properties of ring sys-
tems, where the Aharonov-Casher effect leads to well-
defined conductance oscillations. A recent work has also
argued that some terms of the fermion sector of the SME
induces a Rashba-like coupling term [26]. In accordance
with Ref. [24], the Rashba constant for a typical meso-
scopic system is B =~ 10712 (eV-m) = 5 X 107°. For a
typical electric field [E =~ 107 Volt/m = 23.1 (eV)?], the
factor E/m, is approximately 4 X 1073 eV. The imposi-
tion of the condition % |E- (o X p)|l < Br leads to
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A (kpE)s j| < 0.1, revealing that the Rashba coupling
phenomenology is not a good route to constrain this non-
minimal coupling.

V. CONCLUSIONS

We have devised anew CPT-even and Lorentz-violating
nonminimal coupling between fermionic and gauge
fields. This dimension-five nonminimal coupling involves
the dimensionless tensor (Kp),,,s Which composes the
CPT-even and Lorentz-violating electrodynamics of the
SME. It was considered in the context of the Dirac equa-
tion, and the nonrelativistic limit was assessed and carried
out. The resulting nonrelativistic Hamiltonian possess new
interesting contributions able to yielding a new electric-
Zeeman-like effect, corrections to the anomalous magnetic
moment, and a Rashba-like coupling term. The electric-
Zeeman-like effect may lead to upper bounds as good as
|A© (kpg)3;l <8 X 10717 (eV)~!, while the corrections
on the magnetic moment yield an upper bound as tight as
1 part in 10'. It is important to mention that the bounds
here found should not be confused with the upper bounds
on the (Kr)-CPT-even components already known in the
literature, once in the present case the constraint is on the
magnitude of the CPT-even parameters as nonminimally
coupled. Note that, by adopting distinct configurations of
the electric and magnetic fields (not along the z axis),
similar upper bounds can be imposed on other coefficients
of the matrices (kyg) and (kyp).

Concerning this dimension-five nonminimal coupling, a
promising investigation is related with the radiative
corrections stemming from the photon one-loop vacuum
polarization. Carrying out such radiative contributions,
we observe that a dimension-four CPT-even term,

PHYSICAL REVIEW D 87, 047701 (2013)

()\(e)me)(KF)W,p(,F“”FP", is generated. Dimension-six
operators are also generated at second order in AYKp.
Since the dimension-four operator can be generated by
radiative corrections, the existing bounds [9,10] on the
CPT-even (Kp),,qp can be used to achieve even better
bounds on the magnitude of the quantity A¥)(K) uvap- The
fact that this term has as a coefficient (1) m,) allows one to
attain better bounds on A)Kj by the factor of 1/m, ~
1073 in comparison with the bounds on K. For instance,
typical bounds on the nonbirefringent coefficients,
[ANOK| <107'® (eV)~!, imply upper bounds as tight as
M@K | < 10723 (eV)~! on the nonminimal coupling. The
detailed analysis of this issue is now under consideration.

Another interesting perspective is concerned with a
complete investigation of the corrections on the hydrogen
spectrum implied by the Hamiltonian (25) and H = H'®) +
H)_ Such analysis should be carefully carried out for all
the terms involving E, B, [E, and B, focusing on the ones
that could yield stringer upper bounds on the LV parame-
ters and having as a counterpart the procedures of
Refs. [17,27].

Finally, this new coupling may be examined in several
distinct respects, including applications in the ultrarelativ-
istic regime. Very recently, a study involving an electron-
positron scattering in a QED framework endowed with this
nonminimal coupling was successfully performed yielding
upper bounds as tight as A©)(Ky) < 1072 (eV)~! [28].
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