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In this work, we propose a CPT-even and Lorentz-violating dimension-five nonminimal coupling

between fermionic and gauge fields, involving the CPT-even and Lorentz-violating gauge tensor of the

Standard Model extension. This nonminimal coupling modifies the Dirac equation, whose nonrelativistic

regime is governed by a Hamiltonian which induces new effects, such as an electric-Zeeman-like

spectrum splitting and an anomalouslike contribution to the electron magnetic moment, among others.

Some of these new effects allow one to constrain the magnitude of this nonminimal coupling in 1 part in

1016 ðeVÞ�1.
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I. INTRODUCTION

The Standard Model extension (SME) [1,2] has been the
usual framework for investigating signals of Lorentz
violation in physical systems. The SME is the natural
framework for studying properties of physical systems
with Lorentz violation, since it includes Lorentz-violating
terms in all sectors of the minimal Standard Model.
The Lorentz-violating (LV) terms are generated as vacuum
expectation values of tensors defined in a high energy
scale. This framework has inspired a great deal of
investigation in recent years. Such works encompass
several distinct aspects involving fermion systems and
radiative corrections [3,4], CPT-probing experiments [5],
the electromagnetic CPT- and Lorentz-odd term [6–8],
and the 19 electromagnetic CPT-even and Lorentz-odd
coefficients [9–11]. Recently, some studies involving
higher dimensional operators have also been reported
with great interest [12–14]. These many contributions
have elucidated the effects induced by Lorentz violation
and served to set up stringent upper bounds on the LV
coefficients.

Some time ago, a Lorentz-violating and CPT-odd non-
minimal coupling between fermions and the gauge field
was proposed [15] in the form

D� ¼ @� þ ieA� þ i
g

2
�����ðkAFÞ�F��; (1)

in the context of the Dirac equation ði��D� �mÞ� ¼ 0.

Here, the fermion spinor is�, while ðkAFÞ� ¼ ðv0; vÞ is the
Carroll-Field-Jackiw four-vector, and g is the constant that
measures the nonminimal coupling magnitude. The analy-
sis of the nonrelativistic limit revealed that this coupling
provides a magnetic moment (gv) for uncharged particles
[15], yielding an Aharonov-Casher phase for its wave
function. It was also shown that this particular nonminimal
coupling induces topological phases in more general con-
texts [16]. Its effects on the hydrogen spectrum were
studied in Ref. [17], while its influence in the dynamics

of the Aharonov-Bohm-Casher problem was analyzed in
Ref. [18]. Recently, this coupling was considered in the
context of fermion-fermion ultrarelativistic scattering, with
the evaluation of corrections to the corresponding cross
section and establishment of an upper bound as tight as 1
part in 1012 [19]. Another recent work in this context was
developed involving aspects related to the Hall effect and
Landau levels [20]. Last, generalized versions of nonmi-
nimal couplings have been proposed to examine the
induction of several types of topological and geometrical
phases [21].
In the present work, we propose a new CPT-even,

dimension-five, nonminimal coupling linking the fermi-
onic and gauge fields in the context of the Dirac equation.
By considering the nonrelativistic limit of the modified
Dirac’s equation, we explicitly evaluate the new contribu-
tions to the nonrelativistic Hamiltonian. These new terms
imply a direct correction on the anomalous magnetic
moment, a kind of electrical Zeeman-like effect on the
atomic spectrum, and a Rashba-like coupling term. These
effects are then used to impose upper bounds on the
magnitude of the nonminimally coupled LV coefficients
at the level of 1 part in 1016 ðeVÞ�1.

II. A CPT-EVEN LORENTZ-VIOLATING
NONMINIMAL COUPLING

We consider a nonminimal coupling involving a usual
electron and the electromagnetic field in the context of the
Dirac equation

ði��D� �meÞ�ðeÞ ¼ 0; (2)

where �ðeÞ is the electron spinor wave function, and the
covariant derivative with nonminimal coupling is

D� ¼ @� þ ieA� þ �ðeÞ

2
ðKFÞ�����

�F��; (3)
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with �ðeÞ being the electron nonminimal coupling con-
stant, and ðKFÞ���� is the background tensor ruling

the Lorentz violation in the CPT-even electrodynamics
of the SME. This tensor possesses 19 components, whose
properties and effects have been examined since 2002
[9]. It has the same symmetries of the Riemann
tensor, ðKFÞ���’ ¼ �ðKFÞ���’, ðKFÞ���’ ¼ �ðKFÞ��’�,
and ðKFÞ���’ ¼ ðKFÞ�’��, and a double null trace,

ðKFÞ���� ¼ 0, implying 19 components. It can be written

in terms of four 3� 3 matrices 	DE, 	DB, 	HE, and 	HB,
defined in Ref. [9] as

ð	DEÞjk ¼ �2ðKFÞ0j0k; (4)

ð	HBÞjk ¼ 1

2
�jpq�klmðKFÞpqlm; (5)

ð	DBÞjk ¼ �ð	HEÞkj ¼ �kpqðKFÞ0jpq: (6)

The symmetric matrices 	DE and 	HB contain the parity-
even components and possess together 11 independent
components, while 	DB and 	HE possess no symmetry,
having together eight components, representing the
parity-odd sector of the tensor (KF).

The Dirac equation (2) can be explicitly written as

�
i��@��e��A�þ�ðeÞ

2
ðKFÞ����


��F���me

�
�ðeÞ ¼0;

(7)

and


�� ¼ i

2
ð���� � ����Þ ¼ i

2
½��; ���: (8)

Thus, the relevant electron Lagrangian is

LðeÞ ¼ ��ðeÞ
�
i6@� e 6A�me þ �ðeÞ

2
ðKFÞ����


��F��

�
�ðeÞ:

(9)

Using the parametrization (4)–(6), we obtain

ðKFÞ����

��F�� ¼ 2
0i½ð	DEÞijEj þ ð	DBÞijBj�

þ �kij

ij½ð	HEÞkqEq þ ð	HBÞkqBq�;

(10)

where we have used F0j ¼ Ej and Fmn ¼ �mnpB
p and 
0i

and 
ij are the components of the operator (8):


0i ¼ i

�
0 
i


i 0

�
; 
ij ¼ �

�
�ijk


k 0
0 �ijk


k

�
:

(11)

Note that these components are also expressed as 
0j ¼
i�j, 
ij ¼ ��ijk�

k. These results are explicitly evaluated

in the following representation of the � matrices:

�0 ¼
�
1 0
0 �1

�
; �i ¼

�
0 
i

�
i 0

�
;

�5 ¼
�
0 1
1 0

�
; �i ¼

�
0 
i


i 0

�
;

�k ¼
�

k 0
0 
k

�
;

(12)

with 
 ¼ ð
x; 
y; 
zÞ being the Pauli matrices. With this

notation, Eq. (10) is written as

ðKFÞ����

��F�� ¼ 2i�jðEj þ BjÞ � 2�jð~Ej þ ~BjÞ;

(13)

where we have introduced the following definitions:

E k ¼ ð	DEÞkjEj; Bk ¼ ð	DBÞkjBj; (14)

~E k ¼ ð	HEÞkqEq; ~Bk ¼ ð	HBÞkpBp; (15)

and the relation (6) was used. In the momentum coordi-
nates i@� ! p�, the corresponding Dirac equation is

i@t�
ðeÞ¼½��ðp�eAÞþeA0þme�

0��ðeÞi�jðEjþBjÞ
þ�ðeÞ�0�kð~Ekþ ~BkÞ��ðeÞ: (16)

III. NONRELATIVISTIC LIMIT

In order to investigate the role played by this nonmini-
mal coupling, we should evaluate the nonrelativistic limit
of the Dirac equation. By writing the spinor � in terms of
small (�) and large (�) two-spinors,

� ¼
�
�
�

�
; (17)

the Dirac equation (16) leads to two two-component
equations:

½E�eA0�meþLV1���½� �ðp�eAÞ�LV2��¼0;

(18)

½� �ðp�eAÞþLV2���½E�eA0þme�LV1��¼0;

(19)

with

LV1 ¼ ��ðeÞ
kð~Ek þ ~BkÞ; (20)

LV2 ¼ i�ðeÞ
jðEj þ BjÞ: (21)

At this point we notice that the canonical momentum
remains defined as


 ¼ ðp� eAÞ; (22)

once the term LV2 appears with opposite relative signs in
Eqs. (18) and (19). The small component is given by
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� ’ 1

½2me� ½� � 
þ LV2��; (23)

which replaced in Eq. (18) leads to

½E� eA0 �me þ LV1�� ¼ 1

½2me� ½ð� � 
Þ � LV2�
� ½ð� � 
Þ þ LV2��: (24)

At first order in the Lorentz-violating parameters, the
following Hamiltonian is achieved:

HðeÞ ¼ 1

2me

½ðp� eAÞ2 � eð� � BÞ� þ eA0

þ �ðeÞ� � ð~Eþ ~BÞ � �ðeÞ

me

ðEþ BÞ � ð� � pÞ

þ e�ðeÞ

me

ðEþ BÞ � ð
�AÞ þ �ðeÞ

2me

½@iEi þ @iB
i

þ i� � ðr � EÞ þ i� � ðr � BÞ�: (25)

In the case where we deal with uniform fields, the
Hamiltonian becomes

HðeÞ ¼ 1

2me

½ðp� eAÞ2 � eð� � BÞ� þ eA0

þ �ðeÞ� � ð~Eþ ~BÞ � �ðeÞ

me

ðEþ BÞ � ð� � pÞ

þ e�ðeÞ

me

ðEþ BÞ � ð
�AÞ: (26)

This Hamiltonian induces new effects. Note that the
term E � ð� � pÞ is a generalization of the Rashba coupling
term E � ð� � pÞ, while �ðeÞ (� � ~B) implies a straightfor-
ward tree-level contribution to the anomalous magnetic
moment of the electron. As another example, the term

(� � ~E) leads to a kind of electric Zeeman effect, in the
total absence of a magnetic field.

IV. NONRELATIVISTIC PHYSICAL EFFECTS

In this section, we analyze some physical effects in-
duced by the correction terms enclosed in Eq. (26). In
this sense, we particularize this Hamiltonian for some
specific configurations of electric and magnetic fields.

We begin discussing the correction induced on the
atomic spectrum of hydrogen. In order to carry out the

contribution associated with the term 
 � ~E involving
the spin operator, it is necessary to work with the wave

functions �ðeÞ
nljmjms

¼ c nljmj
ðr; �; �Þ�sms

, suitable to treat

the situations where there occurs an addition of angular
momenta (J ¼ Lþ S), with n, l, j, and mj being the

associated quantum numbers. In this case, the correction
energy is given by

�E ¼ �ðeÞhnljmjmsj� � ~Ejnljmjmsi: (27)

Now, we adopt a polarized spin configuration 
 ¼ 
zẑ,
such that

� � ~E ¼ ð	HEÞ3j�zEj; (28)

with Ej being one of the components of the electric field

and ð	HEÞ3j a non-null element of the matrix (	HE). Thus,

�E ¼ �ðeÞð	HEÞ3jEjhnljmjmsj�zjnljmjmsi: (29)

To complete this calculation, it is necessary to write the
jjmji kets in terms of the spin eigenstates jmmsi, which is

done by means of the general expression

jjmji ¼
X
m;ms

hmmsjjmjijmmsi; (30)

where hmmsjjmji are the Clebsch-Gordan coefficients.

Evaluating such coefficients for the case j ¼ lþ 1=2,
mj ¼ mþ 1=2, one has jjmji ¼ �1jm "i þ �2jmþ 1 #i;
on the other hand, for j ¼ l� 1=2, mj ¼ mþ 1=2,

one obtains jjmji ¼ �2jm "i � �1jmþ 1 #i, with �1 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðlþmþ 1Þ=ð2lþ 1Þp
, �2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðl�mÞ=ð2lþ 1Þp
. Taking

now into account the orthonormalization relation
hm0m0

sjmmsi ¼ �m0m�m0
sms

, it is possible to show that

Eq. (29) leads to

�E ¼ �ðeÞð	HEÞ3jEjhjmjj�zjjmji; (31)

�E ¼ ��ðeÞð	HEÞ3jEj

mj

2lþ 1
; (32)

where the positive and negative signs correspond
to j ¼ lþ 1=2 and j ¼ l� 1=2, respectively. It was
also used that hnljmjmsj
zjnljmjmsi ¼ mjℏ=ð2lþ 1Þ,
hnljmjmsj
xjnljmjmsi ¼ hnljmjmsj
yjnljmjmsi ¼ 0.

The dependence on mj leads to a spectrum splitting

in (2jþ 1) lines, representing an electric-Zeeman-like
effect (due to the presence of an electric field that can be
external or the atomic one). Regarding the possibility of
measuring spectrum shifts as small as 10�10 eV, and work-
ing with a typical atomic electric field for the hydrogen

fundamental level (a0 ’ 0:529 �A), whose magnitude is
E ’ 5:1� 1011N=C ’ 1:2� 106 ðeVÞ2 the Zeeman-like
splitting of Eq. (32) will be undetectable if

j�ðeÞð	HEÞ3jjEj < 10�10 ðeVÞ: (33)

It leads to the following upper bound:

j�ðeÞð	HEÞ3jj< 8� 10�17 ðeVÞ�1: (34)

Now, an observation is worthwhile. In the derivation of
the result (32), one has used the Hamiltonian (26), particu-
larized for uniform fields. The nucleus Coulombic field,
however, is not constant, opening the possibility of achiev-
ing new spectrum shifts stemming from the varying elec-
tric field terms of Eq. (25), namely, r � E, 
 � ðr � EÞ.
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Knowing the definition (14), and the Coulombic field,
Ej ¼ erj=r3, we obtain

r � E ¼ e=r3½ð	DEÞii � 3ð	DEÞijðcos�iÞðcos�jÞ�; (35)

r� E ¼ �3e=r3½�ijkð	DEÞkpðcos�jÞðcos�pÞ�; (36)

where cos�i ¼ ri=r. We thus note that the expectation
value of r � E only will receive contributions from the
trace and diagonal elements of the symmetric matrix
(	DE), while the expectation value of r� E is affected
only by the nondiagonal terms. In other words, the spec-
trum corrections given by

R
��

nlmðr � EÞ�nlmd
3r andR

��
nlmðr � EÞ�nlmd

3r are in general non-null, with their

values being proportional to ð1=r3Þ ¼ hnlmj1=r3jnlmi ¼
½a30n3lðlþ 1=2Þðlþ 1Þ��1. Thus, the energy shifts go as

ej�ðeÞð	DEÞijj=ðma30Þ � 9� 103j�ðeÞð	DEÞijj ðeVÞ2, with

e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=137

p
, leading to the following upper bound,

j�ðeÞð	DEÞijj< 1:1� 10�14 ðeVÞ�1, less restrictive than

the one of Eq. (34), however.
Additional hydrogen spectrum corrections could arise

when one considers a nonminimal coupling for protons
similar to the one here devised for electrons. This can be

done proposing D� ¼ @� þ ieA� þ �ðpÞ
2 ðKFÞ�����

�F��,

where �ðpÞ concerns the proton electromagnetic nonmini-
mal interaction. This proposal is analogue to the one

of Ref. [5]. Note that �ðpÞ � �ðeÞ, since the proton is
a composite particle. In this case, the modified Dirac
equation is

�
i��@�þe��A�þ�ðpÞ

2
ðKFÞ����


��F���Mp

�
�ðpÞ

¼0; (37)

where �ðpÞ is the proton spinor wave function and Mp is

the proton mass. We now consider a scenario in which
one supposes simultaneously two nonminimal coupling
terms (for the electron and proton interactions). The full
fermion Lagrangian is L ¼ LðeÞ þLðpÞ, where

L ðpÞ ¼ ��ðpÞ
�
i6@þ e 6A�Mp þ �ðpÞ

2

�ðKFÞ����

��F��

�
�ðpÞ (38)

is the proton Lagrangian and LðeÞ is given by Eq. (9).

Working out the nonrelativistic limit, one obtains a full

Hamiltonian given as H ¼ HðeÞ þHðpÞ, where HðeÞ is the
one of Eq. (25), and HðpÞ is the analogue to this one for
the proton, with me replaced by Mp and �e ! e. It

contains new tree-level contributions in �ðpÞ that yield
spectrum corrections. Noticing that Mp ’ 1836me, the

terms of the proton nonrelativistic Hamiltonian propor-
tional to M�1

p will yield bounds less restrictive than the

ones stemming from the electron Hamiltonian at least by

a factor of 103. The unique term of HðpÞ able to lead to

a competitive bound is �ðpÞ
 � ð~Eþ ~BÞ, implying the

same bound of Eq. (34), that is, j�ðpÞð	HEÞ3jj< 8�
10�17 ðeVÞ�1. A detailed analysis about the spectrum

corrections induced by the Hamiltonian H ¼ HðeÞ þ
HðpÞ seems to be a sensitive issue for further investigation.
Another effect enclosed in Hamiltonian (26) is con-

cerned with the anomalous magnetic moment of the elec-
tron. A Lorentz-violating study on this issue was developed
in Ref. [22]. The electron magnetic moment is� ¼ ���,
with � ¼ e=2me and g ¼ 2 the gyromagnetic factor.
The anomalous magnetic moment of the electron is
given by g ¼ 2ð1þ aÞ, with a ¼ �=2
þ � � � ¼
0:001 159 652 182 79 representing the deviation (value in
the year 2008) in relation to the usual case. In this case, the
magnetic interaction is H0 ¼ �ð1þ aÞ� � B. In accor-
dance with very precise measurements and QED calcula-
tions [23], precision corrections to this factor are
now evaluated at the level of 1 part in 1011, that is, �a �
3� 10�11. In our case, the Hamiltonian (26) provides tree-
level LV contributions to the usual g ¼ 2 gyromagnetic
factor, which cannot be larger than a. The total magnetic
interaction in Eq. (26) is

e

2me
ð� �BÞ þ �ðeÞð� � ~BÞ: (39)

For the magnetic field along the z axis, B ¼ B0ẑ, and a
spin-polarized configuration in the z axis, this interaction
assumes the form

�

�
1þ 2me

e
�ðeÞð	HBÞ33

�
ð�zB0Þ; (40)

with 2me

e �ðeÞð	HBÞ33 representing the tree-level LV correc-

tion that should be smaller than a. Under such considera-
tion, we obtain the following upper bound:

j�ðeÞð	HBÞ33j � 9:7� 10�11 ðeVÞ�1; (41)

where we have used me ¼ 5:11� 105 eV, e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=137

p
.

Finally, we should claim the nonrelativistic Hamiltonian

(26) possesses a Rashba-like coupling term �ðeÞ
me

E � ð� � pÞ.
Indeed, the Rashba spin-orbit interaction, given by HR ¼
�Rð
xpy � 
ypxÞ, has been studied in many works [24].

In Ref. [25], the usual Rashba coupling term is examined in
connection with quantum transport properties of ring sys-
tems, where the Aharonov-Casher effect leads to well-
defined conductance oscillations. A recent work has also
argued that some terms of the fermion sector of the SME
induces a Rashba-like coupling term [26]. In accordance
with Ref. [24], the Rashba constant for a typical meso-
scopic system is �R ’ 10�12 ðeV �mÞ ¼ 5� 10�6. For a
typical electric field [E ’ 107 Volt=m ¼ 23:1 ðeVÞ2], the
factor E=me is approximately 4� 10�5 eV. The imposi-

tion of the condition �ðeÞ
me

jE � ð� � pÞj<�R leads to
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j�ðeÞð	DEÞ3jj< 0:1, revealing that the Rashba coupling

phenomenology is not a good route to constrain this non-
minimal coupling.

V. CONCLUSIONS

We have devised a newCPT-even and Lorentz-violating
nonminimal coupling between fermionic and gauge
fields. This dimension-five nonminimal coupling involves
the dimensionless tensor ðKFÞ���� which composes the

CPT-even and Lorentz-violating electrodynamics of the
SME. It was considered in the context of the Dirac equa-
tion, and the nonrelativistic limit was assessed and carried
out. The resulting nonrelativistic Hamiltonian possess new
interesting contributions able to yielding a new electric-
Zeeman-like effect, corrections to the anomalous magnetic
moment, and a Rashba-like coupling term. The electric-
Zeeman-like effect may lead to upper bounds as good as

j�ðeÞð	HEÞ3jj< 8� 10�17 ðeVÞ�1, while the corrections

on the magnetic moment yield an upper bound as tight as
1 part in 1010. It is important to mention that the bounds
here found should not be confused with the upper bounds
on the (KF)-CPT-even components already known in the
literature, once in the present case the constraint is on the
magnitude of the CPT-even parameters as nonminimally
coupled. Note that, by adopting distinct configurations of
the electric and magnetic fields (not along the z axis),
similar upper bounds can be imposed on other coefficients
of the matrices (	HE) and (	HB).

Concerning this dimension-five nonminimal coupling, a
promising investigation is related with the radiative
corrections stemming from the photon one-loop vacuum
polarization. Carrying out such radiative contributions,
we observe that a dimension-four CPT-even term,

ð�ðeÞmeÞðKFÞ���
F
��F�
, is generated. Dimension-six

operators are also generated at second order in �ðeÞKF.
Since the dimension-four operator can be generated by
radiative corrections, the existing bounds [9,10] on the
CPT-even ðKFÞ���� can be used to achieve even better

bounds on the magnitude of the quantity �ðeÞðKFÞ����. The

fact that this term has as a coefficient (�ðeÞme) allows one to

attain better bounds on �ðeÞKF by the factor of 1=me �
10�5 in comparison with the bounds on KF. For instance,
typical bounds on the nonbirefringent coefficients,

j�ðeÞKFj< 10�18 ðeVÞ�1, imply upper bounds as tight as

j�ðeÞKFj< 10�23 ðeVÞ�1 on the nonminimal coupling. The
detailed analysis of this issue is now under consideration.
Another interesting perspective is concerned with a

complete investigation of the corrections on the hydrogen

spectrum implied by the Hamiltonian (25) andH ¼ HðeÞ þ
HðpÞ. Such analysis should be carefully carried out for all

the terms involving E, B, ~E, and ~B, focusing on the ones
that could yield stringer upper bounds on the LV parame-
ters and having as a counterpart the procedures of
Refs. [17,27].
Finally, this new coupling may be examined in several

distinct respects, including applications in the ultrarelativ-
istic regime. Very recently, a study involving an electron-
positron scattering in a QED framework endowed with this
nonminimal coupling was successfully performed yielding

upper bounds as tight as �ðeÞðKFÞ< 10�12 ðeVÞ�1 [28].
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