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We evaluate in great detail one-loop four-graviton field theory amplitudes in pure N ¼ 4 D ¼ 4

supergravity. The expressions are obtained by taking the field theory limits of (4,0) and (2,2) space-time

supersymmetric string theory models. For each model we extract the contributions of the spin-1 and spin-2

N ¼ 4 supermultiplets running in the loop. We show that all of those constructions lead to the same four-

dimensional result for the four-graviton amplitudes in pure supergravity even though they come from

different string theory models.
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I. INTRODUCTION

The role of supersymmetry in perturbative supergravity
still leaves room for surprises. The construction of candi-
date counterterms for ultraviolet (UV) divergences in
extended four-dimensional supergravity theories does not
forbid some particular amplitudes to have an improved UV
behavior. For instance, the four-graviton three-loop ampli-
tude inN ¼ 4 supergravity turns out to be UV finite [1,2],
despite the construction of a candidate counterterm [3].
(Some early discussion of the three-loop divergence in
N ¼ 4 has appeared in Ref. [4], and recent alternative
arguments have been given in Ref. [5].)

The UV behavior of extended supergravity theories is
constrained in string theory by nonrenormalization theo-
rems that give rise in the field theory limit to supersym-
metric protection for potential counterterms. In maximal
supergravity, the absence of divergences until six loops in
four dimensions [6–8] is indeed a consequence of the
supersymmetric protection for 1

2 -,
1
4 - and

1
8 -BPS operators

in string [9,10] or field theory [11,12]. In half-maximal
supergravity, it was shown recently [2] that the absence of
three-loop divergence in the four-graviton amplitude in
four dimensions is a consequence of the protection of
the 1

2 -BPS R4 coupling from perturbative quantum correc-

tions beyond one loop in heterotic models. We refer to
Refs. [13–15] for a discussion of the nonrenormalization
theorems in heterotic string.

Maximal supergravity is unique in any dimension and
corresponds to the massless sector of type II string theory
compactified on a torus. Duality symmetries relate differ-
ent phases of the theory and strongly constrain its UV
behavior [10,12,16–19].

On the contrary, half-maximal supergravity (coupled to
vector multiplets) is not unique and can be obtained in the
low-energy limit of (4,0) string theory models—with all the
space-time supersymmetries coming from the world-sheet

left-moving sector—or (2,2) string theory models—with
the space-time supersymmetries originating both from the
world-sheet left-moving and right-moving sectors. The two
constructions give rise to different low-energy supergravity
theories with a different identification of the moduli.
In this work we analyze the properties of the four-

graviton amplitude at one loop in pure N ¼ 4 supergrav-
ity in four dimensions. We compute the genus one string
theory amplitude in different models and extract its field
theory limit. This method has been pioneered by Ref. [20].
It has then been developed intensively for gauge theory
amplitudes by Refs. [21,22] and then applied to gravity
amplitudes in Refs. [23,24]. In this work we will follow
more closely the formulation given in Ref. [25].
We consider three classes of four-dimensional string

models. The first class, on which was based the analysis
in Ref. [2], are heterotic string models. They have (4,0)
supersymmetry and 4 � nv � 22 vector multiplets. The
models of the second class also carry (4,0) supersymmetry;
they are type II asymmetric orbifolds. We will study a
model with nv ¼ 0 (the Dabholkar-Harvey construction;
see Ref. [26]) and a model with nv ¼ 6. The third class is
composed of type II symmetric orbifolds with (2,2) super-
symmetry. For a given number of vector multiplets, the
(4,0) models are related to one another by strong-weak S
duality and related to (2,2) models by U duality [27,28].
Several tests of the duality relations between orbifold
models have been given in Ref. [29].
The string theory constructions generically contain mat-

ter vector multiplets. By comparing models with nv � 0
vector multiplets to a model where nv ¼ 0, we directly
check that one can simply subtract these contributions and
extract the pure N ¼ 4 supergravity contributions in four
dimensions.
We shall show that the four-graviton amplitudes

extracted from the (4,0) string models match that obtained
in Refs. [24,30–35]. We however note that all of those
constructions are based on a (4,0) construction, while our
analysis covers both the (4,0) and (2,2) models. The four-
graviton amplitudes are expressed in a supersymmetric
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decomposition into N ¼ 4s spin-s supermultiplets with
s ¼ 1, 32 , 2, as in Refs. [24,30–35]. TheN ¼ 8 andN ¼
6 supermultiplets have the same integrands in all the
models, while the contributions of the N ¼ 4 multiplets
have different integrands. Despite the absence of obvious
relation between the integrands of the two models, the
amplitudes turn out to be equal after integration in all the
string theory models. In a nutshell, we find that the four-
graviton one-loop field theory amplitudes in the (2,2)
construction are identical to the (4,0) ones.

The paper is organized as follows. For each model we
evaluate the one-loop four-graviton string theory ampli-
tudes in Sec. II. In Sec. III we compare the expressions that
we obtained and check that they are compatible with our
expectations from string dualities. We then extract and
evaluate the field theory limit in the regime �0 ! 0 of
those string amplitudes in Sec. IV. This gives us the field
theory four-graviton one-loop amplitudes for pureN ¼ 4
supergravity. Section V contains our conclusions. Finally,
Appendixes A and B contain details about our conventions
and the properties of the conformal field theory (CFT)
building blocks of our string theory models.

II. ONE-LOOP STRING THEORYAMPLITUDES
IN (4,0) AND (2,2) MODELS

In this section, we compute the one-loop four-graviton
amplitudes in four-dimensional N ¼ 4 (4,0) and (2,2)
string theory models. Their massless spectrum contains
an N ¼ 4 supergravity multiplet coupled to nv N ¼ 4
vector multiplets. Since the heterotic string is made of the
tensor product of a left-moving superstring by a right-
moving bosonic string, it only gives rise to (4,0) models.
However, type II compactifications provide the freedom to
build (4,0) and (2,2) models [36].

A. Heterotic CHL models

We evaluate the one-loop four-graviton amplitudes in
heterotic string Chaudhuri-Hockney-Lykken (CHL) mod-
els in four dimensions [37–39]. Their low-energy limits are
(4,0) supergravity models with 4 � nv � 22 vector super-
multiplets matter fields. We first comment on the moduli
space of the model, then write the string theory one-loop
amplitude and finally compute the CHL partition function.
This allows us to extract the massless states contribution to
the integrand of the field theory limit.

These models have the following moduli space:

�nSUð1; 1Þ=Uð1Þ � SOð6; nv;ZÞnSOð6; nvÞ=SOð6Þ
� SOðnvÞ; (2.1)

where nv is the number of vector multiplets and � is a
discrete subgroup of SLð2;ZÞ. For instance, � ¼ SLð2;ZÞ
for nv ¼ 22 and � ¼ �1ðNÞ for the ZN CHL (4,0) orbifold.
[We refer to Appendix A 3 for a definition of the con-
gruence subgroups of SLð2;ZÞ.] The scalar manifold

SUð1; 1Þ=Uð1Þ is parametrized by the axion-dilaton in the
N ¼ 4 gravity supermultiplet.
The generic structure of the amplitude has been

described in Ref. [2]. We will use the same notations and
conventions. The four-graviton amplitude takes the follow-
ing form1:

MðnvÞ
ð4;0Þhet ¼ N

�
�

2

�
4
t8F

4
Z
F

d2�

�
D�6
2

2

Z
T

Y
1�i<j�4

� d2�i

�2
eQZðnvÞ

ð4;0Þhet
�W B

; (2.2)

where D ¼ 10� d and N is the normalization constant
of the amplitude. The domains of integration are
F ¼ f� ¼ �1 þ i�2; j�1j � 1

2 ; j�j2 � 1; �2 > 0g and T :¼
f� ¼ �1 þ i�2; j�1j � 1

2 ; 0 � �2 � �2g. Then,

�W B :¼ hQ4
j¼1 ~�

j � �@Xð�jÞeikj�Xð�jÞi
ð2�0Þ4hQ4

j¼1 e
ikj�Xð�jÞi (2.3)

is the kinematical factor coming from the Wick contrac-
tions of the bosonic vertex operators and the plane-wave

part is given by hQ4
j¼1 e

ikj�Xð�jÞi ¼ expðQÞ with
Q ¼ X

1�i<j�4

2�0ki � kjP ð�ijÞ; (2.4)

where we have made use of the notation �ij :¼ �i � �j.

Using the result of Ref. [41] with our normalizations we
explicitly write

�W B ¼ Y4
r¼1

~�r � �Qr

þ 1

2�0 ð~�1 � �Q1~�2 � �Q2~�3 � ~�4 �T ð�34Þ þ permsÞ

þ 1

4�02 ð~�1 � ~�2~�3 � ~�4 �T ð�12Þ �T ð�34Þ þ permsÞ;
(2.5)

where we have introduced

Q�
I
:¼ X4

r¼1

k�r @P ð�Irj�Þ; T ð�Þ :¼ @2�P ð�j�Þ; (2.6)

with P ðzÞ the genus one bosonic propagator. We refer to
Appendix A 2 for definitions and conventions.
The CHL models studied in this work are asymmetric

ZN orbifolds of the bosonic sector (in our case the right-
moving sector) of the heterotic string compactified on
T5 � S1. Geometrically, the orbifold rotates N groups of
‘ bosonic fields �Xa belonging either to the internal T16 or to
the T5 and acts as an order N shift on the S1. More

1The t8 tensor defined in Ref. [40], Appendix 9.A, is

given by t8F
4 ¼ 4trðFð1ÞFð2ÞFð3ÞFð4ÞÞ � trðFð1ÞFð2ÞÞtrðFð3ÞFð4ÞÞ þ

permsð2; 3; 4Þ, where the traces are taken over the Lorentz
indices. Setting the coupling constant to one, t8F

4 ¼
stAtreeð1; 2; 3; 4Þ, where Atreeð1; 2; 3; 4Þ is the color stripped or-
dered tree amplitude between four gluons.
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precisely, if we take a boson �Xa of the (pþ 1)th
group (p ¼ 0; . . . ; N � 1) of ‘ bosons, we have
a 2 fp‘; p‘þ 1; . . . ; p‘þ ð‘� 1Þg and for twists g=2,
h=2 2 f0; 1=N; . . . ; ðN � 1Þ=Ng we get

�Xaðzþ �Þ ¼ ei�gp=N �XaðzÞ;
�Xaðzþ 1Þ ¼ ei�hp=N �XaðzÞ:

(2.7)

We will consider models with ðN; nv; ‘Þ 2
fð1; 22; 16Þ; ð2; 14; 8Þ; ð3; 10; 6Þ; ð5; 6; 4Þ; ð7; 4; 3Þg. It is in
principle possible to build models with ðN; nv; ‘Þ ¼
ð11; 2; 2Þ and ðN; nv; ‘Þ ¼ ð23; 0; 1Þ and thus decouple
totally the matter fields, but it is then required to compac-
tify the theory on a seven- and eight-dimensional torus,
respectively. We will not comment about it further, since
we have anyway a type II superstring compactification
with (4,0) supersymmetry that already has nv ¼ 0 that
we discuss in Sec. II B 2. This issue could have been
important, but it appears that at one loop in the field theory
limit there is no problem to decouple the vector multiplets
to obtain pureN ¼ 4 supergravity. The partition function
of the right-moving CFT is given by

Z ðnvÞ
ð4;0Þhetð�Þ ¼

1

jGj
X
ðg;hÞ

Zh;g
ð4;0Þhetð�Þ; (2.8)

where jGj is the order of the orbifold group i.e., jGj ¼ N.

The twisted conformal blocks Zg;h
het are a product of the

oscillator and zero mode part

Z h;g
ð4;0Þhet ¼ Zh;g

osc �Zh;g
latt : (2.9)

In the field theory limit only the massless states from the
h ¼ 0 sector will contribute and we are left with

Z ðnvÞ
ð4;0Þhetð�Þ !

1

N
Z0;0

ð4;0Þhetð�Þ þ
1

N

X
fgg
Z0;g

ð4;0Þhetð�Þ: (2.10)

The untwisted partition function (g ¼ h ¼ 0) with ge-
neric diagonal Wilson lines A, as required by modular
invariance, is

Z 0;0
ð4;0Þhetð�Þ :¼

�ð6;24ÞðG; AÞ
��24ð ��Þ ; (2.11)

where �ð6;24ÞðG;AÞ is the lattice sum for the Narain lattice

�ð5;5Þ � �ð1;1Þ � �E8�E8
with Wilson lines [42]. It drops out

in the field theory limit where the radii of compactification

R� ffiffiffiffiffi
�0p

are sent to zero and we are left with the part
coming from the oscillators

Z 0;0
ð4;0Þhetð�Þ !

1

��24ð ��Þ : (2.12)

At a generic point in the moduli space, the 480 gauge
bosons of the adjoint representation of E8 � E8 get masses
due to Wilson lines, and only the ‘ gauge bosons of the

Uð1Þ‘ group left invariant by the orbifold action [43,44]
stay in the matter massless spectrum.
The oscillator part is computed to be

Z h;g
osc ¼

X
fg;hg

YN�1

p¼0

ðZh�p;g�p
X Þ‘; (2.13)

where the twisted bosonic chiral blocks Zh;g
X are given in

Appendix A. For h ¼ 0,Z0;g
osc is independent of gwhenN is

prime and it can be computed explicitly. It is the inverse of
the unique cusp form fkð�Þ ¼ ð�ð�Þ�ðN�ÞÞkþ2 for �1ðNÞ
of modular weight ‘ ¼ kþ 2 ¼ 24=ðN þ 1Þ with nv ¼
2‘� 2 as determined in Refs. [43,44]. Then (2.10) writes

Z ð4;0Þhet ! 1

N

�
1

ð ��ð ��ÞÞ24 þ
N � 1

fkð ��Þ
�
: (2.14)

To conclude this section, we write the part of the inte-
grand of (2.2) that will contribute in the field theory limit.
When �0 ! 0, the region of the fundamental domain of
integrationF of interest is the large �2 region, such that t ¼
�0�2 stays constant. Then, the objects that we have intro-
duced admit an expansion in the variable q ¼ e2i�� ! 0.
We find

Z ð4;0Þhet ! 1

�q
þ 2þ nv þ oð �qÞ: (2.15)

Putting everything together and using the expansions given
in (A16), we find that the integrand in (2.2) is given by

Zð4;0ÞhetW BeQ ! e��
0�2QððW BeQÞj �q

þ ðnv þ 2ÞðW BeQÞj �q0 þ oð �qÞÞ: (2.16)

Order �q coefficients are present because of the 1= �q chiral
tachyonic pole in the nonsupersymmetric sector of the

theory. Since the integral over �1 of �q�1ðW BeQÞj �q0 van-
ishes, as a consequence of the level matching condition, we
did not write it. We introduce A, the massless sector
contribution to the field theory limit of the amplitude at
the leading order in �0, for later use in Secs. III and IV:

AðnvÞ
ð4;0Þhet ¼

1

2

�
�

2

�
4
t8F

4ð �W Bj �qð1þ �0�QÞ

þ �W Bj �q0Qj �q þ ðnv þ 2Þ �W Bj �q0Þ; (2.17)

wherewe havemade use of the notations for the �q expansion

�W B ¼ �W Bjq0 þ �q �W Bjq þ oð �q2Þ;
Q ¼ ���0�2Qþ �0�Qþ qQjq þ �qQj �q þ oðjqj2Þ:

(2.18)

B. Type II asymmetric orbifold

In this section we consider type II string theory on two
different kinds of asymmetric orbifolds. They lead to (4,0)
models with a moduli space given in (2.1), where the
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axion-dilaton parametrizes the SUð1; 1Þ=Uð1Þ factor. The
first one is a Z2 orbifold with nv ¼ 6. The others are the
Dabholkar-Harvey models [26,45]; they have nv ¼ 0 vec-
tor multiplet.

First, we give a general formula for the treatment of
those asymmetric orbifolds. We then study in detail the

partition function of two particular models and extract the
contribution of massless states to the integrand of the field
theory limit of their amplitudes. A generic expression for
the scattering amplitude of four gravitons at one loop in
type IIA and IIB superstring is

MðnvÞ
ð4;0ÞII ¼ N

Z
F

d2�

�
D�6
2

2

Z
T

Y
1�i<j�4

d2�i

�2
eQ

1

2

X
a;b¼0;1

ð�1ÞaþbþabZa;bW a;b

1

2jGj
X
�a; �b¼0;1
g;h

ð�1Þ �aþ �bþ� �a �bð�1ÞCð �a; �b;g;hÞ �Zh;g

�a; �b
~W �a; �b;

(2.19)

where N is the same normalization factor as for the
heterotic string amplitude and Cð �a; �b; g; hÞ is a model-
dependent phase factor determined by modular invariance
and discussed below. We have introduced the chiral parti-
tion functions in the ða; bÞ-spin structure

Z a;b ¼
	½ab�ð0j�Þ4
�ð�Þ12 ; Z1;1 ¼ 0: (2.20)

The value of � determines the chirality of the theory:
� ¼ 0 for type IIA and � ¼ 1 for type IIB. The partition
function in a twisted sector ðh; gÞ of the orbifold is denoted
�Zh;g

�a; �b
. Notice that the four-dimensional fermions are not

twisted, so the vanishing of their partition function in the
ða; bÞ ¼ ð1; 1Þ sector holds for a ðg; hÞ-twisted sector:
�Zh;g
1;1 ¼ 0. This is fully consistent with the fact that, due

to the lack of fermionic zero modes, this amplitude does
not receive any contributions from the odd/odd, odd/even
or even/odd spin structures. We use the holomorphic
factorization of the (0,0)-ghost picture graviton vector
operators as

Vð0;0Þ ¼
Z

d2z:�ðiÞ � VðzÞ~�ðiÞ � �Vð�zÞeik�Xðz; �zÞ: (2.21)

with

�ðiÞ � VðzÞ ¼ �ðiÞ � @X � i
FðiÞ
��

2
:c �c �:;

~�ðiÞ � �Vð�zÞ ¼ ~�ðiÞ � �@X þ i
~FðiÞ
��

2
: �c � �c �:

(2.22)

where we have introduced the field strengths FðiÞ
�� ¼

�ðiÞ� ki� � �ðiÞ� ki� and ~FðiÞ
�� ¼ ~�ðiÞ� ki� � ~�ðiÞ� ki�.

The correlators of the vertex operators in the ða; bÞ-spin
structure are given by W a;b and �W �a; �b defined by,

respectively,

W a;b ¼
hQ4

j¼1 �
ðjÞ � VðzjÞeikj�XðzjÞia;b

ð2�0Þ4hQ4
j¼1 e

ikj�XðzjÞi ;

�W �a; �b ¼
hQ4

j¼1 ~�
ðjÞ � �Vð�zjÞeikj�XðzjÞi �a; �b

ð2�0Þ4hQ4
j¼1 e

ikj�Xð�zjÞi :

(2.23)

We decompose the W a;b into one part that depends on

the spin structure ða; bÞ, denoted W F
a;b, and another inde-

pendent of the spin structure W B:

W a;b ¼ W F
a;b þW B; (2.24)

this last term being identical to the one given in (2.3). The
spin structure-dependent part is given by the following
fermionic Wick’s contractions:

W F
a;b ¼ S4;a;b þ S2;a;b; (2.25)

where Sn;a;b arise from Wick contracting n pairs of world-

sheet fermions. Note that the contractions involving
three pairs of fermion turn out to vanish in all the
type II models by symmetry. We introduce the notationP

fði;...Þ;ðj;...Þg¼f1;2;3;4g . . . for the sum over the ordered parti-

tions of f1; 2; 3; 4g into two sets where the partitions
fð1; 2; 3Þ; 1g and fð1; 3; 2Þ; 1g are considered to be indepen-
dent. In that manner, the two terms in (2.25) can be written
explicitly:

S4;a;b ¼ 1

210
X

fði;jÞ;ðk;lÞg¼f1;2;3;4g
Sa;bðzijÞSa;bðzjiÞSa;bðzklÞSa;bðzlkÞ trðFðiÞFðjÞÞ trðFðkÞFðlÞÞ

� 1

28
X

fði;j;k;lÞg¼f1;2;3;4g
Sa;bðzijÞSa;bðzjkÞSa;bðzklÞSa;bðzliÞ trðFðiÞFðjÞFðkÞFðlÞÞ;

S2;a;b ¼ � 1

25

X
fði;jÞ;ðk;lÞg¼f1;2;3;4g

Sa;bðzijÞSa;bðzjiÞ trðFðiÞFðjÞÞ
�
�ðkÞ �Qk�

ðlÞ �Ql þ 1

2�0 �
ðkÞ � �ðlÞT ðzklÞ

�
: (2.26)
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Because the orbifold action only affects the right-moving fermionic zero modes, the left movers are untouched and
Riemann’s identities imply (see Appendix A 2 for details)

X
a;b¼0;1
ab¼0

ð�1ÞaþbþabZa;bW a;b ¼
�
�

2

�
4
t8F

4: (2.27)

Notice that a contribution with less than four fermionic contractions vanishes. We now rewrite (2.19):

M ð6Þ
ð4;0ÞII ¼ �N

1

2

�
�

2

�
4
t8F

4
Z
F

d2�

�
D�6
2

2

Z
T

Y
1�i<j�4

d2�i

�2
eQ

1

2jGj
X
�a; �b¼0;1
g;h

ð�1Þ �aþ �bþ� �a �bð�1ÞCð �a; �b;g;hÞ �Zh;g

�a; �b
�W �a; �b: (2.28)

For the class of asymmetric ZN orbifolds with nv vector multiplets studied here, the partition function

ZðasymÞ
a;b ¼ jGj�1

P
g;hð�1ÞCða;b;g;hÞZg;h

a;b has the following low-energy expansion:

Z ðasymÞ
0;0 ¼ 1ffiffiffi

q
p þ nv þ 2þ oðqÞ; ZðasymÞ

0;1 ¼ 1ffiffiffi
q

p � ðnv þ 2Þ þ oðqÞ; ZðasymÞ
1;0 ¼ 0þ oðqÞ: (2.29)

Because the four-dimensional fermionic zero modes are not saturated we have Zasym
1;1 ¼ 0.

Since in those constructions no massless mode arises in the twisted h � 0 sector, this sector decouples. Hence, at oð �qÞ
one has the following relation:

X
�a; �b¼0;1

ð�1Þaþbþab �ZðasymÞ
�a; �b

�W �a; �b ! ð �W 0;0 � �W 0;1Þj ffiffiqp þ ðnv þ 2Þð �W 0;0 þ �W 0;1Þjq0 : (2.30)

The contribution of massless states to the field theory amplitude is given by

A ðnvÞ
ð4;0ÞII ¼

1

4

�
�

2

�
4
t8F

4ðð �W 0;0 � �W 0;1Þj ffiffiqp þ ðnv þ 2Þð �W 0;0 þ �W 0;1Þjq0Þ: (2.31)

Using the Riemann identity (2.27) we can rewrite this expression in the following form:

A ðnvÞ
ð4;0ÞII ¼

1

4

�
�

2

�
4
t8F

4

��
�

2

�
4
t8 ~F

4 þ ðnv � 6Þð �W 0;0 þ �W 0;1Þjq0 þ 16 �W 1;0jq0
�
: (2.32)

Higher powers of �q in W a;b or in Q are suppressed in the
field theory limit that we discuss in Sec. IV.

At this level, this expression is not identical to the one
derived in the heterotic construction (2.17). The type II and
heterotic (4,0) string models with nv vector multiplets are
dual to each other under the transformation S ! �1=S,
where S is the axion-dilaton scalar in the N ¼ 4
supergravity multiplet. We will see in Sec. III that for the
four-graviton amplitudes we obtain the same answer after
integrating out the real parts of the positions of the vertex
operators.

We now illustrate this analysis on the examples of the
asymmetric orbifold with six or zero vector multiplets.

1. Example: A model with six vector multiplets

Let us compute the partition function of the asymmetric
orbifold obtained by the action of the right-moving fer-
mion counting operator ð�1ÞFR and a Z2 action on the torus
T6 [29,46]. The effect of the ð�1ÞFR orbifold is to project
out the 16 vector multiplets arising from the R=R sector,
while preserving supersymmetry on the right-moving

sector. The moduli space of the theory is given by (2.1)
with nv ¼ 6 and � ¼ �ð2Þ (see Ref. [29] for instance).
The partition function for the (4,0) CFT Z2 asymmetric

orbifold model ZðasymÞ;ðnv¼6Þ
a;b ¼ 1

2

P
g;hZ

g;h
a;b with

Zh;g
a;bðwÞ :¼ ð�1ÞagþbhþghZa;b�ð4;4Þ�w

ð2;2Þ
h

g

� �
; (2.33)

where the shifted lattice sum �w
ð2;2Þ½hg� is given in Ref. [29]

and recalled in Appendix B. The chiral blocks Za;b have

been defined in (2.20) and �ð4;4Þ is the lattice sum of the T4.

Using the fact that �w
ð2;2Þ½hg� reduces to 0 for h ¼ 1 and to 1

for h ¼ 0 and that �ð4;4Þ ! 1 in the field theory limit, we

see that the partition function is unchanged in the sectors
ða; bÞ ¼ ð0; 0Þ and (0,1) while for the ða; bÞ ¼ ð1; 0Þ sector,
the ð�1Þag in (2.33) cancels the partition function when
summing over g. One obtains the following result:

ZðasymÞ;ðnv¼6Þ
0;0 ¼ Z0;0; ZðasymÞ;ðnv¼6Þ

0;1 ¼ Z0;1;

ZðasymÞ;ðnv¼6Þ
1;0 ¼ 0: (2.34)
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Using (A6), one checks directly that it corresponds to
(2.29) with nv ¼ 6.

2. Example: Models with zero vector multiplet

Now we consider the type II asymmetric orbifold mod-
els with zero vector multiplets constructed in Ref. [26] and
discussed in Ref. [45].

Those models are compactifications of the type II su-
perstring on a six-dimensional torus with an appropriate
choice for the value of the metric Gij and B-field Bij. The

Narain lattice is given by �DH ¼ fpL; pR;pL; pR 2
�WðgÞ; pL � pR 2 �RðgÞg, where �RðgÞ is the root lattice
of a simply laced semisimple Lie algebra g and �WðgÞ is
the weight lattice.

The asymmetric orbifold action is given by jpL; pRi !
e2i�pL�vL jpL; gRpRi, where gR is an element of the Weyl
group of g and vL is a shift vector appropriately chosen to
avoid any massless states in the twisted sector [26,45].
With such a choice of shift vector and because the asym-
metric orbifold action leaves pL invariant, we have a (4,0)
model of four-dimensional supergravity with no vector
multiplets.

The partition function is given by

Zasym

�a; �b
¼ 	½ �a�b�

ð�ð ��ÞÞ3
1

jGj
X

fgj;hjg

Y3
i¼1

Z
hj;gj
�a; �b

; (2.35)

where the sum runs over the sectors of the orbifold. For
instance, in the Z9 model of Dabholkar and Harvey, one
has gj 2 j� f29 ; 49 ; 89g with j ¼ 0; . . . ; 8 and the same for

hj. The twisted conformal blocks are

Zh;g

�a; �b
¼

8>><
>>:
�
	½ �a�b�
�ð ��Þ

�
3�

�
1

�ð ��Þ
�
6

if ðg;hÞ ¼ ð0;0Þ mod2;

ei
�
2aðg�bÞ2sin

�
�g
2

�
	½aþh

bþg�
	½1þh

1þg�
8 ðg;hÞ� ð0;0Þ mod2:

(2.36)

The phase in (2.19) is determined by modular
invariance to be Cð �a; �b; gR; hRÞ ¼ P3

i¼1ð �agiR þ �bhiRþ
giRh

i
RÞ.

In the field theory limit, we perform the low-energy
expansion of this partition function and we find that it
takes the following form for all of the models in
Refs. [26,45]:

ZðasymÞ;ðnv¼0Þ
0;0 ¼ 1ffiffiffi

q
p þ 2þ oðqÞ;

ZðasymÞ;ðnv¼0Þ
0;1 ¼ 1ffiffiffi

q
p � 2þ oðqÞ;

ZðasymÞ;ðnv¼0Þ
1;0 ¼ 0þ oðqÞ;

(2.37)

which is (2.29) with nv ¼ 0 as expected.

C. Type II symmetric orbifold

In this section we consider (2,2) models of four-
dimensional N ¼ 4 supergravity. These models can be
obtained from the compactification of type II string theory
on symmetric orbifolds of K3 � T2. The difference with
the heterotic models considered in Sec. II A is that the
scalar parametrizing the coset space SUð1; 1Þ=Uð1Þ that
used to be the axiodilaton S is now the Kähler modulus of
the two-torus T2 for the type IIA case or complex structure
modulus for the type IIB case. The nonperturbative duality
relation between these two models is discussed in detail in
Refs. [29,39].
Models with nv � 2 have been constructed in Ref. [36].

The model with nv ¼ 22 is a T4=Z2 � T2 orbifold, and the
following models with nv 2 f14; 10g are successive Z2

orbifolds of the first one. The model with nv ¼ 6 is a freely
acting Z2 orbifold of the T4=Z2 � T2 theory that simply
projects out the 16 vector multiplets of the R=R sector. The
four-graviton amplitude can be effectively written in terms
of the ðg; hÞ sectors of the first Z2 orbifold of the T4, and
writes

MðnvÞ
ð2;2Þ ¼ N

Z
F

d2�

�
D�6
2

2

Z
T

Y
1�i<j�4

d2�i

�2
eQ

1

4jGj

� X1
h;g¼0

X
a;b¼0;1
�a; �b¼0;1

ð�1Þaþbþabð�1Þ �aþ �bþ �a �bZh;g;ðnvÞ
a;b

� �Zh;g;ðnvÞ
�a; �b

ðW a;b
�W �a; �b þW a;b; �a; �bÞ; (2.38)

where N is the same overall normalization as for the

previous amplitudes and Zh;g;ðnvÞ
a;b is defined in Appendix B.

The term W a;b; �a; �b is a mixed term made of contractions

between holomorphic and antiholomorphic fields. It does
not appear in the (4,0) constructions since the left/right
contractions vanish due to the totally unbroken supersym-
metry in the left-moving sector.
Two types of contributions arise from the mixed

correlators

W 1
a;b; �a; �b

¼ h:�ðiÞ � @X~�ðiÞ � �@X::�ðjÞ � @X~�ðjÞ � �@X:Q4
r¼1 e

ikr�XðzrÞia;b; �a; �b
ð2�0Þ4hQ4

j¼1 e
ikj�XðzjÞi ;

W 2
a;b; �a; �b

¼ h�ðiÞ � @X�ðjÞ � @X~�ðkÞ � �@X~�ðlÞ � �@XQ4
r¼1 e

ikr�XðzrÞia;b; �a; �b
ð2�0Þ4hQ4

j¼1 e
ikj�XðzjÞi ; ðijÞ � ðklÞ;

(2.39)

PIOTR TOURKINE AND PIERRE VANHOVE PHYSICAL REVIEW D 87, 045001 (2013)

045001-6



with at least one operator product expansion between a holomorphic and an antiholomorphic operator. Explicitly, we find

W a;b; �a; �b ¼
X

fi;j;k;lg2f1;2;3;4g
ði;jÞ�ðk;lÞ

ðSa;bð�ijÞÞ2ð �S �a; �bð ��klÞÞ2� trðFðiÞFðjÞÞ trðFðkÞFðlÞÞ� ð�ðkÞ � ~�ðiÞT̂ ðk; iÞð�ðlÞ � ~�ðjÞT̂ ðl; jÞþ�ðlÞ �Ql~�
ðjÞ � �QjÞ

þ ði$ jÞþ�ðkÞ �Qkð�ðlÞ � ~�ðiÞ~�ðjÞ � �QjT̂ ðl; iÞþ�ðlÞ � ~�ðjÞT̂ ðl; jÞ~�ðiÞ � �QiÞÞ
þ X

fi;j;k;lg2f1;2;3;4g
jSa;bð�ijÞj4�ðtrðFðiÞFðjÞÞÞ2ð�ðkÞ � ~�ðlÞT̂ ðk; lÞð�ðlÞ � ~�ðkÞT̂ ðl;kÞþ�ðlÞ �Ql~�

ðkÞ � �QkÞþ ðk$ lÞÞ;

(2.40)

where

T̂ ði; jÞ :¼ @�i
�@ ��j

P ð�i � �jj�Þ

¼ �

4

�
1

�2
� �ð2Þð�i � �jÞ

�
: (2.41)

Forgetting about the lattice sum, which at any rate is equal
to one in the field theory limit,

Zh;g
a;b ¼ ch

�
	
h
a
b

i
ð0j�Þ

�
2
	
h
aþh
bþg

i�
0j�Þ	

h
a�h
b�g

i
ð0j�Þ

ð�ð�ÞÞ6
�
	
h
1þh
1þg

i
ð0j�Þ

�
2

¼ chð�1ÞðaþhÞg

0
B@	

h
a
b

i�
0j�Þ	

h
aþh
bþg

i
ð0j�Þ

ð�ð�ÞÞ3	
h
1þh
1þg

i
ð0�Þ

1
CA

2

; (2.42)

where ch is an effective number whose value depends on h
in the following way: c0 ¼ 1 and c1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nv � 6

p
. This

number represents the successive halving of the number
of twisted R=R states. We refer to Appendix B for details.

The sum over the spin structures in the untwisted sector
ðg; hÞ ¼ ð0; 0Þ is once again performed using Riemann’s
identities:

X
a;b¼0;1
ab¼0

ð�1ÞaþbþabZ0;0
a;bW a;b ¼

�
�

2

�
4
t8F

4: (2.43)

In the twisted sectors ðh; gÞ � ð0; 0Þ we remark that

Z0;1
0;1 ¼ Z0;1

0;0, Z
1;0
1;0 ¼ Z1;0

0;0, Z
1;1
1;0 ¼ Z1;1

0;1, and Z1;0
0;1 ¼ Z0;1

1;0 ¼
Z1;1

0;0 ¼ 0, which gives for the chiral blocks in (2.38)

X
a;b¼0;1
ab¼0

ð�1ÞaþbþabZ0;1
a;bW a;b¼Z0;1

0;0ðW 0;0�W 0;1Þ;
X

a;b¼0;1
ab¼0

ð�1ÞaþbþabZ1;0
a;bW a;b¼Z1;0

0;0ðW 0;0�W 1;0Þ;
X

a;b¼0;1
ab¼0

ð�1ÞaþbþabZ1;1
a;bW a;b¼Z1;1

0;1ðW 0;1�W 1;0Þ:

(2.44)

Therefore the factorized terms in the correlator take the
simplified form

1

4jGj
X
g;h

X
a;b¼0;1
�a; �b¼0;1

ð�1Þaþbþabð�1Þ �aþ �bþ �a �bZh;g
a;b

�Zh;g

�a; �b
W a;b

�W �a; �b

¼ 1

8

�
�

2

�
8
t8t8R

4 þ 1

8
jZ0;1

0;0ðW 0;0 �W 0;1Þj2

þ 1

8
jZ1;0

0;0ðW 0;0 �W 1;0Þj2

þ 1

8
jZ1;1

0;1ðW 0;1 �W 1;0Þj2; (2.45)

where t8t8R
4 is the Lorentz scalar built from four powers of

the Riemann tensor arising at the linearized level as the
product t8t8R

4 ¼ t8F
4t8 ~F

4.2

The mixed terms can be treated in the same way with the
result

1

4jGj
X
g;h

X
a;b¼0;1
�a; �b¼0;1

ð�1Þaþbþabð�1Þ �aþ �bþ �a �bZh;g
a;b

�Zh;g

�a; �b
W a;b; �a; �b

¼ 1

8
jZ0;1

0;0j2ðW 0;0;0;0�W 0;1;0;1Þ

þ1

8
jZ1;0

0;0j2ðW 0;0;0;0�W 1;0;1;0Þ

þ1

8
jZ1;1

0;1j2ðW 0;1;0;1�W 1;0;1;0Þ: (2.46)

Since the conformal blocks Zh;g
a;b have the q expansion

[see (A3)]

Z0;1
0;0 ¼

1ffiffiffi
q

p þ 4
ffiffiffi
q

p þ oðqÞ; Z1;0
0;0 ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nv � 6

p þ oðqÞ;

Z1;1
0;1 ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nv � 6

p þ oðqÞ; (2.47)

the massless contribution to the integrand of (2.45) is
given by

2This Lorentz scalar is the one obtained from the four-graviton
tree amplitude t8t8R

4 ¼ stuMtreeð1; 2; 3; 4Þ setting Newton’s
constant to one.

ONE-LOOP FOUR-GRAVITON AMPLITUDES IN . . . PHYSICAL REVIEW D 87, 045001 (2013)

045001-7



AðnvÞ
ð2;2Þ ¼

1

8

�
�

2

�
8
t8t8R

4þ 1

8
jW 0;0j ffiffiqp �W 0;1j ffiffiqp j2

þ 1

8
ðW 0;0;0;0j ffiffiqp �W 0;1;0;1j ffiffiqp Þþ 2ðnv� 6Þ

� ðjW 0;0jq0 �W 1;0jq0 j2þjW 0;1jq0 �W 1;0jq0 j2Þ
þ 2ðnv� 6ÞðW 0;0;0;0jq0; �q0 þW 0;1;0;1jq0; �q0
� 2W 1;0;1;0jq0; �q0Þ: (2.48)

We notice that the bosonic piece W B in W a;b in (2.24)

cancels in each term of the previous expression, due to the
minus sign between the W a;b’s in the squares.

The integrand of the four-graviton amplitude takes a
different form in the (2,2) construction compared with
the expression for the (4,0) constructions heterotic in
(2.17) and asymmetric type II models in (2.32). We will
show that after taking the field theory limit and performing
the integrals the amplitudes will turn out to be the same.

As mentioned above, for a given number of vector
multiplets the type II (2,2) models are only nonperturba-
tively equivalent (U duality) to the (4,0) models. However,
we will see that this nonperturbative duality does not affect
the perturbative one-loop multigraviton amplitudes.
Nevertheless, we expect that both �0 corrections to those
amplitudes and amplitudes with external scalars and vec-
tors should be model dependent.

In the next section, we analyze the relationships between
the string theory models.

III. COMPARISON OF THE STRING MODELS

A. Massless spectrum

The spectrum of the type II superstring in ten dimen-
sions is given by the following sectors in the Gliozzi-
Scherk-Olive projection the graviton GMN, the B-field
BMN , and the dilaton � come from the NS=NS sector,
the gravitini cM, and the dilatini 
 come from the R=NS
and NS=R sectors, while the one-form CM and three-form
CMNP come from the R=R sector in the type IIA string. The
dimensional reduction of type II string on a torus preserves
all of the 32 supercharges and leads to the N ¼ 8 super-
gravity multiplet in four dimensions.

The reduction to N ¼ 4 supersymmetry preserves 16
supercharges and leads to the following content. The
NS=NS sector contributes to theN ¼ 4 supergravity mul-
tiplet and to six vector multiplets. The R=R sector contrib-
utes to the N ¼ 4 spin- 32 multiplet and to the vector

multiplets with a multiplicity depending on the model.
In the partition function, the first Riemann vanishing

identity X
a;b¼0;1

ð�1ÞaþbþabZa;b ¼ 0; (3.1)

reflects the action of theN ¼ 4 supersymmetry inside the
one-loop amplitudes in the following manner. The q
expansion of this identity gives

�
1ffiffiffi
q

p þ 8þ oð ffiffiffi
q

p Þ
�
�
�
1ffiffiffi
q

p � 8þ oð ffiffiffi
q

p Þ
�

� ð16þ oðqÞÞ ¼ 0: (3.2)

The first two terms are the expansion of Z0;0 and Z0;1, and

the last one is the expansion ofZ1;0. The cancellation of the

1=
ffiffiffi
q

p
terms shows that the Gliozzi-Scherk-Olive projec-

tion eliminates the tachyon from the spectrum, and at the
order q0 the cancellation results in the matching between
the bosonic and fermionic degrees of freedom.
In the amplitudes, chiral N ¼ 4 supersymmetry

implies the famous Riemann identities, stating that for
0 � n � 3 external legs, the one-loop n-point amplitude
vanishes [see Eq. (A25)]. At four points it gives

X
a;b¼0;1

ð�1ÞaþbþabZa;bW a;b ¼
�
�

2

�
4
t8F

4: (3.3)

In W a;b [see (2.25)] the term independent of the spin

structure W B and the terms with less than four fermionic
contractions S2;a;b cancel in the previous identity. The

cancellation of the tachyon yields at the first order in the
q expansion of (3.3)

W 0;0jq0 �W 0;1jq0 ¼ 0: (3.4)

The next term in the expansion gives an identity describing
the propagation of the N ¼ 4 super-Yang-Mills multiplet
in the loop

8ðW 0;0jq0 þW 0;1jq0 � 2W 1;0jq0Þ
þ ðW 0;0j ffiffiqp �W 0;1j ffiffiqp Þ ¼

�
�

2

�
4
t8F

4: (3.5)

In this equation, one should have vectors, spinors and
scalars propagating according to the sector of the theory.
InW a;b, a ¼ 0 is the NS sector, and a ¼ 1 is the Ramond

sector. The scalars have already been identified in (3.4) and
correspond to W 0;0jq0 þW 0;1jq0 . The vector, being a

massless bosonic degree of freedom, should then corre-
spond to W 0;0j ffiffiqp �W 0;1j ffiffiqp . Finally, the fermions corre-

spond toW 1;0jq0 . The factor of 8 in front of the first term is

the number of degrees of freedom of a vector in ten
dimensions; one can check that the number of bosonic
degrees of freedom matches the number of fermionic
degrees of freedom.

B. Amplitudes and supersymmetry

In this section we discuss the relationships between the
four-graviton amplitudes in the variousN ¼ 4 supergrav-
ity models in the field theory limit. We apply the logic of
the previous section about the spectrum of left or right
movers to the tensor product spectrum and see that we can
precisely identify the contributions to the amplitude, both
in the (4,0) and (2,2) models. The complete evaluation of
the amplitudes will be performed in Sec. IV.
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As mentioned above, the field theory limit is obtained by
considering the large �2 region, and the integrand of the
field theory amplitude is given by

AðnvÞ
X ¼

Z 1
2

�1
2

Y4
i¼1

d�1
iA

ðnvÞ
X ; (3.6)

where X 2 fð4; 0Þhet; ð4; 0ÞII; ð2; 2Þg indicates the model,
as in (2.17) and (2.32) or (2.48), respectively.

At one loop this quantity is the sum of the contribution
from nv N ¼ 4 vector (spin-1) supermultiplets running in
the loop and the N ¼ 4 spin-2 supermultiplet

AðnvÞ
X ¼ A

spin 2
X þ nvA

spin 1
X : (3.7)

For the case of the type II asymmetric orbifold models
with nv vector multiplets we deduce from (2.32)

A
spin 1
ð4;0ÞII ¼

1

4

�
�

2

�
4
t8F

4
Z 1

2

�1
2

Y4
i¼1

d�1
i ðW 0;0jq0 þW 0;1jq0Þ:

(3.8)

Since t8F
4 is the supersymmetric left-moving sector con-

tribution [recall the supersymmetry identity in (3.3)], it
corresponds to an N ¼ 4 vector multiplet and we recog-
nize in (3.8) the product of this multiplet with the scalar
from the right-moving sector:

ð11; 1=24; 06ÞN¼4 ¼ ð11; 1=24; 06ÞN¼4 	 ð01ÞN¼0: (3.9)

This agrees with the identification made in the previous
subsection where W 0;0jq0 þW 0;1jq0 was argued to be a

scalar contribution.
The contribution from the N ¼ 4 supergravity multi-

plet running in the loop is given by

A
spin 2
ð4;0ÞII ¼

1

4

�
�

2

�
4
t8F

4
Z 1

2

�1
2

Y4
i¼1

d�1
i ½2ðW 0;0jq0 þW 0;1jq0Þ

þ ðW 0;0j ffiffiqp �W 0;1j ffiffiqp Þ�: (3.10)

The factor of 2 is the number of degrees of freedom of a
vector in four dimensions. Since Zasym

1;0 ¼ 0þ oðqÞ for the
(4,0) model asymmetric orbifold construction, the inte-
grand of the four-graviton amplitude in (2.29) does not
receive any contribution from the right-moving R sector.
Stated differently, the absence of W 1;0 implies that both

R=R and NS=R sectors are projected out, leaving only the
contribution from the NS=NS and R=NS. Thus, the four
N ¼ 4 spin- 32 supermultiplets and 16 N ¼ 4 spin-1

supermultiplets are projected out, leaving at most six vec-
tor multiplets. This number is further reduced to zero in the
Dabholkar-Harvey construction [26].

From (3.10) we recognize that the N ¼ 4 supergravity
multiplet is obtained by the following tensor product:

ð21;3=24;16;1=24;02ÞN¼4 ¼ ð11;1=24;06ÞN¼4	 ð11ÞN¼0:

(3.11)

The two real scalars arise from the trace part and the
antisymmetric part (after dualization in four dimensions)
of the tensorial product of the two vectors. Using the
identification of W 0;0jq0 þW 0;1jq0 with a scalar

contribution and Eq. (A31) we can now identify
W 0;0j ffiffiqp �W 0;0j ffiffiqp with the contribution of a vector and

two scalars. This confirms the identification of W 1;0jq0
with a spin- 12 contribution in the end of Sec. III A.

Since

ð3=21; 14; 1=26þ1; 04þ�4ÞN¼4

¼ ð11; 1=24; 06ÞN¼4 	 ð1=2ÞN¼0; (3.12)

we see that removing the four spin 1
2 (that is, the term

W 1;0jq0) of the right-moving massless spectrum of the

string theory construction in asymmetric type II models
removes the contribution from the massless spin 3

2 to the

amplitudes. For the asymmetric type II model, using (3.5),
we can present the contribution from the N ¼ 4 super-
gravity multiplet in a form that reflects the decompo-
sition of the N ¼ 8 supergravity multiplet into N ¼ 4
supermultiplets:

ð21; 3=28; 128; 1=256; 070ÞN¼8

¼ ð21; 3=24; 16; 1=24; 01þ1ÞN¼4

� 4ð3=21; 14; 1=26þ1; 04þ�4ÞN¼4

� 6ð11; 1=24; 06ÞN¼4; (3.13)

as

Aspin 2
ð4;0ÞII ¼ Aspin 2

N¼8 � 6Aspin 1
ð4;0ÞII � 4A

spin 3
2

ð4;0ÞII; (3.14)

where we have introduced the N ¼ 8 spin-2 supergravity
contribution

A
spin 2
N¼8 ¼

1

4

�
�

2

�
8
t8t8R

4; (3.15)

and the N ¼ 4 spin- 32 supergravity contribution

A
spin 3

2

ð4;0ÞII ¼ �
�
�

2

�
4
t8F

4
Z 1

2

�1
2

Y4
i¼1

d�1
iW 1;0jq0 : (3.16)

For the (2,2) models the contribution of the massless
states to the amplitude is given in (2.48). The contribution
from a vector multiplet is

A
spin 1
ð2;2Þ ¼ 2

Z 1
2

�1
2

Y4
i¼1

d�1
i ðjW 0;0jq0 �W 1;0jq0 j2

þ jW 0;1jq0 �W 1;0jq0 j2Þ

þ 2
Z 1

2

�1
2

Y4
i¼1

d�1
i ðW 0;0;0;0jq0; �q0

þW 0;1;0;1jq0; �q0 � 2W 1;0;1;0jq0; �q0Þ: (3.17)
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Using that jW 0;0jq0�W 1;0jq0 j2¼jW 0;1jq0�W 1;0jq0 j2¼
1
4jW 0;0jq0þW 0;1jq0�2W 1;0jq0 j2 as a consequence of

(3.4), we can rewrite this as

A
spin 1
ð2;2Þ ¼

Z 1
2

�1
2

Y
1�i<j�4

d�1
i jW 0;0jq0 þW 0;1jq0 � 2W 1;0jq0 j2

þ 2
Z 1

2

�1
2

Y4
i¼1

d�1
i ðW 0;0;0;0jq0; �q0 þW 0;1;0;1jq0; �q0

� 2W 1;0;1;0jq0; �q0Þ; (3.18)

showing that this spin-1 contribution in the (2,2) models
arises as the product of two N ¼ 2 hypermultiplets
Q ¼ ð2� 1=21; 2� 02ÞN¼2:

2� ð11;1=24;06ÞN¼4 ¼ ð2� 1=21;2� 02ÞN¼2

	 ð2� 1=21;2� 0�2ÞN¼2: (3.19)

The contribution from the N ¼ 4 supergravity multiplet
running in the loop [obtained from (2.48) by setting
nv ¼ 0] can be presented in a form reflecting the decom-
position in (3.13):

A
spin 2
ð2;2Þ ¼ A

spin 2
N¼8 � 6A

spin 1
ð2;2Þ � 4A

spin 3
2

ð2;2Þ ; (3.20)

where A
spin 3

2

ð2;2Þ is given by

A
spin 3

2

ð2;2Þ ¼ � 1

8
A
spin 2
N¼8 �

1

32

Z 1
2

�1
2

Y
1�i<j�4

d�1
i jW 0;0j ffiffiqp

�W 0;1j ffiffiqp j2: (3.21)

C. Comparing of the string models

The integrands of the amplitudes in the two (4,0) models
in (2.17) and (2.32) and the (2,2) models in (2.48) take a
different form. In this section we show first the equality
between the integrands of the (4,0) models and then that
any difference with the (2,2) models can be attributed to the
contribution of the vector multiplets.

The comparison is done in the field theory limit where
�2 ! þ1 and �0 ! 0 with t ¼ �0�2 held fixed. The real
parts of the �i variables are integrated over the range
� 1

2 � �1
i � 1

2 . In this limit the position of the vertex

operators scale as �i ¼ �1
i þ i�2!i. The positions of the

external legs on the loop are then denoted by 0 � !i � 1
and are ordered according to the kinematical region under
consideration. In this section we discuss the integration
over the �1

i ’s only; the integration over the !i’s will be
performed in Sec. IV.

1. Comparing the (4,0) models

In the heterotic string amplitude (2.17), we can identify
two distinct contributions: nv vector multiplets and one
N ¼ 4 supergravity multiplet running in the loop. At the
leading order in �0, the contribution of the vector multip-
lets is given by

Aspin1
ð4;0Þhet ¼

1

2

�
�

2

�
4
t8F

4
Z 1

2

�1
2

Y4
i¼1

d�1
i
�W Bj �q0 ; (3.22)

and the one of the supergravity multiplet by

A
spin2
ð4;0Þhet ¼

1

2

�
�

2

�
4
t8F

4
Z 1

2

�1
2

Y4
i¼1

d�1
i ðð �W Bj �qð1þ �0�QÞ

þ �W Bj �q0Qj �q þ 2 �W Bj �q0Þ: (3.23)

The vector multiplet contributions take different forms in
the heterotic construction in (3.22) and the type II models
in (3.8). However using the expansion of the fermionic
propagators given in Appendix A 2, it is not difficult to
perform the integration over �1

i in (3.8). We see that

Z 1
2

�1
2

Y
1�i<j�4

d�1
i ðW F

0;0j �q0 þW F
0;1j �q0Þ ¼ 0: (3.24)

Thus there only remains the bosonic part of W a;b, and we

find that the contribution of the vector multiplet is the same
in the heterotic and asymmetric orbifold constructions:

Aspin 1
ð4;0Þhet ¼ Aspin 1

ð4;0ÞII: (3.25)

The case of the N ¼ 4 supergraviton is a little more
involved. In order to simplify the argument we make the
following choice of helicity to deal with more manageable
expressions: ð1þþ; 2þþ; 3��; 4��Þ. We set as well the
reference momenta qi’s for graviton i ¼ 1; . . . ; 4 as fol-
lows: q1 ¼ q2 ¼ k3 and q3 ¼ q4 ¼ k1. At four points in
supersymmetric theories, amplitudes with more þ or �
helicity states vanish. In that manner the covariant quanti-
ties t8F

4 and t8t8R
4 are written in the spinor helicity

formalism3 2t8F
4 ¼ hk1k2i2½k3k4�2 and 4t8t8R

4 ¼
hk1k2i4½k3k4�4, respectively. With this choice of gauge

�ð1Þ � �ðkÞ ¼ 0 for k ¼ 2, 3, 4, �ð3Þ � �ðlÞ ¼ 0 with l ¼ 2, 4

and only �ð2Þ � �ð4Þ � 0. The same relationships hold for the
scalar product between the right-moving ~� polarizations
and the left- and right-moving polarizations. We can now
simplify the various kinematical factors W B for the het-
erotic string and theW a;b’s for the type II models. We find
�W B ¼ 1

2 t8
~F4 ~W

B
, where

~W B ¼ ~W B
1 þ 1

�0u
~W B

2 ; (3.26)

with

3A null vector k2 ¼ 0 is parametrized as k� _� ¼ k� �k _�, where
�, _� ¼ 1, 2 are SLð2;CÞ two-dimensional spinor indices. The
positive and negative helicity polarization vectors are given by

�þðk; qÞ� _� :¼ q� �k _�ffiffi
2

p hqki and ��ðk; qÞ� _� :¼ � k� �q _�ffiffi
2

p ½qk� , respectively,

where q is a massless reference momentum. The self-dual and

anti-self-dual field strengths read F�
��

:¼ �mn
��Fmn ¼ k�k�ffiffi

2
p and

Fþ
_� _�

:¼ ��mn
_� _�
Fmn ¼ � �k _�

�k _�ffiffi
2

p , respectively.
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~W
B
1 ¼ ð �@P ð12Þ � �@P ð14ÞÞð �@P ð21Þ � �@P ð24ÞÞð �@P ð32Þ

� �@P ð34ÞÞð �@P ð42Þ � �@P ð43ÞÞ;
~W

B
2 ¼ �@2P ð24Þð �@P ð12Þ � �@P ð14ÞÞð �@P ð32Þ � �@P ð34ÞÞ:

(3.27)

In these equations it is understood that P ðijÞ stands for

P ð�i � �jÞ. We find as well thatW F
a;b ¼ 1

2 t8F
4 ~W

F
a;b with

~W F
a;b ¼ ~S4;a;b þ ~S2;a;b, where

~S4;a;b ¼ 1

28
ðSa;bð12Þ2Sa;bð34Þ2 � Sa;bð1234Þ

� Sa;bð1243Þ � Sa;bð1423ÞÞ;
~S2;a;b ¼ 1

24
ð@P ð12Þ � @P ð14ÞÞð@P ð21Þ � @P ð24ÞÞ

� ðSa;bð34ÞÞ2 þ 1

24
ð@P ð32Þ � @P ð34ÞÞð@P ð42Þ

� @P ð43ÞÞðSa;bð12ÞÞ2; (3.28)

where we have used a shorthand notation: Sa;bðijÞ
stands for Sa;bðzi � zjÞ while Sa;bðijklÞ stands for

Sa;bðzi � zjÞSa;bðzj � zkÞSa;bðzk � zlÞSa;bðzl � ziÞ. With

that choice of helicity, we can immediately give a simpli-
fied expression for the contribution of a spin-1 supermul-
tiplet in the (4,0) models. We introduce the field theory

limit of ~W
B
:

WB :¼ lim
�2!1

�
2

�

�
4 Z 1

2

�1
2

Y4
i¼1

d�1
i
~W

Bj �q0 : (3.29)

In this limit, this quantity is given byWB ¼ W1 þW2 with

W1 ¼ 1

16
ð@Pð12Þ � @Pð14ÞÞð@Pð21Þ � @Pð24ÞÞð@Pð32Þ

� @Pð34ÞÞð@Pð42Þ � @Pð43ÞÞ;
W2 ¼ 1

4�

1

�0�2u
@2Pð24Þð@Pð12Þ � @Pð14ÞÞð@Pð32Þ

� @Pð34ÞÞ; (3.30)

where @nPð!Þ is the nth derivative of the field theory
propagator (3.35) and where �0�2 is the proper time of
the field one-loop amplitude. We can now rewrite (3.22)
and find

A
spin 1
ð4;0Þhet ¼

1

4

�
�

2

�
8
t8t8R

4WB: (3.31)

Let us come back to the comparison of theN ¼ 4 spin-
2 multiplet contributions in the type II asymmetric orbifold
model given in (3.10) and the heterotic one given in (3.23).

We consider the following part of (3.23):

Z 1
2

�1
2

Y4
i¼1

d�1
i ð �W Bj �qð1þ �0�QÞ þ �W Bj �q0Qj �qÞ; (3.32)

defined in the field theory limit for large �2.
The integral over the �1

i will kill any term that have a

nonzero phase ei�ða�11þb�1
2
þc�1

3
þd�1

4
Þ, where a, b, c, d are

non-all-vanishing integers. In ~WB
1 we have terms of

the form @�PðijÞ � @P ðjiÞj �q � ð@PðklÞ � @Pðk0l0ÞÞ�
ð@PðrsÞ � @Pðr0s0ÞÞ. Using the definition of �P ðijÞ given
in (A15) and the order �q coefficient of the propagator in
(A14), we find that

@�PðijÞ � @P ðjiÞj �q ¼ � i�2

2
sinð2��ijÞ

� sgnð!ijÞe2i�sgnð!ijÞ�ij ; (3.33)

which integrates to ��2=4. All such terms with ðijÞ ¼
ð12Þ and ðijÞ ¼ ð34Þ contribute in total to

1

2

�
�

2

�
4½ð@Pð12Þ � @Pð14ÞÞð@Pð21Þ � @Pð24ÞÞ

þ ð@Pð32Þ � @Pð34ÞÞð@Pð42Þ � @Pð43ÞÞ�; (3.34)

where @PðijÞ is for the derivative of the propagator in the
field theory @Pð!i �!jÞ given by

@Pð!Þ ¼ 2!� sgnð!Þ: (3.35)

The last contraction in ~WB
1 for ðijÞ ¼ ð24Þ leads to the same

kind of contribution. However, they will actually be can-
celled by terms coming from similar contractions in
~W

B
2 j �q. More precisely, the nonzero contractions involved

yield

ð@2P ð24ÞeQÞj �q ¼ ��0�2

2
ðcosð2��24Þe2i�sgnð!24Þ�24

� 2e2i�sgnð!24Þ�24sin2ð��24ÞÞ; (3.36)

which integrates to ��0�2=2. The �0 compensates the
1=�0 factor in (3.26) and this contribution precisely cancels
the one from (3.33) with ðijÞ ¼ ð24Þ. Other types of terms
with more phase factors from the propagator turn out to
vanish after summation. In all, we get ��4W3=4, where

W3 ¼ � 1

8
ðð@Pð12Þ � @Pð14ÞÞð@Pð21Þ � @Pð24ÞÞ

þ ð@Pð32Þ � @Pð34ÞÞð@Pð42Þ � @Pð43ÞÞÞ: (3.37)

Finally, let us look at the totally contracted terms of the
form @�PðikÞ@�PðklÞ@�PðljÞ � @P ðijÞj �q that come from
~W

B
1 j �q. Those are the only terms of that type that survive

the �1 integrations since they form closed chains in their
arguments. They give the following terms:
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i
�4

8
sinð��ijÞsgnð!ikÞsgnð!klÞsgnð!ljÞ

� e2i�ðsgnð!ikÞ�ikþsgnð!klÞ�klþsgnð!ljÞ�ljÞ: (3.38)

They integrate to �4=16 if the vertex operators are ordered
according to 0 � !i < !k < !l < !j � 1 or in the

reversed ordering. Hence, from ~W
B
1 we will get one of

the orderings we want in our polarization choice, namely

the region ðs; tÞ. From ~W 2e
Q, a similar computation

yields the two other kinematical regions ðs; uÞ and ðt; uÞ.
In all we have a total integrated contribution of �4=16. We
collect all the different contributions that we have
obtained, and (3.23) writes

Aspin2
ð4;0Þhet ¼

1

4

�
�

2

�
8
t8t8R

4ð1� 4W3 þ 2WBÞ; (3.39)

where we used that t8t8R
4 ¼ t8F

4t8 ~F
4 and (3.29) and

(3.30).
We now turn to the spin-2 contribution in the type II

asymmetric orbifold models given in (3.10). Using the
q-expansion detailed in Appendix A 2 c, we find that

Z 1
2

�1
2

Y4
i¼1

d�1
i ð ~W 0;0j ffiffiqp � ~W 0;1j ffiffiqp Þ

¼
Z 1

2

�1
2

Y4
i¼1

d�1
i ð ~W F

0;0j ffiffiqp � ~W F
0;1j ffiffiqp Þ

¼ 2
Z 1

2

�1
2

Y4
i¼1

d�1
i
~W

F
0;0j ffiffiqp : (3.40)

We have then terms of the form ~S2;0;0 and ~S4;0;0. Their

structure is similar to the terms in the heterotic case with,
respectively, two and four bosonic propagators contracted.
The bosonic propagators do not have a

ffiffiffi
q

p
piece and since

~S0;0ð12Þ2j ffiffiqp ¼ ~S0;0ð34Þ2j ffiffiqp ¼ 4�2 we find that the terms

in S2;0;0 give

2
Z 1

2

�1
2

Y4
i¼1

d�1
i
~S2;0;0j ffiffiqp ¼ �4

�
�

2

�
4
W3; (3.41)

including the 1=24 present in (2.26). The ~S4;0;0 terms have

two different kind of contributions: double trace and single
trace [see, respectively, first and second lines in (2.26)]. In
the spin structure (0,0) the double trace always vanishes in
~S4;0;0j ffiffiqp since

Z 1
2

�1
2

Y4
i¼1

d�1
i

sinð��ijÞ
sin2ð��klÞ sinð��ijÞ

¼
Z 1

2

�1
2

Y4
i¼1

d�1
i

1

sin2ð��klÞ
¼ 0: (3.42)

However the single trace terms are treated in the same
spirit as for the heterotic string. Only closed chains of sines
contribute and are nonzero only for specific ordering of the
vertex operators. For instance,

� 4�4
sinð��ijÞ

sinð��jkÞ sinð��klÞ sinð��liÞ ��2!1 �ð2�Þ4;
(3.43)

for the ordering 0 � !j < !l < !k < !i � 1. Summing

all of the contributions from ~S4;0;0 gives a total factor of

��4=16, including the normalization in (2.26). We can
now collect all the terms to get

Aspin 2
ð4;0ÞII ¼

1

4

�
�

2

�
8
t8t8R

4ð1� 4W3 þ 2WBÞ; (3.44)

showing the equality with the heterotic expression

A
spin 2
ð4;0Þhet ¼ A

spin 2
ð4;0ÞII: (3.45)

We remark that the same computations give the contribu-
tion of the spin- 32 multiplets in the two models, which are

equal as well and write

A
spin32
ð4;0Þhet ¼ A

spin32
ð4;0ÞII ¼

1

4

�
�

2

�
8
t8t8R

4ðW3 � 2WBÞ: (3.46)

Thanks to those equalities for the spin 2, spin 3
2 and spin

1 in (3.25), from now we will use the notation Aspin s
ð4;0Þ with

s ¼ 1, 32 , 2.

The perturbative equality between these two (4,0)
models is not surprising. For a given number of vector
multiplets nv the heterotic and asymmetric type II con-
struction lead to two string theory (4,0) models related by S
duality, S ! �1=S, where S is the axion-dilaton complex
scalar in the N ¼ 4 supergravity multiplet. The perturba-
tive expansion in these two models is defined around
different points in the SUð1; 1Þ=Uð1Þ moduli space. The
action ofN ¼ 4 supersymmetry implies that the one-loop
amplitudes between gravitons, which are neutral under the
Uð1Þ R symmetry, are the same in the strong and weak
coupling regimes.

2. Comparing the (4,0) and (2,2) models

In the case of the (2,2) models, the contribution from the
vector multiplets is given in (3.18). The string theory
integrand is different from the one in (3.8) for the (4,0)
as it can be seen using the supersymmetric Riemann iden-
tity in (3.5). Let us first write the spin-1 contribution in the
(2,2) models. Performing the �1

i integrations and the same
kind of manipulations that we have done in the previous
section, we can show that it is given by

Aspin 1
ð2;2Þ ¼ 1

4

�
�

2

�
8
t8t8R

4

�
ðW3Þ2 þ 1

2
W2

�
: (3.47)

This is to be compared with (3.31). The expressions are
clearly different but will lead to the same amplitude. In the
same manner, we find for the spin 3

2

A
spin 3

2

ð2;2Þ ¼ 1

4

�
�

2

�
8
t8t8R

4

�
W3 � 2

�
ðW3Þ2 þ 1

2
W2

��
: (3.48)
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This differs from (3.46) by a factor coming solely from the
vector multiplets.

We now compare the spin-2 contributions in the (4,0)
model in (3.16) and the (2,2) model in (3.21). Again, a
similar computation to the one we have done gives the
contribution of the spin-2 multiplet running in the loop for
the (2,2) model:

Aspin 2
ð2;2Þ ¼ 1

4

�
�

2

�
8
t8t8R

4

�
1� 4W3 þ 2

�
ðW3Þ2 þ 1

2
W2

��
:

(3.49)

We compare this with (3.39) and (3.44) that we rewrite in
the following form:

A
spin 2
ð4;0ÞII ¼

1

4

�
�

2

�
8
t8t8R

4ð1� 4W3 þ 2ðW1 þW2ÞÞ: (3.50)

The difference between the two expressions originates
again solely from the vector multiplet sector. Considering
that the same relation holds for the contribution of the
N ¼ 4 spin- 32 multiplets, we deduce that this is coherent

with the supersymmetric decomposition (3.13) that gives

A
spin 2
ð2;2Þ ¼ A

spin 2
ð4;0Þ þ 2ðAspin 1

ð2;2Þ � A
spin 1
ð4;0Þ Þ: (3.51)

The difference between the spin-2 amplitudes in the two
models is completely accounted for by the different vector
multiplet contributions. The string theory models are re-
lated by a U duality exchanging the axion-dilaton scalar S
of the gravity multiplet with a geometric modulus
[27,28,36]. This transformation affects the coupling of
the multiplet running in the loop, thus explaining the
difference between the two string theory models.
However at the supergravity level, the four graviton ampli-
tudes that we compute are not sensitive to this fact and are
equal in all models, as we will see now.

IV. FIELD THEORY ONE-LOOP AMPLITUDES
IN N ¼ 4 SUPERGRAVITY

In this section we shall extract and compute the field
theory limit �0 ! 0 of the one-loop string theory ampli-
tudes studied in previous sections. We show some relations
between loop momentum power counting and the spin or
supersymmetry of the multiplet running in the loop.

As mentioned above, the region of the fundamental
domain integration corresponding to the field theory am-
plitude is �2 ! 1, such that t ¼ �0�2 is fixed. We then
obtain a world-line integral of total proper time t. The
method for extracting one-loop field theory amplitudes
from string theory was pioneered in Ref. [20]. The general
method that we apply consists in extracting the oðqÞ0 terms
in the integrand and taking the field theory limit and was
developed extensively in Refs. [23,24,47]. Our approach
will follow the formulation given in Ref. [25].

The generic form of the field theory four-graviton
one-loop amplitude for N ¼ 4 supergravity with a

spin-s (s ¼ 1, 32 , 2) N ¼ 4 supermultiplet running in the

loop is given by

Mspin s
X ¼

�
4

�

�
4 �2�

�
D
2

Z 1

0

dt

t
D�6
2

�
Z
�!

Y3
i¼1

d!ie
��tQð!Þ � A

spin s
X ; (4.1)

where D ¼ 4� 2� and X stands for the model, X ¼
ð4; 0Þhet, X ¼ ð4; 0ÞII or X ¼ ð2; 2Þ, while the respective

amplitudes Aspin s
X are given in Secs. III B and III C. We

have set the overall normalization to unity.
The domain of integration �! ¼ ½0; 1�3 is decomposed

into three regions �w ¼ �ðs;tÞ [�ðs;uÞ [�ðt;uÞ given by the

union of the ðs; tÞ, ðs; uÞ and ðt; uÞ domains. In the �ðs;tÞ
domain the integration is performed over 0 � !1 � !2 �
!3 � 1, where Qð!Þ ¼ �s!1ð!3 �!2Þ � tð!2 �!1Þ�
ð1�!3Þ with equivalent formulas obtained by permuting
the external legs labels in the ðt; uÞ and ðs; uÞ regions (see
Ref. [48] for details). We used that s ¼ �ðk1 þ k2Þ2,
t ¼ �ðk1 þ k4Þ2 and u ¼ �ðk1 þ k3Þ2 with our conven-
tion for the metric (�þ� � � þ ).
We now turn to the evaluation of the amplitudes. The

main properties of the bosonic and fermionic propagators
are provided in Appendix A 2. We work with the helicity
configuration detailed in the previous section. This choice
of polarization makes the intermediate steps easier as the
expressions are explicitly gauge invariant.

A. Supersymmetry in the loop

Before evaluating the amplitudes we discuss the action
of supersymmetry on the structure of the one-loop ampli-
tudes. An n-graviton amplitude in dimensional regulariza-
tion with D ¼ 4� 2� can generically be written in the
following way:

Mn;1 ¼�2�
Z dD‘

ð2�ÞD
Nð�i;ki;‘Þ

‘2ð‘� k1Þ2 . . . ð‘�
P

n�1
i¼1 kiÞ2

; (4.2)

where the numerator is a polynomial in the loop momen-
tum ‘with coefficients depending on the external momenta
ki and polarization of the gravitons �i. For ‘ large this
numerator behaves as Nð�i; ki; ‘Þ � ‘2n in nonsupersym-
metric theories. In an N extended supergravity theory,
supersymmetric cancellations improve this behavior,

which becomes ‘2n�N , where N is the number of four-
dimensional supercharges:

NN ð�i; ki; ‘Þ � ‘2n�N for j‘j ! 1: (4.3)

The dictionary between the Feynman integral presentation
given in (4.2) and the structure of the field theory limit of
the string theory amplitude states that the first derivative of
a bosonic propagator counts as one power of loop momen-
tum @P � ‘, @2P � ‘2 while fermionic propagators
count for zero power of loop momentum Sa;b � 1. This
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dictionary was first established in Ref. [47] for gauge
theory computation and then applied to supergravity
amplitudes computations in Ref. [24] and more recently
in Ref. [25].

With this dictionary we find that in the (4,0) model the
integrand of the amplitudes have the following behavior:

Aspin 1
ð4;0Þ � ‘4; A

spin 3
2

ð4;0Þ � ‘2 þ ‘4;

Aspin 2
ð4;0Þ � 1þ ‘2 þ ‘4: (4.4)

The spin-1 contribution to the four-graviton amplitude has
four powers of loop momentum as required for an N ¼ 4
amplitude according (4.3). The N ¼ 4 spin- 32 supermul-

tiplet contribution can be decomposed into an N ¼ 6
spin- 32 supermultiplet term with two powers of loop mo-

mentum and anN ¼ 4 spin-1 supermultiplet contribution
with four powers of loop momentum. The spin-2 contribu-
tion has an N ¼ 8 spin-2 piece with no powers of loop
momentum, an N ¼ 6 spin- 32 piece with two powers of

loop momentum and an N ¼ 4 spin-1 piece with four
powers of loop momentum.

For the (2,2) construction we have the following
behavior:

A
spin 1
ð2;2Þ � ð‘2Þ2; A

spin 3
2

ð2;2Þ � ‘2 þ ð‘2Þ2;
A
spin 2
ð2;2Þ � 1þ ‘2 þ ð‘2Þ2: (4.5)

Although the superficial counting of the number of loop
momenta is the same for each spin s ¼ 1, 32 , 2 in the two

models, the precise dependence on the loop momentum
differs in the two models, as indicated by the symbolic
notation ‘4 and ð‘2Þ2. This is a manifestation of the model
dependence for the vector multiplet contributions. As we
have seen in the previous section, the order 4 terms in the
loop momentum in the spin- 32 and spin-2 parts are due to

the spin-1 part.
At the level of the string amplitude, the multiplets run-

ning in the loop (spin 2 and spin 1) are naturally decom-
posed under the N ¼ 4 supersymmetry group. However,
at the level of the amplitudes in field theory it is convenient
to group the various blocks according to the number of
powers of loop momentum in the numerator:

A
spin s
N¼4s � ‘4ð2�sÞ; s ¼ 1;

3

2
; 2; (4.6)

which is the same as organizing the terms according to the
supersymmetry of the corresponding N ¼ 4s spin-s ¼ 1,
3
2 , 2 supermultiplet. In this decomposition it is understood

that for the twoN ¼ 4models the dependence in the loop
momenta is not identical.

From these blocks, one can reconstruct the contribution
of the spin-2N ¼ 4 multiplet that we are concerned with
using the following relations:

M
spin 2
X ¼ M

spin 2
N¼8 � 4M

spin 3
2

N¼6 þ 2M
spin 1
X ; (4.7)

where the index X refers to the type of model, (4,0) or
(2,2).
This supersymmetric decomposition of the one-loop

amplitude reproduces the one given in Refs. [24,30–35].
We shall come now to the evaluation of those integrals.

We will see that even though the spin-1 amplitudes have
different integrands, i.e., different loop momentum depen-
dence in the numerator of the Feynman integrals, they are
equal after integration.

B. Model-dependent part:
N ¼ 4 vector multiplet contribution

In this section we first compute the field theory ampli-
tude with an N ¼ 4 vector multiplet running in the loop
for the two models. This part of the amplitude is model
dependent as far as concerns the integrands. However, the
value of the integrals is the same in the different models.
Then we provide an analysis of the IR and UV behavior of
these amplitudes.

1. Evaluation of the field theory amplitude

The contribution from the N ¼ 4 spin-1 vector super-
multiplets in the (4,0) models is

Mspin 1
ð4;0Þ ¼

�
4

�

�
4 �2�

�
D
2

Z 1

0

dt

t
D�6
2

Z
�!

d3!e��tQð!Þ � Aspin1
ð4;0Þ ;

(4.8)

where A
spin 1
ð4;0Þ is given in (3.31) for instance andQ defined in

(A17). Integrating over the proper time t and setting D ¼
4� 2�, the amplitude reads

Mspin 1
ð4;0Þ ¼ t8t8R

4
Z
�!

d3!½�ð1þ �ÞQ�1��W2

þ �ð2þ �ÞQ�2��W1�: (4.9)

The quantitiesW1 andW2 are given in (3.30); they have the
following form in terms of the variables !i:

W1¼1

8
ð!2�!3Þðsgnð!1�!2Þþ2!2�1Þðsgnð!2�!1Þ

þ2!1�1Þðsgnð!3�!2Þþ2!2�1Þ;
W2¼�1

4

1

u
ð2!2�1þsgnð!3�!2ÞÞ

�ð2!2�1þsgnð!1�!2ÞÞð1��ð!24ÞÞ: (4.10)

Using the dictionary between the world-line propagators
and the Feynman integral from the string-based rules
[24,25,47], we recognize in the first term in (4.9) a six-
dimensional scalar box integral and in the second term
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four-dimensional scalar bubble integrals.4 Evaluating the
integrals with standard techniques, we find5

Mspin 1
ð4;0Þ ¼ t8t8R

4

2s4

�
s2 � sðu� tÞ log

��t

�u

�

� tu

�
log2

��t

�u

�
þ �2

��
: (4.11)

The crossing symmetry of the amplitude has been broken
by our choice of helicity configuration. However, it is
still invariant under the exchange of the legs 1 $ 2 and
3 $ 4 which amounts to exchanging t and u. The same
comment applies to all the field theory amplitudes eval-
uated in this paper. This result matches the one derived in
Refs. [24,30–34] and in particular Eq. (3.20) in Ref. [35].

Now we turn to the amplitude in the (2,2) models:

Mspin 1
ð2;2Þ ¼

�
4

�

�
4 �2�

�
D
2

Z 1

0

dt

t
D�6
2

Z
�!

d3!e��tQð!Þ � Aspin 1
ð2;2Þ ;

(4.12)

where Aspin 1
ð2;2Þ is defined in (3.18). After integrating over the

proper time t, one gets

Mspin 1
ð2;2Þ ¼ t8t8R

4
Z
�!

d3!

�
�ð2þ �ÞQ�2��ðW3Þ2

þ 1

2
�ð1þ �ÞQ�1��W2

�
; (4.13)

where W3, defined in (3.37), is given in terms of the !i

variables by

W3 ¼ � 1

8
ðsgnð!1 �!2Þ þ 2!2 � 1Þ

� ðsgnð!2 �!1Þ þ 2!1 � 1Þ
þ 1

4
ðsgnð!3 �!2Þ þ 2!2 � 1Þð!3 �!2Þ: (4.14)

There is no obvious relation between the integrand of this
amplitude with the one for (4,0) model in (4.9). Expanding
the square one can decompose this integral in three pieces
that are seen to be proportional to the (4,0) vector multiplet
contribution in (4.11). A first contribution is

t8t8R
4

2

Z
�!

d3!½�ð2þ �ÞQ�2��W1

þ �ð1þ �ÞQ�1��W2� ¼ 1

2
Mspin 1

ð4;0Þ ; (4.15)

and we have the additional contributions

t8t8R
4

64

Z
�!

d3!
�ð2þ �Þ
Q2þ�

ððsgnð!1 �!2Þ þ 2!2 � 1Þ

� ðsgnð!2 �!1Þ þ 2!1 � 1ÞÞ2 ¼ 1

4
M

spin 1
ð4;0Þ ; (4.16)

and

t8t8R
4

64

Z
�!

d3!
�ð2þ �Þ
Q2þ�

� ððsgnð!3 �!2Þ

þ 2!2 � 1Þð!3 �!2ÞÞ2 ¼ 1

4
Mspin 1

ð4;0Þ : (4.17)

Performing all the integrations leads to

M
spin 1
ð2;2Þ ¼ M

spin 1
ð4;0Þ : (4.18)

It is now clear that the vector multiplet contributions to
the amplitude are equal in the two theories, (4,0) and (2,2).
It would be interesting to see if this expression could be
derived with the double-copy construction of Ref. [35].
In this one-loop amplitude there is no interaction

between the vector multiplets. Since the coupling of indi-
vidual vector multiplet to gravity is universal [see for
instance the N ¼ 4 Lagrangian given in Eq. (4.18) in
Ref. [50]], the four-graviton one-loop amplitude in pure
N ¼ 4 supergravity has to be independent of the model it
comes from.

2. IR and UV behavior

The graviton amplitudes with vector multiplets running
in the loop in (4.11) and (4.18) are free of UV and IR
divergences. The absence of IR divergence is expected,
since no spin-2 state is running in the loop. The IR diver-
gence occurs only when a graviton is exchanged between
two soft graviton legs (see Fig. 1). This fact has already
been noticed in Ref. [30].
This behavior is easily understood by considering the

soft graviton limit of the coupling between the graviton and
a spin-s � 2 state. It occurs through the stress-energy
tensor V��ðk; pÞ ¼ T��ðp� k; pÞ, where k and p are,
respectively, the momentum of the graviton and of the
exchanged state. In the soft graviton limit the vertex
behaves as V��ðp� k; pÞ � �k�p� for p� � 0, and the
amplitude behaves in the soft limit as

Z
‘�0

d4‘

‘2ð‘ � k1Þð‘ � k2Þ
T��ð‘� k1; ‘ÞT��ð‘; ‘þ k2Þ

� ðk1 � k2Þ
Z
‘�0

d4‘

‘2ð‘ � k1Þð‘ � k2Þ
‘2; (4.19)

4In Refs. [25,49] it was wrongly claimed that N ¼ 4 ampli-
tudes do not have rational pieces. The argument in Ref. [25] was
based on a naive application of the reduction formulas for N ¼
8 supergravity amplitudes to N ¼ 4 amplitudes where bound-
ary terms do not cancel anymore.

5The analytic continuation in the complex energy plane
corresponds to the þi" prescription for the Feynman
propagators 1=ð‘2 �m2 þ i"Þ. We are using the notation that
logð�sÞ¼ logð�s� i"Þ and that logð�s=� tÞ :¼ logðð�s� i"Þ=
ð�t� i"ÞÞ.
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which is finite for small values of the loop momentum
‘� 0. In the soft graviton limit, the three-graviton vertex
behaves as V��ðk; pÞ � k�k� and the amplitude has a
logarithmic divergence at ‘� 0:

ðk1 � k2Þ2
Z
‘�0

d4‘

‘2ð‘ � k1Þð‘ � k2Þ
¼ 1: (4.20)

The absence of UV divergence is due to the fact that the
R2 one-loop counterterm is the Gauss-Bonnet term. It
vanishes in the four-point amplitude since it is a total
derivative [51].

C. Model-independent part

In this section we compute the field theory amplitudes
with an N ¼ 8 supergraviton and an N ¼ 6 spin- 32
supermultiplet running in the loop. These quantities are
model independent in the sense that their integrands are the
same in the different models.

1. The N ¼ 6 spin- 32 supermultiplet contribution

The integrand for the N ¼ 4 spin- 32 supermultiplet

contribution is different in the two (4,0) and (2,2) con-
structions of theN ¼ 4 supergravity models. As shown in
Eqs. (3.46) and (3.48), this is accounted for by the contri-
bution of the vector multiplets. However, we exhibit an
N ¼ 6 spin- 32 supermultiplet model-independent piece by

adding two N ¼ 4 vector multiplet contributions to the
one of an N ¼ 4 spin- 32 supermultiplet:

M
spin 3

2

N¼6 ¼ M
spin 3

2

X þ 2M
spin 1
X : (4.21)

The amplitude with anN ¼ 6 spin- 32 multiplet running in

the loop is

M
spin 3

2

N¼6 ¼ � t8t8R
4

8

Z
�!

d3!�ð2þ �ÞW3Q
�2��; (4.22)

whereW3 is given in (4.14). The integral is equal to the six-
dimensional scalar box integral given in Eq. (3.16) in
Ref. [35] up to oð�Þ terms. We evaluate it and get

M
spin 3

2

N¼6 ¼ � t8t8R
4

2s2

�
log2

��t

�u

�
þ �2

�
: (4.23)

This result is UV finite as expected from the superficial
power counting of loop momentum in the numerator of the
amplitude given in (4.4). It is free of IR divergences
because no graviton state is running in the loop (see the
previous section). It matches the one derived in
Refs. [24,30–34] and in particular Eq. (3.17) in Ref. [35].

2. The N ¼ 8 spin-2 supermultiplet contribution

We now turn to the N ¼ 8 spin-2 supermultiplet con-
tribution in (4.7). It has already been evaluated in
Refs. [20,52] and can be written as

Mspin 2
N¼8 ¼

t8t8R
4

4

Z
�!

d3!�ð2þ �ÞQ�2��: (4.24)

Performing the integrations we have

M
spin 2
N¼8 ¼

t8t8R
4

4

2
42

�

0
@logð�t

�2Þ
su

þ
logð�s

�2Þ
tu

þ
logð�u

�2 Þ
st

1
A

þ 2

0
@logð�s

�2Þ logð�t
�2Þ

st
þ

logð�t
�2Þ logð�u

�2 Þ
tu

þ
logð�u

�2 Þ logð�s
�2Þ

us

1
A
3
5; (4.25)

where �2 is an IR mass scale. This amplitudes carries an �
pole signaling the IR divergence due to the graviton run-
ning in the loop.
Now we have all the blocks entering the expression for

the N ¼ 4 pure gravity amplitude in (4.7).

V. CONCLUSION

In this work we have evaluated the four-graviton ampli-
tude at one loop inN ¼ 4 supergravity in four dimensions
from the field theory limit of string theory constructions.
The string theory approach includes (4,0) models where all
of the supersymmetry come from the left-moving sector of
the theory and (2,2) models where the supersymmetry is split
between the left- and right-moving sectors of the theory.
For each model the four-graviton one-loop amplitude is

linearly dependent on the number of vector multiplets nv.
Thus we define the pureN ¼ 4 supergravity amplitude by
subtraction of these contributions. This matches the result

(a) (b)

FIG. 1. Contribution to the IR divergences when two external gravitons (double wavy lines) become soft. If a graviton is exchanged
as in (a), the amplitude presents an IR divergence. No IR divergences are found when another massless state of spin different from two
is exchanged as in (b).
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obtained in the Dabholkar-Harvey construction of string
theory models with no vector multiplets. We have seen
that, except when gravitons are running in the loop, the one-
loop amplitudes are free of IR divergences. In addition, all
the amplitudes are UV finite because the R2 candidate
counterterm vanishes for these amplitudes. Amplitudes
with external vector states are expected tobeUVdivergent [53].

Our results reproduce the ones obtained with the string-
based rules in Refs. [24,30] unitarity-based method in
Refs. [31–34] and the double-copy approach of Ref. [35].
The structure of the string theory amplitudes of the (4,0)
and (2,2) models takes a very different form. There could
have been differences at the supergravity level due to the
different nature of the couplings of the vector multiplet in
the two theories as indicated by the relation between the
two amplitudes in (3.51). However, the coupling to gravity
is universal. The difference between the various N ¼ 4
supergravity models are visible once interactions between
vectors and scalars occur, as can be seen on structure of the
N ¼ 4 Lagrangian in Ref. [50], which is not the case in
our amplitudes since they involve only external gravitons.
Our computation provides a direct check of this fact.

The supergravity amplitudes studied in this paper are
naturally organized as a sum of N ¼ 4s spin-s ¼ 1, 32 , 2

contributions, with a simple power counting dependence

on the loop momentum ‘4ð2�sÞ. Such a decomposition has
been already used in the string-based approach to super-
gravity amplitudes in Ref. [24]. Our analysis reproduces
these results and shows that the N ¼ 4 part of the four-
graviton amplitude does not depend on whether one starts
from (4,0) or (2,2) construction. We expect amplitudes
with external scalars or vectors to take a different form in
the two constructions.
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APPENDIX A: WORLD-SHEET CFT:
CHIRAL BLOCKS, PROPAGATORS

In this Appendix we collect various results about the
conformal blocks, fermionic and bosonic propagators at
genus one, and their q expansions.

1. Bosonic and fermionic chiral blocks

The genus one theta functions are defined to be

	

�
a

b

�
ðzj�Þ ¼ X

n2Z

q
1
2ðnþa

2Þ2e2i�ðzþb
2Þðnþa

2Þ; (A1)

and Dedekind eta function

�ð�Þ ¼ q
1
24

Y1
n¼1

ð1� qnÞ; (A2)

where q ¼ expð2i��Þ. Those functions have the following
q ! 0 behavior:

	
1

1

� �
ð0;�Þ¼0; 	

1

0

� �
ð0;�Þ¼�2q1=8þoðqÞ;

	
0

0

� �
ð0;�Þ¼1þ2

ffiffiffi
q

p þoðqÞ;

	
0

1

� �
ð0;�Þ¼1�2

ffiffiffi
q

p þoðqÞ; �ð�Þ¼q1=24þoðqÞ: (A3)

The partition function of eight world-sheet fermions in
the ða; bÞ-spin structure, �ðzþ 1Þ ¼ �ð�1Þ2a�ðzÞ and
�ðzþ �Þ ¼ �ð�1Þ2b�ðzÞ, and eight chiral bosons is

Za;bð�Þ 

	½ab�ð0j�Þ4
�12ð�Þ ; (A4)

it has the following behavior for q ! 0:

Z1;1 ¼ 0; Z1;0 ¼ 16þ 162qþ oðq2Þ;
Z0;0 ¼ 1ffiffiffi

q
p þ 8þ oð ffiffiffi

q
p Þ; Z0;1 ¼ 1ffiffiffi

q
p � 8þ oð ffiffiffi

q
p Þ:

(A5)

The partition function of the twisted ðX;�Þ system in the
ða; bÞ-spin structure is

Xðzþ 1Þ ¼ ð�1Þ2hXðzÞ;
�ðzþ 1Þ ¼ �ð�1Þ2aþ2h�ðzÞ;
Xðzþ �Þ ¼ ð�1Þ2gXðzÞ;
�ðzþ �Þ ¼ �ð�1Þ2bþ2g�ðzÞ:

(A6)

The twisted chiral blocks for a real boson are

Zh;g½X� ¼
0
@ie�i�gq�h2=2 �ð�Þ

	
h
1þh
1þg

i
1
A1=2

: (A7)

The twisted chiral blocks for a Majorana or Weyl fermion
are

Zh;g
a;b½�� ¼

0
@e�i�aðgþbÞ=2qh2=2

	
h
aþh
bþg

i
�ð�Þ

1
A1=2

: (A8)

The total partition function is given by

Zh;g
a;b½ðX;�Þ� ¼ Zh;g½X�Zh;g

a;b½��

¼ ei
�
4ð1þ2gþaðgþbÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	
h
aþh
bþg

i
	
h
1þh
1þg

i
vuuuut : (A9)
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2. Bosonic and fermionic propagators

a. Bosonic propagators

Our convention for the bosonic propagator is

hx�ð�Þx�ð0Þione-loop ¼ 2�0���P ð�j�Þ; (A10)

with

P ð�j�Þ¼�1

4
ln

�������� 	½11�ð�j�Þ
@�	½11�ð0j�Þ

��������
2þ��2

2

2�2
þCð�Þ

¼��2
2

2�2
�1

4
ln

��������sinð��Þ�

��������
2

� X
m�1

�
qm

1�qm
sin2ðm��Þ

m
þc:c:

�
þCð�Þ; (A11)

where Cð�Þ is a contribution of the zero modes (see e.g.,
Ref. [48]) that anyway drops out of the string amplitude
because of momentum conservation so we will forget it in
the following.

We have as well the expansions

@�P ð�j�Þ¼�

2i

�2

�2
��

4

1

tanð��Þ��qsinð2��ÞþoðqÞ;

@2�P ð�j�Þ¼� �

4�2
þ�2

4

1

sin2ð��Þ�2�2qcosð2��ÞþoðqÞ;

@� �@ ��P ð�j�Þ¼�

4

�
1

�2
��ð2Þð�Þ

�
; (A12)

leading to the following Fourier expansion with respect
to �1:

@�P ð�j�Þ¼�

4i

�
2�2

�2
�sgnð�2Þ

�
þi

�

4
sgnð�2Þ

X
m�0

e2i�msgnð�2Þ�

��qsinð2��ÞþoðqÞ;
@2�P ð�j�Þ¼ �

4�2
ð�2�ð�2Þ�1Þ��2

X
m�1

me2i�msgnð�2Þ�

�2�2qcosð2��ÞþoðqÞ: (A13)

Setting � ¼ �1 þ i�2! we can rewrite these expressions in
a form relevant for the field theory limit �2 ! 1 with
t ¼ �0�2 kept fixed. The bosonic propagator can be
decomposed in an asymptotic value for �2 ! 1 (the field
theory limit) and corrections originating from massive
string modes:

P ð�j�Þ ¼ � �t

2�0 Pð!Þ þ �Pð�Þ � qsin2ð��Þ
� �qsin2ð� ��Þ þ oðq2Þ (A14)

and

Pð!Þ ¼ !2 � j!j;
�Pð�Þ ¼ X

m�0

1

4jmj e
2i�m�1�2�jm�2j:

(A15)

The contribution �P corresponds to the effect of massive
string states propagating between two external massless
states. The quantity Q defined in (2.4) writes in this limit

Q¼�t�Qð!Þþ�0�Q� 2��0 X
1�i<j�4

ki � kjðqsin2ð��ijÞ

þ �qsin2ð� ��ijÞÞþoðq2Þ; (A16)

where

Qð!Þ ¼ X
1�i<j�4

ki � kjPð!ijÞ;

�Q ¼ 2
X

1�i<j�4

ki � kj�Pð�ijÞ:
(A17)

b. Fermionic propagators

Our normalization for the fermionic propagators in the
ða; bÞ-spin structure is given by

hc �ðzÞc �ð0Þione-loop ¼ �0

2
Sa;bðzj�Þ: (A18)

In the even spin structure fermionic propagators are

Sa;bðzj�Þ ¼
	½ab�ðzj�Þ
	½ab�ð0j�Þ

@z	½11�ð0j�Þ
	½11�ðzj�Þ

: (A19)

The odd spin structure propagator is

S1;1ðzj�Þ ¼
@z	½11�ðzj�Þ
	½11�ðzj�Þ

; (A20)

and the fermionic propagator orthogonal to the zero
modes is

~S 1;1ðzj�Þ ¼ S1;1ðzj�Þ � 2i�
z2
�2

¼ �4@zP ðzj�Þ: (A21)

The fermionic propagators have the following q-expansion
representation [54]:

S1;1ðzj�Þ ¼ �

tanð�zÞ þ 4�
X1
n¼1

qn

1� qn
sinð2n�zÞ;

S1;0ðzj�Þ ¼ �

tanð�zÞ � 4�
X1
n¼1

qn

1þ qn
sinð2n�zÞ;

S0;0ðzj�Þ ¼ �

sinð�zÞ � 4�
X1
n¼1

qn�1
2

1þ qn�1
2

sinðð2n� 1Þ�zÞ;

S0;1ðzj�Þ ¼ �

sinð�zÞ þ 4�
X1
n¼1

qn�1
2

1� qn�1
2

sinðð2n� 1Þ�zÞ:

(A22)
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Riemann supersymmetric identities written in the text
(2.27) derive from the following Riemann relation relation:

X
a;b¼0;1

ð�1Þaþbþab
Y4
i¼1

	
a

b

� �
ðviÞ ¼ �2

Y4
i¼1

	1ðv0
iÞ; (A23)

with v0
1¼ 1

2ð�v1þv2þv3þv4Þ, v0
2¼ 1

2ðv1�v2þv3þ
v4Þ, v0

3 ¼ 1
2 ðv1 þ v2 � v3 þ v4Þ, and v0

4 ¼ 1
2 ðv1 þ v2 þ

v3 � v4Þ. This identity can be written, in the form used in
the main text, as vanishing identitiesX

a;b¼0;1
ab¼0

ð�1ÞaþbþabZa;bð�Þ ¼ 0; (A24)

X
a;b¼0;1
ab¼0

ð�1ÞaþbþabZa;bð�Þ
Yn
r¼1

Sa;bðzÞ¼0 1�n�3; (A25)

and the first nonvanishing one

X
a;b¼0;1
ab¼0

ð�1ÞaþbþabZa;bð�Þ
Y4
i¼1

Sa;bðzij�Þ¼�ð2�Þ4 (A26)

with z1 þ � � � þ z4 ¼ 0 and where we used that
@z	½11�ð0j�Þ ¼ �	½00�ð0j�Þ	½10�ð0j�Þ	½01�ð0j�Þ ¼ 2��3ð�Þ.

Two identities consequences of the Riemann relation in
(A23) are

S20;0ðzÞ � S21;0ðzÞ ¼ �2

�
	

0

1

� �
ð0j�ÞÞ4 ð@z	½

1
1�ðzj�Þ

@	½11�ð0j�Þ
�
2
;

S20;1ðzÞ � S21;0ðzÞ ¼ �2

�
	

0

0

� �
ð0j�ÞÞ4 ð@z	½

1
1�ðzj�Þ

@	½11�ð0j�Þ
�
2
:
(A27)

c. q expansion

The q expansions of the fermionic propagators in the
even spin structure are given by

S1;0ðzj�Þ ¼ �

tanð�zÞ � 4�q sinð2�zÞ þ oðq2Þ;

S0;0ðzj�Þ ¼ �

sinð�zÞ � 4�
ffiffiffi
q

p
sinð�zÞ þ oðqÞ;

S0;1ðzj�Þ ¼ �

sinð�zÞ þ 4�
ffiffiffi
q

p
sinð�zÞ þ oðqÞ:

(A28)

Setting Sn
a;b ¼

Q
n
i¼1 Sa;bðzij�Þ we have the following

expansion:

Sn1;0 ¼
Yn
i¼1

� cotð�ziÞ
�
1� 8q

Xn
i¼1

sin2ð�ziÞ
�
þ oðq2Þ;

Sn0;0 ¼
Yn
i¼1

�ðsinð�ziÞÞ�1

�
1� 4q

Xn
i¼1

sin2ð�ziÞ
�
þ oðq2Þ;

Sn0;1 ¼
Yn
i¼1

�ðsinð�ziÞÞ�1

�
1þ 4q

Xn
i¼1

sin2ð�ziÞ
�
þ oðq2Þ:

(A29)

Applying these identities with n ¼ 2 and n ¼ 4 we derive
the following relations between the correlators W F

a;b

defined in (2.25):

W F
0;0jq0 ¼ W F

0;1jq0 ; W F
0;0j ffiffiqp ¼ �W F

0;1j ffiffiqp : (A30)

Using the q expansion of the bosonic propagator, it is not
difficult to realize that W Bj ffiffiqp ¼ 0, and we can promote

the previous relation to the full correlator W a;b defined in

(2.23) [using the identities in (A27)]:

W 0;0jq0 ¼ W 0;1jq0 ; W 0;0j ffiffiqp ¼ �W 0;1j ffiffiqp : (A31)

Other useful relations are between the q expansion of the
derivative bosonic propagator @P and the fermionic propa-
gator S1;0:

@�P ð�j�Þjq0 �
��2

2i�2
¼ � 1

4
S1;0ð�j�Þjq0 ;

@�P ð�j�Þjq1 ¼ þ 1

4
S1;0ð�j�Þjq:

(A32)

3. Congruence subgroups of SLð2;ZÞ
We denote by SLð2;ZÞ the group of 2� 2 matrix with

integers entries of determinant 1. For any N integers we
have the following subgroups of SLð2;ZÞ:

�0ðNÞ¼
	

a b

c d

 !
2SLð2;ZÞj a b

c d

 !
¼ � �

0 �

 !
modN



;

�1ðNÞ¼
	

a b

c d

 !
2SLð2;ZÞj a b

c d

 !
¼ 1 �

0 1

 !
modN



;

�ðNÞ¼
	

a b

c d

 !
2SLð2;ZÞj a b

c d

 !
¼ 1 0

0 1

 !
modN



:

(A33)

They satisfy the properties that �ðNÞ � �1ðNÞ �
�0ðNÞ � SLð2;ZÞ.

APPENDIX B: CHIRAL BLOCKS
FOR THE TYPE II ORBIFOLDS

We recall some essential facts from the construction of
Ref. [29]. The shifted T2 lattice sum writes

�w
ð2;2Þ

h

g

� �
:¼ X

PL;pR2�ð2;2Þþwh
2

ei�gl�wq
P2
L
2 �q

P2
R
2 ; (B1)

where ‘ � w ¼ mIb
I þ aIn

I where the shift vector
w ¼ ðaI; bIÞ is such that w2 ¼ 2a � b ¼ 0 and
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P2
L¼

jUðm1þa1
h
2Þ�ðm2þa2

h
2ÞþTðn1þb1 h2ÞþTUðn2þb2 h2Þj2
2T2U2

; P2
L�P2

R¼2

�
mIþaI

h

2

��
nIþbI

h

2

�
: (B2)

T and U are the moduli of the T2. We recall the full expressions for the orbifold blocks:

Zð22Þ;h;g
a;b

:¼
8><
>:
Za;b ¼ ð2:20Þ ðh; gÞ ¼ ð0; 0Þ
4ð�1ÞðaþhÞg

�
	½ab�ð0j�Þ	½aþh

bþg�ð0j�Þ
�ð�Þ3	½1þh

1þg�

�
2 � �ð2;2ÞðT;UÞ ðh; gÞ � ð0; 0Þ ; (B3)

Zð14Þ;h;g
a;b ¼ 1

2

X1
h0;g0¼0

Zh;g
a;b

h0

g0

� �
�w
ð2;2Þ

h0

g0

� �
; (B4)

Zð10Þ;h;g
a;b ¼ 1

2

X1
h1;g1¼0

1

2

X1
h2;g2¼0

Zh;g
a;b

h;h1; h2
g;g1; g2

� �
�w1;w2

ð2;2Þ
h1; h2
g1; g2

� �
; 8 h; g: (B5)

For the nv ¼ 6 model, the orbifold acts differently and we get

Zð6Þ;h;g
a;b ¼ 1

2

X1
h0;g0¼0

ð�1Þhg0þgh0Zh;g
a;b�

w
ð2;2Þ

h0

g0

� �
: (B6)

In the previous expressions, the crucial point is that the shifted lattice sums �w
ð2;2Þ½h

0
g0� act as projectors on their untwisted

h0 ¼ 0 sector, while the g0 sector is left free. We recall now the diagonal properties of the orbifold action (see Ref. [29]
again) on the lattice sums:

�w1;w2

ð2;2Þ
h; 0

g; 0

� �
¼ �w1

ð2;2Þ
h

g

� �
; �w1;w2

ð2;2Þ
0; h

0; g

� �
¼ �w2

ð2;2Þ
h

g

� �
; �w1;w2

ð2;2Þ
h; h

g; g

� �
¼ �w12

ð2;2Þ
h

g

� �
: (B7)

The four-dimensional blocksZh;g
a;b have the following properties : Z

h;g
a;b½00� ¼ Zh;g

a;b½hg� ¼ Zh;g
a;b (ordinary twist);Z

0;0
a;b½hg� is a

(4,4) lattice sum with one shifted momentum and thus projects out the h ¼ 0 sector. Equivalent properties stand as well for
the nv ¼ 10 model.

One has then in the field theory limit

Zð14Þ;h;g
a;b 2

	
Z0;0

a;b;Z
0;1
a;b;

1

2
Z1;0

a;b;
1

2
Z1;1

a;b



; Zð10Þ;h;g

a;b 2
	
Z0;0

a;b;Z
0;1
a;b;

1

4
Z1;0

a;b;
1

4
Z1;1

a;b



; Zð6Þ;h;g

a;b 2 fZ0;0
a;b;Z

0;1
a;b; 0; 0g; (B8)

from where we easily deduce the effective definition given in (2.42) and the number ch.
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