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Deformed special relativity is embedded in deformed general relativity using the methods of canonical
relativity and loop quantum gravity. Phase-space dependent deformations of symmetry algebras then
appear, which in some regimes can be rewritten as nonlinear Poincaré algebras with momentum-
dependent deformations of commutators between boosts and time translations. In contrast to deformed
special relativity, the deformations are derived for generators with an unambiguous physical role,
following from the relationship between canonical constraints of gravity with stress-energy components.
The original deformation does not appear in momentum space and does not give rise to nonlocality issues
or problems with macroscopic objects. Contact with deformed special relativity may help to test loop
quantum gravity or restrict its quantization ambiguities.
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I. INTRODUCTION

A quantum theory of gravity combines the fundamental
constants of nature G and #, characteristic of the ingre-
dients of general relativity and quantum mechanics. It
should therefore assign a specific role to the Planck length
lp = J/Gh, the Planck mass mp = f/€p or the Planck
density pp = mp/{; beyond what one may expect on
purely dimensional grounds. One suggestion that is often
made is the presence of an invariant length, €p, on the same
footing as the invariant speed of light ¢ in special and
general relativity. Even more specifically, €, may pose a
lower limit to distances, or pp an upper limit to densities,
or mp an upper limit to masses and energies. With these
assumptions, especially the last one, one can be led to
different versions of deformed special relativity [1-4],
based on deformations of the Poincaré algebra so that a
second invariant constant is introduced.

While an invariant shortest distance or largest density
may sound natural in quantum gravity, it is by no means
implied just by the fact that G and # both appear in the
theory. Setting aside the question of bounds, it is not even
clear whether there should be an invariant distance or mass.
While the ingredients G and 7 of €p and mp, and so the
Planck quantities themselves, must be invariant under
transformations of reference frames, the question of invari-
ant distances or masses depends on what role €p and mp
play for physical observables. The question of observables
or measurement procedures is complicated in any combi-
nation of quantum physics with general relativity, and
therefore detailed knowledge (rather than just dimensional
expectations) is required before these questions can be
answered.

What gives substance to the claims of deformed special
relativity is the fact that symmetries and their quantum
realizations present some of the most fundamental con-
cepts in physics. The mathematical rigidity of possible
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deformations of the Poincaré algebra by quantum correc-
tions or other effects allows interesting tests of the current
understanding of quantum gravity in general terms, or,
if such effects are derived from one of the candidate
theories, means to compare the different, usually disparate
approaches. In this article, we take this viewpoint and have
a general look at canonical quantum gravity [5].

II. FROM POINCARE TRANSFORMATIONS
TO HYPERSURFACE DEFORMATIONS

When combined with gravity, space-time described by
special relativity is too limited. One should rather use
general relativity and its richer structure of arbitrary coor-
dinate transformations. Deformed special relativity, in
which general covariance is not realized but a nonzero
gravitational constant (and in some arguments gravita-
tional phenomena such as black holes) is assumed can be
considered only as a limit. But it is not clear whether there
is a consistent relativistic procedure that does away with
general covariance but still keeps the gravitational constant
as a fundamental parameter. For this reason, we propose to
ask the question of possible deformations for the symme-
tries underlying general relativity. In algebraic form, we go
from the well-known Poincaré relations [9]

{P.,P,}=0 ey

{M,uw Pp} = T],upPV - anP,un (2)

{MMV’M/]U'}Z T],upMVa' - n,u.a'MVp - anM/ur + T]VU'M,LL/J
3)

to the much more unwieldy algebra of hypersurface defor-
mations in space-time.
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A. Hypersurface-deformation algebra

According to Dirac [10], a canonical field theory on
space-time foliated by equal-time slices is generally cova-
riant if it is invariant under the hypersurface-deformation
algebra

{D[M?], D[N]} = D[ Ly»M"], “4)
{H[M], DIN“];} = H[ L\»M], )

{H[M], HINT} = D[h**(MV,N — NV,M)],  (6)

whose generators D[N“] and H[N] depend on shift vector
fields N¢ and lapse functions N on the spatial slices.
(For an introduction to methods and properties of canonical
gravity used in this paper, we refer to Ref. [11].) Also the
metric h,, on spatial slices, or its inverse h“’, appears in
the structure functions. If D[N] and H[N] are realized as
gauge generators, an infinitesimal space-time diffeomor-
phism along a vector field £é* is represented by the gauge
transformation 8. f = {f, H[ €] + D[€“]} on phase-space
functions, with € = N&° and € = &% + N¢&° [12]. The
hypersurface-deformation algebra therefore describes gen-
eral covariance, just as the Poincaré algebra describes the
symmetries of special relativity.

The generators D[N“] and H[N] consist of bulk terms
which vanish as the canonical constraints, and spatial
boundary terms if they are computed for finite regions or
in space-times with specific asymptotic falloff conditions.
Boundary terms are not required to vanish and provide
energy and (angular) momentum observables, for finite
regions of Brown-York type [13] and for asymptotic
regions of Arnowitt-Deser-Misner type [14]. The genera-
tors are therefore physically related to those of the Poincaré
algebra, just as the transformations are geometrically re-
lated. In both views, however, the freedom in the algebra is
much larger for hypersurface deformations, which are not
required to be linear, and for their generators, whose
physical expressions as energy and momentum refer to a
large set of observers in different states of motion depend-
ing on which bounded or asymptotic region is chosen.

The hypersurface-deformation algebra differs from the
Poincaré algebra in several important respects, not only in
the fact that it is much larger and in fact infinite-
dimensional. While both algebras depend on the metric,
these coefficients in the case of the Poincaré algebra (2)
and (3) are constants because they just refer to Minkowski
space-time. The spatial metric in (6), on the other hand,
in general depends on the position and is a spatial tensor.
The Minkowski metric in the Poincaré algebra determines
structure constants; the spatial metric on a slice in a
curved space-time used in the hypersurface-deformation
algebra determines structure functions. The hypersurface-
deformation algebra is not a Lie algebra, but a Lie
algebroid [15]. Its deformations, in constrast to the
Poincaré algebra, have not been studied systematically, and
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therefore it presents an interesting, more-general object in
the context of deformed relativity. By its relation to general
covariance, it automatically incorporates gravity.

If there are reasons to believe that the Poincaré algebra is
deformed, there should be a corresponding deformed ver-
sion of the hypersurface-deformation algebra, to make sure
that the gravitational force can be described consistently
under the deformation. Vice versa, if there is a deformation
of the hypersurface-deformation algebra, [16] it entails a
deformation of the Poincaré algebra. While it is difficult to
embed deformed Poincaré algebras in a hypersurface-
deformation algebra, deriving a deformed Poincaré algebra
from a deformed hypersurface-deformation algebra can be
accomplished by restricting the algebra to linear functions
N% and N in a given set of coordinates, together with
Euclidean spatial slices such that #,, = J,,. Choosing

N(x) = At + v, x4, N(x) = Ax“ + Réxb

relates hypersurface deformations to Poincaré transforma-
tions with time translation Af, spatial translations Ax?,
boosts by v, and spatial rotations with matrices Rj. We
call the resulting Poincaré-type algebra the linear limit
of the (deformed) hypersurface-deformation algebra we
start with.

In the presence of deformed algebras, the corresponding
space-time structure differs from the classical one [17]:
gauge transformations do not agree with Lie derivatives,
and any dynamics consistent with a deformed algebra
differs from general relativity [18-20]. The identification
of a deformed Poincaré algebra as a restriction of the
hypersurface-deformation algebra with linear N and N
may therefore seem ambiguous. However, even without
reference to classical space-times, the linear limit is dis-
tinguished. Linear N and N“ in (4)—(7) lead to the only
closed subalgebra if h9? is constant. Therefore, if there is a
deformed Poincaré algebra, it can only be the linear limit
of the hypersurface-deformation algebra.

For the linear limit to be meaningful, we assume, as
always in special-relativistic situations, that all energies
and momenta involved are sufficiently small and that their
backreaction on space-time can be ignored. Using a con-
stant h,, = 0, is then justified. If backreaction cannot
be ignored, there is simply no special-relativity limit of
the theory.

B. Deformations

Several examples of deformed hypersurface-
deformation algebras have been found in loop quantum
gravity, using effective methods and operator calculations.
All these deformations leave the D-relations (4) and (5)
unchanged, while (6) is modified to

{H[M] H[NT} = D[Bh**(MV,N — NV,M)]  (7)

with a phase-function 8 # 1 that may depend on the
spatial metric or extrinsic curvature. Loop quantum gravity
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therefore confirms the expectation that quantum geometry
should lead to deformations of symmetry algebras of
space-time. In fact, no undeformed consistent version of
symmetries at this quantum level has been found.

There is a broad consensus in loop quantum gravity
that off-shell constrained algebras must be deformed if
quantum-geometry effects of the theory are included.
(See Ref. [20] for a detailed list of models.) The first
such deformations have been found by effective methods
in models of perturbative inhomogeneity [21] and in
spherical symmetry [22], in both cases using inverse-triad
corrections [23,24]. A second type of corrections, holon-
omy corrections, has been implemented consistently in the
same type of models [25,26]. Analogous deformations
appear in operator calculations of the constraint algebra
for 2 + 1-dimensional models, with holonomy corrections
[27] and inverse-triad corrections [28-30]. (An especially
striking feature of holonomy corrections is that they trigger
signature change at high density [20,31].)

In all cases, the algebra is deformed in the same way,
with characteristic functions 8 depending on extrinsic cur-
vature for holonomy corrections and on the spatial metric
for inverse-triad corrections. Unmodified space-time struc-
tures appear only in cases in which the classical structure is
presupposed by fixing the gauge before quantization,
a procedure which in cosmology (and elsewhere) is known
to lead to incorrect results. Deformed hypersurface-
deformation algebras are therefore an unavoidable conse-
quence of the quantization steps undertaken in loop
quantum gravity, in particular the use of holonomies as
basic operators [32,33]. Loop quantum gravity leads to
deformed space-time structures and to deformed general
relativity in a semiclassical limit.

All quantum corrections are state-dependent and must
therefore be parametrized suitably, given that knowledge
of quantum-gravity states is limited. Inverse-triad correc-
tions in loop quantum gravity lead to a deformation func-
tion B depending on the size of discrete plaquettes relative
to the Planck area, and therefore on the spatial metric.
Holonomy corrections depend on the momentum of the
spatial metric, related to extrinsic curvature or the time
derivative of the spatial metric [34]. Without using detailed
expressions which can be derived in loop quantum gravity,
one can easily expect corrections of these two types.
Inverse-triad corrections incorporate implications of
discrete space, while holonomy corrections implement
additional curvature required to embed discrete space in
quantum space-time. In addition, there are corrections
from standard quantum fluctuations of the metric, which
are more difficult to compute in loop quantum gravity and
have not yet been formulated in a consistent form of
hypersurface deformations. (Their main effect is to intro-
duce higher time derivatives [35,36]. These corrections are
therefore close relatives of higher-curvature terms, which
do not modify the hypersurface-deformation algebra [37].)
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When S depends on the metric or extrinsic curvature
K, our previous arguments about the Poincaré limit as the
linear restriction of the hypersurface-deformation algebra
still apply. Linear N and N lead to a unique subalgebra if
h and K, (and therefore ) are spatially constant. In
strong quantum regimes, curvature is large and the fields
could not be assumed constant. Under these conditions one
does not expect a Poincaré algebra to capture space-time
properties. A Poincaré description should be valid when
quantum effects are not strong and the energy observables
are sufficiently small so that backreaction on space-time
can be ignored. Under these conditions, it is safe to assume
that the gravitational fields are constant in regions of
interest. A distinguished (deformed) Poincaré algebra
then follows from the hypersurface-deformation algebra.

However, the deformation is not of the form of non-
linear Lie brackets (as part of Hopf algebras) because the
modified structure function depends on the phase-space
variables in a modified way but does not introduce non-
linearities in the generators D and H. Going from
Poincaré’s Lie algebra to Dirac’s Lie algebroid with struc-
ture functions has led to a new option for deformations, one
not considered before. The expectations of deformed spe-
cial relativity are therefore not realized, at least not in
general. Nevertheless, there are deformations of underly-
ing symmetries which one can try to test as proposed and
extensively analyzed in the context of deformed special
relativity. Moreover, as we show in what follows, there are
regimes in which one can relate phase-space dependent
deformations to non-linear algebraic structures.

C. Holonomy corrections and energy-dependent
deformations

For holonomy corrections, one can, in certain regimes,
relate background-dependent deformations in (7) to non-
linear algebraic relations. In this case, 8 depends on
extrinsic-curvature components. It has not been possible
yet to formulate full nonlocal holonomies consistently,
integrating the connection along curves in arbitrary direc-
tions. However, in spherically symmetric models one
can implement holonomies along curves on spherical
orbits, which then depend on an extrinsic-curvature com-
ponent K, in an angular direction. This component is
related to the orbit area A(x) at radial coordinate x by K| o=
—N~'d+/A/dt. The spatial derivative of v/A, k = d+/A/dx,
is proportional to the trace of the extrinsic curvature of the
orbit 2-sphere in three-dimensional space.

Before we relate these quantities to observables, we recall
features of spherically symmetric models in connection
variables [38,39]. With components of a densitized triad

)

.0 0
E¢tt— = E* sinb— + E¢ sin J—
I g~ Bmssin g2+ EF ()7 sind o

+ E¢(X)72%, ®)
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whose internal space is written as the Lie algebra su(2) with

generators 7; = —%io-, in terms of Pauli matrices, the
spatial metric is
E?(x))?
ds? = (Xﬂ dx? + |E*(x)|dQ2. 9)
|E*(x)]

(As a consequence, A(x) = |E*(x)|.) The components E*
and E? are canonically conjugate to extrinsic-curvature
components K, and K, in

Ki7dx* = K. (x)73dx + K, (x)71d9 + K, (x)7, sin 9de
(10)

but not to connection components as in the full theory. (Note
however, that K, is simply a gauge-invariant version of the
corresponding connection component A, with respect to a
remnant U(1)-gauge freedom of internal rotations fixing 75.)
Using the general relations between extrinsic curvature and
time derivatives of the spatial metric, one computes

1 E*
K, = d (11)

T

K —— 1 <dE¢’ _ E? dEx)
X N~/|Ex| dr 2E% dt )

These relations follow from equations of motion generated
by the Hamiltonian constraint and are modified if quantum-
geometry corrections of loop quantum gravity are included.
The following considerations are independent of these
relations.

Holonomy  corrections which replace K, by
sin (6K ,)/ 8 (or some other function with related proper-
ties) in the Hamiltonian constraint, with a parameter & that
could depend on the triad components, especially E*,
can be implemented consistently [25]. They imply a
deformed hypersurface-deformation algebra (7) with
B(K4) = cos(26K,) [40]. More generally, if K, is re-
placed by a function F(K,), B(K,) =1 d*F?/dK?2 [25].
The deformation depends on phase-space variables rather
than algebra generators. However, for a specific choice of
observers the phase-space variables involved can be related
to observables that play the role of algebra generators in
the linear limit.

Extrinsic-curvature components determine observ-
ables of Brown-York [13] or Arnowitt-Deser-Misner [14]
type: (angular) momentum

(12)

P= 2[ d*zvy,(r,p® — F,p) (13)
93

in direction v“, measured by an observer who watches
the spatial region 3. (A contribution from a reference
metric with barred quantities is subtracted to ensure that
energy and momentum vanish in Minkowski space-time.)
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The integrand depends on the co-normal r, of the bound-
ary of 3 and the gravitational momentum

deth
167G

canonically conjugate to the spatial metric 4,,. In spherical
symmetry, we choose a spherical surface 92, of constant x,
and compute the gravitational momentum using the tensor

E®
VIE"]

+ K, VIE*|(d9 ® d9 + sin?Ide ® do)

(15)

) = Yoo (KO —Keh™) (14

K,,dx*® dx’ = K, dx ® dx

and its trace

E* K
K¢ =K, 7] + 4 (16)
E* |EY]
(using K, = Kiel with E¢ = ¢¢|dete)|). We find that
the radial component of the gravitational momentum is
proportional to K, and independent of K,:
o 1 |EY| .
)4 = _%K‘pﬁ Sln”l?. (17)
The radial component p™ of the gravitational momen-
tum appears in the linear Brown-York momentum (13)
with v* = (9/dx)*. We compute

_8mgnp™ _ 1 K,
E¢AE"] G JIE

If & o |EX|~'/2 (corresponding, in the language of holon-
omy corrections, to lattice refinement [41,42] with sites
of constant size, or a site number per spherical orbit
proportional to the orbit area), the combination of variables
is exactly what appears in the deformation function
B = cos(26K,). The linear limit of the hypersurface-
deformation algebra therefore suggests that the commuta-
tor between a boost B, and a time translation Pg is
deformed by a function depending on the spatial momen-
tum P,, of the form

{B,, Py} = cos (AP,)P, (18)

with a constant A.
The Brown-York energy is

E——_1_ f . d2zN(x/det ok — +/det 5—15) (19)
I¢]

B 87G

with the induced spatial metric o, on 92 and the trace k
of extrinsic curvature of 32 in space, related to d E*/dx for
a spherical 93,. This function does not appear in holonomy
corrections, and inverse-triad corrections depend on E*
integrated over elementary plaquettes of a discrete state
(so-called fluxes) rather than its spatial derivative. If a
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derivative expansion of the nonlocal fluxes is used, deriva-
tives of E* and therefore k will appear, relating the corre-
sponding algebra deformation to the Brown-York energy.
However, the relation is not as direct as in the case of
holonomy corrections and the radial momentum.

III. COMPARISON WITH DEFORMED
SPECIAL RELATIVITY

Different realizations of deformed Poincaré algebras are
possible, depending on the choice of generators. Moreover,
one can remove deformations by nonlinear transformations
of the generators, giving rise to the question of which
expression of the generators should be physically pre-
ferred. In fact, it is the choice of generators that determines
whether the algebra is deformed. In our case, using the
hypersurface-deformation algebra, the generators have un-
ambiguous physical meaning via the boundary terms used
above. Also the bulk terms, taken for matter contributions
to the gauge generators which obey the same algebra as the
full generators in the absence of derivative couplings, have
a clear meaning as the matter energy density

1 5 H matter [N ]

= 20)
PE™ Jdeth  oN (
from the matter contribution to H[N], pressure
1 5Hmat[er[N:|
= — & O mater V] 21
PET TN TsJdeth @b
and stress

ab _— 2 8Hmatter[N:| (22)

E o NJdeth

from derivatives of H,[V] by the metric, and energy
and momentum fluxes

Shab

1 8Dpaed N]
JE — matter 23
¢ Jdeth  ON° )

in DpauerlN]. (See again Ref. [11].) As indicated by
the labels “E,” these are stress-energy components as
measured by Euclidean observers whose worldlines are
normal to equal-time hypersurfaces, or comoving observ-
ers in cosmological terminology. Deformed hypersurface-
deformation algebras therefore help in identifying physical
deformations of fundamental symmetries.

In the linear limit, (7) gives rise to a deformed algebra in
which commutators between boosts and time translations,
which both follow from H[N], are modified. Commutators
in which spatial translations or rotations appear, referring
to D[N%], are undeformed. This behavior is in contrast to
the usual representation of the x-Poincaré algebra [43,44]
in which only the commutator of boosts with spatial trans-
lations is deformed [45],
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1 —exp(—2kPy) 1
{B, P} = ajk(# +

P EK(SmanPn)_ KPij.

(24)

No such deformation can result from a gravitational theory
which, like loop quantum gravity, implements spatial
diffeomorphisms unmodified. Moreover, the x-Poincaré
algebra does not change the relations

{B;, Po} = P,, {Bj, Bi} = —€juR, (25)
which would be deformed in the linear limit of (7);
see (18). The relations

{P,u,’ PV} = O’ {Rj’ PO} =0 (26)

and

{R;, Py} = €j1,P), {R;, Ri} = €;uR, 27

{R, Bi} = €;uB, (28)

are undeformed in both cases.

The more-general parametrizations of generalized
Poincaré algebras in Ref. [46] allows a version in agree-
ment with the deformation found here. The ansatz made
there leaves rotation generators undeformed, just as we
need it to make contact with our deformations. Boosts
are deformed by a parametrization of a boost operator
deviating from X;p, — Xop;. It follows from Eq. (16) in
Ref. [46] that an undeformed commutator of a boost with a
spatial rotation, as implied by the unmodified (5), requires
that only the second part of the boost operator is modified,
to X; po — BXop;- No extra terms quadratic in momenta and
linear in position operators, as possible more generally, are
allowed. Qualitatively, the commutators (16) and (18) in
Ref. [46] then agree with the deformations obtained here
in the linear limit of (7). However, while the deformed
algebras of observables agree, the required form of
boost generators is not compatible with the representation
of k-Minkowksi space discussed in Refs. [46,47]. If a
compatible representation can be found, it would serve as
a candidate for a quantum space-time model corresponding
to a deformed algebra (7).

IV. DISCUSSION

Using the hypersurface-deformation algebra underlying
canonical gravity, we have extended deformed special
relativity to deformed general relativity, with several
advantages:

(1) The deformation is derived from loop quantum
gravity, which in recent years has produced several
mutually consistent versions of deformed off-shell
constraint algebras. The derivation clearly shows
how quantum geometry gives rise to deformed
fundamental symmetries.
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(ii)) The generators of deformed hypersurface-
deformation algebras have unambiguous physical
meaning as boundary observables or stress-energy
components. The deformation does not depend on
one’s choice of generators.

(iii)) The deformation originally appears in position
space, on which the classical structure functions
of the algebra are defined. A corresponding
momentum-space version exists only in certain
regimes and depends more sensitively on which
observer one refers to. Deformed special relativity,
by contrast, is formulated in momentum space,
and it is not only difficult to transform to position
space but also problematic because of locality
problems [48-50].

(iv) Deformations of the hypersurface-deformation
algebra in off-shell loop quantum gravity depend
on the discreteness scale of quantum space or on
the local extrinsic curvature, not on the mass of
macroscopic bodies relative to the Planck mass.
The ““soccer-ball problem” does not occur, in a
way that resembles proposed solutions in deformed
special relativity [4].

Given these promising indications, the task of complet-
ing the understanding of off-shell algebras in loop quantum
gravity receives increased prominence. All derivations so
far have shown that the form (7) of deformed algebras and
their deformation functions 3 appears to be universal, but
they remain incomplete. Especially the inclusion of full
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holonomies with integrations of the gravitational
connection along curves remains a challenge. The integra-
tions involved may suggest non-local deformations of the
Poincaré algebra in the linear limit.

The relation between deformed special relativity
and deformed general relativity is not very direct.
Nevertheless, the more-general viewpoint developed here
supports the basic ideas and motivations behind deformed
special relativity, even if there are differences in concrete
realizations. Some of the problems discussed extensively in
deformed special relativity do not appear in deformed
general relativity or can easily be solved, but a full analysis
may still reveal new issues, including observational ones.
One may hope that the detailed methods developed and
used to scrutinize deformed special relativity can be applied
to deformed general relativity to put stringent tests on the
underlying theory of loop quantum gravity. Even though the
derivation from loop quantum gravity makes use of several
assumptions and approximations, the broad consensus and
universality reached by all existing computations of oft-
shell constraint algebras, be it by effective or operator
methods, shows that loop quantum gravity can be ruled
out if its version of deformed general relativity is ruled out.
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