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Destroying extremal Kerr-Newman black holes with test particles
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It has been shown that a nearly extremal black hole can be overcharged or overspun by a test particle if
radiative and self-force effects are neglected, indicating that the cosmic censorship might fail. In contrast,
the existing evidence in literature suggests that an extremal black hole cannot be overcharged or overspun
in a similar process. In this paper, we show explicitly that even an exactly extremal black hole can be
destroyed by a test particle, leading to a possible violation of the cosmic censorship. By considering
higher-order terms, which were neglected in previous analysis, we show that the violation is generic for
any extremal Kerr-Newman black hole with nonvanishing charge and angular momentum. We also find
that the allowed parameter range for the particle is very narrow, indicating that radiative and self-force
effects should be considered and may prevent violation of the cosmic censorship.
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I. INTRODUCTION

If a singularity is not covered by a black hole horizon,
it can be seen by distant observers and is called a
naked singularity. The weak ‘““‘cosmic censorship” conjec-
ture states that naked singularities cannot be formed by
gravitational collapse with physically reasonable matter
[1]. A precise statement of this conjecture was given in
Ref. [2]. Although a general proof of this conjecture has
not been given, evidence in favor of it has been found and
discussed in the past few decades. One way of testing the
cosmic censorship conjecture is to see whether the black
hole horizon can be destroyed by an object falling into the
black hole. In the seminal work, Wald [3] proved that a
test particle cannot destroy the horizon of an extremal
Kerr-Newman black hole. This work has been revisited
and extended by a number of authors in the last decade
[4-13]. It is worth mentioning that gravitational lensing by
naked singularities has been studied in the past decade
[14,15], making observational test of the cosmic censor-
ship possible.

There were two crucial assumptions in Wald’s treatment.
First, the existing black hole is extremal. Second, only
linear terms in the particle’s energy, charge, and angular
momentum are kept in the analysis. By releasing the two
assumptions, Hubeny showed that a nearly extremal
Reissner-Nordstrom (RN) black hole can be overcharged
by a test particle. Recently, Jacobson showed that a nearly
extremal Kerr black hole can be overspun. These results
apparently indicate violations of the cosmic censorship—
at least they point out that the test particle assumption may
not be valid and the radiative and self-force effects should
be considered.

Note that the results in Refs. [4,6] agree with Wald’s in
the extremal limit. So it seems that the cosmic censorship
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holds anyway when one tries to overcharge or overspin
extremal black holes. However, an overlooked fact is that
the authors of Refs. [4,5] only considered the RN black
hole and Kerr black hole, respectively, while Wald consid-
ered the combination, i.e., the Kerr-Newman (KN) black
hole. To distinguish from RN and Kerr solutions, we
shall refer to KN black holes as those with nonvanishing
charge and angular momentum. By reexamining Wald’s
arguments, we find that counter examples can be found
if higher-order terms are included in the calculation
(high-order terms have been considered in Refs. [4,6] for
RN and Kerr black holes, but caused no violation to the
cosmic censorship in the extremal cases). This tells us that
the cosmic censorship is not safe even for extremal black
holes. We further find that the allowed range of the parti-
cle’s energy is very small, which means that the particle’s
parameters must be finely tuned. This suggests that radia-
tive and self-force effects are necessary for a complete
proof of the cosmic censorship. Although it is difficult to
perform a full analysis on these effects, notable progress
has been made recently. Barausse et al. [16,17] showed
that, for some orbits, the conservative self-force may have
the right sign to prevent the violation of the cosmic censor-
ship. Most recently, Zimmerman et al. [18] incorporated
the particle’s electromagnetic self-force, and their numeri-
cal results have provided strong evidence supporting the
cosmic censorship.

II. REVIEW OF WALD’S PROOF

In this section, we review the gedanken experiment in
extremal charged Kerr black holes proposed by Wald [3].
Consider the charged Kerr solution,

ds? = g,di* + g,.dr* + g4d6* + g44dd* + 2g,4dtd .
(D

Assume the vector potential is in the form,
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A charged particle with mass m and charge ¢ moves in the
spacetime with four-velocity,

WA A 0\ f 0 \e
c=i—) +H{—) +él-=) +ol—). @
! (at) r(ar) 0(66) ¢(6¢) &
The conserved energy and angular momentum are
E = —t*(mu, + gA,), “4)
L= ¢“(mu, + qA,). (5)

Solving Egs. (4) and (5) for # and d), we have
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Substituting the two formulas into
gapuu® = —1 )

and solving the quadratic equation for E, we find

_ T8yl —qA84s T qAG81s
8e¢

E

Note that u“ is future pointing, which implies 7> 0.
Therefore, we should take the plus sign in front of the
square root in Eq. (9). Consequently,

_ "8l —qA844 T aA¢8ie

E (10)
8o
The Kerr-Newmann metric is given by [19],
A — a%sin?6
8 = — S —, (11)
asin20(r* + a®> — A)
gi(f) == 2 > (12)
2 4 422 — Aalsin 26
Gus = (r* + a*) a’sin 5in20, (13)
3
A, =— %, Ay = %asinzﬁ, (14)
p
== 15
grr A ( )
8o = E, (16)
with
S, = r? + d%cos 26, (17)
A=r>+ad>+ Q> —2Mr. (18)

Then at the horizon r = r, Eq. (9) is written as
£ aL2+ qgr N m\/(a2 + 2r2+2+ c12(2:022(20))2 2
at+r 4(a* + r3)
(19)

1 , .
@\/(gi,, —8p8i[L* —2qLA4 + P AY +m’g s (1+ 8,17 +840°)] ()

[

and thus
aL + gQr
E=—". 20
a’+ r? (20)
For an extremal black hole r, = M, we have
L+ qOM
E= al + qOM (1)

a* + M?
On the other hand, to destroy the black hole horizon with
M?* = Q? + a?, the particle must satisfy

M + L\2
E+M)?<(Q+ 2+<a7). 22
(E+MP<(©Q+qP+ (T 22)
Expanding the last term around £ = 0, we have
(L + aM)?
E*+ M? +2ME < Q? + ¢* +2qQ——M2
2(L + aM)’E

L AL+ aM)7E (23)

M3
Using M? = Q? + a® and keeping the terms linear to ¢, E,
L, we have

aL + MqQ

M2+ a?
which contradicts Eq. (21). Thus, the cosmic censorship is
upheld if higher-order terms are neglected. In the next
section, we shall see that higher-order terms do not change

this result if one attempts to destroy an extremal Kerr or
RN black hole.

E< (24)

III. KERR AND RN CASES

The above result is derived from a Kerr-Newman black
hole. Now let us consider the following two reduced cases:
(1) Pure Kerr (Q = g =0, M = a).
Equation (21) reduces to
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L
E= M (25)
and Eq. (22) reduces to
E+M< % (26)
i.e.,
E’+2ME<L, 27
L E? L
< M oM < M (28)
so no solution can be found.
(2) Pure RN (a=L=0,M = Q).
Equation (21) reduces to
E=gq, (29)
and Eq. (22) reduces to
E+M<Q+gq, (30)
1.e.,
E<gq. 3D

Obviously, there is no solution.

Thus, there is no violation of cosmic censorship for
either Kerr black hole or RN black hole, agreeing with
the results of Hubeny et al. [4,6]. Differing from the treat-
ment in Sec. I, no linear approximation has been made in
the above proof.

IV. VIOLATION OF THE COSMIC CENSORSHIP
FOR EXTREMAL KN BLACK HOLES

From the last section, we see that the cosmic censorship
conjecture has passed the test of gedanken experiments in
extremal RN or Kerr black holes, even without linear
approximation. However, it is unknown whether higher-
order terms can lead to a different conclusion for extremal
KN black holes (Q # 0 and a # 0). We first show that the
two inequalities (21) and (22) can be simplified and com-
bined into one. Define

W = (M + E)? (32)
and rewrite Eq. (22) as
W2 —(Q + q)*W — (aM + L)*> <0. (33)
This means
W, <W<W, (34)
with
Wy — (Q+qP*V(Q+q) +4(aM +1)* 35)

2
From Eq. (21) we have
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+
W (aL qOM

2
Tzt M) =W, (36)

Obviously, W; <0 and W,, W5 > 0. Therefore, the neces-
sary and sufficient condition for both inequalities (21) and
(22) being satisfied is

Wy > W, (37)
ie.,

s = W2 - W3 (38)

_(Q+q?+VQF g F4aM + LP
2

+ M)2 (39)

B (aL + qOM
a’® + M?

> 0. (40)

Expanding Eq. (39) out to the second order in ¢ and L, we
find
2a*M*(3M? — a*) , | M*(=3a* + M?)

LZ
(a*> + M?)3 (a* + M?)3
2aMQ(3M? — a?)
T @+ M gL > 0. (41)

Now we can estimate the allowed range of E. From
Wy <W < W,, (42)

we see the allowed range of E, denoted by AFE, satisfies
2MAE ~ W, — Ws. Then Eq. (41) suggests that AE is of
order g>/M or L*/M?.

Note that the first term in Eq. (41) is always positive
since M? = a? for a KN black hole. So Eq. (41) shows that
as long as Q # 0, a # 0, and g # 0, there always exist
solutions if L is sufficiently small. To be specific, we
choose the parameter set to be M = 100, a = 90, and

then Q = VM? — a®> = 43.6. We further choose ¢ = 0.1
such that the test body condition ¢ << Q is met. Now s in
Eq. (40) can be treated as a function of L. The plot in Fig. 1
confirms that small values of L always lead to positive s.

For illustration, we take L =5 and find 4.8944 X
1072 < E < 4.8964 X 1072, So AE ~ 2 X 1073, which is
comparable to g>/M = 10"*and L>/M3 = 2.5 X 1073, as
expected.

Next, we show that such a particle can be released from
infinity and falls all the way into the black hole. Since the
metric is axisymmetric, there exist orbits lying entirely in
the equatorial plane # = 7r/2. For such an orbit, one can
solve Eq. (9) for i and obtain

P2 ==V(r), 43)

where the effective potential V(r) is given by
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FIG. 1.
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Plot of s — L. For small values of L, s is always
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FIG. 2. The effective potential is negative for all r > r,..

1
V(r)=——=(a"E? —2d°EL + ¢*Q*r* —2EqQr’
m2r
+E>r* — LA —m?rPA+2aL(qQr+ E(—r*+ A))
+a*(L* + E(=2qQr+2Er* — EA))). (44)

We still choose M =100, a =90, ¢ =0.1, L =15 as
above, and m = E = 0.048955 such that E is in the
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allowed range. Numerical calculation shows that V(r) is
negative for all r = r, (see Fig. 2). It is easy to check that
our choice m = E indicates that the particle stays at rest
relative to a stationary observer at infinity, so this initial
condition is realizable in practice.

V. DISCUSSION AND CONCLUSIONS

We have shown that, without taking into account the
radiative and self-force effects, a test particle may destroy
the horizon of an extremal charged Kerr black hole, result-
ing in an apparent violation of the cosmic censorship. The
violation is generic for any extremal KN black hole. As
shown by Wald [3], there would be no violation if higher-
order terms are neglected. We also show that the energy of
the particle must be finely tuned, i.e., the allowed range of
energy AE is of order ¢>/M or L?/M3. A similar fine
tuning has been pointed out and discussed in Ref. [7] for
nearly extremal Kerr black holes. Smith and Will [20]
show that a charged particle in Schwarzschild spacetime
will feel a repulsive electrostatic self-force induced by
the spacetime curvature. Consequently, the particle has
an additional self-interacting energy with magnitude
Mgq?/r* [21]. If we use this result to estimate the magni-
tude of the self-force correction to the energy of a particle
outside a RN black hole, it becomes q2 /M at the extremal
black horizon r = M, which is the same order as AE we
discussed above. This indicates that the self-force effect is
important in testing the cosmic censorship. Despite the
self-force effect, there is another open issue related to
this scenario. A hidden assumption in the above argument
is that once the black hole absorbs the particle, it will settle
down to a new stationary state. However, this result is not
guaranteed by current theories [7]. So far, all results can
only be taken as some indication that cosmic censorship
might fail.

ACKNOWLEDGMENTS

This research was supported by NSFC Grants
No. 10605006, No. 10975016, and No. 11235003.

[1] R. Penrose, Riv. Nuovo Cimento 1, 252 (1969).

[2] R.M. Wald, in Black Holes, Gravitational Radiation and
the Universe, edited by B.R. Iyer ef al. (Springer, New
York, 1998), p. 69.

[3] R.M. Wald, Ann. Phys. (N.Y.) 82, 548, 1974.

[4] V.E. Hubeny, Phys. Rev. D 59, 064013 (1999).

[5] S. Hod, Phys. Rev. D 66, 024016 (2002).

[6] T. Jacobson and T.P. Sotiriou, Phys. Rev. Lett. 103,
141101 (2009).

[7]1 T. Jacobson and T.P. Sotiriou, J. Phys. Conf. Ser. 222,
012041 (2010).

[8] G. Chirco, S. Liberati, and T. P. Sotiriou, Phys. Rev. D 82,
104015 (2010).
[91 B. Gwak and B. H. Lee, Phys. Rev. D 84, 084049 (2011).
[10] B. Gwak and B.H. Lee, Classical Quantum Gravity 29,
175011 (2012).
[11] G.Z. Toth, Gen. Relativ. Gravit. 44, 2019 (2012).
[12] M. Bouhmadi-Lopez, V. Cardoso, A. Nerozzi, and J. V.
Rocha, Phys. Rev. D 81, 084051 (2010).
[13] J. V.Rochaand V. Cardoso, Phys. Rev. D 83, 104037 (2011).
[14] K.S. Virbhadra and C.R. Keeton, Phys. Rev. D 77,
124014 (2008).

044028-4


http://dx.doi.org/10.1016/0003-4916(74)90125-0
http://dx.doi.org/10.1103/PhysRevD.59.064013
http://dx.doi.org/10.1103/PhysRevD.66.024016
http://dx.doi.org/10.1103/PhysRevLett.103.141101
http://dx.doi.org/10.1103/PhysRevLett.103.141101
http://dx.doi.org/10.1088/1742-6596/222/1/012041
http://dx.doi.org/10.1088/1742-6596/222/1/012041
http://dx.doi.org/10.1103/PhysRevD.82.104015
http://dx.doi.org/10.1103/PhysRevD.82.104015
http://dx.doi.org/10.1103/PhysRevD.84.084049
http://dx.doi.org/10.1088/0264-9381/29/17/175011
http://dx.doi.org/10.1088/0264-9381/29/17/175011
http://dx.doi.org/10.1007/s10714-012-1374-z
http://dx.doi.org/10.1103/PhysRevD.81.084051
http://dx.doi.org/10.1103/PhysRevD.83.104037
http://dx.doi.org/10.1103/PhysRevD.77.124014
http://dx.doi.org/10.1103/PhysRevD.77.124014

DESTROYING EXTREMAL KERR-NEWMAN BLACK HOLES ... PHYSICAL REVIEW D 87, 044028 (2013)
[15] K.S. Virbhadra and G. F.R. Ellis, Phys. Rev. D 65, 103004 [18] P. Zimmerman, I. Vega, E. Poisson, and R. Haas,

(2002). arXiv:1211.3889.

[16] E. Barausse, V. Cardoso, and G. Khanna, Phys. Rev. Lett. [19] R.M. Wald, General Relativity (University of Chicago,
105, 261102 (2010). Chicago, 1984).

[17] E. Barausse, V. Cardoso, and G. Khanna, Phys. Rev. D 84, [20] A.G. Smith and C. M. Will, Phys. Rev. D 22, 1276 (1980).
104006 (2011). [21] S. Hod, Phys. Rev. D 61, 024023 (1999).

044028-5


http://dx.doi.org/10.1103/PhysRevD.65.103004
http://dx.doi.org/10.1103/PhysRevD.65.103004
http://dx.doi.org/10.1103/PhysRevLett.105.261102
http://dx.doi.org/10.1103/PhysRevLett.105.261102
http://dx.doi.org/10.1103/PhysRevD.84.104006
http://dx.doi.org/10.1103/PhysRevD.84.104006
http://arXiv.org/abs/1211.3889
http://dx.doi.org/10.1103/PhysRevD.22.1276
http://dx.doi.org/10.1103/PhysRevD.61.024023

