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In this paper, we study the phase structure and equilibrium state space geometry of charged topological

Gauss-Bonnet black holes in d-dimensional anti–de Sitter spacetime. Several critical points are obtained

in the canonical ensemble, and the critical phenomena and critical exponents near them are examined. We

find that the phase structures and critical phenomena drastically depend on the cosmological constant �

and dimensionality d. The result also shows that there exists an analogy between the black hole and the

van der Waals liquid gas system. Moreover, we explore the phase transition and possible property of the

microstructure using the state space geometry. It is found that the Ruppeiner curvature diverges exactly at

the points where the heat capacity at constant charge of the black hole diverges. This black hole is also

found to be a multiple system, i.e., it is similar to the ideal gas of fermions in some range of the

parameters, while to the ideal gas of bosons in another range.
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I. INTRODUCTION

Since the discovery of the four laws of black hole
mechanics, black holes are widely believed to be thermo-
dynamic objects assigned standard thermodynamic varia-
bles such as the temperature and entropy [1,2]. Even
though the exact statistical description of black hole micro-
states is still unclear, the study of the thermodynamic
properties of black holes has been a fascinating topic.
These black holes are found to possess the interesting
phase transition, for example, the Hawking-Page phase
transition [3], and critical phenomena as seen in normal
thermodynamic systems.

Motivated by the AdS/CFT correspondence [4], where
the transitions have been related with the holographic
superconductivity [5,6], the subject that the phase transi-
tions of black holes in asymptotically anti de-Sitter (AdS)
spacetime has received considerable attention [7–18]. The
underlying microscopic statistical interaction of the black
holes is also expected to be understood via the study of the
gauge theory living on the boundary in the gauge/gravity
duality.

Recently, the authors of Ref. [19] studied the phase
transitions and critical phenomena for the Reissner-
Nordstrom (RN) black hole in (nþ 1)-dimensional AdS
spacetime; they found that the black hole systems is similar
to a van derWaals liquid gas system. The critical exponents
near a van derWaals-like critical point were found to be the
same as the liquid gas system. Especially, near the critical
point, the Q-� diagram was presented, sharing the same
shape as that of P-V diagram for a van der Waals liquid gas
system, which strongly suggests a remarkable analogy
between these two thermodynamic systems. Almost at

the same time, the similar critical behavior was found in
the Kerr-AdS black hole [20]. Different from the RN-AdS
black hole, there are two van der Waals-like critical
points identified at different temperatures. The critical
phenomena of Born-Infeld AdS black holes and higher
curvature charged AdS black holes were investigated in
Refs. [21–23], where the critical exponents were also
examined. Treating the cosmological constant as a thermo-
dynamic pressure and its conjugate quantity as a thermo-
dynamic volume, the critical behavior and P-V criticality
of a charged AdS black hole is reexamined [24–26]. And a
complete analogy between the black hole and the liquid-
gas system was established [24].
In a separate context, a geometrical perspective of ther-

modynamics has been a subject of great interest for several
decades. Following the development of the extrinsic geo-
metrical perspective of thermodynamics [27,28], Weinhold
[29] proposed an intrinsic geometrical perspective defined
in the energy representation on the space of the equilibrium
thermodynamic states of a system. However, this geometry
cannot be well interpreted from the physical view. On
the other hand, Ruppeiner [30] constructed an intrinsic
Riemannian geometry in the entropy representation, which
is found to be related to the probability measuring the
thermodynamic fluctuations connecting two equilibrium
states. It is also suggested that the scalar curvature pro-
duced from this geometry contains the information of the
phase transitions and critical phenomena, and it shares the
same divergent behavior as the heat capacity of that ther-
modynamic system.
Also, Ruppeiner pointed out that the sign of the curva-

ture may be an indicator of the interactions among the
microscopic structure of the thermodynamic system [31].
For example, the curvature is positive for the repulsive
interaction, and negative for the attractive interaction,
which correspond to the ideal gas of fermions and bosons,
respectively [32,33]. As we know, there is attractive
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interaction among the microscopic particles for the van der
Waals system, which implies a negative curvature. And the
result is true, the curvature for that thermodynamic system
is negative and goes to negative infinity at the critical point.
It is suggested that the negative divergent behavior of the
curvature is related to the Bose-Einstein condensation, and
the positive divergent behavior is related to the Pauli’s
exclusion principle.

Among the gravity theories with higher derivative curva-
ture terms, the Gauss-Bonnet (GB) gravity has some special
features and gives rise to some interesting effects on the
thermodynamics of black holes in AdS space [34–42]. The
phase structure of a GB-AdS black hole was briefly studied
in Refs. [34,43]. And in the grand canonical ensemble, the
local and global thermal phase structure of a charged asymp-
totically AdS black hole with both GB and quartic field
strength corrections were thoroughly researched [44].

In this paper, we will study the phase transition and
critical behavior of charged topological GB black holes
in d-dimensional AdS spacetime. Motivated by the idea
that the cosmological constant � can be regarded as a
thermodynamic variable [24], we leave it free to vary and
study the phase structures and critical phenomena for the
GB-AdS black hole in the canonical ensemble. The result
strongly suggests that the phase structures and critical
phenomena drastically depend on� and d. Then we exam-
ine the thermodynamic analogy between a charged
GB-AdS black hole and a van der Waals liquid gas system.
The Q-� criticality is investigated, which is analogous to
the P-V criticality of a van der Waals system. The critical
exponents are calculated and found to be the same as that
of van der Waals liquid gas system. Moreover, we explore
the phase transitions and possible property among the
microstructure of a charged GB-AdS black hole from the
viewpoint of geometrical perspective of equilibrium ther-
modynamics. We find the scalar curvature diverges pre-
cisely at the divergent points where the heat capacity
diverges. This black hole system is also found to be a
multiple system, i.e., it is similar to the ideal gas of
fermions in some range of the parameters, while similar
to the ideal gas of bosons in another range. And both the
phenomena of Bose-Einstein condensation and Pauli’s ex-
clusion are expected to be observed in such thermody-
namic system.

This paper is organized in the following manner. In
Sec. II, we review some thermodynamic properties of the
charged GB-AdS black hole. For different values of d and
�, the phase structures and critical behaviors are well
studied in Sec. III. In Sec. IV, the critical exponents and
scaling symmetry are examined. In Sec. V, we investigate
the phase transitions and possible property among the
microstructure of a charged GB-AdS black hole from the
viewpoint of geometrical perspective of equilibrium ther-
modynamics. Section VI is devoted to the summary and
conclusion of our results.

II. REVIEW OF THE THERMODYNAMICS

The action of the d-dimensional spacetime in Einstein-
Gauss-Bonnet gravity with a negative cosmological
constant � ¼ �ðd� 1Þðd� 2Þ=2l2 has the form

S ¼ 1

16�Gd

Z
ddx

ffiffiffiffiffiffiffi�g
p ðR� 2�þ �GBLGB �LmatterÞ;

(1)

where �GB is the GB coupling constant with dimension
ðlengthÞ2 and it is regarded as the inverse string tension
with positive value. The GB Lagrangian LGB and the
electromagnetic Lagrangian Lmatter are

LGB ¼ R����R���� � 4R��R�� þR2; (2)

Lmatter ¼ 4�GdF ��F ��; (3)

where R, R��, and R���� are the Ricci scalar, the Ricci

tensor, and the Riemann tensor, respectively. The electro-
magnetic tensor field F�� ¼ @�A� � @�A� with A�

the vector potential.
The d-dimensional static charged GB-AdS black hole

solution for the action is described by (we use the units
Gd ¼ ℏ ¼ c ¼ kB ¼ 1)

ds2 ¼ �fðrÞdt2 þ f�1ðrÞdr2 þ r2fijdx
idxj; (4)

where fijdx
idxj is the line element of a (d� 2)-

dimensional hypersurface with constant curvature
ðd� 2Þðd� 3Þk and volume �k (k is a horizon curvature
constant), having an explicit form

fijdx
idxj ¼

8><
>:
d�2 þ sin2�d�2 þ cos2�d�2

d�4; k ¼ 1 ðspherical symmetryÞ;
d�2 þ d�2 þ dx2d�4; k ¼ 0 ðplanar symmetryÞ;
d�2 þ sinh2�d�2 þ cosh2�d�2

d�4; k ¼ �1 ðhyperbolic symmetryÞ:
(5)

The metric function is [35,45]

fðrÞ ¼ kþ r2

2�

0
@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4�

l2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m

rd�1
� q2

r2d�4

s 1
A; (6)

where� ¼ ðd� 3Þðd� 4Þ�GB. The parameterm and q are
corresponded to the gravitational mass M and charge Q,
respectively, as

M ¼ ðd� 2Þ�kð1� 4�=l2Þ
64��

m; (7)
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Q2 ¼ �ðd� 2Þðd� 3Þð1� 4�=l2Þ
2�

q2: (8)

For this black hole solution, the horizon radius rh is determined by the equation fðrÞ ¼ 0. Then the gravitational mass can
be reexpressed as

M ¼ ðd� 1ÞQ2r8h þ 2�r2dh ðd� 3Þððd2 � 3dþ 2Þðkr2h þ k2�Þ � 2�r4hÞ
32�2ðd2 � 4dþ 3Þrdþ5

h

�k: (9)

For the metric (4) to be free from conical singularity at r ¼ rh, we get the temperature T of the black hole

T ¼ �Q2r8h þ 2�r2dh ððd� 2Þkððd� 3Þr2h þ ðd� 5Þk�Þ � 2�r4hÞ
8�2ðd� 2Þr2dþ1

h ð2k�þ r2hÞ
: (10)

As we known, an extremal black hole has a vanishing temperature T. So, solving T ¼ 0, one can obtain

Q2
e ¼ 2�r2d�8

h ððd� 2Þkððd� 5Þk�þ ðd� 3Þr2hÞ � 2r4h�Þ: (11)

The range of T < 0 represents the non-black hole case, i.e., naked singularity. So, we will only focus on the range of T > 0
in this paper. The potential difference between the horizon and infinity is

� ¼
�
@M

@Q

�
S
¼ Q�k

16�2ðd� 3Þrd�3
h

: (12)

By employing the first law of black hole thermodynamics, we obtain the entropy for the black hole:

S ¼
Z @rhMðrh; QÞ

T
drh ¼ �k

4r2�d
h

�
1þ 2k�ðd� 2Þ

ðd� 4Þr2h

�
: (13)

The Gibbs free energy defined as G ¼ M� TS�Q� is

G ¼ �k

32

�
2�ðd� 3Þrd�5

h ððd2 � 3dþ 2Þk2�þ ðd2 � 3dþ 2Þkr2h � 2r4h�Þ þ ðd� 1ÞQ2r3�d
h

�2ðd2 � 4dþ 3Þ
� 8Trd�2

h

�
2ðd� 2Þk�
ðd� 4Þr2h

þ 1

�
� 2Q2r3�d

h

�2ðd� 3Þ
�
: (14)

Another important thermodynamical quantity measuring the stability against small perturbation is the heat capacity CQ at
constant charge, defined as

CQ ¼ T

�
@S

@T

�
Q
¼ � 2�2r3dh �kðd� 2Þðr2h þ 2k�Þ3

�
T; (15)

where

� ¼ 2�r2dþ3
h ððd� 2Þkð2ðd� 5Þk2�2 þ ðd� 9Þkr2h�þ ðd� 3Þr4hÞ þ 2r4h�ð6k�þ r2hÞÞ �Q2r11h ð2ð2d� 7Þk�

þ ð2d� 5Þr2hÞ: (16)

From (15), we see that the heat capacity CQ vanishes for an extremal black hole (T ¼ 0). While, for a nonextremal black
hole, CQ is nonvanishing. In general, the local stability is determined by the heat capacity, which states that the positive
heat capacity can guarantee a stable black hole to exist, while the negative one will make the black hole disappear when a
small perturbation is included within. Moreover, solving � ¼ 0, we get the divergent point of the heat capacity, which is

Q2
d ¼ 2�

kðd� 2Þððd� 3Þr4h þ ðd� 9Þk�r2h þ 2ðd� 5Þk2�2Þ þ 2r4hðr2h þ 6k�Þ�
r8�2d
h ðð2d� 5Þr2h þ 2k�ð2d� 7ÞÞ : (17)

The parameter KT , which is related to the isothermal compressibility is

KT ¼ Q�1

�
@�

@Q

�
T
¼ �

�
Q

�
@�

@T

�
Q

�
@T

@Q

�
�

��1
; (18)

where the thermodynamic identity ð@�@TÞQð@T@QÞ�ð@Q@�ÞT ¼ �1 is used. Using (10) and (12), we get

K�1
T ¼ �Q�kðr2h � 2k�ÞðQ2 ��Þ

16ðd� 3Þ�2rd�14
h �

; (19)

with
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� ¼ ð2d� 5Þr2h þ 2k�ð2d� 7Þ
r2h � 2k�

Q2
d: (20)

From (19), one easily obtains the result that K�1
T diverges

exactly at the points where the heat capacity CQ diverges
and vanishes at Q2 ¼ �. A similar result also holds for the
Kerr-Newman black hole [46], and Born-Infeld AdS black
hole [21].

It is also clear that, thermodynamic properties of the
black hole closely depend on the hypersurface parameter k
and the dimension of the spacetime d. So in the following,

we will discuss these cases, respectively. And without loss
of generality, we take the choice �k ¼ 1 and � ¼ 1.

III. PHASE STRUCTURE AND Q-� CRITICALITY

In this section, we will study the phase structure for the
black hole of different k and d in the canonical ensemble
with the charge Q fixed.

A. k ¼ 1

In this case, the divergence condition (17) for the heat
capacity CQ will reduce to

Q2
d ¼ 2�r2d�8

h

ðd� 2Þ½ðd� 3Þr4h þ ðd� 9Þr2h þ 2ðd� 5Þ� � 2r4hðr2h þ 6Þ
ð2d� 5Þr2h þ 2ð2d� 7Þ : (21)

For d ¼ 5, this condition becomes

Q2
d ¼ �4�r4h

r4h þ 3r2h þ 6

5r2h þ 6
: (22)

From above, we find Q2
d is negative for an arbitrary value

of rh. So, the heat capacity CQ of a five-dimensional black

hole is always regular, which implies that there is no phase
transition points related to the divergent points of CQ.

For d ¼ 6, the condition reduces to

Q2
d ¼ 4�r4h

r6h6r
4
hð1þ�Þ � 6r2h þ 4

7r2h þ 10
: (23)

In this case, it is clear that the divergent behavior of
the heat capacity depends crucially on the cosmological
constant �. After a detail examination, we find that the
heat capacity CQ has two different behaviors for � 2
ð�1;�0:5Þ [ ð�0:4725; 0Þ, and � 2 ð�0:5;�0:4725Þ.

In Fig. 1, we plot the heat capacity CQ for the � ¼ �1
and �0:49, respectively.

Case 1 � 2 ð�1;�0:5Þ [ ð�0:4725; 0Þ. From Fig. 1(a),
we can see that, for small value of chargeQ, with
the increase of rh, the heat capacity first goes to
positive infinity at where we denote as r1. Then it
increases from negative infinity to a finite nega-
tive value and back to negative infinity at rh ¼ r2.
And at last, it decreases from positive infinity to a
finite positive value and then monotonically
increases to infinity at rh ¼ 1. From the above
analysis, it is quite evident that the heat capacity
CQ is positive for rh < r1 and rh > r2, while it is
negative for r1 < rh < r2. Moreover, CQ suffers

discontinuities at rh ¼ r1, r2, which correspond
to the phase transition points of the charged
GB-AdS black holes. The point r1 corresponds
to the transition that a small stable black hole
with CQ > 0 to an intermediate unstable one with

FIG. 1 (color online). Heat capacity CQ with rh and Q at k ¼ 1. (a) for d ¼ 6, � ¼ �1, and (b) for d ¼ 6, � ¼ �0:49.

SHAO-WEN WEI AND YU-XIAO LIU PHYSICAL REVIEW D 87, 044014 (2013)

044014-4



CQ < 0. And the point r2 corresponds to an inter-
mediate unstable black hole to a large stable
one. On the other hand, for the large value of
chargeQ, the divergent behavior vanishes and the
black hole is in a stable phase. To better
understand the divergent behaviors of the heat
capacity, we plot the divergent point in the ðQ; rhÞ
plane in Fig. 2(a). The shadow region in this
figure has a negative temperature, which repre-
sents a non-black hole case, and we will not
discuss it here. From it, we see that, for Q<
Qc1, there exist two divergent points r1
and r2; for Q ¼ Qc1, the two divergent points
coincide with each other at rh ¼ rc1; and forQ>
Qc1, the divergent point disappears. Therefore,
Qc1 corresponds to a critical phase transition
point and it is a local maxima along this
divergent curve.

Case 2 � 2 ð�0:5;�0:4725Þ. In this case, CQ has a

complex structure; see Fig. 1(b). On one hand,
like the case 1, the small and larger black holes
are in thermally stable phase, while the inter-
mediate black hole is unstable. On the other
hand, from the Fig. 2(b) describing the divergent
behavior in ðQ; rhÞ plane, one finds that there
exist two local maxima located at rh ¼ rc3, rc4

and one local minimum located at rh ¼ rc2. For a
small charge, there are two divergent points.
When Q ¼ Qc2, we have three divergent points
located at rh ¼ r3, r2c, and r4, respectively.
When Q further increases, the divergent point at
rc2 is split into two. One coincides with rc3 at
Q ¼ Qc3, and the other one meets rc4 at Q ¼
Qc4. For Q>Qc4, the divergent point disap-
pears. Moreover, we have the following relations:
Qc2 <Qc3 <Qc4 and rc3 < rc2 < rc4. It is also
worth noting that rc3 will meet rc2 at � ¼
�0:4725. Here rh ¼ rc2, rc3, and rc4 are
corresponded to the different critical phase transi-
tion points. In order to study the Q-� criticality,
we list the numerical values of the thermodynamic
quantities at the critical points in Table I. This
critical behavior is very interesting and different
from the RN-AdS [19], and Born-Infeld AdS cases
[21,22], where only one critical point located at the
maximum was found. And it is also different from
the Kerr-AdS black hole [20]. Here we have three
critical points, and two of them have the same
temperature.

For d � 7, the heat capacity and its divergent behavior
are almost the same as that shown in Figs. 1(a) and 2(a),

TABLE I. The values of these critical parameters rc, Qc, �c, Tc and the extremal black hole
radius re for different dimensionality d, and cosmological constant �.

d � rc Qc �c Tc re

6 �0:49 0.8664 0.6857 0.0022 0.1121 0.3426

6 �0:49 1.1952 0.5604 0.0007 0.1122 0.3132

6 �0:49 1.6489 1.2116 0.0006 0.1121 0.4376

6 �1 0.6382 0.4914 0.0040 0.1164 0.2952

7 �1 1.6425 6.2129 0.0014 0.1613 0.7991

8 �1 2.7273 177.87 0.0015 0.1804 1.6143

9 �1 3.6039 2990.1 0.0014 0.1909 2.3218

10 �1 4.4157 48147 0.0013 0.1978 2.9965

r1 r2

unstable phase

stable phase
Q Qc1

T 0

Q Qc1

rc1

0.0 0.2 0.4

(a)

0.6 0.8
rh0.0

0.1

0.2

0.3

0.4

0.5

Q

Q Qc2

Q Qc3

Q Qc4

rc3 rc2 rc4r3 r4

T 0

unstable phase

stable phase

0.0 0.5 1.0

(b)

1.5 2.0
rh0.0

0.5

1.0

1.5

Q

FIG. 2 (color online). The divergent behavior of the heat capacity as a function of rh. (a) for d ¼ 6, � ¼ �1. (b) for d ¼ 6, � ¼
�0:49. The range in shadow has a temperature T < 0.
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for an arbitrary value of the cosmological constant �. We
also list the critical parameters rc, Qc, �c, Tc and radius
re of the extremal black hole in Table I. From it, we can
see that the critical parameters rc, Qc, and Tc increase
with the dimensionality d. rc and Tc vary slowly
with d, while Qc increases quickly when d increases.
Compared with them, the critical potential �c has a
complicated behavior, i.e., it first decreases, and then

increases, and at last decreases with d. It is also worth
noting that, for different d, we always have re < rc,
which implies that these critical phenomena correspond
to the nonextremal black hole, and it is a nontrivial phase
transition.
Now let us turn to the Q-� criticality of the black hole.

With the potential (12), the equation of state of this case for
any d reads

T ¼ �Q2�8�2d
0 þ 2�ð10� 7dþ d2 þ ðd� 2Þðd� 3Þ�2

0 þ 2�4
0Þ

8�2ðd� 2Þð2þ�2
0Þ�0

; (24)

where �0 ¼ ð16�2ðd� 3Þ�QÞ1=ð3�dÞ.
For d ¼ 6, it is clear that the phase structure is differ-

ent for � 2 ð�1;�0:5Þ [ ð�0:4725; 0Þ and � 2
ð�0:5;�0:4725Þ. So, the Q-� diagram will also behave
different. At first, we consider the case � ¼ �1. As pre-
sented in Fig. 2(a), when the charge of a GB-AdS black
hole reaches the critical valueQc1, the two divergent points
located at r1 and r2 degenerate into a single one located at
rc. The thermally unstable phase of a GB-AdS black hole
will disappear with a further increase of the charge. From
(24), we can obtain the isotherm of a GB-AdS black hole.
The result is shown in Fig. 3(a). It is obvious that this Q-�
diagram is very similar to the P-V diagram of a van der
Waals liquid gas system. An isotherm of a GB-AdS black
hole with T > Tc1 has a local maximum and minimum
located at �2 and �1, respectively. Along the segment of

the isotherm between the two points, we have ð@Q@�ÞT > 0,

which implies that the black holes are in a thermally

unstable phase. While, for the ð@Q@�ÞT < 0 region, these

black holes are in a thermally stable phase corresponding
to the small and large black holes. When the critical
temperature Tc is reached, the shape of the isotherm will
undergo significant change. The two points located at �1

and �2 merge into a single one located at �c1. It is worth
noting that the critical point at �c1 coincides with that
located at rc1 on the critical isocharge curve with Q ¼ Qc

shown in Fig. 2(a). When T > Tc, the isotherm will have
no local maxima or minima, and it monotonously
decreases with�, which means that the thermally unstable
phase disappears.
Here, let us turn to the second case, where � 2

ð�0:5;�0:4725Þ. We take � ¼ �0:49 as an example.
There exists a more richer phase structure than the � ¼
�1 case. As shown in Fig. 1(b), two local maxima and one

1 c1 2

T Tc1

T Tc1

T Tc1

Q Qc1

0.002 0.003 0.004 0.005 0.006 0.007

0.40

0.45

0.50

0.55

0.60

Q

T Tc2

T Tc2

T Tc2

c2

Q Qc2

0.0006 0.0007 0.0008
0.5590

0.5595

0.5600

0.5605

0.5610

0.5615

Q

T Tc3

T Tc3

Q Qc3

c3

T Tc3

0.0017 0.0022 0.0027
0.684

0.685

0.686

0.687

0.688

Q

T Tc4

T Tc4

Q Qc4

c4

T Tc4

0.0005 0.0006 0.0007

1.18

1.20

1.22

1.24

Q

(a) (b)

(c) (d)

FIG. 3 (color online). Q-� diagram (isotherm) near the four critical points located at rc1, rc2, rc3, and rc4, respectively.
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local minimum appear, and the critical values of these
thermodynamic quantities are listed in Table I. One thing
worth noting is that the critical values of the temperature
Tc3 ¼ Tc4, which means the critical points located at rc3
and rc4 lie on the same isotherm of a GB-AdS black
hole. The Q-� criticality of this case is shown in
Figs. 3(c) and 3(d). It is clear that they are the similar to
that of Fig. 3(a) describing the� ¼ �1 case. These are for
the two local maxima located at rc3 and rc4, respectively.
When T > Tc3 ðTc4Þ, there exists thermally unstable phase,
or the unstable phase will disappear. For the local mini-
mum one, the Q-� diagram is shown in Fig. 3(b). Its
behavior is very different from the local maximum one.
For T < Tc2, thermally stable phase can be found, and for

T > Tc2, only the unstable phase is allowed. Combining
with these figures, we can get the range Tc3ð¼ Tc4Þ< T <
Tc2, where the thermally unstable phase can exist. The
Gibbs free energy is plotted in Fig. 4 for � ¼ �1. Since
theG curve demonstrates the characteristic ‘‘swallow tail’’
behavior, there is a first order transition in this black hole
system. And for other critical points, this swallow tail
behavior can also be found.
For d � 7, its phase structure is almost the same as that

described in Figs. 1(a) and 2(a). For any value of �, only
one local maximum appears. Therefore, the shape of its
Q-� diagram is similar as the one shown in Fig. 3(a).

B. k ¼ 0

For this planar symmetry case, the divergence condition
(17) for the heat capacityCQ can be expressed in a compact

form

Q2
d ¼ � 4�r2d�4

h

2d� 5
: (25)

Since d � 5, Q2
d is negative. Thus the heat capacity CQ in

this case is regular for any values of these parameters,
which implies that there exists no phase transition. The
Q-� diagram is a trivial one. So, we skip this case.

C. k ¼ �1

Now, the divergence condition (17) for the heat capacity
CQ reduces to

Q2
d ¼

2�r2d�8
h ð2�r4hðr2h � 6Þ � ðd� 2Þð2ðd� 5Þ � ðd� 9Þr2h þ ðd� 3Þr4hÞÞ

14� 5r2h þ 2dðr2h � 2Þ : (26)

It is clear that the Q2
d closely depends on the cosmological

constant � and dimensionality d.
To study the phase structure for this case, we plot the

heat capacity CQ in Fig. 5, for the small and large values of

�, respectively. From the figure, we see that the heat

capacity behaves very different for the small and large
values of �. And we should note that the extremal condi-
tion of the black hole is not included within. After consid-
ering that condition, four critical cosmological constants,
listed in Table II, are obtained. Among the different ranges

Q Qc1

Q Qc1

Q Qc1

0.00 0.05 0.10 0.15 0.20 0.25
T0.01

0.00

0.01

0.02

0.03

G

FIG. 4 (color online). Gibbs free energy as a function of the
temperature T for � ¼ �1. The ‘‘swallow tail’’ behavior ap-
pears when Q<Qc1.

FIG. 5 (color online). Heat capacity CQ with rh and Q at k ¼ �1. (a) for small �, and (b) for large �.
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of cosmological constant, the divergent behavior of the
heat capacity is different, and the behaviors of these diver-
gent points are given in Fig. 6, for the four critical cosmo-
logical constants. In these figures, the ranges of shadow are

for T < 0; thus we do not consider these ranges. From
Fig. 6, one can easily get the change of the number of
divergent points for the heat capacity as Q increases. It is
also clear that when �c2 >�>�c3, the nonextremal
black hole has a more richer phase structure.
As discussed above, the behavior of the heat capacity in

each range of � is almost the same for different d, and the
phase structure is more richer if � 2 ð�c2;�c3Þ. So, in
order to well study the phase structure, we here set d ¼ 6
and� ¼ �4. Then the divergence condition (17) reduces to

Q2
d ¼ 2�r4hð�20r4hðr2h � 6Þ � 4ð2þ 3r2h þ 3r4hÞÞ

14� 5r2h þ 12ðr2h � 2Þ : (27)

0 0.5 1
rh

1

2

Q

c1
T 0

0.0 0.5 1.0 1.5

(a) (b)

(c) (d)

2.0 2.5
rh0

10

20

30

40
Q

0 0.5 1
rh

1

2

Q

c2
T 0

0.0 0.5 1.0 1.5 2.0 2.5
rh0

10

20

30

40
Q

0 0.5 1
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1

2

Q
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T 0

0.0 0.5 1.0 1.5 2.0 2.5
rh0
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20

30
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Q

0 0.5 1
rh

1

2

Q

c4

T 0

0.0 0.5 1.0 1.5 2.0 2.5
rh0

10

20

30

40

Q

FIG. 6 (color online). Four different divergent behaviors of the heat capacityCQ in the different ranges of the cosmological constant�.

TABLE II. The critical values of the cosmological constant �
for different behaviors of the capacity at k ¼ �1.

d 5 6 7 8 9 10

�c1 �1:50 �2:50 �3:75 �5:25 �7:00 �9:00
�c2 �2:00 �2:88 �4:08 �5:56 �7:30 �9:29
�c3 � � � �4:50 �5:00 �6:25 �7:88 �9:80
�c4 � � � �5:06 �5:33 �6:51 �8:10 �10:00

Q Qc5

rc5

T 0

0.0 0.2 0.4

(a) (b)

0.6 0.8
rh0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
Q

T 0

Q Qc6

Q Qc7

rc6 rc7

1.2 1.4 1.6 1.8 2.0
rh0

5

10

15

20

25

Q

FIG. 7 (color online). The divergent behavior of CQ for k ¼ �1, d ¼ 6, and � ¼ �4. (a) for the small charge case, and (b) for the
large charge case.

SHAO-WEN WEI AND YU-XIAO LIU PHYSICAL REVIEW D 87, 044014 (2013)

044014-8



The divergent behavior of the heat capacity is plotted in
Fig. 7 for small charge and large charge. For the small
charge Q, there exists a local maximum located at rc5. For
the large charge Q, there are one local maximum and one
minimum located at rc7 and rc6, respectively. Here, we

should point out that the critical radius rc6 ¼
ffiffiffi
2

p
. And

the point ðrc6; Qc6Þ corresponds to a nonextremal black
hole with a positive finite temperature. Among these
critical points, two relations holds, i.e., Qc5 <Qc6 <Qc7

and rc5 < rc6 < rc7. For any other value of d, they share
the same property. The critical values of these thermody-
namic quantities are listed in Table III for different critical
points.

Here, some notes on theQ-� criticality is necessary. It is
clear that this case is similar as k ¼ 1, d ¼ 6, and � ¼
�0:49, which have two local maxima and one local mini-
mum. And after some tedious calculations, we find the
Q-� diagram near the local maxima indeed shares the
same shape as shown in Fig. 3, only with different critical
values of the thermodynamic quantities. However, for the
critical point located at rc6, there is no suchQ-� criticality,
which may be mainly due to the face that there is no closed
loop surrounding the critical point when the range of T < 0
is excluded. And more research about this point should be
carried out in the future. It is also worth noting that these
two critical points located at the maxima have different
values of temperature, so they are on the different isotherm
of a GB-AdS black hole.

IV. CRITICAL EXPONENTS AND SCALING LAWS

From above discussion, we find that the Q-� criticality
of a GB-AdS black hole near the critical point at the critical
isotherm has an analogy as the P-V criticality of a van der

Waals liquid gas system. So we first give a brief introduc-
tion to the critical exponents for a van der Waals liquid gas
system and then apply it to the charged GB-AdS black
hole.
Near the critical point at the critical isotherm, the critical

behavior of a van der Waals liquid gas system can be
described with the following critical exponents [47]:

(1) CV �
�
�T � Tc

Tc

���0
for T < Tc;

�
�
T � Tc

Tc

���
for T > Tc;

(2) Vg � Vl

Vc

�
�
�T � Tc

Tc

�
	
;

(3) 
T �
�
�T � Tc

Tc

���0
for T < Tc;

�
�
T � Tc

Tc

���
for T > Tc;

(4) P� Pc � ðV � VcÞ�:

Here, the index c denotes the critical points of the van der
Waals liquid gas system, and g for the gas phase and l for
the liquid phase. For this system, the critical exponents
have the following values: � ¼ �0 ¼ 0, 	 ¼ 1=2, �0 ¼
� ¼ 1, and � ¼ 3.
Now, let us turn to study these critical exponents for the

GB-AdS black hole. In order to examine the neighborhood
of the critical point, we introduce the expansion parameters

�i ¼
�
T

Tci

�
� 1; !i ¼

�
�

�ci

�
� 1;

�i ¼
�
Q

Qci

�
� 1: (28)

The index i denotes different critical points shown in
Sec. III. Note that the critical point located at rc6 is a
special one, so we will not consider it here. Using (10) and
(12), we have

T ¼ �Q2 þ 2��2d�8
0 ððd� 2Þkððd� 3Þ�2

0 þ ðd� 5Þk�Þ � 2��4
0Þ

8�2ðd� 2Þ�2d�7
0 ð2k�þ�2

0Þ
: (29)

Then substituting (28) into (29), we get

�i ¼ a00 þ a10�i þ a01!i þ a11�i!i þ a20�
2
i þ a02!

2
i

þ a21�
2
i !i þ a12�i!

2
i þ a30�

3
i þ a03!

3
i þ � � � ;

(30)

where amn ¼ 1
m!n!

@ðmþnÞ�i

@�mi @!
n
i
. With detailed calculation, we

always have

a00 ¼ 0; a01 ¼ 0; a02 ¼ 0: (31)

This result holds for any values of k, �, and d. And other
coefficients amn have different values for different critical
points. For an example, the expansion coefficients for the
critical point located at rc5 are a10 ¼ 0:6619, a11 ¼
�0:9263, a20 ¼ 0:3941, a21 ¼ �1:8015, a12 ¼ 2:2493,
a30 ¼ 0:3273, and a03 ¼ �0:6147.

TABLE III. The critical values of rc, Qc, �c, Tc at these
critical points located at rc5, rc6, and rc7. And the extremal
black hole radius re.

rc Qc �c Tc re

1.6765 18.2666 0.0082 0.3915 1.4227

1.4142 17.3664 0.0130 0.4538 1.4142

0.7565 1.2535 0.0061 0.0186 1.0253
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In the neighborhood of the critical points, we have (30).
The values of!i on either side of the coexistence curve can
be found from the conditions that along the isotherm,

Qð�iaÞ ¼ Qð�ibÞ; (32)

Z �ib

�ia

�idQ ¼ 0: (33)

This is just the Maxwell equal-area law. And the indices a
and b represent two different phases of the thermodynam-
ics system. From the first condition (32), we derive

a11�ið ~!ib þ ~!iaÞ þ a21�
2
i ð ~!ib þ ~!iaÞ þ a12�ið ~!2

ib � ~!2
iaÞ

þ a03ð ~!3
ib þ ~!3

iaÞ þ � � � ¼ 0; (34)

where we have denoted ~!ia ¼ �!ia and ~!ib ¼ !b for
different phases. The second condition (33) reduces to

a11�ið ~!ib þ ~!iaÞ þ a21�
2
i ð ~!ib þ ~!iaÞ

þ 1

2
ða11 þ 2a12Þ�ið ~!2

ib � ~!2
iaÞ

þ a03ð ~!3
ib þ ~!3

iaÞ þ � � � ¼ 0: (35)

Requiring that (34) is consistent with (35), we have

~!2
ia ¼ ~!2

ib ¼ � 1

a03
ða11�i þ a21�

2
i Þ: (36)

Therefore,

~!ia ¼ ~!ib �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a11

a03
�i

s
� �1=2i ; (37)

which implies that the degree of the coexistence curve

	 ¼ 1=2: (38)

Let �i ¼ 0, (30) will be of the form

�i ¼ a03!
3
i þ � � � (39)

Thus we get the degree of the critical isotherm

� ¼ 3: (40)

With (10), (12), and (13), the heat capacity at fixed � is

C� ¼ T

�
@S

@T

�
�
¼ T

�
@S

@Q

�
�

�
@T

@Q

��1

�

¼ �ðd� 2Þðr2h þ 2kÞ2ðQ2 �Q2
eÞ

4r12�d
h ðr2h � 2kÞðQ2 ��Þ : (41)

From above equation, we see that C� has no singular
behavior at these critical points, while it is singular atQ2 ¼
�. Thus the heat capacity exponent

� ¼ �0 ¼ 0: (42)

The isothermal compressibility can be expressed as

K�1
T /

�
@�i

@!i

�
�
¼ a11�i þ a21�

2
i þ 2a12�i!i þ 3a03!

2
i :

(43)

When T < Tci (or T > Tc2), one approaches the critical
point along the critical isochore. Then set !i ¼ 0, we get

K�1
T / a11�i: (44)

Thus the isothermal compressibility exponent

�0 ¼ 1: (45)

When T > Tci (or T < Tc2), one approaches the critical

point along the coexistence curve. Then set !i ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a11

a03
�i

q
, and we have

K�1
T / �2a11�: (46)

And the isothermal compressibility exponent

� ¼ 1: (47)

With these results, these critical exponents are found to
satisfy the following relations, known as the thermody-
namic scaling laws,

�þ 2	þ � ¼ 2; �þ 	ð1þ �Þ ¼ 2; (48)

�ð1þ �Þ ¼ ð2� �Þð�� 1Þ; � ¼ 	ð�� 1Þ: (49)

When sufficiently close to the critical points rci, the Gibbs
free energy for a GB-AdS black hole may expand as

GðT;�Þ ¼ ½G�ci þ
��

@G

@T

�
�

�
ci
ðT � TciÞ

þ
��

@G

@�

�
T

�
ci
ð���ciÞ

þ 1

2

��
@2G

@T2

�
�

�
ci
ðT � TciÞ2

þ 1

2

��
@2G

@�2

�
T

�
ci
ð���ciÞ2 þ � � � (50)

According to the thermodynamics law of this black hole
dG ¼ �SdT �Qd�, we have

S ¼ �
�
@G

@T

�
�
; Q ¼ �

�
@G

@�

�
T
; (51)

C� ¼ �T

�
@2G

@T2

�
�
; K�1

T ¼
�
@2G

@�2

�
T
: (52)

Since the entropy and charge are regular for any values of
these parameters, the singular part of Gibbs free energy can
be expressed as

Gs �� 1

2Tc

C�jciðT � TciÞ2 � 1

2
K�1

T jcið���ciÞ2: (53)
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Express it with the small parameters � and �, we derive

Gs �� 1

2
C�jci�2 � 1

2
�2

ci�
4=3: (54)

From (54), we find

Gsð�’�; �c!Þ ¼ �Gsð�;!Þ; (55)

with ’ ¼ 1=2, c ¼ 3=4, and � a real number. This
strongly suggests that the generalized homogeneous func-
tion hypothesis holds for this charged GB-AdS black hole,
which means that, close to these critical points, the singular
part of the Gibbs free energy is a generalized homogeneous
function. Especially, similar to the case of a van der Waals
liquid gas system, the critical exponents derived above can
be expressed in terms of ’, c as [47,48]

� ¼ 2� 1

’
; 	 ¼ 1� c

’
; (56)

� ¼ 2c � 1

’
; � ¼ c

1� c
: (57)

Now, we see that the critical exponents and scaling laws of
the black hole near these critical points are the same as that
of a van der Waals liquid gas system.

V. STATE SPACE SCALAR CURVATURE

In above sections, we study the phase structure and
critical phenomena for a charged GB-AdS black hole.
These results strongly imply that this black hole thermo-
dynamics system is similar to the van der Waals liquid gas
system. However, the microscopic degree of freedom of the
van derWaals liquid gas system is clear, while for the black
hole system, it is still unclear. In the context of thermody-
namical fluctuation theory, Ruppeiner [30] has argued that
the Riemannian geometry could give insight into the
underlying statistical mechanical system. The divergent
behavior of Ruppeiner curvature is related to the phase
transition and the sign of it represents the attraction or
repulsion among the microscopic degree of freedom. For
the van der Waals liquid gas system, the curvature is
negative and goes to negative infinity at the critical
point of the phase transition. In this section, we will
explore the Ruppeiner geometry for the charged GB-AdS
black hole.

The Ruppeiner metric is defined as [30]

ds2R ¼ � @2S

@xi@xj
dxidxj; (58)

with xi the extensive variables of the system. On the other
hand, there exists another metric proposed by Weinhold,
which is defined in the following way [29]:

ds2W ¼ � @2U

@xi@xj
dxidxj; (59)

where U is the internal energy of the system. These two
geometries are found to be conformally related with each
other,

ds2R ¼ 1

T
ds2W: (60)

For the GB-AdS black hole, we chose U ¼ M�Q�, and
x1 ¼ S, x2 ¼ �. With Eqs. (9), (10), (12), and (13), the
Ruppeiner metric is calculated in terms of Q and rh

gSS ¼ Q2ðr2h þ 2Þ þ 8�ð2r6h � 9r4h þ 3r2h þ 2Þr4h
r2hðr2h � 2Þ2ðQ2 � 8�r4hð2r4h � 3r2h þ 1ÞÞ ;

gS� ¼ g�S ¼ � 96�2Qr3h
Q2 � 8�r4hð2r4h � 3r2h þ 1Þ ; (61)

g�� ¼ � 1536�4r8hðr2h � 2Þ
Q2 � 8�r4hð2r4h � 3r2h þ 1Þ : (62)

The definitions of the Christoffel symbols and Riemann
curvature tensor are

��
�� ¼ 1

2
g�ðg�;� þ g�;� � g��;Þ; (63)

R�
�� ¼ ��

��; � ��
�;� þ ��

��
�
�� � ��

���
�
�:

(64)

Then the Ruppeiner curvature has the following form:

R� 1

ðQ2 �Q2
dÞ2

T�1 � C2
QT

�1: (65)

From above equation, we clear see that, Ruppeiner curva-
ture shares the same divergent behavior as that of the heat
capacity CQ (15). Besides,R also diverges for an extremal

black hole, where T ¼ 0. These imply that the phase
transition is included in the Ruppeiner curvature R.
We plot the Ruppeiner curvature in Fig. 8 for different rh

and Q. It is obvious that the divergent behavior of the
Ruppeiner curvature is exactly consistent with the heat
capacity described in Figs. 1 and 5(b). Note that the
divergent behavior located at the extremal black hole has
been suppressed in these figures. Moreover, we can see that
in different ranges of rh and Q, the Ruppeiner curvature
has a different sign, which represents the different inter-
actions among the microscopic degrees of freedom. It is
worth noting that along the divergent curve, the Ruppeiner
curvature also has a different sign. The range of the posi-
tive sign is similar to the ideal gas of fermions, whose
curvature is found to be positive and positive diverges at
absolute zero [32,33], which can be understood with the
Pauli’s exclusion principle forbidding two particles in
the same state with unlimited repulsive force [49]. While
the range of the negative sign is similar to the ideal gas of
bosons, whose curvature is negative and goes to negative
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infinity at absolute zero, it appeared as Bose-Einstein con-
densation [32]. This property is unlike the van der Waals
liquid gas system, whose Ruppeiner curvature is nonpos-
itive for different range of the parameters, which means
repulsive force cannot exist in such thermodynamics sys-
tem. While for the GB-AdS black hole, it has a multiple
phenomena, both the repulsive force and attractive force
are allowed, depending on the values of these parameters.
So, it possesses both the property as the ideal gas of
fermions and ideal gas of bosons.

VI. DISCUSSIONS AND CONCLUSIONS

In this paper, we have studied various aspects of the
phase structure, criticality, scaling behavior, and state space
scalar curvature of d-dimensional charged topological GB-
AdS black holes. Several observations leading to important
new insights to these black holes have been obtained in this
context. We find that the phase structure in the canonical
ensemble significantly depends on the parameter k, dimen-
sionality d, and cosmological constant �.

When k ¼ 1, there exists no divergent behavior for d ¼ 5,
which indicates no phase transition takes place. For d ¼ 6,
in different ranges of the cosmological constant �, there
are different critical behaviors. For � 2 ð�1;�0:5Þ [
ð�0:4725; 0Þ, there exists one local maximum, corresponded
to a critical point, along the divergent curve of the heat
capacity. While for � 2 ð�0:5;�0:4725Þ, three critical
points appear. For d � 7, its critical behavior is similar to
that of d ¼ 6 with � 2 ð�1;�0:5Þ [ ð�0:4725; 0Þ.
When k ¼ 0, the heat capacity CQ is always regular

for any values of the dimensionality d and cosmological
constant �. Thus, phase transition does not take place in
this case.
When k ¼ �1, it becomes complicated. We show that

the heat capacity of a nonextremal black hole has four
divergent behaviors for different values of �. When � is
in a proper range, there will be three critical points. And
this result is found to be held for any value of the dimen-
sionality d.
Further, we plot the Q-� diagram near these critical

points. The result indicates that the Q-� diagram for the

FIG. 8 (color online). Behavior of the Ruppeiner curvature at d ¼ 6. (a) for k ¼ 1, � ¼ �1, (b) for k ¼ 1, � ¼ �0:49, (c) for
k ¼ �1, � ¼ �4.
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critical points located at the maxima and minima is differ-
ent from each other. These diagrams also show a novel
liquid-gas like first-order phase transition in the canonical
ensemble, culminating at a second-order critical point. In
the neighborhood of the critical points, we examine the
critical exponents for the charged GB-AdS black hole. The
result shows that the values of these critical exponents are
the same as the RN-AdS black hole with spherically sym-
metric case, which posses a van der Waals-like critical
behavior. However, for the five-dimensional spherical GB
black holes and d-dimensional planar GB black holes,
there is no such critical behavior. But there may be another
type of phase transition associated with a scalar hair in the
planar case [50].

Moreover, using the state space scalar curvature, we
study the phase transition and explore the possible inter-
action among the microscopic degrees of freedom. The
Ruppeiner curvature constructed in this paper shares the
same divergent behavior as the heat capacity CQ, which

implies that the information of phase transition is

contained in the curvature. Different from the van der
Waals system, where the Ruppeiner curvature is always
negative, the curvature for the GB-AdS black hole can be
negative or positive, possibly produced by the attractive
force or repulsive force. And along the divergent curve, it
changes the sign, which indicates it has multistructures of
the microscopic degrees of freedom. Although we still do
not understand the microscopic structure of the horizon of
a black hole, the phase structure and the state space scalar
curvature may provide a useful probe to study the inner
degrees of freedom of the horizon.
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