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We consider the phenomenology of a dimension-four operator that violates electromagnetic gauge

invariance. Its magnitude is severely constrained by the lack of scattering of very low-energy electro-

magnetic radiation off of the cosmic microwave background and by the lack of an induced mass when

photons propagate in the cosmic microwave background. We also discuss possible Lorentz-violating

extensions of the operator basis. If a bare Proca mass exists and dominates over the induced mass, there is

also a tight constraint from high-energy scattering.
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I. INTRODUCTION

Given that our present theories are built using the theme
of gauge invariance, it is of some interest to understand
the experimental limits on gauge invariance. Moreover,
there are motivations for possible small violations of gauge
invariance, discussed below in Sec. II In this paper we
study the effects of the Lagrangian

Lgv ¼ � 1

8
�A�A

�A�A
�; (1)

which represents the next gauge-violating operator after
a photon mass term. We will derive constraints of order
� � 10�15 from the scattering of very low-energy electro-
magnetic radiation, � � 10�28 from the generation of
Lorentz-violating photon mass when propagating in the
cosmic microwave background (CMB) and yet stronger
constraints in the possible presence of a Lorentz-conserving
photon mass.

The operator of Eq. (1) leads to a cross section for
photon-photon scattering that diverges at low energy.
This can be seen simply from the dimensionless coupling
constant � and the absence of a mass such that the total
cross section must go as

�� �2

s
(2)

simply on dimensional grounds. Here s ¼ E2
cm is the

square of the center of mass energy. Such an interaction
would scatter the lowest energy electromagnetic radiation.
In particular, radio waves from distant objects would scat-
ter off the CMB and would directly not reach us if the mean
free path is too short. We study this effect in Sec. III. and
use it to bound �. Section IV considers some Lorentz-
violating variants of this interaction.

Moreover, when propagating through the CMB a photon
will pick up an effective mass term from this interaction.
This mass is not Lorentz invariant as it depends on the rest
frame of the CMB. Somewhat remarkably, such a Lorentz-
violating mass is better behaved than a Lorentz-invariant
one, and has interesting phenomenology which we explore

in Sec. V. Finally we explore the possible enhancement
of the limits that happens for some values of a Lorentz-
conserving mass term, which occur because scattering
from transverse to longitudinal gauge bosons occurs with
a cross section inversely proportional to the possible pho-
ton mass.

II. BRIEF COMMENTS ON GAUGE
NONINVARIANCE

In looking for signals of new physics, studies of viola-
tions of symmetries are particularly useful. Much of the
focus of searches for physics beyond the standard model
uses effective Lagrangians of dimension greater than four,
which preserve the gauge symmetries of the Standard
Model, but allow the violation of any global symmetry
[1]. Another significant subfield looks for violations of
Lorentz invariance. This involves a further extension of
the Standard Model [2], this time involving Lorentz-
violating operators of dimension two, three, four, etc., still
with the assumption that the Standard Model gauge sym-
metries are exact. Here we are concerned with a piece of
phenomenology giving up the last of the symmetries—
gauge symmetry.
One motivation comes from the connection between

Lorentz invariance and gauge invariance. It is a little
appreciated feature that the massless gauge fields are not
themselves Lorentz covariant [3]. The Lorentz transforma-
tion needs to be supplemented by a gauge transformation in
order to make an overall invariance. A simple example is a
Lorentz boost of a transverse photon polarization vector
��ðkÞ in a direction that is not along the initial propagation
direction k�, resulting in a polarization vector which is no
longer transverse to the propagation direction in the new
frame. A gauge transformation is required to make this
polarization vector transverse. Because of this connection
it is possible that loop effects with Lorentz-violating inter-
actions could produce gauge noninvariant effects. Indeed
such effects are found in specific calculations [4–9]. There
are some controversies concerning the regularization of the
gauge-violating effects [9], but a reasonable conclusion
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could be that the generation of such effects is possible
depending on the nature of the ultimate high-energy theory.

Another motivation is the possibility of emergent sym-
metries [10]. There are known examples in condensed
matter systems where a gauge symmetry emerges in the
ground state of a theory that does not originally have such a
symmetry. There are also many attempts at emergent
space-time, which would require that the general covari-
ance of gravity be emergent also. In Hořava gravity [11]
Lorentz invariance and gravity emerge from an anisotropic
scaling of a theory in which space and time are treated
differently at the fundamental level. In such cases, the
leading approximation to the full theory satisfies the emer-
gent gauge symmetry. However, since the underlying the-
ory does not respect the symmetry, there can be small
corrections to the leading approximation violating the
symmetry. At the very least, loop diagrams should be
able to probe the lack of symmetry at the fundamental
scale, as the loops involve integrations over all energies.
Looking for violations of gauge invariance is the part of the
phenomenology of emergent gauge symmetry [12].

The Weinberg-Witten theorem [13,14] connects these
two motivations as it says that it is not possible to have a
composite or emergent gauge boson1 or graviton from a
Lorentz invariant theory. This implies that emergent gauge
symmetry would come from a Lorentz violating theory,
and Lorentz symmetry itself could be emergent. See
Ref. [15] for further discussion of the applicability of the
Weinberg-Witten theorem to gravitational interactions.

The theorem does not give any indication of how large
any residual violations are, but it make sense to search for
gauge symmetry violation and Lorentz violation together.
Because of this connection we will also briefly study a
generalization of Eq. (1),

L ¼ � 1

4
F2 � 1

8
�����A

�A�A�A� (3)

with a more general tensor �����. Equation (1) is

reproduced with

����� ¼ �g��g��; (4)

and we will consider the case where there is a preferred
direction in space b�, with the possibilities

����� ¼ �0b�b�b�b� (5)

and

����� ¼ �00b�b�g��: (6)

III. SCATTERING OFF THE COSMIC
MICROWAVE BACKGROUND

Photons from a distant source can scatter off of the CMB.
With the usual gauge-invariant interaction, the Euler
Heisenberg Lagrangian, this becomes significant only at the
highest energies, leading the well-known GZK cutoff of
ultra-high-energy cosmic rays [16]. However, with the inter-
action of Eq. (1), the strongest scattering is at low energy.
The free field action for photons is not changed by the

addition of Eq. (1). This leads us to the standard quantiza-
tion of the photon field. At this stage we do not consider a
photon mass term, returning to this topic in later sections.
Without a mass, there are the two transverse physical
polarizations and we consider only the production and
scattering of transverse photons. Operationally, this means
the polarization vectors are

�0ðp;�1Þ ¼ 0; (7)

~p � ~�ðp;�1Þ ¼ 0: (8)

When calculating cross sections and summing over the
polarization states, we will calculate each of the polariza-
tion amplitudes explicitly and sum the results. Because the
interaction is not gauge invariant, the usual replacementP

polarization���� ! �g�� cannot be made here. This sim-

ple replacement only works in QED because of gauge-
invariance leading to the cancellation of the contributions
coming from the unphysical longitudinal and scalar
degrees of freedom.
We are working at tree level, and hence do not address

the issue of whether loop corrections will generate a mass
term from our gauge violating interaction. Within dimen-
sional regularization such a correction does not occur at
one loop. However, we do consider the effect of a possible
mass term later in the paper, in Sec. VI. Also not consid-
ered is the possibility of other potential troubles, such as
unitarity violation, arising at higher orders in perturbation
theory. Because the amplitudes arise from the perturbative
expansion of a unitary time-development operator, we do
not expect such troubles, but we have not checked explic-
itly, and we defer loop effects to possible future work.
Let us calculate the cross section for �� ! �� scatter-

ing using Eq. (1). The matrix element is found to be

M ¼ �½�ðp1; 	1Þ � �ðp2; 	2Þ�ðp3; 	3Þ � �ðp4; 	4Þ
þ �ðp1; 	1Þ � �ðp3; 	3Þ�ðp2; 	2Þ � �ðp4; 	4Þ
þ �ðp1; 	1Þ � �ðp4; 	4Þ�ðp2; 	2Þ � �ðp3; 	3Þ�: (9)

To square the invariant amplitude then, we directly perform
the calculation in the CM frame for each polarization
configuration individually. To this end, we employ a linear
polarization basis with the following convention,

~�ðp; 1Þ � ~�ðp; 2Þ ¼ p̂: (10)

1The theorem applies to Yang-Mills gauge bosons but not to
those of a U(1) symmetry. However, in the Standard Model the
physical photon is a mixture of SU(2) and U(1) fields so that we
expect that the theorem is applicable to real photons.
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The nonvanishing transitions are shown in Table I. We sum
(average) over the initial (final) polarization states and
obtain the modulus-squared amplitude,

1

4

X
polarizaton

jMj2 ¼ �2ð3þ 2cos2
cm þ cos4
cmÞ; (11)

where 
cm is the angle the outgoing particles make with the
collision axis. The differential scattering cross section is
readily found to be

d�

d�cm

¼ �2

64�2s
ð3þ 2cos2
cm þ cos4
cmÞ; (12)

which upon integration yields the total cross section,

� ¼ 29�2

120�s
: (13)

In order to obtain a bound on the coupling constant �,
we consider the scattering of a low-energy photon (E�)

emitted from a distant quasar off a CMB photon (E) and
calculate the collision rate for such a reaction. Obviously
we perform the calculation in the earth frame since all
energy measurements are known only with respect to
the aforementioned frame. We align the momentum of
the incoming photon along the z axis and consider the
momentum of the CMB photon to make an angle 
 with
the z axis. Thus we have

s ¼ 2EE�ð1� cos
Þ ¼ 4EE�sin
2 


2
: (14)

The CMB photons can impinge on the incoming photon at
any angle and any energy. Moreover, they obey Bose-
Einstein statistics and we average appropriately over all
angles and energies. The total cross section diverges
because of the pole at 
 ¼ 0�. This comes from the limit
of collinear photons. However, we will see that the total
collision rate is appropriately finite.

The total collision rate, whose inverse yields the mean
free path, can be used to bound �. Following Ref. [17], we
define the number density of CMB photons as

d�ðE; 
;Þ ¼ E2

4�3

dEdd
 sin


ðexp�E� 1Þ : (15)

The rate of collision between the incoming photon and
CMB photons becomes

d� ¼ j ~v� � ~vEj�d�ðE; 
;Þ; (16)

where j ~v� � ~vEj is the relative speed in the earth frame,

~v� � ~vE ¼ �ðsin
 cos; sin
 sin; cos
� 1Þ; (17)

j ~v� � ~vEj ¼ 2 sin



2
: (18)

Finally we integrate over all angle and energies to obtain
the total collision rate,

� ¼ 29�2

120�3

Z
dEd cos


E2 sin
2
4EE�sin

2 

2 ðe�E � 1Þ ; (19)

� ¼ 29�2�ð2Þ
120�3E��

2
: (20)

Here

�ð2Þ ¼ 1:645: (21)

It is well known that very low-energy radio signals reach
the earth coming from distant quasars, which are billions of
light years away from us. We place an upper bound on � by
demanding that the time taken to reach us by these low-
energy signals has to be less than the time between indi-
vidual collisions, given by the inverse of the collision rate.
The most distant known radio-loud quasar is the source

J1427þ 3312 [18]. It has been detected at 1.6 GHz with
a redshift of z ¼ 6:12. The light-travel distance is simply
calculated from the redshift, and thus the light-travel time is

t 	 4� 1017 sec : (22)

We also work with the average,

h�2i ¼ k�2
B

ð2:725Þ2ðzþ 1Þ 	 2:547� 106 ðeVÞ�2: (23)

In the above, we used TCMB ¼ 2:725ð1þ zÞ. This leads to
the bound

� � 3:686� 10�15: (24)

In fact we can do slightly better by using a closer source
which is however observed at a lower frequency. For
example in Ref. [19], the sources in the sample had obser-
vations in the frequency as low as 74 MHz. The highest
redshift among the radio-loud quasars is the source 3C 446
with z ¼ 1:404. We can use the data of this source to find

T 	 2:857� 1017 sec; h�2i 	 7:556� 106 ðeVÞ�2:

(25)

Then the final bound is

� � 1:615� 10�15: (26)

TABLE I. Polarizations and Matrix Elements

Config. M

12 ! 11 � cos
cm
22 ! 22 � cos
cm
11 ! 22 � cos
cm
22 ! 11 � cos
cm
21 ! 21 3�
21 ! 12 �
12 ! 21 �
12 ! 12 �ð1þ 2cos2
cmÞ
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We see that the trade-off between energy and redshift
produces an Oð1Þ effect. Finally, we note that it is very
likely that space-based observations could detect quasars in
lower regimes of the radio spectrum which greatly enhances
our bound.

IV. COMBINED LORENTZ AND
GAUGE VIOLATION

Because of the possible connection of Lorentz and
gauge violation, we here consider the combined violation
of both types of symmetries. The resulting bounds are not
much different, but there are some interesting features
which emerge when both symmetries are broken.

In a Lagrangian, Lorentz violation is generally parame-
terized by a fixed background vector (or tensor) that speci-
fies a preferred direction, as is described by the so-called
Standard Model Extension (SME) [2]. The existence of
this preferred direction could be motivated as either a
residual artifact of an emergent theory [10] or as a feature
of spontaneous Lorentz violation [20]. For our studies we
use a particular preferred frame designated by a back-
ground four-vector b�. In this case the preferred frame

can also enter the gauge violating interaction.
We first consider the following coupling,

����� ¼ �0b�b�b�b�: (27)

If we again consider the scattering of transverse photons
with this modified coupling, we find for the matrix element

M ¼ 3�0½b � �ð ~p1; 	1Þ b � �ð ~p2; 	2Þ
b � �ð ~p3; 	3Þ b � �ð ~p4; 	4Þ�: (28)

To compute the cross section, we carry out the polariza-
tion sum in the CM frame. To this end, we use the follow-
ing polarization sum formula [3]:

X2
	¼1

�ið ~p; 	Þ�jð ~p; 	Þ ¼ �ij � pipj

~p2
: (29)

The squared matrix element is then

M2 ¼ 9

4
�02ð ~b2 � b23Þ2ð ~b2 � ð ~b � p̂3Þ2Þ2; (30)

where b3 is the component of ~b along the collision axis in
the CM frame. Notice that the differential cross section is
not azimuthally symmetric in this case as the background
vector field defines a preferred direction in any single
frame. The cross section is then

� ¼ 3�02 ~b4

80�s
ð ~b2 � b23Þ2: (31)

Let us for completeness also consider the following
coupling,

����� ¼ �00g��b�b�: (32)

As before, �00 is the parameter controlling the strength of
gauge-invariance violation, while b� is a constant four-

vector field controlling Lorentz-invariance violation.
We follow the same procedure as last section and com-

pute the matrix element for each polarization configuration
individually in the CM frame. As the matrix element for all
polarization configurations are nontrivial, we choose to
compute the cross section for a specific configuration,
namely Mð11 ! 11Þ, where we again used a linear polar-
ization basis with the conventions of the last section,

�ð11! 11Þ ¼ �002

15360�s
ð509b41 þ 9b42 þ 64b43 þ 142b21b

2
2

þ 432b21b
2
3 þ 18b22b

2
3Þ: (33)

The inclusion of Lorentz violation does not generate any
improvement in the bounds. The constraints from the mean
free path go through as before. We neglect the potential
dependence on the relative direction of a particular quasar

to the spatial direction of ~b and then, taking into account
the differing numerical factors in the cross sections, quote
rough bounds

�0b4 < 10�14; �00b2 < 10�14: (34)

We note that the combined Lorentz and gauge violation
possesses a very interesting feature, namely that it is not
invariant under the so-called ‘‘observer’’ Lorentz trans-
formations, which is just the conventional class of trans-
formations of special relativity. As discussed before, the
polarization vectors of the gauge field are not proper four
vectors, thus the scalar products in the matrix element are
not strictly Lorentz invariant. This is different than the
framework of the Lorentz violating SME, which is invari-
ant under the aforementioned class of transformations but
not invariant under the so-called ‘‘particle’’ Lorentz trans-
formations, where breaking the symmetry comes about by
the existence of background constant tensor fields which
define a preferred direction in any single frame. As shown,
adding gauge violation to the framework of SME adds this
new feature which enables us to probe Lorentz-symmetry
violation in the conventional sense. A final remark worth
mentioning is that the purely gauge-violating theory does
not exhibit such a feature because the matrix element
includes only scalar products of polarization vectors.
In other words, the field is purely self-interacting so that
Lorentz-invariance violation is ‘‘hidden,’’ but in the
present case, the background vector acts like an external
field coupled to the gauge field and thus the result we have
just shown.

V. MASS GENERATION FROM THE CMB

Once one considers a gauge-noninvariant interaction
such as Eq. (1), there is no symmetry forbidding a photon
mass. However, the interaction itself does not have to
generate a photon mass in a vacuum. A loop diagram

BASEM MAHMOUD EL-MENOUFI AND JOHN F. DONOGHUE PHYSICAL REVIEW D 87, 036005 (2013)

036005-4



involving two of the photons of the four-photon vertex
would have the potential to generate a mass term.
However, the loop integral vanishes when regularized
dimensionally. Despite this, the interaction of Eq. (1) will
necessarily generate a mass for a photon moving in a
background of other photons, i.e., the CMB. We evaluate
this mass in this section and explore some of its more
unusual properties.

We treat the heat bath as a background field in which the
photon is propagating. This method is equivalent to a
photon loop in real-time finite temperature field theory.
We treat the interaction Lagrangian by splitting the field
into a background piece—the heat bath—and a quantum
propagating photon,

A� ¼ A�
b þ A�

Q: (35)

Expanding the product of fields in the Lagrangian, we
collect the six terms quadratic in the background field.

Lquad ¼ ������

8
ðA�

b A
�
bA

�
QA

�
Q þ A

�
b A

�
bA

�
QA

�
Q

þ A
�
b A

�
bA

�
QA

�
Q þ A�

bA
�
bA

�
QA

�
Q

þ A�
bA

�
bA

�
QA

�
Q þ A�

bA
�
bA

�
QA

�
QÞ:

The finite-temperature ground state is defined as

h�jayð ~p; 	Það ~q; 	0Þj�i ¼ nBðE ~pÞð2�Þ3�		0�3ð ~p� ~qÞ;
(36)

where nB is the usual Bose-Einstein distribution for
photons. The contribution of the CMB would be calculated
by the taking the ground state expectation value of the
quadratic Lagrangian. First, we evaluate

h�jA�
b A

�
bj�i ¼

X
	

Z d3p

ð2�Þ3Ep

nBðEpÞ½��ðp; 	Þ��ðp; 	Þ�:

(37)

To evaluate the above integral, we note that from symmetry
the tensor integral is proportional to the Kronecker delta,

X
	

Z d3p

ð2�Þ3Ep

nBðEpÞ½�iðp; 	Þ�jðp; 	Þ� ¼ a�ij: (38)

Contracting both sides with �ij, we find

a ¼ 2

3
I; (39)

where I is a simple integral over the BE distribution

I ¼
Z d3p

ð2�Þ3Ep

nBðEpÞ ¼ �ð2Þ
2�2

��2: (40)

Thus the quadratic Lagrangian reads

Lquad ¼ 1

2
�I

�
A2
Q � 2

3
~AQ � ~AQ

�
: (41)

Now we construct the free field Lagrangian for the
quantum field, which reads

L0 ¼ � 1

4
F2 þ 1

2
m��A

�A�; (42)

where we defined

m00 
 �I mij 
 � 5�I

3
�ij: (43)

We see that � has to be positive definite to ensure the
theory does not have growing exponential solutions.
In order to solve the equations of motion, we consider

@�F
�� þm�

�A
� ¼ 0; (44)

m�
� 
 g��m��: (45)

By acting @� on the equation of motion and requiring the
external current coupled to the field to be conserved, we
obtain the following constraint which ensures the field has
only three degrees of freedom:

@�@�F
�� þm�

�ð@�A�Þ ¼ 0; (46)

m�
�ð@�A�Þ ¼ 0; (47)

@0A
0 þ 5

3
@iA

i ¼ 0: (48)

We propose the usual wave Ansatz,

AðxÞ / e�ið!t� ~k� ~xÞ: (49)

Thus Eq. (48) becomes

3

5
!A0 � ~k � ~A ¼ 0: (50)

Due to the manifest Lorentz noninvaraince, the quantiza-
tion procedure needs some care. First, we explore the
dispersion relations by plugging the wave Ansatz in the
equations of motion,

ð�!2 þ ~k2ÞA� þ k�ðk � AÞ þm�
�A

� ¼ 0: (51)

For definiteness, we take ~k ¼ kẑ. Taking � ¼ 0 and using
the constraint equation, we obtain

ð�!2 þ ~k2ÞA0 þ!

�
!A0 � 3

5
!A0

�
þm0

0A
0 ¼ 0: (52)

This yields the following dispersion relation

3

5
!2 � ~k2 ¼ �I: (53)

The same dispersion relation is readily obtained if � ¼ 3.
On the other hand, for � ¼ 1, 2, we get

ð�!2 þ ~k2ÞA1;2 þ 5

3
�IA1;2 ¼ 0; (54)
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which yields the dispersion relation,

!2 � ~k2 ¼ 5

3
�I: (55)

The differing dispersion relations are a clear manifestation
of the Lorentz noninvariance of the theory. We next show
how to quantize the theory by introducing different disper-
sion relations for transverse and longitudinal modes.

For later convenience, we define

5

3
�I 
 m2: (56)

The aforementioned theory describes three degrees of
freedom. Guided by the previous analysis, we proceed by
proposing two different wave Ansätze for the different
modes of propagation,

AkðxÞ /
X2
	¼1

e�ið!t� ~k� ~xÞ�ð	; kÞ þ e�ið!Lt� ~k� ~xÞ�ð3;kÞ; (57)

where four-vectors are displayed without arrows. To satisfy
the equations of motion and the constraint Eq. (50), the
polarization vectors have to satisfy

�0ð1; kÞ ¼ �0ð2; kÞ ¼ 0 (58)

~�ð1; kÞ � ~k ¼ ~�ð2; kÞ � ~k ¼ 0 (59)

��ð3; kÞ ¼
�
1;
3!L

5 ~k2
~k

�
: (60)

The third polarization vector shows a very interesting
feature; it becomes null-like at some value of the three-
momentum, and hence its normalization cannot be fixed.
This is another manifestation of breaking Lorentz symme-
try. The two dispersion relations are

!2 � ~k2 ¼ m2 (61)

3

5
!2

L � ~k2 ¼ 3

5
m2: (62)

The fact that Eq. (61) has the canonical form of energy-
momentum relation and that it is associated with the
transverse modes makes it tempting to interpret m as the
‘‘physical’’ mass.

We can employ this generated mass to set an upper
bound on � by using the most reliable experimental upper
bound on the photon mass. We use the CMB current
temperature to compute I,

IðTCMB ¼ 2:71Þ ¼ 45� 10�10 ðeVÞ2: (63)

The photon mass is bounded to be [21]

m2
ph � 1� 10�36 ðeVÞ2; (64)

leading to a bound on �

� � 1:3� 10�28: (65)

VI. MASS EFFECTS IN SCATTERING
AMPLITUDES

A. Lorentz invariant mass

In this section we explore a possible scenario which
greatly enhances our bound. The logic is that if gauge-
violation is admissible we do not have any theoretical
argument upon which to set the mass of the photon to
zero. Rather we should use the massive Proca theory, treat
the photon mass as a parameter and assign its value from
experiment. In this case, there is a longitudinal polarization
and we can again consider scattering from transverse to
longitudinal polarizations. In this situation however, the
cross-section goes as m�4 and becomes extremely strong
for low masses. For many values of the mass, this leads to a
very tight constraint on �.
The Lagrangian is

L ¼ � 1

4
F2 þm2

2
A2 � �

8
A4: (66)

Much like Sec. III, we look at the process where now
massive photons traveling extragalactic distances scatter
off CMB photons. A few remarks are worth mentioning at
this stage regarding our choice of considering transverse
photons in the initial state. Massive vector bosons are spin-
1 particles having three degrees of freedom represented by
polarization four-vectors satisfying the following relations:

�ðk; 	Þ � k ¼ 0; �ðk; 	Þ � �ðk; 	0Þ ¼ ��		0 (67)

X
spin

��ðk; 	Þ��ðk; 	Þ ¼ �g�� þ
k�k�

m2
: (68)

In any frame of reference other than the rest frame, the
polarization vectors can be conveniently chosen as follows:
two are taken to be purely spatial and transverse to the
three-momentum following a right-hand rule. If we work
with states corresponding to circular polarization, then the
transverse vectors correspond to the z projection of the spin
being �1,

~�ðk; 1Þ � ~k ¼ ~�ðk; 2Þ � ~k ¼ 0 (69)

~�ðk; 1Þ � ~�ðk; 2Þ ¼ k̂; (70)

while the third vector is longitudinal to the three-
momentum, which corresponds to the z projection of the
spin being 0,

��ðk; 3Þ ¼ 1

m
ðj ~kj; !k̂Þ: (71)

In a frame where ! � m, we can expand the components
of the longitudinal vector and obtain

��ðk; 3Þ ¼ k�

m
þO

�
m

!

�
: (72)

We imagine those massive photons being produced at
extra-galactic objects via coupling to a conserved electro-
magnetic current and thus the Ward identity holds.
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Therefore, given the expansion of the longitudinal polar-
ization vector at high energies, any matrix element with an
on-shell longitudinal photon vanishes to leading order in
the energy. In an arbitrary frame where ! � m, the polar-
ization of a photon with four-momentum k is generally a
superposition of the transverse and longitudinal polariza-
tions, but based on the last discussion the contribution from
the longitudinal mode vanishes.

Following the previous comments, we calculate the
cross section for the scattering of two massive transversally
polarized photons in the earth frame. For simplicity, we
take the initial state to be a head-on collision aligned on the
z axis and, without loss of generality, we work with linear
polarization basis. Accordingly, the initial state polariza-
tion vectors are

��ð ~p1; 1Þ ¼ ð0; 1; 0; 0Þ ��ð ~p2; 1Þ ¼ ð0; 0; 1; 0Þ: (73)

The fact that the collision is head-on simplifies the com-
putation considerably, the CM frame is related to the earth
frame via a simple boost along the z axis with the boost
factor found to be

� ¼ !1 �!2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2

1 �m2
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2

2 �m2
q : (74)

This boost obviously does not affect the polarization vec-
tors of the incoming photons, and moreover we average
over the final state polarizations using the spin sum for-
mula Eq. (68). The squared matrix element is found to be

1

9

X
pol

M2 ¼ �2

9m4
½ðm2 þ ðp1

3Þ2Þðm2 þ ðp2
4Þ2Þ

þ ðm2 þ ðp2
3Þ2Þðm2 þ ðp1

4Þ2Þ þ 2p1
3p

2
3p

1
4p

2
4�:
(75)

All momenta are measured in the CM frame.
We consider the high-energy limit of the reaction, and

therefore we neglect the masses compared to the momenta.
The high-energy behavior is dominated by the production
of longitudinal photons in the final state. The cross section
is then found to be

� ¼ 1

4j ~v1js
Z d3p3

ð2�Þ32!3

d3p4

ð2�Þ32!4

� ð2�Þ4�ðp1 þ p2 � p3 � p4ÞjMj2: (76)

We carry out the integral over d3p4 to find

�¼ �2

1152�2j ~v1jm4s

Z d3p3

!2
3

�ð!3 �!1Þððp1
3Þ2 þ ðp2

3Þ2Þ2:

(77)

Performing the phase space integral and expressing the
result in terms of the Mandelstam variable, we get

� ¼ �2

2160�m4

ðs� 4m2Þ2
s

: (78)

We note that if we had taken longitudinal photons in the
initial state, the resulting cross section would go as m�8.
However, we do not use this in producing constraints,
because we do not expect to have longitudinal photons
produced in quasar emission and would not miss them if
they scattered before reaching us.
We place a bound on � by demanding the mean free path

between collisions is greater than the distance traveled by
the photon from the source to earth. Looking at the cross
section, the tightest bound is obtained by considering the
scattering of very energetic photons, namely GRB signal.
We use 105 eV, which is the typical minimum energy in
GRBs, and work with the mean CMB energy !CMB ¼
6:34� 10�4 eV. The mean free path is given by[16]

	 ¼ ðng�Þ�1: (79)

Here, ng is the mean number density of CMB photons.

Although we only considered head-on collisions, we use
ng ¼ 410:4 cm�3. The effect of this approximation is

obviously of Oð1Þ as the GRB energy could be well above
105 eV. The typical distance of GRB sources is billions
of light years, L� 1027 cm. Finally, we use the upper
experimental bound on the Lorentz-invariant photon
mass and find

� � 0:67� 10�46: (80)

As discussed in the next subsection and in the summary,
this bound is only realized if the Proca mass is dominant
over the Lorentz-violating mass that comes from the inter-
actions with the CMB.

B. Lorentz-violating mass

We now also compute the cross section of the same
process but with the Lorentz-violating massive theory
described in Sec V. We have just seen that if the Proca
mass is dominant, there is a bad high-energy behavior from
the scattering into the longitudinal polarization state. This
comes from them�1 factor seen in Eqs. (71) and (72). For a
Lorentz- violating mass, this feature does not occur, with
the inverse mass being replaced by an inverse momentum.
The initial state polarization vectors are

��ð ~p1; 1Þ ¼ ð0; 1; 0; 0Þ (81)

��ð ~p2; 1Þ ¼ ð0; 0; 1; 0Þ: (82)

The computation is carried in the CMB frame since this is
the preferred frame in which the theory is defined. To this
end, the final state photons are longitudinally polarized,

��ð ~p3; 3Þ ¼
�
1;
3!L;3

5 ~p2
3

~p3

�
(83)

��ð ~p4; 3Þ ¼
�
1;
3!L;4

5 ~p2
4

~p4

�
: (84)
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If the initial state is a head-on collision, then the matrix
element is found to be

M ¼ 9�!L;3!L;4

25 ~p2
3 ~p

2
4

ðp1
3p

2
4 þ p2

3p
1
4Þ: (85)

To simplify the evaluation of the phase-space integral, we
proceed by taking !1 ¼ !2 exploiting the freedom to
choose the energy of the interacting photons, since the
Universe is filled with photons propagating at arbitrary
energies over all the electromagnetic spectrum.

The squared matrix element is then

M2 ¼ 324�2!4
L;3

625 ~p4
4

sin4
3sin
23cos

23: (86)

Performing the phase-space integral to find the total cross
section,

� ¼ 9
ffiffiffi
3

p
�2

4000�

s

ðs� 4m2Þ2 : (87)

In contrast to the Proca case, this cross section is well
behaved at high energy. The Lorentz-violating nature of
the third polarization state softens the high-energy behav-
ior. We therefore do not obtain any extra constraint from
high- energy scattering if the Lorentz-violating mass is
dominant over the Proca mass.

VII. SUMMARY OF BOUNDS

Figure 1 shows the allowed domain of �, which is
entangled with the relative size of the possible Proca
mass. Let us explain the constraints given here. Regions
IVand Vare excluded because the photon mass is too large.
For region V, this is the standard exclusion region of a
Proca mass. Region IV corresponds to the constraint from
generating a Lorentz violating mass through the interac-
tions with the CMB, as described in Sec V. For combina-
tions of � and the Proca mass that satisfy the above
constraint, the situation depends on the relative size of
the Proca mass versus the Lorentz violating mass from
interactions with the CMB. If the Proca mass is dominant,
there is the constraint from high-energy scattering into the
longitudinal polarization state, described in Sec. VIA, that
rules out region III. However, if the Lorentz violating mass
is dominant, then the longitudinal polarization state is well
behaved at high energy and there is no such constraint.

This yields region I as an allowed region. Finally in region
II, � is so small that it satisfies all constraints.
The interactions of the photons thus provide extremely

strong constraints on the dimensionless parameter � that
governs the strength of this gauge violating interaction.
This of course is consistent with the standard expectation
that such an operator is forbidden by gauge invariance.
Combined with constraints on the photon mass, our work
helps quantify the degree that this expectation is supported
by evidence. Of course, it is possible that gauge violation
might only show up in higher dimensional operators. The
mass term carries dimension two and our operator is di-
mension four, both of which are the dimensions allowed for
renormalization interactions. If the gauge symmetry is
emergent, it is plausible that at dimension two and four
one obtains exactly the gauge invariant theory and that the
signal for gauge violation will be higher dimensional op-
erators suppressed by powers of some heavy scale. Such
operators are also worthy of study, although the constraints
are expected to be significantly weaker.
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