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We derive the off-shell photon propagator and fermion-photon vertex at one-loop level in Maxwell-

Chern-Simons quantum electrodynamics in arbitrary covariant gauge, using four-component spinors

with parity-even and parity-odd mass terms for both fermions and photons. We present our results using a

basis of two, three and four point integrals, some of them not known previously in the literature. These

integrals are evaluated in arbitrary space-time dimensions so that we reproduce results derived earlier

under certain limits.
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I. INTRODUCTION

When local gauge symmetry is what drives theories of
fermion and boson interactions, mass terms for the latter are
forbidden. Thus, the mass of these particles should be
explained with different arguments such as the spontaneous
breaking of symmetry through a Higgs mechanism. The
recent discovery of a boson with 125 GeV mass and quan-
tum numbers similar to those of the Higgs boson [1] brings
this mechanism to a physical reality in the high-energy
realm. Nonetheless, if leaving local gauge symmetry
untouched is desired and yet one wishes to allow the gauge
boson to acquire a mass, one could rely on topological
quantum field theories such as Chern-Simons (CS) theory
[2]. The CS theory has been put forward in (2þ 1)-space-
time dimensions in several contexts of condensed matter
physics (see, for instance, Ref. [3] and references therein),
quantum gravity [4] and string theory [5]. The Lagrangian
for such a term, although not manifestly gauge invariant,
possesses a gauge invariant action. Particularly, considered
along with the Maxwell theory for photons, the CS term
provides a topological mass for these gauge bosons, which
preserves gauge invariance. Moreover by adding matter
fields, the theory becomes richer in the sense that some
features are apparently unique to (2þ 1)-dimensional theo-
ries, such as anyon excitations, generalized parity, and so on.

In this paper, we study the quantum electrodynamics of
four-component fermions and photons in two space and one
time dimensions coupled to a CS term,QED3. The action of
this theory is gauge invariant, though parity and time reversal
might be explicitly broken. Fermion and boson mass terms
play an intricate role, because in addition to the usual fermion
mass term, a parity violatingmass termcanbe included. Such
a term would radiatively generate a CS term and vice versa
(see, for instance, Refs. [6,7]). Specific cases of the under-
lying Lagrangian have been used in the description of several

condensed matter physics systems, once fermions have been
integrated out, such as high-Tc superconductors [8,9], the
quantumHall effect [6,10] and, more recently, graphene [11]
and topological insulators (see Ref. [12] for a recent review).
In high-energy physics, the use ofQED3 has been connected
to the study of dynamical chiral symmetry breaking and
confinement, where it provides a popular battleground for
lattice and continuum studies [13]. In particular, the CS term
allows the possibility of chiral and parity symmetry breaking.
Within the two-component fermion formalism, it was
observed that while chiral symmetry can be broken, parity
symmetry remains untouched [14]. Moreover, this term
induces a detaching of chiral symmetry breaking-restoration
and confinement-deconfinement transitions [15], leading to a
phase resembling quarkonia, where chiral symmetry is
restored, but confinement takes place [16]. Confinement
and screening effects have been studied in this theory [17]
through the behavior of the vacuum polarization.
A key issue in these type of studies is to address the gauge

covariance properties of Green functions. In Ref. [18], the
gauge covariance of the fermion propagatorwas established
through the use of the Landau-Khalatnikov-Fradkin trans-
formations [19]. In the same spirit, in Ref. [20], the fermion
and photon propagator, and particularly the on-shell
fermion-photon vertex were calculated and some limits
explicitly considered. The same three-point function was
studied in Refs. [21,22], the latter study carried out in the
light cone gauge. Interestingly, in all these works, the
corresponding anomalous magnetic moment for electrons
is identified directly. Herewe extend these findings comput-
ing the off-shell forms of these Green functions in arbitrary
covariant gauges. The seminal work of Davydychev et al.
[23] on the one-loop quark gluon vertex already provides a
guide towards the master integrals involved in the calcula-
tion of the two- and three-point Green functions. Moreover,
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in Refs. [24,25], the fermion-photon vertex for the parity
preserving version ofQED3was calculated formassless and
massive fermions, respectively. Reference [25], in fact,
provides the most general form of the nonperturbative
fermion-photon vertex in QED3 guided by perturbation
theory. In this work, we attempt to generalize these findings
incorporating an explicit topological photon mass. In this
task, we are faced with newmaster integrals which were not
previously reported in literature, as far as we know. These
involve an explicit gauge boson mass, and therefore we
evaluate them in arbitrary space-time dimensions, so that
these can be useful in other contexts. For us, these steps are
fundamental in order to pursue further analysis of certain
physical observables sensitive to the influence of the CS
term, as will be reported elsewhere.

The paper is organized as follows: In Sec. II, we consider
four-component spinors to describe the QED3 Lagrangian
with parity conserving and violating mass terms for fermi-
ons and photons. In Sec. III, we calculate the photon propa-
gator at one-loop level for themost general Lagrangian. The
one-loop correction to the fermion propagator is discussed
in Sec. IV. In Sec. V, we derive the fermion-photon vertex at
one-loop level under a general decomposition of the vertex
we propose. Given this structure of the vertex, new master
integrals arise that we calculate and study some of their
limiting cases, including the massless case for both fermi-
ons and photons. At the end, we summarize our findings in
Sec. VI. Details on the calculation of the new master inte-
grals are presented in the Appendix.

II. MAXWELL-CHERN-SIMONS QED3

Let us start by presenting our model and conventions.We
work with four-component spinors and thus with a
4� 4 representation for the Dirac matrices. We choose to
work in Euclidean space, where the Dirac matrices satisfy
the Clifford algebra f��; ��g ¼ 2���. Once we have

selected a set of matrices to write the Dirac equation, say
f�0; �1; �2g, two anticommuting gamma matrices, namely,
�3 and �5, remain unused, leading us to define two inde-
pendent global phase transformations of the chiral-type for
the spinors: c !ei��3c and c ! ei��5c , where � and �
are arbitrary real numbers. Consequently, there exist two
types of mass terms for fermions that can be considered in
the Lagrangian, the ordinary mass term me

�c c and a new
mass term mo

�c �c with �¼ 1
2½�3;�5�, sometimes referred

to as the Haldane mass term [26] in condensed matter
physics. The former violates chirality, whilst the latter is
invariant under ‘‘chiral’’ transformations. Moreover,
me

�c c is parity invariant but mo
�c �c is not. This allows

parity and time reversal to be broken in our theory, which is
described by the Lagrangian

L ¼ �c ði6@þ e 6A�me � �moÞc � 1

4
F��F��

� 1

2�
ð@�A�Þ2 þ 	

4
"��
A�F�
; (1)

where the first term corresponds to the Dirac Lagrangian
with parity-even and -odd mass terms and fermion-photon
interaction; the next one is the Maxwell term followed by
the covariant gauge fixing term, � denoting the gauge
parameter. The last term is precisely the CS term, with 	
being the topological mass for the photons. Rather than
working with parity eigenstates, we find it convenient to
work in a chiral basis. For this purpose, we introduce the
chiral projectors

�� ¼ 1

2
ð1� �Þ; (2)

which have the properties

�2� ¼ ��; �þ�� ¼ 0; �þ þ �� ¼ 1: (3)

Then, the right-handed cþ and left-handed c� fermion
fields are c� ¼ ��c , in such a fashion that the chiral
decomposition of the fermion propagator becomes [18]

Sð0ÞF ðpÞ ¼ � 6pþmþ
p2 þm2þ

�þ � 6pþm�
p2 þm2�

��; (4)

with m� ¼ me �mo. Furthermore, we identify the
photon propagator associated with the Lagrangian (1) as

�ð0Þ
��ðq;�Þ ¼ 1

q2 þ 	2

�
��� �

q�q�

q2

�

� "��
q
	

q2ðq2 þ 	2Þ þ �
q�q�

q4
: (5)

One can identify from the transverse piece of the
propagator the role of 	 as a photon mass. It also plays
a role in the parity-odd piece (proportional to "��
), but it

is absent in the longitudinal part. In the following section
we calculate the one-loop correction to this propagator.

III. THE ONE-LOOP PHOTON PROPAGATOR

The one-loop correction to the photon propagator is
depicted in Fig. 1. Using Feynman rules, it corresponds
to the expression

���ðpÞ ¼
Z d3w

ð2�Þ3 S
ð0Þ
F ðwÞe��S

ð0Þ
F ðw� pÞe��; (6)

which we define in terms in the left- and right-hand side
projections as

���ðpÞ ¼ ���þðpÞ þ����ðpÞ; (7)

where

�ð�Þ��ðpÞ ¼ 

2�2

Z d3w

ð2�Þ3

� ½wþm����½w� 6pþm����

½w2 þm2��½ðw� pÞ2 þm2��
��:

To evaluate these expressions, we propose the following
decomposition:
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�ð�Þ��ðpÞ ¼ 

2�2
½K���������� � K����� 6p��

� 2m�K������ �m��� 6p��

þm2��������; (8)

where we have written the propagator in terms of

K ¼
Z

d3w
1

½w2 þm2��½ðw� pÞ2 þm2��
;

K� ¼
Z

d3w
w�

½w2 þm2��½ðw� pÞ2 þm2��
;

K�� ¼
Z

d3w
w�w�

½w2 þm2��½ðw� pÞ2 þm2��
:

(9)

These can be evaluated straightforwardly, using standard
techniques (see the Appendix for further details and also
Ref. [27]). Following Ref. [18], we define

Iðp;mÞ ¼ 1

p
arctan

p

m
; (10)

so that the basis integrals may be expressed as

K ¼ �2I

�
p

2
; m�

�
; (11)

K� ¼ �2
p�

2
I

�
p

2
; m�

�
; (12)

K��¼�2���

�
m�
2

�
�
p2þ4m2�

8

�
I

�
p

2
;m�

��

þ�2
p�p�

p2

�
m�
2

�
�
3p2þ4m2�

8

�
I

�
p

2
;m�

��
: (13)

Using the results (11)–(13) into the decomposition (8) and
making the replacement m� ! m we obtain the photon
propagator in accordance to the results in Refs. [7,20].
This completes our calculation of the one-loop photon
propagator. Next we calculate the fermion propagator at
one-loop.

IV. ONE-LOOP FERMION PROPAGATOR

The one-loop correction to the fermion propagator has
been previously considered by some of us in Ref. [18], and
corresponds to the diagram in Fig. 2. To calculate this
correction, we write the one-loop fermion propagator as

Sð1ÞF ðpÞ ¼ Sð1Þþ ðpÞ þ Sð1Þ� ðpÞ; (14)

where

S�ðpÞ ¼ � Að1Þ
� ðpÞ6pþ Bð1Þ

� ðpÞh
Að1Þ
� ðpÞ

i
2
p2 þ

h
Bð1Þ
� ðpÞ

i
2
��: (15)

The functions Að1Þ
� ðpÞ and Bð1Þ

� ðpÞ are thus obtained as

Að1Þ
� ðpÞ¼�2�

p2

Z d3w

ð2�Þ3
� Tr

h
6p��S

ð1Þ
� ðwÞ���

ð0Þ
��ðw�p;�Þ��

i
;

Bð1Þ
� ðpÞ¼2�

Z d3w

ð2�Þ3 Tr
h
��S

ð1Þ
� ðwÞ���

ð0Þ
��ðw�p;�Þ��

i
:

(16)

Performing the traces, after suitable manipulations, these
functions can be expressed in the form (compare against
Eq. (26) of Ref. [18])

Að1Þ
� ðpÞ ¼ � �

4�2

ðp2 �m2Þ2
p2

½I2ðp2;m2Þ � Ið0;m2�; p2Þ�

þ 

4�2	2p2
½ðp2 �m2Þ2Ið0;m2�;p2Þ

� ½ðp2 �m2Þ2 þ 	4�Ið	2;m2�; p2Þ � 	2T ðm2Þ�
� m�

2�2p2
½ðp2 þm2 � 	2ÞIð	2;m2�; p2Þ

� ðp2 þm2ÞIð0;m2; p2Þ �T ð	2Þ�;
Bð1Þ
� ðpÞ ¼ �m�

2�2
Ið0;m2�;p2Þ þm�

�2
Ið	2;m2�; p2Þ

� 

2�2	
½ðp2 þ 	2 þm2�ÞIð	2;m2�;p2Þ

� ðp2 þm2�ÞIð0;m2; p2Þ �T ð	2Þ�; (17)

where the master integrals are

pp

w

w−p

FIG. 2 (color online). One-loop correction to the fermion
propagator.

pp

w

w−p

FIG. 1 (color online). One-loop correction to the photon
propagator.
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T ðm2�Þ¼
Z
d3w

1

w2þm2�
;

Ið	2;m2�;p2Þ¼
Z
d3w

1

½w2þ	2�½ðp�wÞ2þm2��
;

I2ðm2�;p2Þ¼
Z
d3w

1

w4½ðp�wÞ2þm2��
:

(18)

These integrals are performed using standard techniques
(see Appendix), and give

T ðm2�Þ ¼ �2�2m�;

Ið	2; m2�; p2Þ ¼ 2�2Iðp;m2� þ 	2Þ;

I2ðm2�; p2Þ ¼ � 2�2m�
ðp2 þm2�Þ2

:

(19)

Inserting the above results into the decompositions (17)
and (15), we obtain the one-loop correction to the fermion
propagator, in accordance with Eq. (27) of Ref. [18]. This
completes the one-loop correction of the two-point Green
functions corresponding to the Lagrangian (1). Next we
calculate the one-loop correction to the fermion-photon
vertex.

V. ONE-LOOP FERMION-PHOTON VERTEX

AtOðÞ, the fermion-photon vertex is depicted in Fig. 3,
and corresponds to

��ðk; pÞ ¼ �� þ��: (20)

Using the Feynman rules, �� is simply given by

�� ¼ e2
Z d3w

ð2�Þ3 �S
ð0Þ
F ðp� wÞ��S

ð0Þ
F ðk� wÞ���

ð0Þ
�ðwÞ:
(21)

Given the properties of the projectors in (3), the crossed
structures vanish and therefore we have only integrals with
the same mass propagators (mþ orm�). Given this, we can
write �� as

�� � �ðþÞ� þ�ð�Þ�; (22)

where

�ð�Þ�¼ 

2�2
f½�� 6p�� 6k��þm�ð4k�þ4p�� 6p����� 6kÞ�m2����Jð0Þð	;m�Þ�½�� 6p������þ������ 6k��

�6m�����Jð1Þ� ð	;m�Þþ����������J
ð2Þ
��ð	;m�Þþ�½��K

ð0Þðm�Þ�½�� 6p��þ��6k���2m�����Jð1Þ� ðm�Þ
þ½�� 6p�� 6k��þm�ð�� 6p����þ���� 6k��Þþm2��������Ið2Þ��ðm�Þ����½Kð0Þðm�Þ�	2Jð0Þð	;m�Þ�
�½�� 6p��þ��6k���2m�����Jð1Þ� ð	;m�Þþ½�� 6p�� 6k��þm�ð�� 6p����þ����6k��Þ
þm2��������Lð2Þ

��ð	;m�Þ�	"��
½�½�� 6p���
��þ���
�� 6k��þm�ð���
����þ�����
��Þ�Jð0Þð	;m�Þ
þ�������
��J

ð1Þ
� ð	;m�Þþ½�� 6p�� 6k��þm�ð�� 6p����þ����6k��Þþm2��������Lð1Þ


 ð	;m�Þ�g��: (23)

In this expression we have introduced the basis integrals Kð0Þ, Jð0Þ, Jð1Þ� , Jð2Þ��, Ið0Þ, Ið1Þ� , Ið2Þ��, L
ð1Þ
� , Lð2Þ

�� which we define as

Kð0Þðm�Þ ¼
Z

d3w
1

½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Jð0Þðm�Þ ¼
Z

d3w
1

w2½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Jð0Þð	;m�Þ ¼
Z

d3w
1

½w2 þ 	2�½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Jð1Þ� ðm�Þ ¼
Z

d3w
w�

w2½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Jð1Þ� ð	;m�Þ ¼
Z

d3w
w�

½w2 þ 	2�½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Jð2Þ��ðm�Þ ¼
Z

d3w
w�w�

w2½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

q=k−p

p−w

k−w

w

FIG. 3 (color online). One-loop correction to the fermion-
photon vertex.
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Jð2Þ��ð	;m�Þ ¼
Z

d3w
w�w�

½w2 þ 	2�½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Ið0Þ��ðm�Þ ¼
Z

d3w
1

w4½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Ið1Þ��ðm�Þ ¼
Z

d3w
w�

w4½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Ið2Þ��ðm�Þ ¼
Z

d3w
w�w�

w4½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Lð1Þ
� ð	;m�Þ ¼

Z
d3w

w�

w2½w2 þ 	2�½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
;

Lð2Þ
��ð	;m�Þ ¼

Z
d3w

w�w�

w2½w2 þ 	2�½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
: (24)

From this list of integrals, those which depend only on
fermion masses have been calculated in [25] and for them
we just replacem ! m� to obtain the results needed in the
calculation at hand. The rest correspond to two-, three- and
four-point integrals that depend both on a fermion and a
gauge boson mass, therefore they might be useful in theo-
ries in other space-time dimensions. We solve these in
arbitrary dimensions in the Appendix. Also, it is important
to mention that these results are crucial to our interest in
the impact of the CS term on certain physical observables
related to the Lagrangian (1).

These results along with the decomposition proposed in
Eq. (23) complete the calculation of the one-loop correc-
tion of the fermion-photon vertex. We summarize our
findings in the next section.

VI. SUMMARYAND CONCLUSIONS

We have derived the one-loop correction to the photon
propagator, fermion propagator and the fermion-photon
vertex in Maxwell-Chern-Simons in QED3. In doing so,
we have proposed a basis of master integrals to expand said
Green functions, some of them new in literature. Due to the
potential applications of two- and three-point Green func-
tions with a massive gauge boson in physical processes in
several frameworks of particle and condensed matter
physics, we evaluated these new integrals in arbitrary
space-time dimensions. The basis expansion contains the
ordinary expansion of QED3 as the particular case of our
findings in the parity preserving limit [25], which is
achieved when both the CS term and the Haldane mass
are taken to zero. Massless theory for both fermions and
photons [24] follows as well. The Green functions we have
obtained will help us make progress in certain physical
applications in the near future. Particularly, we are inter-
ested in the radiative generation of fermion masses by the
CS term and its impact in several physical observables.
This project is in progress and the results will be presented
elsewhere.
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APPENDIX

In this appendix we provide details in the calculations
for three sets of master integrals: for the one-loop photon
propagator described in (13), the one-loop fermion propa-
gator, Eq. (18), and for the one-loop vertex described in
(24). Let us begin with the K-type master integrals.

1. K

We begin solving K. Using

1

ab
¼

Z 1

0

dx

½xaþ ð1� xÞb�2 ; (A1)

we can write

K¼
Z 1

0
dx

Z
d3w

1

½x½ðw�pÞ2þm2��þð1�xÞðw2þm2�Þ�2
:

(A2)

The denominator in the above expression can be written
as w2 � 2xw � pþ xp2 þm2�, which after the change of
variables w0 ¼ w� px, allows us to write

K ¼
Z 1

0
dx

Z
d3w0 1

½ðw0Þ2 þ p2xð1� xÞ þm2��2
: (A3)

This integral has the following form:

Z dDw

ðw2 � sÞn ¼ ð�1Þn�D=2
�ðn� D

2Þ
�ðnÞ

1

sn�D=2
: (A4)

In our case, we take D ¼ 3, n ¼ 2 and s¼�p2xð1�xÞ�
m2�, and then
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K ¼ �3=2�

�
1

2

�Z 1

0
dx½�p2xð1� xÞ �m2���1=2

¼ 2�2

p
arctan

�
p

2m�

�
: (A5)

2. K�

Now, we calculateK�. This integral depends only of p�,

thus we can write

K� � cp�: (A6)

We find c multiplying with p� on both sides

cp2 ¼
Z

d3w
w � p

ðw2 þm2�Þ½ðw� pÞ2 þm2��
: (A7)

Using w � p ¼ w2 þ p2 � ðw� pÞ2, we have

c ¼ 1

2
K: (A8)

3. K��

Finally, we solve K��. In its most general form, it

depends only on p�p� and ���,

K�� � a

�
p�p�

p2
þ 1

3
���

�
� b���; (A9)

which is symmetrical under the exchange of� and �. After
simplifying, we find that

a ¼ 1

4

Z
d3w

1

w2 þm2�
� 3p2 þ 4m2�

8
K; (A10)

and

b ¼ 1

3

Z d3w

ðw� pÞ2 þm2�
þm2�

3
K; (A11)

where the tadpole integrals [see Eq. (A13) below] are

T ðm2�Þ ¼
Z
d3w

1

w2 þm2�
¼

Z d3w

ðw� pÞ2 þm2�
¼ �2�2m�: (A12)

Next, we provide details of the calculation of the integrals
in Eq. (18).

4. T ðm2�Þ
The integral

T ðm2�Þ ¼
Z

d3w
1

w2 þm2�
(A13)

can be evaluated directly from Eq. (A4) with n ¼ 1,D ¼ 3
and s ¼ �m2�. It yields

T ðm2�Þ ¼ �2�2m�: (A14)

5. Ið�2; m2�; p2Þ
Let us evaluate

Ið	2;m2�;p2Þ¼
Z
d3w

1

½w2þ	2�½ðp�wÞ2þm2��
: (A15)

Using Feynman parametrization, and after the appropriate
change of variables, we can write

Ið	2;m2�;p2Þ
¼

Z 1

0

Z
d3w0 1

½ðw0Þ2þ xð1� xÞp2þm2�xþ	2ð1� xÞ�2

¼�2
Z 1

0
dxðxð1� xÞp2þm2�xþ	2ð1� xÞÞ�1

2

¼ 2�2Iðp;m2�þ	2Þ: (A16)

6. I2ðm2�; p2Þ
In order to evaluate

I2ðm2�; p2Þ ¼
Z

d3w
1

w4½ðp� wÞ2 þm2��
; (A17)

we introduce the auxiliary integral

I �ðm2�; p2Þ ¼
Z

d3w
w�

w4½ðp� wÞ2 þm2��
; (A18)

such that

p�I�ðm2�; p2Þ ¼ 1

2
ððp2 þm2�ÞI2ðm2�; p2Þ

þ Ið0; m2�; p2ÞÞ: (A19)

Using the identity

1

AnBp ¼ �ðnþ pÞ
�ðnÞ�ðpÞ

Z 1

0
dxxn�1ð1� xÞp�1

� 1

½xAþ ð1� xÞB�nþp ; (A20)

with n ¼ 1, p ¼ 2, followed by the shift w0 ¼ w� px, we
can write

I�ðm2�; p2Þ ¼ 2
Z 1

0
dxð1� xÞ

Z
d3w0

� p�x

½ðw0Þ2 þ p2xð1� xÞ þm2�x�3
; (A21)

performing the w0 integration,

I�ðm2�; p2Þ ¼ �2

2
p�

Z 1

0
dxðx�1

2 � x
1
2Þ½p2ð1� xÞ þm2���3

2;

(A22)

and the remaining integration yields

I �ðm2�;p2Þ¼�2

p2
p�

�
� m�
p2þm2�

þIðp;m�Þ
�
: (A23)
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Thus

I 2ðm2�; p2Þ ¼ 2p�I�ðm2�; p2Þ � Ið0; m2�; p2Þ
p2 þm2�

¼ � 2�2m�
ðp2 þm2�Þ2

: (A24)

Next, we will give the results for the new integrals that are
described in (24).

7. Jð0Þð�;m�Þ
We begin solving Jð0Þð	;m�Þ. For this purpose, we con-

sider the following integral in Minkowski space:

J ð0Þ
�1;�2;�3ð	;m�Þ ¼

Z
M
dDw

1

½ðp� wÞ2 �m2���1½w2 � 	2��2½ðk� wÞ2 �m2���3
: (A25)

Using Schwinger parametrization

1

½A1 þ A2�� ¼ 1

2�i

Z i1

�i1
d�A�

1A
����
2

�ð��Þ�ð�þ �Þ
�ð�Þ (A26)

to each of the factors in the denominator, the Mellin-Barnes representation for J ð0Þ
�1;�2;�3ð	;m�Þ becomes

J ð0Þ
�1;�2;�3ð	;m�Þ � 1

ð2�iÞ3�ð�1Þ�ð�2Þ�ð�3Þ
Z þi1

�i1

Z þi1

�i1

Z þi1

�i1
d�3d�34d�5ð�m2Þ�34ð�	2Þ�5�ð��3Þ�ð��34 þ �3Þ

� �ð��5Þ�ð�3 þ �1Þ�ð�34 � �3 þ �3Þ�ð�5 þ �2ÞJ ð0Þ
�1þ�3;�2þ�5;�3þ�34��3

ð0; 0Þ; (A27)

where we have used the notation �34 ¼ �3 þ �4 and d�4 ¼ d�34, and where Jð0Þ�1þ�3;�2þ�5;�3þ�34��3
ð0; 0Þ has been

calculated in Ref. [28]. Replacing these results and simplifying, we obtain the following expression in terms of five
integrals to evaluate

J ð0Þ
�1;�2;�3ð	;m�Þ ¼ ðiÞDQ

3
i¼1 �ð�iÞ

ðk2ÞD=2��123

ð2�iÞ5
ZZZZZ þi1

�i1
d�1d�2d�3d�34d�5�ð��1Þ�ð��2Þ�ð��3Þ�ð�3 � �34Þ

� �ð��5Þ
�
p2

k2

�
�1
�
q2

k2

�
�2
�
�m2

k2

�
�34

�
�	2

k2

�
�5 �ð�12 þ �34 þ �123 þ �5 � D

2Þ
�ðD� �123 � �34 � �5Þ �ð�123 þ �1Þ

� �

�
��13 � �12 � �5 þD

2

�
�

�
��2 � �34 � �13 þD

2

�
: (A28)

We perform one integration at a time. First we integrate over �3, defining

I�3
¼ 1

2�i

Z þi1

�i1
d�3�ð��3Þ�ð�3 � �34Þ�ð�123 þ �1Þ�

�
��13 � �12 � �5 þD

2

�
: (A29)

Using the Barnes lemma

1

2�i

Z þi1

�i1
ds�ðaþ sÞ�ðbþ sÞ�ðc� sÞ�ðd� sÞ ¼ �ðaþ cÞ�ðbþ cÞ�ðaþ dÞ�ðbþ dÞ

�ðaþ bþ cþ dÞ ; (A30)

with a ¼ ��34, b ¼ �1 þ �12, c ¼ 0, d ¼ D
2 � �12 � �1 � �5, we find that

I�3
¼ �ð��34Þ�ð�1 þ �12Þ�ð�2 � �2 � �5 þ D

2Þ
�ð�2 � �34 � �2 � �5 þ D

2Þ
�

�
��1 � �34 � �5 � �12 þD

2

�
:

Then, after integrating over �3, Eq. (A28) becomes

J ð0Þ
�1;�2;�3ð	;m�Þ ¼ ðiÞDQ

3
i¼1 �ð�iÞ

ðk2ÞD=2��123

ð2�iÞ4
ZZZZ þi1

�i1
d�1d�2d�34d�5�ð��1Þ�ð��2Þ�ð��5Þ

�
p2

k2

�
�1

�
�
q2

k2

�
�2
�
�m2

k2

�
�34

�
�	2

k2

�
�5 �ð�12 þ �34 þ �123 þ �5 � D

2Þ�ð��2 � �34 � �13 þ D
2Þ

�ðD� �123 � �34 � �5Þ

� �ð��34Þ�ð�1 þ �2Þ�ð��1 � �34 � �5 � �12 þ D
2Þ�ð�2 � �2 � �5 þ D

2Þ
�ð�2 � �34 � �2 � �5 þ D

2Þ
: (A31)

One particular limit of our interest is 	 ! 0. We integrate over �5 first and call I�5
the relevant term in the above

multidimensional integration. Therefore, a wise selection of the position of the poles according to the possible closure of
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the contour of integration in Fig. 4 must be done in order to avoid unnecessary analytic continuation. We close the contour
to the left, such that j� 	2=k2j> 1. Then, the poles are due to �ð�12þ�34þ�123�D

2þ�5Þ alone, and are located at
�5 ¼ ��12 � �34 � �123 þ D

2 � n. Therefore

I�5
¼ 2�i

X1
n¼0

ð�1Þn
n!

�
�	2

k2

�
D=2��12��34��123�n �ð�2 þ �3 þ nÞ�ð�12 þ �34 þ �123 � D

2 þ nÞ
�ðD2 þ �12 þ nÞ�ð2�2 þ �1 þ �13 þ nÞ :

Hence, we can write

J ð0Þ
�1;�2;�3ð	;m�Þ ¼ ðiÞDQ

3
i¼1 �ð�iÞ

ðk2ÞD=2��123

ð2�iÞ3
X1
n¼0

ð�1Þn
n!

Z þi1

�i1

Z þi1

�i1

Z þi1

�i1
d�1d�2d�34�ð��1Þ�ð��2Þ�ð��34Þ

� �ð�2 þ �3 þ nÞ�ð�12 þ �1Þ�ð�12 þ �34 þ �123 � D
2 þ nÞ�ð��2 � �34 � �13 þ D

2Þ
�ðD2 þ nþ �12Þ�ðnþ �13 þ �1 þ 2�2Þ

�
�
p2

k2

�
�1
�
q2

k2

�
�2
�
�m2

k2

�
�34

�
� 	2

k2

�
D=2��12��34��123�n

: (A32)

Next, we integrate with respect to �34 closing the contour in Fig. 4 to the left, where j�m2=k2j>1. Naming I�34
the

relevant term, we have that

I�34
¼

Z þi1

�i1
d�34

�
�m2

k2

�
�34

�
� 	2

k2

�
D=2��12��34��123�n

�ð��34Þ�
�
��2 � �34 � �13 þD

2

�
�

�
�12 þ �34 þ �123 �D

2
þ n

�
:

The poles in I�34
are due to �ð�12 þ �34 þ �123 � D

2 þ nÞ, and are located at �34 ¼ ��12 � �123 þD=2� n. Thus

I�34
¼ 2�i

X1
l¼0

ð�1Þl
l!

�
�	2

k2

�
l
�
�m2

k2

���12��123þD=2�n�l
�ð�1 þ nþ lþ �2Þ�

�
�12 þ lþ �123 �D

2
þ n

�
:

Then we can write

J ð0Þ
�1;�2;�3ð	;m�Þ ¼ ðiÞDðk2ÞD=2��123Q3

i¼1 �ð�iÞð2�iÞ2
X1
n;l¼0

ð�1Þn
n!

ð�1Þl
l!

�
�	2

k2

�
l Z þi1

�i1

Z þi1

�i1
d�1d�2�ð��1Þ

� �ð��2Þ
�
p2

k2

�
�1
�
�m2

k2

�
�12��123þD=2�n�l

�
q2

k2

�
�2

�ð�12 þ �1Þ�ð�2 þ �3 þ nÞ

� �

�
�12 þ �123 �D

2
þ nþ l

�
�ð�1 þ �2 þ nþ lÞ

�ð�12 þ D
2 þ nÞ�ð2�2 þ �1 þ nþ �13Þ

: (A33)

Now we integrate with respect to �2, but now closing the
contour in Fig. 4 to the right, such that jq2=k2j< 1. Calling
I�2

to the corresponding contribution, we have

I�2
¼

Z þi1

�i1
d�2

�
q2

k2

�
�2
�
�m2

k2

���12��123þD=2�n�l

� �ð��2Þ�ð�12 þ �1Þ�ð�2 þ �3 þ nÞ

� �ð�12 þ nþ lþ �123 � D
2Þ

�ð�12 þ D
2 þ nÞ�ð2�2 þ �1 þ nþ �13Þ

:

There are poles in this expression are due to �ð��2Þ and
are located at �2 ¼ j. Therefore

I�2
¼ 2�i

X1
j¼0

ð�1Þj
j!

�
q2

k2

�
j
�
�m2

k2

���1�j��123þD=2�n�l

� �ð�1 þ �1 þ jÞ�ðnþ jþ �3Þ

� �ð�1 þ nþ lþ jþ �123 � D
2Þ

�ð�1 þ nþ jþ D
2Þ�ð�1 þ nþ 2jþ �13Þ

;

Re(u)

Im(u)

A  >  AA  >  A 12 21

FIG. 4 (color online). Mellin-Barnes contour of integration
which separates the poles of �ð� � � þ uÞ from those of
�ð����uÞ. We close the contour to the left or to the right,
choosing one of the two series of poles. A1 and A2 represent
the arguments in the sum which are given a Schwinger
representation (A26).
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and thus

J ð0Þ
�1;�2;�3ð	;m�Þ ¼ ðiÞDðk2ÞD=2��123Q

3
i¼1 �ð�iÞ2�i

X1
n;l;j¼0

ð�1Þn
n!

ð�1Þl
l!

ð�1Þj
j!

�
�	2

k2

�
l
�
q2

k2

�
j
�ðnþ jþ �3Þ

Z þi1

�i1
d�1�ð��1Þ

�
p2

k2

�
�1

�
�
�m2

k2

���1��123þD=2�n�l�j
�ð�1 þ nþ lþ �2Þ�ð�1 þ jþ �1Þ

� �ð�1 þ jþ �123 � D
2 þ nþ lÞ

�ð�1 þ nþ jþ D
2Þ�ð�1 þ nþ 2jþ �13Þ

: (A34)

Finally, we integrate with respect to �1 closing the contour to the right, such that jp2=k2j< 1, and observing that the poles
of the expression are due to �ð��1Þ and they are located at �1 ¼ s, we find

J ð0Þ
�1;�2;�3ð	;m�Þ ¼ ðiÞDð�m2ÞD=2��123Q

3
i¼1 �ð�iÞ

X1
n;l;j;s¼0

ð�1Þn
n!

ð�1Þl
l!

ð�1Þj
j!

ð�1Þs
s!

�
� k2

m2

�
n
�
	2

m2

�
l
�
� q2

m2

�
j
�
� p2

m2

�
s

� �ð�3 þ nþ jÞ�ð�2 þ nþ lþ sÞ�ð�1 þ jþ sÞ �ð�123 � D
2 þ nþ lþ jþ sÞ

�ðD2 þ nþ jþ sÞ�ð�13 þ nþ 2jþ sÞ : (A35)

Changing to Pochammer symbols according to

�ð�3 þ nþ jÞ ¼ ð�3;nþ jÞ�ð�3Þ; �ð�2 þ nþ lþ sÞ ¼ ð�2;nþ lþ sÞ�ð�2Þ;
�ð�1 þ jþ sÞ ¼ ð�1; jþ sÞ�ð�1Þ; �

�
�123 �D

2
þ nþ lþ jþ s

�
¼

�
�123 � D

2 ;nþ lþ jþ s

�
�

�
�123 � D

2

�
;

�ð�13 þ nþ 2jþ sÞ ¼ ð�13;nþ 2jþ sÞ�ð�13Þ; �

�
D

2
þ nþ jþ s

�
¼

�
D

2
;nþ jþ s

�
�

�
D

2

�
;

we reach at the expression

J ð0Þ
�1;�2;�3

ð	;m�Þ ¼ ðiÞDð�m2ÞD=2��123
�ð�123 � D

2Þ
�ðD2Þ�ð�123Þ

X1
n;l;j;s¼0

ð�1Þnþlþjþs

n!l!j!s!

�
� k2

m2

�
n
�
	2

m2

�
l
�
� q2

m2

�
j

�
�
� p2

m2

�
s ð�123 � D

2 ; nþ lþ sþ jÞð�2;nþ lþ sÞð�3; nþ jÞð�1; jþ sÞ
ðD2 ;nþ jþ sÞð�13; nþ 2jþ sÞ ; (A36)

or, equivalently

J ð0Þ
�1;�2;�3ð	;m�Þ ¼ ðiÞDð�m2ÞD=2��123

�ð�123 � D
2Þ

�ðD2Þ�ð�123Þ
�3

2
4 �123 � D

2 ; �2; �3; �1

D
2 ;�13

�����������
k2

m2
;
	2

m2
;
q2

m2
;
p2

m2

3
5; (A37)

where

�3

�
a1; a2; a3; a4

b1; b2

��������x1; x2; x3; x4

�

is the generalized Lauricella function of 4 variables. This is the general expression in arbitrary space-time dimensions. In
our particular case, we take �1 ¼ �2 ¼ �3 ¼ 1 and D ¼ 3, and Wick rotates to Euclidean space. We hence obtain

Jð0Þð	;m�Þ ¼ ðm2Þ�3=2
�ð3� 3

2Þ
�ð32Þ�ð3Þ

X1
n;l;j;s¼0

ð�1Þnþlþjþs

n!l!j!s!

�
k2

m2

�
n
�
	2

m2

�
l
�
q2

m2

�
j
�
p2

m2

�
s

� ð3� 3
2 ;nþ lþ sþ jÞð1;nþ lþ sÞð1; nþ jÞð1; jþ sÞ

ð32 ;nþ jþ sÞð2; nþ 2jþ sÞ ; (A38)
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or

Jð0Þð	;m�Þ ¼ ðm2Þ�3=2�3

2
4 3

2 ; 1; 1; 1

3
2 ; 2

�����������
k2

m2
;
	2

m2
;
q2

m2
;
p2

m2

3
5:

(A39)

This completes the calculation of Jð0Þð	;m�Þ. Next we
check some particular limits.

First we consider 	2 ¼ m2. Then

Jð0Þðm�Þ ¼ ðm2Þ�3=2
X1

n;j;s¼0

ð�1Þnþjþs

n!j!s!

�
k2

m2

�
n
�
q2

m2

�
j
�
p2

m2

�
s

� �ðsþ jþ 1Þ�ðnþ sþ 1Þ
�ð2nþ 2jþ 2sþ 3Þ �ðnþ jþ 1Þ

� �

�
nþ jþ sþ 3

2

�
; (A40)

that can be written as

Jð0Þðm�Þ ¼
ffiffiffiffi
�

p
4

ðm2Þ�3=2�3

2
4 3

2 ; 1; 1; 1

3

�����������
k2

m2
;
q2

m2
;
p2

m2

3
5;

(A41)

where

�3

�
a1; a2; a3; a4

b1

��������x1; x2; x3
�

is the generalized Lauricella function of three variables.
This expression coincides with Eq. (A13) obtained in
Ref. [28] where, in our case, �1 ¼ �2 ¼ �3 ¼ 1 and
�1 ! 
, �2 ! �, �3 ! �.

Another limit of interest is when 	 ¼ 0. This limit is
achieved by returning to Eq. (A28), where we take directly
	 ¼ 0 and integrate using the Barnes theorem and integrat-
ing in accordance with above reasoning. Then,

Jð0Þðm�Þ ¼ ðm2Þ�3=2
X1

n;s;j¼0

ð�1Þnþsþj

n!s!j!

�
k2

m2

�
n
�
p2

m2

�
s
�
q2

m2

�
j

� �ðsþ jþ 1Þ�ðnþ sþ 1Þ
�ðnþ sþ jþ 3

2Þ�ðnþ sþ 2jþ 2Þ
� �ðnþ jþ 1Þ�

�
nþ sþ jþ 3

2

�
�

�
jþ 1

2

�
;

(A42)

or

Jð0Þðm�Þ ¼
ffiffiffiffi
�

p ðm2Þ�3=2�2

2
4 3

2 ; 1; 1; 1;
1
2

3
2 ; 2

�����������
k2

m2
;
p2

m2
;
q2

m2

3
5;

(A43)

where

�2

�
a1; a2; a3; a4; ~a1

b1; ~b1

��������x1; x2; x3
�

is the three-parameter generalized Lauricella function.
This expression is in agreement with Eq. (32) of the
Ref. [28] after the identification �1 ¼ �2 ¼ �3 ¼ 1 and
�1 ! 
, �2 ! �, �3 ! �.
Finally, in the limit when 	2 � m2 in Eq. (A38), we

obtain

Jð0Þðm�Þ 	 ðm2Þ�3=2
X1

n;j;s¼0

ð�1Þnþjþs

n!j!s!

�
k2

m2

�
n
�
q2

m2

�
j
�
p2

m2

�
s

� �ðnþ jþ 1Þ�ðnþ sþ 1Þ
�ðnþ jþ sþ 3

2Þ�ðnþ 2jþ sþ 2Þ
� �ðjþ sþ 1Þ�

�
nþ jþ sþ 3

2

�
þ � � � :

(A44)

8. Jð1Þ� ð�;m�Þ
We write Jð1Þ� ð	;m�Þ in its most general form

Jð1Þ� ð	;m�Þ ¼ �2

2
fk�JAðk; pÞ þ p�JBðk; pÞg; (A45)

that is symmetrical under the exchange of k and p. Here

JAðk; pÞ ¼ � 1

�2

�
½p2ðk2 þm2� � 	2Þ

� ðk � pÞðp2 þm2� � 	2Þ� J0ð	;m�Þ
2

þ ðk � pÞ~Ið	2; m2�; k2Þ � p2~Ið	2; m2�; p2Þ
þ 1

2
ðp2 � k � pÞK0ðm�Þ

�
;

JBðk; pÞ ¼ JAðp; kÞ; (A46)

and J0ð	;m�Þ ¼ 2=�2Jð0Þð	;m�Þ, K0ðm�Þ ¼
2=�2Kð0Þðm�Þ, ~Ið	2; m2�; p2Þ ¼ Ið	2; m2�; p2Þ=�2. The
limits 	 ! 0, m� ! 0 and 	 ! m� can be derived
straightforwardly and show complete agreement with the
findings of Refs. [18,24].

9. Jð2Þ
��ð�;m�Þ

In its most general form, we expand
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Jð2Þ��ð	;m�Þ ¼ �2

2

�
����

3
K0ðm�Þ �

�
k�k� � ���

k2

3

�
JCðk; pÞ �

�
p�k� þ k�p� � ���

2k � p
3

�
JDðk; pÞ

�
�
p�p� � ���

p2

3

�
JEðk; pÞ

�
; (A47)

where

JCðk;pÞ ¼ 1

�2

��
1

2
ðk �pÞðp2 þm2� � 	2Þ �p2ðk2 þm2� � 	2Þ

�
JAðk;pÞ �p2

2
ðp2 þm2� � 	2ÞJBðk;pÞ þp�

~I�ð	2;m2�; k2Þ

þ ðk �pþp2ÞK0ðm�Þ
4

�
;

JDðk;pÞ ¼ 3

2�2

��
ðk �pÞðk2 þm2� � 	2Þ � 1

3
k2ðp2 þm2� � 	2Þ

�
JA
2
þ

�
ðk �pÞðp2 þm2� � 	2Þ �p2

3
ðk2 þm2� � 	2Þ

�
JB
2

� 1

4

�
1

3
ðp� kÞ2 þ 4

3
ðk �pÞ

�
K0ðm�Þþ 1

3
½k�~I�ð	2;m2�; k2Þ þp�

~I�ð	2;m2�; p2Þ�
�
;

JEðk;pÞ ¼ JCðp;kÞ; (A48)

and ~I�ð	2; m2�; p2Þ ¼ I�ð	2; m2�; p2Þ=�2, being

I �ð	2; m2�; p2Þ ¼
Z

d3w
w�

½w2 þ 	2�½ðp� wÞ2 þm2��
: (A49)

This integral is readily found to be

I�ð	2; m2�; p2Þ ¼ �2p�

�
	�m�

p2
þ ðm2� � 	2 þ p2Þ

p2
Iðp;m� þ 	Þ

�
: (A50)

The limits 	 ! 0, m� ! 0 and 	 ! m� can be derived straightforwardly and show complete agreement with the findings
of Refs. [18,24].

10. Lð1Þ
� ð�;m�Þ

In order to integrate

Lð1Þ
� ð	;m�Þ ¼

Z
d3w

w�

w2½w2 þ 	2�½ðp� wÞ2 þm2��½ðk� wÞ2 þm2��
; (A51)

we use the identity

1

w2½w2 þ 	2� ¼ 1

	2

�
1

w2
� 1

w2 þ 	2

�
: (A52)

Thus, we can write

Lð1Þ
� ð	;m�Þ ¼ 1

	2
½Jð1Þ� ðm�Þ � Jð1Þ� ð	;m�Þ�: (A53)

11. Lð2Þ
��ð�;m�Þ

Similarly, we can express

Lð2Þ
��ð	;m�Þ ¼ 1

	2
½Jð2Þ��ðm�Þ � Jð2Þ��ð	;m�Þ�: (A54)
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Pennington, Phys. Rev. D 57, 1242 (1998); arXiv:hep-ph/
9907418.

[25] A. Bashir and A. Raya, Phys. Rev. D 64, 105001 (2001).
[26] F. D.M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
[27] Y. Concha-Sánchez, Ph.D. thesis, IFM-UMSNH, Mexico,

2009.
[28] E. E. Boos and A. I. Davydychev, Teor. Mat. Fiz. 89, 56

(1991) [Theor. Math. Phys. 89, 1052 (1991)].
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