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Towards the phase diagram of dense two-color matter
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We study two-color QCD with two flavors of Wilson fermion as a function of quark chemical potential
w and temperature 7. We find evidence of a superfluid phase at intermediate x and low T where the quark
number density and diquark condensate are both very well described by a Fermi sphere of nearly free
quarks disrupted by a BCS condensate. Our results suggest that the quark contribution to the energy
density is negative (and balanced by a positive gauge contribution), although this result is highly sensitive
to details of the energy renormalization. We also find evidence that the chiral condensate in this region
vanishes in the massless limit. This region gives way to a region of deconfined quark matter at higher T
and u, with the deconfinement temperature, determined from the renormalized Polyakov loop, decreasing
only very slowly with increasing chemical potential. The quark number susceptibility y, does not exhibit
any qualitative change at the deconfinement transition. We argue that this is because y, is not an

appropriate measure of deconfinement for two-color QCD at high density.
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I. INTRODUCTION

Despite over a decade of intensive efforts to unveil the
phase structure of strongly interacting matter at high den-
sity (beyond a few times the nuclear saturation density)
and low temperature, even the question of which phases
exist remains unanswered. A quantitative knowledge of
this region would allow us to answer many questions
regarding the structure and properties of compact stars,
including the question of whether deconfined quark
matter can exist inside such stars. The reason for the lack
of definite progress on this issue is that standard weak-
coupling methods are inapplicable except at asymptoti-
cally high densities, while the various model approaches
that have been employed have not been sufficiently con-
strained by input from experiment or first-principles theo-
retical calculations to yield reliable information in the
region of interest. Thus, while a wealth of information
exists regarding possible phases and their properties in
various models, no reliable, quantitative results are avail-
able as yet. For a recent review of high-density QCD, see
Ref. [1].

Many of the outstanding questions could in principle be
answered by lattice QCD simulations, but these have been
hindered by the notorious sign problem. While no method
has as yet been shown to solve the sign problem for QCD,
lattice simulations may still constrain model calculations
by providing first-principles, nonperturbative results for
QCD-like theories without a sign problem. This is the
main aim of the present study.

Among these theories, QCD with gauge group SU(2)
(two-color QCD or QC,D) is of particular interest in that
it shares most of the salient features of real QCD (eg,
confinement, dynamical chiral symmetry breaking and
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long-range interactions). It differs from QCD in that the
baryons of the theory are bosons, and the lightest baryon is
a pseudo-Goldstone boson, degenerate with the pion [note
though, that SU(2) models with adjoint matter [2] and G,
with fundamental matter [3], both of which are free from a
sign problem, are expected to contain fermionic baryons
in the physical spectrum]. Therefore, instead of a normal
nuclear matter phase this theory has a superfluid state
characterized by condensation of these baryons, which at
this point become true Goldstone bosons. This has been
observed in a number of lattice simulations; in particular, the
excitation spectrum including the Goldstone bosons has
been studied in Refs. [4,5]. A transition to a state of decon-
fined quark matter is expected at high chemical potential w
(see however Ref. [6]), and evidence of this was found in
Refs. [7,8]. The precise nature of this transition remained
unclear, however, and in this paper we will attempt to
answer some of the outstanding questions about this.

An intriguing possibility is that in an intermediate
regime, strongly interacting matter may enter a chirally
symmetric and confined phase, dubbed quarkyonic [9]. In
Ref. [8], it was suggested that the scaling of thermody-
namic quantities with w in the intermediate regime could
be a sign of such a phase. It was not possible to draw any
further conclusions, not least because the presence of a
nonzero diquark source j # 0, introduced to stabilize the
simulations, distorted the p dependence of the relevant
quantities. This will be remedied in the present paper.

This paper is organized as follows. In Sec. II we present
results from simulations at zero chemical potential. These
results allow us to map out lines of constant physics,
including the line of zero quark mass, which will in the
future allow us to perform controlled extrapolations to the
continuum and chiral limits, and also by varying N at
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fixed cutoff to estimate the critical temperature 7, for
deconfinement at x4 = 0. In addition, these results form a
large part of the input into the renormalization of energy
densities, which is described and carried out in Sec. III.
Section IV contains the bulk of our results for the (w, T)
phase diagram. After addressing some general technical
issues in Sec. IVA, we present in Sec. IV B results for the
order parameters for superfluidity and deconfinement, giv-
ing us an outline of the (u, T') phase diagram. Section IV C
contains results for the thermodynamic quantities, baryon
density and (renormalized) energy density, while Sec. IV D
contains results for the quark number susceptibility
(preliminary results from this work were presented in
Ref. [10]), and in Sec. IV E we investigate chiral symmetry
breaking and restoration. Finally, in Sec. V we summarize
our results and their implications.

II. SIMULATION DETAILS AND VACUUM
PHASE STRUCTURE

We study QC,D with a conventional Wilson action for
the gauge fields and two flavors of Wilson fermion. The
fermion action is augmented by a gauge- and iso-singlet
diquark source term which serves the dual purpose of
lifting the low-lying eigenvalues of the Dirac operator
and allowing a controlled study of diquark condensation.
The quark action is

So+S8;=Y M + kjlg5(Cys)rop; —Hel (D)
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Mxy = 8xy - KZ[(I - ’YV)eMlSVOUV(x)By,x-%—f/
v

+ (14 y,)e Ul ()8, 5] )

Further details about the action and the hybrid Monte Carlo
algorithm used can be found in Ref. [7].

We have performed an extensive exploration of the
parameter space in the vacuum (7 = w = j = 0) in the
range B8 = 1.7-2.1. The parameters used are shown in
Table I, together with the values obtained for the pion
(pseudoscalar meson) mass m ., ratio of pion to rho (vector
meson) mass m,/m, and lattice spacing a. The lattice
spacing was determined by fitting the static quark potential
to the Cornell form V(r) = C + a/r + or and taking the
string tension to be \/o = 440 MeV.

We can determine the value «.(8) where the quark mass
vanishes by performing a linear extrapolation of m?2 in 1/k
for each value of B. The results of this are shown in
Table II.

We have also investigated the thermal deconfinement
transition at w = 0 using the fixed-scale approach. We
have generated configurations with N, =4-10 at B =
1.9, k = 0.168, corresponding to a temperature range of
113-281 MeV. At each temperature we have computed
the Polyakov loop (L), which is an order parameter for
deconfinement of static color charges in the pure gauge
theory, and exhibits a rapid crossover in a theory with

=12 dynamical fermions. It is related to the free energy F, of
with a static quark by
TABLE I. Simulation parameters, pi and rho masses and lattice spacing at w = j = 0.
B K N, N, Niga am, my/m, a (fm)
1.7 0.1780 12 24 500 0.779(7) 0.804(10) 0.229(3)
1.7 0.1790 12 24 1050 0.683(5) 0.783(12) 0.213(8)
1.7 0.1810 12 24 500 0.438(15) 0.61(5) 0.189(4)
1.8 0.1740 12 24 2000 0.640(4) 0.778(7) 0.178(8)
1.8 0.1750 12 24 880 0.490(9) 0.67(2) 0.174(8)
1.9 0.1680 12 24 1570 0.645(8) 0.805(9) 0.178(6)
1.9 0.1685 12 24 2000 0.589(4) 0.780(9) 0.153(18)
1.9 0.1690 12 24 1000 0.517(11) 0.71(2) 0.144(8)
2.0 0.1620 12 24 1000 0.638(7) 0.83009) 0.164(5)
2.0 0.1625 16 32 2000 0.586(3) 0.820(8)
2.0 0.1627 16 32 2000 0.562(4) 0.809(8)
2.0 0.1630 12 24 1000 0.524(10) 0.758(16) 0.145(3)
16 32 2000 0.508(4) 0.785(9)

2.1 0.1570 16 32 1600 0.536(3) 0.836(8)
2.1 0.1580 16 32 2100 0.405(5) 0.770(12)

TABLE II.  Critical hopping parameter «, given by m2(x,) = 0, for different values of 8.
B 1.7 1.8 1.9 2.0 2.1
K 0.18226*% 0.17644*13 0.17089+% 0.16456* 1 0.15935+%
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FIG. 1 (color online). The renormalized Polyakov loop Ly as
a function of temperature T, for 163 X N, lattices at 8 = 1.9,
k= 0.168, u = j = 0. The red (solid) band is a cubic spline
interpolation between the data points, and the green (dashed)
curve shows the derivative of the interpolation curve, divided
by a factor of 10.

L= fD/T, 3)

The free energy F, is only defined up to an additive
renormalization constant AF, which depends on the bare
couplings B, k. Different prescriptions for determining this
constant correspond to different renormalization schemes.
We have imposed the condition that the renormalized
Polyakov loop on our N, = 4 lattice (T = 263 MeV) is
equal to 1, or in other words, the free energy is zero at this
temperature. We can then compute the renormalized
Polyakov loop Lz(T) at any other temperature 7 from
the bare Polyakov loop L via

LR(T) = e*FR(T)/T = e*(Fn(T)JFAF)/T,

= Lo(T)e 2F/T = ZV'Lo(T = 1/aN,), (4)

where Z; = exp(—aAF) = Ly(N, = 4)~'/* (this proce-
dure was first outlined in Ref. [11]). The results are shown
inFig. 1, as a function of aT = 1/N,. The red (solid) curve
in Fig. 1 is a cubic spline interpolation between the data
points. Taking the derivative of this [denoted by the green
(dashed) curve], we find the maximum at Ta = 0.193. If
we instead use an Akima spline to interpolate, the maxi-
mum of the derivative appears at Ta = 0.183. Taking the
cubic spline as our best estimate and conservatively esti-
mating the uncertainty to be twice the difference between
the Akima and cubic spline estimates, our result for the
deconfinement temperature is T,(uw =0) is Tya =
0.193(20) or T; = 217(23) MeV.

III. RENORMALIZATION OF ENERGY DENSITIES

To determine the energy density, it is convenient to
introduce different lattice spacings ag, a, in the space and
time directions, with an anisotropy parameter & = a,/a,.
The energy density ¢ is then given by [[12], Sec. 5.4.1]
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1 oz | & <as > )
vV oT™! N3N.ala, \o& | ..I°

(Nya,)?, T"' = N,a,, and

e(T)=—

where we have used V =

d ag; o
=== ©)
aar ag az af as

The partial derivatives must be taken with all other physical
parameters kept fixed. In our case, this means that the physi-
cal quark mass, and therefore the ratio m.. /m,,, is kept fixed.

The anisotropic action § = S5 + Sy + S, describing
Ny = 2 Wilson quark flavors is given by

S =— ]ff [ D ReTrU;(x) + ngReTon(x)]
8 x,i<j
(7)
So = QLX) h(x) + v,k *(x) (Do ih)*(x)]
KD PD) (), (8)
Sy = ki [P (XN)Cys ' (x) — ¢ () Cysmo ™ (x)],
(9)
with
(D) (x) = (y; = DU x)p(x + 1)
—(y; + DUS(x = Dye(x = 1), (10)
(D)% (x) = (v — DUs(x)e* (x + 0)

— (yo + DUS(x = O)e#yp(x = 0).  (11)
We also define

g =L,

B: = ')’gBr
Ve

K = VgKs = YVgK. (12)
The parameters y, and 7y, are the bare gluon and quark
anisotropies, which in our formalism will be taken to be
independent.

Substituting these expressions into (5) (and dropping the
Iax from all partial derivatives as it will be understood), we
then readily derive

=) (5)

- L (' 5+ 8777
+ <ReTrUi0>(yg 2? %)] (13)

This coincides with the first part of Eq. (17) of Ref. [13].
The terms in angled brackets are the average spatial and
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temporal plaquettes, respectively, and the terms multiply-
ing them are what are usually known as the Karsch coef-
ficients. In the weak-coupling isotropic limit B — oo,
Y, = 1 we have

3 dyg! 3 9
Ve _ Ve _ : _B:__ﬁ_() (14)
0& A& 0& da
and we recover the expression used in Refs. [7,8]:
g2 3N?
2% -2t B (ReTrU) — ReTrURL  (15)

The quark contribution to the energy density is given by

- ()
[<Z¢0w> +<¢1D0¢’>(’}’qa§ 867;)]

(16)

The terms in angled brackets are calculated using a sto-
chastic estimator. Note a potentially useful identity

VoI Do) + kD (D) + ()
= —Trl = —4N_.N;. (17)

Note that we have taken explicit account of the minus
sign associated with closed fermion loops in the definition
of the bilinear expectation values, ie., (YL) =
—Tr(TM ™). Tt is therefore sufficient to evaluate the first
and third terms on the left-hand side, enabling the second
term, which enters into Eq. (16), to be estimated. In the
isotropic limit y, = & = 1 this reduces to

sa = N N+ ot 0= koo |

&
(18)
In the weak-coupling isotropic limit dx/3& =0,
dv,/9¢é = 1 and we recover
8—2 = —N7x{y Do) (19)
T4 b o)

which coincides up to an overall sign with the expression in
Refs. [7,8], where the fermion’s Grassmann nature was
ignored.

Finally, the diquark contribution is given by

g, N? (B(KJ)

)< J1CysT I + Y2 Cysmy i)

V=
2N# j ok
=T 20
e (56 * 2 3¢)e0 20
in the notation of Ref. [7]. However, in the

U(1)z-symmetric limit j — O the second term inside the
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brackets vanishes, and since this limit is always found at
j = 0 for any anisotropy &, the first term also vanishes
here.

Similarly, the trace anomaly is given by

T aS
T”“”ES_:SPZV(asa—m |§> (21)

With our anisotropic action the quark and gluon contribu-
tions are given by

3 _, 9B Ivg !
(TM/.L)g = fz—l\lc[<ReTrUU><'yg laa + Ba (')Z )

% + Ba aav;g)], (22)

+ (Re TrUi()}('yga

(Tup)g =

%[(Z ‘_ﬁDilﬂ>aa—K
Do)y ee + ka )] )

However, in the isotropic limit, the bare anisotropies
are always 1, and hence the derivatives dy, , /da vanish.
We are then left with the standard expressions for the trace
anomaly,

aB 3

= —a— —(ReTrU;; + ReTrU), (24)

(T
da N,

Mu)g

Ty = —a o kNN + ). 29)

Equations (24) and (25), differ from the expressions used
in Refs. [7,8] by an overall factor 8 and an overall sign,
respectively; the resulting error is corrected in this paper.

So, in order to evaluate the full energy density (ignoring
j # 0) from Egs. (13) and (16), we need the following,
which go into the definition of the *“Karsch coefficients™:

B Y, oK Y,

g’ ¢’ €’ I€
These are computed using the method presented in
Refs. [13,14]. In addition to the bare anisotropies we define
the physical anisotropies £, = a,/a, as determined from
gluonic observables such as the ““sideways potential” [15],
and £, = a,/a, as determined from a meson dispersion
relation. For a parameter set corresponding to a physical
system &, and &, should be equal, since otherwise a
massless meson would not propagate at the correct speed
of light; choosing the bare parameters to bring this about
is a nontrivial tuning problem [13,16]. In attempting to
calculate the Karsch coefficients for the parameter set
B =19, k =0.168, we do not attempt this tuning, but
rather simulate unphysical ensembles with either y, or vy,
set to unity; the parameters are given in Table III. In
addition we use the isotropic ensembles given in Table I.

(26)
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TABLE III. Anisotropic lattice parameters and anisotropy results. The uncertainties are purely statistical.
Bs Bi Ks K Ye Yq fg fq mﬂ'/mp a (fm)
1.90 1.90 0.1680 0.1680 1.0 1.0 0.9682 1.07+2 0.807+2 0.178*¢
2.37 1.52 0.168 0.168 0.8 1.0 0.72072 0.853*14 0.805"¢ 0.177+4
1.27 2.83 0.168 0.168 1.5 1.0 1.32173 1.3244 0.648*3, 0.125"3
1.90 1.90 0.180 0.157 1.0 0.87 0.747%% 0.78*4 0.7467% 0.107%3
1.90 1.90 0.147 0.192 1.0 1.3 1.146%% 1.53%3 0.946*1 0.22977,
1.80 1.80 0.1740 0.1740 1.0 1.0 0.989"3 1.03%} 0.777+$ 0.177%§
1.90 1.90 0.1685 0.1685 1.0 1.0 0.945*2 0.9873 0.760*12 0.153*7¢
2.00 2.00 0.1620 0.1620 1.0 1.0 0.921+% 0.993 0.829%% 0.1667}
2.00 2.00 0.1630 0.1630 1.0 1.0 0.88173 10443 0.773*1 0.148%2

For each ensemble we compute the ratio M =
(m/m,)?, the lattice spacing a = aj, the gluon anisotropy
&, (from the sideways potential) and the quark anisotropy
¢, (from the pion dispersion relation). The quark and gluon
anisotropies are combined to form the average anisotropy
&, =%(§g + £,) and the anisotropy mismatch § - =&, —§,.
Each of these quantities is fitted to a linear function in the
bare parameters,

§+_1:alA')/g“‘blA’yq"‘ClAﬂ“‘dlAK, (27)

L70 — Ay, + byAy, + AR + dyAk, (28)
ap
M — M,
TO = a;Ay, + bsAy, + ;AB + diAk,  (29)
0
ff = a4A'yg + b4A'yq + C4Aﬁ + d4AK, (30)

where a, and M, are the values of @ and M at the reference
point B =19, k =0.168, vy, =y, =1, and Ax is the
deviation of the bare parameter x from its value at the same

6 : ; :
O B=127B=2.85 k=x=0.168

& B=B=1.90 x =0.147 x,=0.192
ﬁS:ﬁK:I,QO Kk =k=0.168

> B=B=1.90 k=0.180 k =0.157

X ﬁs:2.37 B.:1-52 Kk =k=0.168

Lo\

P ISR W A

o—1u
O—it

FIG. 2 (color online). The pion dispersion relation from the
anisotropic 12% X 24 lattices in Table IIL.

reference point. Inverting the 4 X 4 matrix of coefficients
(a;, b;, ¢;, d;) gives us the “generalized Karsch coefficients,”
which are the derivatives of the bare parameters with respect
to the “physical” parameters [17] £+, £—, a, M. The first
column gives us the Karsch coefficients (26), while the
second column gives us the beta functions 08/da, dk/da.

Since we do not need to renormalize the pressure, knowl-
edge of the beta functions is not required here. However, we
can use information about them to perform consistency
checks. In the isotropic limit, two of the Karsch coefficients
can be expressed in terms of beta functions, since

I
8§ £=1 a(l’

0K
9 | g=1

We can also independently estimate the beta functions from
the isotropic results in Sec. II, by taking derivatives with
respect to a along lines of constant physics.

Results for the observables on our anisotropic lattices as
well as the isotropic lattices used in this study, are given in
Table III. Figures 2 and 3 illustrate the determination of
the quark and gluon anisotropies, respectively. The gluon
anisotropy in Fig. 3 was computed using [18]

oK
= —g—

5a (31)

o—o B,=127,B=285«k =K =0168
oo B, =B, =19,% =0.147,x = 0.192
By=B,=19,%=%x=0.168
> B, =B, =19,k =0.180, k = 0.157
X—X Bs=2.37, B[=1.52, K, =k =0.168

08| R 4
C e

[( Y-} E——— o b e e b b
0 5 10 15 20 25 3C
Xy, Xt

FIG. 3 (color online). The gauge anisotropy from the aniso-
tropic 123 X 24 lattices in Table III, computed according to
Eq. (32).
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TABLE IV. Results for the fits to Egs. (27)-(30). x> /Nyy is the x? per degree of freedom for each fit.
Observable i a; b,‘ Ci d,‘ Xz/Ndj
£y 1 0.761*39 —1.667088 —2.587079 —39*12 19.4
a 2 —-0.503+28 —5.14207 —5.9470.74 —88119 2.8
M 3 —-0.5317% 0.15719 —0.59+2 —1571 22.6
£ 4 0.096+38 —0.84732 —-0.46738 67, 1.9

é_—g _ Vxl(RZ) - Vxl(R])

= , 32
ny(R2) - ny(Rl) (52)

where V,(x), V,,(x) are the potentials obtained from
Wilson loops in the (x, ¢) and (x, y) plane, respectively,

Wis(x, y) ~ Z eV,

Wy (x, 1) ~ Z eV, (33)

which is valid for large x and ¢, y. The fermion anisotropy
is determined from the pion dispersion relation,
a;p’

&
Hence, a straight-line fit of a2E? versus a2 p?, as shown in
Fig. 2, will give the anisotropy §,,.

The results of the fits to (27)—(30) are shown in Table IV.
We see that the y? per degree of freedom is very high,
especially for the average anisotropy and the mass ratio
fits. This indicates that our linear approximation breaks
down in this region, something which in the case of the
anisotropy may be seen directly from the numbers in
Table III, where a nonlinear response of the physical
anisotropies (and, indeed the lattice spacing) to the bare
anisotropies is evident. To account for this, we would need
to either include nonlinear terms in our ansatz or employ
smaller anisotropies (which would again require much
higher statistics to determine the coefficients with suffi-
cient precision). That is beyond the scope of this study.

The generalized Karsch coefficients are presented in
Table V. We see that although the anisotropy derivatives
are reasonably well determined, other quantities, including
the beta functions, have quite large uncertainties. The same
has been found previously in real QCD with anisotropic
lattices [14]. It is likely that the extraction of the lattice
spacing from the static quark potential is the main limiting

a%E2 = a.zrmzr +

(34)

TABLE V. Results for the generalized Karsch coefficients
dc;/0x;. The numbers in the first column are the actual Karsch
coefficients, while the second column gives the beta functions.

Jac; dc; dc; dc;
¢ Frn A%q M 55 9E_
Y, 0.90*4, -0.51*13 0.13+32 1.4%12
Yy 0.13+40 0.22112 —0.55721) —2.9%37
B 0.591924 —1.4723 3.7%13 8*%
K —0.0527%%  0.075%3 —0.2253 —0.3975%

factor here, and that a high-precision lattice spacing deter-
mination from for example the Wilson flow [19] (which
may also be used to determine the gauge anisotropy [20])
would help in this respect.

A surprising result is the small value for the coefficient
Yy /&, which comes out between 0.1 and 0.2, in contrast
to dy,/d¢, which has a value close to 1 as expected.
It is possible that this is related to the breakdown of the
linear approximation, and that including nonlinear terms
might bring this coefficient closer to 1. As we shall see in
Sec. IV C, this has a significant impact on the resulting
energy density.

The coefficients ady, ,/da should be zero in the iso-
tropic limit. While consistent or nearly consistent with zero
within errors, the central values in Table V are fairly large.
If we could constrain these to be exactly zero, our overall
uncertainties might be reduced. We also see that Eq. (31) is
satisfied within the admittedly large uncertainties. Again, it
might improve the accuracy of our determination if these
equations could be constrained to hold exactly.

We may also use m,/m, instead of M = (m,/m,)* as
our mass observables in the fits. We find that repeating the
analysis above with this choice does not change the results
for the Karsch coefficients and beta functions by much.

We have also computed the beta functions separately
from a two-dimensional fit to the isotropic ensembles only.
The results are shown in Table VI. As we can see, the two
approaches give consistent results, suggesting that the
systematic uncertainties of the method are under reason-
able control. The numbers are also roughly consistent with
(but somewhat larger than) the crude estimates used in
Ref. [8], where a simple backward derivative approxima-
tion was used.

IV.RESULTS AT p # 0

We now focus on the (8 = 1.9, k = 0.1680) parameter
set, and explore the interior of the (7, u) plane for these

TABLE VI. Results for the beta functions adc;/da and mass
derivatives Mdc;/dM, computed from fits to the isotropic data
sets.

ac; 9¢;
C; a Ba M oM
B —-1.02+4] 0.737%¢
K 0.05718 —0.0478,
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TABLE VII. Number of trajectories for u # 0, 8 = 1.9, k =
0.168, N, = 24 (T = 47 MeV). The ja = 0.02, 0.03 configura-
tions all have N; = 12. All trajectories have average length 0.5.

aj=0.04
ap aj = 0.02 aj=0.03 N, =12 N, =16
0.25 250 560
0.30 514 315 632 500
0.325 250 560
0.35 284 1248
0.375 250 660
0.38 552
0.40 256 712 500
0.425 264 592
0.45 368 768
0.46 680
0.47 468
0.48 712
0.49 716
0.50 253 270 699 730
0.525 556
0.55 260 168
0.575 314
0.60 256 172 510
0.65 260 644
0.70 253 250 476 560
0.75 255 600
0.80 257 616 600
0.85 255
0.90 250 260 316 560
0.95 257
1.00 250 600
1.10 252 504

bare couplings. Results for j = 0.04 on the 123 X 24 lat-
tices were already presented in Ref. [8]. Now, with the
addition of data for j = 0.02 and, for some selected w
values, j = 0.03, we can extrapolate all our results to the
Jj = 0 limit. The details of this extrapolation will be dis-
cussed in Sec. IVA, as will our treatment of finite lattice
spacing and finite volume lattice artifacts.

We have also explored higher temperatures with data
at N, = 16, 12, 8, and studied finite volume effects with
the addition of a 163 spatial volume. The temperatures are
T = 47,70, 94, and 141 MeV for N, = 24, 16, 12, and 8,
respectively. Details of our data sets are given in Tables VII,
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VIII, IX, and X. Figure 4 shows the computational effort for
the N, = 24 lattices in terms of the number of conjugate
gradient iterations per inversion and the molecular dynamics
step size. It is evident from this figure that simulations in the
dense region at the lowest j value are 1-2 orders of magni-
tude more costly than those of the vacuum.

A. Diquark source extrapolation and lattice artifacts

In Fig. 5 we show the diquark condensate {(gq) as a
function of the diquark source j for wa = 0.3, 0.5, 0.6,
0.9 on the 123 X 24 lattice. We have attempted to fit the
behavior with three different functional forms: linear
({qq) = A + Bj), power-law ((gq) = Bj*) and constant +
power ({gq) = A + Bj%). Our results are summarized in
Table XI. We find that a linear fit works reasonably well
except for wa = 0.3, where a pure power-law works well,
confirming that the diquark condensate is indeed zero at
this point. At wa = 0.5, neither functional form gives a
very good fit, but the constant + power fit gives a result
for the extrapolated diquark condensate consistent with
the linear form. Note that the constant + power fit is
always far less stable than the two others, but for pwa =
0.5 the extrapolated values are consistent with those from
the linear fit.

The results for other observables are similar. As an
illustration of this, the corresponding fits for the quark
number density n, are summarized in Table XII. Based
on these findings, we use a linear function as our default
extrapolation model for all observables, keeping in mind
that this will distort the results somewhat in the regime
pma =< 0.5.

Next, we discuss our treatment of lattice artifacts in the
context of the quark number density n,. As in previous
works, it will prove convenient to express results in terms
of dimensionless ratios, e.g., n,/n3%, where n3® is the
result for noninteracting quarks. However, even for free
quarks, artifacts due to nonzero lattice spacing and finite
spatial volume are non-negligible, resulting in significant
departures from the result in continuum and thermody-
namic limits, and very careful discussion is required.
Insight into both UV and IR artifacts can be gleaned by
considering the ratio n'% /n$3(T = 0), calculated for two
different volumes using the formula given in Ref. [7], and
shown in Fig. 6. The correction is numerically large across
extensive portions of the w axis. The oscillatory behavior

TABLE VIII. Chemical potential values and number of trajectories for the 123 X 16 lattices
(T =70 MeV). The diquark source is ja = 0.04 in all cases. All trajectories have average
length 0.5.

ap 0.300 0.400 0.450 0.500 0.525 0.550 0.575
Niga 500 560 2000 2520 2045 2000 2550
ap 0.600 0.625 0.650 0.675 0.700 0.800 0.900
Ny 2520 2520 560 560 520 540 500
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TABLE IX. Chemical potential values and number of trajectories for the 163 X 12 lattices (T = 94 MeV). N(0.04) and N(0.02) are
the number of trajectories for ja = 0.04 and 0.02, respectively. All trajectories have average length 0.5.

ap 0.200 0.250 0.275 0.300 0.325 0.350 0.360 0.375 0.390
N(0.04) 1000 2500 2520 2520 2800 4900 2100 4900 1300
ap 0.400 0.425 0.450 0.500 0.600 0.700 0.800 0.900
N(0.04) 1080 1050 1050 1164 1128 600 510 540
N(0.02) 500 512 310 300 250 255

TABLE X. As Table IX, for the 16* X 8 lattices (T = 141 MeV).
ap 0.100 0.200 0.300 0.400 0.500 0.600 0.700 0.800 0.900
N(0.04) 1000 1000 1000 1050 1050 1200 1000 1000 1000
N(0.02) 1000 1000 1000 1000

seen for wa < 0.8 is an IR artifact known to arise from
the nonsphericity of the Fermi surface resulting from the
discretization of momentum space [21].

As an illustration of these effects, in Fig. 7 we show the
normalized quark number density n,/ngjp at fixed diquark
source ja = 0.04, with two different choices for ngp. In the
upper panel we have normalized by ngp for the correspond-
ing lattice volumes, while in the lower panel we have used
the same normalization for all lattices. We have chosen to
use ngp for a 16 X 24 lattice for this normalization; note
that this choice is purely a matter of convenience, the
purpose being to easily compare the raw numbers for n,
from different lattices. We see that there is no difference
between our raw numbers for n, on the 123 X 24 and
16° X 24 lattices at j = 0.04; however ngp for the 123
lattice has a dip around ua = 0.4, while on the 163 lattice
this feature has moved to smaller w. This dip coincides
with the peak in n, /ngp seen in the upper panel of Fig. 7,
giving rise to a spurious discrepancy in the normalized
results for the two volumes.
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FIG. 4 (color online). The number of conjugate gradient iter-
ations N, per inversion, step size df (solid lines) and acceptance
rates (dashed lines) for our simulations on N, = 24 lattices.

By contrast, the correction factor coincides on the two
volumes for wa > O(1), suggesting that the considerable
departure from unity at large w is due to UV effects. As we
can see in the inset of Fig. 6, the diquark source has a
negligible effect on the noninteracting quark density, and
hence any significant j dependence in our results must arise
from interactions.

Based on these findings, we will in the following present
our results for n, and the pressure p, as well as the quark
number susceptibility x,, using both the noninteracting
lattice and continuum expressions to normalize our data.
This will allow us to assess the magnitude of IR and UV
lattice artifacts. For the energy density and trace anomaly,
where gluonic contributions are significant, we will instead
normalize by u*.

B. Order parameters and phase structure

Figure 8 shows the diquark condensate,
(qq) = (P> Cysmyp' = &' Cysmyh®),  (35)

as a function of chemical potential, for the N, = 24, 12 and
8 lattices. In the case of a weakly coupled BCS condensate
at the Fermi surface, the diquark condensate, which is the
number density of Cooper pairs, should be proportional to
the area of the Fermi surface, i.e., (gq) ~ u>. This is to be
contrasted with chiral perturbation theory (yPT) [22],
which for u > u, at leading order predicts (gg) to be u
independent.

For the lowest temperature 7 = 47 MeV (N, = 24) we
see an almost perfect proportionality in the region 0.35 <
pa =< 0.6. The lower limit of this region roughly coincides
with the onset chemical potential u, = m, /2 =~ 0.33a"!,
below which both the quark number density and diquark
condensate are expected to be zero. The reason we see a
gradual rise from pa = 0.25 is our use of a linear ansatz
for the j— 0 extrapolation, which is not valid in this
regime, as discussed in Sec. IVA. For ua = 0.6,
(qq)/ u* rises again before possibly reaching a new plateau
at ua = 1.0. This is possible evidence of a transition to a
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FIG. 5 (color online). The diquark condensate {gg) as a func-
tion of diquark source j, for the 123 X 24 lattice, together with
extrapolations to j = 0. The dotted lines denote the 68% con-
fidence interval for each fit. At u = 0.50 the central value lies
outside the 68% confidence interval.

new state of matter at high density, but at these large
densities the impact of lattice artifacts cannot be excluded.

At T =70 MeV (N, = 16) we are not in a position to
perform a j — 0 extrapolation, but from the ja = 0.04 data
we see only a mild suppression in {gg), and only for ua =
0.8. Since the results are almost indistinguishable from
those at 7= 47 MeV we do not show them here.

At T =94 MeV (N, = 12) we see that {(gq) is signifi-
cantly smaller for all values of u and drops dramatically
above pwa = 0.7. This gives us the first indications of the
transition between the diquark-condensed and the normal
phase. At 7T = 141 MeV (N, = 8) we find that the diquark
condensate is zero at all u, confirming that the system is in
the normal phase at this temperature. A systematic inves-
tigation including more temperatures and an extrapolation
to j = 0 at all temperatures will be required to establish the
exact location and nature of this transition.

PHYSICAL REVIEW D 87, 034507 (2013)

TABLE XI. Parameters for j— O extrapolations of the di-
quark condensate {gq). Note that the power + constant fit is a
3-parameter fit to 3 data points, and hence there is no y?> for
this fit.

ua 0.3 0.5 0.7 0.9
Linear fit A + Bj

A 0.0068(1) 0.02603)  0.0557(5)  0.1418(8)

X 7.5 33 0.06 1.05
Power law fit Bj“

@ 0.709(6) 0.376(7) 0.261(6) 0.104(5)

X 0.23 2.1 15.1 1.03

Power + constant fit A + Bj“
A 0.002773, 0.025% 7 0.058+3 0.12979,
@ 0.3612 0.50%,5y 1.0%49 0.21%]

Finally, comparing the numbers from the 123 X 24 and
16° X 24 lattices, no evidence of any significant finite
volume effects are found, except at wa = 0.9 where the
condensate on the smaller volume is slightly suppressed.

Figure 9 shows the order parameter for deconfinement,
the Polyakov loop (L), for our four different tempera-
tures. It has been renormalized using (4), using the
p-independent renormalization constant Z; already com-
puted in Sec. II. We see that for each temperature T, (L)
increases rapidly from zero above a chemical potential
q(T) which we may identify with the chemical potential
for deconfinement. However, since L is a convex function
of w at all 7, it is not possible to use the variation of L
with w to define u (7). In the absence of a more rigorous
criterion, we have taken the point where L crosses the
value it takes at T,(w = 0), L; = 0.6, to define u,(7T).
The results are shown in Fig. 10, with error bars denoting
the range L; = 0.5-0.7. To more accurately locate the
deconfinement line, we will need to perform a temperature
scan for fixed w-values, as was done for u = 0.

For our lowest temperature (N, = 24), the renormalized
Polyakov loop is too noisy for any quantitative conclusions
to be drawn. This is because the signal (which is consistent
with 0 for wa < 0.75) as well as the statistical noise are
multiplied by the large renormalization factor Z2* = 2084.

TABLE XII. Parameters for j — 0 extrapolations of the quark
number density n,, for the 123 X 24 lattice.

ua 0.3 0.5 0.7 0.9
Linear fit A + Bj

A 0.0000(5) 0.0128(9) 0.0407(17)  0.190(3)

X 6.8 3.7 0.04 0.04
Power law fit Bj“

@ 0.95(17) 0.18(5) 0.20(3) 0.076(15)

X? 6.7 438 0.07 0.11

Power + constant fit A + Bj“
A 0.000%57 0.0162+2 0.025*11 0.18572,
@ 02118 —0.01715;13 0.11*% 0.2974]
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FIG. 6 (color online). Ratio n'& /nSt evaluated for free mass-

less quarks on both 123 X 24 and 163 X 24 lattices. The inset
shows the same ratio for the 123 X 24 lattice, for four different
values of the diquark source j.

However, the unrenormalized Polyakov loop L, shown in
the inset of Fig. 9, exhibits the same qualitative behavior as
for the higher temperatures. We also find that there are no
significant volume effects, while the diquark source tends
to suppress the Polyakov loop slightly. At wa = 0.75 we
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FIG. 7 (color online). The quark number density at ja = 0.04
for different lattice volumes, divided by the density for a non-
interacting gas of lattice quarks on the same volume (top) and on
a fixed volume of 163 X 24 (bottom).
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FIG. 8 (color online). The diquark condensate {(gq)/u> ex-
trapolated to j = 0 for N, = 24, 12, 8 (T = 47, 94, 141 MeV).

see that the curves for the renormalized Polyakov loop at
the different temperatures cross, so that at higher w, L is
smaller for higher temperatures. This, however, depends
on the renormalization scheme: if we had instead imposed
the condition that L, = 0.5 at N, = 4, u = 0, the curves
would not cross.

The estimates of critical chemical potentials for both
deconfinement and superfluidity can be translated into a
tentative phase diagram, shown in Fig. 10. It is worth
reiterating that the points on the phase boundaries are
rough estimates only, since we do not have a precise
criterion for the transition. In Sec. IVD we will present
results for a different measure of deconfinement, the quark
number susceptibility. We also show the estimate from the
coarser lattice in Ref. [7]. Clearly, a combination of tem-
perature effects and lattice artifacts is responsible for the
discrepancy between the u, values quoted in Refs. [7,8].
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FIG. 9 (color online). The renormalized Polyakov loop as a
function of chemical potential, for all temperatures. The open
symbols are for ja = 0.04; the filled symbols are extrapolated to
Jj = 0. The inset shows the unrenormalized Polyakov loop.
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FIG. 10 (color online). A tentative phase diagram, including
the location of the deconfinement transition in the (w, T) plane,
determined from the renormalized Polyakov loop, and the tran-
sition to the diquark-condensed {gq) # O phase. Also shown is
the deconfinement point from Ref. [7].

In Fig. 10 we also show our estimate of the transition
between the superfluid and the normal phase. Again, since
we do not yet have j — 0 extrapolated data at all tempera-
tures, and because our temperature grid is fairly coarse,
these transition points are also only rough estimates.

In summary, from the order parameters we find signa-
tures of three different regions (or phases): a normal (had-
ronic) phase with (gg) = 0, (L) = 0; a BCS (quarkyonic)
region with (gg) ~ u? at low T and intermediate to large
w; and a deconfined, normal phase with {(gg) = 0, (L) # 0
at large T and/or pu. We cannot exclude a deconfined
superfluid phase with (L) >0, {gq) # 0 at large u and
intermediate 7.

After extrapolating our results to zero diquark source,
we see no evidence of a Bose-Einstein condensate (BEC)
region described by xPT, with {(gq) ~ /1 — u?/u* [22],
in contrast with earlier work with staggered lattice fermi-
ons [2]. This may be because we do not have a clear
separation of scales between the Goldstone diquark scale
and more massive states, and hence the region of tightly
bound diquark is very narrow. A more pessimistic scenario
is that the BEC region is masked by the poor chiral
properties of Wilson fermions. Simulations with lighter
quarks may help clarify this.

C. Equation of state

We now turn to the bulk thermodynamics of the system:
the quark number density n,, the pressure p and the energy
density &. Figure 11 shows the quark number density n, for
N, =24, 12 and 8, extrapolated to zero diquark source.
In the top panel we have normalized by the density n'
for noninteracting fermions on the same lattice volumes
(123 X 24, 163 X 12, 16%), as was done in Refs. [7,8].

In the bottom panel, we have instead divided by the

PHYSICAL REVIEW D 87, 034507 (2013)

2.5 l T { T { T { T { L
: =
F o N=24 ]
2 e No2 ® 7
L |a N8 © ]
sf 1 .
EEU: c % % % § A - @ ]
T F % s B0 ]
05 % .
@:‘ I Il :
o]
= é —
&
3— —
L A ) a
gEEi 2 P *2 —
=} ) f0)

L m§§ é ) g -
“% i i
ol I% Lo

0.2 0.4 0.6 0.8 1

Ha

FIG. 11 (color online). The quark number density at j =0,
divided by the density for a noninteracting gas of lattice quarks
(top) and continuum quarks (bottom).

continuum, infinite-volume expression for noninteracting
fermions at the same temperature and chemical potential.
The difference between the two gives an indication of the
lattice artifacts. We see that the density rises from zero at
u = u, = 0.32a"!, and for the two lower temperatures is
roughly constant and approximately equal to the noninter-
acting fermion density in the region 0.4 < pa < 0.7. The
peak at ua = 0.4 in the N, = 24 data in the upper panel is
an artifact of the normalization with ngp for a finite lattice
volume, as discussed in Sec. IVA; it would be absent if
we instead normalized by ngg for a 163 lattice, for which
the raw data are identical within errors. We therefore
conclude that our previous interpretation [7] of the peak
in n,/ngp in this region as evidence of a BEC condensate
described by yPT was probably erroneous.

Our results for N, = 16 are indistinguishable from the
N, = 24 results except for pa = 0.8, where they also start
increasing above the N, = 24 values. The rise in n,/ngp
for wa = 0.7 may be a signal of a new phase, although in
this region the influence of lattice artifacts cannot yet be
ruled out.

We also note that n,/ngp for N, = 12 rises above the
corresponding N, = 24 data for wa = 0.7, where, accord-
ing to the results of Sec. IV B, the hotter system is entering
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the deconfined, normal phase. The density for N, = 8 does
not show any plateau as a function of w; instead, n,/ngp
shows a roughly linear increase in the region 0.4 = pua =
0.7. This is suggestive of the system being in a different
phase at this temperature.

These results lend further support to our previous con-
jecture that in the intermediate-density region the system
isin a “quarkyonic” phase: a confined phase (all excitations
are colorless) that can be described by quark degrees of
freedom. We reiterate that because of the large explicit
breaking of chiral symmetry in our simulations, we cannot
say anything at this point about chiral symmetry restoration,
another characteristic of the quarkyonic phase conjectured
in Ref. [9]. We will come back to this issue in Sec. IVE.

Next we discuss pressure, which as the negative of the
free energy density, may be calculated via the integral of any
thermodynamic observable along an appropriate contour. It
is particularly convenient to integrate along the w axis via

p= zo n,dp, since the cutoff does not change. Here w is

chosen so that p(ug) = 0 to good approximation; in the
limit T — 0 wq should coincide with the onset w,,.

In our analysis the integral is readily approximated by a
trapezoidal rule; as always, we present data normalized by the
free-field value pgp, a procedure not uniquely defined away
from the continuum limit. We have examined three schemes:

PHYSICAL REVIEW D 87, 034507 (2013)

P w gy
(E)I[ B (pg‘%n(lu‘))_l _/- n]atsg (M/)nﬂl(l‘l’/)dlu‘l: (38)
B Mo
where
NN, T
P = ﬁ(““ + 2 T + FT“) (39)

is the continuum pressure for a free gas of quarks, and p'2, the
corresponding value obtained by summing over free quark
modes on the finite lattice. Versions (37) and (38) were both
studied in Ref. [7], whereas only (p/pgg);; was used in
Refs. [8,23].

Figure 12 shows the results for data taken with ja =
0.04, as well as the j — 0 extrapolated data for N, = 24.In
scheme II lattice data are “‘corrected’ for artifacts before
integrating. The results clearly inherit the bump at pa =
0.45 also manifest in Fig. 7, which we now believe to be an
IR artifact. However, this bump is absent (or strongly sup-
pressed) in the j— O limit, mirroring the absence of a
significant bump in the upper panel of Fig. 11. This ex-
trapolation reduces the ratio p/pgp from approximately
1.5 to approximately one in the quarkyonic regime. By
contrast the scheme 0 data have the ratio p/pgp substan-
tially exceeding unity in the large-u regime above decon-
finement, which probably reflects the fact that UV artifacts
are not being fully corrected here. For this reason we now

P\ _ -1 [* N uy!
(E)O = (p§3"(w) fu ng(p')du', (36) prefer scheme I, where for the coldest lattice p/pgp has
’ a plateau with value = 1 (after j — 0) in the suspected
quarkyonic region, only rising to = 2 at large u. Again,
(L) = (pl(u) ™! f a n,(udu', (37)  therefore, we conclude that for low T there is a range of u
PsB/1 Mo where thermodynamic quantities scale approximately the
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p/psp versus wa for ja = 0.04 and various temperatures. Also shown are values extrapolated to j = 0 for

N, = 24. Top left: (p/psp)osp for j — 0, N, = 24. Top right: (p/psp)o. Bottom left: (p/psp);. Bottom right: (p/psg)is-
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same as free quarks; that the evidence for a peak above
onset matching the expectations of yPT has substantially
diminished; and that p/pgp rises above unity in the decon-
fined regime. By 7 = 141 MeV (N, = 8), however, the
ratio rises monotonically and the distinction between these
different regimes is largely washed out. It is clear, however,
that the full story will only emerge once the continuum and
thermodynamic limits are both taken with care.

The quark and gluon contributions to the energy density,
for ja = 0.04, are shown in the upper panel of Fig. 13. We
see that the quark energy density is almost independent of
temperature for all temperatures, while the gluon energy
density shows a clearly different behavior only for the
highest temperature. We find that the gluon energy density
is independent of the diquark source within errors, so these
results are representative for the j — 0 extrapolated data.
The quark contribution is sensitive to the diquark source in
the low-u region, as can be seen from the j — 0 extrapo-
lated data also shown in Fig. 13.

Comparing these results with the unrenormalized (and
unextrapolated) results in Figs. 1 and 3 of Ref. [8], we see a
dramatic difference. Clearly, the proper renormalization is
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FIG. 13 (color online). Top: Renormalized quark (negative
numbers) and gluon (positive numbers) energy density divided
by w*, at various temperatures, for ja = 0.04 (open symbols)
and extrapolated to j = O (filled symbols). Bottom: Total energy
density divided by u*.
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crucial to any reliable determination of the energy density,
and in particular it is clear that the terms proportional to
dB/d& and dk/0 € in (13) and (16), respectively, cannot be
ignored. To illustrate this more clearly, we show in Fig. 14
the quark contribution to the energy density on the 123 X
24 lattice at ja = 0.04, computed using different values for
the Karsch coefficients. The open circles correspond to the
unrenormalized energy density which was presented in
Ref. [8] (note that the normalization is different). The other
data sets correspond to different values of dvy,/d¢, with
dk/d¢& set to the value of —0.052 that was determined in
Sec. ITII. We have chosen to use the tree-level value of 1, the
value 0.131 determined in Sec. III, and a value of 0.8,
which is similar to the value found for ayg/ 0¢, and at
the margins of our 95% confidence interval. We see that
using the correct (nonzero) value for /9 & is most impor-
tant at low w, where this alone changes the sign of g,.
At large u, the dy,/dé term will dominate, as it does at
tree level.

It should be noted that the uncertainties in the Karsch
coefficients are not included in the total uncertainties in the
plots shown here. On the basis of Fig. 14 one may conclude
that these uncertainties will have an effect of @(100%) in
the energy density.

Although &, appears to be negative at least for low u,
and possibly for all p values considered here, the total
energy density & = g, + &,, shown in the bottom panel
of Fig. 13, remains positive or consistent with zero every-
where in the j — O limit. Although on the face of it a
negative value for g, is surprising, it is notable that the
renormalized quark energy density shown in Fig. 13 has a
qualitative resemblance to the unrenormalized energy den-
sity (16) measured for QC,D with Ny = 4 Wilson quark
flavors in Fig. 5 of Ref. [23]. The parameters used in
that study correspond to a much finer lattice, with a/\/o
having a value approximately one-third that used here. It is
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FIG. 14. Renormalized quark energy density divided by u*
density at T =47 MeV (N, = 24), ja = 0.04, for different
values of the Karsch coefficients dy,/d¢, dk/dé.
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conceivable, therefore, that the Karsch coefficients for
Ny = 4 fall far closer to their free-field values, and hence
their neglect in Ref. [23] is much better justified, reinforc-
ing the conclusion that &,(u) <0.

Finally, we consider the trace anomaly, computed
according to Egs. (24) and (25), which is shown in
Fig. 15. With the correct expression (25), we now find
the quark contribution to be negative for all w, whereas
in Refs. [7,8] it had erroneously been presented as positive.
Since the beta functions only enter into the expressions as
overall constants, and our updated values are not dramati-
cally different from those used in Ref. [8], the qualitative
behavior of the N, = 24, ja = 0.04 data is the same as
previously reported in Ref. [8], apart from the sign of the
quark contribution.

For small and intermediate w, the gluon and quark
contributions have opposite signs and similar magnitudes,
leading to a nearly vanishing total trace anomaly in the
region Olequa =< 0.7. The gluon contribution decreases
for u = 0.5 and becomes negative for wa = 0.75, while
the quark contribution has a plateau for 0.5 =< pa < 0.75
and increases rapidly in magnitude thereafter. This leads to a
negative total trace anomaly at large w, which corresponds
to the positive and increasing pressure p = (¢ — T,,)/3
observed in Fig. 12.
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FIG. 15 (color online). Top: gluon (shaded symbols, dotted
lines) and quark (open symbols) contributions to the trace
anomaly, at ja = 0.04. The filled symbols denote the quark
contributions extrapolated to j = 0. Bottom: total trace anomaly
divided by u*, for ja = 0.04 (open symbols, dashed lines) and
extrapolated to j = 0 (filled symbols).
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We see no difference in the trace anomaly between the
two lowest temperatures, 7 = 47 and 70 MeV. At T = 94
and 141 MeV (N, = 12 and 8) the gluon contribution
becomes larger (or less negative) and the quark contribu-
tion becomes more negative at large u. The net effect of
this, however, is to leave the total trace anomaly nearly
unchanged.

We find that the trace anomaly depends only weakly on
the diquark source for nearly all 7 and w. The main effect
is to increase the gluon contribution at large u and 7, and
to decrease the magnitude of the quark contribution at low
T, for large and small w. It is quite striking that there
appears to be little or no dependence on either temperature
or diquark source in the region u, < u < 0.55/a.

Once again, it is instructive to compare with the N, = 4
study of Ref. [23]. In that case (see Figs. 6, 8 of Ref. [23]),
after taking into account the incorrect sign for the quark
contribution, the gluon unrenormalized contribution to
T, is negative for all u < w4, while the quark contribu-
tion is positive, which is the opposite of what we observe
here. However, this still leaves open the possibility of the
two contributions nearly cancelling, giving rise to nearly
conformal matter in the quarkyonic region.

D. Quark number susceptibility

In a mathematical sense the Polyakov loop is a well-
defined signal for deconfinement, at least in pure gauge
theories; physically it reveals something about the behav-
ior of static color sources, which are well approximated by
heavy quarks, in a baryonic medium. Recent studies of a
nonrelativistic formulation of QC,D [24] took the first step
beyond the static approximation, and revealed a nontrivial
T and u dependence for s-wave states formed from heavy
quarks. Another observable related to confinement is the
quark number susceptibility x, = dn, /9. This observ-
able is usually thought of as encoding the fluctuations in
the baryon (or quark) number, and is of particular interest
as a measure of confinement or deconfinement of light
quark degrees of freedom [25-28]. If quarks are confined
inside hadrons, the fluctuations of the quark number and
hence the susceptibility will be suppressed, since increas-
ing the quark number entails exciting a baryon, which
requires a large amount of energy. If quarks are not
confined, it is possible to excite a single quark, which
requires much less energy, giving a larger quark number
susceptibility.

This link between y, and deconfinement is clear in the
case of QCD, where all baryons are heavy. In the case of
QC,D the situation is less clear, since the lightest baryons
are the pseudo-Goldstone diquarks, and large fluctuations
are possible even in the confined phase. Nonetheless, it is
of great interest to study fluctuations in quark number at
large density and low temperature. The only previous such
study is Ref. [29], where the Dyson-Schwinger equation in
the rainbow approximation was employed. Hence QC,D
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offers an opportunity for a first systematic nonperturbative
study of y, in this regime.

For an ideal gas of massless (continuum) quarks and
gluons, at temperature 7 and chemical potential u, we
have

T2 3

nsSit = NN, (“ —tis 2), (40)
T2 2

Xs5' = Nch(? + %) (41)

Now consider the quark action (1) rewritten in the form
VMV, where we have introduced the bispinors ¥ =
(Y, C ), W = (3, — iy C1,); see Ref. [10] for
details. From the definition of y, we have

L)
e

From this equation we can identify four different terms:

v (el 2] o
e vE]),
(oo o] e
(v,

o) s

T3=+<|:—‘i’aa2i\2/l‘1’:|> ( [3\4 1325\4]>. (46)

The second term of Eq. (42) yields two terms, T, and Cj,
because there are two ways to contract the spinors.

The calculation of the traces is done using unbiased
estimators, introducing N, complex noise vectors n with
the properties: (n,) = 0 and (n,7n,) = &,,. For example,
the determination of the trace, used for 7, and T, is based
on the following relation:

1 -1
{2 ) ks

(47)

Because two independent source vectors are required to
compute T,, we refer to this term as “disconnected”; the
other three “‘connected” terms need only one source vector.
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It turns out that the connected term gives an important
contribution to y, at low and high values of the chemical
potential and therefore cannot be considered negligible.
Moreover, it changes sign around pa = 0.66. On the other
hand, the terms 7'; and T, are equal within errors but with
opposite sign, i.e., their net contribution is consistent with
zero everywhere, except possibly around the onset transition.

All the systematic issues discussed in Sec. IVA, regard-
ing the normalization of data with the same quantity calcu-
lated for free quarks, are also relevant for y,. In Fig. 16
we plot the ratio y,/x§3", for four different temperatures,
versus the chemical potential. For an ideal gas of quarks
and gluons this ratio would be a constant, see Eq. (41), and
we see that an approximate plateau is actually present for
ap = 0.55, at least for the three lowest temperatures; after
this value we can see a sharp increase of y,. The value of
the plateau is x, /xsp = 1.6 which is higher than the ideal
value of 1.0. Moreover, it is evident from this plot that y,, is
T independent at low temperature, since there is no sig-
nificant deviation in the behavior of the three curves. This
is to be contrasted with the Polyakov loop in Fig. 9, which
shows deconfinement for three different values of u =
nq(T), as the temperature is varied. Only for the highest
temperature do we see a different behavior signaling a
different phase.

It is also instructive to compare the numerical results
with the equations corresponding to Eq. (41) but taking in
account the finite volume and the lattice discretization. In
Eq. (26) of Ref. [7], the expression for the quark number
density n'% for free Wilson fermions on the lattice is
presented, from which y'& is easily obtained. Figure 17
plots the ratio y,/ ,\/la‘ for two values of the quark mass
used in the determination of Xlsalg, the subtracted bare quark
mass m, = 1/2x — 1/2«, and the ‘“‘constituent” quark
mass m. = m,/2. In this case we observe a different
behavior for au < 0.45, but now in the quarkyonic regime
there is a discernable plateau with a ratio compatible with
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FIG. 16 (color online). Ratio x,/x5y" versus u, for ja =
0.04. The vertical dashed line marks the position of w,.
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FIG. 17 (color online). The ratio between the measured quark
number susceptibility at ja = 0.04 and the ideal value for lattice
free fermions for two values of the fermion mass: m, = 0.05
(top) and m, = 0.42 (bottom). The vertical dashed lines mark
the position of w,,.

one, i.e., the system is behaving as free fermions, with
again an increase for higher values of u. Figure 17 dem-
onstrates that the value of the mass used for the free
fermions has a quantitative effect for this observable, in
that the value of the plateau is shifted when the mass
is increased, but this does not change the qualitative con-
siderations. The results using m, are almost identical to
those obtained setting m = 0. These plots again confirm
the above scenario: we do not see any abrupt change for y,,
as a function of 7', whereas the Polyakov loop becomes
different from zero at a T-dependent w,. Again, something
different seems to emerge for the highest temperature,
T = 141 MeV (N, = 8).

The effect of the diquark source is illustrated in Fig. 18,
where we show x,/x%s(m,) for the 123 X 24 lattice and
ja = 0.04, 0.02 and 0. We find that the diquark source only
has a significant effect for low w, where it increases the
value of y, slightly.

E. A first look at chiral symmetry in the dense phase

An important issue which we have been hitherto unable
to address is the chiral properties of the ground state once
M = w,. This issue is of course of general theoretical
interest when the phase diagram of any non-Abelian gauge
theory is discussed; in the current context it is of particular
interest since the original description of the quarkyonic
phase in SU(N,) gauge theory was in terms of a chirally
symmetric but confined medium, i.e., one in which the chiral
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FIG. 18 (color online). The ratio between the measured quark
number susceptibility at different diquark sources j and the ideal
value for lattice free fermions with a fermion mass of m, = 0.42.
The vertical dashed lines mark the position of wu,.

condensate (i /) — 0 as the bare quark mass m — 0 [9].
Later this picture was modified; chiral symmetry breaking
via a translationally noninvariant ‘“‘chiral spiral” was
postulated in Ref. [30]. For theories of the class exempli-
fied by QC,D where the relevant mass scale is set by m,
chiral symmetry is necessarily always broken explicitly by
a bare quark mass m; in this case the question is how the
condensate {(gq) scales with m as m — 0.

It is clearly desirable to determine the fate of chiral
symmetry breaking for the case of QC,D by a lattice
calculation. Indeed, (¢ ¢) was examined in early studies
such as [2] using staggered lattice fermions, and reasonable
quantitative agreement found over a decade of quark mass
with the prediction of leading order yPT for T — 0,
namely that for u < w, the chiral condensate is w inde-
pendent, and for u = u,,,

(F) «% (48)

Unfortunately, since the global symmetries of staggered
fermions do not coincide with those of continuum QC,D
[2], these results are not directly applicable. In any case, no
attempt was made to explore beyond the regime of appli-
cability of yPT.

However, our use of Wilson fermions precludes any
direct study in the current simulation, since this formula-
tion violates chiral symmetry explicitly. Our strategy there-
fore is to calculate a chiral order parameter using a fermion
formulation with manifest chiral and baryon number sym-
metries using the gauge backgrounds ensembles generated
with Wilson quarks. The disparity between valence and sea
quarks violates unitarity; we mitigate this uncontrolled
approximation by tuning the mass of the valence quarks
so that the pion mass coincides with that used in the
simulation; once w # 0 the onset transition of the valence
quarks should then at least coincide with the true value.
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Rather than the obvious choice of staggered fermions for
the valence quarks, we found it expedient to use the exist-
ing code for Ny = 2 Wilson fermions with the parameter r
[which has the conventional value of unity in (2)] set
to zero. For j = 0 this is equivalent to eight identical
staggered fermions with mass m = (2«)~!. For nonzero
lattice spacing and w # O the action has a U(8) ® U(8)
global symmetry which is broken by m # 0 (explicitly) or
() # 0 (spontaneously) to U(8)y (the subscript denotes
vectorlike), which incorporates the U(1)p of baryon num-
ber. A diquark source j # 0 breaks U(8), to a SU(2) ®
SU(2) which preserves isospin but no longer includes
U(1)p.

By studying effective mass plots as the valence y was
varied we found that x, = 8.0 gave the closest match to
the value m_a = 0.66(2) found for B = 1.9, k = 0.168.
Figure 19 then shows the resulting chiral condensate as a
function of w for the various lattices studied. Note that
ja = 0.04 throughout, since this was found to yield a less
noisy and more stable signal—hence these results are not
reproducible using pure staggered fermions. Two things
are apparent; first the shape of the curve is in qualitative
agreement with the old staggered results of Ref. [2]
over the whole range of u studied, and thus consistent with
(48) assuming an onset u,a = 0.3. Second, the results
are independent of temperature even up to 7 = 141 MeV
(N, =28). It is also apparent that volume effects are
negligible.

It appears that the chiral symmetry properties of the
dense phase are well described by yPT. In a sense the issue
of “chiral symmetry restoration” in QC,D is academic,
since the onset scale is set on the assumption that chiral
symmetry is explicitly broken. Nonetheless, we can char-
acterize the dense phase by whether lim,, —o(t ¢ (my))
vanishes or not. We determine this by using three different
values ky = 8, 16 and 40, and observing that with the field
normalizations implicit in (2),
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FIG. 19 (color online).
and k = 8.0.

() versus u for r =0, ja = 0.04
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FIG. 20 (color online). The ratio R(kj, k;) = (2 p )]/
(<3¢ ),] versus u for k) = 8.0 and x; = 16.0, 40.0, on the
12° X 24 and 163 X 24 lattice with ja = 0.04.
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(49)

Here gqg denotes the scalar quark bilinear with conventional
normalization and (i ), is the chiral condensate in the
massless limit. Figure 20 shows this ratio plotted for both
(8,16) and (8,40) valence mass pairs on the 12° X 24 and
163 X 24 lattices as a function of u, and clearly indicates
symmetry restoration for w = u,. Very similar plots are
found for the other temperatures explored. We therefore
conclude that the gauge field backgrounds at high baryon
density in QC,D are consistent with chiral symmetry being
unbroken by a scalar condensate, although the exotic trans-
lationally noninvariant scenario of Ref. [30] is not ruled out.

We find no significant difference between our results
for the 123 and 167 lattices. This suggests that the chiral
order parameter responds smoothly as m increases, with
no indication at this stage of a phase transition (indeed
the results are compatible with the predictions of chiral
perturbation theory). However, in the absence of any
systematic finite volume scaling study, and in light of the
uncontrolled systematic uncertainties involved in our use
of different actions and quark masses for sea and valence
quarks, this should, like all the other results in this section,
be taken as merely indicative.

V. CONCLUSIONS AND OUTLOOK

We have carried out the first extensive exploration of the
phase diagram of two-color QCD (QC,D) in the (7, u)
plane using first-principles lattice simulations. Our main
findings are summarized in the tentative phase diagram of
Fig. 10. We find evidence of three distinct regions:
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(1) Avacuum or hadronic phase, with (gq) = 0,{L) = 0,
(gp)y #0,n,=0,atlow T and u < py = m,/2;

(2) A quarkyonic phase at low T and intermediate to
large w, which is confined ((L) = 0) and character-
ized by a chiral condensate which vanishes in the
chiral limit, Stefan-Boltzmann scaling of bulk ther-
modynamic quantities (including a nearly vanishing
trace anomaly) and BCS scaling of the diquark
condensate;

(3) A deconfined quark-gluon plasma phase at high T

(and/or large w).

The main difference from our previous studies is that the
BEC region has disappeared as a consequence of the j — 0
extrapolation and a better understanding of the volume
dependence and appropriate normalization of our results.
The BEC window would be expected to reappear for
smaller m.,/m,,.

While we have clearly defined the finite-temperature
deconfinement transition at x4 = 0, and find clear evidence
of a deconfinement temperature that decreases as w
increases, the exact nature and location of this transition
at large u remain elusive. In order to pin down this
transition, and also to precisely locate the superfluid-to-
normal transition, we need to perform fine temperature
scans by varying N, at fixed chemical potential. This is
currently underway. We are also studying the static quark
potential, which should give further insight into the nature
of this transition.

For the first time in this paper we have attempted to
calculate renormalized energy densities via an estimate of
Karsch coefficients obtained from simulations on aniso-
tropic lattices. We find the resulting corrections to our
earlier results are substantial, and indeed strongly suggest
the quark contribution &,(u) is negative, implying that the
physical requirement &, + €, > 0 arises from a cancella-
tion between terms of opposite sign. Considerably greater
accuracy will be required, therefore, before we can con-
template e.g., using lattice results as input for the solution
of the Tolman-Oppenheimer-Volkoff equations used in
modeling relativistic stars.

We find that the quark number susceptibility y, is
remarkably independent of the temperature up to 7T =
100 MeV, and stays close to its noninteracting value in
the quarkyonic region. Most strikingly, it shows little if any
sensitivity to the deconfinement transition, which occurs at
different chemical potentials for our 4 temperature values.

The observation that y,, is not a proxy for the Polyakov
loop L in the regime of high quark number density suggests
the following conjecture. In the quarkyonic region u, <
s < ug4 the bulk observables p, n,, x, are approximately
equal to the free-field values pgp, ngg and xsp. This is
indicative of weakly self-bound quark matter, i.e., with
Er = p = kg. The transition at & = u, (which coincides
with deconfinement as signalled by L # 0 only in the
limit 7 — 0) is to a more strongly self-bound regime
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with Ep < kp. Since the quarkyonic phase is confining,
we interpret weak self-binding as the quarks interacting via
binary short-ranged interactions. For w > u,, the interac-
tion is screened and may not be much longer ranged, but in
this case deconfined quarks may interact with several other
quarks in the vicinity leading to stronger binding. These
considerations are related to interactions within bulk quark
matter, involving quarks with all energies less than the Fermi
energy, which hence are not sensitive to temperature 7.

By contrast, the observed temperature sensitivity of the
Polyakov loop L (see Fig. 9) suggests that in this case the
relevant physics is associated with degrees of freedom
close to the Fermi surface, which are readily thermally
excited. These, of course, are the same degrees of freedom
relevant for transport. Our results contrast with the findings
of analytic and numerical studies of QCD-like theories
at weak coupling in small volumes of characteristic scale
R« A(SéD [28,31], and a recent study of cold dense QCD
with heavy quarks [32], both of which show a coincidence
in the rise of L and y,,. This suggests that a full description
of deconfinement at high baryon density requires a ther-
modynamic limit and light, mobile degrees of freedom.

The main shortcoming of this study is that it has been
performed with a single, relatively coarse lattice spacing.
Although, as observed in Ref. [8], the main results are in
qualitative agreement with the earlier results [7] obtained
on a coarser lattice with a = 0.23 fm, we also observe
significant quantitative discrepancies, and substantial lat-
tice artifacts for wa = 0.75. To get this under control
it will be necessary to repeat our simulations on a finer
lattice. Thanks to the extensive investigation of parameter
space reported in Sec. I, we are in a good position to carry
this out, and these simulation are underway.

The large quark mass is another source of systematic
uncertainty; moreover our discussion of chiral symmetry in
Sec. IV E is at best exploratory, and must in due course be
supplemented by a calculation respecting unitarity. It is
clear that QC,D must be treated as a separate theory and
cannot be viewed as an approximation to QCD—indeed,
the differences between the two theories become most
stark in the chiral limit—and there is hence no need to
attempt to match quark masses to those in the real world.
Still, many analytical results have been obtained in or near
the chiral limit. Also, as already mentioned, we would
expect a BEC region to open up near u, for smaller values
of m,,/mp, and a fuller understanding of the BEC-BCS
crossover would be valuable. For all these reasons, simu-
lations with smaller quark masses would be of great inter-
est, and such simulations are underway.

In addition to the quantities considered here, we are in
the process of computing the Landau-gauge gluon and quark
propagators. This will allow us to check the assumptions
involved in model solutions of the superfluid or supercon-
ducting gap equations, and may form a direct link with
functional methods such as the functional renormalization
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group and Dyson-Schwinger equations. These do not suffer
from the sign problem, but rely on assumptions regarding
the form of propagators and higher order vertices. This will
be addressed in a forthcoming publication.
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