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The form factors of weak decays of Bs mesons to ground state Dð�Þ
s mesons as well as to their radial

Dð�Þ
s ð2SÞ and orbital Dð�Þ

sJ excitations are calculated in the framework of the relativistic quark model based

on the quasipotential approach. All relativistic effects, including contributions of intermediate negative-

energy states and boosts of the meson wave functions, are consistently taken into account. As a result, the

form factors are determined in the whole kinematical range without additional phenomenological

parametrizations and extrapolations. On this basis, semileptonic decay branching fractions are calculated.

Two-body nonleptonic Bs decays are considered within the factorization approximation. The obtained

results agree well with available experimental data.
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I. INTRODUCTION

In recent years, significant experimental progress has
been achieved in studying properties of Bs mesons [1].
The Belle Collaboration considerably increased the
number of observed Bs mesons and their decays due to
the data collected in eþe� collisions at the �ð10860Þ
resonance [2]. On the other hand, Bs mesons are copiously
produced at Large Hadron Collider (LHC). First precise
data on their properties are coming from the LHCb
Collaboration [3]. Several weak decay modes of the Bs

meson were observed for the first time [4]. New data are
expected in the near future [5]. The study of weak Bs

decays is important for further improvement in the deter-
mination of the Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix elements, for testing the prediction of the Standard
Model and searching for possible deviations from these
predictions, the so-called ‘‘new physics.’’

The dominant decay channel of the Bs meson is into the
Ds meson plus anything [1]. Therefore, various important
properties of excited Ds mesons can be studied in the Bs

meson weak decays. In particular, they can shed light on
the controversial D�

s0ð2317Þ and Ds1ð2460Þ mesons, whose

nature still remains unclear in the literature. The abnor-
mally light masses of these mesons put them below DK
and D�K thresholds, thus making these states narrow since
the only allowed decays violate isospin. The peculiar fea-
ture of these mesons is that they have masses almost equal
to or even lower than the masses of their charmed counter-
parts D�

0ð2400Þ and D1ð2420Þ [1]. If these mesons are

indeed 13P0 and 1P1 states, then all 1P states of the Ds

meson are narrow, contrary to the D meson case. This
narrowness considerably simplifies the experimental

investigation of weak Bs decays to orbitally excited Dð�Þ
sJ

mesons. Recently, it was proposed [6] that study of

Bs ! Dð�Þ
sJ transitions can clarify some puzzles in the cor-

responding semileptonic B decays.
In this paper, we extend our investigations of weak B and

Bc decays [7,8] to studying exclusive weak semileptonic

and nonleptonic decays of the Bs to the ground state,
radially and orbitally excited Ds mesons. For the calcula-
tions we use the same effective methods [7,8] previously
developed and successfully applied in the framework of the
QCD-motivated relativistic quark model based on the
quasipotential approach. The weak decay matrix elements
are parametrized by the invariant form factors, which are
then expressed through the overlap integrals of the meson
wave functions. The systematic account for relativistic
effects, including the wave function transformations to
the moving reference frame and contributions from the
intermediate negative-energy states, allows one to reliably
determine the momentum transfer dependence of the decay
form factors in the whole accessible kinematical range.
The other important advantage of this approach is that for
numerical calculations we use the relativistic wave func-
tions, obtained in the meson mass spectra calculations
[9,10]. Thus we do not need any additional ad hoc parame-
trizations or extrapolations which were usually used in
some previous investigations.
The calculated form factors are then substituted in

expressions for the differential decay rates, and semi-
leptonic decay branching fractions are evaluated. The
tree-dominated two-body nonleptonic Bs decays to the Ds

meson and light or another Ds meson are studied on the
basis of the factorization approach. Such approximation
significantly simplifies calculations, since it allows one to
express the matrix elements of the weak Hamiltonian
governing the nonleptonic decays through the product of
the transition matrix elements and meson weak decay
constants. All these ingredients are available in our model.
The obtained results are compared with previous calcula-
tions and experimental values, which are measured for
some Bs semiexclusive semileptonic and several exclusive
nonleptonic decay modes.
The paper is organized as follows. In Sec. II, we briefly

describe the relativistic quark model. Then in Sec. III, we
discuss the relativistic calculation of the transition matrix
element of the weak b ! c current between meson states
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in the quasipotential approach. Special attention is paid to
the contributions of the negative energy states and the
relativistic transformation of the wave functions to the
moving reference frame. These methods are applied in
Sec. IV to the calculation of the form factors of weak Bs

decays to ground state Ds mesons. The form factors are
obtained as the overlap integrals of meson wave functions
within the heavy quark expansion up to subleading order. It
is shown that all heavy quark symmetry relations are
explicitly satisfied. These form factors are used for evalu-
ating semileptonic decay branching fractions in Sec. V.
The calculations of the form factors and semileptonic
decay branching fractions for Bs decays to radially excited

Dð�Þ
s ð2SÞ mesons are presented in Secs. VI and VII within

the same approach. In Sec. VIII, the form factors of weak

Bs decays to orbitally excited Dð�Þ
sJ mesons are obtained.

Semileptonic branching fractions for Bs decays to orbitally

excited Dð�Þ
sJ mesons are given in Sec. IX. Finally, the two-

body nonleptonic Bs decays calculated within the factori-
zation approximation are presented in Sec. X. All obtained
results are confronted with previous calculations and
available experimental data. Section XI contains the con-
clusions. The relations between the sets of weak form
factors, the model-independent heavy quark effective
theory (HQET) expressions for the form factors, and
helicity components of the hadronic tensor defined in terms
of the form factors are presented in the Appendixes.

II. RELATIVISTIC QUARK MODEL

In the quasipotential approach, a meson is described as a
bound quark-antiquark state with a wave function satisfy-
ing the quasipotential equation of the Schrödinger type [9]:�
b2ðMÞ
2�R

� p2

2�R

�
�MðpÞ ¼

Z d3q

ð2�Þ3 Vðp;q;MÞ�MðqÞ;
(1)

where the relativistic reduced mass is

�R ¼ E1E2

E1 þ E2

¼ M4 � ðm2
1 �m2

2Þ2
4M3

(2)

and E1 and E2 are the center of mass energies on mass shell
given by

E1¼M2�m2
2þm2

1

2M
; E2¼M2�m2

1þm2
2

2M
: (3)

Here M ¼ E1 þ E2 is the meson mass, m1;2 are the quark

masses, and p is their relative momentum. In the center of
mass system, the relative momentum squared on mass shell
reads

b2ðMÞ¼½M2�ðm1þm2Þ2�½M2�ðm1�m2Þ2�
4M2

: (4)

The kernel Vðp;q;MÞ in Eq. (1) is the quasi-
potential operator of the quark-antiquark interaction. It is

constructed with the help of the off-mass-shell scattering
amplitude, projected onto the positive energy states.
Constructing the quasipotential of the quark-antiquark
interaction, we have assumed that the effective interaction
is the sum of the usual one-gluon exchange term with the
mixture of long-range vector and scalar linear confining
potentials, where the vector confining potential contains
the Pauli interaction. The quasipotential is then defined
by [9]

Vðp;q;MÞ ¼ �u1ðpÞ �u2ð�pÞV ðp;q;MÞu1ðqÞu2ð�qÞ; (5)

with

V ðp;q;MÞ ¼ 4

3
�sD��ðkÞ��

1 �
�
2 þ VV

confðkÞ��
1 �2;�

þ VS
confðkÞ;

where �s is the QCD coupling constant, D�� is the gluon

propagator in the Coulomb gauge

D00ðkÞ ¼ � 4�

k2
;

DijðkÞ ¼ � 4�

k2

�
�ij � kikj

k2

�
;

D0i ¼ Di0 ¼ 0;

(6)

and k ¼ p� q. Here �� and uðpÞ are the Dirac matrices

and spinors

u�ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðpÞ þm

2�ðpÞ

s  
1
�p

�ðpÞþm

!
	�; (7)

where � and 	� are Pauli matrices and spinors,

respectively, and �ðpÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. The effective long-

range vector vertex is given by

��ðkÞ ¼ �� þ i


2m
���k

�; (8)

where 
 is the Pauli interaction constant characterizing
the long-range anomalous chromomagnetic moment of
quarks. Vector and scalar confining potentials in the
nonrelativistic limit reduce to

VV
confðrÞ ¼ ð1� "ÞðArþ BÞ; VS

confðrÞ ¼ "ðArþ BÞ;
(9)

reproducing

VconfðrÞ ¼ VS
confðrÞ þ VV

confðrÞ ¼ Arþ B; (10)

where " is the mixing coefficient.
The expression for the quasipotential of the heavy quar-

konia within and without the v2=c2 expansion can be found
in Ref. [9]. The quasipotential for the heavy quark inter-
action with a light antiquark without employing the non-
relativistic (v=c) expansion is given in Ref. [10]. All the
parameters of our model like quark masses, parameters of
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the linear confining potential A and B, mixing coefficient
", and anomalous chromomagnetic quark moment 
 are
fixed from the analysis of heavy quarkonium masses and
radiative decays [9]. The quark masses mb ¼ 4:88 GeV,
mc ¼ 1:55 GeV, ms ¼ 0:5 GeV, and mu;d ¼ 0:33 GeV
and the parameters of the linear potential A ¼ 0:18 GeV2

and B ¼ �0:30 GeV have values inherent for quark mod-
els. The value of the mixing coefficient of vector and scalar
confining potentials " ¼ �1 has been determined from the
consideration of the heavy quark expansion for the semi-
leptonic B ! D decays [11] and charmonium radiative
decays [9]. Finally, the universal Pauli interaction constant

 ¼ �1 has been fixed from the analysis of the fine split-
ting of heavy quarkonia 3PJ- states [9] and the heavy quark
expansion for semileptonic decays of heavy mesons [11]
and baryons [12]. Note that the long-range magnetic con-
tribution to the potential in our model is proportional to
(1þ 
) and thus vanishes for the chosen value of 
 ¼ �1
in accordance with the flux tube model.

III. MATRIX ELEMENTS OF THE
ELECTROWEAK CURRENT
FOR b ! c TRANSITION

In order to calculate the exclusive semileptonic decay
rate of the Bs meson, it is necessary to determine the
corresponding matrix element of the weak current between
meson states. In the quasipotential approach, the matrix
element of the weak current JW� ¼ �c��ð1� �5Þb, associ-
ated with the b ! c transition, between a Bs meson with
mass MBs

and momentum pBs
and a final Ds meson with

mass MDs
and momentum pDs

takes the form [13]

hDsðpDs
ÞjJW� jBsðpBs

Þi

¼
Z d3pd3q

ð2�Þ6
��DspDs

ðpÞ��ðp;qÞ�BspBs
ðqÞ; (11)

where ��ðp;qÞ is the two-particle vertex function and

�MpM
are the meson (M ¼ Bs, Ds) wave functions pro-

jected onto the positive energy states of quarks and boosted
to the moving reference frame with momentum pM.

The contributions to ��ðp;qÞ come from Figs. 1 and 2.

The contribution �ð2Þ
� ðp;qÞ is the consequence of the

projection onto the positive-energy states. Note that
the form of the relativistic corrections emerging from the

vertex function �ð2Þ
� ðp;qÞ explicitly depends on the Lorentz

structure of the quark-antiquark interaction. In the heavy

quark limit mQ ! 1, only �ð1Þ
� ðp;qÞ contributes, while

�ð2Þ
� ðp;qÞ give contributions starting from the subleading

order. The vertex functions look like

�ð1Þ
� ðp;qÞ ¼ �ucðpcÞ��ð1� �5ÞubðqbÞð2�Þ3�ðp �s � q�sÞ

(12)

and

�ð2Þ
� ðp;qÞ¼ �ucðpcÞ �usðp�sÞ

�
V ðp�s�q�sÞ �ð�Þ

c ðk0Þ
�cðk0Þþ�cðqbÞ

��0
1�1�ð1��5

1Þþ�1�ð1��5
1Þ

� �ð�Þ
b ðkÞ

�bðkÞþ�bðpcÞ�
0
1V ðp �s�q�sÞ

�
ubðqbÞusðq�sÞ;

(13)

where the superscripts ‘‘(1)’’ and ‘‘(2)’’ correspond to
Figs. 1 and 2, respectively, k ¼ pc ��; k0 ¼ qb þ�;
� ¼ pDs

� pBs
; and

�ð�ÞðpÞ ¼ �ðpÞ � ðm�0 þ �0ð�pÞÞ
2�ðpÞ :

Here [13]

pc;�s ¼ �c;sðpÞ
pDs

MDs

�X3
i¼1

nðiÞðpDs
Þpi;

qb;�s ¼ �b;sðqÞ
pBs

MBs

�X3
i¼1

nðiÞðpBs
Þqi;

and nðiÞ are three four-vectors given by

nðiÞ�ðpÞ ¼
�
pi

M
; �ij þ pipj

MðEþMÞ
�
; E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

q
:

The wave function of a finalDs meson at rest is given by

�Ds
ðpÞ � �JLSM

DsJ
ðpÞ ¼ YJLSMc DsJ

ðpÞ; (14)

where J and M are the total meson angular momentum
and its projection and L is the orbital momentum, while
S ¼ 0, 1 is the total spin. c DsJ

ðpÞ is the radial part of the

wave function, which has been determined by the numeri-
cal solution of Eq. 1 in Ref. [10]. The spin-angular

momentum part YJLSM has the following form:

YJLSM ¼ X
�1�2

hLM� �1 � �2; S�1 þ �2jJMi

�
�
1

2
�1;

1

2
�2jS�1 þ �2

�
YM��1��2

L

� 	1ð�1Þ	2ð�2Þ: (15)
FIG. 1. Lowest order vertex function �ð1Þðp;qÞ contributing to
the current matrix element (11).
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Here hj1m1; j2m2jJMi are the Clebsch-Gordan coeffi-
cients, Ym

l are the spherical harmonics, and 	ð�Þ (where
� ¼ �1=2) are the spin wave functions:

	ð1=2Þ ¼ 1

0

 !
; 	ð�1=2Þ ¼ 0

1

 !
:

The heavy-light meson states ðDs1; D
0
s1Þwith J ¼ L ¼ 1

are the mixtures of spin-triplet Dsð3P1Þ and spin-singlet
Dsð1P1Þ states:

�Ds1
¼ �Dsð1P1

Þ cos’þ�Dsð3P1
Þ sin’;

�D0
s1
¼ ��Dsð1P1

Þ sin’þ�Dsð3P1
Þ cos’;

(16)

where ’ ¼ 34:5� is the mixing angle and the primed state
has the heavier mass [10]. Such mixing occurs due to the
nondiagonal spin-orbit and tensor terms in the Q �q quasi-
potential. The physical states are obtained by diagonalizing
the corresponding mixing terms. Note that the above value
of the mixing angle ’ is very close to its heavy quark limit

’mQ!1 ¼ arctan ð ffiffiffiffiffiffiffiffi
1=2

p Þ � 35:3�. This means that the

wave functions �Ds1
and �D0

s1
correspond in the heavy

quark limit to �Dsð3=2Þ and �Dsð1=2Þ , respectively.

It is important to point out that the wave functions
entering the weak current matrix element (11) are not in
the rest frame, in general. For example, in the Bs meson
rest frame (pBs

¼ 0), the final meson is moving with the

recoil momentum �. The wave function of the moving

meson �Ds� is connected with the wave function in the

rest frame �Ds0 � �Ds
by the transformation [13]

�Ds�ðpÞ ¼ D1=2
c ðRW

L�
ÞD1=2

s ðRW
L�
Þ�Ds0ðpÞ; (17)

where RW is the Wigner rotation, L� is the Lorentz boost
from the meson rest frame to a moving one, and the

rotation matrixD1=2ðRÞ in spinor representation is given by
1 0

0 1

 !
D1=2

s;c ðRW
L�
Þ ¼ S�1ðp�s;cÞSð�ÞSðpÞ; (18)

where

SðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðpÞ þm

2m

s �
1þ �p

�ðpÞ þm

�

is the usual Lorentz transformation matrix of the Dirac
spinor.

IV. FORM FACTORS OF WEAK Bs DECAYS
TO Ds MESONS

For considering weak Bs decays to ground state Ds

mesons, we employ the heavy quark expansion, which
significantly simplifies calculations. Therefore, it is conve-
nient to introduce the HQET parametrization for the weak
decay matrix elements [14,15]:

hDsðv0Þj �c��bjBsðvÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MDs

MBs

p ¼ hþðvþ v0Þ� þ h�ðv� v0Þ�; (19)

hDsðv0Þj �c��b�5jBsðvÞi ¼ 0; (20)

hD�
sðv0; �Þj �c��bjBsðvÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

MD�
s
MBs

p ¼ ihV"
�������v0

�v�; (21)

hD�
sðv0; �Þj �c���5bjBsðvÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

MD�
s
MBs

p ¼ hA1
ðwþ 1Þ��� � ðhA2

v� þ hA3
v0�Þð�� 	 vÞ; (22)

FIG. 2. Vertex function �ð2Þðp;qÞ taking the quark interaction into account. Dashed lines correspond to the effective potential V
in (5). Bold lines denote the negative-energy part of the quark propagator.
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where vðv0Þ is the four-velocity of the BsðDð�Þ
s Þ meson, ��

is the polarization vector of the final vector meson, and the
form factors hi are dimensionless functions of the product
of four-velocities

w ¼ v 	 v0 ¼
M2

Bs
þM2

Dð�Þ
s

� q2

2MBs
M

Dð�Þ
s

;

where q ¼ pBs
� p

Dð�Þ
s
is the momentum transfer from the

parent to daughter meson,MBs
is the Bs meson mass,M

Dð�Þ
s

is the final Dð�Þ
s meson mass, and �� is the polarization

vector of the final vector D�
s meson.

In HQET these form factors up to 1=mQ order are

expressed through one leading Isgur-Wise function 
,
four subleading functions 
3, 	1;2;3, and one mass parame-

ter �� [15]. These relations are given in Appendix A.
To calculate the weak decay matrix element in the

quasipotential approach, we substitute the vertex functions
(12) and (13) in Eq. (11) and take into account the wave
function transformations (17). The contribution of the

leading order vertex function �ð1Þ
� ðp;qÞ can be easily

simplified by carrying out one of the integrations using
the � function. Then we employ the heavy quark expan-
sion, which permits us to take one of the integrals in the

contribution of the vertex function �ð2Þ
� ðp;qÞ to the weak

current matrix element. As a result, we express all matrix
elements through the usual overlap integrals of the meson
wave functions.We carry out the heavy quark expansion up
to the second order and compare the obtained expressions
with model-independent HQET relations (A1)–(A6).

All leading order relations are exactly satisfied. In this
limit of an infinitely heavy quark, all form factors are
expressed through the single universal Isgur-Wise function

ðwÞ [14]:

hþðwÞ ¼ hA1
ðwÞ ¼ hA3

ðwÞ ¼ hVðwÞ ¼ 
ðwÞ;
h�ðwÞ ¼ hA2

ðwÞ ¼ 0:
(23)

This function is given by the following overlap integral of
meson wave functions [11]:


ðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2

wþ 1

s
lim

mQ!1

Z d3p

ð2�Þ3

� ��Ds

0
@pþ 2�sðpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w� 1

wþ 1

s
e�

1
A�Bs

ðpÞ; (24)

where e� ¼ �=
ffiffiffiffiffiffiffi
�2

p
is the unit vector in the direction of

� ¼ MDs
v0 �MBs

v. In the infinitely heavy quark mass

limit, the wave functions of initial�Bs
and final�Ds

heavy

mesons coincide. As a result the HQET normalization
condition [15]


ð1Þ ¼ 1

is exactly reproduced.
In order to fulfill the HQET relations (A1)–(A6) at

the first order of the heavy quark 1=mQ expansion, it is

necessary to set ð1� "Þð1þ 
Þ ¼ 0, which leads to the
vanishing long-range chromomagnetic interaction. This
condition is satisfied by our choice of the anomalous
chromomagnetic quark moment 
 ¼ �1. To reproduce
the HQET relations at second order in 1=mQ, one needs

to set " ¼ �1 [11]. This serves as an additional justifica-
tion, based on the heavy quark symmetry and heavy quark
expansion in QCD, for the choice of the characteristic
parameters in our model. The subleading Isgur-Wise func-
tions are given by [7,11]


3ðwÞ ¼ ð ���mqÞ
�
1þ 2

3

w� 1

wþ 1

�

ðwÞ; (25)

	1ðwÞ ¼ ��
w� 1

wþ 1

ðwÞ; (26)

	2ðwÞ ¼ � 1

32

��

wþ 1

ðwÞ; (27)

	3ðwÞ ¼ 1

16
��
w� 1

wþ 1

ðwÞ; (28)

where the HQET parameter �� ¼ M�mQ is equal to the

mean energy of a light s quark in a heavy meson h�si. The
functions 	1 and 	3 explicitly satisfy normalization
conditions at the zero recoil point [16]

	1ð1Þ ¼ 	3ð1Þ ¼ 0;

arising from the vector current conservation.
Near the zero recoil point of the final meson w ¼ 1, the

Isgur-Wise functions have the following expansions:


ðwÞ ¼ 1� 1:466ðw� 1Þ þ 1:844ðw� 1Þ2 þ 	 	 	 ;

3ðwÞ= �� ¼ 0:359� 0:408ðw� 1Þ

þ 0:428ðw� 1Þ2 þ 	 	 	 ;
	1ðwÞ= �� ¼ 0:499ðw� 1Þ � 0:982ðw� 1Þ2 þ 	 	 	 ;
	2ðwÞ= �� ¼ �0:0156þ 0:0307ðw� 1Þ

� 0:0442ðw� 1Þ2 þ 	 	 	 ;
	3ðwÞ= �� ¼ 0:0312ðw� 1Þ � 0:0614ðw� 1Þ2 þ 	 	 	 :

(29)

The calculated leading and subleading Isgur-Wise func-

tions for Bs ! Dð�Þ
s transitions are plotted in Fig. 3. Using

these Isgur-Wise functions, we obtain the decay form
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factors hiðwÞ with the account of the first-order 1=mQ

corrections in the whole kinematical range. To improve
calculations we scale the results by the values of the form
factors at zero recoil hið1Þ evaluated with the inclusion of
1=m2

Q corrections using formulas given in Ref. [11]. We

find that the account of the first-order corrections changes

the form factors by about 17%, while the contribution of
the second-order corrections is less than 3%. These values
are in accord with the naive estimates of such corrections
��=ð2mcÞ � 0:15 and ½ ��=ð2mcÞ�2 � 0:02.
The other popular parametrization for the matrix ele-

ments of weak current JW between meson states is given by

hDsðpDs
Þj �c��bjBsðpBs

Þi ¼ fþðq2Þ
�
p
�
Bs
þ p

�
Ds

�M2
Bs
�M2

Ds

q2
q�
	
þ f0ðq2Þ

M2
Bs
�M2

Ds

q2
q�; (30)

hDsðpDs
Þj �c���5bjBsðpBs

Þi ¼ 0; (31)

hD�
sðpD�

s
Þj �c��bjBðpBs

Þi ¼ 2iVðq2Þ
MBs

þMD�
s

��������pBs�pD�
s�; (32)

hD�
sðpD�

s
Þj �c���5bjBsðpBs

Þi ¼ 2MD�
s
A0ðq2Þ �

� 	 q
q2

q� þ ðMBs
þMD�

s
ÞA1ðq2Þ

�
��� � �� 	 q

q2
q�
�

� A2ðq2Þ �� 	 q
MBs

þMD�
s

�
p
�
Bs
þ p

�
D�

s
�M2

Bs
�M2

D�
s

q2
q�
	
: (33)

At the maximum recoil point (q2 ¼ 0), these form factors
satisfy the following conditions:

fþð0Þ ¼ f0ð0Þ;

A0ð0Þ ¼
MBs

þMD�
s

2MD�
s

A1ð0Þ �
MBs

�MD�
s

2MD�
s

A2ð0Þ:

The relations between two sets of weak decay form
factors are given in Appendix B.

Substituting in these relations the Isgur-Wise functions
of our model (24)–(28), we find that the decay form factors
can be approximated with sufficient accuracy by the
following expressions:

FIG. 3 (color online). Leading and subleading Isgur-Wise functions for Bs ! Dð�Þ
s transitions.

TABLE I. Form factors of weak Bs ! Dð�Þ
s transitions calcu-

lated in our model. Form factors fþðq2Þ, Vðq2Þ, and A0ðq2Þ are
fitted by Eq. (34), and form factors f0ðq2Þ, A1ðq2Þ, and A2ðq2Þ are
fitted by Eq. (35).

Bs ! Ds Bs ! D�
s

fþ f0 V A0 A1 A2

Fð0Þ 0.74 0.74 0.95 0.67 0.70 0.75

Fðq2max Þ 1.15 0.88 1.50 1.06 0.84 1.04

�1 0.200 0.430 0.372 0.350 0.463 1.04

�2 �0:461 �0:464 �0:561 �0:600 �0:510 �0:070
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(a) fþðq2Þ; Vðq2Þ; A0ðq2Þ ¼ Fðq2Þ:

Fðq2Þ ¼ Fð0Þ

1� q2

M2

��
1� �1

q2

M2
B�c
þ �2

q4

M4
B�c

� ; (34)

(b) f0ðq2Þ; A1ðq2Þ; A2ðq2Þ ¼ Fðq2Þ:

Fðq2Þ ¼ Fð0Þ�
1� �1

q2

M2
B�c
þ �2

q4

M4
B�c

� ; (35)

where M ¼ MB�
c
¼ 6:332 GeV for the form factors

fþðq2Þ and Vðq2Þ and M ¼ MBc
¼ 6:272 GeV for the

form factor A0ðq2Þ; the values Fð0Þ and �1;2 are given

in Table I. The values of �1;2 are determined with a few

tenths of percent errors. The main uncertainties of the
form factors originate from the account of 1=m2

Q correc-

tions at zero recoil only and from the higher order 1=m3
Q

contributions and can be roughly estimated in our ap-
proach to be about 2%.1 The q2 dependence of these form
factors is shown in Fig. 4.

In Table II, we confront our predictions for the

form factors of semileptonic decays Bs ! Dð�Þ
s e� at

maximum recoil point q2 ¼ 0 with results of other ap-
proaches [17–21]. Different quark models are used in
Refs. [17,19,21], while the QCD and light cone sum
rules are employed in Refs. [18,20]. We find that these
significantly different theoretical calculations lead to
rather close values of the decay form factors. One of
the main advantages of our model is its ability not only
to obtain the decay form factors at the single kinematical
point, but also to determine its q2 dependence in the
whole range without any additional assumptions or
extrapolations.

V. SEMILEPTONIC Bs DECAYS
TO Ds MESONS

The differential decay rate for the semileptonic Bs

meson decay to Dð�Þ
s mesons reads [22]

d�ðBs ! Dð�Þ
s l ��Þ

dq2
¼ G2

F

ð2�Þ3 jVcbj2 �
1=2ðq2 �m2

l Þ2
24M3

Bs
q2

�
�
HHy

�
1þ m2

l

2q2

�
þ 3m2

l

2q2
HtH

y
t

	
;

(36)

where GF is the Fermi constant, Vcb is the CKM matrix
element, � � �ðM2

Bs
;M2

Dð�Þ
s

; q2Þ ¼ M4
Bs
þM4

Dð�Þ
s

þ q4 �
2ðM2

Bs
M2

Dð�Þ
s

þM2

Dð�Þ
s

q2 þM2
Bs
q2Þ, ml is the lepton mass,

and

HHy � HþH
y
þ þH�Hy� þH0H

y
0 : (37)

The helicity components H�, H0, and Ht of the hadronic
tensor are expressed through the invariant form factors.
They are given in Appendix C.
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FIG. 4 (color online). Form factors of weak Bs ! Dð�Þ
s transitions.

1Other uncertainties originating, e.g., from meson wave func-
tions and model parameters are significantly smaller. Indeed,
meson wave functions and masses were obtained by the numeri-
cal solution of the quasipotential equation with the completely
relativistic spin-independent and spin-dependent potentials
treated nonperturbatively [10]. The model parameters were fixed
in previous calculations which correctly reproduce numerous
experimental data. The integrated quantities such as decay form
factors and semileptonic decay rates are much less sensitive to
the variation of the model parameters than such quantities as
hadron masses, which are measured with considerably higher
accuracy. Thus even the limited variation of these parameters,
permitted by the description of hadron masses, will give sig-
nificantly smaller contributions to the form factor and decay rate
uncertainties compared to the ones mentioned above.
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Now we substitute the weak decay form factors calcu-
lated in the previous section into the above expressions
for decay rates. The resulting differential decay rates for

the Bs decays to the Dð�Þ
s mesons are plotted in Fig. 5.

The corresponding total decay rates are obtained by
integrating the differential decay rates over q2. For cal-
culations we use the CKM matrix element jVcbj ¼
ð3:9� 0:15Þ � 10�2, which was obtained from the
comparison of our theoretical predictions [7,23] for the

products FDð�Þ ðwÞjVcbj and for the B ! Dð�Þl�l decay
branching fractions with updated experimental data.2 It
is necessary to point out that the kinematical range
accessible in these semileptonic decays is rather broad.
Therefore, the knowledge of the q2 dependence of the
form factors is very important for reducing theoretical
uncertainties of the decay rates. Our results for the semi-

leptonic Bs ! Dð�Þ
s l� decay rates are given in Table III

in comparison with previous calculations. The authors of
Ref. [18] use the QCD sum rules, while the light cone
sum rules approach is adopted in Ref. [20]. Different
types of constituent quark models are employed in
Refs. [19,21,25], and the three-point QCD sum rules
are used in Ref. [26]. We see that our predictions are
consistent with results of quark model calculations in
Refs. [19,21]. They are approximately 2 times larger
than the QCD sum rules and light cone sum rules results

of Refs. [18,20] but slightly lower than the values of
Refs. [25,26].
We find that the total branching fraction of the semilep-

tonic decays of Bs mesons to the ground state Dð�Þ
s is equal

to BrðBs!Dð�Þ
s e�Þ¼ð7:4�0:7Þ% and BrðBs!Dð�Þ

s ��Þ¼
ð1:92�0:15Þ%. The errors in our estimates originate
from the uncertainties in the determination of the CKM
matrix element jVcbj, which are dominant, and from the
theoretical uncertainties in the determination of decay form
factors. The latter uncertainties are considerably smaller
than the former ones and are mostly related with the
estimates of the higher order terms in the heavy quark
expansion.

VI. FORM FACTORS OF WEAK Bs DECAYS
TO RADIALLY EXCITED Dsð2SÞ MESONS

The decay form factors (19)–(22) up to 1=mQ order in

HQET for Bs decays to radially excited Ds½ðnþ 1ÞS�
mesons are expressed through one leading 
ðnÞ and five

subleading ~
3, ~	1;2;3;b Isgur-Wise functions and two mass

parameters �� and ��ðnÞ [27]. They are presented in
Appendix D.
In our model all HQET relations (D1)–(D6) are satisfied,

and we get the following expressions for the leading and
subleading Isgur-Wise functions [27]:


ð1ÞðwÞ ¼
�

2

wþ 1

�
1=2 Z d3p

ð2�Þ3
�c ð0Þ
Dsð2SÞ

0
@pþ 2�sðpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w� 1

wþ 1

s
e�

1
Ac ð0Þ

Bs
ðpÞ; (38)

~
3ðwÞ ¼
� ��ð1Þ þ ��

2
�ms þ 1

6

��ð1Þ � ��

w� 1

��
1þ 2

3

w� 1

wþ 1

�

ð1ÞðwÞ; (39)

~	1ðwÞ ffi 1

20

w� 1

wþ 1

��ð1Þ � ��

w� 1

ð1ÞðwÞ þ

��ð1Þ

2

�
2

wþ 1

�
1=2 Z d3p

ð2�Þ3
�c ð1Þsi
Dsð2SÞ

0
@pþ 2�sðpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w� 1

wþ 1

s
e�

1
Ac ð0Þ

Bs
ðpÞ; (40)

~	2ðwÞ ffi � 1

12

1

wþ 1

��ð1Þ � ��

w� 1

ð1ÞðwÞ; (41)

TABLE II. Comparison of theoretical predictions for the form factors of semileptonic decays

Bs ! Dð�Þ
s e� at maximum recoil point q2 ¼ 0.

fþð0Þ Vð0Þ A0ð0Þ A1ð0Þ A2ð0Þ
This paper 0:74� 0:02 0:95� 0:02 0:67� 0:01 0:70� 0:01 0:75� 0:02
Reference [17] 0.61 0.64 0.56 0.59

Reference [18] 0:7� 0:1 0:63� 0:05 0:52� 0:06 0:62� 0:01 0:75� 0:07

Reference [19] 0:57þ0:02
�0:03 0:70þ0:05

�0:04 0:65þ0:01
�0:01 0:67þ0:01

�0:01

Reference [20] 0:86þ0:17
�0:15

Reference [21] 0:74þ0:05
�0:05 0:63þ0:04

�0:04 0:61þ0:04
�0:04 0:59þ0:04

�0:04

2This value of jVcbj is in accord with its recent evaluation by the Heavy Flavor Averaging Group [24].
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~	3ðwÞ ffi � 3

80

w� 1

wþ 1

��ð1Þ � ��

w� 1

ð1ÞðwÞ þ

��ð1Þ

4

�
2

wþ 1

�
1=2 Z d3p

ð2�Þ3
�c ð1Þsd
Dsð2SÞ

0
@pþ 2�sðpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w� 1

wþ 1

s
e�

1
Ac ð0Þ

Bs
ðpÞ; (42)

	bðwÞ ffi ��

�
2

wþ 1

�
1=2 Z d3p

ð2�Þ3
�c ð0Þ
Dsð2SÞ

0
@pþ 2�sðpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w� 1

wþ 1

s
e�

1
A½c ð1Þsi

Bs
ðpÞ � 3c ð1Þsd

Bs
ðpÞ�; (43)

where �2 ¼ M2

Dð�Þ
s ð2SÞðw2 � 1Þ. Here we used the expan-

sion for the S-wave meson wave function [27]

cM ¼ c ð0Þ
M þ ��M"Qðc ð1Þsi

M þ dMc ð1Þsd
M Þ þOð1=m2

QÞ;
where c ð0Þ

M is the wave function in the limit mQ ! 1,
c ð1Þsi

M and c ð1Þsd
M are the spin-independent and spin-

dependent first-order 1=mQ corrections, respectively, and
dP ¼ �3 for pseudoscalar and dV ¼ 1 for vector mesons.
The symbol ffi in the expressions (40)–(43) for the
subleading functions ~	iðwÞ implies that corrections
suppressed by an additional power of the ratio ðw� 1Þ=
ðwþ 1Þ, which is equal to zero at w ¼ 1 and less than 1=6
at wmax , were neglected. Since the main contribution to the
decay rate comes from the values of form factors close to
w ¼ 1, these corrections turn out to be unimportant.

It is clear from the expression (38) that the leading
order contribution vanishes at the point of zero recoil

(� ¼ 0, w ¼ 1) of the final Dð�Þ
s ð2SÞ meson, since the

radial parts of the wave functions �Dsð2SÞ and �Bs
are

orthogonal in the infinitely heavy quark limit.
Near the zero recoil point of the final meson w ¼ 1, the

Isgur-Wise functions have the following expansions:


ð1ÞðwÞ ¼ 2:455ðw� 1Þ � 9:545ðw� 1Þ2 þ 	 	 	 ;
~
3ðwÞ=~� ¼ 0:221þ 1:094ðw� 1Þ

� 5:294ðw� 1Þ2 þ 	 	 	 ;
~	1ðwÞ=~� ¼ 0:182� 0:143ðw� 1Þ

� 1:055ðw� 1Þ2 þ 	 	 	 ;
~	2ðwÞ=~� ¼ �0:0552þ 0:242ðw� 1Þ

� 0:547ðw� 1Þ2 þ 	 	 	 ;
~	3ðwÞ=~� ¼ �0:00133� 0:0334ðw� 1Þ

þ 0:150ðw� 1Þ2 þ 	 	 	 ;
~	bðwÞ=~� ¼ �0:169þ 1:114ðw� 1Þ

� 4:060ðw� 1Þ2 þ 	 	 	 ; (44)

where ~� ¼ ð ��ð1Þ þ ��Þ=2.
The leading 
ð1Þ and subleading ~
3, ~	1;2;3;b Isgur-Wise

functions for Bs ! Dð�Þ
s ð2SÞ transitions are shown in Fig. 6.

We use relations (B1)–(B6) to express form factors

TABLE III. Comparison of theoretical predictions for the branching fractions of semileptonic decays Bs ! Dð�Þ
s l� (in percent).

Decay This paper Reference [18] Reference [19] Reference [20] Reference [21] Reference [25] Reference [26]

Bs ! Dse� 2:1� 0:2 1:35� 0:21 1.4–1.7 1:0þ0:4
�0:3 2.73–3.00 2.8–3.8

Bs ! Ds�� 0:62� 0:05 0.47–0.55 0:33þ0:14
�0:11

Bs ! D�
se� 5:3� 0:5 2:5� 0:1 5.1–5.8 5:2� 0:6 7.49–7.66 1.89–6.61

Bs ! D�
s�� 1:3� 0:1 1.2–1.3 1:3þ0:2

�0:1
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FIG. 5 (color online). Predictions for the differential decay rates of the Bs ! Dð�Þ
s l� semileptonic decays.
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fþ;0ðq2Þ, Vðq2Þ, and A0;1;2 through the calculated Isgur-

Wise functions. The obtained form factors are plotted in
Fig. 7. Their values at zero and maximum q2 are given
in Table IV. The main theoretical uncertainties of the
decay from factors, as for the decays to the ground state
mesons, originate from the higher order 1=mQ contribu-

tions and are less than 4%. Comparing plots in Figs. 4
and 7, we see that form factors for the decays to ground
and radially excited states have significantly different
behavior in q2. The former ones grow with q2, while
the latter ones decrease. This is the consequence of the
different structure of nodes of the wave functions of
these states.

VII. SEMILEPTONIC Bs DECAYS TO RADIALLY
EXCITED Dsð2SÞ MESONS

For the calculation of the semileptonic Bs decays to
radially excited Dsð2SÞ mesons, we use the expression
for the differential decay rates (36) with the helicity com-
ponents of the hadronic tensor given by Eqs. (C1)–(C4) and
decay form factors calculated in the previous section. The
predictions for the corresponding branching fractions are
given in Table V. We find that semileptonic Bs decays to
the pseudoscalar Dsð2SÞ and vector D�

sð2SÞ mesons have
close values. The total contribution of these decays is

Bs Ds 2 S

f

f0

0 1 2 3 4 5 6 7

0.0

0.1
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0.3
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0.5

V

A0A1

A2

Bs Ds 2 S

0 1 2 3 4 5 6 7
0.4

0.2

0.0

0.2

0.4

0.6

FIG. 7 (color online). Form factors of the weak Bs ! Dð�Þ
s ð2SÞ transitions.

TABLE IV. Form factors of weak Bs ! Dð�Þ
s ð2SÞ transitions

calculated in our model.

Bs ! Dsð2SÞ Bs ! D�
sð2SÞ

fþ f0 V A0 A1 A2

Fð0Þ 0.41 0.41 0.46 0.45 0.32 0.058

Fðq2max Þ 0.28 0.075 0.28 0.29 0.072 �0:29

TABLE V. Predictions for the branching fractions of semilep-

tonic decays Bs ! Dð�Þ
s ð2SÞl� (in percent).

Decay Br

Bs ! Dsð2SÞe� 0:27� 0:03
Bs ! Dsð2SÞ�� 0:011� 0:001
Bs ! D�

sð2SÞe� 0:38� 0:04
Bs ! D�

sð2SÞ�� 0:015� 0:002

1
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1
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FIG. 6 (color online). Leading and subleading Isgur-Wise functions for Bs ! Dð�Þ
s ð2SÞ transitions [~� ¼ ð ��ð1Þ þ ��Þ=2].
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obtained to be BrðBs ! Dð�Þ
s ð2SÞe�Þ ¼ ð0:65� 0:06Þ%

and BrðBs ! Dð�Þ
s ð2SÞ��Þ ¼ ð0:026� 0:003Þ%.

The differential decay rates of the Bs ! Dð�Þ
s ð2SÞl�

semileptonic decays are plotted in Fig. 8.

VIII. FORM FACTORS OF WEAK Bs DECAYS
TO ORBITALLY EXCITED Dð�Þ

sJ MESONS

The matrix elements of the weak current JW� ¼
�b��ð1� �5Þc for Bs decays to orbitally excited scalar

D�
s0 mesons can be parametrized by two invariant form

factors:

hD�
s0ðpDs0

Þj �c��bjBsðpBs
Þi ¼ 0; (45)

hD�
s0ðpDs0

Þj �c���5bjBðpBs
Þi¼ rþðq2Þðp�

Bs
þp�

Ds0
Þ

þr�ðq2Þðp�
Bs
�p

�
Ds0

Þ; (46)

where q ¼ pBs
� pDs0

and MDs0
is the scalar meson mass.

The matrix elements of the weak current for Bs decays to
the axial vector Ds1 meson can be expressed in terms of
four invariant form factors:

hDs1ðpDs1
Þj �c��bjBðpBs

Þi
¼ ðMBs

þMDs1
ÞhV1

ðq2Þ���

þ ½hV2
ðq2Þp�

Bs
þ hV3

ðq2Þp�
Ds1

� �
� 	 q
MBs

; (47)

hDs1ðpDs1
Þj �c���5bjBðpBs

Þi

¼ 2ihAðq2Þ
MBs

þMDs1

��������pBs�pDs1�; (48)

whereMDs1
and �� are the mass and polarization vector of

the axial vector meson, respectively. The matrix elements
of the weak current for Bs decays to the axial vector D0

s1

meson are obtained from Eqs. (47) by the replacement of
the set of form factors hiðq2Þ by giðq2Þ (i ¼ V1, V2, V3, A).

The matrix elements of the weak current for Bs decays
to the tensor D�

s2 meson can be decomposed in four

Lorentz-invariant structures:

hD�
s2ðpDs2

Þj �c��bjBðpBs
Þi

¼ 2itVðq2Þ
MBs

þMDs2

���������
p�
Bs

MBs

pBs�pDs2�; (49)

hD�
s2ðpDs2

Þj �q���5bjBðpBs
Þi

¼ ðMBs
þMDs2

ÞtA1
ðq2Þ����

pBs�

MBs

þ ½tA2
ðq2Þp�

Bs
þ tA3

ðq2Þp�
Ds2

�����
p�
Bs
p�
Bs

M2
Bs

; (50)

whereMDs2
and ��� are the mass and polarization tensor of

the tensor meson, respectively.

To obtain the form factors of Bs ! Dð�Þ
sJ weak transi-

tions, we use the expression for the weak current matrix
element (11). We calculate exactly the contribution of the

leading vertex function �ð1Þðp;qÞ (12) to the transition
matrix element of the weak current (11) using the � func-
tion. For the evaluation of the subleading contribution

�ð2Þðp;qÞ for the B ! Dð�Þ
sJ transitions, governed by the

heavy-to-heavy b ! c transitions, we use expansions in
inverse powers of masses of the heavy b and c quarks,

contained in the initial Bs meson and final Dð�Þ
sJ meson.

Thus we can neglect the small relative quark momentum
jpj compared to the heavy quark mass mQ in the quark

energy �Qðpþ�Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Q þ ðpþ�Þ2
q

, replacing it by

�Qð�Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Q þ�2
q

in expressions for the �ð2Þðp;qÞ.
Note that we keep the dependence on the recoil momentum
� ¼ p

Dð�Þ
sJ
� pBs

. This replacement removes the relative

momentum dependence in the quark energy and thus per-

mits us to perform one of the integrations in the �ð2Þ
� ðp;qÞ

contribution using the quasipotential equation. The
subleading contribution turns out to be rather small
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FIG. 8 (color online). Predictions for the differential decay rates of the Bs ! Dð�Þ
s ð2SÞl� semileptonic decays.
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numerically, since it is proportional to the quark binding
energy in the meson. Therefore we obtain reliable expres-
sions for the form factors in the whole accessible kinemati-
cal range. It is important to emphasize that when doing
these calculations we consistently take into account all
relativistic contributions including boosts of the meson
wave functions from the rest reference frame to the moving
ones, given by Eq. (17). The obtained expressions for the
decay form factors are rather cumbersome and are given in
the Appendix of Ref. [8]. Note that, while calculating form
factors of weak Bs decays to Ds1 and D0

s1 mesons, it is

important to take into account the mixing (16) of singlet
Dsð1P1Þ and triplet Dsð3P1Þ states.

In Fig. 9, we plot form factors of the weak Bs transitions

to the P-wave Dð�Þ
sJ mesons. The calculated values of these

form factors at q2 ¼ 0 and q2 ¼ q2max � ðMBs
�MDsJ

Þ2
are displayed in Table VI. The theoretical uncertainties
of these form factors within our approach are mainly

determined by the errors introduced by the replacement

of �cðpþ�Þ by �cð�Þ in the subleading vertex �ð2Þðp;qÞ
and Oð1=m3

bÞ contributions. They are almost negligible at

q2 ¼ 0 and are less than 1% at q2 ¼ q2max .

IX. SEMILEPTONIC Bs DECAYS TO
ORBITALLY EXCITED Dð�Þ

sJ MESONS

The differential semileptonic decay rates of Bs mesons

to orbitally excited Dð�Þ
sJ mesons are given by Eq. (36). The

helicity componentsH�,H0, andHt of the hadronic tensor
are expressed through the invariant form factors (45)–(50)
by the relations [8] given in Appendix E.
Substituting calculated form factors in these expres-

sions, we get predictions for the branching fractions of
the semileptonic Bs decays to orbitally excited Ds mesons.
We find that decays to Ds1 and D�

s2 mesons are dominant.

The obtained results are given in Table VII in comparison
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FIG. 9 (color online). Form factors of the Bs decays to the P-wave Dð�Þ
sJ mesons.

TABLE VI. Calculated values of the form factors of the Bs decays to the P-wave Dð�Þ
sJ at q2 ¼ 0 and q2 ¼ q2max � ðMBs

�MDsJ
Þ2.

Bs ! D�
s0 Bs ! D0

s1 Bs ! Ds1 Bs ! D�
s2

q2 rþ r� gA gV1
gV2

gV3
hA hV1

hV2
hV3

tV tA1
tA2

tA3

0 0.40 �0:91 �0:61 0.01 �0:24 0.77 �1:14 �0:19 �0:43 �0:29 �0:63 �0:59 0.16 �0:01
q2max 0.50 �1:58 �0:97 0.03 �0:04 1.29 �1:77 0.03 �0:81 �0:48 �1:09 �0:72 0.12 �0:02
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with other calculations. First we compare with our previous
calculation [28], which was performed in the framework of
the heavy quark expansion. We give results found in the
infinitely heavy quark limit (mQ ! 1) andwith the account

of first-order 1=mQ corrections. It was argued [28,32] that

1=mQ corrections are large and their inclusion significantly

influences the decay rates. The large effect of subleading
heavy quark corrections was found to be a consequence of
the vanishing of the leading order contributions to the decay
matrix elements, due to heavy quark spin-flavor symmetry,
at the point of zero recoil of the final charmed meson, while
the subleading order contributions do not vanish at this
kinematical point. Here we calculated the decay rates with-
out application of the heavy quark expansion. We find that

nonperturbative results agree well with the ones obtained
with the account of the leading order 1=mQ corrections [28].

This means that the higher order in 1=mQ corrections are

small, as was expected. Then we compare our predictions
with the results of calculations in other approaches. The
authors of Refs. [25,29] employ different types of constitu-
ent quark models for their calculations. Light cone and
three-point QCD sum rules are used in Refs. [20,30], while
HQETand sum rules are applied in Ref. [31]. In general, we
find reasonable agreement between our predictions and
results of Refs. [20,29–31], but results of the quark model
calculations [25] are slightly larger.
In Fig. 10, we plot the differential decay rates of the

B ! Dð�Þ
sJ l� semileptonic decays. The total semileptonic

TABLE VII. Comparison of the predictions for the branching fractions of the semileptonic decays Bs ! Dð�Þ
sJ l� (in percent).

Decay This paper m ! 1 [28]

With

1=mQ [28] Reference [29] Reference [25] Reference [20] Reference [30] Reference [31]

Bs ! D�
s0e� 0:36� 0:04 0.10 0.37 0.443 0.49–0.571 0:23þ0:12

�0:10 �0:1 0.20

Bs ! D�
s0�� 0:019� 0:002 0:057þ0:028

�0:023 �0:01

Bs ! D0
s1e� 0:19� 0:02 0.13 0.18 0.174–0.570 0.752–0.869 0.49 0.10

Bs ! D0
s1�� 0:015� 0:002

Bs ! Ds1e� 0:84� 0:09 0.36 1.06 0.477

Bs ! Ds1�� 0:049� 0:005

Bs ! D�
s2e� 0:67� 0:07 0.56 0.75 0.376

Bs ! D�
s2�� 0:029� 0:003
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FIG. 10 (color online). Predictions for the differential decay rates of the B ! Dð�Þ
sJ l� semileptonic decays.
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decay branching fractions to orbitally excited Ds mesons

are found to be BrðBs ! Dð�Þ
sJ e�Þ ¼ ð2:1� 0:2Þ% and

BrðBs ! Dð�Þ
sJ ��Þ ¼ ð0:11� 0:01Þ%.

The first experimental measurement of the semileptonic
decay Bs ! Ds1�� was done by the D0 Collaboration
[33]. The branching fraction was obtained by assuming
that the Ds1 production in semileptonic decay comes
entirely from the Bs decay and using a prediction for
BrðDs1 ! D�K0

SÞ ¼ 0:25. Its value

Br ðBs ! Ds1X��ÞD0 ¼ ð1:03� 0:20� 0:17� 0:14Þ%
is in good agreement with our prediction 0:84� 0:9 given
in Table VII.

Recently, the LHCb Collaboration [34] reported the
first observation of the orbitally excited D�

s2 meson in the

semileptonic Bs decays. The decay to the Ds1 meson was
also observed. The measured branching fractions relative
to the total Bs semileptonic rate are

BrðBs ! D�
s2X��Þ=BrðBs ! X��ÞLHCb

¼ ð3:3� 1:0� 0:4Þ%;

BrðBs ! Ds1X��Þ=BrðBs ! X��ÞLHCb
¼ ð5:4� 1:2� 0:5Þ%:

The D�
s2=Ds1 event ratio is found to be

BrðBs ! D�
s2X��Þ=BrðBs ! Ds1X��ÞLHCb

¼ 0:61� 0:14� 0:05:

These values can be compared with our predictions if we
assume that decays to Ds1 and D�

s2 mesons give dominant

contributions to the ratios. Summing up the semileptonic
Bs decay branching fractions to ground state, first radial,
and orbital excitations of Ds mesons, presented in
Secs. V, VII, and IX, respectively, we get for the total Bs

semileptonic rate BrðBs ! X��Þ ¼ ð10:2� 1:0Þ%. Then
using the calculated values from Table VII we get

BrðBs ! D�
s2��Þ=BrðBs ! X��Þtheor ¼ ð6:5� 1:2Þ%;

BrðBs ! Ds1��Þ=BrðBs ! X��Þtheor ¼ ð8:2� 1:6Þ%;

and

Br ðBs ! D�
s2��Þ=BrðBs ! Ds1��Þtheor ¼ 0:79� 0:14:

The predicted central values are larger than experimental
ones, but the results agree with experiment within 2�.

X. NONLEPTONIC DECAYS

In the Standard Model, nonleptonic Bs decays are
described by the effective Hamiltonian, obtained by inte-
grating out theW boson and top quark. For the nonleptonic
Bs decay to the ground state or excited Ds meson and light
meson governed by b ! c transition, the effective
Hamiltonian is given by [35]

Heff ¼ GFffiffiffi
2

p V�
cbVuq½c1ð�ÞOu

1 þ c2ð�ÞOu
2�; (51)

where q ¼ d, s. For the nonleptonic Bs decay to two
charmed mesons, the effective Hamiltonian (�B ¼ 1)
[35] reads

Heff ¼ GFffiffiffi
2

p V�
cbVcq

X10
i¼1

cið�ÞOc
i : (52)

The Wilson coefficients cið�Þ are evaluated perturba-
tively at the W scale and then are evolved down to the
renormalization scale � � mb by the renormalization-

group equations. Functions Oq0
i are the local four-quark

operators. The tree level operators have the form

Oq0
1 ¼ ð �bcÞV�Að �q0qÞV�A; Oq0

2 ¼ ð �bjciÞV�Að �q0jqiÞV�A;

(53)

while the functions Oi (i ¼ 3; . . . ; 10) are the penguin
operators. The following notations are used:

ð �qq0ÞV�A ¼ �q��ð1� �5Þq0:
The amplitude of the nonleptonic two-body Bs decay toDs

and light M mesons can be expressed through the matrix
element of the effective weak Hamiltonian Heff in the
following way:

MðBs ! DsMÞ
¼ hDsMjHeffjBsi
¼ GFffiffiffi

2
p fV�

cbVuq½c1hDsMjOu
1jBsi þ c2hDsMjOu

2jBsi�g:

(54)

The factorization approach, which is widely used for
the calculation of two-body nonleptonic decays, such as
Bs ! DsM, assumes that the nonleptonic decay amplitude
reduces to the product of a meson transition matrix element
and a weak decay constant [36]. Clearly, this assumption is
not exact. However, it is expected that factorization can
hold for energetic decays, where one final meson is heavy
and the other meson is light and energetic [37]. A more
general treatment of factorization is given in Ref. [38].
Then the Bs ! D�

s M
þ decay amplitude can be approxi-

mated by the product of one-particle matrix elements. The
matrix element (q ¼ d, s) is given by

hMþD�
s jc1Ou

1 þ c2O
u
2jB0

si
� a1hD�

s jð �bcÞV�AjB0
sihMþjð �uqÞV�Aj0i; (55)

where the Wilson coefficients appear in the following
linear combination:

a1 ¼ c1 þ 1

Nc

c2 (56)
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and Nc is the number of colors. For numerical calculations
we use the values of Wilson coefficients given in Ref. [39].

The similar expression holds for Bs ! Dð�Þ�
s Dð�Þþ

s

decays [20], namely,

�
Dþ

s D
�
s

��������
X10
i¼1

cið�ÞOc
i

��������B0
s

�

�
�
a1 � V�

tbVts

V�
cbVcs

½a4 þ a10 þ rqða6 þ a8Þ�
�

� hD�
s jð �bcÞV�AjB0

sihDþ
s jð �csÞV�Aj0i; (57)

where the second term in brackets results from the
penguin contributions, which are small numerically. The
coefficients a2n ¼ c2n þ c2n�1=Nc and rq can be found,

e.g., in Ref. [20].
The matrix element of the weak current JW� between

vacuum and a final pseudoscalar (P) or vector (V) meson is
parametrized by the decay constants fP;V :

hPj �q1���5q2j0i ¼ ifPp
�
P ;

hVj �q1��q2j0i ¼ ��MVfV:
(58)

The pseudoscalar fP and vector fV decay constants were
calculated within our model in Ref. [40]. It was shown that
the complete account of relativistic effects is necessary to
get agreement with experiment for decay constants, espe-
cially of light mesons. We use the following values of
the decay constants: f� ¼ 0:131 GeV, f� ¼ 0:208 GeV,

fK ¼ 0:156 GeV, fK� ¼ 0:214 GeV, fDs
¼ 0:260 GeV,

and fD�
s
¼ 0:315 GeV. The relevant CKMmatrix elements

are jVudj ¼ 0:975, jVusj ¼ 0:225, jVcsj ¼ 0:973, jVtsj ¼
0:0404, and jVtbj ¼ 0:999 [1].
The matrix elements of the weak current between the Bs

meson and the final Ds meson entering in the factorized
nonleptonic decay amplitude (55) are parametrized by the
set of the decay form factors. Using the form factors
obtained in Secs. IV, VI, and VIII, we get predictions
for the branching ratios of the nonleptonic Bs decays to
ground state and excited Ds mesons and present them in
Tables VIII and IX in comparison with other calculations
and available experimental data. We can roughly estimate
the error of our calculations within the adopted factoriza-
tion approach to be about 20%. It originates from both
theoretical uncertainties in the form factors and effective
Wilson coefficients and experimental uncertainties in the
values of the CKM matrix elements (which are dominant),
decay constants, and meson masses.
In Table VIII, we give predictions for the branching

ratios of the two-body nonleptonic Bs decays to the ground

stateDð�Þ
s meson and light ð�;�;Kð�ÞÞ or heavyDð�Þ

s meson.
We compare our results with predictions of the QCD sum
rules [18], relativistic constituent quark models [19,41], the
light cone [20] and three-point QCD sum rules [42], and
the perturbative QCD approach [43]. Available experimen-
tal data [1] are also given. We find reasonable agreement
between our results, QCD sum rules [18], and quark model
[19] predictions and experimental data. Results of quark
model calculation [41] are slightly larger, while those of
three-point QCD sum rules [42] and perturbative QCD [43]
are slightly smaller. However, experimental and theoretical

TABLE VIII. Comparison of various predictions for the branching fractions of the nonleptonic Bs decays to ground state Ds mesons
with experiment (in 10�3).

Decay

This

paper Reference [18] Reference [19] Reference [20] Reference [41] Reference [42] Reference [43] Experiment [1]

Bs ! D�
s �

þ 3.5 5 2:7þ0:2
�0:3 1:7þ0:7

�0:6 1:42� 0:57 1:96þ1:23
�0:97 3:2� 0:4

Bs ! D�
s �

þ 9.4 13 6:4þ1:2�1:1 4:2þ1:7�1:4 4:7þ2:9
�2:3 7:4� 1:7

Bs ! D��
s �þ 2.7 2 3:1þ0:3

�0:2 2:11� 0:73 1:89þ1:20
�0:93 2:1� 0:6

Bs ! D��
s �þ 8.7 13 9:0þ1:5

�1:5 5:23þ3:34
�2:56 10:3� 2:6

Bs ! D�
s K

þ 0.28 0.4 0:21þ0:02
�0:02 0:13þ0:05

�0:04 0:103� 0:051 0:170þ0:087
�0:066

Bs ! D�
s K

�þ 0.47 0.6 0:38þ0:05
�0:05 0:28þ0:1

�0:8 0:050� 0:022 0:281þ0:147
�0:109

Bs ! D��
s Kþ 0.21 0.2 0:24þ0:02

�0:02 0:159� 0:067 0:164þ0:084
�0:064

Bs ! D��
s K�þ 0.48 0.6 0:56þ0:06

�0:07 0:163� 0:086 0:322þ0:183
�0:124

Bs ! D�
s D

þ
s 11 10 8:3þ1:0

�1:0 35þ14�12 16.5 2:17� 0:82 5:3� 0:9

Bs ! D�
s D

�þ
s 10 8 8:4þ1:2

�1:2 33þ13
�11 2:62� 0:93

Bs ! D��
s Dþ

s 6.1 4 7:0þ1:6
�1:5 2:54� 0:57

Bs ! D�
s D

�þ
s

þD��
s Dþ

s

16.1 12 15:4þ2:0
�1:9 24.0 5:16� 1:10 12:4� 2:1

Bs ! D��
s D�þ

s 25 16 24þ4
�4 31.8 27:7� 7:6 18:8� 3:4

Bs ! Dð�Þ�
s Dð�Þþ

s 52.1 38 47:7þ4:6
�4:6 72.3 35:0� 7:8 45� 14
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uncertainties are still too large to make possible the dis-
crimination between theoretical approaches.

In Table IX, we present our predictions for the two-body
nonleptonic Bs decays to orbitally and radially excited Ds

meson and light or heavy Ds meson. They are compared

with the results of the light cone sum rules [20], which are
available only for decays involving the scalar D��

s0 meson.

In general, central values of our predictions for the decays
Bs ! D��

s0 M
þ (where M is a light meson) are slightly

larger, but both results are compatible within errors. On

the contrary, for decays Bs ! D��
s0 D

ð�þÞ
s our results are

significantly lower, especially for the Bs ! D��
s0 D

þ
s decay.

The same pattern of our predictions and the light cone sum
rules results [20] holds also for the Bs decays to ground
state mesons (see Table VIII). From Table IX, we see that
some of the nonleptonicBs decays to the excitedDs mesons
have branching fractions comparable with the ones for the
decays to the ground state Ds mesons, given in Table VIII.
Very recently, the LHCb Collaboration announced the

first observation of the Bs ! Ds1� decay [44]. Only the
relative branching fraction of this decay was measured.
However, this observation indicates that we can expect the
measurement of the nonleptonic Bs decays to excited Ds

mesons in near future.

XI. CONCLUSIONS

The weak form factors of the Bs decays to ground state
Ds mesons, as well as to first orbital and radial excitations
of Ds mesons, were calculated in the framework of the
relativistic quark model based on the quasipotential ap-
proach. The heavy quark expansion was applied for the
calculations of the form factors of the weak Bs decays to

Dð�Þ
s and Dð�Þ

s ð2SÞ mesons. The obtained form factors sat-
isfy all model-independent constraints imposed by heavy
quark symmetry and HQET. The leading and subleading
Isgur-Wise functions were expressed through the overlap
integrals of the meson wave functions. The form factors of

weak Bs decays to the orbitally excited Dð�Þ
sJ mesons were

calculated, by using previously developed methods [8]. All
relativistic effects, including contributions of the inter-
mediate negative-energy states and transformations of the
wave functions to the moving reference frame, were con-
sistently taken into account. For the numerical evaluations
the relativistic wave functions of Bs and Ds mesons,
obtained as the solutions of quasipotential equation (1) in
Ref. [10], were used. As a result the weak decay form
factors were determined in the whole accessible kinemati-
cal range without applying any additional parametrizations
and extrapolations. This significantly reduces theoretical
uncertainties of the results.
Using these form factors, we considered various semi-

leptonic Bs decays governed by the b ! cweak transition.
The obtained results were compared with previous calcu-
lations based on constituent quark models, light cone sum
rules, and QCD sum rules. The following total semilep-
tonic Bs branching ratios were found:

(1) for decays to ground state Dð�Þ
s mesons

BrðBs ! Dð�Þ
s e�Þ ¼ ð7:4� 0:7Þ% and BrðBs !

Dð�Þ
s ��Þ ¼ ð1:92� 0:15Þ%;

TABLE IX. Branching fractions of the nonleptonic Bs decays
to orbitally and radially excited Ds mesons (in 10�3).

Decay This paper Reference [20]

Bs ! D��
s0 �

þ 0.9 0:52þ0:25
�0:21

Bs ! D��
s0 �

þ 2.2 1:3þ0:6
�0:5

Bs ! D��
s0 K

þ 0.07 0:04þ0:02
�0:02

Bs ! D��
s0 K

�þ 0.12 0:08þ0:04
�0:03

Bs ! D��
s0 D

þ
s 1.1 13þ7

�5

Bs ! D��
s0 D

�þ
s 2.3 6:0þ2:9

�2:4

Bs ! D0�
s1�

þ 0.29

Bs ! D0�
s1 �

þ 0.83

Bs ! D0�
s1K

þ 0.021

Bs ! D0�
s1K

�þ 0.044

Bs ! D0�
s1D

þ
s 0.54

Bs ! D0�
s1D

�þ
s 1.5

Bs ! D�
s1�

þ 1.9

Bs ! D�
s1�

þ 4.9

Bs ! D�
s1K

þ 0.14

Bs ! D�
s1K

�þ 0.26

Bs ! D�
s1D

þ
s 3.0

Bs ! D�
s1D

�þ
s 5.9

Bs ! D��
s2 �

þ 1.6

Bs ! D��
s2 �

þ 4.2

Bs ! D��
s2 K

þ 0.12

Bs ! D��
s2 K

�þ 0.22

Bs ! D��
s2 D

þ
s 1.4

Bs ! D��
s2 D

�þ
s 4.5

Bs ! Dsð2SÞ��þ 0.7

Bs ! Dsð2SÞ��þ 1.7

Bs ! D�
s ð2SÞ��þ 0.8

Bs ! D�
s ð2SÞ��þ 2.2

Bs ! Dsð2SÞ�Kþ 0.05

Bs ! Dsð2SÞ�K�þ 0.08

Bs ! D�
s ð2SÞ�Kþ 0.06

Bs ! D�
s ð2SÞ�K�þ 0.12

Bs ! Dsð2SÞ�Dþ
s 1.0

Bs ! Dsð2SÞ�D�þ
s 0.7

Bs ! D�
s ð2SÞ�Dþ

s 0.7

Bs ! D�
s ð2SÞ�D�þ

s 1.7
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(2) for decays to radially excited Dð�Þ
s ð2SÞ mesons

BrðBs ! Dð�Þ
s ð2SÞe�Þ ¼ ð0:65� 0:06Þ% and

BrðBs ! Dð�Þ
s ð2SÞ��Þ ¼ ð0:026� 0:003Þ%;

(3) for decays to orbitally excited Dð�Þ
sJ mesons BrðBs !

Dð�Þ
sJ e�Þ ¼ ð2:1� 0:2Þ% and BrðBs ! Dð�Þ

sJ ��Þ ¼
ð0:11� 0:01Þ%.

We see that these branching fractions significantly
decrease with excitation. Therefore, we can conclude that
considered decays give the dominant contribution to the
total semileptonic branching fraction BrðBs ! Dse�þ
anythingÞ. Summing up these contributions, we get
the value (10:2� 1:0)%, which agrees well with the
experimental value BrðBs ! Dse�þ anythingÞExp ¼
ð7:9� 2:4Þ% [1]. Note that our predictions for the branch-
ing ratios of semileptonic decays to orbitally excited states
Bs ! Ds1�� and Bs ! Ds2�� are in reasonable agree-
ment with recent data from the D0 [33] and LHCb [34]
Collaborations.

The tree-dominated two-body nonleptonic Bs decays to
the ground state or excited Ds meson and the light or
charmed meson were calculated in the framework of the
factorization approximation. This allowed us to express the
decay matrix elements through the products of the weak
form factors and decay constants. The obtained results
were compared with previous calculations and experimen-
tal data, which are mostly available for the decays involv-
ing ground state Ds mesons. Good agreement of our
predictions and data was found. Detailed predictions for

decays involving orbitally Dð�Þ
sJ and radially Dð�Þ

s ð2SÞ ex-
cited mesons were obtained. Some of such decays have
branching fractions comparable with the ones for decays to
ground state Ds mesons. The following decay channels
were found to be the most promising: (i) decays to
excited Ds and light mesons Bs ! D�

s1�
þ, Bs ! D��

s2 �
þ,

Bs ! D��
s0 �

þ, Bs ! D�
sð2SÞ��þ, Bs ! D�

s1�
þ, Bs !

Dsð2SÞ��þ, and Bs ! D��
s2 �

þ; and (ii) decays to excited

and ground state Ds mesons Bs ! D�
s1D

�þ
s , Bs !

D��
s2 D

�þ
s , and Bs ! D�

s1D
þ
s . Therefore there are good rea-

sons to expect that these decays will be measured in the
near future. This expectation is confirmed by the very
recent observation of the Bs ! Ds1� decay by the LHCb
Collaboration [44].
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APPENDIX A: HQET EXPRESSIONS FOR THE
WEAK FORM FACTORS OF THE Bs DECAYS

TO GROUND STATE Ds MESONS

In HQET, the weak form factors of the Bs decays to
ground state Ds mesons up to 1=mQ order are expressed as

follows [15]:

hþ ¼ 
þ ð"c þ "bÞ½2	1 � 4ðw� 1Þ	2 þ 12	3�; (A1)

h� ¼ ð"c � "bÞ½2
3 � ��
�; (A2)

hV ¼ 
þ "c½2	1 � 4	3 þ ��
� þ "b½2	1 � 4ðw� 1Þ	2 þ 12	3 þ ��
� 2
3�; (A3)

hA1
¼ 
þ "c

�
2	1 � 4	3 þ w� 1

wþ 1
��


	
þ "b

�
2	1 � 4ðw� 1Þ	2 þ 12	3 þ w� 1

wþ 1
ð ��
� 2
3Þ

	
; (A4)

hA2
¼ "c

�
4	2 � 2

wþ 1
ð ��
þ 
3Þ

	
; (A5)

hA3
¼ 
þ "c

�
2	1 � 4	2 � 4	3 þ w� 1

wþ 1
��
� 2

wþ 1

3

	
þ "b½2	1 � 4ðw� 1Þ	2 þ 12	3 þ ��
� 2
3�; (A6)

where "Q ¼ 1=ð2mQÞ and �� ¼ M�mQ.
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APPENDIX B: RELATIONS BETWEEN TWO POPULAR SETS OF FORM FACTORS

fþðq2Þ ¼
MBs

þMDs

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MDs

p hþ
�M2

Bs
þM2

Ds
� q2

2MBs
MDs

�
�MBs

�MDs

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MDs

p h�
�M2

Bs
þM2

Ds
� q2

2MBs
MDs

�
; (B1)

f0ðq2Þ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MDs

p
"ðMBs

þMDs
Þ2�q2

MBs
þMDs

hþ
�M2

Bs
þM2

Ds
�q2

2MBs
MDs

�
�ðMBs

�MDs
Þ2�q2

MBs
�MDs

h�
�M2

Bs
þM2

Ds
�q2

2MBs
MDs

�#
; (B2)

Vðq2Þ ¼ MBs
þMD�

s

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MD�
s

p hV

�M2
Bs
þM2

D�
s
� q2

2MBs
MD�

s

�
; (B3)

A1ðq2Þ ¼
ðMBs

þMD�
s
Þ2 � q2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MD�
s

p ðMBs
þMDs�Þ

hA1

�M2
Bs
þM2

D�
s
� q2

2MBs
MD�

s

�
; (B4)

A2ðq2Þ ¼
MBs

þMD�
s

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

MD�
s

p
�
hA3

�M2
Bs
þM2
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s

�
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MD�

s

�	
; (B5)
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ðMBs

þMD�
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s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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MD�
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s
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�
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�M2
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s
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s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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MD�
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p
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s
� q2
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s
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s
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p
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Bs
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s
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: (B6)

APPENDIX C: HELICITY COMPONENTS OF THE HADRONIC TENSOR
FOR THE Bs ! Dð�Þ

s l� DECAYS

(a) Bs ! Ds transition:

H� ¼ 0; H0 ¼ �1=2ffiffiffiffiffi
q2

p fþðq2Þ; Ht ¼ 1ffiffiffiffiffi
q2

p ðM2
Bs
�M2

Ds
Þf0ðq2Þ: (C1)

(b) Bs ! D�
s transition:

H�ðq2Þ ¼ �1=2

MBs
þMD�

s

�
Vðq2Þ � ðMBs

þMD�
s
Þ2

�1=2
A1ðq2Þ

	
; (C2)

H0ðq2Þ ¼ 1

2MD�
s

ffiffiffiffiffi
q2

p
�
ðMBs

þMD�
s
ÞðM2

Bs
�M2

D�
s
� q2ÞA1ðq2Þ � �

MBs
þMD�

s

A2ðq2Þ
	
; (C3)

Ht ¼ �1=2ffiffiffiffiffi
q2

p A0ðq2Þ: (C4)

Here the subscripts �, 0, t denote transverse, longitudinal, and time helicity components, respectively.
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APPENDIX D: HQET EXPRESSIONS FOR THE WEAK FORM FACTORS
OF THE Bs DECAYS TO RADIALLY EXCITED Ds MESONS

In HQET, the structure of the weak decay form factors for Bs decays to radially excited Ds½ðnþ 1ÞS� mesons up to
1=mQ order is the following [27]:

hþ ¼ 
ðnÞ þ "c½2~	1 � 4ðw� 1Þ~	2 þ 12~	3� þ "b	b; (D1)

h� ¼ "c

�
2~
3 �

�
��ðnÞ þ

��ðnÞ � ��

w� 1

�

ðnÞ

	
� "b

�
2~
3 �

�
���

��ðnÞ � ��

w� 1

�

ðnÞ

	
; (D2)

hV ¼ 
ðnÞ þ "c

�
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��ðnÞ þ

��ðnÞ � ��

w� 1

�

ðnÞ

	
þ "b

�
	b þ

�
���

��ðnÞ � ��

w� 1

�

ðnÞ � 2~
3

	
; (D3)

hA1
¼ 
ðnÞ þ "c

�
2~	1 � 4~	3 þ w� 1

wþ 1

�
��ðnÞ þ

��ðnÞ � ��

w� 1

�

ðnÞ

	
þ "b

�
	b þ w� 1
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��
���
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w� 1

�
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3

	�
; (D4)

hA2
¼ "c

�
4~	2 � 2
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��
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w� 1

�

ðnÞ þ ~
3

	�
; (D5)

hA3
¼ 
ðnÞ þ "c

�
2~	1 � 4~	2 � 4~	3 þ w� 1

wþ 1

�
��ðnÞ þ
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�
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3
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�
	b þ

�
���

��ðnÞ � ��

w� 1

�

ðnÞ � 2~
3

	
; (D6)

where ��ð ��ðnÞÞ ¼ MðMðnÞÞ �mQ is the difference between the heavy ground state (radially excited) meson and heavy
quark masses in the limit mQ ! 1.

APPENDIX E: HELICITY COMPONENTS OF THE HADRONIC TENSOR
FOR THE Bs ! Dð�Þ

sJ l� DECAYS

(a) Bs ! D�
s0 transition:

H� ¼ 0; (E1)

H0 ¼ �1=2ffiffiffiffiffi
q2

p rþðq2Þ; (E2)

Ht ¼ 1ffiffiffiffiffi
q2

p ½ðM2
Bs
�M2

Ds0
Þrþðq2Þ þ q2r�ðq2Þ�: (E3)

(b) B ! Ds1 transition:

H� ¼ ðMBs
þMDs1

ÞhV1
ðq2Þ � �1=2

MBs
þMDs1

hAðq2Þ; (E4)

H0 ¼ 1

2MDs1

ffiffiffiffiffi
q2

p
�
ðMBs

þMDs1
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Bs
�M2

Ds1
� q2ÞhV1
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½hV2
ðq2Þ þ hV3
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�
; (E5)

Ht ¼ �1=2
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q2

p
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: (E6)
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(c) B ! D0
s1 transition:

Hi are obtained from expressions (E4)–(E6) by the replacement of form factors hiðq2Þ by giðq2Þ and the final meson
mass MDs1

by MD0
s1
.

(d) B ! D�
s2 transition:

H� ¼ �1=2

2
ffiffiffi
2

p
MBs

MDs2

�
ðMBs
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; (E7)
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