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Correlation function of circular Wilson loop with two local operators and conformal invariance
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We consider the correlation function of a circular Wilson loop with two local scalar operators at generic
four positions a;, a, in planar N° = 4 supersymmetric gauge theory. We show that such a correlator is
fixed by conformal invariance up to a function F(u, v; A) of two scalar combinations u, v of a;, a,
coordinates invariant under the conformal transformations preserving the circle as well as the "t Hooft

coupling A. We compute this function at leading orders at weak and strong coupling for some simple
choices of local supersymmetric operators. We also check that correlators of an infinite line Wilson loop
with local operators are the same as those for the circular loop.
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I. INTRODUCTION

Supersymmetric Wilson loops [1] and their correlation
functions with local operators in planar N =4 SYM
theory dual to AdSs X S° string theory is presently an
active subject of research. In this paper we will focus on
correlators involving the simplest circular Wilson loop W
[2-7]. The form of its correlator (W-O(a)) with one pri-
mary operator O [3,8] is completely fixed by conformal
invariance up to a function of "t Hooft coupling A that may
be computed exactly [7,9] in the case when the operator
is supersymmetric.

The correlator of W with two chiral primary operators
can be again computed exactly [10] provided their loca-
tions and structure are special (so that at least 1/8 of
supersymmetry is preserved [9]). Here we shall consider
a “nonsupersymmetric” correlator (W-0,(a;)0,(a,))
with generic positions a,, a, in R* for the simplest choices
of supersymmetric operators ©,." As we shall find below,
the conformal invariance restricts the dependence on loca-
tions of the circular loop and the two operators to just two
scalar functions u, v of them, i.e., the above correlator is, in
general, proportional to a function F(u, v;A). We shall
compute this function at leading orders at weak and strong
coupling A.

The circular Wilson loop W is known to be closely
related to the Wilson loop W; defined by an infinite
straight line [3,6]. Since the infinite line is related to the
circle by a special conformal transformation, the expecta-
tion values of the two would be the same if not for an
anomaly [5-7] (related to change of boundary conditions).
Indeed, (Wc) = 1 while (W) = %11(\/}) is a nontrivial
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special operators Tr(a,®; + i®,)’ with coefficients depending
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function of A [5-7,9]. However, if one considers the
normalized correlators of W with local operators

W one may expect the anomaly to be absent,

i.e., the result for W, should be equivalent to the one for
WL.2 This is clear, in particular, at strong coupling where the
expression for such correlator (given by a product of the
corresponding vertex operators evaluated on the minimal
surface) is finite and thus should not be affected by the
anomaly. At weak coupling, one can arrange the operators
to stay away from the Wilson loop location before and after

the conformal transformation. Below we will explicitly
Wc0,(a)0y(ar)) — (W, 0,(a;)0,(a,)) at lead-
We) W)

check the matching

ing order in A for simplest 1/2 supersymmetric operators O;.

The dependence of the correlator of the circle or
line Wilson loop with two local operators on just two
invariants (u, v) is reminiscent of the familiar structure of
the correlator of four scalar conformal primary operators.
Heuristically, the fact that an infinite line may be specified
by two points in R* may be suggesting (by analogy with
what was found in the null polygon Wilson loop cases
[12-14]) a possible relation between (W-0,(a;)O,(a,))
and some special four-point correlator. Another motivation
for a study of such correlators is that they are special cases
of correlators involving more general cusped Wilson loops
(see, e.g., Refs. [4,15,16]).

The structure of this paper is as follows. In Sec. II we
shall consider the conformal symmetry constraints on the
correlator of a circular Wilson loop with two scalar con-
formal operators and explain why it is determined by the
function of two invariants of the subset of six conformal
transformations preserving the circular loop. In Sec. Il we
shall compute this function F(u, v; A) in the leading-order
approximation at weak coupling for the case when the two
local operators are a chiral primary of dimension two. In
Sec. IV we shall discuss the strong coupling limit of the

%In the case of one-point correlator W OUA) hi equivalence

was suggested by N. Drukker as mentioned in [11].
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correlator (W-0,(a;)O,(a,)) using the semiclassical
string picture. We shall find that for two “‘light” operators
(whose dimension does not scale with \/X) the correlator
factorizes at strong coupling with the function F being
constant. In the case when one of the two operators carries
large ““semiclassical” charge J = +/A.7, the expression for
F will be given by a nontrivial integral that we shall
evaluate for small and large 7.

In Sec. V we shall discuss the case of the Wilson loop
W, defined by an infinite line and check the agreement of
its correlator with local operators with the corresponding
correlators for the circular Wilson loop. Some technical
remarks will be made in Appendices A, B, and C.

II. CONFORMAL INVARIANCE CONSTRAINTS
ON CORRELATOR OF CIRCULAR WILSON LOOP
WITH TWO SCALAR OPERATORS

In this section we shall first review the constraints on
some of the simplest correlation functions in N =4
gauge theory that follow from the conformal invariance
and then consider the case of (W0, (a;)0,(a,)).

A. Conformal invariance constraints on some simple
correlation functions

Let us start with correlation functions of scalar local
operators O;(a;). As is well known, in conformal field
theory their two- and three-point functions are fixed by
conformal invariance up to a constant (function of cou-
pling) while a four-point function is in general proportional
to a function of two cross ratios (and coupling). This can be
seen, for example, as follows. Given a set of n points in R* we
can act on them with 15 generators of the conformal group.
However, there can be a subset of generators that leaves this
set of points invariant. Let Iy be the number of such gen-
erators. Then the number of conformally invariant combina-
tions that one can construct out of n four coordinates is

d, = 4n — (15 — T). @.1)

If n = 2 we can place one point at the origin and the other at
infinity. This configuration preserves dilatations and all the
Lorentz transformations that gives I'y = 7. Then from (2.1)
we get d, = 0. This means that one cannot construct any
conformally invariant combinations and thus the two-point
correlator is fixed up to a constant. As usual, the latter can be
fixed to 1 by a choice of normalization, i.e.,

1
la; — az|2A’

(0(a))0(ay)) = 22
where A = A(A) is the dimension of the operator O.

The n = 3 case corresponds to adding an extra point at
some finite distance from O; that breaks dilatations and
breaks Lorentz group to SO(3). Hence for n = 3 we get
I'y = 3 and d; = 0, meaning that the three-point function
is also fixed by conformal symmetry up to a constant,
i.e., is given by the well-known expression
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<(91(a1)(92(612)(93(a3)>

Ci3(A)
la, — P88, — gy | MR Aa gy — gy Rt A AL

(2.3)

where A; are dimensions of O;.

Considering the n =4 case, i.e., adding one more
point at a finite distance from the origin, one finds that
the remaining symmetry is SO(2), i.e., I'y = 1 and thus
d4 = 2. This implies that the four-point correlator is fixed
up to a function G of two conformally invariant variables

. la; — a2|2|a3 - a4|2

- la; — azl*lay — ayl*’ (2.4)

_ la; — a4|2|a2 - 613|2

lay — a;*lay — a4|*

The general expression for a four-point function may then
be written as’

(0,(a,)0,(a;) 03(a3) O4(ay))

_ G(u, v; ) 25)
lay — as|?la; — agllay — a4l ®|az — agl®’ ’

where ¢g; are fixed by demanding that the correlator has
dimension A; + A, + A; + A, and that it gets rescaled

by la,|*21]a,|**2]a;]**3|a4|**+ under the inversions (when
|a_ _ a'l — |ai7aj|)
! J la;lla;l

Q1=A1+A2+A3_A4,
g =40 — A, — A+ A,
g3 = —A1+ A, — A+ A,
q4 = 243,

(2.6)

Let us now consider examples of correlators of local
operators with locally supersymmetric Wilson loop [1]

W= % TrP exp[[dr(iAﬂfc“ + ®191|x|)]- (2.7

Here (A, ®,) are bosonic fields of N' = 4 SYM theory
(I=1,...,6),60,0;, =1,and x* = x*(7) defines a loop in
R*. For example, in the case of W corresponding to the

four-cusp null polygon, it was shown in Ref. [13] that the

(W,0(a))
(Wy) 4

function depending on a single invariant variable (.

Indeed, let x#® (j =1, 2, 3, 4) be positions of the four
cusps with |xU*) — x()| =0. The total number of

correlator is fixed by conformal invariance up to a

3There is, obviously, more than one way to choose the scaling
prefactor, but the ratio of any two such prefactors is conformally
invariant and hence can be absorbed into the function G(u, v).

“This correlator can thus be viewed as an “intermediate” case
between the three-point and four-point functions of local
operators.
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coordinates of 4 + 1 points is 20 but four null-line
conditions reduce this number to 16. Acting with 15 con-
formal generators leaves only one conformally invariant
combination’

a = x?|la — xD||x) — xO)]
la — xV[|la — xO[|x@ — @]’

and the correlator has the following general form (see
Ref. [13] for details):

(W,0(@)  (1xV) — x| |x® — x®))3/2
= ‘ F(Z; ).

(Wy) [T la — x4/

In Ref. [13], the function F({; A) was found to leading
orders at weak and at strong coupling for O being the
dilaton and the chiral primary. Recently it was computed
[17] to the next-to-leading order at weak coupling for the
case of the dilaton operator.

In determining the structure of (2.9) we assumed that the
conformal transformations act on the operator as well as on
the positions of the null cusps [in particular, { in (2.8) is
invariant under all such conformal transformations].
Alternatively, we can view the loop as a fixed object
and consider the correlation function as a function of
the position of the operator only. Then the positions of

the cusps are fixed constants and we can consider simply
[ = la—x®|]a—x¥|

la—xD|la—x®|°
formal transformations that preserve the null polygon.°
Both approaches are of course equivalent.

(2.8)

(2.9)

which is invariant only under the con-

B. Correlator of circular Wilson loop and one operator

Another special choice of W is a circular Wilson loop
We¢. The correlator {W-O(a)) with one local operator also
belongs to the class of simplest correlation functions: it is
fixed by conformal invariance up to a constant (function of
A) [3,18,19]. This can be seen again by counting the free
parameters. It is convenient to view the circle as a fixed
object. For concreteness, we will assume that the circle is
in the (x;, x,) plane in R* with the center at the origin

x3 +x3=R? x3=x4 =0. (2.10)
As was shown in Ref. [20] (see also Appendix A), a circle
in R* is invariant under six conformal transformations.
The configuration of a circle and an operator preserves
6 — 4 = 2 of them. For example, if one places the operator
at a = oo these twp conformal transformations are a rota-
tion in the (x;, x,) plane and a rotation in the (x3, x4) plane.
Then the number of combinations invariant under the

conformal transformations preserving the circle is given by

*In this case I'y = 0. One can show that the four-cusped null
polygon is invariant under three conformal transformations.
Addition of the operator(s) breaks all three of them.

In (2.9) we can also absorb the a-independent numerator
factor into the definition of F({').
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This formula is analogous to (2.1) with the dimension of
the full conformal group replaced with the dimension of
the subgroup preserving the circle. The fact that d¢; = 0
means that we cannot construct any invariants and thus the
correlation function of the circular Wilson loop and one
local operator is fixed by the conformal invariance up to a
constant (function of A).

The explicit form of the correlator (W-0(a)) can be
found, e.g., by using the fact that R* is conformal to
AdS, X S? [18,21]. Let us write the metric of R* as

ds* = dx3 + dx3 + dx3 + dx;
=dr? + r*dy® + dh* + h*de?, (2.12)

where (r, ) and (h, ¢) are the polar coordinates in the
(x1, x,) and (x3, x4) planes. The circle (2.10) is at r = R,
h = 0. Let us transform to AdS, X S?, i.e., change from
(r, ¥, h, @) to (p, ¥, B, @) as follows:

r=4{sinhp, h=~{sind,
(2.13)
= R V(P + R = R*)? +4R?h?
~ coshp — cosf 2R '
In the new coordinates the metric becomes
ds®> = €*(dp?* + sinh?>pd > + d6* + sin>0d ¢?)
— 292
={ dsAd52xs2' (2.14)

Under this transformation the circular loop becomes the
boundary of AdS, and, hence, is invariant under the isome-
tries of AdS, X §%. Then if we compute the correlator
(Wc0(a)) in gauge theory defined on AdS, X S? it can
be invariant under the isometries only if it is a constant, i.e.,

(WcO(a))

We)

To transform this back to R* we note that under (2.13) we
have O(a) — €2 0(a), so that

(WcO(a)) _ C(A)

lags,xs2 = C(A). (2.15)

o) [t@]
4R? /
ZC()‘)[(r2 T2~ RY)? +4R2h2] - 219
where r> = ai + a3 and h* = a3 + aj (here a, are the

coordinates of the point a). Note that in the limit when the
position of the operator approaches a point on the circle this

correlator diverges as d 2 where d = /(r — R)? + h? is the
distance between the point a and a point on the circle. Also,
(2.16) scales as (2 + h%)~2 = |g| =22 in the limit when the
size of the circle goes to zero, in agreement with the operator
product expansion (OPE) prediction [3] [cf. (2.2)].

For large A the coefficient C(A) is, in general, of order
VA for large A. For example, for @ being the dilaton
operator or chiral primary of fixed dimension j one gets [3]
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V6/X A
Ca(A) = 96N ;{—.]HN.

For completeness, we present a derivation of these values
in Appendix C.

.G = (2.17)

C. Correlator of circular Wilson loop
and two operators

Next, let us consider the case of our interest: the
correlator of the circular Wilson loop (2.10) with two local
operators

<Wc(91(a1)@2(02)>
(We) '

Let us again perform the counting of parameters. The two
operators give 4 + 4 = 8. In general, a configuration of a
circle and two points is not invariant under any conformal
transformations, i.e., here I'y = 0. Then the number of
remaining invariant parameters is

dery=8—6=2,

(2.18)

(2.19)

and, hence, the correlator (2.18) is fixed by conformal
symmetry up to a function of two variables (functions of
a'’, a5 andlocation of the circle) and the coupling A. These
two variables, which we will denote as u and v, are invari-
ant under six conformal transformations preserving the
circle. As we shall now explain, u and v have a transparent
geometric meaning.

Let us perform the change of coordinates (2.13), i.e.,
consider the correlator (2.18) in a theory defined on
AdS, X S2. Since the circle is mapped to the boundary of
AdS,, it is invariant under the six isometries of AdS, X S?,
and the same should apply to the correlator, i.e., the isome-
tries of AdS, X S? are precisely the six conformal trans-
formations that preserve the circle (2.10) in R*. The natural
two functions of the coordinates (a}’, a5’) invariant under
the isometries of AdS, X S? are the two geodesic distances
between the two points: s in AdS, and s in S?. Thus

(Wc0,(a))0,(a,))
We)

The two invariants (u, v) of the conformal transformations

from SO(1,2) X SO(3) C SO(1,5) preserving the circle

are then some functions of s and s, e.g., u = coshs

and v = coss. Given the two points (p,, ¥/, 6, ¢;) and

(p2, W2, 05, @5) in AdS, X §? corresponding to a, and a,
in R* via (2.12) and (2.13), i.e.,

(a,’-‘) - ("i, i b, @) — (Pi, i 0; @),

it is straightforward to construct the corresponding geo-
desics distances (see Appendix B).” Explicitly, one finds

= F(s, s; A).
AdS, X 82

(2.20)

2.21)

"For S? the geodesic distance is given by the “law of
cosines”— a theorem in spherical trigonometry relating the
sides and angles of spherical triangles.
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u = coshs
= coshp; coshp, — sinhp; sinhp, cos(y, — ¥ ,),
(2.22)

v = coss = cosf; cosf, + sinb; sind, cos(@, — @),

(2.23)
where from (2.13) we have (i = 1, 2)
. 2R
sinhp; = 7 = d ,
P07+ R — R + 4R
(2.24)
- h; 2Rh;
sinf; = — =
oy

P07+ 0 — RO+ AR
Transforming back to R* we get [cf. (2.15) and (2.16)]

CWe, ay, ay; A) = <Wc(91<(;/1C)>(92(a2)>

F(u, v; A),

1
[l [P o

where A; are the dimensions of O; and we used that €; =
{€(a;) where € was defined in (2.13) and u, v depend on a,,
a, according to (2.12), (2.13), (2.21), and (2.23).

Note that as follows from (2.13)

lay — a2 = 2[cosh(p; — py) — cos(6, — 6,)]
1 ’ (coshp; — cosb)(coshp; — cosb,)
= 2€(a,)€(az)(u — v).

(2.26)

According to the definitions in (2.23) we have u = 1 and
|[v|] = 1. The values u = 1, v = 1 are achieved only when
P1 = P2 l:bl = ¢’2’ 01 = 02’ Q1 = ¢, i'e" when the
operators are at the coincident points a; = a,. Hence the
OPE limit a; — a, is equivalent tou — 1, v— 1.

Another limiting case is when u=1 and v = —1,
corresponding, e.g., to p; =p, =0, ;= 1¢, and
0,=0,=Z,¢,=m ¢ =0"In this case r; = r, = 0,
h; = h, = R(with €, = €, = R), i.e., the two points are at
the poles of the two sphere for which the circle is the
equator, i.e., in Cartesian coordinates we have

a; = (0,0,R,0),
a, = (0,0,—R,0), (2.27)
u=-v=1.

This case corresponds to a supersymmetric configuration
considered in Ref. [10].

Let us note also that the limit when the radius R of the
circle goes to O (or, equivalently, the locations a; go to
infinity) corresponds to p; — 0, 6; — 0, so that again
u— 1, v— 1. In this limit the Wilson loop can be

8We thank S. Giombi for drawing our attention to this case.
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represented as a sum of local operators [3], i.e., one has
We = (W)l + 3R O,(0) + - - -] so that the first
nontrivial term in the R — 0 limit of the correlator (3.1) will
be proportional to the corresponding three-point function.

Below we will explicitly compute the leading terms
in F(u, v; A) for some simple cases of O; at weak and at
strong coupling.

III. THE CORRELATOR (W0, (a;)0,(a,)) AT
WEAK COUPLING

Let us now consider the correlator
<Wc(91(611)(92(02)>
(We)

at weak coupling A < 1. We will choose the operators to
be the simplest chiral primaries

O,(a;) = Csz[Zz(m)]: O,(a,) = CzTr[Z_z(az)],

C(W¢, ay, ax; A) = 3.1

4772
Z=®, +id,, Cy = —. 3.2
1 2 2 N (3.2)
For the unit-radius circle (R = 1)
x*(1) = (cos, sinT, 0, 0), [x] =1, (3.3)

the Wilson loop (2.7) is given by
1 o
W= N Tr’Pexp[g [dr(zA#x“ + (I)l)]. (3.4)

In (3.4) we assume that the fields in the Euclidean N = 4
SYM Lagrangian L = %‘#(TrF %, T -+ ) are rescaled by

the gauge coupling constant g so that g appears only in
the vertices. The ’t Hooft coupling is defined as A = g>N.
We will use the following conventions for the SU(N)
generators

A = AeT? b, = paTe
1 ptoo 1 J )
1 (3.5)
Tr(TeT?) = 56“”, ab=1..,N" -1
Then the propagators have the form
S V(Sub
<AZ(01)A?;(612)> = ﬁ,
T a, as (36)
Bah

(Z%ay) 2" (ay)) = m-

With the choice of ¢, in (3.2) the two-point function is
canonically normalized’

(01(a))O3(a)) = —

3.7
|611 -

a2|4'

We will choose the locations of the operators as [cf. (2.12)]

“Below we will always consider only the planar approxima-
tion, i.e., the leading order in large N expansion.
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(at) = (r1,0, hy,0), (a§) = (r2,0,h,,0), (3.8)

i.e.,, the angles in (2.12) are ¢, =0, ¢, =0. In this
case, the variables u and v in (2.23) (invariant under the
conformal transformations preserving the circle) take the
simple form

u = cosh(p; — p,), v=cos(f; — 6,). (3.9

The numerator of (3.1) contains a trivial disconnected
contribution (Wc0,(a,)0,(a,)) ~ (WcXOi(a;)0,(ay)).
Since the two-point function of chiral primary operators
is not renormalized, this disconnected part coincides with
the two-point function (3.7) to all orders in g

1
la; — az|4'

Ciise = Co = (3.10)

Using (2.26) we see that this expression can indeed be
written in the form (2.25)

_ FO(u’ V) . 1
~ Wity OOV T

The first nontrivial (connected) contribution to C in (3.1)
starts at order g2 ~ A

Cy 3.11)

g2cg 27T ] > 4
c, =22 dr, j d7o(Tr[Z(7))Z(T5)
4N Jo 0

+ Z(1) Z(m) T Z*(a )Tt Z*(ay) D)., (3.12)

where (. ..). stands for the connected part of the correlator
(here computed in free-theory approximation). As a result,

2N 2 21T T
0

~ 64m%ay — ay* Jo

1
% [|x(71) — a1 *x(7y) — ay|? tla = az)]-

(3.13)

. 24+h2+1
Using that here = 21’

Ti

j‘%rj‘n dridT,
0 0 |x(7'1) - a1|2|x(7'2) - 612|2
1 de

_ /‘277 dTl le
4riry Jo cothp; —cos7; Jo cothp, — costy
(3.14)

= cothp; we get

The resulting expression for this integral is found to be

27 sinhp, sinhp,. (3.15)

rr

The second integral in (3.13) produces the same contribu-
tion. Using that according to (2.13)

47']]"2

= 4€(a;)€(a,), (3.16)

sinhp; sinhp,

and taking into account the value of ¢, in (3.2) we get
for (3.13)
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o= ML 1
L8N (ay)l(ay)la; — apl?
A 1 1

T 6N @) Pll@Pu—v o7

where we also used the relation (2.26). Thus the order A =
g”N term in the function F(u, v; A) in (2.25) is given by
A 1
16N> u— v’
Let us now study some special limits of this expression.

One is the OPE limit a, — a;. In general, in this limit we
have the following leading singularity:

1
|a1 - a2|5

5:A1+A2_A3,

Fi(u,v) = (3.18)

@1(01)@2((12) -~ k3@3(dl) + .- °,

(3.19)

where Q5 stands for an operator (or a linear combination
of operators) of lowest dimension such that k;~
(0,(a;)0,(a,)05(0)) is nonzero. Substituting (3.19) into
(3.1) gives

k3 (WcO;5(ay))

|611 - az|5 <Wc>
_ 1 1

[6(611)]A3 la; — az|5

where we used that the correlator of the circular Wilson
loop with one local operator is fixed by conformal invari-
ance as in (2.16). In the limit a, — a; (3.17) becomes

1 1 A
[€(a))] la; — a,]* 8N*

Comparing (3.21) with (3.20) we conclude that here 6 = 2
and A; = 2. Thus the leading contribution in this limit
should come from operators of dimension two that have a
nonzero three-point function with Tr{Z?] and Tr[Z?]. One
obvious choice is a non-supersymmetric operator O3 =
Ti{ZZ] + - - -. Another option is to consider O; as a
particular case of generic dimension two chiral primary
operator

O ~Tdn,®)°]  n-

C1|a2—>a1 -

kC3(A), (3.0

Cilay—a, (3.21)

n=0, n-n=2 (322
with O, ~Ti[Z?] and O, ~ Ti[Z?] corresponding,
respectively, to n; =(1,4,0,0,0,0) and n, =7, =
(1, —4,0,0,0,0). Since (O;0,0;) is proportional to
(n; - ny)(n; - n3)(n, - n3) the necessary conditions on n;
are (n3-n;) # 0, (n3-n,) # 0. The contribution of the
supersymmetric operators to the OPE will dominate at
higher orders as their dimension will not grow with A.
Another special limit is when one of the two points, e.g.,
a,, approaches a point on the circle, i.e., for the choice of
coordinates in (3.8) this corresponds to r; — R =1,
hy — 0. In this limit €(a;) in (2.13) reduces to the distance

d(a,) = w/(”l —1)? + h3 from a, to the point (1, 0, 0, 0)
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on the circle while u and v stay finite. As could be
expected, the behavior of the correlator (3.1) and (3.17)
in this limit C; — [d(a;)]? is the same as of the single-
operator correlator in (2.16).

Yet another special case related to the supersymmetric
configurations considered in Ref. [10] is when the two
points belong to the two sphere around the center of the

circle, e.g., a; = (0,0, 1,0), a, =(0,0,—1,0), whenu = 1,
h2+R?

v = —1 [see (227); here R = 1, {; = 55— = 1]. Then
from (3.17) we get
A
Ciey = ——. 3.23
15 3N2 (3-23)

As one can check, this agrees with the expression found in
Eqs. (4.42), (4.43) in Ref. [10]."°

IV. THE CORRELATOR (W0, (a;)O,(a,))
AT STRONG COUPLING

Let us now consider the correlator (3.1) at strong cou-
pling using the AdSs X S° string theory representation

L
(We)

Here I({X}) is the string action proportional to the tension

C(We,ay,ay) = fc D{X}te "DV, (a))V,(ay). (4.1)

T= % and in the planar approximation the path integral
is performed over the Euclidean wordsheets with the
topology of a disc and boundary conditions set by the
loop C. Local gauge invariant operators O(a) are repre-
sented by vertex operators “inserted” at the boundary
point a of AdSs

Vi) = [ @ evx @), o) (42)
In the limit of large A the path integral (4.1) is dominated
by a classical solution with boundary conditions prescribed
by the loop C (and possibly also by the vertex operators if
they carry large charges of the same order as string tension
~\/X). Semiclassical correlators of circular loop with one
vertex operator were discussed, e.g., in Refs. [8,10,22,23].
Correlators with two operators similar to (4.1) were studied
recently in Refs. [10,19].

We shall start with the case when the two operators are
“light,” i.e., have charges much smaller than +/A so that
they do not change the form of semiclassical surface that
ends on the circular loop at the boundary. The leading term
in the correlator (4.1) then factorizes into a product of
(Wc0O,(a;)) and (W-0,(a,)). We shall then consider a
less trivial case when one of the two operators is “heavy,”

'%In Egs. (4.42), (4.43) of Ref. [10] one has to set J; = J, = 2,
A=A, = %A = 2, s, = 1, take into account the normaliza-
tion of the chiral primary operators, and note that the Wilson
loop in Ref. [10] was defined without the 1/N prefactor in front
[i.e., there to the leading order (W) = N(1 + ---)].
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i.e., has dimension J ~ \/X In both cases the aim will be to
check the general structure of the correlator (2.25) and to
compute the leading strong coupling contribution to the
function F(u, v; A).

A. Case of two light operators

In this case dimensions A; and A, are fixed, i.e., much
less than \/X >> 1. Then the classical solution that domi-
nates the path integral (4.1) is the surface in AdSs [3,4,8]
ending on the circle (2.10)"

coso sing
z = tanhr, X, =—-, Xy = ——,
coshr coshr (4.3)
x3=x4 =0, T € [0, ), o €[0,27],

where the AdSs metric is ds* = z~?(dx*dx* + dz?). Then
Eq. (4.1) becomes

Clis1 = /dTldo'l V(z(ry, oy), x*(7y, 07y) — af)

X deQdO'ZV(Z(Tz, 02), XH(73, 03) — ah),
4.4)

where z(7, o), x*(7, o) is the solution (4.3). Each integral
in (4.4) is the strong coupling limit of the correlation
function of the circular loop with the corresponding local
operator

., oy _ (WeO(@)
deidUiV(Z(Ti’ o), x*(7;, ;) ,') 7<Wc> )

4.5)

ie,if A, Ay VA the correlator (4.1) factorizes in the
strong coupling approximation'?

o (WcO(a) (WeO(ay)
1 (We) Wey

Since the correlation function of a circular Wilson loop
with a local operator is fixed by conformal invariance
to have the form (2.16) we conclude, comparing to
(2.25), that the function F(u, v; A) is constant (u, v inde-
pendent) in this limit

(4.6)

VA 1: F(u, v; A) = CLA)C, (). 4.7)
Here C;(A) is the corresponding coefficient in (2.16) [given
explicitly in (4.24) in the case when the light operator is the
dilaton or the chiral primary of dimension j].

"Here we change the notation compared to (3.3) and use o
instead of 7 to parametrize the unit-radius circle (R = 1). 7 is
then the second worldsheet coordinate, i.e., £ = (7, o).

"2This strong coupling factorization was also observed in
Ref. [10].
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B. Case of one heavy and one light operator

Let us now consider the case when one of the two
operators (say ) is chosen to be a heavy chiral primary
operator with dimension A; = J ~ \/X so that

J

VA

is fixed in the large A limit. @, will be chosen to be the
dilaton operator whose dimension is A, = 4 < V. In the
presence of O, (inserted at infinity) the solution (4.3) is
modified to [8]

e [VT* + 1tanh(WT? + 17+ q) — T},

(4.8)

7=

x; = R(7) coso, x, = R(7) singo, X3 =x4 =0,
R(r) = JTE+1e77 ’
cosh(W 72 + 17+ q)

g=logNT2+1+7), ¢=iJr (4.9)

where ¢ is an angle of big circle in $° and as in (4.3)
here 7 € [0, ), o € [0, 277]. The solution starts at 7 = 0
as the unit circle (2.10) [with R(0) = 1] and at 7 — o0
approaches

7~ ejT’ x:u’ —_ 0, R(T) —_ O,

d~iJT.
(4.10)

This asymptotics corresponds to the chiral primary opera-

tor inserted at z = oo, x* = 0, i.e., the solution (4.9)

“interpolates” between the circle and the operator.
The correlator (4.1) can be written as follows:

- <WC@J(al)@dil(a2)>

CJ~\/7>>1 - We)
_ (WcO,(a))) (WcO,(a1)Ogi(ay)) @.11)
(We) (WcO,(ay)) . .

The first factor is the correlation function of the circular
loop with the heavy operator found in Ref. [8] to be'?

(WcO0,(a))) _ C,
We) [€(a)}”

(4.12)

C; =277 exp(VA[l =VT? + 1 = TlogWT? + 1 = D).
(4.13)

The second factor in (4.11) is given by the light vertex
operator evaluated on the classical solution (4.9)

B30ur expression for C;(A) differs from the one in Ref. [8] by
the factor 27/ because our normalization of £ in (2.13) involves
an extra factor of 1.
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(Wc0,(a,)Ogi(ay)) _ dedUVdil(Z(T, o), x- (7, &)

(WcO,(a,))
— b, ¢(, 0). (4.14)
Here the dilaton vertex operator is given by
Var @ = | 3 ‘r
dil\@) = Cdil ﬁ] )
+ (x# — gt
Z - at) (4.15)

L +(9,9),

~(9,2)% + (9,x7)?
_ .

where £ is the AdSs X S° Lagrangian in which we ignored
the extra bosonic and fermionic coordinates that vanish
on the classical solution. The normalization factor ¢y is
given by

. BA

Cdit = 8AN
To compute (4.14) for general enough values of a;, a,
[sufficient to restore the strong coupling limit of the func-
tion F(u, v; A) in (2.25)], we need the classical solution
corresponding to the chiral primary operator inserted at a
finite point on the AdSs boundary at z = 0. It can be found
by a conformal transformation applied to (4.9).'* Since the
correlator under consideration is fixed to a large extent by
the conformal symmetry, it is sufficient to place the opera-
tors at some special points a;, a, as long as the variables u
and v remain independent. We found the following choice
to be convenient [see (2.12)]:

ai‘ = (ry, ¥y, hy, @1) = (0,0, 1,0),
ay = (ry, ¥y, by, @3) = (1,0,0,0).

The chiral primary operator is then located above the
center of the circle while the dilaton is inserted in the plane
of the circle (here r =1 corresponds to a point of the
circle). In this case [see (2.13), (2.23), and (2.24)]

tlaz) = 502 = 1),

41 h?—1
u=—, V=—:
rr—1 h? +1
Let us now perform a finite conformal transformation
(an isometry of AdSs) that preserves the circle and maps
the point (z = oo, x* = 0) to the point (z = 0, x* = al").
The transformation consisting of a dilatation (with parame-
ter ), a special conformal transformation (83,), and a
translation (a,) can be written as

(4.16)

(4.17)

tar) =302 + 1),
(4.18)

= vz
ST 2Bt YBE T ) @19
2 2 :
, o F B+ X)) ta,

Yu 1+2yB-x+ y?B*> + x?)

YA similar conformal transformation was considered in
Ref. [10] and also in Ref. [23].

PHYSICAL REVIEW D 87, 026006 (2013)

We will choose a* = (0,0, @, 0), B# = (0,0, 8,0). Then
the circle x} +x3 =1, x3 =x, =0 at z=0 is trans-
formed into

/ Y Y

x1:1+72ﬁ2x1’ xl2:1+,}/2ﬁ2x2’
2 (4.20)
b=l e d-0
1+ yB
so that to preserve it we have to require
2
S — 776 +a=0,
1+ 928 1+ v2p?
Vy — 1
e, a=—y=1 B=Y""" @21
Y

Note that this conformal transformation preserves the
entire plane x;3 = x4, = 0. Acting with (4.19) on the
solution (4.9) we obtain a new (conformally equivalent)
solution'?

7 = yw(r)z(7), x} = yw(7)R(7) cosa,

(4.22)
xh, = yw(7)R(7) sino,

xy =y — Iw(7)[z3(7) + R¥(7) — 1],
X (4.23)
1+ (y — D[z*(7) + R*(n)]’

where z(7) and R(7) were given in (4.9). For 7 — 0 this
solution still approaches the circle (2.10) while for 7 — o
we obtain

J—
x, =0,

w(r) =

1

77 =0, Xy =xb=x}=0, Xy =

(4.24)

To match the location a; of the chiral primary operator in
(4.17), we then need to fix y as
h*+1

v = 7 (4.25)
Let us now use this transformed solution to compute the
contribution of the light vertex operator in (4.14) and (4.15).
Taking into account that the position of the dilaton operator
is chosen as in (4.17) and that the value of £ in (4.15) is

20+ 7%
s 1)
we can present (4.14) in the form
WcO,(a)O0gy(ay))
(WcO,(a,))

= Cdil [m drsini? (W J?% + 17)
0

872+ Dt
277 do
x ﬁ) [y(7) — cosa]*’

>The solution for ¢ is of course unchanged and is still given
by (4.9).

(4.26)

4.27)
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Here

PHYSICAL REVIEW D 87, 026006 (2013)

Y+ R) 4y~ DE+R =124 P+ (= DE +RP

4.28
= 2yR[1+ (y = D + RY)] (429
[
With z = z(7) and R = R(7) given in (4.9). Recall that in 70 (WeO;(a,)O4y(as))
view of (4.18) and (4.25) we have : (We0,(a)))
,u +1 1+v 2 _, WcO4i(ay)) _ Cau(Y) (4.35)
r= =T h = — v = vl (4.29) (Wey [f(az)]‘“
Doing the integral over o we end up with where Cg;; was given in (2.17), i.e., in this limit the function
. F(u, v; A) is constant
(Wc0;(a))Ogi(ay)) _ miay v, 7). (4.30) i}
(We0,(ay)) QT2+ 1)t Y7 ' A> 1, J < F(u, v;A) = C,Cqi[1 + O],
[0 +3D() 0
2y=(7) + 3]y(7
I(u,v, J) = f drsinh* (VT )[yz(—_l]m’ with
(4.31)

where we assume that r and vy in y are expressed in terms of
u and v as in (4.29).

Combining (4.12) and (4.30) according to (4.11) and
comparing to the general expression (2.25) for the corre-
lator in question, we conclude that

A>>1,

7C iy

8(J% + D(u” — 1)?

J
:F(u,v;A) =

j:\TX' I(w, v, J),

(4.32)

where we used (4.18) [i.e., [€(ay)]™* = 16(r> — 1)74].

In the special case of u = 1, v = —1 [see (2.27)] corre-
sponding here to r — o0, y — 00 we get a finite expression
for the function F(u, v; A) in (4.32). Indeed, in this limit

22+R2
2R

and then the y-dependent factor in the integrand of (4.31)
becomes

y—r (4.33)

2
@ +3)y 1| 4( 2R )4 (4.34)

(yz _ 1)7/2 )? 2+ R2

The singular factor r* in (4.30) then cancels out, so that the
correlator becomes a finite constant (a function of 7 only).

In general, the integral I(u, v, ) in (4.31) appears to be
too complicated to be computable analytically for arbitrary
J but it can be easily evaluated in the limiting cases of
small and large 7.

1. Small T limit

For 7 = 0 the solution (4.9) and (4.23) becomes the
original circle solution (4.3) and (4.31) reduces to the
correlator of the circular Wilson loop with the dilaton
operator

€)= €y = 2 exp(3VALT + OT). @37

To find the linear 7 term in F' we expand the solution (4.9)
and thus y in (4.28) in powers of 7
z(7) = tanh7[1 + J(7 — tanh7) + O(J?)],
1
R(7) = ——[1 + J(7 — tanh7) + O(J?)],
cosh7

(y —2)(r* — 1)
2yr
X (7 coshr — sinh7) + O(J?).

(4.38)

2
y(r) = cosht + J

Then the order 7 term in (4.30) becomes

((W@J(a1)@dil(02)>)
(WO,(a,)) J

= 16wl 2 (P~ )I)

(4.39)

1) = /‘ sinh®7(7 coshr — sinh7)
-
[(1 + 12)2cosh?r — 41272
X [6r* + 127%(1 + r?)%cosh®T + (1 + r?)*cosh?*7]

LT A2+ 20 = 1205 — % 41+ ) log s
12(r2 — 1)5(1 + r?)3

(4.40)

Expressing vy and r in terms of v and u according to (4.29),
extracting the factor [€(ay)]™*, and also using that
Cait = 75Cain [see (2.17)] we finally get for the order J
term in F in (4.36)

F(u,v;A) = C,Cdn[l + j%(l + 2u? — 443
u

J’_
+ 4u* logu

1) + @(JZ)]. @41
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2. Large J limit

In the limit of large J one finds, to leading order,

1
z(7) = — sinhJ 7,

J oot (4.42)
L+ L+ (=D ) ‘
Y=, + 2 Tyr sinh*(J 7).

Let us rescale J7— 7 and use y as the new integration
variable. Then up to terms subleading at large J the
integral (4.31) can be written as

Tyr foo (B +2y%)y
v, 7>»1)=—""—— = =7
(u \4 j ) 1 + (’y _ 1)}"2 % y(y2 _ 1)7/2
(4.43)
The integral over y gives
o0 B+2y?)y 16 (1 +4r>+ 1Y)
[ , 4y 72 3 2 _1ys (4.44)
B2 (=1 3 =1

2r
As a result, from (4.32) we get
C,Cyir [3u? — 1
A> LTI >1: Fluv,\) = ’—d‘l[u + @(—)],
27 Lu—v
(4.45)

where
CJ = (Cj)j»l
=27 exp(VALT (log(2.7) — 1) + 1 + O(T ).
(4.46)

Note that the leading singularity in the OPE limit a; — a,
is still (u — v)~! ~ |a; — a,| 72 just like at weak coupling
[see (3.18)]. Explicitly, in this limit

1 1

Zélcdil
Comtdaa: = (a7 lay — P

7
where we used Eq. (2.26) and that in this limit u — 1,
v — 1. Comparing with (3.20) we see that here 6 = 2
and that the leading contribution should come from an

operator of dimension A; = J + 2. This is consistent with
(3.19) and (3.20) as we have A; = J, A, = 4.

(4.47)

V. CORRELATOR OF INFINITE LINE WILSON
LOOP WITH LOCAL OPERATORS

The locally supersymmetric Wilson loop [1,3,4] defined
by an infinite straight line (which we will denote as W;) is
a 1/2 supersymmetric object with trivial expectation value,
(W.) = 1. If we choose the line along the x; direction, i.e.,

(5.1)

the field combination in (2.7) becomes ‘‘chiral”
(iA; + ®,).'® The infinite line (5.1) is related [3,6] to the

X =T, Xy =x3 =x4 =0,

'*Note that the expectation value of any function of iA; + ®,
over the Gaussian measure defined by L = (9 #Al)z +
(0, ®)* + - - - vanishes.
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circle (2.10) of radius R with the center at O by a particular
conformal transformation [cf. (4.19)]

2
X = X12 2 Xy = 'BXI2 s R
1+ B7x] 1+ B7x]
| (5.2)
,3532=ﬁ, xy=x) =0,

where x?? + x = R2."” The need to regularize the corre-

lator (and the fact that the inversion changes boundary
conditions at infinity or changes topology of the world
surface on the string side) leads to an anomaly [5-7],
explaining why the expectation value of the circular
Wilson loop is no longer equal to 1: its expression is given
in terms of the modified Bessel function of /A, (W¢) =
FLWD) =1+4++

As was mentioned in the Introduction, one may expect
that despite (W, ) # (W) the transformation (5.2) may still
be relating the normalized correlators of W; and W, with
local operators, i.e., the anomaly should be absent in the
local correlators.

Let us first discuss the conformal symmetries preserved
by the configuration involving a straight line (5.1). As in
the circle case we may perform a conformal map from R*
to AdS, X §? with the line becoming the boundary of
AdS,. Here it is natural to use the Poincare coordinates
for AdS,. Explicitly, going first to spherical coordinates in
the (x,, x3, x4) subspace we get

ds? = dx* + dz* + 2(d6* + sin’0d ¢?)
z[de +dz?
= T2

St dsh ] (5.3)

X = Xy,

2= +x3+ a3 (5.4)
An analysis similar to the one in Appendix A shows that
the line (5.1) is preserved by six conformal transforma-
tions: dilatations, translations along the line, special con-
formal transformations along the line, and three rotations
in the orthogonal space. These may be interpreted as the
isometries of AdS, X S? preserving the boundary (line x)
of AdS,.

As in the case of the circle, the correlation function of a
line with one local operator is fixed by conformal symme-
try: since the line is invariant under the six isometries, it is
impossible to construct an invariant depending on the four
position of the operator, i.e., by the same argument as in
Sec. II B we get (here a* are the Cartesian coordinates of
the point a with the direction of the line being x = a')

"To get the standard parametrization of the circle in (3.3) we

need also to change 7 — 7/, cos7’ = HT,z .
prel
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(W.0(a)) _ CL(A)
(Wp) [€L(a)]A )

(@) = z = (@7 + (@ + (a*).

Note that €; (a) is just the distance from the position of the

operator to the line (5.1).
(W, 0(a))
)

a chiral primary operator and compare it with the corre-
sponding expression for the circular Wilson loop. Using
the definitions of the Wilson loop in (3.4) and the A = 2
operator in (3.2), we get for the order A term:

(5.5)

Let us compute to leading order in A for O being

W0 _ der =, /
T dT2
, (5.6)
(7)) — a|2|x(7'2) - al?
where the line is parametrized as x(7) = (7, 0,0, 0).
Performing the integrals gives
(W, 0(a)) A 1
= . (5.7)
(WL) 16v/2N [£,(a)]

This is the same result as found in the case of the circle
[71."® In general, one should have [cf. (2.16) and (5.5)]

W, 0(a)) Wc0(a))
(W) (Wey

for all conformal operators and for all values of A.
The exact expression for the correlator (5.6) is found

by replacing A in (5.7) by 4vA %Q A=k A2+

[7,9]."° Since the dimension four dilaton operator is in
the same supermultiplet with the A = 2 chiral primary
operator, one may expect that its normalized correlator
with the circular Wilson loop should also be proportional

L(/A)
to \/X m .
that*®

(6@ WO _ pp (s WeO@) = g

This is indeed what one finds if one observes

d _d 2 _ <L)
m log(W¢) = m log[\/—xll(\/x)] = \/Xll(\/X)’

(5.9

and that differentiating (W) over the coupling produces
the insertion of the integrated (over four space) dilaton
operator. The latter is the gauge theory action if the corre-
lator is understood in terms of the gauge theory path
integral or the string theory action if it is defined in terms
of the string path integral.

'®In Ref. [7] the leading contribution at weak couplmg is glven
in Eq. (1.17). The operator O that we used is 7—((9l +i03) in
the notation of Ref. [7].

"“For dimension k chiral prlmary one is to replace I, by I [7].

In general, x4 - dr(x)=k+x ‘f()f)
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There is, however, a subtlety if one tries to use
this argument to deduce the value of the coefficient
Cgii(A) in the local correlator (2.16): integrating (2.16)
over the position a one gets (for Ay = 4) the integral
[d*alb(@]*~R* [§ [T [(r2+h2:tz2h)t21ﬁ4h2R2]2’ which is
linearly UV divergent (~ R [i*4%) at h— 0. As usual,
this UV divergence is to be regularized away to make the
comparison to (5.9) possible.?!

In the case of the line where (W;) = 1, the analog of
(5.9) vanishes but this does not imply that Cg;(A) should
vanish [which would be in contradiction with (5.8)].
Indeed, the corresponding integral [d*a[€,(a)]™* =

[P day [ % is now not only UV but also IR divergent

(along the infinite direction of the line). Its subtracted value
should be zero, thus reconciling the fact that ﬁ(WQ =0

with the expected relation (5.8).

Let us now turn to the case of the correlator of W; with
two operators. Like for the case of the circle, the correlator
of the line with two operators

<WL@1(CZ1)(92(612)>
(Wp)

is also fixed up to a function of 8 — 6 = 2 variables u, v
related to the geodesic distances in AdS, and S? [see (2.23)]
that are invariant under the conformal transformations
preserving the line. Here the variable u should be written
in terms of the Poincare coordinates. Using the relation
between the global and the Poincare coordinates in AdS,
[cf. (2.14)]

C(WL, ap, a2) = (510)

1+x%+ 22

27 ’

2x
Je2+22-1)72+ 4x2

coshp =
P .11)

cosyp =

we find that for the two points in AdS, with coordinates
(x1,21) and (xy, z) corresponding to (p1, 1) and (p, 7)™

(rp = x2)* + (2 — 22)2.

u=1+
2Z1Zz

(5.12)

Hence

1

CWL @42 = S ) P

Fr(u, v; A).

(5.13)

21Gee Sec. 2.1 in Ref. [24] for a related discussion of integrated
dilaton insertion into correlation functions where one also needs
to introduce a UV cutoff (see also Ref. [25]). Note that similar
divergence is found at strong coupling if one simply evaluates
the string action on the corresponding minimal surface [4] (see
also Sec. 4 in Ref. [24]).

ZNote that since this is just a coordinate transformation in
Euclidean AdS, that should not change geodesic distances, the
variables u and v are actually the same in both cases.
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Here x, , are first components of a ,, i.e., x; = a}, while
€ (a) =z = \/(a%)z + (a})? + (a?)* and the distance
between the points a; and a, is again given by (2.26)

la; — ay|*> = (x; — x2)* + 23 + 23 — 22125V

=20, (a))€(ay)(u — V). (5.14)
As an example, let us compute the correlator (5.10) to
leading order at weak coupling for the case when the opera-
tors are the chiral primaries in (3.2). The leading connected
contribution is still given by (3.13) but with different inte-
gration limits

2.2
— 8¢ f°° d f”
=59 " ar " ar
647%0a; —ar* J-w ') 2

1
8 [|X(7'1) — a;|x(1;) — as/? +la— “2)]y (5.15)

Gy

where in the present case of the line x(7) = (7, 0,0, 0). To
find F; in (5.13) it is sufficient to make a special choice of
coordinates of the points a; and a, [here we list the values of
the AdS, X S? coordinates, i.e., a; = (x;, z;, 0;, @;)]

a; =1(0,2,,6,,0),  ay=1(0,2,,06,0). (5.16)
In this case it is straightforward to evaluate the integrals in
(5.15) to obtain [see (3.2) and (5.14)]

c — Ac3 ?
' 6andla) — asl? € (ap)bp(ar)
A 1

= . 5.17
16N? [€,(a)P[€,(ar) u — v ( )

Thus the leading-order term in F; in (5.13) is

A 1

Fio(wv) = oy (5.18)

which is the same as F; in (3.18) found for the circular
Wilson loop.?® Similar agreement should be present also at
higher orders in A and for more general correlators.
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APPENDIX A: INFINITESIMAL CONFORMAL
TRANSFORMATION PRESERVING THE CIRCLE

Here we shall review the count of conformal symmetries
preserved by the circle before and after adding local op-
erators (see Refs. [19,20]). A general infinitesimal confor-
mal transformation acts as follows:

ox, =a, + w,,x, +ox, +x*B, —2(B-x)x, (Al)

where the parameters a*, w uvs O and B* correspond to
translations, Lorentz transformations, dilatations, and spe-
cial conformal transformations, respectively. Let us split
x* = (xy, Xy, X3, X4) into the components in the plane of the
circle (2.10) and in the orthogonal plane, x; = (x;, x,) and
x; = (x3, x4). Below we will fix the radius to be R = 1.
Taking into account thatx,2 =1, x,=0weget(l,m=1,2)

5)61 = + O Xm + X + Bl - (Bm-xm)xl’

(A2)
6x;, = o, + WX, + B
Now using éx, = 0, x;6x; = 0 we obtain
Wy =0, o =0, a, = —pB, a = B
(A3)

This means that the surviving 6 transformations are gener-
ated by

W12, W3y, a, ay,
B = a B = —a,

An addition of an operator at a generic point of four space
will break four out of six conformal transformations (A4).
Introduction of the second operator will break all the con-
formal transformations.

(A4)

APPENDIX B: GEODESIC DISTANCES
IN S2 AND AdS,

Let us present an analytic derivation of the well-known
expressions for the geodesic distances in S? and AdS, used
in (2.23).

The geodesic [0 = 6(t), ¢ = ¢(1)] on S? connecting the
points (0, ¢,) and (,, ¢,) can be obtained by minimizing
the functional

s = [dt[(a,b?)2 + sin?6(9,¢)*] (B1)
and evaluating it on the solution. Integrating the equations
for the geodesic gives

d,(sin’69,¢) = 0,
970 — sinf cosH(9,¢)* = 0,

(B2)
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cotf(r) =

G
[C2 + (C2 + CI)co2(y/C2 + C3(t — 1))]/>

Ct+C3
cot(e(r) — ¢o) = c cot(y/CF + C3(t — 1y)),

(B3)

where Cy, C», ty, ¢ are integration constants. Eliminating
t we can write the geodesic passing through the points
(64, ;) and (05, ¢,) in the form

cotd(p) = Asing + Bcosg, (B4)

__tanf, cosp, — tanf, cosg,
tanf, tand, sin(@, — @,)

. . (B5)
__tan#; sing; — tanf, sing,

tanf, tané, sin(¢, — ¢,)

Then the geodesic length may be written as
_ j<Pz dev1 + A* + B?
> ¢, 1+ (Asing + Bcose)?
AB + (1 + A%)tang,

V1 + A% + B?

As a result, one finds

(¢2— @1). (BO)

= arctan

coss = cosf; cosf, + sinf sind, cos(p, — ¢1). (B7)

A similar analysis in AdS, gives for the corresponding
geodesic distance s

coshs = coshp; coshp, — sinhp; sinhp, cos(if, — ).
(B3)

The two expressions are, of course, related by the analytic
continuation 8, — ipy, ¢ — Uy

APPENDIX C: CORRELATOR OF CIRCULAR
WILSON LOOP WITH ONE LIGHT
SUPERSYMMETRIC OPERATOR
AT STRONG COUPLING

Here we will review the derivation of the correlation
function of a circular Wilson loop with one local operator
that will be chosen to be the dilaton or the chiral primary
(with dimension j fixed, i.e., not scaling with A).

The correlator in question appeared in (2.16) and (4.5);
i.e., in the leading large A approximation it is given by

C(Wc, a) - W
_ [ drdaV(z(r, o), x*(r, 0) — a*)), (Cl)

where [z(7, o), x*(7, o)] represents the circular loop solu-
tion (4.3). Since this correlator is fixed by conformal

PHYSICAL REVIEW D 87, 026006 (2013)

invariance up to a constant (2.16), we can choose the
position of the operator to be at a* = (0, 0, &, 0).

Evaluating the dilaton vertex operator (4.15) on the
solution (4.9) gives [see (2.13)]

Amwéy [ . sinh’r
Wow=tTn [
We @) >+ 1* Jo 7 cosh®r
4776(.111 _Wédil 1

3w+ 12 Y

Using the value of the normalization coefficient (4.16) we
obtain Cg;;(A) in (2.17).

The bosonic part of the chiral primary vertex operator of
dimension A = j is given by [3,26]

V(a) = Qldrda’[ <

22+ (x* — a®)?

VA
6. = —JJi(i +1

]jeijfﬁ U,
(C3)

where ¢ is the relevant angle in S! C $° and the two-
derivative part U is given by [27]

U:U1+U2+U2,

1
Ul = Z_z[(aax'u)z - (aaz)Z] - LSS’
8

Ur = [y (on = arp Pl — @702 (4
—[(e* = am)ax 1]
YRR TAV ")
A LS i e YT PR P

2+ (* - a*)P

where L is the S° part of the bosonic Lagrangian.
Evaluating U on the semiclassical Wilson loop background
(4.3) (note that here ¢ = 0) gives

U — 2
I cosh?r’
8
Uy, = —U, (h2cosh®7 + 1 — sinh?7).

" W2+ 1 cosh®r
(CS)

Thus U, and Uj cancel each other and we end up with

47ré 0
C(Wc, Cl) = M j;) d

1 7TCj

T @ 272G+ 1)

tanh/ 7

T 2
cosh”7

(Co)

Using the normalization ¢; in (C3) we find that the coef-
ficient C;(A) in (2.16) is given by (2.17).
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