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Geometry of massless cosmic strings
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We study the geometry generated by a massless cosmic string. We find that this is given by a Riemann
flat spacetime with a conical singularity along the world sheet of the string. The geometry of such a
spacetime is completely fixed by the holonomy of a simple loop wrapping the conical singularity. In the
case of a massless cosmic string, this holonomy is a null rotation or parabolic Lorentz transformation with

a parabolic angle given by the linear energy density of the cosmic string. This description explicitly shows

that there is no gravitational shockwave accompanying the massless cosmic string as has been suggested
in the past. To illustrate the nonsingular nature of the surrounding geometry, we construct a metric for the
massless cosmic string that is smooth everywhere outside the conical singularity.
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L. INTRODUCTION

Cosmic strings as introduced by Kibble in 1976 [1] have
been extensively studied in the 1980s and 1990s [2,3].
One of their main attractions was that they provided an
alternative to inflation as a source for primordial density
fluctuations. However, these predictions turned out to be
incompatible with the precision measurements of the CMB
[4], leading to a loss of interest in the subject.

Nonetheless, some interest in the subject has remained.
One reason is that studies have shown that the generation
of cosmic strings appears to be a generic feature of phase
transitions in grand unified theories [5]. Moreover, string
inflation models may lead to the production of cosmic scale
superstrings (see Ref. [6] for a review).

In traditional studies, cosmic strings are assumed to have
a nonzero mass density. Consequently, the geometry of
their gravitational field can be analyzed in their rest frame.
One of the interesting features of cosmic strings is that this
geometry is flat everywhere except for a conical singularity
along the string.

In 2008, ’t Hooft introduced a locally finite model for
gravity in 3 + 1 dimensions, in which the fundamental
excitations are straight cosmic strings, leading to a piece-
wise flat geometry [7-10]. Besides the usual massive
modes, this model also allows massless cosmic strings. In
fact, the massless strings turn out to be a crucial ingredient
to recover dynamical gravity in the large scale limit of the
model [11,12].

Compared to their massive cousins, massless cosmic
strings have received very little attention in the literature.
The treatments that do exist [13,14] are very brief and, at
best, incomplete. In this paper, we will present a complete
geometric description of massless cosmic strings.

In Sec. II we review the geometry of a stationary mas-
sive cosmic string. In Sec. III, we show how this can be
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boosted to give the geometry of a massive string moving at
an arbitrary (subluminal) velocity.

In Sec. IV, we follow the procedure of Aichelburg and
Sexl [15] to take the ultrarelativistic limit of the massive
string, and obtain the metric of a massless cosmic string
moving at the speed of light. Like the Aichelburg-SexI metric
for a massless particle, this metric has a é singularity along a
null plane traveling with the string. However, this feature is
rather misleading since it is not accompanied by a singularity
in the Riemann curvature. From this metric, we obtain the
holonomy of a single loop around the cosmic string. Since
the spacetime is flat everywhere except along the string, this
gives us the holonomy of any loop. Consequently, this
holonomy encodes all the geometric information.

Instead of an ordinary rotation, the holonomy of a mass-
less string is a null rotation, i.e., a Lorentz transformation that
leaves a null vector invariant. In Sec. V, we use this holon-
omy to realize the geometry of a massless string as a conical
defect using a null rotation rather than a normal rotation.

In Sec. VI, we resolve the §-singularity pathologies of
the metric found in Sec. IV. From the holonomy of the
massless cosmic string we construct a metric that is smooth
everywhere except along the string itself.

II. STATIONARY COSMIC STRINGS

Conventionally, the metric for a stationary cosmic string
of infinite length oriented along the z axis is written as

2
ds? = —di? + dr? + (1 ~ Zi) 2d6* +dz2 (1)
v

The Riemann curvature of this metric vanishes everywhere
except along the ¢z hyperplane (the string world sheet). The
corresponding energy-momentum tensor can easily be calcu-
lated by thickening the string (e.g., see chapter 2.1 of
Ref. [10]). If we take u to be a function of r, the above metric
corresponds to a matter source with energy-momentum,’

'Note that we are using units where ¢ = 7= 87G = 1.
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=5 \/_(r,u”(r) +2u/(N)(dP —d?). (2
Assuming that w(0) = 0 and u/(R) = 0, the total energy-
momentum tensor contained in a cylinder of radius R and
length L is therefore,

Lu(R)(dF? — dz?). 3

In the case that w is constant, the metric (1) consequently can
be viewed as describing an infinitely thin string with a mass
per unit length of .

The holonomy of an arbitrary loop y(A) around the
cosmic string is given by

(P)H, = T’exp( [Fﬁy—d)l> 4)

where the P indicates that the matrix exponential is path
ordered and I'%, are the Christoffel symbols of the metric.
Since, the geometry outside the cosmic string is Riemann
flat, the holonomy can only depend on the winding number
of the loop around the cosmic string, and we can thus speak
of the holonomy of the cosmic string. It also suffices to
calculate the holonomy of a simple loop with t = z = 0,

r=(1— w/2m) ! constant, and § = 27 A. The integrand
above then becomes
0 0 0 0
d 0 0 27 — 0
e, 7 a 5)
A |0 w—27¢ 0 0
0 0 0 0

Because this is independent of A, the path ordering in (4)
becomes trivial, and the matrix exponential can be com-
puted directly yielding

1 0 0 0
0 cosu —sing O
P, = . (6)
0 sinp cosp O
0 O 0 1

This identifies the geometry of the massive stationary
string (1) as a conical singularity with a deficit angle
equal to the mass density per unit length . This holonomy
encodes all there is to know about the orientation and mass
of the cosmic string. The only missing piece of information
is the location of the cosmic string, which can be included
also by calculating the Poincaré holonomy [7].

III. MOVING STRINGS

The metric for a moving string can be found by boosting
metric (1). To do this we first introduce ‘““Cartesian’ coor-
dinates x = rcosf and y = rsinf, in which the metric
becomes
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ds? = —df? + dx? + dy2 + dz?

By )l

7
2 x> +y? )

Subsequently, we introduce new ‘‘boosted” (light cone)
coordinates,

_ v—u
t = tcoshy + xsinhy = R 8
X X NG ®)
; hy + rsinhy = “_Y )
X = xcos sinhy = .
X X NGl
In these coordinates metric (7) becomes
ds? = 2dudv + dy? + dz? — i(z - i)
27 21T
(eX(ydu — udy) + e X(ydv — vdy))? (10)

eXu? + e 2Xv? + 2(uv + y?)

Since metric (7) describes a cosmic string standing still
at the origin, the new metric (10) describes a cosmic
string moving in the positive X direction with velocity
V = tanhy.

Metric (7) corresponded to an energy-momentum
source,

TEE (08 — d2). (an
2

Consequently, the boosted cosmic string corresponds to a
source,

M _ -
——§(x — ftanhy)d
(1= ) coshy (¥ — ftanhyx)d(y)
X ((coshydf — sinhydx)? — dz?). (12)

IV. THE AICHELBURG-SEXL BOOSTED STRING

The metric for a massless string traveling at the speed of
light can be found using the technique introduced by
Aichelburg and Sexl [15] to derive the metric of a massless
point particle (see for example Ref. [13]). The idea is to
take the boosted metric for a moving string and increase
the rapidity y, while keeping the energy density as mea-
sured in the laboratory frame constant.

The latter is found from Eq. (12) as

f[ T:/gPdxdy = ucoshy, (13)

where g is the determinant of the metric induced on the
xy plane. Consequently, setting u = i/ coshy keeps the
observed energy density constant.

For large values of y, the y dependent part of metric (10)
becomes

2a e X(ydu — udy)?

+ 0(e™%x). (14
T u> + e XV + 2e X (uv + y?) (™). (4
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The pointwise limit of this term as y — o is zero.
However, using the identity,

1171_1?(1)# = 76(u), (15)
it can be shown [13] that in a distributional sense
e X T
)}1—120 2+ e 1 26 Huv + y0) V21l 5(u).
(16)
Consequently, metric (10) becomes
ds? = 2dudv + dy* + dz2 — V2@alyls(wdu?,  (17)

in the Aichelburg-Sexl limit. The extent to which general
relativity with distribution valued tensors makes sense has
been discussed at length in the literature (see Ref. [16] for a
review). The upshot of these discussions, as far as this
article is concerned, is that as long as physical quantities
such as the curvature calculated from the metric do not
contain pathological products of distributions, one can
proceed normally. Doing so, it is straightforward to calcu-
late its Riemann curvature

R = —2218(u)8(y)(du A dy)?, (18)

and the Einstein curvature

1+ 2sin2<%)sinh2 X

sin?(£)sinh2y 1
0", (x) = (%)
— sinw sinhy
0
For large enough values of y,
1
sinu = z,ae_)( + O(e %), (22)

Consequently, the Aichelburg-Sexl limit of the holonomy

1+ -2 -5 0
/12 l — /12 5 0

limQ*,(x)=| 72 2z TH . (23
e —R A 10
0 0 0 1

2With an expression like (du A dy)? we mean the symmetrized
tensor product of the wedge products.
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G = 2i8(u)8(y)du?, (19)

= 6(x — n8(y)(dr — dx)*. (20)
We thus see that the Aichelburg-Sexl boosted metric (17)
indeed describes a stringlike curvature defect on the light-
like surface x — ¢t = y = 0. We also confirm that the linear
energy density as measured in the laboratory frame is
indeed . Equation (18) also reveals a rather unsatisfactory
property of metric (17): while the metric has a 6 singularity
on the entire u = 0 hypersurface, its curvature vanishes
almost everywhere on that surface, except along the y = 0
locus. In the past the presence of a § singularity in (17) has
led to the mistaken conclusion that a gravitational shock-
wave is present (e.g., implicitly in Ref. [14]). In Sec. VI,
we will construct a continuous metric that is smooth every-
where except along the singularity.

Since metric (17) is flat everywhere outside the singular
surface x —t =y = 0, it describes a conical singularity
with a well-defined holonomy. As was the case with the
stationary string, the holonomy completely captures the
geometric data of the massless string spacetime (17). We
can find this holonomy either by calculating the
Aichelburg-Sexl boost of the holonomy of the stationary
string (6) or directly from metric (17). We will do both as a
consistency check.

By Lorentz covariance the holonomy of a moving cos-
mic string is given by

—sinz(%> sinh2y ~ —sinwsinhy 0
- 2sin2(%>cosh2 x —sinpcoshy 0 o
sinu coshy 1 - 2sin2(%) 0
0 0 1
[
or in light cone coordinates x* = {u, v, y, z},
1 0 0 0
- 2 -
-a* 1 =2 0
lim Q* ,(y) = 24
X_'OOQ (x) Jii 0 : 0 (24)
0 0 0 1

Lorentz transformations of the form (23) and (24) are
known as null rotations or parabolic Lorentz transforma-
tions. They are characterized by the fact that they leave a
null vector (the v axis in this case) invariant, or alterna-
tively by the fact that their generators are the nilpotent
matrices in the Lorentz Lie algebra. In particular, the
parameter i (called the parabolic angle) is additive under
multiplication of the matrices.
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FIG. 1. Specification of a loop wrapping the massless cosmic
string (dot in the center) used to calculate the holonomy, drawn
in the wuy plane.

As a check of the limiting procedure we also calculate
the holonomy directly from metric (17). We choose a
square loop 7y around the lightlike singularity as indicated
in Fig. 1. The loop consists of four sides

yi(A) =(A0,-1,0), (25)
¥y (A) = (1,0, 1,0), (26)
v5(A) = (=A,0,1,0), Q27)
vy(A) = (=1,0,-1,0), (28)

with A running from —1 to 1 on each side.
. dye )
For sides 2 and 4, I'“, <24 vanishes, so they do not

contribute to the holonom; (113/\0r sides 1 and 3,
0 0 0 0

- dyf; _ —_%5/()\) 0 -8 0 o)
dA B 0 0 0
0 0 0 0

which commute for different values of A making the path
ordering in Eq. (4) trivial. Consequently, the holonomy of
the entire loop 7y is given by

1 0 0 0\2
_A _ A
(P, = R
L 0 1 0
\ 0 0 0 1
/1 0 0
—a2 1 —2a
= e S FE)
V2 01
\ 0 0 0 1
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which matches the holonomy (24) obtained through the
Aichelburg-Sexl limiting procedure.

The authors of [13] identify & as the deficit angle of the
conical singularity as measured in the laboratory frame. To
us, this interpretation seems physically unacceptable. In
particular, it would imply that something special should
happen for an observer in the laboratory frame at the value
= 2, since a deficit angle of 277 would imply a collapse
of the spacial slice. However, neither the metric (17) nor
the holonomy (24) give us any reason to believe that there
is anything special about the value g = 2.

At least part of the problem is that equal time slices in (17)
do not correspond to anything that an observer would rec-
ognize as a spacial slice. This is because any geodesic cross-
ing the u = 0 hypersurface makes a jump Av = a|y|/+/2.
Effectively, the metric (17) describes two independent
coordinate patches (# < 0 and u > 0), which are identified
along u = 0 in an awkward way.

The holonomy calculated above gives a much cleaner
geometrical interpretation of the parameter fi, namely as
the parabolic angle corresponding to the holonomy of the
defect. In the next section, we will find the deficit angle of
the singularity as measured on an equal time slice.

V. CUT-AND-PASTE GEOMETRY

Given a holonomy one can always construct a conical
defect with that holonomy by “cutting” away a wedge of
spacetime and ‘“‘pasting” the opposite sides together. The
procedure is straightforward (see Ref. [17] for a rigorous
treatment). Consider a Lorentz transformation Q that pre-
serves a linear codimension 2 subspace L of Minkoswki
space M. Also pick a vector e perpendicular to L. Since Q
is a Lorentz transformation the vector e, = Q(e;) is also
perpendicular to L. The hyper-halfplanes 3, and 3,,
spanned by L and respectively e¢; and e,, form the opposite
sides of a wedge in Minkoswki spacetime. (See Fig. 2.)

By removing the interior of the wedge we obtain a
spacetime with a boundary (consisting of X; and X,).
The Lorentz transformation Q provides a one-to-one map-
ping from 3, to 2,, which we use to identify the points of
3., with the points of 3,. Similarly, the tangent spaces
along X, and 3, are identified using the map induced by Q
on the tangent space.

By construction, the result of this procedure is space that
is locally isometric to Minkowski space, except along L.
Moreover, it is straightforward to check that the holonomy
of a simple loop around L is given by Q. Also note, that the
obtained geometry is independent of the choice of e;.

In general, given an equal time slice N of Minkoswski
space, the Lorentz transformation Q will not map the
intersection of 2, and N to the intersection X, and N.
Instead, the slice “jumps” across the wedge. However,
there always exists a choice of e; such that Q does map
3, NN to 3, NN [18]. This choice can be seen as setting
e, and e, to be symmetric with respect to the direction of

025020-4
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FIG. 2. The hyper-halfplanes 3, and 3, together form the
boundary of a wedge of spacetime. If this wedge is removed
and the opposite sides 3, and 2, are identified, then a conical
singularity is formed along their common locus L. In the figure
the time coordinate has been suppressed.

motion of L. With this choice the geometry has well-
defined equal time slices, and we can consider a deficit
angle as measured on such a slice. From Fig. 3, we find that
the deficit angle A# measured on a equal time slice for a
moving string is

vtanh x
—>

AO=p

an &
tan 5

FIG. 3.

PHYSICAL REVIEW D 87, 025020 (2013)

t M~
AG = 2tan'< ans ) 31)

coshy

Consequently, the deficit angle for the massless string in
the Aichelburg-Sexl limit is

tan2ccl)zsh

A# = lim2tan™' [ ——2X |, (32)
X coshy

— 2tan ' & (33)

This value is much more acceptable since it does not imply
that the equal time slices become singular for finite values
of i&.

We must note however, that there is not just a single
choice for e; that will lead to a consistent equal time
slicing. The vectors e¢; and e, just need to be symmetric
with respect to the direction of motion of L. This means
that the wedge can either point with or against the direction
of motion. In fact, one could choose to split the wedge in
two parts pointing forwards and backwards. As long as the
sum of their parabolic angles is f this leads to the same
spacetime geometry. However the measured deficit angle
on an equal time slice is

+A —-2
BT 2 4 otan! “T (34)

Af@ = 2tan!

which can take any value between 0 and 4tan ™! % . We thus
see that the deficit angle is still dependent on nonphysical
choices in the construction of the geometry.

VI. A SMOOTH METRIC

As we have seen, the metric (17) for the massless cosmic
string has some peculiar features along the u = 0 hyper-
surface, even though the spacetime is completely flat
everywhere except along the y = 0 locus. One of these

N
tan 5 )
cosh x

Af = 2tan"!(

an &
tan 5

1
cosh x

If a conical singularity singularity is boosted in the transverse direction, the deficit angle A6 as measured by a stationary

observer opens up. Shown projected in the xy-plane as seen by the stationary observer.
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peculiar features is that geodesics crossing the u =0
hypersurface jump in the v direction. This is easily fixed
by shifting the v coordinate in the opposite direction,

v—uv+ % [v160(n), (35)

%

where 6(u) is the unit step function. This results in the
slightly better behaved metric

ds? = 2dudv + dy? + dz2 + V2alyl0(u)dudy.  (36)

However, it is discontinuous across the y = 0 hypersurface
as well as the u = 0 hypersurface, while only their com-
mon locus exhibits any curvature.

In this section we will construct a metric for the massless
cosmic string that is completely smooth everywhere except
along the world sheet of the cosmic string. For this we first
reconsider the metric for a stationary massive cosmic string

2
ds* = —d? +dr* + (1 - 2i) r’dg* +dz2.  (37)
T

Part of the reason why this metric is so easy to express in
cylindrical coordinates is that the holonomy of a conical
defect acts simply as a shift of the # coordinate. An even
simpler way of representing the same geometry would be
to take the Minkowski metric in cylindrical coordinates,

ds? = —df? + dr? + r2d6? + dz2, (38)

and simply reduce the period of the € coordinate by w. The
factor 1 — £~ in (37) serves to keep the period of 6 equal to
2. In fact, the factor did not even need to be constant; any
function of 6 would serve the same purpose as long as its
average over a period of 277 is equal to 1 — 3=.

The idea in this section is to apply the same construction
of rescaling an angular coordinate in “cylindrical coordi-
nates” to a massless string. The first step is to find an
analogue for cylindrical coordinates such that the holon-
omy of the string acts as a shift. For this we consider a
general null rotation Q,, that leaves the surface u =y = 0
invariant. The transformation Q, acts as follows on the
light cone coordinates:

O(u) = u, olv)=v— %azu + ay,

0(ky) =y — V2au, (39

0(z) =z

The orbits of this action—shown in Fig. 4—are parabolic
curves parallel to the u = 0 plane. To achieve our objective
that the holonomy acts as a shift on the coordinates, we
want the orbits of O, to coincide with the constant coor-
dinate lines, i.e., each orbit needs to be assigned three
coordinates. For the first three coordinates (i1, U, Z) we
choose the values of u, v and z where each orbit intersects
with the y = 0 plane. As the fourth coordinate of a point

PHYSICAL REVIEW D 87, 025020 (2013)

FIG. 4. The orbits of a null rotation. Shown are the u =0
(dark) and y = O (light) planes. The z coordinate is suppressed.

we take the parabolic angle & by which it is removed from
this plane. This yields the following set of coordinates:
a=y/u,

1
i=u, 17=v+§y2/u,

In these coordinates the Minkowski metric becomes
ds? = 2dadv + #?da? + dz?, 41)

which is similar to the Minkowski metric in cylindrical
or Rindler coordinates except that the “radial” coordinate
i is lightlike rather than spacelike or timelike respectively.
Like those coordinate systems, it is singular when
the radial coordinate vanishes. In this case this is the
it = 0 surface, which cuts the space in two coordinate
patches.

However, unlike the angular coordinate in cylindrical
coordinates, the range of the angular coordinate « is infi-
nite. Therefore, a rescaling of the angular coordinate does
not lead to the desired deficit angle. Instead, we replace the
it > (0 coordinate patch of the metric (41) by

ds? = 2dadv + (1 — f(a))?a2da® + dz2,  (42)

where f(a) is a smooth function with compact support
satisfying f(a) < 1. It is straightforward to verify that this
metric is indeed Riemann flat on the entire coordinate
patch, and because f(«) has compact support it seamlessly
connects to the i <0 patch across the entire original
u = 0 hyperplane excluding the original y =0 axis.
Consequently, the newly constructed spacetime is
Riemann flat everywhere except possibly the original
u = 0 and y = 0 surface.

We can thus conclude that the newly constructed metric
is locally equivalent the metric for the massless cosmic
string (17) everywhere away from the null surfaceu = y = 0.

025020-6
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To verify that they are fully equivalent we need to match

the holonomy of a loop around this null surface to the

holonomy of the conical defect. Since the new metric is flat

everywhere, we are at liberty to choose the path to suit the

calculation. We first choose two values «; < a, such that

f(a) = 0 outside the interval («;, @,). As one arc of the
loop we choose

1
b)) = ———
) (1 ey

with A running from a; to a,.
On this arc, the integrand of holonomy integral is

,0, A, 0), (43)

0 0 0 0
o 0 0 A)—1 0
-1t ) (44)
I—f0) 0 0 0
0 0 0 0

Since the integrand commutes with itself for all values of A
the path ordering is trivial and we find for the parallel
propagator

1 0 0 0
P, = —%(az—al—l)z Il I—a,+a; O ,
a, —ay— 1 0 1 0
0 0 0 1
(45)
where

I= /:f(a)da = [ fada a0

Outside the region # > 0 and o < a < a, metric (42) is
identical to metric (41). Since (41) is just the Minkowski
metric, the holonomy of any loop must equal the identity.
Consequently, any closing arc (as long as it stays out of the
i >0 and a; < a < a, region) has a parallel propagator
equal to the inverse of the parallel propagator along y with
f(a) set to zero.
As a result, the holonomy of a closed loop is equal to

1 000

-1 110
=1 2, 01 o (47)

0 001

This is indeed a null rotation of the form (24).
Consequently, the two holonomies match if we choose
f(@) such that I = /2. Since the spacetimes (17) and
(42) are Riemann flat everywhere away from the # = 0 and
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y = 0 surface, this implies that the holonomies of all
possible loops match. This is enough to conclude that
(17) and (42) are equivalent.

However, this metric is still singular along the & = 0
plane. To obtain a metric that is manifestly smooth and
nonsingular everywhere except at the conical singularity,
we change coordinates back to normal light cone coordi-
nates in which the constructed metric becomes

ds? = 2dudv + dy? + dz2
G EYEp R

where 6(u) is the unit step function. This metric is
(a) smooth everywhere except along the u = y = 0 locus,
(b) equivalent to the massless string metric (17). The
downside is that this metric is no longer equal to the
Minkowski metric almost everywhere.

VII. DISCUSSION

We have identified the geometry generated by a massless
cosmic string as a flat spacetime with a conical defect
which has a null rotation as its holonomy. Since all null
rotations belong to the same conjugation class of the
Lorentz group, this is consistent with the observation in
[10] that the mass (density) of a conical defect can be
identified with the conjugation class of its holonomy.
Since the surrounding spacetime is Riemann flat every-
where, there is no accompanying gravitational shockwave
as had been previously suggested in the literature based on
the & singularity in the metric obtained through the
Aichelburg-Sex] limiting procedure. To further illustrate
that the u = 0 surface is unremarkable, we explicitly con-
structed a metric for the massless cosmic string which is
smooth everywhere in its surroundings.

In this paper we have not touched on the subject of how
massless cosmic strings could be formed in nature. The
author’s interest in the subject originated in ’t Hooft’s
locally finite piecewise flat model for gravity in 3 + 1
dimensions, where massless cosmic strings arise naturally
as fundamental excitations of the model. However, it is
more conventional to study cosmic strings formed in sym-
metry breaking phase transitions in the early universe. The
mass of such cosmic strings is determined by a topological
winding number, implying that there is only a discrete set
of possible masses. Consequently, the massless limit as
considered in this paper does not exist. Nonetheless, the
description given here may be useful as an approximation
of ultrarelativistic traditional cosmic strings.

Even if it were possible to form massless cosmic strings
as the result of a gauge theoretic phase transition (and the
author is not aware of any process that would allow this), it
remains unclear if the resulting configuration would be
stable. The normal stabilizing factor provided by the

025020-7
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topological charge is likely to be absent. Moreover, as can
be seen from Eq. (20), the massless cosmic strings dis-
cussed here have zero tension in the direction of the string,
indicating that there is essentially nothing holding the
string together and casting further doubt on their stability.
Perhaps the best bet for a realization of massless cosmic
strings would be as massless modes of macroscopic

(1]
(2]

(31

(4]
(5]

(6]
(7]
(8]
(9]

PHYSICAL REVIEW D 87, 025020 (2013)

fundamental strings. Although the author is again not
aware of any specific model that would allow this.
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