PHYSICAL REVIEW D 87, 024027 (2013)

General Kaluza-Klein black holes with all six independent charges
in five-dimensional minimal supergravity
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Using the SL(2, R) duality in a dimensionally reduced spacetime in (the bosonic sector of) five-
dimensional minimal supergravity, we construct general Kaluza-Klein black hole solutions which carry
six independent charges: its mass, angular momentum along four dimensions, and electric and magnetic
charges of the Maxwell fields, in addition to Kaluza-Klein electric and magnetic monopole charges.
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I. INTRODUCTION

In string theory and various related contexts, higher
dimensional black holes have played an important role. In
particular, physics of black holes in the five-dimensional
Einstein-Maxwell-Chern-Simons theory has recently been
the subject of increased attention, as the Einstein-Maxwell-
Chern-Simons theory describes the bosonic sector of
five-dimensional minimal supergravity, a subsector of a
low-energy limit of string theory. The dimensional reduc-
tion of minimal supergravity to four dimensions yields two
Maxwell fields, a massless axion, and a dilaton, all coupled
to gravity [1], where (as was shown in Ref. [2]) the equa-
tions of motion derived from the dimensional reduction are
invariant under the action of a global SL(2, R) group, by
which the Maxwell fields are related to the Kaluza-Klein
electromagnetic fields. This so-called SL(2, R) duality ena-
bles us to generate a new solution in (the bosonic sector of)
five-dimensional minimal supergravity by starting from a
certain known solution in the same theory.

Known Kaluza-Klein black hole solutions of five-
dimensional minimal supergravity are summarized in
Table I, where they are classified by their conserved charges
(from the four-dimensional perspective): mass, angular
momentum, Kaluza-Klein electric/magnetic charges, and
electric/magnetic charges of the Maxwell field. As shown
in the list, the most general black hole solutions with a full
six independent charges, which are expected to exist [11],
have not been discovered so far. The aim of this paper is to
present such exact solutions describing general Kaluza-
Klein black holes with their full six charges obtained by
using our framework [10,12] of the SL(2, R) duality.

In our previous work [10], applying the SL(2, R)-duality
symmetry to the Rasheed solutions [13], which are known
to describe dyonic rotating black holes (from the four-
dimensional point of view) of five-dimensional pure grav-
ity, we obtained six-charge rotating Kaluza-Klein black
hole solutions in five-dimensional minimal supergravity.
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However, it turns out that four of these conserved charges
(Kaluza-Klein electric/magnetic charges and electric/
magnetic charges of the Maxwell field) are related by a
constraint; namely, these parameters are not wholly
independent. In this paper, we alternatively use as a seed
solution the boosted rotating (electrically/magnetically
charged) black string solutions with five parameters
obtained in Ref. [9]. As is well known, the boost along
the fifth dimension yields a Kaluza-Klein electric charge
in the dimensionally reduced four-dimensional theory.
Therefore, our starting-point solutions have five charges
(mass, angular momentum along four dimensions, the
Kaluza-Klein electric charge, and electric/magnetic
charges of the Maxwell field). The SL(2, R)-duality trans-
formation then adds the missing Kaluza-Klein monopole
charge to the seed solution.

The remainder of this paper is organized as follows: In
the next section, we present the metric and gauge potential
1-form of the Maxwell field of the seed solution, which is
our starting point. In Sec. III, by enacting the SL(2, R)
transformation on the seed solution, we derive the most
general Kaluza-Klein black hole solutions in the above
sense, and note the metric and Maxwell fields. In Sec. IV,
we show that our solution describes rotating black holes
with six conserved charges (mass, angular momentum,
Kaluza-Klein electric/magnetic charges, and -electric/
magnetic charges of the Maxwell field) in the dimension-
ally reduced four-dimensional theory. In Sec. V, we discuss
limits of our solution to some known ones. Section VI is
devoted to summarizing our results. The new solution
contains complicated polynomials of r (the radial coordi-
nate) and x = cos@ (with 6 being an angle coordinate), and
their coefficients are collected in Appendix A. Finally,
Appendix B is a brief summary of the SL(2, R) duality.

II. SEED SOLUTION

In this paper, as seed solutions we choose the black
string solutions with five independent parameters found
in Ref. [9], whose metric and gauge potential 1-form are
given, respectively, by
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TABLE I. Classification of Kaluza-Klein black holes in five-dimensional minimal supergravity: The six charges M, J, Q, P, g, and
p denote, respectively, their mass, angular momentum, Kaluza-Klein electric charge, Kaluza-Klein magnetic charge, electric charge,
and magnetic charge.

Solutions in D = 5 minimal supergravity M J [0 P q P

Gaiotto et al. [3] Yes® No Yes Yes* Yes* No
Elvang et al. [4] Yes* No Yes Yes?* Yes?* Yes?*
Ishihara-Matsuno [5] Yes No No Yes Yes No
Nakagawa er al. [6] Yes No Yes?* Yes* Yes? Yes?*
Tomizawa et al. [7] Yes No Yes Yes Yes Yes
Tomizawa et al. [8] Yes Yes No Yes Yes No
Compere et al. [9] Yes Yes Yes No Yes Yes
Mizoguchi-Tomizawa [10] Yes Yes Yes® Yes® Yes® Yes®

Each solution are not independent but related by a certain constraint.

Y
ds? = ———— (dx* + B, dx")?
CTER Ay )
EVF + M) €74, ) 2 A(l —x) 0 r2 dx?
S wder + T (S e ) | M
3(c,F3 + s,F 2
Ao o VeFs t k) [ */—’"Cd{ 2s,c0fAx + as,Cms2 (6232 — 1) + (2 + s2)r)(1 — 1)}
_\3 {4masbcbcdf(r + 2sbm)( oy Fz%}]drb VBl Fy + S¢F3) s @
where
B dvt = =¢85, My (Fy + Ay)® + (sgk + cé)(c k + sgf)
3
ko g(ks, + c &) — s,0(F) + Ay) wy + (SgHng)@mj;fi’;fz(rzmsi))(1_XZ)
+ 5 o de, 3)
[
0= ooy +s, —4macys,c3(r + 2ms3) (1), @ Fy = 2msycq2msyc, f(—1 + (c3 + s7)c3)
1/1 +3c2A, + 2spcpfr + asy(c + s3)x], (10)
- of 24 2 4cj 2.2 22 _ 2
wg = —2mac, 3 [2msb A R Y F3 = 2mcy[2msgs;(ci(1 + c))f? — s3)
2 c
¢ — sq(c2 + s2)r + 2as,c,fx], (11)
+ r(c2 + si):l, 5)
F, = 2m[2m((c%s2 + s2¢2)? + s252¢2f2)
S = (sgh + P = gA(FL+ A0, (0) ) [2 e i
+ (cj + sp)(c; + s3)r — 2aspcpsafx], (12)
A=r=2mr+d? A, = r* = 2mr + a’x?%, 7
Fs = 2m[2msyc, f(—1 + (c2 + s2)c%)
&= (F4+ A)(F) + Ay) — F3, 5 2b2b ¢
3) + 2sp¢pfr — asy(cy + s3)x], (13)
k= Fs(F, + A;) — F2F;,
Fy = 2mc3[2msi(s3 + sicif?) s, = sinhb, ¢, = coshb, 54 = sinhd, (14)
+ (c2 + s2)r + 2asyspcpfx], (9) ¢, = coshd, s, = sinhg, ¢, = coshg,
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Here, we would like to note that our definition for the
function X, is different from the one in Ref. [9]. As will
be seen later, the familiar parameters m and a denote the
mass and rotational parameters, respectively, and the pa-
rameters b, d, and g correspond to the magnetic charge,
electric charge of the Maxwell U(l) gauge field, and
electric charge of the Kaluza-Klein U(1) gauge field,
respectively.

f= 5)

III. TRANSFORMATION

Now, in order to construct six-charge solutions, we apply
the SL(2, R)-duality transformation to the above solution.
Some necessary transformation formulas developed in our
previous work [10] are briefly summarized in Appendix B.
From Eqgs. (1) and (2), one can read off the dilaton and
axion for the seed as

21 /2
O VEF A
Therefore, from Egs. (B12) and (B13) in Appendix B,
the dilaton and axion fields for the transformed solutions
are written, respectively, as
_ SIRER(F + Ay)
Prew = H2 ¥ ,822 ’

Fy+c,F
As = _\@M (16)

P Fi+ A,

7)

B (ay + ax)r* + (a3 + a,x)r + as + agx + a;x* + agx®
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M[a(F,+A,)—(cFy+sF;)]+ B

new — 1/2
AS \/§§ H2+BZE ’

(18)

where the function IT is
IT = £2[y(Fy + Ay) — B(cF, + sF3)]. (19)

On the other hand, from Egs. (B14) and (B15) in
Appendix B, the gauge potential 1-forms of Kaluza-
Klein’s and Maxwell’s U(1) gauge fields for the trans-
formed solutions are written as

BXY =3B8%yA,, + (v} +V3BY*As)B,,
—3By*A, + BB, (20)

ARV = [BB2yAlY — B2 + 3ap)]A,
+[—VBay? + YA — As((1 + 4aB + 3a?B?)
—BAYAR)IB, +[(1 + 4aB + 3a?B?)
— V3BYPAFMA, + V3B + BPAXVIB,,
@2y
where the 1-forms Eﬂdx“(,u, =1, ¢) and Aﬂdx“(,u, =1,¢)

can be obtained by integrating Eqs. (B16) and (B6) in
Appendix B, and they are explicitly written as

By=c, +cx+(1—x?)

t

A¢=r1+r2x+(1—x2)

where the function I is

22
t F > ( )
b1r3 + (b2 + b3x)r2 + (b4 + b5x + bﬁxz)r + b7 + ng + ngz + b10X3 (23)

F ’

« _ pirt + (pa+ p3x)rt + (py + psx + pex?)r + p7 + psx + pox? + piox’

A = T , 24)
i + (g2 + q3x)r* + (g4 + gsx + qex?)r + g7 + ggx + gox* + qyox° 25)

F b
r _ _S2A2(F1 + A2)3 + (Cgf + Sgk)z (26)

and the constants aj,...,as, by, ...,b1, cC1, Ca,
Pis---» P1o» 91> ---» 410> 71, 7> are related to the five pa-
rameters m, a, b, d, and g only (the explicit forms are given
in Appendix A). Note that the constant ¢ can be set to zero
by a coordinate transformation.

¢ ,

IV. MOST GENERAL SOLUTIONS

From the previous section, we can get six-charge
Kaluza-Klein solutions in the same theory, whose metric
and gauge potential 1-form are written, respectively, as
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ds* = m[dx5 +{V3B%yA, + (¥} + V3By*A5)B, — V3BY?A, + BB, }dx T
12 + g%, _E2A, s (ZV2OAN L drrdX?
SVREVA(F, + Az)[ sip (W eddrt W(A_z(l G T 1——x2)] @7

Anew — [{\/gIBZ,YAxslew

— B2 +3aBlA, +{—VBay? + YALY — As((1 + 4aB + 32 %) — 3By ALY)IB,

+{(1 + 4aB + 3a?B%) — V3BYAXVIA, + {3 + BPALY}B , Tdx+

n I:\/gé:l/Z H[a(F) + Ay) — (¢ Fy + 5,F3)] + B2

12 + B°%

]dx5. (28)

V. CHARGES

In this theory, the electric/magnetic charges (Q/P) of the Kaluza-Klein U(1) field and electric/magnetic charges (q/p)

of the Maxwell field are defined, respectively, by

1
:g Ssz’ (29)
1 /
p=8_77,[52‘7:’ 30)

where $? denotes any closed two-surface surrounding the black hole. The two form fields H?E and B are de-

fined by HBE:=1HE dx* Adx’ and B:=1B,,

dx* A dx”, respectively. Similarly, A :=14,,dx* A dx" and

F = %F lwdx* A dx”. The four charges for the new solution are related to those of the seed by

gV 1 +3ap Va1 + ap) a2 + 3ap) V3B q
prev VBB +ap)  (1+ap) V3B +ap? B 0
, (31)
—p"Y B2 +3aB) Ba(l+apB)? 1+4aB+3a2B8> BRI —»p
orev \/ga o’ \/§a2 1 0

where Q and g/ p are the electric charges for the Kaluza-
Klein U(1) field, and the electric/magnetic charges for
the Maxwell field for the seed solution can be explicitly
written as

0 = m[(1 +353)(c} + s7)s4cq + 2spc(cs + s2)f] (32)
q= \/gmsdcd[(cf7 + s%)cg — 25,058, f], (33)

p= Zﬁmsbcbcgf. (34)

Note that for the seed (boosted black string), the Kaluza-
Klein’s magnetic monopole charge P vanishes. One of the
two parameters o and 8 corresponds to adding a constant
to As, which means a gauge transformation for the poten-
tial 1-form A,,. Therefore, the remaining one corresponds
to adding a physical degree of freedom, i.e., a Kaluza-
Klein monopole charge.

In our previous work [10], we derived a different six-
charge solution starting from a different seed solution; the
charges of that solution were not wholly independent, but
four of them (P, Q, p, and g) were related by a certain
constraint. Here, we would like to confirm whether or not

these conserved charges are actually independent. As is
easily verified, the following Jacobian does not vanish:
a(Qnew pnev qnew pnew)
(b, d, g B) ’
which therefore means that these charges are independent

of one another. Also, it is clear that the mass M and angular
momentum J are not related to these four charges.

(35)

VI. SOME LIMITS

Here, we study some limits to known Kaluza-Klein
black hole solutions by taking some parameter limits in

our solutions. First, we take the limit of « = —1, 8 =1,
a = 0, d = 0. Defining the parameters (0, 0¢) by
o =2ms3, 0. =2mc3, 36)

Qo = 2ms (s, + 2sis, + 2s,05C,),
and the coordinates (g, 0, ) by
r=0+m(l—cj;—s3), X = — cosb, 37)
x5 =2m(s,c, + 2s3s,0, + spch(cg + 5,

one can obtain the following metric:
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ds> = — &~ Q*;(f —C )y (Q —Qéi;ggi) 5 71€° + 0@+ e)(de? + sinhd s
PO T 0O+ ) () cospagy (38)

0+ 0

This is the metric of the Ishihara-Matsuno solutions [5].

. (40

Next, we identify the radial coordinate and the parameters as Q@ := r — 2ms12,, y:=—b,B:=b— g, M, := m. Then,
the metric can be written as
ds* = p*(dt + B,dt + Byde)* + p_lds(z4), (39)
where
= o3 (p + 2Mk(s2ﬂ —52)) + 2a*x*[0* + Mk(szﬂ — 52) = 2M3s3,c2(s3 + 2sgcps,c, + S%C%/)] + a*x*
QZ(Q - 2S%Mk + ZS'ZBMk)z
B, = —2M,ax

" [o +2M; (s — s3)[—2Ms5c5(cpsy + sps,) + (cpsy + spc, + spsyc,)e] + Mya?x*(cgsy + sgey, + sgsycy)

o3+ 2Mk(s%3 — s%)) +2a%x*[ 0% + Mk(s% — s%,) — 2M%s%,c%,(s%y + 2s5gc5,Cy F s%cgy)] + a*x*

(o — 2s%/Mk)(Q — ZCz/Mk) + g2
(0 —2s2M)(@ — 2¢3 M) + a’x?

B¢ = 2MkSBCBx

2 _
ds(4) =

>

+ B0, (41)
2 M2+ $2)0 + AM2e2 52 + a2x2
_ e : 5(‘77 SV)ZQ - kcvsyz 2“ X (dt + w0¢d¢)2
PIQ + My (55— e + a° ]
[0* + 2M;(sp — s3)e + a*x*]l(e — 2s5M) (e — 2¢3M)) + @°] e
(Q - 2S2.yMk)(Q - 2C2’yMk) + a2x2
dp? dx?
+ +2M; (53 — 52 [ + ] 42
pele dlsp =53] (@ —2sIM)(e — 2ciMy) +a* 1 —x? (42)

—0(sgsy +cpcd) +2My 523 (sgs, +cps,)
(o— 2s%,Mk)(Q — ZC%Mk) +a2x?

(43)

This exactly coincides with the metric of the charged

rotating Kaluza-Klein black hole solutions found in
Ref. [8].

(1)0(/) == —2Mka

VII. SUMMARY

In this paper, using the SL(2, R)-duality transformation
that the reduced Lagrangian possesses upon reduction to
four dimensions, we have succeeded in constructing gen-
eral Kaluza-Klein black hole solutions in (the bosonic
sector of) five-dimensional minimal supergravity, where
we have used the electrically/magnetically charged
boosted black string solution as a seed solution. Our solu-
tions are the most general ones in the sense that in that
theory, from a four-dimensional point of view, such a class
of regular black hole solutions can be specified by six
independent charges: its mass, angular momentum along
four dimensions, and electric and magnetic charges of the
Maxwell fields, in addition to the Kaluza-Klein electric and
magnetic monopole charges. From the five-dimensional

[

point of view, like known Kaluza-Klein charged black
hole solutions, the black hole spacetime has two horizons
(the outer and inner horizons), and although the cross-
section geometry of the outer horizon is of 3, at large
distances the spacetime behaves effectively as a four-
dimensional spacetime, which is due to the existence of a
Kaluza-Klein monopole charge.

The present metric form of our solutions is considerably
lengthy and complicated, which, as a result, makes it
difficult to analyze the physical properties of our solutions.
To do so, it should be written in terms of some physical
parameters such as M, J, O, P, ¢, and p rather than the
transformation parameters «, B3, b, d, and g. As a future
work, we would like to present it in a more compact and
physically clearer form.
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APPENDIX A: COEFFICIENTS

The coefficients ay,...,ag, by, ..., b1y, €15, €25 Pis---s P1os 4q1>---» 49105 T1,» 2> in Egs. (23)—(25) are given,
respectively, by

ay = —12m?sys,c3flep (s + c3)s, — 2spchc,f] (AD)
a, = aga”? = —2macl[(s; + cl%)sg + 2spc5¢,f] (A2)
ay = —8m>s ci[shsic, + 5p0p8,(s5 + 3chs2)f + Ase, (=3 — 4s3 + (3 + 555 + 65))s3) f*
+ 65hc (=2 — 453 + (3 + 553 + 65%)52) [ + 25505, (—6 + 95F + 654 + 2(6 + 1957 + 9s%)s2) 3
+ 255¢,(—4s3 +3(1 + 3(s3 + sD))s2)f? + 4sycps,(3 + 653 + 553 + 952) + 539 + 1952)) 7], (A3)
ay = —4m*aci[6s,c,(4 + T3 + 3sd)sic f2 + dsicpc (1 + 3ckse)f + s,(s2 + 355¢3)
+4s75,(5 + 653 + 355(5 + 359)cp)f? + 6555,(2 + 4s; + 6s5c; + 53(9 + 10s3)) 7], (A4)

as = 16m*s3s,c3[12s53c,c4s, 2 + 125542 + 353)c f* + s,c,55(17 + 955,213 + 3shed f2 + 2s5¢,5,(6(2 + 52
+ 35%(4 + 352) + 5327 + 1952)) f2 + 254 c,(12¢2 + 1852 + 52) + 53(59 + 29s2) + 55(84 + 39s2))/*
+ 570,(24s% + 955(5 + 4s3) + s5(34 + 4252) + 55(84 + 6653)) 1], (A5)

ag = —8m3asyci[3s3(4 + 1553 + 9sh)s,c2f* + 2s,0,0,(35% + (4 + 2155 + 9s%)s2) 1
+ 4szcbcg(2 + 3s§ + (8 + ZISZ + 9s§)s§)f3 + 4s2sg(3 + 4s§, + 9s§c§c§)f2 + 4sl2,sg(2 + 3s§, + 3s§(2 + 3s§)c§)f2],
(A6)

a7 = 4m*a’s ci[she, (1 + 252) + 5,0,8,(3 + 453 + 6¢252) f + 257055,(3 + 453 + 6¢352) f

+ 257¢,(3 + 853 + 655 + 6(1 + 355 + 25%)s2) /2 + 2shc, (3 + 857 + 655 + 6(1 + 357 + 25%)s2) 2] (A7)
ag = a’a,, (A8)
by = bga™? = 2mas,[—2s,c,(3 + sﬁ)sgcgf = (c3 + 53)s3(1 + 2s§,)], (A9)

by = —4mPas [4s}cps,c (6 + 1353 + 3sh + (3 + 14573 + 3s3)s2)f + 2s5(—3 + 1053 + 3353 + 185§
+2(6 + 2257 + 51s% + 275853 + 43 + 553 + 1554 + 959)s3) /> + 55(—6 + 853 + 5757 + 36§
+2(12 + 3252 + 9354 + 54s2)s§, + 8(3 + 552 + 1554 + 9s2)s§,)f2 + s§c§(2s§, + 533 + 6s§))
+ 550540, (3 + 653 + 6sjcr + s3(23 + 2853))f ], (A10)

by = —2ma’[(1 + 3s3)s,c, + 257(1 + 353)s,c, + 25,¢,(1 + 252)f], (A11)

by = —8mPasyf*Ls3f i (3sh + (1 + 353 + 650)s2) + 1255 ¢ chf 5,0, (7 + 2453 + 9sh + 2(6 + 1957 + 9s%)s2)
+ sbcbf%sgcg(sﬁ + 245% + 956 + (3 + 1453 + 4554 + 18s2)s§) +12s8¢hf (=1 + 5s§ + 6sg
+ 655(1 + 353 + 253) + 552 + 1152 + 10s3)) + 257 f2(—6 + 3353 + 4253 + 54s5(1 + 352 + 2s¢)
+958(12 + 4152 + 30s3) + 355(16 + 10152 + 94s¢) + s2(—10 + 14552 + 178s%))
+ 4szcbf71sgcg(—3 + 24s§, + 55(44 + 121s§ + 353(47 + 3957 + 954 + (88 + 7157 + ISS‘U‘Z)sz,)))
+ 57f72(6(s3 + 2s53) + 54s85(1 + 353 + 2s3) + 655(15 + 5353 + 39s%)
+ 25%(—4 + 4352 + 58s3) + 35%(7 + 66(s3 + 53)))], (A12)
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bs = 4a2m2f3[f_3sgcg(3s3(—l =252+ s+ (=1 —657—9s% + 4s2)s§,) + ZS%f_lsgch(—Z — 1153 —25s% — 455+ 65%)

b7=

+4(—4 =957 — 2453 — 555 + 658)52) + 25,0, f T2 (35 +3(—1 — 355 + 555 + 5§)s2
+4(—1 =353 +3sh +s9)s8) +4sic, f 2 (=1 4354+ (=5 +355(=3 + 557 + 53))s2
+4(—1—3s3+ 354+ sg)sg) + 4s‘l§f_1sgcg(—5 — 8s§, —6s52(4 + 3s§) +3s8(3 + 4s§,)
—255(3 +552) — 654(7 + 8s2))],

b6 = Clzbl,

(A13)

(Al4)

—16am*s,f7[s,cpsSf 49 + 553)s,c3 + s8¢k + 4s] S f 25,03 + 3153 + 305 + 6(3 + 857 + 55%)s2)

+ sZcbsflffzsgcg(—U + 7853 + 318s% + 30958 + 90s3 + (27 + 15053 + 357s% + 31656 + 90s§)s§,)
+ 1255 0,¢4 f 25,0, (=2 + 352 + 1558¢2 + 52(5 + 1453) + 5%4(26 + 3052))

+ s3shf 32 (=3 + 2753 + 24s8¢2 + 353(4 + 1552) + sH(41 + 50s2)) + 458 cSf (=6 + 2452 + 3655 + 3655¢)

+ 6s55c3(7 +1653) + s3(1 + 9252 + 96s3)) + 2s§¢hf (=12 + 3657 + 7255 + 144s5cs + 655¢2(43 + 70s2)

+ s3(—35 + 28752 + 354s%) + s4(82 + 60552 + 534s8)) + 55 1(—2452 + s2(—34 + 14252 + 228sF + 2165 ¢}
+ 1858¢2(41 + 50s2) + 653(—8 + 14952 + 164s§) + 355102 + 66152 + 564sF) + s5(843 + 246952 + 16285%)))],

= 8a?m? fA[s§(—1 + 353)f *sgch + 25,0,55f 3 cE (257 + (=3 + 1153 + 655)s52)

+ 5355 25,0, (—3 — 655 — 145 + 6355 + 5458 + (=15 + 3057 + 3755 + 7855 + 5458)s52)

+As3c,ch T2+ 53+ 1254 + 3(—4 — s + 2158 + 12s2)s§, +6(—2— 353 + 954 + 6sg)s§)

+ 2550, f N (s3(=3 + 1255 + 415 + 24s5) + (=4 + 355(—13 — 557 + 7555 + 8755 + 24s%))s2

+8(—1+ 53(=3 + 545 + 352)?))s8) + 1255k f2s,c,(=1 — 257 — 35 — 252 + 655¢2)

+ 4s2f_zsgcg(—2 - 5s§ +53(—6 — 952, + 1552(—1 + sé) + 27s2c§, + 12553 + 4s§) +s4(—6+ 32s§,)))],

= da’m?s, f2[s5f2ei(1 + (2 + 652)s2) + 2553 + 453 + 355 + 2(3 + 753 + 305 + 18s9)s3

(A15)

(Al6)

+4(3 + 552 + 155 + 9s58)s8) + s7(6 + 1257 + 95 + 6(2 + 653 + 21s% + 1259)52 + 8(3 + 553 + 1554 + 955) s}
+ 4szcbf71sgcg(3s§ + 352(—1 + Sz%’) + sfi(l + 14s§)) + sbcbfflsgcg@ + 6s§, + 6s3(—1 + sé) + s§(3 + 28s§,))],

bio = —2a*m[(1 + 3s%)s,c, + 253(1 + 3s%)s,¢, + 2s,¢,(1 + 252)f],
¢y is an arbitrary constant,
¢y = —2m[(1 + 3s3)s,c, + 255(1 + 353)s,¢, + 25,,(1 + 253)f],
P = —4\/§msbcbcﬁf,

Dy = —4\/§m263[s§sgcg + 455(2 + 555 + 3s8)s,c,f? + 4s}(2 + 5575 + Bsh)s,c f?
+ 255¢,¢5(3 + 253)f + spcp(3s3 + 2¢2s3)f ]

p3 = —2\/3?ma(c,27 + 57)54C3,
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Py = —8\/§m3cfi[s3sgcg + 657532 + 555 + 35)s . f2 + 855(2 + 655 + Tl + 35§)s,c, f?
+ 45} (4 + 9(s% + sD)sgco f2 + spepsi(sy + 3chs2)f + dsyepci(6 + 1053 + 3s)

+ (8 + 1953 + 9s3)s§)f3 + 2szcbc§(8s§, +6s4(1 + 3s§) +55(11 + 32s§))f3], (A24)
ps = —4\/§m2asdcfi[(c,27 +57)(s3 + 2s7¢3) + 31 + 1257 c5¢5f%)sz ], (A25)
P = —4Bma’s,c,cif, (A26)
p7 = —16V3m* s}l fHAs3A(8 + 1552 + 9sh)s,c, + 555320 + 2452 + 9sh)s ¢, + 453(8 + 2457 + 2454 + 9595,
+3c,shf el +Asho, T2 4 553+ 358 (1 + 2s2) + 257¢,f T (452 + s3(6 + 9s2) + 53(5 + 1152))], (A27)

ps = —8\/§m3as127sdcﬁf3[8sbc2sgcg + 35372 +4sf (1 + 355c2) +4stf N2 + 52+ 3s3c)] (A28)

Py = 4\/§mzazc§f2[s2f_2sgcg + 4si(—l + 4s§ + 3s2)sgcg + 4sé(—1 + 453 + 3sg)sgcg

+ 255 e f (=1 + 25552) + spcpsif (=1 + 2¢5s3)] (A29)
Pio = —2\/§ma3(c% + 52)s4¢3, (A30)
g1 = —23BameyfI(1 + 257)s3f s, + 2spcp0,], (A31)

gy = —4\BamPe f2[s5(4 + 1557 + 95%)s,¢2 + 2575, (4 + 1752 + 3754 + 1856 + 2(2 + 452 + 155 + 959)s2)
+ 575,(8 + 2257 + 6554 + 3658 + 42 + 457 + 155h + 95)s2) + spc,f e (=254 + 253 + 53(3 + 10s2))
+ 2szcbfflcg(3 — 2% + 2s§, + 533 + 10s§,))], (A32)

qz; = —Z\Eazmsdcdf[—Zsbcbsg + f’lcg + 2s%f716g], (A33)

qs = —8\Bam’c fLsf T (4 + 1153 + 653)s,¢2 + dsicpcle (6 + 1053 — 654 — 955 + (8 + 3953 + 335% + 65)52)
+ 5252 f s, (12 + 3157 + 6854 + 365 + 2(9 + 1952 + 3554 + 1855)s2) + 255715, (8 + 2257 + 5054 + 7855
+ 3655 + (8 + 3153 + 6057 + 815 + 3658)s2) + 550,851 2c, (353 + s5(=3 + 2s2) + s3(1 + 11s2))
+ 4s8¢3 7'sg(4c§ + 9sflc§ + 12sgcé + 5420 + 21s§)) + 2szcbcg(8s§ + s2(11 + 753 — 24s%
— 1856 + 6¢2(8 + 1153 + 25%)52))], (A34)

qs = 4\/§a2m2sdcdf2[2sbchf_lsg(7s5 + (=1 + 852 + s%)s2) + 4sic,f s (1 + 753 + (=1 + 853 + s%)s52)
+ 20 (s5(=1 + 52) + (=1 = 353 + 250)s2) + 2s7c,(—4 — 1355 + 255 + 655 + 2(1 — 14575 — 57 + 659)s3
+Asie,(—4 + 53 + 55(—8 + 55 + 355 + (=14 — 55 + 655)s53))], (A35)

g6 = —2V3a3me fI(1 + 252)s3f s, + 25,¢,¢,] (A36)

g7 = 163Bam®s,c f*[sps5f 72T + 4s2)s,¢3 + cpsSf 3¢ + 53525,(—20 + 1853 + 14857 + 14955 + 4258
+ (=8 + 3853 + 15957 + 15155 + 4258)52) — 4s]cGs,(8 + 555 + 654 + 2(4 + 3(s3 + 5%))s2
+ 4sgcbc2fflcg(—2 — 4s§ + 6526?, —s3(1 + 6s§)) + s%cbsfifflcg(—3 + 1332, + 18sgc§ + 55(11 + 2952,)
+ 5533 + 38s2)) + 2s3c%s,(—16¢2 + 12s5¢2 + sh(11 + 752) — 453(9 + 10s%) + s5(40 + 395s2))
+ 25} f T e (=45 + s3(=5 = 353 + 3s3(s2 + 25317 2c2))], (A37)
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s = 833a2m?s ycaf* (25554 + 59 f 25,2 4+ sS4+ s352f e (=3 + 5T+ 275
+ 185G + (17 + 1153 + 2654 + 1859)s2) + 253¢p5,(—4 + 1552 + 7754 + 6456 + 1258
+ (4 + 2153 + 7654 + 6355 + 12s2)s§) + 4sgc§fflcg(—2 + 3s§ + 6sgc§ — s3(4 + sz,)
+ 54(5 + 652)) + 457 cp 5325, (23 + 2552 + 652 + 53(26 + 2752))

+4stf e (=1 + 453 + 53(=5 + 1052 + s3(1 + 852 + 353(5 + 353)c2)))],

(A38)

qo = 4\/§a3mzcdf2[2s§f*2sgc§ — spCpsif leg(1 = 653 + 253¢2) = 2s5cpf e (1 + s3(1 — 652) + 255¢2)
+ 2585,(—=2 + 1258¢% — 52(5 + 652) + s4(15 + 1452)) + s75,(—4 + 24552 — 653(1 + 252) + s4(33 + 2852))],

qi0 = ra
= —2\/§a4msdcdf[—2sbcbsg + f e, + 255f e,
(A40)
r is an arbitrary constant, (A41)

ry = —Zﬁmsdcdf[—Zsbcbsg + f e, + 255f e, ]
(A42)

APPENDIX B: D =4 SL(2, R) DUALITY

In this section, we summarize the results of the solution-
generation technique [10] using the SL(2, R)-duality
symmetry [2] of five-dimensional minimal supergravity
dimensionally reduced to four dimensions. Since this
solution-generation method is already described in detail
[10], we will be brief.

The Lagrangian is

1 1
L= E<5>(R<5> — ZFW,FMN) — ———eMNPORE W FpoAg.

123
(B1)

M, N, ... are five-dimensional curved indices running over
0,1, 2,3, and 5. E® is the determinant of the vielbein

1
Eg)A [P 2E(4)a# Bup
0 p

of the metric GUy = ECVEWE 15, ap = diag(—1, +1,
+1, +1, +1). x* (u = 0, 1, 2, 3) are the four-dimensional
coordinates. We take 9/dx° as the Killing vector.

After the dimensional reduction and dualizing the gauge
field A ,, we end up with a four-dimensional SL(2, R)/U(1)
nonlinear sigma model coupled to two U(1) gauge fields
and gravity:

(B2)

8

(A39)

|
.£ + -ELag.muh. = E(4)R(4) + 'ES + ‘EV
(up to a complete square),

3 1
L= —E(4)(§aﬂlnpa“lnp +59723,;,A55”A5)’ (B3)

1
‘EV = _ZE(4) GZ;,VNMVPO-GpO"

Here, N#¥P7 is given by
NHVPT = | HPPT - g(%)RVPT,
Viimvl=K-— %(@@*K + KO*®P) + %@@*21@,
Viav'l = —®*K — @ + %(CIHI)*zK + KO*2®)
+ %q@*q) — %@@*31(43, (B4)

where 1#4VP0 = %(G(4)Mp(;(4)w — G(4)VPG(4)”"), (x)1rPo =
%E(“)*le””/"’, with

VE(p‘% 0) E( 0 x/§¢>
0 p% ' \/§¢ o )
. _ 2¢ 0 _ o]
(I)—<O o) K=(+ &)~} (BS)
QSELP_IA
N

The two-component vector

- AMV
6= (47

contains the field strengths of two U(1) gauge fields A x and
B,,, where A u 1s a dual of A ,. Their relation is

~ 2 4 1
with Fil) = Fl,, + B,,As, Fl, = 9,A}, — 3,A],, B,, =
d,B,— d,B,,and A}, = A, — B,As.

(B6)

v
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Let
. G,u,u
:]:,u,v - (g‘[l“,)

be a four-component field strength vector consisting of
G, and

5_[/&
j-[ v = MV) = m(*G) v Clg v
u (Hﬁp u ©

Also let V_, V. be scalar-field-dependent 4 X 4
matrices

(B7)

Then it was shown [2] that all of the equations of motion
and the Bianchi identity are invariant under the SL(2, R)
transformation

Fuv=> A Fu (B8)
(V_VIIV_ V.o A(V_VI)I'V_V_.A (B9
where A is an SL(2, R) group element generated by
(0 0 2 0
I O
0 V3 0 0f
\vi 0 0 0/
[0 0 0 \/5\
|00 V30 , and (B10)
2 0 0 0
\o 0 0 o)
(1 0 0 0
P e
o 0 -1 0
\0 0 0 3

PHYSICAL REVIEW D 87, 024027 (2013)

Using this SL(2, R) invariance, one can obtain a new
solution by enacting this SL(2, R) transformation on vari-
ous fields of a known solution. In this paper, A is taken
to be

A = e oF o= BF', (B11)

then the transformation rules are given by the following
formulas:

p
new — , B12
P v apr v g O
+ 51+ aB + B2 + Bp?
Ao — \/g(a VA a,BA ;375) : 2,3P B13)
(1+aB+ B2+ B
B = V3B2yA, + (v’ + V3By%As)B,
—\3BY’A, + BB, (B14)

A = [V3BPyAX™ — B2+ 3ap)A,
+ [—VBay? + YPARY — As((1 + 4aB + 32 B2)
~ V3BY2AI))B,, +[(1 + 4aB + 3aB?)
— V3BYPAEMA, + [—V3B2 + BPAXVIB,,
(B15)

where A n and EM are ‘““vector potentials” of AM and

HE,, satisfying
(dA),, =A,, (dB),, = HE,  (Bl16)
respectively. E® remains unchanged through this

transformation.
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