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Using the SLð2; RÞ duality in a dimensionally reduced spacetime in (the bosonic sector of) five-

dimensional minimal supergravity, we construct general Kaluza-Klein black hole solutions which carry

six independent charges: its mass, angular momentum along four dimensions, and electric and magnetic

charges of the Maxwell fields, in addition to Kaluza-Klein electric and magnetic monopole charges.
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I. INTRODUCTION

In string theory and various related contexts, higher
dimensional black holes have played an important role. In
particular, physics of black holes in the five-dimensional
Einstein-Maxwell-Chern-Simons theory has recently been
the subject of increased attention, as the Einstein-Maxwell-
Chern-Simons theory describes the bosonic sector of
five-dimensional minimal supergravity, a subsector of a
low-energy limit of string theory. The dimensional reduc-
tion of minimal supergravity to four dimensions yields two
Maxwell fields, a massless axion, and a dilaton, all coupled
to gravity [1], where (as was shown in Ref. [2]) the equa-
tions of motion derived from the dimensional reduction are
invariant under the action of a global SLð2; RÞ group, by
which the Maxwell fields are related to the Kaluza-Klein
electromagnetic fields. This so-called SLð2; RÞ duality ena-
bles us to generate a new solution in (the bosonic sector of)
five-dimensional minimal supergravity by starting from a
certain known solution in the same theory.

Known Kaluza-Klein black hole solutions of five-
dimensional minimal supergravity are summarized in
Table I, where they are classified by their conserved charges
(from the four-dimensional perspective): mass, angular
momentum, Kaluza-Klein electric/magnetic charges, and
electric/magnetic charges of the Maxwell field. As shown
in the list, the most general black hole solutions with a full
six independent charges, which are expected to exist [11],
have not been discovered so far. The aim of this paper is to
present such exact solutions describing general Kaluza-
Klein black holes with their full six charges obtained by
using our framework [10,12] of the SLð2; RÞ duality.

In our previous work [10], applying the SLð2; RÞ-duality
symmetry to the Rasheed solutions [13], which are known
to describe dyonic rotating black holes (from the four-
dimensional point of view) of five-dimensional pure grav-
ity, we obtained six-charge rotating Kaluza-Klein black
hole solutions in five-dimensional minimal supergravity.

However, it turns out that four of these conserved charges
(Kaluza-Klein electric/magnetic charges and electric/
magnetic charges of the Maxwell field) are related by a
constraint; namely, these parameters are not wholly
independent. In this paper, we alternatively use as a seed
solution the boosted rotating (electrically/magnetically
charged) black string solutions with five parameters
obtained in Ref. [9]. As is well known, the boost along
the fifth dimension yields a Kaluza-Klein electric charge
in the dimensionally reduced four-dimensional theory.
Therefore, our starting-point solutions have five charges
(mass, angular momentum along four dimensions, the
Kaluza-Klein electric charge, and electric/magnetic
charges of the Maxwell field). The SLð2; RÞ-duality trans-
formation then adds the missing Kaluza-Klein monopole
charge to the seed solution.
The remainder of this paper is organized as follows: In

the next section, we present the metric and gauge potential
1-form of the Maxwell field of the seed solution, which is
our starting point. In Sec. III, by enacting the SLð2; RÞ
transformation on the seed solution, we derive the most
general Kaluza-Klein black hole solutions in the above
sense, and note the metric and Maxwell fields. In Sec. IV,
we show that our solution describes rotating black holes
with six conserved charges (mass, angular momentum,
Kaluza-Klein electric/magnetic charges, and electric/
magnetic charges of the Maxwell field) in the dimension-
ally reduced four-dimensional theory. In Sec. V, we discuss
limits of our solution to some known ones. Section VI is
devoted to summarizing our results. The new solution
contains complicated polynomials of r (the radial coordi-
nate) and x ¼ cos� (with � being an angle coordinate), and
their coefficients are collected in Appendix A. Finally,
Appendix B is a brief summary of the SLð2; RÞ duality.

II. SEED SOLUTION

In this paper, as seed solutions we choose the black
string solutions with five independent parameters found
in Ref. [9], whose metric and gauge potential 1-form are
given, respectively, by

*tomizawa@mx.ibaraki.ac.jp
†mizoguch@post.kek.jp

PHYSICAL REVIEW D 87, 024027 (2013)

1550-7998=2013=87(2)=024027(11) 024027-1 � 2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.87.024027


ds2 ¼ �

�ðF1 þ �2Þ2
ðdx5 þ B�dx

�Þ2

þ �1=2ðF1 þ �2Þ
�1=2

�
��1=2�2

�1=2
ðdtþ!d�Þ2 þ �1=2

�1=2

�
�ð1� x2Þ

�2

d�2 þ dr2

�
þ dx2

1� x2

��
; (1)

A ¼ �
ffiffiffi
3

p ðcgF3 þ sgF2Þ
F1 þ �2

dtþ
�
2

ffiffiffi
3

p
mc2d

�2

f�2sbcbf�xþ asdð2ms2bð6c2bc2df2 � 1Þ þ ðc2b þ s2bÞrÞð1� x2Þg

�
ffiffiffi
3

p
F1 þ�2

�
4masbcbc

3
dfðrþ 2s2bmÞ
�2

ð1� x2Þ þ F3!�

��
d��

ffiffiffi
3

p ðcgF2 þ sgF3Þ
F1 þ �2

dx5; (2)

where

B�dx
� ¼ �cgsg�2ðF1 þ�2Þ3 þ ðsgkþ cg�Þðcgkþ sg�Þ

�
dt

þ
k!�ðksg þ cg�Þ � sg�2ðF1 þ�2Þ3!� þ ðsgkþcg�Þð4macbsbc

3
d
ðrþ2ms2

b
ÞÞð1�x2Þffiffiffiffiffiffiffiffiffiffi

1þ3c2
d

p
�2

�
d�; (3)

! ¼ cg!� þ sg
�4macbsbc

3
dðrþ 2ms2bÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 3c2d

q
�2

ð1� x2Þ; (4)

!� ¼ �2mac3d
1� x2

�2

�
2ms2b

�
c2b þ s2b �

4c2b
1þ 3c2d

�

þ rðc2b þ s2bÞ
�
; (5)

� ¼ ðsgkþ cg�Þ2 � s2g�2ðF1 þ �2Þ3; (6)

� ¼ r2 � 2mrþ a2; �2 ¼ r2 � 2mrþ a2x2; (7)

� ¼ ðF4 þ �2ÞðF1 þ�2Þ � F2
2;

k ¼ F5ðF1 þ�2Þ � F2F3;
(8)

F1 ¼ 2mc2d½2ms2bðs2b þ s2dc
2
bf

2Þ
þ ðc2b þ s2bÞrþ 2asdsbcbfx�; (9)

F2 ¼ 2msdcd½2msbcbfð�1þ ðc2b þ s2bÞc2dÞ
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F5 ¼ 2m½2msbcbfð�1þ ðc2b þ s2bÞc4dÞ
þ 2sbcbfr� as2dðc2b þ s2bÞx�; (13)

sb ¼ sinhb; cb ¼ coshb; sd ¼ sinhd;

cd ¼ coshd; sg ¼ sinhg; cg ¼ coshg;
(14)

TABLE I. Classification of Kaluza-Klein black holes in five-dimensional minimal supergravity: The six charges M, J, Q, P, q, and
p denote, respectively, their mass, angular momentum, Kaluza-Klein electric charge, Kaluza-Klein magnetic charge, electric charge,
and magnetic charge.

Solutions in D ¼ 5 minimal supergravity M J Q P q p

Gaiotto et al. [3] Yesa No Yes Yesa Yesa No

Elvang et al. [4] Yesa No Yes Yesa Yesa Yesa

Ishihara-Matsuno [5] Yes No No Yes Yes No

Nakagawa et al. [6] Yes No Yesa Yesa Yesa Yesa

Tomizawa et al. [7] Yes No Yes Yes Yes Yes

Tomizawa et al. [8] Yes Yes No Yes Yes No

Compere et al. [9] Yes Yes Yes No Yes Yes

Mizoguchi-Tomizawa [10] Yes Yes Yesa Yesa Yesa Yesa

aEach solution are not independent but related by a certain constraint.
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f ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3c2d

q : (15)

Here, we would like to note that our definition for the
function � is different from the one in Ref. [9]. As will
be seen later, the familiar parameters m and a denote the
mass and rotational parameters, respectively, and the pa-
rameters b, d, and g correspond to the magnetic charge,
electric charge of the Maxwell Uð1Þ gauge field, and
electric charge of the Kaluza-Klein Uð1Þ gauge field,
respectively.

III. TRANSFORMATION

Now, in order to construct six-charge solutions, we apply
the SLð2; RÞ-duality transformation to the above solution.
Some necessary transformation formulas developed in our
previous work [10] are briefly summarized in Appendix B.
From Eqs. (1) and (2), one can read off the dilaton and
axion for the seed as

� ¼ �1=2ffiffiffi
�
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; A5 ¼ � ffiffiffi

3
p sgF3 þ cgF2
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Therefore, from Eqs. (B12) and (B13) in Appendix B,
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On the other hand, from Eqs. (B14) and (B15) in
Appendix B, the gauge potential 1-forms of Kaluza-
Klein’s and Maxwell’s Uð1Þ gauge fields for the trans-
formed solutions are written as

Bnew
� ¼ ffiffiffi

3
p

�2� ~A�þð�3þ ffiffiffi
3

p
��2A5ÞB�

� ffiffiffi
3

p
��2A�þ�3 ~B�; (20)

Anew
� ¼ ½ ffiffiffi

3
p

�2�Anew
5 � �ð2þ 3��Þ� ~A�

þ ½� ffiffiffi
3

p
��2 þ �3Anew

5 � A5ðð1þ 4��þ 3�2�2Þ
� ffiffiffi

3
p

��2Anew
5 ÞÞ�B� þ ½ð1þ 4��þ 3�2�2Þ

� ffiffiffi
3

p
��2Anew

5 Þ�A� þ ½� ffiffiffi
3

p
�2 þ �3Anew

5 � ~B�;

(21)

where the 1-forms ~B�dx
�ð� ¼ t; �Þ and ~A�dx

�ð�¼t;�Þ
can be obtained by integrating Eqs. (B16) and (B6) in
Appendix B, and they are explicitly written as
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where the function � is

� ¼ �s2�2ðF1 þ �2Þ3 þ ðcg�þ sgkÞ2
�

; (26)

and the constants a1; . . . ; a8, b1; . . . ; b10, c1, c2,
p1; . . . ; p10, q1; . . . ; q10, r1, r2 are related to the five pa-
rametersm, a, b, d, and g only (the explicit forms are given
in Appendix A). Note that the constant c1 can be set to zero
by a coordinate transformation.

IV. MOST GENERAL SOLUTIONS

From the previous section, we can get six-charge
Kaluza-Klein solutions in the same theory, whose metric
and gauge potential 1-form are written, respectively, as
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V. CHARGES

In this theory, the electric/magnetic charges (Q=P) of the Kaluza-Klein Uð1Þ field and electric/magnetic charges (q=p)
of the Maxwell field are defined, respectively, by
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where S2 denotes any closed two-surface surrounding the black hole. The two form fields H B and B are de-
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where Q and q=p are the electric charges for the Kaluza-
Klein Uð1Þ field, and the electric/magnetic charges for
the Maxwell field for the seed solution can be explicitly
written as

Q ¼ m½ð1þ 3s2dÞðc2b þ s2bÞsgcg þ 2sbcbðc2g þ s2gÞf�; (32)

q ¼ ffiffiffi
3

p
msdcd½ðc2b þ s2bÞcg � 2sbcbsgf�; (33)

p ¼ 2
ffiffiffi
3

p
msbcbc

2
df: (34)

Note that for the seed (boosted black string), the Kaluza-
Klein’s magnetic monopole charge P vanishes. One of the
two parameters � and � corresponds to adding a constant
to A5, which means a gauge transformation for the poten-
tial 1-form AM. Therefore, the remaining one corresponds
to adding a physical degree of freedom, i.e., a Kaluza-
Klein monopole charge.

In our previous work [10], we derived a different six-
charge solution starting from a different seed solution; the
charges of that solution were not wholly independent, but
four of them (P, Q, p, and q) were related by a certain
constraint. Here, we would like to confirm whether or not

these conserved charges are actually independent. As is
easily verified, the following Jacobian does not vanish:

@ðQnew; Pnew; qnew; pnewÞ
@ðb; d; g; �Þ ; (35)

which therefore means that these charges are independent
of one another. Also, it is clear that the massM and angular
momentum J are not related to these four charges.

VI. SOME LIMITS

Here, we study some limits to known Kaluza-Klein
black hole solutions by taking some parameter limits in
our solutions. First, we take the limit of � ¼ �1, � ¼ 1,
a ¼ 0, d ¼ 0. Defining the parameters ð%�; %0Þ by

%� ¼ 2ms2b; %þ ¼ 2mc2b;

%0 ¼ 2msgðsg þ 2s2bsg þ 2sbcbcgÞ;
(36)

and the coordinates ð%; �; c Þ by
r ¼ %þmð1� c2b � s2bÞ; x ¼ � cos�;

x5 ¼ 2mðsgcg þ 2s2bsgcg þ sbcbðcg þ sgÞÞc ;
(37)

one can obtain the following metric:
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This is the metric of the Ishihara-Matsuno solutions [5].
Next, we identify the radial coordinate and the parameters as % :¼ r� 2ms2b, � :¼ �b, � :¼ b� g, Mk :¼ m. Then,
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(43)

This exactly coincides with the metric of the charged
rotating Kaluza-Klein black hole solutions found in
Ref. [8].

VII. SUMMARY

In this paper, using the SLð2; RÞ-duality transformation
that the reduced Lagrangian possesses upon reduction to
four dimensions, we have succeeded in constructing gen-
eral Kaluza-Klein black hole solutions in (the bosonic
sector of) five-dimensional minimal supergravity, where
we have used the electrically/magnetically charged
boosted black string solution as a seed solution. Our solu-
tions are the most general ones in the sense that in that
theory, from a four-dimensional point of view, such a class
of regular black hole solutions can be specified by six
independent charges: its mass, angular momentum along
four dimensions, and electric and magnetic charges of the
Maxwell fields, in addition to the Kaluza-Klein electric and
magnetic monopole charges. From the five-dimensional

point of view, like known Kaluza-Klein charged black
hole solutions, the black hole spacetime has two horizons
(the outer and inner horizons), and although the cross-
section geometry of the outer horizon is of S3, at large
distances the spacetime behaves effectively as a four-
dimensional spacetime, which is due to the existence of a
Kaluza-Klein monopole charge.
The present metric form of our solutions is considerably

lengthy and complicated, which, as a result, makes it
difficult to analyze the physical properties of our solutions.
To do so, it should be written in terms of some physical
parameters such as M, J, Q, P, q, and p rather than the
transformation parameters �, �, b, d, and g. As a future
work, we would like to present it in a more compact and
physically clearer form.
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APPENDIX A: COEFFICIENTS

The coefficients a1; . . . ; a8, b1; . . . ; b10, c1, c2, p1; . . . ; p10, q1; . . . ; q10, r1, r2 in Eqs. (23)–(25) are given,
respectively, by

a1 ¼ �12m2sbsdc
3
df½cbðs2b þ c2bÞsg � 2sbc

2
bcgf�; (A1)

a2 ¼ a8a
�2 ¼ �2mac3d½ðs2b þ c2bÞsg þ 2sbcbcgf�; (A2)

a3 ¼ �8m3sdc
3
d½s2ds2gcg þ sbcbsgðs2d þ 3c2ds

2
gÞfþ 4s6bcgð�3� 4s2d þ ð3þ 5s2d þ 6s4dÞs2gÞf2

þ 6s4bcgð�2� 4s2d þ ð3þ 5s2d þ 6s4dÞs2gÞf2 þ 2s3bcbsgð�6þ 9s2d þ 6s4d þ 2ð6þ 19s2d þ 9s4dÞs2gÞf3
þ 2s2bcgð�4s2d þ 3ð1þ 3ðs2d þ s4dÞÞs2gÞf2 þ 4s5bcbsgð3þ 6s2g þ s4dð3þ 9s2gÞ þ s2dð9þ 19s2gÞÞf3�; (A3)

a4 ¼ �4m2ac3d½6sbcbð4þ 7s2d þ 3s4dÞs2gcgf3 þ 4s3bcbcgð1þ 3c2ds
2
gÞfþ sgðs2g þ 3s2dc

2
gÞ

þ 4s4bsgð5þ 6s2g þ 3s2dð5þ 3s2dÞc2gÞf2 þ 6s2bsgð2þ 4s2g þ 6s4dc
2
g þ s2dð9þ 10s2gÞÞf2�; (A4)

a5 ¼ 16m4s2bsdc
3
d½12s5bcbc4dsgf3 þ 12s6bc

4
dð2þ 3s2dÞcgf4 þ sbcbs

2
dð17þ 9s2dÞsgc2gf3 þ 3s4dc

3
gf

2 þ 2s3bcbsgð6ð2þ s2gÞ
þ 3s4dð4þ 3s2gÞ þ s2dð27þ 19s2gÞÞf3 þ 2s4bcgð12c2g þ 18s6dð2þ s2gÞ þ s2dð59þ 29s2gÞ þ s4dð84þ 39s2gÞÞf4
þ s2bcgð24s2g þ 9s6dð5þ 4s2gÞ þ s2dð34þ 42s2gÞ þ s4dð84þ 66s2gÞÞf4�; (A5)

a6 ¼�8m3as2bc
3
d½3s2dð4þ 15s2d þ 9s4dÞsgc2gf4 þ 2sbcbcgð3s2d þ ð4þ 21s2d þ 9s4dÞs2gÞf3

þ 4s3bcbcgð2þ 3s2d þ ð8þ 21s2d þ 9s4dÞs2gÞf3 þ 4s4bsgð3þ 4s2g þ 9s2dc
2
dc

2
gÞf2 þ 4s2bsgð2þ 3s2g þ 3s2dð2þ 3s2dÞc2gÞf2�;

(A6)

a7 ¼ 4m2a2sdc
3
d½s2dcgð1þ 2s2gÞ þ sbcbsgð3þ 4s2d þ 6c2ds

2
gÞfþ 2s3bcbsgð3þ 4s2d þ 6c2ds

2
gÞf

þ 2s2bcgð3þ 8s2d þ 6s4d þ 6ð1þ 3s2d þ 2s4dÞs2gÞf2 þ 2s4bcgð3þ 8s2d þ 6s4d þ 6ð1þ 3s2d þ 2s4dÞs2gÞf2�; (A7)

a8 ¼ a2a2; (A8)

b1 ¼ b6a
�2 ¼ 2masd½�2sbcbð3þ s2dÞsgcgf� ðc2b þ s2bÞs2dð1þ 2s2gÞ�; (A9)

b2 ¼ �4m2asd½4s3bcbsgcgð6þ 13s2d þ 3s4d þ ð3þ 14s2d þ 3s4dÞs2gÞfþ 2s4bð�3þ 10s2d þ 33s4d þ 18s6d

þ 2ð6þ 22s2d þ 51s4d þ 27s6dÞs2g þ 4ð3þ 5s2d þ 15s4d þ 9s6dÞs4gÞf2 þ s2bð�6þ 8s2d þ 57s4d þ 36s6d

þ 2ð12þ 32s2d þ 93s4d þ 54s6dÞs2g þ 8ð3þ 5s2d þ 15s4d þ 9s6dÞs4gÞf2 þ s2dc
2
gð2s2g þ s2dð3þ 6s2gÞÞ

þ sbcbsgcgð3þ 6s2g þ 6s4dc
2
g þ s2dð23þ 28s2gÞÞf�; (A10)

b3 ¼ �2ma2½ð1þ 3s2dÞsgcg þ 2s2bð1þ 3s2dÞsgcg þ 2sbcbð1þ 2s2gÞf�; (A11)

b4 ¼ �8m3asdf
4½s2df�4c2gð3s4d þ ð1þ 3s2d þ 6s4dÞs2gÞ þ 12s5bcbc

4
df

�1sgcgð7þ 24s2d þ 9s4d þ 2ð6þ 19s2d þ 9s4dÞs2gÞ
þ sbcbf

�3sgcgðs2d þ 24s4d þ 9s6d þ ð3þ 14s2d þ 45s4d þ 18s6dÞs2gÞ þ 12s6bc
4
df

�2ð�1þ 5s2g þ 6s4g

þ 6s4dð1þ 3s2g þ 2s4gÞ þ s2dð2þ 11s2g þ 10s4gÞÞ þ 2s4bf
�2ð�6þ 33s2g þ 42s4g þ 54s8dð1þ 3s2g þ 2s4gÞ

þ 9s6dð12þ 41s2g þ 30s4gÞ þ 3s4dð16þ 101s2g þ 94s4gÞ þ s2dð�10þ 145s2g þ 178s4gÞÞ
þ 4s3bcbf

�1sgcgð�3þ 24s2g þ s2dð44þ 121s2g þ 3s2dð47þ 39s2d þ 9s4d þ ð88þ 71s2d þ 18s4dÞs2gÞÞÞ
þ s2bf

�2ð6ðs2g þ 2s4gÞ þ 54s8dð1þ 3s2g þ 2s4gÞ þ 6s6dð15þ 53s2g þ 39s4gÞ
þ 2s2dð�4þ 43s2g þ 58s4gÞ þ 3s4dð7þ 66ðs2g þ s4gÞÞÞ�; (A12)
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b5 ¼ 4a2m2f3½f�3sgcgð3s2dð�1�2s2dþ s4dÞþð�1�6s2d�9s4dþ4s6dÞs2gÞþ2s2bf
�1sgcgð3ð�2�11s2d�25s4d�4s6dþ6s8dÞ

þ4ð�4�9s2d�24s4d�5s6dþ6s8dÞs2gÞþ2sbcbf
�2ð3s4dþ3ð�1�3s2dþ5s4dþ s6dÞs2g

þ4ð�1�3s2dþ3s4dþ s6dÞs4gÞþ4s3bcbf
�2ð�1þ3s4dþð�5þ3s2dð�3þ5s2dþ s4dÞÞs2g

þ4ð�1�3s2dþ3s4dþ s6dÞs4gÞþ4s4bf
�1sgcgð�5�8s2g�6s2dð4þ3s2gÞþ3s8dð3þ4s2gÞ

�2s6dð3þ5s2gÞ�6s4dð7þ8s2gÞÞ�; (A13)

b6 ¼ a2b1; (A14)

b7 ¼ �16am4sdf
5½sbcbs6df�4ð9þ 5s2dÞsgc3g þ s8df

�5c4g þ 4s7bcbc
6
df

�2sgcgð3þ 31s2d þ 30s4d þ 6ð3þ 8s2d þ 5s4dÞs2gÞ
þ s3bcbs

2
df

�2sgcgð�17þ 78s2d þ 318s4d þ 309s6d þ 90s8d þ ð27þ 150s2d þ 357s4d þ 316s6d þ 90s8dÞs2gÞ
þ 12s5bcbc

4
df

�2sgcgð�2þ 3s2g þ 15s6dc
2
g þ s2dð5þ 14s2gÞ þ s4dð26þ 30s2gÞÞ

þ s2bs
4
df

�3c2gð�3þ 27s2g þ 24s6dc
2
g þ 3s2dð4þ 15s2gÞ þ s4dð41þ 50s2gÞÞ þ 4s8bc

6
df

�1ð�6þ 24s2g þ 36s4g þ 36s6dc
4
g

þ 6s4dc
2
gð7þ 16s2gÞ þ s2dð1þ 92s2g þ 96s4gÞÞ þ 2s6bc

4
df

�1ð�12þ 36s2g þ 72s4g þ 144s8dc
4
g þ 6s6dc

2
gð43þ 70s2gÞ

þ s2dð�35þ 287s2g þ 354s4gÞ þ s4dð82þ 605s2g þ 534s4gÞÞ þ s4bf
�1ð�24s2g þ s2dð�34þ 142s2g þ 228s4g þ 216s10d c4g

þ 18s8dc
2
gð41þ 50s2gÞ þ 6s2dð�8þ 149s2g þ 164s4gÞ þ 3s4dð102þ 661s2g þ 564s4gÞ þ s6dð843þ 2469s2g þ 1628s4gÞÞÞ�;

(A15)

b8 ¼ 8a2m3f4½s6dð�1þ 3s2dÞf�4sgc
3
g þ 2sbcbs

4
df

�3c2gð2s2d þ ð�3þ 11s2d þ 6s4dÞs2gÞ
þ s2bs

2
df

�2sgcgð�3� 6s2d � 14s4d þ 63s6d þ 54s8d þ ð�15þ 30s2d þ 37s4d þ 78s6d þ 54s8dÞs2gÞ
þ 4s5bcbc

4
df

�1ð�2þ s2d þ 12s4d þ 3ð�4� 7s2d þ 21s4d þ 12s6dÞs2g þ 6ð�2� 3s2d þ 9s4d þ 6s6dÞs4gÞ
þ 2s3bcbf

�1ðs2dð�3þ 12s2d þ 41s4d þ 24s6dÞ þ ð�4þ 3s2dð�13� 5s2d þ 75s4d þ 87s6d þ 24s8dÞÞs2g
þ 8ð�1þ s2dð�3þ s4dð5þ 3s2dÞ2ÞÞs4gÞ þ 12s6bc

4
df

�2sgcgð�1� 2s2d � 3s4d � 2s2g þ 6s6dc
2
gÞ

þ 4s4bf
�2sgcgð�2� 5s2g þ s2dð�6� 9s2g þ 15s2dð�1þ s2gÞ þ 27s8dc

2
g þ 12s6dð3þ 4s2gÞ þ s4dð�6þ 32s2gÞÞÞ�; (A16)

b9 ¼ 4a3m2sdf
2½s2df�2c2gð1þ ð2þ 6s2dÞs2gÞ þ 2s4bð3þ 4s2d þ 3s4d þ 2ð3þ 7s2d þ 30s4d þ 18s6dÞs2g

þ 4ð3þ 5s2d þ 15s4d þ 9s6dÞs4gÞ þ s2bð6þ 12s2d þ 9s4d þ 6ð2þ 6s2d þ 21s4d þ 12s6dÞs2g þ 8ð3þ 5s2d þ 15s4d þ 9s6dÞs4gÞ
þ 4s3bcbf

�1sgcgð3s2g þ 3s4dð�1þ s2gÞ þ s2dð1þ 14s2gÞÞ þ sbcbf
�1sgcgð3þ 6s2g þ 6s4dð�1þ s2gÞ þ s2dð3þ 28s2gÞÞ�;

(A17)

b10 ¼ �2a4m½ð1þ 3s2dÞsgcg þ 2s2bð1þ 3s2dÞsgcg þ 2sbcbð1þ 2s2gÞf�; (A18)

c1 is an arbitrary constant; (A19)

c2 ¼ �2m½ð1þ 3s2dÞsgcg þ 2s2bð1þ 3s2dÞsgcg þ 2sbcbð1þ 2s2gÞf�; (A20)

p1 ¼ �4
ffiffiffi
3

p
msbcbc

2
df; (A21)

p2 ¼ �4
ffiffiffi
3

p
m2c2d½s2dsgcg þ 4s2bð2þ 5s2d þ 3s4dÞsgcgf2 þ 4s4bð2þ 5s2d þ 3s4dÞsgcgf2

þ 2s3bcbc
2
dð3þ 2s2gÞfþ sbcbð3s2d þ 2c2ds

2
gÞf�; (A22)

p3 ¼ �2
ffiffiffi
3

p
maðc2b þ s2bÞsdc2d; (A23)
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p4 ¼ �8
ffiffiffi
3

p
m3c2d½s4dsgcg þ 6s2bs

2
dð2þ 5s2d þ 3s4dÞsgcgf2 þ 8s6bð2þ 6s2d þ 7s4d þ 3s6dÞsgcgf2

þ 4s4bc
2
dð4þ 9ðs2d þ s4dÞÞsgcgf2 þ sbcbs

2
dðs2d þ 3c2ds

2
gÞfþ 4s5bcbc

2
dð6þ 10s2d þ 3s4d

þ ð8þ 19s2d þ 9s4dÞs2gÞf3 þ 2s3bcbc
2
dð8s2g þ 6s4dð1þ 3s2gÞ þ s2dð11þ 32s2gÞÞf3�; (A24)

p5 ¼ �4
ffiffiffi
3

p
m2asdc

2
d½ðc2b þ s2bÞðs2d þ 2s2bc

2
dÞ þ c2dð1þ 12s2bc

2
bc

2
df

2Þs2g�; (A25)

p6 ¼ �4
ffiffiffi
3

p
ma2sbcbc

2
df; (A26)

p7 ¼ �16
ffiffiffi
3

p
m4s3bc

4
df

4½4s5bc2dð8þ 15s2d þ 9s4dÞsgcg þ sbs
2
dð20þ 24s2d þ 9s4dÞsgcg þ 4s3bð8þ 24s2d þ 24s4d þ 9s6dÞsgcg

þ 3cbs
4
df

�1c2g þ 4s4bcbf
�1ð2þ 5s2d þ 3s4dÞð1þ 2s2gÞ þ 2s2bcbf

�1ð4s2g þ s4dð6þ 9s2gÞ þ s2dð5þ 11s2gÞÞ�; (A27)

p8 ¼ �8
ffiffiffi
3

p
m3as2bsdc

4
df

3½8sbc3bsgcg þ 3s2df
�1c2g þ 4s2bf

�1ð1þ 3s2dc
2
gÞ þ 4s4bf

�1ð2þ s2g þ 3s2dc
2
gÞ�; (A28)

p9 ¼ 4
ffiffiffi
3

p
m2a2c2df

2½s4df�2sgcg þ 4s2bð�1þ 4s4d þ 3s6dÞsgcg þ 4s4bð�1þ 4s4d þ 3s6dÞsgcg
þ 2s3bcbc

2
df

�1ð�1þ 2s2ds
2
gÞ þ sbcbs

2
df

�1ð�1þ 2c2ds
2
gÞ�; (A29)

p10 ¼ �2
ffiffiffi
3

p
ma3ðc2b þ s2bÞsdc2d; (A30)

q1 ¼ �2
ffiffiffi
3

p
amcdf½ð1þ 2s2bÞs2df�1sg þ 2sbcbcg�; (A31)

q2 ¼ �4
ffiffiffi
3

p
am2cdf

2½s2dð4þ 15s2d þ 9s4dÞsgc2g þ 2s4bsgð4þ 17s2d þ 37s4d þ 18s6d þ 2ð2þ 4s2d þ 15s4d þ 9s6dÞs2gÞ
þ s2bsgð8þ 22s2d þ 65s4d þ 36s6d þ 4ð2þ 4s2d þ 15s4d þ 9s6dÞs2gÞ þ sbcbf

�1cgð�2s4d þ 2s2g þ s2dð3þ 10s2gÞÞ
þ 2s3bcbf

�1cgð3� 2s4d þ 2s2g þ s2dð3þ 10s2gÞÞ�; (A32)

q3 ¼ �2
ffiffiffi
3

p
a2msdcdf½�2sbcbsg þ f�1cg þ 2s2bf

�1cg�; (A33)

q4 ¼ �8
ffiffiffi
3

p
am3cdf

3½s4df�1ð4þ 11s2d þ 6s4dÞsgc2g þ 4s5bcbc
2
dcgð6þ 10s2d � 6s4d � 9s6d þ ð8þ 39s2d þ 33s4d þ 6s6dÞs2gÞ

þ s2bs
2
df

�1sgð12þ 31s2d þ 68s4d þ 36s6d þ 2ð9þ 19s2d þ 35s4d þ 18s6dÞs2gÞ þ 2s4bf
�1sgð8þ 22s2d þ 50s4d þ 78s6d

þ 36s8d þ ð8þ 31s2d þ 60s4d þ 81s6d þ 36s8dÞs2gÞ þ sbcbs
2
df

�2cgð3s2g þ s4dð�3þ 2s2gÞ þ s2dð1þ 11s2gÞÞ
þ 4s6bc

2
df

�1sgð4c2g þ 9s2dc
2
g þ 12s6dc

2
g þ s4dð20þ 21s2gÞÞ þ 2s3bcbcgð8s2g þ s2dð11þ 7s2d � 24s4d

� 18s6d þ 6c2dð8þ 11s2d þ 2s4dÞs2gÞÞ�; (A34)

q5 ¼ 4
ffiffiffi
3

p
a2m2sdcdf

2½2sbcbf�1sgð7s2d þ ð�1þ 8s2d þ s4dÞs2gÞ þ 4s3bcbf
�1sgð1þ 7s2d þ ð�1þ 8s2d þ s4dÞs2gÞ

þ f�2cgðs2dð�1þ s2dÞ þ ð�1� 3s2d þ 2s4dÞs2gÞ þ 2s2bcgð�4� 13s2d þ 2s4d þ 6s6d þ 2ð1� 14s2d � s4d þ 6s6dÞs2gÞ
þ 4s4bcgð�4þ s2g þ s2dð�8þ s2d þ 3s4d þ ð�14� s2d þ 6s4dÞs2gÞÞ�; (A35)

q6 ¼ �2
ffiffiffi
3

p
a3mcdf½ð1þ 2s2bÞs2df�1sg þ 2sbcbcg�; (A36)

q7 ¼ 16
ffiffiffi
3

p
am4sbcdf

4½sbs6df�2ð7þ 4s2dÞsgc2g þ cbs
8
df

�3c3g þ s3bs
2
dsgð�20þ 18s2d þ 148s4d þ 149s6d þ 42s8d

þ ð�8þ 38s2d þ 159s4d þ 151s6d þ 42s8dÞs2gÞ � 4s7bc
6
dsgð8þ 5s2d þ 6s4d þ 2ð4þ 3ðs2d þ s4dÞÞs2gÞ

þ 4s6bcbc
6
df

�1cgð�2� 4s2g þ 6s4dc
2
g � s2dð1þ 6s2gÞÞ þ s2bcbs

4
df

�1cgð�3þ 13s2g þ 18s6dc
2
g þ s2dð11þ 29s2gÞ

þ s4dð33þ 38s2gÞÞ þ 2s5bc
2
dsgð�16c2g þ 12s8dc

2
g þ s4dð11þ 7s2gÞ � 4s2dð9þ 10s2gÞ þ s6dð40þ 39s2gÞÞ

þ 2s4bcbc
2
df

�1cgð�4s2g þ s2dð�5� 3s2g þ 3s2dðs2g þ 2s2df
�2c2gÞÞÞ�; (A37)
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q8 ¼ 8
ffiffiffi
3

p
a2m3sdcdf

3½2sbcbs4dð4þ s2dÞf�2sgc
2
g þ s6df

�3c3g þ s2bs
2
df

�1cgð�3þ s2d þ 27s4d

þ 18s6d þ ð17þ 11s2d þ 26s4d þ 18s6dÞs2gÞ þ 2s3bcbsgð�4þ 15s2d þ 77s4d þ 64s6d þ 12s8d

þ ð4þ 21s2d þ 76s4d þ 63s6d þ 12s8dÞs2gÞ þ 4s6bc
2
df

�1cgð�2þ 3s2g þ 6s6dc
2
g � s2dð4þ s2gÞ

þ s4dð5þ 6s2gÞÞ þ 4s5bcbs
2
dc

2
dsgð23þ 25s2g þ 6s4dc

2
g þ s2dð26þ 27s2gÞÞ

þ 4s4bf
�1cgð�1þ 4s2g þ s2dð�5þ 10s2g þ s2dð1þ 8s2g þ 3s2dð5þ 3s2dÞc2gÞÞÞ�; (A38)

q9 ¼ 4
ffiffiffi
3

p
a3m2cdf

2½2s4df�2sgc
2
g � sbcbs

2
df

�1cgð1� 6s2g þ 2s2dc
2
gÞ � 2s3bcbf

�1cgð1þ s2dð1� 6s2gÞ þ 2s4dc
2
gÞ

þ 2s4bsgð�2þ 12s6dc
2
g � s2dð5þ 6s2gÞ þ s4dð15þ 14s2gÞÞ þ s2bsgð�4þ 24s6dc

2
g � 6s2dð1þ 2s2gÞ þ s4dð33þ 28s2gÞÞ�;

(A39)

q10 ¼ r2a
4

¼ �2
ffiffiffi
3

p
a4msdcdf½�2sbcbsg þ f�1cg þ 2s2bf

�1cg�;
(A40)

r1 is an arbitrary constant; (A41)

r2 ¼ �2
ffiffiffi
3

p
msdcdf½�2sbcbsg þ f�1cg þ 2s2bf

�1cg�:
(A42)

APPENDIX B: D¼ 4 SLð2; RÞ DUALITY
In this section, we summarize the results of the solution-

generation technique [10] using the SLð2; RÞ-duality
symmetry [2] of five-dimensional minimal supergravity
dimensionally reduced to four dimensions. Since this
solution-generation method is already described in detail
[10], we will be brief.

The Lagrangian is

L ¼ Eð5Þ
�
Rð5Þ � 1

4
FMNF

MN

�
� 1

12
ffiffiffi
3

p �MNPQRFMNFPQAR:

(B1)

M;N; . . . are five-dimensional curved indices running over

0, 1, 2, 3, and 5. Eð5Þ is the determinant of the vielbein

Eð5ÞA
M ¼ ��1

2Eð4Þ�
� B��

0 �

 !
(B2)

of the metric Gð5Þ
MN ¼ Eð5ÞA

M Eð5ÞB
N �AB, �AB � diagð�1;þ1;

þ1;þ1;þ1Þ. x� (� ¼ 0, 1, 2, 3) are the four-dimensional
coordinates. We take @=@x5 as the Killing vector.

After the dimensional reduction and dualizing the gauge
field A�, we end up with a four-dimensional SLð2; RÞ=Uð1Þ
nonlinear sigma model coupled to two Uð1Þ gauge fields
and gravity:

LþLLag:mult:¼Eð4ÞRð4ÞþLSþLV

ðup to a complete squareÞ;
LS��Eð4Þ

�
3

2
@� ln�@

� ln�þ1

2
��2@�A5@

�A5

�
;

LV ��1

4
Eð4ÞGT

�
N
�
�G�:

(B3)

Here, N�
� is given by

N�
� ¼ m1�
� þ að�Þ�
�;

V�1mV�1 ¼ K � 1

2
ð���K þ K���Þ þ 1

4
���2K�;

V�1aV�1 ¼ ���K ��þ 1

2
ð���2K þ K��2�Þ

þ 1

3
����� 1

4
���3K�; (B4)

where 1�
� � 1
2 ðGð4Þ��Gð4Þ
 �Gð4Þ
�Gð4Þ�Þ, ð�Þ�
��

1
2E

ð4Þ�1��
�, with

V � ��1
2 0

0 �
3
2

 !
; � � 0

ffiffiffi
3

p
�ffiffiffi

3
p

� 0

 !
;

�� � 2� 0

0 0

 !
; K � ð1þ��2Þ�1;

� � 1ffiffiffi
3

p ��1A5:

(B5)

The two-component vector

G�
 ¼
~A�


B�


 !

contains the field strengths of two Uð1Þ gauge fields ~A� and

B�, where ~A� is a dual of A�. Their relation is

~A�
 ¼ �ð�Fð4ÞÞ�
 � 2ffiffiffi
3

p A5F
ð4Þ
�
 þ 1ffiffiffi

3
p A2

5B�
; (B6)

with Fð4Þ
�
 � F0

�
 þ B�
A5, F
0
�
 � @�A

0

 � @
A

0
�, B�
 �

@�B
 � @
B�, and A
0
� � A� � B�A5.
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Let

F �
 � G�


H �


 !

be a four-component field strength vector consisting of
G�
 and

H �
 � H ~A
�


H B
�


0
@

1
A � mð�GÞ�
 � aG�
:

Also let V�, Vþ be scalar-field-dependent 4� 4
matrices

Vþ ¼ V

V�1

 !
; V� ¼ exp

���

��

 !
:

(B7)

Then it was shown [2] that all of the equations of motion
and the Bianchi identity are invariant under the SLð2; RÞ
transformation

F �
 � ��1F �
; (B8)

ðV�VþÞTV�Vþ � �TðV�VþÞTV�Vþ�; (B9)

where � is an SLð2; RÞ group element generated by

E0 ¼

0 0 2 0

0 0 0 0

0
ffiffiffi
3

p
0 0ffiffiffi

3
p

0 0 0

0
BBBBB@

1
CCCCCA;

F0 ¼
0 0 0

ffiffiffi
3

p

0 0
ffiffiffi
3

p
0

2 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA; and

H0 ¼

1 0 0 0

0 �3 0 0

0 0 �1 0

0 0 0 3

0
BBBBB@

1
CCCCCA:

(B10)

Using this SLð2; RÞ invariance, one can obtain a new
solution by enacting this SLð2; RÞ transformation on vari-
ous fields of a known solution. In this paper, � is taken
to be

� ¼ e��E0
e��F0

; (B11)

then the transformation rules are given by the following
formulas:

�new ¼ �

ð1þ ��þ � A5ffiffi
3

p Þ2 þ �2�2
; (B12)

Anew
5 ¼ ffiffiffi

3
p ð�þ A5ffiffi

3
p Þð1þ ��þ � A5ffiffi

3
p Þ þ ��2

ð1þ ��þ � A5ffiffi
3

p Þ2 þ �2�2
; (B13)

Bnew
� ¼ ffiffiffi

3
p

�2� ~A� þ ð�3 þ ffiffiffi
3

p
��2A5ÞB�

� ffiffiffi
3

p
��2A� þ �3 ~B�; (B14)

Anew
� ¼ ½ ffiffiffi

3
p

�2�Anew
5 � �ð2þ 3��Þ� ~A�

þ ½� ffiffiffi
3

p
��2 þ �3Anew

5 � A5ðð1þ 4��þ 3�2�2Þ
� ffiffiffi

3
p

��2Anew
5 ÞÞ�B� þ ½ð1þ 4��þ 3�2�2Þ

� ffiffiffi
3

p
��2Anew

5 Þ�A� þ ½� ffiffiffi
3

p
�2 þ �3Anew

5 � ~B�;

(B15)

where ~A� and ~B� are ‘‘vector potentials’’ of ~A�
 and

H B
�
, satisfying

ðd ~AÞ�
 ¼ ~A�
; ðd ~BÞ�
 ¼ H B
�
; (B16)

respectively. Eð4Þ remains unchanged through this
transformation.
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