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Quantum field theory in the flat chart of de Sitter space
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We study the correlators for interacting quantum field theory in the flat chart of de Sitter space at all
orders in perturbation. The correlators are calculated in the in-in formalism which is often applied to the
calculations in the cosmological perturbation. It is shown that these correlators are de Sitter invariant.
They are compared with the correlators calculated based on the Euclidean field theory. We then find that
these two correlators are identical. This correspondence has already been shown graph by graph, but we

give an alternative proof of it by direct calculation.
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L. INTRODUCTION

In recent years, there has been rapid progress in the
precise measurement of the observable quantities in cos-
mology, e.g., the non-Gaussianity of the fluctuations gen-
erated during inflation, which is expected to be a powerful
tool as a probe of the early Universe. Along with the
development of these precise measurements, the need
arises for the accurate theoretical predictions of the corre-
sponding quantities.

When computing the non-Gaussianity, one needs to
discuss the interacting quantum field theory on an infla-
tionary background, in which one does not generally know
how to define the interacting vacuum. One often uses the i€
prescription in cosmology to calculate the correlators per-
turbatively. (See, for example, Ref. [1].) In the Minkowski,
this prescription is known to perturbatively give the
Poincaré invariant correlators for the interacting theory,
defining interacting vacuum as the lowest energy eigen-
state. Indeed, this prescription also enables us to calculate
the non-Gaussianity or higher correlations in the inflation-
ary era, but the physical meaning of it is not as clear as in
the Minkowski case. Our main interest in this paper is in
the meaning of the ie prescription for the interacting field
theory in de Sitter space.

The free scalar quantum field theory in de Sitter space is
well understood [2-5], while the interacting one is a hot
subject with a lot of debate [6—43]. We focus in the present
paper on the problem of whether the ie prescription for the
interacting theory breaks de Sitter invariance.

Since de Sitter space is maximally symmetric and pos-
sesses SO(4, 1), de Sitter symmetry, there is strongly
expected to exist a de Sitter invariant vacuum even for
the interacting theory. In fact, a de Sitter invariant vacuum
for the interacting theory is defined by constructing arbi-
trary correlators perturbatively at all orders by using the
Euclidean method [10]. While the vacuum states thus
constructed are manifestly de Sitter invariant, it is not
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obvious whether the ones defined by the ie prescription
in the flat chart are de Sitter invariant. Notice, for example,
that in the latter the integration region for the vertices in
calculating correlators is restricted to the future of the
cosmological horizon, which is not de Sitter invariant.

Actually, this problem has already been resolved affir-
matively in Ref. [11] for an interacting massive scalar field.
Namely, the i€ prescription does not break de Sitter invari-
ance for an interacting massive scalar field. Furthermore,
the vacuum defined by the ie prescription has been shown
to be equivalent to the Euclidean vacuum. The main
ideas in Ref. [11] are as follows. They start from correla-
tors defined on an Euclidean sphere and take, on the
Euclidean sphere, coordinates such that when we Wick
rotate the time coordinate continues to the static chart of
the Lorentzian de Sitter space. Then, after the deformation
of the integral path of the Euclidean time, falloff of the
propagator in the large separation limit leads to the identity
of the two correlators at least on the static chart. From the
analyticity of the in-in correlators for their time coordi-
nates, and the uniqueness of the analytic continuation, it is
shown that the in-in correlators in the flat chart are iden-
tical to the analytic continuations of those on an Euclidean
sphere.

Then, it is natural to ask what happens in the massless
field theory. What happens for the graviton in de Sitter
space has especially been a topic of much discussion.
(See, e.g., Refs. [13,21-23].) Our final goal is to extend
the correspondence between the two vacua to those inter-
acting in the massless field theory. It is also worth consid-
ering a derivatively interacting massless scalar field, which
can be a step toward the graviton.

It seems difficult to extend the discussion of the massive
field theory above to the massless field theory where the
propagator does not fall off in general, since the proof of
the correspondence between the two vacua relies on this
decay property of the propagator at a large separation as
explained above. In order to attack those theories, we take
another approach. That is, we directly calculate the corre-
lators with the ie prescription. We derive, along this way,
the analytic Mellin-Barnes formulas for the correlators of
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quantum fields in the flat chart. The resulting correlators
are shown to be completely the same as the analytic con-
tinuations of the ones considered in the Euclidean field
theory in Ref. [10]. Thus we find that the i€ prescription in
de Sitter space gives the vacuum state corresponding to the
Euclidean field theory. Although we consider only the
massive theory in the present paper, we believe that our
proof has the potential to be extended to a wider range of
theories which include the interacting massless theory such
as the derivatively interacting one, since it does not employ
the decay property of the propagator.

This paper is organized as follows. In Sec. II, we briefly
review how to describe de Sitter space, especially the flat
chart, and the massive free scalar quantum field theory on
it. The Pauli-Villars regularization scheme is also intro-
duced. Then we proceed to the interacting theory, in
Secs. III, IV, and V. We consider, in Secs. III and IV, a
tree graph which contributes to an N-point correlator with
a single vertex. Then in Sec. V, we extend the discussion to
arbitrary graphs. We give a brief summary in Sec. VL.

II. PRELIMINARIES

In this section, we briefly review the free scalar quantum
field theory on de Sitter space, especially in the flat chart.
We also introduce a Pauli-Villars regularization scheme for
later use.

A. de Sitter space

We consider D-dimensional de Sitter space dSP with,
for simplicity, unit radius. This is a hyperboloid embedded
in (D + 1)-dimensional Minkowski space with metric
Na = (=, +, ..., +). The embedding is specified by

NapXXP = 1. (1)

It is convenient to define the invariant distance between
two points X and Y in de Sitter space by the Minkowski
inner product of X and Y, which we denote as

Z(X,Y) = m,XY?, 2)

as in Ref. [9]. For brevity, we often use alternative notation
Zyy for Z(X,Y), Z,y for Z(X;,Y), and so forth in the
following.

The coordinates (7, x) in the flat chart are related to the
embedding coordinates as

0 :1<n_1) llxli?

2 n/ 27’
2
2 Ui 2n
xe=-2  (a=12...D-1),
M
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where ||x|| means the norm of (D — 1) vector x. The flat
chart coordinates with —o0 < 7 <0 and x € RP?~! span
just half of the whole spacetime region. In fact, the linear
combination
0 D 1
X'+ XP=—— 4
n
is restricted to the positive side for negative n. The metric
in the flat chart is expressed as

1
ds* = —2(—a’n2 + dx?). (®)]
n
Expressed in the flat chart coordinates, the invariant dis-
tance between X and X', Z(X, X'), is given by
a2 e — /12
R Vil L
2nm

where (n,x) and (7, x) are the flat chart coordinates
corresponding to X and X', respectively.

Z(X, X') =

B. Free quantum field theory on de Sitter

We now consider a massive free scalar quantum field
theory (QFT) on de Sitter space. We focus on the Green’s
function G(X, Y) given by

I'—o)'(c+D-1)

G = PR D))

D1+2Z
XZF](—O',0'+D—1; : XY), (7)

27 2
which corresponds to taking the Bunch-Davies vacuum

[44] or Euclidean vacuum [45]. o is related to the mass
of the field m by

D—1 D — 1\2
= — + _ 2‘
o 5 ( 5 ) m (8)

Expressing the hypergeometric function in the Barnes
representation, we have

a1 = [ (52 e, o
with
¢(V)'=1F[_U+ y,a+D—1+v,1—§—v]
- (4mPr Dig1-2-g '
(10)
Here

F[ al,az,...]
Bl’ BQ""
stands for I'(a))(ay) -+ /T (B)[(B,) - - -, and the sym-

bol [, (- - -) means the Barnes integral. The Barnes integral
is an integral along a straight line, C, that traverses from
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—ioo to +ioo parallel to the imaginary axis with the factor

1/27ri: /;(.”)::

The integrand of the Barnes integral includes sequences of
poles. For example, I'(z) possesses a sequence of poles at
z=0,—1,—2,.... The integration path C is taken to
avoid all the sequences of poles in the integrand. In the
case of the above Green’s function, C is taken to satisfy

d
) (11)

c2i

D
max{—Reo — D + 1,Rea'}<Rev<min{1 5 O}. (12)

This region of the integration path is called a ““fundamental
strip,” and the poles such that are associated with Gamma
functions like I'(- - - — v) (I'(- - - + »)) and hence such that
line up on the right- (left-) hand side of this strip are called
right (left) poles. (See Fig. 1.) The symbol like [, is used to
represent the Barnes integral in this meaning in the
following.

C. Pauli-Villars regularization

Because we consider the interacting theory in the present
paper, we have to introduce some ultraviolet regularization
scheme. We make use of the Pauli-Villars regularization.
This scheme attaches some massive propagators, G;(X, Y),
defined in Eq. (9) with m replaced by the regulator mass M,
to the original one, G(X, Y), so that we replace the original
propagator in a graph with the regularized propagator

G™¢(X,Y) 1= G(X,Y) + > C;G/(X, Y). (13)
The coefficients C; are chosen so that the regularized propa-

gator G™8(X, Y) becomes finite in the coincidence limit
Y — X, which leads to the conditions

Yci=-1, Ycmi=0, YCMi=0,... (14

Thislregularization 'scheme affects the pole structure of
Y (v) in (9), eliminating the first several right poles of

k4

—o—D-1

*— o— @ 1-D/2 |

- eo— o - 00— @

FIG. 1.
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¢ (v) which are responsible for the behavior of the
Green’s function in the coincidence limit [10]. The regular-
ized Green’s function is written as

Gre(X, Y) = / (ﬂ)vr(—y)wg(v), (15)

2

where we assume that ™8(») is regularized to be analytic in
the region

Re o < Rev < p, (16)

with p a sufficiently large positive constant. (See Fig. 1.) In
the following sections, we drop, for simplicity, the symbols
such as reg on G and .

III. INTERACTING QFT: SINGLE VERTEX

‘We now move on to the interacting theory. The interacting
QFT in the flat chart of the Lorentzian de Sitter space is
discussed in the present and the succeeding sections. When
we express the correlators in the wave number representa-
tion, we employ the ie prescription to calculate the correla-
tors for the interacting vacuum. This prescription regularizes
the oscillatory behavior of the Green’s functions at infinity
in time and makes the vertex integral converge. Although
what we discuss in the present paper is the position space
representation of the correlators, we also employ the ie
prescription to specify the interacting vacuum.

In this section, we discuss perturbative calculations of a
single vertex tree graph for the correlators. Then, we
identify the problems to be solved to accomplish this
calculation, which are solved in Sec. IV. In Sec. V, the
results for single vertex tree graphs are extended to arbi-
trary graphs.

A. Definition of the in-in path

Let us consider an N-point Green’s function. The
contribution to the N-point correlator at the lowest order
in the perturbation theory is given by

—o—D—1
*— o- -0 0

i R T B T ) p

The left figure shows the pole structure for ¢ (») which is not regularized. There are two series of left poles from v = ¢ and

v= —0o — D — 1 and right poles from » = 1 — D/2. The right one shows the pole structure for ™&(v) which is Pauli-Villars
regularized. The shaded region represents the fundamental strip in each figure.

024013-3



YUSUKE KORAI AND TAKAHIRO TANAKA

PHYSICAL REVIEW D 87, 024013 (2013)
b 17

FIG. 2. This figure shows the =m path P, which is later
deformed to P,. The dots represent the time coordinate 7; of
the external points, and the crosses are the branching points
corresponding to the light cones emanating from the external
points. The dashed lines are the branch cuts.

VX, Xy) = /Q dVyG(X,,Y) - G(Xy, Y). (17)

In the in-in formalism with the ie prescription, the inte-
gration region () for the vertex integral is specified as
follows.

We first introduce an m-integration path P on the 7
plane, independently of the spatial coordinates y, defined
as a curve which starts from —ooe ™€ and ends at —ooe’ as
shown in Fig. 2. All the external points are also supposed to
be placed along this path. In the case of the wave number
representation, this construction completes the definition
of the in-in path on the 7 plane. If we take the 1 path along
P, the integral converges with the integrand vanishing fast
enough in the past.

For the purpose of the present paper, it is more conve-
nient to use the position space representation to compute
the correlators. The vertex integrals involve the spatial
integration, too. As a starting point, we set the region of
the vertex integral () to P X RP~1 If we first carry out the
spatial integration before the temporal one, the integral
would diverge, because we then pick up the contributions
from the distant spacelike region. On the other hand, if we
integrate first for the time variable and then for the spatial
ones, the integral is convergent as we see in Sec. I'V. This
means that the integral over P X RP~! is not well defined
as a multiple integral.

To make the integral well defined as a multiple integral,
we modify the integral region by deforming the path of the
n integral P [11]. There are branching points on the 7
plane, which correspond to the intersections with the light
cones emanating from the external points. On the 7 plane
for fixed y, G(X;, Y) has the same structure of Riemann
surface as that of (1 — Z;y)”i, where »; is some complex
number and

1-Zy _(=n+mn)n—m)
2 4(=n)(—n,) '

(18)

where

miei=m e, =yl (=1...,N—1N). (19)

FIG. 3. This figure represents the deformed contour P, for
fixed spatial coordinate y. The original path P is deformed as
long as it does not cross the singularities.

Namely, the integrand has the same structure of Riemann
surface as that of

N
(—n)_(D+Zyi> [1G=n+n0)%(n =" (20)
i=1

The time integration is unchanged even if we deform the
integration contour as long as it does not cross singularities
of the integrand. Thus, we deform the contour P to P, such
that the maximum value of the real part of 5 on P, is equal
to max;{Ren;_} + b, where b is a small real positive
constant. (See Fig. 3.) This deformation on the 7 plane is
significant when the spatial coordinates of the vertex are
largely separated from those of relevant external points. To
the contrary, when ||lx; — y|| is small for i that realizes the
maximum among Ren; , the modified contour P, is
almost identical to the original one P.

Using this P, we define the integration region

Q:={(nyln € P,y € R’ (21)

in C X RP~!, The result of the integral is the same as that
obtained by integrating first for time and then for space for
the original integration region, but we emphasize that the
integral over () is now a multiple integral.

B. Problems to be solved in the calculations

Let us return to Eq. (17). Inserting Eq. (9) into Eq. (17),
we have

VN<XI,...,XN>=[deY[VI'--[VN[l]ﬁn—v,»)wv,-)]
M) e

i=1

If we can exchange the order of the integrals, [, dVy and

ce , we are led to calculate the following integral:
Lo T, g integ
1-Z v 1—-7 vy
M(Vl,...,VN_l,VN)=f dVY( IY) 1...( NY) .
Q 2 2
(23)

The first problem is to calculate this integral. This quantity
is shown to have an analytic Mellin-Barnes representation
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in Sec. IV, and hence, if this exchange of the order of
integration is allowed, V) can be represented in an ana-
lytic Mellin-Barnes form. It is not trivial whether this
exchange of the order of the integration is allowed or
not. This is the second problem. The same problem arises
also for arbitrary graphs as for the tree level graphs. We
will extend our discussion to arbitrary graphs in Sec. V.

IV. COMPUTATION OF THE MASTER INTEGRAL

The goal of this section is to compute the master
integral:

l_Z v l_Z Vn
M(Vl,...,vn,VN)ZdeY( IY)I...(inY)
Q

2 2
X (1 - ZNY)V”, (24)
2
where we have introduced n := N — 1 for convenience,
d”)’]dD_ly
dVy = —— (25)
Y (=P

is the invariant volume, and () is defined in Eq. (21).

A. Generating function for the master integral

In order to evaluate the above expression (24), we intro-
duce the following generating function:

N — 7.\
A (al,,.,, an) = / dVy(Z ail 2ZIY) s (26)
Q i=1

following Ref. [10], in which it was used to evaluate the
master integral on an Euclidean sphere. Here

Re A <0, ag...,a, =0, ay ‘=1, 27)

are assumed.

In this subsection we establish the relation between the
generating function and the master integral. Formally, in
the same way as in the Euclidean case discussed in
Ref. [10], the generating function (26) seems to be related
to the master integral (23) also in the present case as
follows:

[Step 1.] We first apply Eq. (A1) to the integrand of (26)
to obtain

ﬂ(al,...,an)zfﬂdvyr(i/\)f (@) -
X[ (a,) T T—uy, ..., —u, —uy]

1 - ZIX Uy 1 - ZNX)MN
X|—= e of — A 2
(=) ) o

where

uy = A= u; (29)
i=1
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[Step 2.] Next, we exchange the order of the integration,
JaodVyand [, --- [, tohave

Alay,..., a,)
1
N ul(al) ---ju”(an) nT—uyy .., =y, —uy]
X M(uy, ..., uy,, uy). (30)

Thus, the Mellin transform of ‘A gives M.

However, we have to prove that step 1 and step 2 are
indeed possible, which is the goal of this subsection. In
particular, step 2 requires that the integral over () is a
multiple integral. The convergence of the integral is rather
obvious when we consider the corresponding integral over
a compact Euclidean sphere, while it is not in the present
case where the integration region is noncompact. In this
subsection, we assume, for a technical reason, that the time
coordinates of all external points lie on the real Lorentzian
section, i.e., 7; € R_, y; € RP7! and, furthermore, that
any pairs of them are mutually spacelike separated.

Since the definition of the in-in path described in
Sec. III A requires the external points to lie along the in-
in path and therefore their time coordinates are complex in
general, we need some explanations of the in-in path for
this configuration. The path is defined on the 7 plane by
taking the limit Im 7; — O in P, introduced in Sec. ITI A. It
seems that the path in this limit must, at least partly, lie on
the n-real axis. However, since the external points are
mutually spacelike, the branch cuts, lying on the 7-real
axis, do not cover the whole 7-real axis. Therefore, the
limit can be taken without the pass Py, crossing the branch
cuts, and hence the in-in path in this limit is simply a
contour going from —ooe € to —o0e’€ as shown in Fig. 4.

Proof of step 1.—Note that the following inequalities
hold for arbitrary ¥ € ():

larg(1 — Z;yy) —arg(1 - Zy)| <7 (i,j=1,2,...,N).

(3D
In fact, arg(1 — Z,y) is given by
arg(l — Ziy) = arg(—=n + m;4) + arg(n — ;)
— arg(—n) — arg(—n,), (32)
7

—xe

FIG. 4. A figure representing the in-in path P, for the external
points which lie on the real Lorentzian section and are mutually
spacelike separated. The crosses represent the branching points
and the dotted lines the branch cuts.
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1

i~ M- i+ Mj+

FIG. 5. The dot represents the time coordinate of a vertex on
Py. The remainder of the summation of the arguments of two
vectors relevant to the subscript i and that relevant to the
subscript j gives |arg(l — Z;y) — arg(1 — Z;y)| as in (33).

and then, noticing that arg(—n;) = 0 since all the external
points are on the real Lorentzian section, we have

larg(l — Z;y) — arg(l — ZjY)l
= |arg(—n + n;4) + arg(n — n;-)
—arg(—n +n; ) —arg(n — ;). (33)

This quantity is less than 7 for any (7, y) € Q.
(See Fig. 5.) The inequality (31) is the sufficient condition
that the formula (A1) can be applied to the integrand of
Eq. (26). For a later purpose, we modify the integration
path Py as such that it satisfies

larg(l — Z;y) —arg(l — Zy)| < 7 — 6, (34)

for any i and j with a small positive number 6. This can be
achieved easily. Because | arg(1 — Z;y) — arg(l — Z;y)| is
close to 7 only in the small region surrounding the interval
(n; -, mj-)or(n; +, n; ), the path can be chosen to avoid
this region.

Proof of step 2.—We denote the integration paths for
uy,...,u, as Cy,...,C,, respectively, and define C :=
C, X -++ X C,. The sufficient condition to allow to ex-

PHYSICAL REVIEW D 87, 024013 (2013)

fc , du;/27ri, is that the integral is absolutely conver-
gent (Fub1n1 s theorem). In the present case, we should
examine the following integral:

I7 |4
|F( M)l Ck L 2ri
X (e (a) | [T[—uy, ..., —u,, —uyll
<[ |2 {2
2
(35)
where
d del
|dvy|==LT?¥;ﬁ52. (36)

If this integral is finite, then we can justify the exchange of
the order of integrals in step 2.

To show this, we focus on the integrand of the () integral
in the large brackets in Eq. (35) for fixed uy, ..., u,

(1 - Zly)"‘l . | (1 - ZNy)“N
2 2
Notice that

|(1=Ziy)“|=11—Zy|R exp[ —arg(1 — Z;y)Imu,]. (38)

Along the integration path of u; parallel to the imaginary
axis, Imu; varies while Reu; is fixed. By taking into
account that uy includes u; as given in Eq. (29), the part
depending on Imu; in Eq. (37) is factored out as

— Zny) Zy)Imuy;]. (39)

Since |arg(l — Zyy) — arg(l — Z;y)| is bounded as
shown in Eq. (34), this factor is bounded from above by
exp[(7w — &)|Imu;|]. Therefore, noticing that «; is real

(37)

exp[{arg(1 —arg(1l —

change the order of the integration, [, dVy and  positive number, we find that
|
-7 Reu, 1—-Z7 Reuy
) < Reu, . Reu, 1Y> < NY)
(B (35)] <yl [ v |(* .
d
[C uk TT—uy,.... —uy,, —uy ]| (7= O muge+ I |) | (40)
k=1

Since |['(x + iy)| = (2m)'/2e

—ml/2]y|x=1/2(]y| — +00), u, integrals in the second line in the last expression are con-

vergent. Therefore, our remaining task is to show that the volume integral

I_Zly)
dVv
[Q| yl< .

is also finite.

Reu,

Reuy

(=)

(41)

For this purpose, we first introduce a representative point X, with coordinates in the flat chart defined by

N
(n0, X0) 1= > pi(m;, x
i=1

(Pi=0.Ypi=1) (42)

and a domain D, far from X, in terms of the invariant distance by
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Dy :={Yl|Zoy| > Zo} N Q. (43)
Note that if we take Z; to be sufficiently large, we see that
|Ziy| = const X |Zoy| (YEDy,i=1,2,....N).  (44)

We divide the region () into ((Q\D,) and D, and evaluate
each contribution to (41) separately.

(i) Integral over Q\D,.—We further divide Q\D, into
K defined by

K :={(n,y) € Q\Dylllxo — yll > R} (45)

and its complement (Q\D,)\K. R is set large enough for K
not to include any external points. (See Fig. 6.)

(i-a) Integral over (Q\Dy)\K.—The region (Q\Dy)\K
is compact, but it contains the coincidence points (7, y) =
(m,, x;) at which the integrand of (41) diverges. Since y =~
x; around them, the path P, is identical to the original one
P, and hence n = n; + idn with real 67. Then, we have

[T = ZiylRe = ((6m)* + llx; — ylIP)Re (46)

around a point (7;, x;), which shows that (41) is finite as
long as we choose the integration path of u; to satisfy

Reu; > —D/2 (i=12...,nN), 47
which does not conflict with step 1. Recall that the funda-
mental strip of Eq. (28) contains the paths with Reu; for all
i being infinitesimally small negative constants.

(i-b) Integral over K.—We first see that, for ¥ € K,
|1 — Z,y| is bounded both from below and from above by
positive constants. Recall that the  path P, is defined by
deforming P not to touch 7; _ except for the case with y =
x;, which occurs in (Q\Dy)\K. Therefore, |1 — Z;y| does
not vanish, bounded from below by some constant ¢_ (>0).
It is also easy to show that |1 — Z;y| is bounded from above
by some constant ¢ . If |1 — Z;y| is sufficiently large, Zy
will be larger than Z,. Then, by the definition of K, Y is not

FIG. 6. This figure is a schematic of how we divide the
integration region (). There are D,, K, and (Q\Dy)\K. The
dots except for X, represent the external points. The dashed lines
represent schematically the “past light cone of X.”
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included in K. Thus, we conclude that, for some positive
constants ¢,

C7<|1_Zly|<c+ (YEK) (48)

Furthermore, one can claim that the volume of the region K
is finite, i.e.,

f |dVy| < +o0. (49)
K

In showing this, the nontrivial point is that the region K
extends to infinitely large ||y||. However, the region of the
7 integral is confined to the interval

Niy),— — b’ =Rem = ny)— + b, (50)

where b is the same constant used in defining the path
P, and i(y) is the label of the external point such that
Ni(y),— > M — for all k # i(y). Here the point is that one
can choose a large positive constant b’ to be independent of
y. In fact, the invariant distance between X, := (1., X;)
and the point corresponding to the above lower bound
dery = (ni(y),* - y) = (ni(y) - ”xi(y) - y” - b, y) is
evaluated as

|1 - Z(XOr dery)l

_ |00 = miy + iy — yll + 62 — llxigy) — yIP
210(0iy) — llxiyy — yIl = ')

!/
=T ey~ ol + B o), )
| = nol

In the last inequality we assumed [|x;,) — yll + b’ — +o0,
but this should be a good approximation in the region K.
Therefore, if b'/(| — nl) is taken sufficiently large com-
pared with Z,, the above range of n covers the whole
region of K. Thus, the volume [ |dVy| is bounded by

f ldVyl <c1f dD“yf%)’Mldnl
K llxo—yll>R Nigy),— —b' |77|D

dD*ly
< sz - _ .nD
leo—yll=R 1% — ¥l

where ¢; and ¢, are some appropriately chosen
constants of O(1). In the second inequality we used
Inl > [9;),- + bl = llx;y) — yll. Therefore, the integral
over K is proven to be finite.

(i) Integral over Dy.—We next proceed to the integral
over D,. Using Eq. (44), one can easily bound the volume
integral of our current concern from above as

1 —Zy 1 — ZNY)
fDO | (57 (

<eyx2A [ 1AV || Zoy IR,
D,

< +o00, (52)

Reu, Reuy

(33)

where ¢; is a constant of O(1) and we have used the
relation Y Nu; = A.
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In order to show that this integral is finite, we use Zy as
a time coordinate instead of 7, which leads the integration
measure to transform as

d?]dD_ly

NoZoy
Vlxo — ylIP + n3(Z3, — 1)

=11-

1od(Zoy)dP .

(54)

We substitute this into the right-hand side of (53).
Approximating Z3, — 1~ Z2, and introducing x :=
v/(—=m0Zoy), we find that the integral is finite as

+oo  dZ +00 1
|dVy||Zoy|ReA < ¢ f _—/ dx —
[DO e Yz 2R o T T 2

< +o00, (55)

()

where again ¢, is a constant of O(1).

(iii) Summary.—We have shown in this subsection that
the integral (35) is indeed finite when the external points
Xy, ..., X, and Xy lie on the real Lorentzian section and
are mutually in spacelike separation, as long as the inte-
gration contours for u, ..., u, satisfy the additional con-
ditions (27) and (47):

N D
ReA = R <0, Reu; > ——, ...,
e egu, eu >

D D (56)
Reu, > i Reuy > 5

Then, the order of two integrals [, dVy and
JcTTZ, du;/2mi in Eq. (28) is exchangeable, which
implies that the master integral M is given by the repeated
Mellin transform of “A. Furthermore, under these condi-
tions A(ay, ..., a,) is finite and thus from Eq. (30) the
master integral M (uy, ..., u,, uy) is also finite. That is, the
master integral M(uy, ..., u,, uy) is finite when the exter-
nal points are in the real Lorentzian section and are mutu-
ally in spacelike separation, with the conditions (56)
satisfied. The analytic expression for M is given in the
succeeding subsection, where the conditions on the exter-
nal points are relaxed.

PHYSICAL REVIEW D 87, 024013 (2013)

B. Calculation of the generating function

We now proceed to compute A and hence M, to show
its equivalence to the analytic continuation of the
Euclidean correlators. Again in this subsection we first
assume that all the external points X; lie on the real
Lorentzian section and that they are mutually in spacelike
separation. After that, we show that the time coordinates of
the external points 7; in the obtained expression for M can
be analytically continued to any point on the in-in path.

The expression for A given in Eq. (26) can be trans-
formed into

dn
La,) = db-1! [ 274
N b )P

N A
X(Zai_V'Y),
i=1

where V - Y is an inner product of V and Y with respect to
the (D + 1)-dimensional Minkowski metric and

ﬂ(al, ..

(57)

dn il A
ﬂ(a,...,a”)=f 4P f—zﬂ( a,.—v-y)
‘ w0 )=t

VO 4+ yP\D-1 i R*—V- V17
— A D1 _ D ' _ !
2 /RD?I d y( > ) [P; dr(—7) I:I_Zl a;+ 7 1 T]

= 2mi X 2_D+1‘)‘f dD“Rf
RP-! P

N
V=> aX,. (58)
i=1
Notice that
N N,
V+vb=%_—""Lt>0 v=>—""Lx. (59
=1~ M =1~ N
By setting
_VOtvP
T 5 ,
v (60)
R = (V0+VD)x—V=Z_’ (y — x;),
i=1 i
V - Y can be expressed as
R*—V-V1
V. Y=—-7+————, (61)
4 T
where
N ) N
V : V = nahV”Vb == ( al‘) + 2Zala](zl] - 1)
i=1 i<j
(62)
Thus, we obtain
dr -D-2 A A
R (63)

277

/
¥y
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where P is the scale-transformed path of P, by a factor of
(V9 + vP)/2, and

—F =VR* + J?},

\S] |

(64)

N

i<j

As is mentioned at the beginning of this subsection, we

have assumed that the external points are all mutually in

spacelike separation, so that

J?2>0, 7+ € R. (65)

Changing the integration variable further to & := 7 —
7_, we obtain

Alay,...,a,)=—27i X 27D“7"[

RD—I

d°~'R

-0 m-08, ©0
Tl

where
|

d¢ (g — _
Ao a%wiﬂﬂ

which is valid for Re(a + 8+ y + 1) <0.

It is not difficult to verify (68). We denote this integral as
I(a, B, ). When Rey > —1, the path C can be contracted
to the forward and backward paths along the negative real
axis. Noticing that only the argument of &Y changes
between these two paths, one can transform I(a, B3, y) as

I, B, y) = ﬁ ffw(—dx)e—fﬂvxv(x + A)(x + B)P
|

+o0 .
- (—dx)elw’yx’y .« e
2771

_ dx(x + A)%(x + B)Px".
Ty y+1] j

(69)
Next, we expand (x + B)?, using Eq. (A2), as

(x+ B)*?
=f1“[ _'8+/;’_M]x“83_“ (Ref < Reu < 0).
} _

(70)
|

./,4(011, ey

—atp—(a+ Byt
—a,—B,—y,y+1

a,) = —2m'><2*lH+‘[ dD*‘Rf r[
RDP-1 m

X 27H[F + VR + (R + )7,

PHYSICAL REVIEW D 87, 024013 (2013)
£

_/-*/_()—\A= B
- [ J

FIG. 7. The path C in the integral (68).

1
A= = _{F+VR*+ )%,

2 (67)

=VR? + J?

are both positive and C is the integration contour shown in
Fig. 7, which corresponds to P} but the direction is
reversed. (See Fig. 4 as a reference.) Notice that the path
C does not have to respect the i€ prescription here, because
this integral is convergent without relying on the ie
regulator.

In order to compute this integral, we use the formula

B=7,—1

Thatytlou ]AMBO(+B+7+1M, (68)

Substituting this into Eq. (69), we carry out the x integral
first to obtain

I(a, B, 7)
_fr “Btu—pmytltp —a-
M —'y,y-l-l,—,B,—a

X Aa+7+1+MBB_M'

y—l—u}

(71)

Of course, the convergence of the x integral imposes a
condition Re(a + y + 1 + w) < 0. This is in fact satis-
fied, because we can set Reu arbitrarily close to Ref as
long as ReB < Reu(<0) is maintained. If we change the
integration variable from u—>p—a—vy-—1, we
obtain the expression (68).

Finally, we remove the restriction Rey > —1.
In fact, the integrand is analytic for 7y, and the ¢
integration is uniformly convergent for 7y, as long as
Re(a + B + v + 1) <O0. Therefore, the integral is ana-
lytic for vy, which enables us to remove the restriction
Rey > —1 by analytic continuation.

Substituting Eq. (68) into Eq. (66), we find

D+A+uD—A—-14+pu,—pu,—-D+1—pn
D+ A—A—-AA+1

(72)
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We next carry out R integration, using the formula

k+tv+D—1

D1 Ut K —K
[D dPT'R[R? + PPTPIF + VR + P = 777[ F[ # ?
R”™ K

K+tv

]FMKJV+K+D1’ (73)
—u =5

which is valid when Re(uw + v + D — 1) <0. The idea of the proof of the above formula is not so different
from that of the formula (68). One applies Eq. (A2) to [F + vR? + J*]* to obtain

[F+\/mﬂ=f

K

— + ,
r[ g ]FM—K(Rz + %) (Rep <Rek <0). 7
M

Substituting this into the left-hand side of Eq. (73), we obtain

jD 1 dP\R[R? + J27?[F + VR? + J?]* = QD,zf
R0

F[ THTe K ]FMKJV*K*DI% j+°° dEE"T(1 + B)7,
0

x —p
(75)
where we have introduced a new integration variable Z := (|| R||/J)? and
20T
Qp_y =, 76
D—2 F(%) ( )

is the surface area of the D — 2-dimensional unit sphere. The E integral is convergent if Re(v + « + D — 1) <0, which
can be satisfied, since we can choose Rek arbitrarily close to Reu as long as Reu < Rex(<<0) is maintained. Integration
over = leads to (73).

Applying the formula (73) to the expression for the generating function (72) and replacing the integration variables «
and u, respectively, with

— A
wZ=K+ and pi=p+D—1, a7
we obtain

2w — A, —w ]

Alay, ..., a,) = (=227 ufr[
(e an) = (=2 w L=w+Z2L D+ A A -4 A+1

X[Z_pf[—)\+p,/\+1+p,—p,/\+D—1—2w—p]. (78)
p

Finally, we perform the p integration in the above expres-
sion for A, using the formula

Now applying the following formulas, known, respec-

tively, as Bailey’s summation theorem and the Gauss
second summation theorem [46],

]27PF[A+1+p,—)t+p,—p,)\+a—1—p]
p

2A+a72 a—1 a
= I'i-AxAa+1,—— A+, 79
N [ 2 z] 79)
which can be proven as follows. If we close the p path on
the left-hand side of (79) to the right, we have

1
2F1(a, 1 - a;y;§> = 21’7ﬁF|:y+_a ';/y+(é—a) ] (81)

2

j2’”F[)t+1+p,—)\+p,—p,)t+a—1—p]
p

_ 11y atB+3
2Fl(2a,2ﬁ,a+3+2,2)—\Er[a+%’ﬁ+%]’

1
I-AA+1LA+a 1]2F1( AA+1;2— ) a,) 82)

2
+217 42 A+ g,a—1,1— A —d]

1
><2F1<2)\+a,a—1;)t+a;§). (80)

we obtain after simple calculations (79). Substituting
a =D — 2w in (79), we find
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Alay, ..., a,) = (—i)(4m)P?
X’/'F[Zw—)\,—w,)\-i-%—w]
w D+ A —A
2w
X F"fzw(g) . (83)

Recalling the definition of F' and J, (64), we expand
FA=2vJ2% to be integrals with respect to the power law
indices of «;’s using Egs. (A1) and (10). Since the master
integral M is given by the Mellin transform of the gen-
erating function A, we finally obtain

| (4m)P/2
Y XTES P8y I8

X f(hij)[g(l_zzij)hur(—hij)]
X [l'[F(H,- - ui)]l“(§+ S - Zh,»,»),

(84)

.M(Vl, ..

. VN) =

where [ (ny) Tepresents N(N — 1)/2-hold integration
nlsi<jsN(fdhij/27T) and

i—1 N
Hii=> hy+ Y hy (85)
k=1 k=i+1

In the above derivation of the equivalence between the
expressions (24) and (84), we assumed that all external
points are mutually in spacelike separation. However, we
can easily extend the result (84) to the case of timelike
separation. First, notice that the integrand of Eq. (24) is
analytic for the time coordinates of the external points 7);
and also that this ) integral (24) continues to be well
defined and uniformly convergent even if 7; are analyti-
cally continued to the region of timelike separation. On the
other hand, the (%;;) integrals in (84) are convergent as long
as |arg(1 — Z;;)| < 7. This condition is satisfied when 7,
are placed on the original path P. Later, we need to replace
X; to Y and then Y is placed on the path P,. Even in
this case it can be easily verified that the conditions
|arg(1 — Zij)l < 7 are satisfied. As a result, by the unique-
ness of the analytic continuation, the master integral (24) is
identical to the expression (84) even if the separations
between some pairs of external points are timelike. As a
remark already mentioned at the end of the preceding
subsection, the parameters vy, ..., v,, vy must satisfy the
conditions (56) in order for M(vy,...,v,, vy) to be
defined.

Furthermore, without violating the convergence condi-
tions, we can continue the external points in (84) to the
Euclidean region where arg(l — Z;;) = 0. Then, we find
that the expression (84) is identical to the one obtained in
the Euclidean field theory in Ref. [10], except for the factor
of —i due to convention.

PHYSICAL REVIEW D 87, 024013 (2013)
V. INTERACTING QFT: ARBITRARY GRAPHS

In the preceding section, we computed the master inte-
gral for a massive scalar field using the in-in formalism in
the Lorentzian de Sitter space with the ie prescription
assuming the Euclidean vacuum at the level of the non-
interacting theory. We found that the resulting master
integral is the analytic continuation of the one computed
by the Euclidean path integral. Then, it might be expected
that these two perturbative correlators are equivalent to all
orders of perturbation. We will prove this equivalence
along our formulation in this section. Note that this equiva-
lence is already shown to all orders, graph by graph in
Ref. [11], in a strictly different way from the present paper.

A. Statement to be proven by induction

It is known that the Euclidean path integral gives us a
certain analytic form corresponding to any graph
Vy(X,, ..., Xy), which contributes to the N-point corre-
lator. The analytic expression for 'V is found in Ref. [10]
in the form

VX, ... Xy) = '[(h”)[lﬂ[(%)hﬁr(_hij)]vzv(hij),
DLi<]

(86)

where Vy(h;;) satisfies the following properties:
(1) The fundamental strip for each variable h;; of
V(h;;) contains the region

Re h’J e (0' - ?l’j(l’ll), O], (87)

where P;; is a linear combination of Re/,,; exclud-
ing Reh;; with non-negative coefficients."
(2) When h;; is in the region (87), Vy(h;;) falls off, for
fixed hy; except for h;;, as rapidly as
VN(' cey hlj =x+ ly, .. )_> 6*77|y|/2|y|x71 (lyl > 1)
(88)

In this section we shall show by induction that any
correlators calculated in the in-in formalism have the
same analytic form as the above obtained in the
Euclidean path integral.

We start with some (N + K)-point correlator
Vyik(Xy, ..., Xysx) which satisfies properties 1 and 2
above. The succeeding steps are as follows:

(a) Set K external points, Xy41,..., Xyix, in Vyig

toY

(b) Add M — N propagators connected to Y and inte-

grate over () with respect to Y, which gives a new
M-point correlator with more loops.

In Ref. [10], P;; is set to be “a polynomial function of all
Rehy,; except for Reh;; with non-negative coefficients,” which
does not matter here.
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Any graphs can be obtained by this construction, except
for the ones containing ‘“‘one-link’ loops, which are to be
renormalized. It has been already shown in Ref. [10] that
the intermediate (N + 1)-point function obtained in step
(a) satisfies properties 1 and 2. Therefore, what we have to
consider is step (b). The resulting correlator,
Vi (X, ..., X)), is given by

VX, ..., Xy) = [9 dVy VX, ..., Xy Y)

X GXy+1, ¥) - GXy, Y). (89)

Integration region () is specified in the same manner as in
Sec. IIT A, but now with M external points, X1, ..., X;;. We
show below that the M-point correlator given in Eq. (89)
has the form of Eq. (86).

B. Proof

We here set the external points in Eq. (89), X1, ..., Xy,
to lie on the real Lorentzian section with mutually space-
like separation for technical reasons as in Sec. IV. Once
we succeed in proving that V (X, ..., X)) in Eq. (89)
satisfies properties 1 and 2, it is obvious that the time
coordinates 1,(I =1,..., M) in V,(X,, ..., X)) can be
analytically continued to the timelike separation or the
Euclidean region for the same reason as we discussed for
M in the preceding section.

Representing the respective factors in (89) in the Mellin-
Barnes form, i.e.,(9) for G’s and (86) for VNH, we obtain

‘VM:'[QdVYj;h,-j)f[yi]l:ﬁ!(l _Zzij)h”r(—h,-j)]

X [ﬂ(l _2ZiY)yiF(_Vi):|VN+1(hij’ v;)

Xﬂm[fﬁ<L%QgW”—wmﬂwq,(%)

I'=N+1

where we have set the variables in the Barnes integral
of GXX;,Y)’s I'=N+1,...,M) to vy and those for

Vyip to hj(l=i<j=N+1) and we replaced
hin+1(1 =i =N) with v;. Here, we have denoted, in
short,

[Vi](' c) = ];I . LN( ), 1)

and so forth. The integrals for /;; and »; is a multiple
integral, and here we refer to the integration region for
them as C. We rewrite 'V, above, by using C, as

PHYSICAL REVIEW D 87, 024013 (2013)

Ndh M
VM—/dVYf e

i< 2771 ol l27Tl
r N1 — Zij hij
X _g( 3 ) F(_hij)]
M1 — ZIY)
X I'(—v)) |V (hi;, vy)
_[[1( 3 VI] N+1U1;
- M
x| T1 (p(y,/)]. (92)
~I'=N+1

Now the question is whether () integration and C
integration are exchangeable. In order to examine it, we
take the absolute value of the integrand and repeatedly
integrate it to see whether the integral is finite or not.
Here we consider the following repeated integral:

IR ) rn)
X Vi1 (R, Vi)|[l_[ |¢(V1')|]
<[ [ 1avil |TT ( Y e | 93)

where we have dropped the indices for [] and Y . As a
default, the ranges of various indices are understood as
1=i=sNN+1=I'=M,and1 =1 =M.

In order to evaluate () integration of the above expres-
sion, we apply the discussion in Sec. IVA but slightly
modify it. In Sec. IVA, the essential point is the bound
for |arg(1 — Z;y) — arg(1 — Zyy)|, because, in Sec. IVA,
the exponents u; of (1 — Z;y)’s in the integrand are not
independent since Y Vu; = A.

In this subsection, however, they are mutually indepen-
dent. Therefore, we should evaluate | arg(1 — Z;y)] itself.
In fact, noting that the part dependent on the external points
of the integrand of the () integration is expressed as

[T100 = Zy)[Rem exp[— D arg(l - Z,y)Imv,:I, (94)

we have to bound | arg(1 — Z,y)| for our purpose.

Since the regions on the n plane where |arg(l —
Z;y)| = 7 are half lines going from —oo to 7; _ or from
M7+ to +oo on the real axis, |arg(l — Z;y)| is obviously
less than 77 if Y € (). Furthermore, since the path P, on the
7 plane is, by definition, tilted by € in the far past and
deviates finitely from the region above, |arg(l — Z;y)|
is bounded by 7 — 8’ with 8’ being some finite positive
constant. Therefore, we can factor out the Imv;-dependent
part in Eq. (94) to obtain the bound

(Bq04)) < [TI(1 ~ Zi)I*" exp| (m — 8) 3 1wyl |

(95)
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Now the convergence of the volume integral follows in the
exactly same manner as before. Thus, we are led to discuss
the following integral:

[ s g e e
X Wiy 0l TT |w<v,/>|]exp[<w -8

2_771

X Xl |- =2l (96)

Recall that /(v) behaves as
[ (x + iy)| — e 3712yt

and  |[(x + iy)| = 2m)"/%e
Furthermore, V., behaves as

(Iyl>1), 7
“R 2|y — +oo).

[Vyii(hyy = x + iy, .. )| = e ™2y (Jy] > 1),

(98)

from property 2 of the assumption of induction, and the
same is true for the other arguments, too. Therefore,
the integral (96) is convergent, and hence the order of the
integration over () and C in (92) is exchangeable:

Vo [h)f[v,][ <_ )hﬁr(_h”)]VN“(h”’yi)

X []‘[ lp(v,,)] [Q dV{ﬁ(l _2ZIY)VIF(_V1)].

I=1
99)

Now substituting the Mellin-Barnes form for the master
integral, (84), into Eq. (99), we arrive at the same Mellin-
Barnes representation for 'V, as that obtained in Sec. 4.2
of Ref. [10], where V,, is shown to be represented in the
form of Eq. (86) with V, satisfying properties 1 and 2. This
completes the proof of the equivalence between the two
types of correlators.

VI. SUMMARY

In this work, we considered the massive interacting
scalar field theory and demonstrated a perturbative calcu-
lation for the correlators using in-in formalism in the flat
chart of de Sitter space with the ie prescription. We found
that the master integral defined in Eq. (23) has completely
the same Mellin-Barnes representation as that obtained in
Ref. [10] based on the Euclidean field theory. We then
derived the analytic Mellin-Barnes formulas for the corre-
lators of the quantum field on the flat chart. The resulting
correlators are shown to be completely the same as the
analytic continuations of the ones considered in the
Euclidean field theory. Thus we find that the i€ prescription
in de Sitter space gives the Euclidean vacuum.

Although the relation between these two vacua has been
clarified in Ref. [11], in order to extend this to the massless

PHYSICAL REVIEW D 87, 024013 (2013)

field theory, we gave an alternative proof of their equiva-
lence by direct calculation. In particular, the graviton in de
Sitter space has been a topic of much discussion. (See, e.g.,
Refs. [13,21-23].) It is also worth considering the deriva-
tively interacting massless scalar field as a model of the
graviton.

The proof in Ref. [11] of the equivalence between the
two vacua relies on the decay of the propagator at a large
separation. But the propagators in the massless theory do
not fall off in general. This could be an obstacle in extend-
ing the discussion to the interacting massless field theory.
Though we considered only the massive theory in this
work, we believe that our proof has the potential to be
extended to a wider range of theories which include the
derivatively interacting massless field theory, since our
proof of the correspondence of the correlators is based on
a direct calculation without relying on this property.
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APPENDIX: FORMULA

Let Aj,...,A,+; be complex numbers satisfying
|argA; — argA;| < (V1 j). Then, the following formula
is true as a repeated integral and also as a multiple integral,
since the integral is easily shown to be independent of the
order of the integration:

(A + Ay + -+ A0

=lﬁ/ul...]Mnr[_)‘+Zui,—u1,...,un]

X (A1 - (Ay) (A )20, (A1)

Proof of (A1).—The basic formula is the following:

(a + b)* fF[ A+ w, —platbr

_r( )

X (| arga — argh| < ). (A2)
One applies this formula (A2) with a=A,, b=
A +---+A, | +A,+, and then again apply (A2) to
(Ay + -4+ A,_; + A, )" *in the result of the previous
Step with a=An,1, b:Al + .- +A}172+An+1'
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Repeating the same operation, one formally reaches
(A1). The point is that the conditions
|argA1 - argAn+1| <,
largA; —arg(A; + A, )| <, (A3)

|argAn - arg(Al toeoF At An+1)| <

are required to perform the above transformation. To allow
the exchange of the order of the repeated integration with-
out changing the result, we impose stronger conditions:

largAp() —argA, 4| <,

largAp) — arg(Apy + A, ) <71,
(A4)

largAp(,) — arg(Apgy + - + App—1y T A )| <1,

PHYSICAL REVIEW D 87, 024013 (2013)

for any permutation P. It is easily verified that, if we
choose A;’s to satisfy

|argA; — argA;| = |arg(A;/A)| < 7/2, (AS5)

for all pairs of i and j, the conditions (A4) are all satisfied,
because in general |arg(3,;r))| < 7/2 if |arg(r;)| < 7/2
for all r; where r;’s are understood as A;/A ;’s. However,
this restriction can be easily relaxed by analytic continu-
ation with respect to A; as long as the conditions

largA; — argA;| < = (A6)

are satisfied for all pairs, since the right-hand side of
Eq. (Al) continues to converge under these conditions.
This completes the proof of (Al).
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