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Light paths of normal and phantom Einstein-Maxwell-dilaton black holes
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Null geodesics of normal and phantom Einstein-Maxwell-dilaton black holes are determined analyti-
cally by the Weierstrass elliptic functions. The black hole parameters other than the mass enter, with the
appropriate signs, the formula for the angle of deflection to the second order in the inverse of the impact
parameter allowing for the identification of the nature of matter (phantom or normal). Such identification
is also possible via the time delay formula and observation of relativistic images. Scattering experiences
may favor black holes of Einstein-anti-Maxwell-dilatonic theory for their high relative discrepancy with
respect to the Schwarzschild value. For the cases we restrict ourselves to, phantom black holes are

characterized by the absence of many-world and two-world null geodesics.

DOI: 10.1103/PhysRevD.87.024012

L. INTRODUCTION

Most experimental settings for testing gravitational
theories are designed to evaluate trajectories of light rays.
Accuracy in this field is a growing interest. From this point
of view, the leading experimental settings are aiming to
achieve high accuracies beyond the known first order level
and to reach a sensitivity of 1 part in 10° in measuring the
Eddington parameter 7y [1], which is an important parame-
ter in post-Newtonian formalism.

On the theoretical front, workers have been striving
to evaluate exactly light paths using (hyper)elliptic func-
tions, mainly the Weierstrass elliptic functions denoted
by ¢ [2,3]. On the one hand, this has provided answers to
some open questions, for instance, whether the cosmologi-
cal constant could be a cause of the pioneer anomaly [4],
has raised the question of whether lensing could be used as
a test of the cosmic censorship [5] (much work on testing
the cosmic censorship has been done in Refs. [6-8]), and
has led to the discovery of new light paths, the Pascal
Limagon trajectories for black holes with cosmological
constant [9]. On the other hand, the analytical solutions
derived so far, Refs. [10-26] to mention but a few, could be
useful for any of the experimental settings aiming to test
gravitational theories. Moreover, they provide new aca-
demic techniques for tackling the motion of massive and
massless particles in the geometries of various gravita-
tional fields, may serve as references for testing the accu-
racy of numerical methods [27], and provide unique
benchmarks for testing and improving perturbation and
decomposition methods [28]. For that purpose it is very
helpful to have relatively simple solutions.

In case of spherical symmetry, one of the equations
governing geodesic motion reduces to
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where P(r) is a polynomial function of the radial variable
r, the parameters of the solution, and the constants of
motion. Depending on the dimension of the space-time,
P(r) may be reduced, as described in Ref. [19], to a poly-
nomial of degree 3 or 5. We are interested in the former case,
and we assume that (1.1) is brought to

do\2
(—p) =4p° —gp — &3 (1.2)

doe

by coordinate transformations. Here g,, g3 depend on the
parameters of the solution and the constants of motion. So
far no special terminology has been introduced to simplify
notations and expressions. We introduce the following
terminology to describe (1.2) and the related polynomial
and coordinates. We shall call (1.2) Weierstrass differential
equation, w(p) = 4p> — g,p — g3 Weierstrass polynomial,
and (p, ®) Weierstrass coordinates.

We bring (1.1) to (1.2) by a series of coordinate trans-
formations relating r to Weierstrass radial coordinate p
where p(r) is a nontrivial and nonlinear transformation;
however, @(¢) is a linear transformation and in many
cases ® = ¢, where ¢ is the azimuthal angle.

Most workers prefer to use the effective potential
approach by which they determine all planar trajectories
[absorbed paths (captured photons), scattering paths,
trapped or confined paths, (un)stable circular paths, spiral
paths approaching the circular paths from above and/or
below, and some other special closed curves]. The method
we shall apply is entirely based on the properties of the
Weierstrass differential equation and of its polynomial. We
shall develop and use this method, which has been used in
Refs. [12,22] (and partially used in Refs. [9,11]), leading to
a systematic approach for all problems governed by (1.2).
This will allow us to determine all types of trajectories.

dr\2 None of the papers mentioned above has ever dealt with

(@) = P(r), (1.I)  light paths of normal Einstein-Maxwell-dilaton (EMD)

black holes. One of the purposes of this paper is to address

- this question; the other one is to extend the analysis to that
*azreg@baskent.edu.tr of light paths of phantom black holes of EMD and to draw
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a comparison between the systems of trajectories for a
given ratio of charge to mass squared (a> = g>/M?).

In a phantom gravitating field theory one or more of
the matter fields appear in the action with an unusual
sign of the kinetic term so that they are coupled repulsively
to gravity. In the case of ‘“phantom EMD”’ theory, which
is also a short term for the theory, we may have a number
of ways the matter fields are coupled to gravity: Einstein-
anti-Maxwell-anti-dilaton, Einstein-Maxwell-anti-dilaton,
Einstein-Maxwell-dilaton, and so on. The presence of phan-
tom fields continues to receive support from both collected
observational data [29] and theoretical models [30].

The static, spherically symmetric black hole solutions
to EMD theory with phantom Maxwell and/or dilaton
field were derived, and their causal structure was analyzed,
among which one finds nine classes of asymptotically
flat and two classes of nonasymptotically flat phantom
black holes [31]. In a subsequent work [32], these solu-
tions have been generalized to multicenter solutions of
phantom EMD. Recently, their thermodynamic proper-
ties and stability were investigated too [33]. One of the
remaining tasks is to investigate their null geodesics to
see how phantom fields may affect the light paths, par-
ticularly the angles of deflection, the photon spheres, and
related lensing effects. Deviations of the angle of deflec-
tion from the Schwarzschild value are generally attribut-
able to extensions in the theory (inclusion of Maxwell
fields or scalar ones, cosmological constant, and so on),
departure from spherical symmetry, or motion of the
solution itself (mostly rotation). In this paper we examine
the case due to the inclusion of (anti)-dilatonic and/or
(anti)-Maxwell fields.

In Sec. II we consider the cosh and sinh black hole
solutions of the generalized phantom EMD, which depend
on three parameters (M, g, y). We evaluate, and discuss,
the angle of deflection 6 ¢ to the second order of approxi-
mation in the inverse of the impact parameter as a function
of the black hole three parameters. Figures, relying on
exact formulas, depicting 8¢ for phantom and normal
black holes are plotted against the Schwarzschild angle
of deflection for different values of the parameters. The
relative discrepancy is discussed and plotted showing high
values from some set of the parameters. The time delay is
also evaluated.

In Sec. III we introduce the Weierstrass elliptic functions
and use and develop the method based on the Weierstrass
polynomial to determine exactly all kinds of null geodesics
to any spherically symmetric geometry, provided the equa-
tion of (planar) motion of light rays may be brought to (1.2).
Applications are considered in Sec. III D and in Secs. IV
and V. In Sec. III D we consider the strong field limit and
relativistic images and derive an analytic reference equa-
tion for the log-formula for the angle of deflection, which
applies to any geometry, provided the light motion or a
plane projection of it is described by (1.2). In Sec. IV we

PHYSICAL REVIEW D 87, 024012 (2013)

consider the case y = 1 and show that the problem of
determining the null geodesics of normal Reissner-
Nordstrom black holes by the method based on the
Weierstrass polynomial, which was initiated in Ref. [22],
is tractable analytically and extend the analysis to phantom
Reissner-Nordstrom black holes upon applying the results
of Sec. III, and in Sec. V we consider the case y = 0 and
determine all the null geodesics of the phantom cosh and
normal sinh EMD black holes by mere comparison to the
work done in Sec. III. In Secs. III to V, we do not aim to go
into the details of each null geodesic motion; rather, we
present a general procedure (Sec. III) by which we discuss
some type of null geodesic motions and the nature of
existing divergencies and present exact reference and stan-
dard formulas for specific geodesics, the angle of deflec-
tion, the time delay, and the log-formula. The paper ends
with a conclusion section and two appendix sections.

II. THE DEFLECTION ANGLE OF LIGHT PATHS
IN THE COSH-SINH SOLUTIONS OF EMD

The action for EMD theory with phantom Maxwell and/
or dilaton field reads

§=- fd“x\/—g[R =271, 00, @ + 128N F,, FH],

(2.1)

where A is the real dilaton-Maxwell coupling constant,
and n; = %1, m, = =1. Normal EMD corresponds
to p, = m; = +1, while phantom couplings of the dilaton
field ¢ or/and Maxwell field F = dA are obtained for
n; = —1lor/and n, = —1.

The metrics of the so-called cosh and sinh solutions,
derived in Ref. [31], take the form

ds? = f,frde> — fi f2vdr? — P2 f7dQ?,

r+ 1 - 7]1)\2
+=1- —_—, e e
fx YT T A2
1,(1 + 7,A%) <0 for cosh,
’ : 2.3)
1,(1 + n,A%) >0 for sinh,
y € (=00, —1) U[l, +0) if p; = —1,
: 2.4)
y € (=1, +1] if g, = +1,

where we have introduced the parameter y following the
notation of Rodrigues and Oporto [33].

These are asymptotically flat spherically symmetric
black holes of mass M, electric charge ¢, and event horizon
ry > 0 related by [31]

"For the sinh solution the case 7,(1 + 5;A%) <0, which
would lead to r_ < 0, is not possible [31].
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=r++yr_ 1+

s = X4 |———mpHror_,
3 q Mar+

M
2

(2.5)

where we have substituted, into the original formula of ¢,
1+ 5,A2=2/(1 + ). Since g is real, r_ and 7,(1 + )
must have the same sign. Using this fact in (2.3), we have
r_ <0 for the cosh solution and r_ > 0 for the sinh one.

As shown in Sec. 4.1 case 2.(d) of Ref. [31], r=20
corresponds to a singularity for the cosh solution where
geodesics terminate (a Penrose diagram is given in Fig. 1 of
Ref. [31]). Similarly, in Sec. 4.3 case 1.(a) (ii) of Ref. [31] it
is established that, for generic values of 1 + 7, A? as this is
the case for y = 0 (to which we restrict ourselves in Sec. V),
r = r_ is a null singularity for the sinh solution (a Penrose
diagram is given in Fig. 3 of Ref. [31]). The curvature scalar
of (2.2) diverges at these two points for y = 0

Rz _ r;(r_r+)2.
2r3(r—r_)

Expressing (r,,r_) in terms of M and a®> = ¢*>/M?,
one obtains
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A. Angle of deflection

The derivation of the angle of deflection is given in
Appendix A by

4M

"'n

8 ="+ {—2M[r+ +ry—1)]+ 1—7;[15&

F6rory(dy — 1)+ 2 (16y% — 1)]}l2 T ol1/r, T,
rn

(2.8)

where u,, = 1/r, is the point on the light scattering geode-
sic nearest the origin where g—(’; (u,)) = 0. Since the values of

v depend on 71, according to (2.4) and the sign of r_ is that
of n,(1 + 7y) by (2.5), the deflection angle depends on the
type of EMD under investigation. From (2.6) and (2.7) one
sees that, for both cases y = 0 and y # 0, the limit case
g=0correspondsto r_ =0and r, = 2M. Thus in the limit
q — 0, 8¢ approaches the value §¢(r_ = 0, r, = 2M),
which is the Schwarzschild angle of deflection 8 ¢:

limdep = S$(r— = 0,7 =2M) = 8¢
q—)

aM (157 — 16)M* 1
L BTZIOME oy

(2.9)

ry =2M, r_ = n,Mad?, if v =0, (2.6) T 4 r;
Using this along with (2.6) and (2.7), in (2.8) we express 6 ¢
M—-M 2n,M*ad? i
=M+ M, i _ (lnj— )a , in terms of the charzgej (M, q) and 6 ¢,
Y YT+ —
6¢=6¢S—7TMa [ 24(377 8)+a2j|12+,,,’
27’2»)/a2 16 aa r,
M = M4l — , vy #+ —1 2.7) )
1+ if y =0, (2.10)
[The limit y — 0 in (2.7) leads to (2.6).]
|
— 1|16y — + DMIM — M| + 7y — 1)g?7 1
5¢:5¢S_n2[(7 16y — 7(y + 1)] |2 | + 7y(Ty — 1)q ]_2+”_’ Voy+—1 @l
8y T
4M 4(1 = 2y)a*M? T 4(16y? — 1)a*M*
=—+1-2M(M + M) + +—|15(M + M)* +
T { ( ) 1+ )M+ M) 16[ ( ) (1+ y)X(M + M)?
12(4y — Da®>M?* ) 1
24y~ Da ]}_ZJF”,’ Voy# 1 (2.12)
1+7y i

where we have made use of M — M = n,|M — M| and
(2.7).[The limit y — Oin (2.11) orin (2.12) leads to (2.10).]
Thus to the first order of approximation in 1/r, all normal
and phantom black holes deflect light paths in the same way
with 8¢ = 4M/r, + - - - . To the second order of approxi-
mation in 1/r,, the added contribution to the Schwarzschild
one [second terms in (2.10) and (2.11)] does not depend on
the sign of ¢ but depends on the signs of (7, 77,).

First consider the special case y = 0, which corresponds
to 77 = +1. In normal EMD (7, = +1) we have 6¢ <
6¢g. In phantom EMD (7, = —1), which is E-anti-MD
theory, we have 6¢ > 6 ¢g provided we restrict ourselves
to the physical case a®> < 1 [4(37 — 8)/7 ~ 1.8]. Thus, in

the presence of phantom fields, light rays are more deflected
than in the normal case. Phantom fields cause light rays to
bend with an angle (37 — 8)M?a?/(2r2) larger than the
angle of deflection caused by normal fields. This difference
is independent of the sign of ¢ but depends on the mass of
the black hole through r,. Using (2.9) we obtain

37— 8
2r%

37— 8

M2 2 ~
“ 32

a2(5¢s)2,

(2.13)

which is 0.22% of the Schwarzschild value d g if M = 1,
at = 1/4, u, = 0.05, and 0.89% of it (the exact value is
1.03%) if M = 1,a> = 1, u,, = 0.05.
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The case y =1 is phantom or normal Reissner-
Nordstrom black hole. With

37M3a® 1
—_+ s
4 r2

n

0 =8ds — 1, if y=1, (2.14)
we confirm the previous conclusions: d¢ < d¢g for nor-
mal Reissner-Nordstrom black holes and §¢ > d¢g for
phantom ones. A phantom Reissner-Nordstrom black hole
deflects light with an angle 37¢?/(2r2) larger than the
deflection angle caused by a normal Reissner-Nordstrom
black hole

37 3

2_r%M2a2 = 3—202(6¢S)2,
which is 1.47% of the Schwarzschild value d¢g if M = 1,
a’> = 1/4, u, = 0.05, and 5.89% of it (the exact value is
6.56%) if M = 1, a*> = 1, u,, = 0.05.

Now, consider the case v # 0 and y # 1 (y # —1).
Here again we confirm the previous conclusions:
0¢ < d¢pg for normal black holes and 6¢ > d¢g for
phantom ones provided |y| is large enough. This is no
longer true if 7y is closer to —1 as the coefficient of 1/r2
becomes too large invalidating (2.12). The relative discrep-
ancy function R, = (8¢ — 8¢g)/S¢s is shown in

(2.15)

Ré@
’—/J o
Y
-2.7 -0.8 -0.2
-0.05
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Figs. 1 and 2, which have been plotted using the exact
formula (A4). The figures illustrate the existence of a zero
Yo beyond which Rs54 > 0 (8¢ > 8 ¢g) for phantom black
holes and R, <0 (8¢ < d¢bg) for normal ones.

Figures 1 and 2 have been plotted for fixed (M = 1,
a’ = 1/16) and a relatively large value of r, (1, = 0.05).
Based on these and on some other figures (not shown in this
paper) for small values of r, up to the photon sphere
(u,, = 0.3) and larger values of a up to 1, we can draw a
general conclusion: For fixed (M, a2, u,,), there is always a
root 7y, in the interval (—0.2, 0) to R54(y) = 0. Otherwise,
for some values of vy in the interval (—0.2, 0), it seems there
is always a critical value r, = r, larger than the photon
sphere, where R, = 0.

As y — +00, Rs, approaches the limit

2 /‘1 ek-*dx
SdsJo JeK-(1 — K,) — x2eK(1 — K1 x)

K. = Mun<\[1 —2nya® * 1).

As Figs. 3-6 reveal, the vertical spacing |8§¢ — S,
whenever defined, depends slightly on vy, which itself
depends on 7, and increases with a®. In the extreme

_ T+ 6¢S
8o

0.0005

2 6 10Y

FIG. 1. The relative discrepancy Rsy = (8¢ — 8¢ps)/8¢ps, which defines the relative difference of the actual deflection angle
with respect to the Schwarzschild value, is sketched on its domain of definition against y for fixed (M = 1, a® =1/16, u, = 0.05,
n, = —1), and r, = 1/u,, is the point on the null geodesic nearest the origin. This is the E-anti-M-(anti)-D case (7, depends on ).
R4 increases on its domain of definition and changes sign for some y, between —0.1 and —0.05.

Rsg R
0.025 o¢
2 6 10 ¥
~0.0005
2.4 ~0.9 0.2 ¥
-0.02 ~0.0035

FIG. 2. The relative discrepancy Rsys = (8¢ — 8¢s)/8¢ps, which defines the relative difference of the actual deflection angle with
respect to the Schwarzschild value, is sketched on its domain of definition against y for fixed (M = 1, a®> = 1/16, u,, = 0.05, 5, = 1),
and r,, = 1/u, is the point on the null geodesic nearest the origin. This is the EM-(anti)-D case (1, depends on 7). Rs, decreases on
its domain of definition and changes sign for some 7y, between —0.1 and —0.05.
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50 o0
4

(¥=0,M=1,a%=1/4) 4
5| upper plot: n,=-1 (y=0,M=1,a%=1)

intermediate: &¢g 5| upper plot: ny=-1

lower plot: r,=+1 intermediate: O&¢g
2 lower plot: ny=+1

2
1 1
(a) (b)
Up Un
0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3

FIG. 3. The angle of deflection 8¢ [Eq. (A4)] in radians vs u,, = 1/r, (r, is the point on the null geodesic nearest the origin). In both
plots the intermediate graph is the Schwarzschild value §¢g. 6@ ever increases and exceeds 277, and then diverges, as r, decreases

from oo to r,, (the photon sphere). |§¢ — 8¢s| decreases with r. (a) Phantom EMD cosh (1, = +1, 9, = —1: upper plot) and normal
EMD sinh (5, = +1, 5, = +1: lower plot) black holes for y = 0 > y,, M = 1, and a®> = 1/4. (b) Phantom EMD cosh (5, = +1,
1, = —1: upper plot) and normal EMD sinh (, = +1, , = +1: lower plot) black holes for y = 0, M = 1, and a® = 1.
oo o
4 5
(y=1,M=1,a%=1/16)
3 upper plot: n,=-1 4F (y=1,M=1,a%=1)
intermediate: O&¢g upper plot: ny=-
lower plot: np=+1 3f intermediate: &¢g
2 lower plot: n,=+1
2
! 1
(a) (b)
0.05 0.1 0.15 0.2 0.25 0.3° 0.05 0.1 0.15 0.2 0.25 ™®

FIG. 4. The angle of deflection 8¢ [Eq. (A4)] in radians vs u,, = 1/r, (r, is the point on the null geodesic nearest the origin). In both
plots the intermediate graph is the Schwarzschild value d¢g. d¢ ever increases and exceeds 27, and then diverges, as r,, decreases
from oo to r,,, (the photon sphere). |6¢p — 8g| decreases with r. (a) Phantom Reissner-Nordstrom (1, = —1: upper plot) and normal
Reissner-Nordstrém (7, = +1: lower plot) black holes for v = 1 > y,, M = 1, and a®> = 1/16. (b) Phantom Reissner-Nordstrém
(19, = —1: upper plot) and normal Reissner-Nordstrdm (1, = +1: lower plot) black holes for y =1, M = 1, and a® = 1.

o¢ o¢
5
2 4
1.5 3
1 2
0.5 (a) 1

(b)

Un Un

0.05 0.1 0.15 0.2 0.25 0.05 0.1 0.15 0.2 0.25

FIG. 5. The angle of deflection 8¢ [Eq. (A4)] in radians vs u,, = 1/r, (r, is the point on the null geodesic nearest the origin). 8¢
ever increases and exceeds 277, and then diverges, as r, decreases from oo to r, (the photon sphere). |6 — S¢g| decreases with r.
(a) E-anti-M-anti-D (n; = —1, n, = —1: upper plot), 8 ¢5 for Schwarzschild black hole (intermediate plot), and EM-anti-D (n; = —1,
1, = 1: lower plot) black holes for y = 10 > y,, M = 1, and a®> = 1/16. (b) E-anti-M-anti-D (5, = —1, 55, = —1: upper plot) and
S¢g for Schwarzschild black hole (lower plot) for y = 10> y,, M = 1, and a*> = 1.

case (a?> = 1), the winding number for phantom black

the fact that the photon sphere for black holes with

holes with 7, = —1 and y > v, (regardless of the sign n, = —1 (black holes where the Maxwell field F is
of n;) diverges near u,, = 0.3, a value for which the angle = coupled repulsively to gravity) and y > vy, is larger
of deflection for phantom (7; = —1) or normal than 3M, which is the Schwarzschild limit, allowing

(ny = +1) black holes with n, = +1 is less than a few
radians. As we shall see later, this is a consequence of

photons to orbit the hole at larger, ever-decreasing,
radii. The Schwarzschild limit 3M is larger than the
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5¢ 56
4
3
3 2.5
2
2 1.5
1
1
(a) 0.5 (b)
Up Un
0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25

FIG. 6. The angle of deflection 8¢ [Eq. (A4)] in radians vs u,, = 1/r, (r, is the point on the null geodesic nearest the origin). In both
plots the intermediate graph is the Schwarzschild value d¢g. d¢ ever increases and exceeds 27, and then diverges, as r, decreases
from oo to r,, (the photon sphere). [§¢ — 8¢ decreases with r. (a) EMD (7, = 1, 1, = 1: upper plot), 8 ¢ for Schwarzschild black
hole (intermediate plot) and E-anti-MD (5, = 1, 5, = —1: lower plot) black holes for y = —1/2 < y,, M =1, and a*> = 1/16.
(b) EMD (5, = 1, n, = 1: upper plot) and 8¢g for Schwarzschild black hole (lower plot) for y = —1/2, M = 1, and a> = 1. These
plots are different from those in Figs. 3-5 in that 6¢ for normal black holes exceeds that for phantom ones whenever the solution is

defined.

photon sphere for black holes with , = +1and y > y,.
If y <'ypand n,yRs4 <0, all that is true for black holes
with n, = —1 (respectively, n, = +1) applies to black
holes with i, = +1 (respectively, n, = —1).

It is useful to express 8¢ in terms of the charges (M, g)
and the impact parameter » = L/E. For that end we need
to solve the equation E? = L?g(u,,) (see Appendix A) for
u, = 1/r, to the second order in 1/b. This equation is

AM
8¢ = 5 + %[151’2+ +6r_ri(d4y—1)

1
+ 216> = D] + O[1/b}. (2.16)
In terms of the Schwarzschild value, g = (4M/b) +
[157M?/(4b*)] + O[1/b]?, b and (M, q), the expressions
(2.10), (2.11), and (2.14) become, respectively,

equivalent to b = r,,//f+(u,)f—(u,)*”~ . We obtain 5 — b — 7T_q2|:12772 N q_22:|i2 feee ify—o,
ot y=11 P 16 M=1b
ty =5+ 5 ﬁ+0[/]- (2.17)
Using this in (2.8) we derive the desired equation
|
(y— D16y — 7w(y + DIMIM — M| + [7y(Ty — 1) + 169%]4°7 1
5¢=5¢S—n2[7 YTy s ey 7q]—2+~-, Vy#—-1 (218
0% b
|
(B7+8)g* 1 . VI =X (y — )nM*a?
0p=06ps—m————+-, ify=1L (219 T1(U)=Ts+ 2 +Olu. P
PO TmT Y =T+ 3% &y + o+ L]
if y# —1, 2.21
B. Time delay i ( )
We evaluate the coordinate time 7(U) required for B 3n,M?*a?® (m , "
light to travel from a point U = 1/R to u,, = 1/r, in the ) =Ts - ) (E B arcsz)un + Olu, ]
plane 6 = 7/2. Using Egs. (Al) and (A2) along with ify =1, (2.22)

E? = L?g(u,), we obtain

u, Je(u,)du
T(U)=
fU ul f o (u)f—(u)"yg(u,) — g(u)
1 [ Velu,)dx

tn JX X2 f 4 (10,2) f— (14, ) g () — g %)

(2.20)

where we have set u = u,x and X = U/u, = r,/R satis-
fies 0 < X < 1. An expansion in terms of powers of u,
leads to

where Ty is the corresponding Schwarzschild value [34]

MV1 — X? 1+ V1 —X?
=R -r+—— —
Ts =[R2 — 12 % 2M1n|: ¥

+ /1 — Y2
+M2|:E<g—arcsinX)—(4 SX)v1 X]un

2 2(1 + X)2
+ O[u, .

Notice that the correction, which has been added
to the Schwarzschild value in (2.21), vanishes for
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Reissner-Nordstrom black holes (y = 1), and a second
order correction is needed for these black holes as shown
in (2.22). Since the sign of (y — 1)/(y + 1) is, by (2.4),
that of —7,, we conclude from (2.21) that T(U) > Ty if
1711, < 0 (E-anti-MD or ED-anti-M) and that T(U) < Ty
if n;m, >0 (EMD or E-anti-D-anti-M). For Reissner-
Nordstrom black holes the time T(U) is such that
T(U) > Tg for E-anti-M and T(U) <Tg for Einstein-
Maxwell (EM).

The time delay AT or the excess in time is the difference
between the time required for light to travel from the
source located at the point U; = 1/R, through the point
u, = 1/r, to the observer located at the point U, = 1/R,
and the time needed for light to travel from U, to U, in the
absence of gravity (and any field that may cause light to
deflect). As shown in Ref. [8] the time delay may be
positive, zero, or negative.

Using the same notation as in Fig. 1 of Refs. [35,36], the
axis joining the observer O and the black hole (the lens or

deflector L) is the optic axis. The angle LOSis [ and the

angle LOI is 0 where I is the image of the source S on the
same side as the latter. D, and D, are the distances of
the source and the lens from the observer (measured along
the optic axis) and D, = D; — D, represents the pro-
jected distance on the optic axis from the lens to the source.
With these notations we have

AT =T(U,) + T(U,) — D, secp.

Far away from the lens, for large values of the impact

parameter, one may expand AT in powers of € =

0r/(4D) where 0 is a good estimate of the angular radius
of the Einstein ring of Schwarzschild lensing

0§=4M‘D*, p="2u

D dD s D s

For v # —1 we have

2_02 D 02
A > —ln[ d ]—i—
0% 4D 4,

(y#-1

[with 2M = (8D,D,,/D;)€?], where the terms indepen-
dent of y correspond to the Schwarzschild value AT. For
v = 1, the last term in (2.23) vanishes and a term propor-
tional to €’ is needed. Expanding # = 6, + 6,€ + O[€]?,
we obtain’

(y — DnaMa? }
(y+DH(M+M)

(2.23)

AT=2M{1 +

+ O[]

DdDds

Dy

2

0

—"2‘; L&+ 0[el* (y=1),
0

(2.24)

where ATy is the Schwarzschild value up to € as derived
in Ref. [34].

’In (2.23) we only needed 6 = 6, + O[€].
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III. DETERMINATION OF GEODESICS BY
WEIERSTRASS ELLIPTIC FUNCTIONS:
GENERAL PROCEDURE

Any differential equation of the form (1.2) has a unique
solution in terms of the Weierstrass elliptic function of the
form [2,3]

p=pO +C),

where C is generally a complex constant.

9(0®) is an even single-valued doubly periodic func-
tion with half periods (w, ') chosen in such a way
that Im (w’/w) > 0. When the Weierstrass polynomial
w(p) =4p> — gop — g3 = 4(p —e)(p — er)(p — €3)
has three real roots (e, e,, ;), there are three half periods
(w, w,, w3) depending on (w, w') such that

p(wy) = e; (k=1,273). (3.1

To have e; < e, <e; we choose the three half periods
(w1, Wy, w3) to satisfy [2]

w, = w >0, w; = o'(with — iw’ > 0),

(3.2)

Wy =—w—0 =0 — w;

The expression of w, is a consequence of e; + e, +

83:0.

A. Three distinct real roots

The Weierstrass polynomial w(p) will have three real

roots if
g >0 and A= g% —27g5>0. 3.3)

We parametrize the (real) roots by the angle 0 = n = 7 as
follows:

- -
e3= —‘/%COS(W 3 77) <0, e=-— %cos<¥)’

9
—cos<g>>0, cosm = 83’
383 5

(3.4)

The signs of e3 < 0, e; > 0, and sinn > 0 are well defined,
ez < e, < ey, and the sign of e, depends on g;:

e,-83<0 and e,=0 ifg3=0 (g3=4e1eze3). (3.5)
Motion is possible where w(p) = 0:
€3 = P = e, Oor p = er. (36)

Conversely, we can reverse (3.1) and express the half
periods (@, w,, w3) in terms of the roots® [2].

>There is a third expression for w; that appears with a
misprinteddsign in Refs. [3,22]. The correct expression is w3 =
+i B L.

j  —wlp)
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0 = o dp _ [ dp ’ 3.7)
w(p) e Jw(p)
(3.8)

e VW(p /\/_W(P

Let pw, po be the values of p corresponding to
r = +oo, r = (), respectively, and let p ., p_ correspond to
r=r,, r=r_, if there are any.* A singularity is denoted
bY Pging (Fsing)» Which may be any of py, p_ depending

on the theory. In a general physical situation
(Door PO» Par P—y ... €3, €9, €]) ATE functions’ of the vector
of parameters p = (charges, constants of motion) =
(M, q,...,E L,...)so that the locations of these points on

the p axis change with p. We shall represent (es, e, ;) at
the same locations on the p axis while (0o, po, P4, P—> .- ")
appear on different locations depending on p.

To determine all types of geodesic motion in a given
geometry, one has to consider all allowed possible loca-
tions of (peo, Po, P+> P, ...) With respect to (e, e,, €1).
Once this is done, any geodesic motion that can be brought
to (1.2) is integrated by mere comparison with the work
done in this section. We shall provide some examples in
this section, and in the next two we apply the procedure to
phantom and normal Reissner-Nordstrom and EMD black
holes. To illustrate the procedure, we shall envisage only
some locations of (pe, po» P4, P—,...) With respect to
(e3, €5, €;), most of which are related to phantom and
normal Reissner-Nordstrom and EMD black holes.

1. Scattering and trapped paths

We consider four possible situations.

(@) e3 < po < ey <e; < py= Psing- As light scatters
from r = +00 — r, — r = +00, the corresponding
point on the p axis moves from p, — ¢, — P, if
p(r) is a decreasing function of r, or from p,, —
€3 — Pw, if p(7) is an increasing function of r. We
consider the former case throughout this section,
which is also going to be the case for the next two
sections. The solution to (1.2) is

p(r) = p(0(¢) + C).

To fix C we may assume ® = 0 at p, = e,, corre-
sponding to r,, or assume ® = 0 at p,,. The former
case looks simpler leading to e, = ¢(C) and thus, by
3.1), C = w, or C = —w, (¢ is an even function).
We choose the latter solution so that by (3.2) C =
w; + w3 and

“In case of wormhole solutions, one introduces p,, correspond-
1n§ to the radius a of the throat.

Some of which may be constants as in the case of the
Schwarzschild solution where e3 < p, = —1/12<e, and
po = too.

024012-8
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p(r) = p(0(d) + w; + w3). (3.9)

The angles ® and ¢ are related by a linear formula
that may be put on the form ® = k¢. The angle of
deflection is then given by

2 € dp

Il S o)

i (/ ff“)

Poo

o =

W(p
d
- P 2 (310
|K| IKI es wip)

where we have used the second formula in (3.7).

The other possible motion, the so-called trapped or
terminating bound path, is in the region between e,
and p, where w(p) = 0. If the path starts from the
singularity py = pgine (r = 0), it reaches the farthest
point p; = e, (r = ry) and then returns to py. Again
choosing ® = 0 at the farthest point, the solution is

p(r) = p(0(4) + C),
C= a)l(or C= —a)l).

ith
W 3.11)

e3<po<er<e <p,<py<p_=-+oo. If p,
is a singularity, then this case is identical to (a) with
a scattering path from p, — e, — po given by
(3.9) and a trapped path between e, and p, given
by (3.11).

If p_ is a singularity but p, is not, then there is a
trapped path between e; and p_ given by (3.11).
If neither py nor p_ is a singularity, the path is a
many-world periodic bound orbit [19] in that the
path, after crossing the inner horizon at r = r_,
emerges in another copy of the space-time, then in
another copy of it and so on. If we choose ® = 0 at
p = ey, then the solution will be given by (3.11).
er<po<e;<po<py<p_=+o00.Since w(p) <0
for p € (e,, e,), there are no paths that can reach or
emanate from the origin.

There is a path that extends from spatial infinity
(pw) to the inner horizon (p_). This is not a spiral
path since the integral

Jow oA

converges (O remains finite). If p_ is not a singularity,
the path is called a two-world scattering orbit in that
the path emerges, after crossing the inner horizon at
r = r_, in another copy of the space-time and back
to spatial infinity. If p_ is a singularity, we have an
absorbed path from spatial infinity to the singularity.
The solution is again p(r) = p(O(¢) + C). Since
there is no farthest or nearest point on the path, we
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choose ® = 0 at p,,, leading to p,, = @(C). Using
the inverse function to g, C = f;’fm dp//w(p) and

p(r) = p(B(¢) + C), with
o (3.12)
c= [ dp/\wip).
Poo
(d) po<e3<po<e,<e <p_ = +oo. Here again

no paths that can reach or emanate from the origin.
We have a scattering path from p, — €3 — P,
and the solution is again given by (3.9) but with
different p.

There is another path from r =r; (p = ¢;) to r =
r— (p = p-). Since in this case r; is finite (P, <
e = r; < +o0), the path is a many-world periodic
bound orbit if p_ is not a singularity or a trapped
path if p_ is a singularity. If we choose ® = 0 at
p = ey, then the solution will be given by (3.11).

2. Absorbed and circular paths

Absorbed paths extend from spatial infinity (p,) to the
(nearest) singularity (pgne). Such paths exist if both points
Poos Psing are in [es, e;] or in [ey, +00). [There are no such
paths in the Schwarzschild case when w(p) has three
distinct real roots.] It is clear that there are no circular
paths when w(p) has three distinct real roots.

B. Two distinct real roots

The Weierstrass polynomial w(p) will have two real
roots if

g,>0 and A=gl—27g2=0. (3.13)

This happens when one of the local extreme values of w(p)
is zero. The second condition in (3.13) splits into two cases.

1. Stable circular and bound paths:

g3 = (22/3)Vg2/3>0
The local maximum value of w(p), which is at p,,,, =

—(1/2)+/g>/3, is zero. We have

1
e3=ez=—§\/%, €1=J% [n=0in (3.4)]. (3.14)

Since at pp, = —(1/2)4/g2/3, w(p) has a local maxi-
mum, the polynomial P(r) in (1.1) has a local maximum

too at the corresponding point r,,,,. But since P(r) « E*> —
V(r) [compare with (A2)], the potential V(r) has there a
local minimum. Thus

P = Pmax — €3 = _(1/2) g2/3 (315)

is a stable circular path.
Paths in the region p = e; are periodic: They include
the periodic bound and the so-called terminating bound

PHYSICAL REVIEW D 87, 024012 (2013)

(trapped) and many-world periodic bound orbits [19].
No matter what the location of p, with respect to e; is,
the equation of motion can be integrated directly. Let
t=p—e and k* =e; —e3 = (3/2)4/g2/3>0, and
then (1.2) reads

46 — dp _ dr
200 —e)Jp —e1 2+ kK
leading to
Jp — e = ktan[k(® — C)] or
2e, — &) (.16)
p—

T T cos[2k(O — O]

For the Schwarzschild black hole p = M/(2r) — 1/12
[22], ®:¢, 8r = 1/12, 83 = 1/216, €3 = €) = _1/12,
e; = 1/6,k = 1/2, and the second formula in (3.16) is just
Eq. (10) of Ref. [22].

For the phantom (1, = —1) and normal (9, = +1)
Reissner-Nordstrom black holes we derive in Sec. IVB
from the first formula in (3.16) the following orbit:

tan[¢_C]= S
2 ’

r—r_

(3.17)

which is a trapped path for the phantom black hole

(r+ > r>0) and a many-world periodic bound path for

the normal black hole (ry > r > r_). Using the double-
angle formula for tan we rewrite it as

tan(¢p — C) = M= ,

V2Mr = mq7 = 7

which is the correct form of the misprinted Eq. (64) of
Ref. [22].

(3.18)

2. Unstable circular and spiral paths:

g3 = —(g2/3Wg2/3<0
The local minimum value of w(p), which is at p, =
+(1/2)+/g2/3, is zero. We have

3 3 [n=win(3.4)]

(3.19)

Since at p,,;, = +(1/2)4/g>/3, w(p) has a local minimum,
the potential V(r) has there a local maximum [compare
with (A2)]. Thus

e; = +(1/2)4/g2/3

is an unstable circular path.
Paths in the regions e3 = p = ¢, and p = ¢; depend on
the location of p,. Here we consider the case e3 < po, < €.

P = Pmin = (320)

There are two spiral paths approaching the circle p = ¢; =
+(1/2)4/g2/3 from (1) p, or from (2) p,y (py > e in this

024012-9
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case). The paths end orbiting the center at an ever (1) decreas-
ing or (2) increasing radii r without, however, reaching the
unstable circular path at r = r| corresponding to p = e;.
The equation of motion can be integrated directly. Let
s=p— e and k* = e; — e3 = (3/2)4/g2/3 > 0. Then
(1.2) reads

46 — dp _ ds ’

dp—alp—eo 19— <

and O, as well as the angle of deflection, diverge as
In|p — e,| as p — e;, which is a general behavior in the
strong field limit valid for all spherically symmetric solutions
[36-38]. Integration leads to

(1) /Jp — e3 = —kcoth[k(® — C)] and
(2) /p — e5 = —ktanh[k(® — O)]

or

(3.21)

2(eq —e3)
1 ¥ cosh[2k(® — C)]

[-— (1), +—=@2)]

(3.22)

For the Schwarzschild black hole p = M/(2r) — 1/12 [22],
O=d¢, g,=1/12, g3 =—1/216, e5 = —1/6, ¢, =
e, = 1/12, and k = 1/2, we obtain the solutions (11) of
Ref. [22].

p—ée1=—

C. One real root
The Weierstrass polynomial w(p) will have one real root
with multiplicity 1 if
A =gl —27g5<0. (3.23)

The sign of the real root e,

e, = 91/3 [(983 + V3V=2)" + (95 - V3v=2)""]
(3.24)

is related to that of g3 by
e,-g3>0 and e,=0 if g3=0. (3.25)

Motion is possible for p = e,.
Absorbed paths exist if the range e, = p < oo includes
Fsing < < 0. In that case, we will have € = Poo < Psings
and the solution will be given by (3.12) where the upper
limit of integration “c0” is replaced by “pgine.”

If po < e, < pging, the solution is a trapped path given
by (3.11).

One can envisage other situations as pg,, < e, and so
on. However, we are giving examples that are more or less
related to EMD and Reissner-Nordstrom black holes.

The case g, = g3 = 0 implies e, = 0 [this is the only
case where the three real roots of w(p) = 0 are equal]. This
is no different from the two cases discussed above for the
generic case. However, if p(r) were an increasing function
of rand po, > e, = 0, the angle ® would diverge as

PHYSICAL REVIEW D 87, 024012 (2013)

e, =0
O—-C= [ o’ o fim

N

for paths approaching e, = 0 from the right. This is not a
logarithmic behavior as the one we have seen earlier. These
spiral paths would approach, without reaching, the un-
stable circular path at p = ¢, = 0.

D. Application: Strong field limit and relativistic images

Because of the orbiting effect [23,39] geodesics may
orbit many times around the deflector before escaping to
infinity. In the case of light paths, images that are formed
because of geodesic deflection by more than 37/2 are
called relativistic images [35]. As we have seen in
Sec. III B, such an orbiting effect happens in the strong
field region and takes place as the nearest point r, (to the
origin) approaches (but remains larger than) the radius of
the photon sphere r,. The limit r, — r,, leads to spiral
paths approaching endlessly the photon sphere This pro-
vides the most common definition of the photon sphere
[40].° In the context of Weierstrass elliptic functions, we
have established that photon spheres are the unstable cir-
cular paths with two equal positive roots of the Weierstrass
polynomial, e; = e, > 0, and a negative root, e; = —2e;.

In the strong field limit, all relations governing the light
trajectory as well as the determination of the angular posi-
tions of images and related entities form a set of transcen-
dental, analytically nontractable, equations and inequations.
Numerical solutions to the case of a Schwarzschild black
hole exit and have led to the following conclusions [42]:
(1) Observations of relativistic images would mean high
accuracy in the determinations of masses and distances of
massive deflectors at the centers of galaxies, and (2) the
ratio mass to differential time delay for the two outermost
relativistic images is almost constant with respect to
changes in (B, D4, D).

In the hope that these numerical solutions would be
extended to other massive deflectors, some authors resorted
to analytic approximate solutions [23,24,36-38]. In the case
of relativistic images these methods are valid if the angular
position € of the image is small enough to allow for series
expansions. This has been done in Refs. [36-38] for the
Schwarzschild, Reissner-Nordstrom, and other black holes
and has resulted, among other derivations, in the determi-
nation of a log-formula for the angle of deflection and the
angular position of the image. Very recently, the method
used in Ref. [38] has been applied to gravitational lensing by
phantom black holes [43].

In the following we will derive an approximate analytic
reference equation for the log-formula for the angle of

®An alternative equivalent definition of the photon sphere has
been formulated in Ref. [41] along with an energy condition for a
black hole, in a static spherically symmetric spacetime, to be
surrounded by it.
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deflection, which applies to any geometry provided the
light motion or a plane projection of it is described by
(1.2). We assume that a photon sphere r,; exits. The
corresponding Weierstrass radial coordinate is denoted
by p,s, and p, corresponds to r,. Since we are assuming
p(r) to be a decreasing function of r, a scattering case
corresponds to e3 < po, < ey = p, and e; < p,; < e;. In
the strong field limit, as r,, — r,, both e, and e; approach
pps- If we set’ p ps — Pn = € >0, then to the relevant first
order of approximation we have e¢; — p,, = € + O[€]%,
where € is assumed to be small in order to have relativistic
images. With e; = p,, + € + O[€l, e; = p, = p,, — &,
and e; = —2p,; + O[&]* the first equation (3.10) takes
the form
1 frp-e dp
Il J . \/(p,” +E—p)pps —€—p)p+2p,)

(3.26)

6¢

- 1TI.

We introduce the variable z = (p, — p)/(p, — Po)-
Following Ref. [38] we obtain

2
s L, (\/3/)” + 20 t poo) .
= — n €
|K|\/3pp5 24pps(ppx ~ Poo)

_7T+'

(3.27)

The final step is to express 6¢ in terms of €: r, — r
2Me. We have

ps —

€= Py — Pu=pry) — p(r,, +2Me)
= —2Mp'(r,s)e + O[€L,

where p'(r,s) = (dp/dr)l,—,, . Substituting in (3.27), we
arrive at

2
L (J3pps V2P, T poo)
- n

|K|\/3Pps lzpps(poo_pps)

_77-_’_...’

Mp’(r,m)e:|

(3.28)

which is valid whether p is increasing or decreasing. As we
mentioned earlier, this formula applies to all relativistic
images of light paths governed by (1.2). The formula looks
much easier to handle analytically than that given in
Ref. [38]. Using an expansion of b in powers of €, one
can determine the positions of the relativistic images if

"Had we assumed p(r) increasing, a scattering case would
correspond to p, = e; < p. In the strong field limit we set
Pn— Pps = €>0, leading to p,; — e, = € + O[€]*. Equation
(3.26) would read

1 P dp

Sh=—
L ey P
’ P=Pps—Ep—pp T Ep+2py

— .
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these are too small to allow for series expansions as shown
in the following example.

For the Schwarzschild black hole we have seen that
221 p=M/Q2r) = 1/12, k = 1, p,, = 1/12, and p,, =
—1/12. We obtain é=M/(2r,)—M/Q2r,)=€/9+"-",
where we have used r,; = 3M, and finally

2+4/3
e

0¢ = 13

which is the same as in Refs. [36,37]. For small angular
positions of the source and its image, the impact parameter
b and 0 are related by b = D ;0. Using an expansion of b in
powers of €: b = 3\/-3_M + 2\/§Mez + - -+, we arrive at

D,6
33M

as in Ref. [38]. The position of the relativistic image of
order n in terms of S (the angular position of the source) is
determined as in Refs. [36-38].

6¢=—ln[ —1]+ln[216(7—4\/§)]—ﬂ-+...

IV. PHANTOM AND NORMAL REISSNER-
NORDSTROM BLACK HOLES

It is difficult or impossible to reduce (A3) to (1.2) for
any y. For y = =2 and probably for some other values, the
problem can be tackled semianalytically in a similar way to
what is done in Refs. [4,9,19]: Limits to the analytical
treatment are (1) lack of “compact” solutions to the poly-
nomial equation (or its polynomial reduced form) P(r) = 0
and/or (2) lack of solutions to the generally nonpolynomial
equation A = g3 —27g3 = 0. All that does not apply to
the cases v = 1 and y = 0, which can be entirely analyti-
cally solved. In this section we investigate the former case
and in the next one we tackle the latter case.

Setting v = 1 in (2.5), (2.7), and (A3), with € = 0 we
obtain

+r
M= % q=*mrory,
4.1)
ro=mlr_l,  rore=me’,
re =M= \[MZ — Mg’ = M(l * \,1 - ’qzaz), 4.2)
du\2
(ﬁ) =~ +2Mi — it (43)

where € = E*/L?> = 1/b* = 0.
Let u, = 1/r, be any real root of the polynomial in the
rhs of (4.3):

€= uf + 2Mu} — mrqPut = 0
[€ = mq?ui(u, — u_)(u, — u,) = 0].

Since € = 0, all the real roots of the polynomial are either
greater than u_ > u, > 0 or smaller that u, for n, = +1,

4.4)
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(a) : Phanton
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(b) :Normal
My

M, (0,7)

Uus u U, u_

FIG. 7. Plots of Y = € — u?> + 2Mu® — 9,q%u* with £ = 0. The roots are (u,, us, u, u;). M, is the point with coordinate (u,, 0).
(a) The phantom Reissner-Nordstrom black hole (17, = —1). To perform the reduction of (4.3) to (1.2), we choose u, to be the lowest
root of £ — u? + 2Mu’ + g*u* = 0 with u_ < u,. (b) The normal Reissner-Nordstrém black hole (1, = +1). To perform the
reduction of (4.3) to (1.2), we choose u, to be the largest root of € — u?> + 2Mu® — g?u* = 0 with u_ < u,. For both plots, (u,, u_)
are the intersections of the graphs of ¥ = —u? + 2Mu® — n,q?u* with the u axis, which are the same graphs as those shown here but

shifted downward € units.

and they are all between u_ < 0Qand u, >0 for n, = —1
(Fig. 7).

If €#0 (£>0), we have necessarily u, # u,,
u, # u_, and u, # 0: It is not possible to find solutions
with € # 0 and r, = r, [22] Egs. (65) and (66)].

If u, is a root with multiplicity 1, following the general
procedure, we introduce the radial coordinate y = u — u,
followed by z = 1/y, and finally

3C1Z + C2 C1 C2 Cl r,.r C2
p= = =" +
12 4u—u,) 12 4 r—r, 12
0= ¢, 4.5)
with
C, = 2u,3Mu, — 1 — 29,q%u?)
= 2u,(1 — Mu,) — 4€/u,, (4.6)
C, =6Mu, — 1 — 6myq%°u> =5 — 6Mu, — 6€/uz. (4.7)
Equations (4.5) reduce (4.3) to (1.2) with
1
82 = v €Q? (Q* = mq?), (4.8)
1 — 54¢M? + 36€0?
8 = Q 4.9)

216 ’
A = {[M?*(1 + 36€Q%) — 27¢M* — Q*(1 + 4€Q?)*]/16
= Q% —€ ) —¢y)
= — gl — € )(€ — €), (4.10)
where we have used (4.4) to eliminate u, from the expres-
sions of g,, g3. The new parameters (€ _, € ) are defined by
—27 + 36m,a% — 8a* + (9 — 87,a%)*/2
32a* '

q2€1 =M
4.11)

In the physical case a> = ¢>/M? < 1,0 < €, < {_ for the
phantom black hole and €_ <0 < ¢, for the normal one.

The transformation (4.5) “splits” the point r = r, into ;"
and r, (corresponding to u, and u,", respectively). If C; <0,
then r,” and r, are sentto p = p, = +o and p = —oo0,
respectively, and if C; > 0 the latter limits are reversed. As
we shall see in Appendix B, it is always possible to choose
the real root u, so that C; < 0: We choose u, to be the
smallest root for phantom black holes and the largest root
for normal ones. The points p,, pg, and p + (corresponding
tor = +oo, r =0, and r = r+) on the p axis are given by

¢ 1 C, 5 £ Mu,
ot _G >t M
P02 12 PPTR2 12 22 2 (+-12)
c c
pr=—> 4+ 2 (4.13)

+=.
Aus —u,) 12
which depend on u, whose analytic expression in terms of
(M, g2, €) is sizable.

A. Three distinct real roots for w(p) = 0

For the phantom case, we derive in Appendix B
[Eq. (B2)] the following order relations for the p parameters:

€3 < Poo <€y < e <P <py<p-<p, =t
(4.14)

The only possible paths are scattering ones from p, to e,
given by (3.9) and (4.5) and or trapped ones from any point
e; = p = p, to the singularity at p, (from any point
rio =r=<r; =1/uy, where u; < u, is the largest root of
€ —u® + 2Mu? + g*u* = 0 [Fig. 7(a)], to r = 0). If the
trapped path starts from p = ey, its equation is given by
(3.11) and (4.5).
For the normal case, Eq. (B6) of Appendix B reads

Po<e3<po<e<e<py<p_<p,= -+
(4.15)

The only possible paths are scattering ones from p, to e,
given by (3.9) and (4.5) or many-world ones from any point
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ep=p=p,top=+too(fromanypointr, =r=r =
1/u; to r, = 1/u, where u, > u_ is the largest root of
€ —u?+2Mu® — ¢*u* = 0 and u; <u, is the second
largest root [Fig. 7(b)]). If the many-world path starts from
p = ey, its equation is given by (3.11) and (4.5).

B. Two distinct real roots for w(p) =0
This corresponds to [Eq. (3.13)]

1
— —{nq*>0 and £ =0,{=4€_ or

(4.16)

1. Case ¢ = 0
As we explain in Appendix B, we choose u, = u_,
which is the smallest (largest) root for the phantom (nor-
mal) solution when € = 0. In this case C; < 0and p(r) is a

decreasing function of r [as r — r* (from the right), p —
+00]. The order relations as given in (B3) and (B7) read

1
7722_1363:32:Poo=_ﬁ<€1=/?+
1
=g SPoSpo= Tt (4.17)
1
m="tlipg<es=e; Po =" =Pt
1
= <p = +o (4.18)

Since pg is a singularity for the phantom black hole, there
is a trapped path for this hole from p,. — p, given by
(3.17) and (3.18) with n, = —1.

There is a many-world periodic path for the normal
black hole from p, — p_ given by (3.16) and (4.5). Using
@s5)withu=1/r,u, =u_, Cy = —(ry —r_)/r*, and
C, = (2r_ —3r,)/r_, we have

-r (ry —r)?

-
Ap —e) = —— 5 (m=+1),
r

r_ - 2Mr — n2q2 —r
4.19)

and then using the first equation (3.16) with k=
Jer— e = 1/2 leads to (3.17) and (3.18).

Had we chosen u, = u., instead of u, = u_, we would
reach the same conclusions concerning the nature of the
paths. In this case, we would have C; = 2u (1 — Mu ) >
0, and p(r) is an increasing function of r [as r — r; (from
the left), p — +o0] and

1
772:_1163262:/)00:_5<€1 =p-
1
) (4.20)
1
M = +1 €3 = €= P = T 5 SPOS T P
1
= <pi = oo 421)
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But instead of (4.19) we would obtain

— 7 2Mr — 2 _ 2
4(p—e1)=r - ! 772q2 " and
ry —r (ry — 1)
tan[‘ZS — C] S (4.22)
2 I"+ —r
2. Cases € = (..

Now we consider the cases £ = €. Note that in this
case g,, g3 are, by (4.11), functions of (a?, 7,) only and
that M>€ .. are also functions of (a?, 1,) only,

—27 + 36m,a% — 8a* = (9 — 87,a2)3/2

M2€t =m

324° '
(4.23)
leading to
. . 1
alzlin»og_ = +4o00(n,=—1) and Jgino€+ =W(n2 ==+1).

With b = m , the last two limits are the Schwarzschild
limit for the impact parameter (3+/3M), allowing photons
to orbit endlessly the hole around the photon sphere with-
out reaching it.
(@f=4~€,. If =€, and n, = —1, g, >0 and
g3 <0. A similar case has been treated in
Egs. (3.19) to (3.22). There is a root with multiplicity
2 at p=e = e = (1/2)4/g,/3. The correspond-
ing root u = u, is such that the r.h.s. of (4.3) reads
Co—u?+2Mi + gPut=q*(u—uy ) (u—u,)(u—us),
where u = uz corresponds to p = e; = —2e;.
This is the case where the point M is on the u axis
[Fig. 7(a)]. The order relations are given in (B4):

e3<pPo<e€ =e<pp <py<p-<p,= -t

(4.24)
There is an unstable circular path at
ppx =€
VO = 89,0%)(9 — 470> — 330 — 87
2424
(4.25)
(with 79, = —1) corresponding to r = r; = 1/u,

(the photon sphere) with®
V9 — 8m,a”> + 3
ry = rps B U—
2

and spiral paths from r = + (p = py) to r =ry
(p=-¢€) and from r=r; (p=py) to r=r

M>3M>r, (4.26)

81, is the largest root of €, — u?> + 2Mu’ + ¢*u* = 0 when

M, is on the u axis [Fig. 7(a)].
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(p = e;) given by (3.22) and (4.5) with k = \/3e¢;.
There is also a trapped path from r = r; (p = ¢;) to
r=0 (p = py) given by (3.22) with the + sign.
In the limit a*>— 0, r, — 3M, which is the
Schwarzschild limit.

If¢ =4¢€,and n, = +1, g, > 0and g3 < 0. There is
a root with multiplicity 2 at p = ¢; = e, = (1/2) X
v/g2/3. The corresponding root u = u; is such that
the rhs of (4.3) reads €, — u® + 2Mu’ — ¢*u* =
q*(u — uy)*(u — u,)(u — uz), where u = u; corre-
sponds to p = e3 = —2e;. This is the case where the
point M5 is on the u axis [Fig. 7(b)]. The order
relations are given in (BS):

Po<e3<po<e =e<py<p_.<p, =+t
(4.27)

There is an unstable circular path at p = ¢, given by
(4.25) taking n, = +1, which corresponds to r,; =
r1 = 1/u; (the photon sphere).® The latter is given by
(4.26) taking m, = +1, leading to r, <r,, <3M.
There are spiral paths from r = +00 (p = py) to
r=ri(p=e)andfromr=r, (p=p,)tor=
r1 (p = e;) given by (3.22) and (4.5) with k = /3e;.
There is also a many-world periodic bound path
from r > r, through r = r_ to r = r, > 0, which
emerges in another copy of the space-time after
crossing r = r_. This is also given by (3.22) with
the + sign. In the limit a> — 0, r; — 3M, which is
the Schwarzschild limit.

(b) € = €_. We have necessarily 7,=—1since {_ <0
for the normal Reissner-Nordstrom black hole. In
this case, the rhs of (4.3), €_ — u® + 2Mu> + q*u*,
has only one real root'® u; = —[v/9 + 8a4% + 3]/
(4a®*M) < 0 with multiplicity 2 and two complex
roots.'! Thus, the rhs of (4.3) is always positive with
only absorbed paths from spatial infinity to the
singularity at » = 0 given by (3.12) and (4.5).

C. One real root for w(p) =0
This corresponds to [Eq. (3.23)]

27 +36a% + 8a* — (9 + 8a2)3/2
<¢
32M2 g0
27+ 3642 + 8a* + (9 + 8a?)3/2
32M?ab

(n,=—1),

(4.28)

%u, is the smallest positive root of £, — u® + 2Mu® — g*u* =
0 when the point M3 is on the u axis [Fig. 7(b)].

194, is the only real root of €_ — u? + 2Mu? + g*u* = 0 when
the point M3 is on the u axis [Fig. 7(a)].

"5 this case the reduction of (4.3) does not lead to (1.2);
rather, it leads to a similar equation with an irreducible quadratic
form on the rhs, a polynomial of degree 2 with complex roots.
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2 _ g b Q232
€>36a 27 —8a*+ (9 —8a?)

— +1).
32M2a6 (772 )

(4.29)

For the phantom solution (1, = —1), this is the case
where the point M, is above the u axis and M5 is below it
[Fig. 7(a)]. The two real roots (u, <uz) of € — u’>+
2Mu® + q*u* = 0 are negative and (u;, u,) are now com-
plex roots, so (e, e;) no longer exist. Equations (B1) and
(B2) become

u- <u, <uy<0<uwy, (4.30)
63 <P <P < pg<p_-<p,= Fo00

with only absorbed paths from spatial infinity to the singu-
larity at r = O given by (3.12) and (4.5).

For the normal solution (7, = +1), this is the case
where the point M3 is above the u axis [Fig. 7(b)]. The
two real roots of € — u®>+2Mu® — q?u* =0 satisfy
uy <0, and u, > u_ >0 is the largest one. (u[, u,) are
now complex roots, so (e;, e;) no longer exist. Equations
(B5) and (B6) become

up<0<u, <u_ <u,,
4.31)
Po<€3<Po<pi<p-<p,= T+

The only existing paths are two-world scattering paths
from spatial infinity to r =r, = 1/u, >0 given by
(3.12) and (4.5).

The log-formula for the deflection angle is easily deter-
mined using (3.28) with po,, M*{ ., and p ,; given by (4.12),
(4.23), and (4.25), respectively, k = 1,and U, = Mu, is the
lowest root (if 7, = —1) or largest one (if n, = +1) of
M0, — U? +2U° — n,a®U* = 0.

V. NULL GEODESICS OF PHANTOM
AND NORMAL EMD

In this section we restrict ourselves to the case y = 0,
which corresponds to n; = +1, and then (2.3) implies
1, = —1 for the cosh solution and 7, = +1 for the sinh
one. Thus we will be considering E-anti-MD for the cosh
solution and normal EMD for the sinh one.

Instead of u = (1/r_) — (f_/r_), we use f_ as aradial
coordinate. This way we reduce (A3) for light paths
(e=0)to

df_\2
(ﬁ) =[afl —QBa+1)f2+Q@Ba+B+2)f_
—(a+DIf-, (5.1)
where, using (2.6),
oy 2M? 2
@=—"—="Mm 5 = "M
- i 5.2
r2 B2 q4E2 q4 (5.2)
B=—5=7575 35 =0
L M-L M=b
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In the physical case a> < 1, to which we restrict ourselves,
« is constrained by

a>2 ifp=—1, a<-2 ifm=+1 (53)

for the phantom cosh and normal sinh solutions, respectively.

The next step is to introduce the variable R = 1/
(f— — fo) where f is a zero of the fourth order polynomial
in f_ on the rhs of (5.1). We choose f, = 0, leading to

dR\2 ) 3

b =a—Ba+1)R+@Ba+B+2)R*—(a+1)R°.
The final steps consist in eliminating the term in R? and
rescaling ¢ by introducing the Weierstrass coordinates
(p, ©) defined by

4173 3a+B8+2
= - + :
R (a + 1)1/3p (a+1) 5-4)
+ 1/3
40 = —1;2(“41/13) dp (A -dO®>0), (5.5)

and d¢ - d® > 0 by (5.3). The reduced equation is (1.2):
(dp/d®)* = 4p’ — g,p — g3 with

413 1+ 22+ 3a)B + p?

82775 (1 + )3

: (5.6)

_2-3(5+ 12a +9a%)B — 6(2 + 3a) B2 — 23
B 27(1 + a)? ’

83

(5.7

Note that, if « is restricted by (5.3), p(r) is a decreasing
function of r for all 5,. p(r) and its inverse function are
given by

_B=Dr=Q@a+pB+2r_
3415314 a)?3(r—r.)

and

(5.8)
re[Ba+ B +2-3-47301+ a)?p]
r= ,
B—1-3-43(1+a)p
so that, using r_ = n,|r_| and @ + 1 = —n,|a + 1], we

arrive at dp/dr = —|r_|la + 1|3 /[4'3(r — r_)?].

In the limit r—r_, p— —3r_(a+1)/(r—r_) =
3lr_|la + 1|/(r — r_) for all n,. Thus the transformation
(5.8) “splits” the point r_ into r— and r* and sends the
point r~ to p = —oo and the point r* to p = p_ = +o0.
The points py, py, and p, (corresponding to r = +o0,
r =20, and r = r,) on the p axis are given by

_ B -1 _ 3a+p+2
Po =3 P+ 127 PO T 3 B 1)
+2
P+ A (5.9)

T340+ a2

and p, > 0 for phantom black holes. If (e}, e,, e3) are real,
the order relations of these roots with respect to
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(Pwo» Po» p+) depend on (e, B) = p. This will be done for
each case (phantom or normal) separately.

Ordering (po, po, p+) is also done separately as follows.
For the phantom cosh black hole we have r¥ <0 <r, <
+00, which leads to [p(r) is always decreasing]

Poo < P+ < po<p- = Foo. (5.10)

For the normal sinh black hole we have 0 < r- <rf <
r, < +oo, But since p(r) is always decreasing, if one
moves on the r axis along the path r = +00 — r, —
r* — rZ — 0, the corresponding point on the p axis
moves along the path p, — p, — p_ = t00o— (in a
circular rotation) —o0 — p,. Thus

(5.11)
Let (B, B2, B3, Ba4) be the following « functions:

PO <P <Py <p_ = F00.

Bir=—02+3a)FV3(1+a)(1+3a) (1——2—>+),
(5.12)

1 —18a —27a® * (1 + 9a)
8a

1+ a)1 +9a)

33,4 =
B—+,4— ) (5.13)

in terms of which we have
_ 4B (B- BB B
&2 3 1+ a)*? ’
_ B[4+ (1 —18a —27a%)B — 4aB?]

A =gl —27g}
87 83 (1 + a)2
—4aB(B — B3)(B — B4)
= . 5.14
1+ a)? (5.14)
A. The phantom cosh black hole: & >2, , = —1

In this case g, >0 for all 8 =0 [Eq. (5.2)], B4 <O,
and 85 > 0.

1. Three distinct real roots for w(p) = 0

This corresponds to [Eq. (3.3)]: 0 < 8 < B3, which
leads, using (3.4), (5.9), and (5.10), to

e3<po<er<e <py<py<p-=+0 (p,<0).

(5.15)

To order (poo, po, P+ ) With respect to (e}, e,, €3), as done in
(5.15), we may use different methods as plotting the sur-
faces p, — e, and so on or simply evaluate the Weierstrass
polynomial and its derivatives w' = 12p> — g, and w' =
24p at (ps, po, p+ ). For instance, w(p ) >0, w/(p,.) >0
and w'(p,) > 0.

This case has been treated in Sec. IIIA1 case (b).
Since p is a singularity for the cosh black hole, there is a
trapped path from e; to p, given by (3.11), (5.5), and (5.8),
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The scattering path from p, — e, — po is given by (3.9),
(5.5), and (5.8).

2. Two distinct real roots for w(p) = 0
This corresponds to [Eq. (3.13)]

B=0 or B=ps

For B8 =0, p, = e; and g3 > 0 so that g; = (g,/3) X
v g2/3. The relations (5.15) are still valid, in the limit
where we have e; = p,, = e,. This case has been treated
in Egs. (3.14) to (3.16). Since p, is a singularity for the
cosh black hole, there is a trapped or terminating bound
path from p, =e;(r=ry) to po(r=0) given by
(3.16), (5.5), and (5.8), with e; = —2¢3 = —2¢, =
—2pe = 213 /[3(1 + &)*3]:

(5.16)
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2 ®-C
2/3 23, _ % 2
223(1 + a)*3p 3 + tan [21/3(1 " a)1/3:|'

Substituting 8 = 0 into (5.6) and then into (3.15) and the
second equation (5.8), we obtain the radius of the stable
circular path at r = o0, as in the Schwarzschild case.

For B = B3, g3 <0 so that g5 = —(g,/3)+/g»/3. This
case has been treated in Eqgs. (3.19) to (3.22). The
relations (5.15) remain valid with 2¢; = 2e, = —e3 =
v g2(B3)/3. There are spiral paths given by (3.22), (5.5),
and (5.8), which approach the unstable circular path at
p = e, from above(p,,)/below(py). The radii p,, = e,
and r,, = r; of the unstable circular path (photon
sphere) are given by

1/2
} , (5.17)

1 [(1+9a)[1 + 9a? — n,W/A + a2 + 319,V/A)]
Pps = 24 21802(1 + a)'/3
8r (1 + 3a)
ps =

(5.18)

1 — povA — a(10 + 27a + 99,3/A) — 7uV2A41 — 7o /A + a2 + 9a + 31,/A)

(with n, = —1 and a >2) where A = (1 + a)(1 + 9a)
and r, = 2M. The limit g> — 0 corresponds to a — + 0.
The radius r,,, as given by (5.18), decreases from
(5 + +/57)r, /8 to the Schwarzschild limit 37, /2 as «
increases from 2 — +o0.

3. One real root for w(p) = 0
This case corresponds to [Eq. (3.23)]: 8 > B; leading to

Poo <€, <pp<py<p-=+c, (5.19)

where e, is the real given by (3.24). For a > 2 it is not
possible to have g, = 0 and g3 = 0, so there is no solution
e, = 0 with multiplicity 3. Since p is a singularity for the
cosh black hole, there is a trapped path from e, to p for the
generic case 8 > (5 given by (3.11), (5.5), and (5.8).

B. The normal sinh black hole: & < -2, 5, = +1

In this case 0 < B, < B < B, < B3. Thus, the condi-
tion A > 0 [Eq. (5.14)] ensures g, > 0.

1. Three distinct real roots for w(p) =0

This corresponds to [Eq. (3.3)]: 0 < B8 < B4 or 8 > B3,
which leads, using (3.4), (5.9), and (5.11), to

po<es<ppo<e<e<py<p_=+00

f0<B<Bs (pe<O0) (5.20)

f
e3<er, <pp<e|<pPo<py<p_=-+oo if B> B;.
(5.21)

For the case 0 < B8 < B4, which has been treated in
Sec. IIT A1 case (d), the solution for the scattering path
from po, — €; — po (r = 0 — ry — r = ) is given by
3.9), (5.5), and (5.8). There is another path from r = r,
(p=e) tor=r_ (p=p_), which is a trapped path
where p_ is a null singularity for the sinh black hole.
If we choose ® = 0 at p = ¢y, then the solution is given by
(3.11), (5.5), and (5.8).

The case B > f3; has been treated in Sec. IIl A 1 case (¢).
Since p_ is a singularity, we have an absorbed path from
spatial infinity to the singularity. The solution is given by
(3.12), (5.5), and (5.8).

2. Two distinct real roots for w(p) =0

This corresponds to [Eq. (3.13)]: B =10, B = B4, or
B = Bs.

The discussion of the case 8 = 0 for the normal sinh black
hole is similar to that for the phantom cosh one. The infor-
mation in the first paragraph following (5.16) applies to this
case if we replace “py” by “p_,” “r=0"by “r=r_,"
and “cosh” by “sinh.” Thus, there is a trapped path from p ;.
to the singularity p_ given by (3.16), (5.5), and (5.8).

For B = B4, g3 <0 so that g3 = —(g,/3)4/g>/3. This
case corresponds to the case 3 = (3 of the phantom cosh
black hole; the discussion in the second paragraph follow-
ing (5.16) applies, and the radii of the unstable circular path
(photon sphere) are obtained from (5.17) and (5.18) taking
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1, = +1 (@ < —2). The limit g> — 0 corresponds to a —
—o0. The radius r,, increases from (7 + VI re /8> r,
to the Schwarzschild limit 37, /2 as || increases from
2 — +oo (a decreases from —2 — —o00).

For B = 3, g3 > 0so that g3 = +(g,/3)v/g>/3. In this
case e3 = e, = —2¢; [Eq. (3.14)], and all remaining
inequalities in (5.21) are still valid. Since p_ is a singu-
larity, we have an absorbed path from spatial infinity to the
singularity. The solution is given by (3.12), (5.5), and (5.8).
The value r; = r, corresponding to e; = e,, which should
give the radius of the stable circular path, is such that
O0<r=nrn<r_=r

sing*

3. One real root for w(p) =0

This case corresponds to [Eq. (3.23)]: Bs < B < B3
leading to

Po<e, <po<pp<p_=+oo, (5.22)

where e, is the real root given by (3.24). For & < —2 itis not
possible to have g, = 0 and g3 = 0, so there is no solution
e, = 0 with multiplicity 3. In the genericcase 8; = 8 = 3,
and g3 # O there is an absorbed path from p,, to the singu-
larity at p = p_ = +o0 given by (3.12), (5.5), and (5.8).

The log-formula for the deflection angle is easily deter-
mined using (3.28) with p, and p,, given by (5.9) and
(5.17), respectively, and |k| = |a + 1|'/3 /4173,

VI. CONCLUSION

To the first order of approximation, all black holes of
phantom and normal EMD deflect light in the same manner.
If we restrict ourselves to physical conditions [a*> = 1 for
n, = —landa® = (1 + y)/(2y) for p, = +1],then (1) for
v larger than some vy,, which is likely in (—0.2, 0) and
depending on the parameters of the black hole, black holes
of E-anti-M-(anti)-D theory (regardless of the sign of 7;)
cause light rays to deflect with larger angles than black holes
of EM-(anti)-D. The difference in the angles and the relative
discrepancy ever increase with a? for fixed (u,, ). For fixed
(@, y), they increase with 1/r, and diverge as r,, approaches
the photon sphere of E-anti-M-(anti)-D black holes. (2) For
¥ < Yo and 9, YR, < 0lightis more deflected by the black
holes of EMD than by those of E-anti-MD; the relative
discrepancy for larger values of the impact parameter is,
however, much larger for the black holes of E-anti-MD.

Time delay and relativistic images are other ingredients,
besides deflection, allowing for the determination of the
nature of matter. From this point of view a very useful log-
formula for the positions of the images has been determined.

The method based on the Weierstrass polynomial to inte-
grate geodesic motion and determine exact solutions is
equivalent to other methods using potential barriers and
can be applied systematically. The advantage of using the
method based on the Weierstrass polynomial is that motion is
allowed in at most two regions: In between the smallest root
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of the polynomial and the intermediate one and/or for values
greater than the largest root. This highly simplifies the prob-
lem. Some of the systematic resolutions consist as follows:
(1) The angle of deflection and the log-formula have standard
expressions for all problems that can be brought to the
Weierstrass differential equation. (2) If the smallest and
intermediate roots of the Weierstrass polynomial are equal
for some value of the vector of parameters, there should be a
stable circular path for the corresponding radial coordinate r
if the latter is within accessible limits to observers. (3) If the
largest and intermediate roots are equal for some value of the
vector of parameters, there should be an unstable circular
path (photon sphere) for the corresponding radial coordinate
r if the latter is within accessible limits to observers.
(4) Existence of spiral paths, which approach endlessly the
photon spheres, is a consequence of (3). (5) Existence and
identification of divergencies for the angle of deflection: a
logarithmic one if (3) holds or a power law one (to the power
—1/2) if the three real roots are zero. (6) Ordering of the
parameters expressing spatial infinity, singularity, horizons,
and so on, on the Weierstrass axis is derived by circular
rotation (from their given order relations on the r axis) in the
one or the other way depending on the coordinate trans-
formation relating the Weierstrass radial coordinate to the
spherical radial one (increasing or decreasing).

Phantom Reissner-Nordstrom black holes are character-
ized by the existence of trapped and absorbed null paths
that do not exist for normal Reissner-Nordstrom black
holes. Their other noncommon paths include many-world
(periodic bound) and two-world paths that exist only for
normal Reissner-Nordstrom black holes. Their common
paths include scattering, spiral (existence of logarithmic
divergencies), and unstable circular paths with radii
approaching the Schwarzschild limit from above for phan-
tom black holes and from below for normal ones.

Both phantom cosh and normal sinh black holes of EMD
theory are characterized by the presence of scattering,
trapped, and unstable circular paths, thus spiral paths and
the existence of logarithmic divergencies. The photon
spheres are larger or smaller than the Schwarzschild one,
respectively, and approach it in the limit of no electric
charge. The phantom solution has no absorbed path while
the normal one does.

ACKNOWLEDGMENTS

Thanks are due to Gérard Clément (LAPTH) for helpful
correspondence.

APPENDIX A: GEODESIC EQUATIONS AND
ANGLE OF DEFLECTION

Related to the two Killing vectors (d,, d,4) are the two
constants of motion (E, L) given by

dr d
foft o = E ;»2511129f1:vd—‘fr5 =L (Al
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Since (2.2) is endowed with spherical symmetry, the
motion happens in a plane through the origin. Letting the
plane be § = 77/2 and inserting (A1) into the line element
(2.2), we bring it to (with € = 1, 0 for massive, massless
particles, respectively)

(o) =&~ e L |

ar e (Aa2)

For scattering states E> — € > 0. Eliminating 7 in (A1) and
(A2) and using u = 1/r, we arrive at

(oY =L - o[+ 22T)

From now on we take € = 0 so that the condition for
light scattering is EZ > 0. Now, let g(u) := u?f, 2! and
|

(A3)
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u, = 1/r, be the point on the light scattering geodesic
nearest the origin where %(un) = 0. Since E? = L%g(u,,),

the angle of deflection, which is twice the variation of ¢
minus 77, takes the form

Uy du
5 =2 o
¢ [) I e(w,) — gu)
- 2[‘ 41— o T
0 f(u, ) g(w,) — glup) V1 =22

(A4)

where u = u,x. If u, < 1, corresponding to scattering
with large values of the impact parameter (b = L/E),

unv'1l — x? _ [(y—l)r—+2M]1—x3_ B B 1 5 .
T e s =5 0 U g g R0

+2r—r+ 2y — 1+ 2yx+ 6y — Dx®> +2x> + x*] + r2[4y* — 1 + 62y — )x
+ (8y% + 1)x* + 6x° + 3x*ThuZ + Olu, P,

where we have used (2.5): r. + yr— = 2M. Performing
the integrations over x we obtain (2.8).

APPENDIX B: ORDER RELATIONS FOR THE
PHANTOM AND NORMAL REISSNER-
NORDSTROM BLACK HOLES

1. The phantom case , = —1

In the case where all four roots of € — u? + 2Mu® +
2q%u* = 0 have multiplicity 1 we can choose any root to
perform the reduction of (4.3) to (1.2). For the phantom
Reissner-Nordstrom black hole we choose u, to be the
smallest root as shown in Fig. 7(a)

u- <u;y <uf <uy<O0<uy <wuy <uy, <-+oo. (Bl)

As defined in the first expressions of Eqs. (4.6) and (4.7) and,
(Cy, C,) are proportional to the first and second derivatives
of € — u? + 2Mu® + q*u* at u = u,, respectively. At the
point M, (u,, 0) of Fig. 7(a), the function is decreasing and
concave up (convex), thus C; <0, C, >0, and p is an
increasing function of u (a decreasing function of r).

Since C; <0, the coordinate transformation (4.5)
“splits” the point u, into u,” and u, , which correspond
to p = —o and p = +oo, respectively. If one starts to
move on the u axis from the right to the left: from
u=+oo(r=0)tou, tou, to---tou, tou, and finally
to u_. Since p is an increasing function of u, the corre-
sponding point on the p axis starts to move from pg to p
toe; to- - to p = —oo and then back in a circular rotation
to p = +o0 and finally to p_. Thus, we have the following
order relations for the p parameters:

—0<egy<po<er<e1<pr<peg<p_<p,=-too,
(B2)

(Of course, this ordering can be derived by algebraic
methods.)

If € = 0 (M, on the u axis), then u, = u_, u, = u3 =0,
and u; = u, (p, = +0, e, = e3, and e¢; = p, ). Using
(3.14), (4.6), (4.7), (4.8), (4.9), (4.12), and (4.13), we obtain

12p0=5—[6m,(1++1—n,a%)/a*] (with n, = —1); thus

1 1
—=<e=ps=

=)= pPo = —<py<p_= oo
e3=e=p 12 6 Po=~p

(B3)
If € =4¢€,, then u; = u, (M; on the u axis) and (B2)
becomes
TO<e3<pp<er=e <Py <py<p-<p,=+x.
(B4)

If € = €_, then u, = uy (M5 on the u axis) and the root
u, has multiplicity 2.

2. The normal case n, = +1

In the case where all four roots of € — u®> + 2Mu> —
2¢*u* = 0 have multiplicity 1 we can choose any root to
perform the reduction of (4.3) to (1.2). For the normal
Reissner-Nordstrom black hole we choose u, to be the
largest root as shown in Fig. 7(b)

Uy <0<uy <uy <wuy <u_<u, <u} <+oo, (B5)
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At the point M,(u,, 0) of the (b) plot the function is de-
creasing and concave down (concave), and thus C; <0,
C, <0, and p is an increasing function of u (a decreasing
function of r). Since C; < 0, the coordinate transformation
(4.5) splits the point u, into u;" and u; , which correspond
to p = —o0 and p = +oo, respectively. If one starts to
move on the u axis from the right to the left, from u =
o0 (r=0)tou, tou, tou_ to---tou, to us and finally

to u = —oo. Since p is an increasing function of u, the
corresponding point on the p axis starts to move from p to
p = —oo and then back in a circular rotation to p = +o0 to

p_to - - toe, to ez and finally to p, again. Thus, we have
the following order relations for the p parameters:

—0<pp<ez<po<e<e<pyr<p_<p,=+o0,
(B6)

If £ = 0 (M, on the u axis), then u, = u_, u, = uz = 0,
and u; = u, (p, =+, e; = e3, and ¢; = p,). Using
(3.14), (4.6), (4.7), (4.8), (4.9), (4.12), and (4.13), we obtain
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12pg =5 — [6my(1 + V1 — mpa?)/a?] (with 5, = +1),

and thus

1
;e = py

T < pg< ez =€ = Po = B

(B7)

If € =4, then u; = u, (M5 on the u axis) and (B6)
becomes

TO<pyLe3<pPo<er=e;<py<p_<p,=+0o.
(B8)

If € =¢_ <0, there is still one real root u, <u, =
u; <u_ (M, on the u axis). This case is excluded; how-
ever, if it were possible for a photon to move with a
negative energy, it could do it on a confined stable circle
with radius r_ <r = M3 — 9 — 84%)/2 < r,, which
shrinks to zero as a> = g*>/M? approaches zero.
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