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We study the dynamics of the homogeneous and isotropic universe with a scalar field and an SU(2) non-

Abelian gauge (Yang-Mills) field. The scalar field has an exponential potential and the Yang-Mills field is

coupled to the scalar field with an exponential function of the scalar field. We find that the magnetic

component of the Yang-Mills field assists acceleration of the cosmic expansion and a power-law inflation

becomes possible even if the scalar field potential is steep, which may be expected from some

compactification of higher-dimensional unified theories of fundamental interactions. This power-law

inflationary solution is a stable attractor in a certain range of coupling parameters. Unlike the case with

multiple Abelian gauge fields, the power-law inflationary solution with the dominant electric component

is unstable because of the existence of nonlinear coupling of the Yang-Mills field. We also analyze the

dynamics for the noninflationary regime, and find several attractor solutions.

DOI: 10.1103/PhysRevD.87.023528 PACS numbers: 98.80.Cq

I. INTRODUCTION

The idea of inflation now gives a standard scenario of the
early evolution of the Universe [1–5]. It solves several
difficulties such as the horizon and flatness problems in
the big-bang cosmology, which has been confirmed by the
precision cosmological observations. It also provides us
with a prediction on the origin of the observed density
fluctuations. Many cosmological models with such a phase
of accelerated expansion have been proposed by introduc-
ing a scalar field with an appropriate potential (or some
alternative fields). However, it is desirable to derive
a natural model from a fundamental theory of particle
physics without introducing any anonymous field by
hand. The most promising candidate for such a fundamen-
tal theory is the ten-dimensional super string theory [6] or
eleven-dimensional M theory [7]. They are hoped to give
an interesting explanation for the accelerated expansion of
the Universe upon compactification to four dimensions.

In the low-energy effective field theories of superstrings
or supergravity theories, however, there is the so-called
no-go theorem, which forbids such an inflating solution if
the internal space is a time-independent nonsingular com-
pact manifold without boundary [8]. In order to evade this
theorem, we have to violate some of those assumptions. We
have three possibilities:

(i) a time-dependent internal space such as S-branes
[9–12]

(ii) an introduction of ‘‘singularity’’ such as branes
[13,14]

(iii) a modification of gravitational action such as
higher-curvature terms [1,15–20]

Although some models could be promising, many
models are still suffering from instability of a dilaton field
or moduli fields. In fact, we naturally expect exponential
couplings of moduli fields. Without fixing those moduli,
many inflationary models are spoiled.
An exponential coupling is not always harmful for

inflation, however. In fact, we can find a power-law infla-
tion [21] with an exponential potential [22,23]. It also
provides the cosmic no hair theorem similar to the slow-
roll inflation [24]. In supergravity theories and superstring
models, an effective exponential potential V0 exp½����
naturally appears [25–27]. However, their potential is usu-
ally so steep that the power exponent of the scale factor
cannot be much larger than unity, which makes it difficult
to construct an acceptable inflationary model of the

Universe. For example, we find � ¼ ffiffiffi
2

p
and

ffiffiffi
6

p
for two

scalar fields in N ¼ 2, six-dimensional supergravity model
with S2 compactification [26], and the same is true for two
scalar fields in N ¼ 1, ten-dimensional supergravity model
with gaugino condensation [27]. Townsend summarized
the possible exponential potentials derived by the compac-
tification of ten- or eleven-dimensional supergravity theo-
ries [28]. From flux compactifications, one expects

� � ffiffiffi
6

p
, while we may find

ffiffiffi
2

p � � � ffiffiffi
6

p
by hyperbolic

compactifications. Neither of them offers a flat enough
potential for inflation.
In the unified theories of fundamental interactions,

there naturally exist gauge fields, which may be included
in the original action such as the heterotic string theory or
can be induced by Kaluza-Klein compactification. In
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effective four-dimensional theories derived from higher-
dimensional unified theories, we also expect those gauge
fields coupled exponentially to moduli fields such as
1
4 exp½���F2. Hull and Townsend discussed such a cou-

pling for the case of U(1) gauge fields. They found that the
possible values of the coupling in the four-dimensional

effective action are � ¼ 0,
ffiffiffiffiffiffiffiffi
2=3

p
,

ffiffiffi
2

p
, or

ffiffiffi
6

p
in the context

of black holes in the type II string theory compactified on a
six torus [29]. In M theory (eleven-dimensional supergrav-
ity) with intersecting branes, the four-dimensional effec-
tive action also contains the same moduli couplings to U(1)
multiplet [30].

If the strengths of the couplings between gauge fields
and a scalar field are similar to that of the scalar self-
coupling, the gauge fields may affect the dynamics of the
scalar field. In fact there are several discussions about the
dynamics of inflation, where supportive roles of gauge
fields in realizing accelerated expansion have been
observed [31–46].

The effect of the gauge-kinetic coupling on the
inflationary dynamics was first discussed in the context
of anisotropic inflation [31], assuming a U(1) gauge field
coupled to an inflaton field. Since a single U(1) field cannot
exist in Friedmann-Lemaı̂tre-Robertson-Walker (FLRW)
isotropic and homogeneous spacetimes, they discussed
Bianchi spacetimes as the cosmological model. They
specified the scalar potential to be quadratic and chose
exp½c�2� as the gauge-kinetic coupling. They showed
that an anisotropic inflationary era may arise as a transient
attractor state while the scalar inflaton is slowly rolling.
The anisotropy eventually disappears as the scalar field
oscillates towards the end of inflation. The observational
relic of the anisotropic inflationary era was also discussed
[31–35].

While the chaotic inflation driven by the quadratic
potential is phenomenologically interesting as it automati-
cally results in reheating, the form of the inflaton-gauge
interaction discussed in Ref. [31] may not naturally appear
in the unified theories. They also studied the case with an
exponential potential and a U(1) gauge field coupled expo-
nentially to the scalar field, which suits the framework of
the unified theories better. They found an exact anisotropic
inflationary solution, which is an attractor independent of
the initial conditions [36]. Since our present Universe is
almost isotropic, this model must be severely constrained.

However, if there exist more than two gauge fields, we
find an interesting scenario. Although it requires an artifi-
cial assumption that all the gauge fields couple to the
inflaton through a common gauge-kinetic function, one
can obtain a totally homogeneous and isotropic inflationary
solution as an attractor [37]. Since the anisotropic inflation
can be found as a transient attractor, we might have a
chance to find distinct observational signatures. An impor-
tant result is that an isotropic power-law inflationary solu-
tion appears as an attractor even for a steep exponential

potential for the inflaton, which is expected from the
unified theories of fundamental interactions. While there
are certain conditions to be satisfied by the gauge-kinetic
coupling constant, they are not so strict as the usual slow-
roll conditions and could fall within the reach of the
supergravity theories.
In the case of U(1) multiplet fields, we usually expect the

different gauge-kinetic coupling constants for different
fields in the context of the unified theories. However, if
we consider a non-Abelian gauge field, it consists of
‘‘multiple’’ vector fields with a single common gauge-
kinetic coupling constant. As a result, the discouraging
feature of U(1) multiplet will disappear. The conventional
chaotic inflationary model with a non-Abelian gauge field
has been studied [38]. Motivated by its phenomenological
development and the aforementioned features of high-
energy physics, in this paper, we study SU(2) non-
Abelian gauge field coupled exponentially to a scalar field
with an exponential potential, in order to know whether the
non-Abelian gauge field has the similar nice properties as
the U(1) multiplet case.
We should note that there is also an approach different

from the present gauge-kinetic coupling model [44–46].
They consider an axion field coupled to a non-Abelian
gauge field, which is named chromo-natural inflation. It
was also claimed to be related to a scenario where inflation
is driven by a gauge field whose action contains a higher
order term in its field strength [47]. It may give another
interesting inflationary regime with non-Abelian gauge
fields.
In the following, we present the basic equations of

our system, and obtain power-law solutions in Sec. III.
We find that a power-law inflationary solution is found
only for the case of the magnetic component dominance
in contrast to the U(1) triplet case, in which both infla-
tionary solutions with electric field and magnetic field are
possible. In Sec. IV, we describe the solutions as fixed
points of a dynamical system and analyze their stabilities.
In Sec. V, we perform numerical analysis for the range of
coupling constants where fixed points do not exist. It also
tells us how the attractor state is achieved from generic
initial data. Concluding remarks and discussions are given
in Sec. VI.

II. BASIC EQUATIONS

We use the unit of �2 ¼ 8�G ¼ 1. The action we
discuss is

S ¼
Z

d4x
ffiffiffiffiffiffiffi�g

p �
1

2
R� 1

2
ðr�Þ2 � Vð�Þ

� 1

4
f2ð�ÞFðaÞ

��FðaÞ��

�
;

where

FðaÞ
�� ¼ @�A

ðaÞ
� � @�A

ðaÞ
� þ gYM�abcA

ðbÞ
� AðcÞ

�

KEI-ICHI MAEDA AND KEI YAMAMOTO PHYSICAL REVIEW D 87, 023528 (2013)

023528-2



is an SU(2) non-Abelian gauge field, which we call the
Yang-Mills (YM) field, and gYM is its coupling constant.
The coupling to the scalar field fð�Þ and the scalar poten-
tial Vð�Þ are given respectively by

f2ð�Þ ¼ e��; Vð�Þ ¼ V0e
���:

� can be set non-negative without loss of generality. We
also restrict ourselves to V0 � 0 since our primary interest
here is inflation.

Throughout the article, we discuss a flat FLRW space-
time [48], whose metric is given by

ds2 ¼ �dt2 þ a2ðtÞd2x:
We assume that the vector potential is given by

AðaÞ
0 ¼ 0; AðaÞ

i ¼ AðtÞ	ðaÞ
i ; (2.1)

so that the YM field is taken to be isotropic. This configu-
ration results in both homogeneous electric and magnetic
components, which are written in the coordinate basis as

EðaÞ
i

:¼ FðaÞ
i0 ¼ aðtÞEðtÞ	ðaÞ

i ;

BðaÞi :¼ 1

2
�ijkFðaÞ

jk ¼ BðtÞ
aðtÞ 	

iðaÞ;

with

E :¼ �
_A

a
and B ¼ gYM

A2

a2

being their comoving field strengths. This is an important
difference from U(1) gauge fields, for which we find only
the electric component in the above vector potential. The
homogeneous magnetic component in U(1) gauge fields is
obtained only when we introduce an appropriate inhomo-
geneous vector potential. As a result, the electric compo-
nent and magnetic one in the U(1) fields are independent.
We can discuss each component separately, and find
essentially the same dynamics between them because of
the electromagnetic duality under the change of the sign of
�. In contrast, the YM field always consists of two com-
ponents in the above isotropic configuration (2.1) and the
homogeneous field is found only by a homogeneous vector
potential. Since the magnetic component represents the
nonlinear term in the vector potential A which is absent
for U(1) gauge fields while the electric component is given
by the linear term, there is no electromagnetic duality. If
one introduces any spatial dependence to the vector poten-
tial, the field strengths become inhomogeneous. We should
also note that we need more than two U(1) fields with a
common coupling to the scalar field as discussed in
Ref. [37] in order to find an isotropic and homogeneous
attractor spacetime. Otherwise, we find an anisotropic
universe. For an SU(2) gauge field, this uniform coupling
is a necessary consequence of the symmetry.

The Einstein equations are

H2 ¼ 1

3

�
1

2
_�2 þ V þ 
YM

�
; (2.2)

_H ¼ �
�
1

2
_�2 þ 2

3

YM

�
; (2.3)

where the dots denote the time derivative d=dt, and
H ¼ _a=a is the Hubble expansion rate. 
YM is the YM
energy density, which consists of the electric and magnetic
parts, i.e.,


YM ¼ 
E þ 
B: (2.4)

They are defined by


E ¼ 3

2
e��E2; 
B ¼ 3

2
e��B2: (2.5)

The equation of motion for the scalar field is

€�þ 3H _�� �V � �ð
E � 
BÞ ¼ 0; (2.6)

and the equation of motion for the YM field is simply

€AþH _Aþ � _� _Aþ2g2YM
A3

a2
¼ 0: (2.7)

Using the Bianchi identity, Eq. (2.3) is obtained from Eqs.
(2.2), (2.6), and (2.7). Hence we take (2.2), (2.6), and (2.7)
as the basic equations of our system.
The YM equation can be reduced to the first order

equations for each energy density as

_
 E ¼ �ð4H þ � _�Þ
E � 4
_A

A

B;

_
B ¼ �ð4H � � _�Þ
B þ 4
_A

A

B:

(2.8)

The terms with 4H come from the radiationlike behavior
of the YM field (
rad / a�4) and the last terms are from
the nonlinear interaction in the YM field. We note that
although there is no electromagnetic duality for the YM
field, we recover the dynamical equations for the U(1)
tripled fields by dropping the nonlinear coupling terms
[the second terms on the right-hand sides of Eqs. (2.8)].
Hence, as we will see later in the dynamical system analy-
sis, some aspects of this duality can be seen in the regime
where the gauge coupling is dynamically unimportant.

III. POWER-LAW SOLUTIONS

Since we have the exponential potential, we expect a
power-law expansion and look for the possibility of power-
law inflation. Suppose our solution is given by

a ¼ a0t
p; (3.1)

� ¼ 2

�
lntþ�0; (3.2)
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where p is assumed to be a constant, and a0 and �0

are initial values. The coefficient 2=� in front of lnt

is determined by requiring that the t dependence of _�2

and V be the same, in order to satisfy the Hamiltonian
constraint (2.2).

A. The case with U(1) triplet fields

First we consider the case with U(1) triplet fields, which
was discussed in Ref. [37]. The equations to be solved are

_
 E ¼ �ð4H þ � _�Þ
E; _
B ¼ �ð4H � � _�Þ
B;

(3.3)

and Eqs. (2.2) and (2.6). In our setting (2.1), the magnetic
field vanishes. However, if we add an appropriate inhomo-
geneous vector potential, a homogeneous magnetic field
can appear and the energy densities of the electromagnetic
fields satisfy Eqs. (3.3).

1. Dynamics of the scalar field

Equations. (3.3) are easily integrated as


E ¼ 
E0

e��ð���0Þ

ða=a0Þ4
; 
B ¼ 
B0

e�ð���0Þ

ða=a0Þ4
; (3.4)

where 
E0, 
B0, �0 and a0 are integration constants.
Then the equation of the scalar field is reduced to

€�þ 3H _�þ @Veff

@�
¼ 0; (3.5)

where

Veff :¼ V0e
��� þ 1

a4
ðCEe

��� þ CBe
��Þ (3.6)

with

CE ¼ 
E0a
4
0e

��0 ; CB ¼ 
B0a
4
0e

���0 : (3.7)

Although the original potential V is monotonically
decreasing, the effective potential (3.6) has a minimum
point for � < 0 and CE � 0, or for � > 0 and CB � 0.
As a result, the scalar field will evolve more slowly than the
case only with the exponential potential V. Since there
exists the prefactor a�4, the minimum point will move
and the minimum value will decrease as the Universe
evolves. Hence we do not have an exponential expansion,
but have a power-law expansion whose power exponent is
larger than the original power-law expansion driven solely
by the potential V. This is the mechanism that a gauge field
coupled to a scalar field assists slowing down the motion of
the scalar field and inflationary expansion becomes pos-
sible even for a steep potential.

Next we present the explicit power-law solutions.
Assuming that the expansion of the Universe and the
evolution of the scalar field are described by Eqs. (3.1) and
(3.2), and the energy densities of the electromagnetic
fields are proportional to t�2, i.e., 
E ¼ 
E0=t

2 and


B ¼ 
B0=t
2, we find that Eqs. (3.3) become the algebraic

equations:


E0 ¼
�
2pþ �

�

�

E0; (3.8)


B0 ¼
�
2p� �

�

�

B0: (3.9)

There are two cases: 
B0 ¼ 0 and 
E0 ¼ 0, which we shall
discuss separately.

2. The case with the electric field (EU1)

For the case with the dominant electric field (
B ¼ 0),
which we shall call the regime EU1, assuming 
E ¼ 
E0t

�2

(
E0: constant), we find three algebraic equations: Eq. (3.8)
and

p2 ¼ 1

3

�
2

�2
þ V0e

���0 þ 
E0

�
(3.10)

� 2

�
þ 6p

�
� �V0e

���0�
E0 ¼ 0; (3.11)

which are rearranged into

p ¼ 1

2

�
1� �

�

�
; (3.12)

V0e
���0 ¼ 1

4�2
½4� 3�ð�� �Þ�; (3.13)


E0 ¼ 3

4�2
½�ð�� �Þ � 4�: (3.14)

Since the left-hand sides are positive definite, in order for
such a solution to exist, we have to impose the following
conditions:

� �
8<
:
�� 4

� ð� � ffiffiffi
6

p Þ
1
2 ð�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 16=3
p Þ ð� � ffiffiffi

6
p Þ:

(3.15)

The power-law inflation is possible for the range of
coupling parameters of � <�� and �ð�� �Þ> 4, as
was shown in Ref. [37].

3. The case with the magnetic field (BU1)

For the case only with the magnetic field (
E ¼ 0),
which we shall call the regime BU1, we find the same result
by changing the sign of � because of the electromagnetic
duality. The solution is described by

p ¼ 1

2

�
1þ �

�

�
; (3.16)

V0e
���0 ¼ 1

4�2
½4þ 3�ð�þ �Þ�; (3.17)
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B0 ¼ 3

4�2
½�ð�þ �Þ � 4�; (3.18)

and the existence conditions are

� �
8<
:
��þ 4

� ð� � ffiffiffi
6

p Þ
� 1

2 ð�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 16=3

p Þ ð� � ffiffiffi
6

p Þ:
(3.19)

The power-law inflation is obtained for the parameter
range of � > � and �ð�þ �Þ> 4.

Defining the density parameters of each component
by �E ¼ 
E=3H

2 (the electric field), �B ¼ 
B=3H
2

(the magnetic field), �V ¼ V=3H2 (the potential), and

�K ¼ _�2=6H2 (the kinetic term of the scalar field), we
find that those depend on the coupling parameters. We
show one example for the power-law inflation with the
magnetic field in Fig. 1. We find that the magnetic field
gives a certain contribution to the expansion of the
Universe.

We will show the stability condition later in Sec. IVB.

B. The case with YM field

Now we show the dynamics changes when the YM
interaction is turned on. Since we have the nonlinear
coupling in the YM field, a simple power-law ansatz may
not work. But we first look for a solution similar to those
found in the U(1) triplet case.

1. The case with the dominant electric component (EYM)

If we assume 
E � 
B but 
B being nonvanishing due
to the interaction between electric and magnetic fields,
which we shall call the regime EYM, dropping the term
with 
B, we find the same equations as the U(1) triplet
case. As a result, we find the same solution [Eqs. (3.12),
(3.13), and (3.14)] as long as the electric component stays
dominant. Under the conditions � <�� and�ð�� �Þ> 4,

we obtain the power-law inflationary solution. Note that an

accelerated expansion is possible even if �>
ffiffiffi
2

p
just as

was the case for the U(1) triplet electric type inflation [37].
However, the situation in the case of YM field is not

exactly the same as that for the U(1) triplet fields. In the
above analysis, we have ignored the magnetic component,
which is valid in the U(1) triplet case because the electric
and magnetic fields are decoupled. However, the electric
and magnetic components are always coupled in the YM
field. Then we have to check whether the magnetic com-
ponent is always negligible or not when it is initially small.
Since we assume the magnetic component is initially

very small, we can solve the YM equation (2.7) dropping
the term with gYM (the magnetic contribution) as

_A ¼ A1a
�1e��� ¼ A1

a0e
��0

t��þ3�
2� ;

A ¼ A0 þ 2�A1

ð�� 3�Þa0e��0
t
��3�
2� ;

where A0 and A1 are integration constants. Using this
solution, we evaluate the ratio of two energy densities as


B


E
� 
B


E

��������0

�
a

a0

�
4
;

where 
B=
Ej0 is the initial value. We drop A0 since we are
interested in the asymptotic behavior (t ! 1). As a result,
if the magnetic component is initially sufficiently small,
we have a power-law inflation just as the case with the
Abelian multiple fields, but the contribution of the mag-
netic component gets larger during the evolution of the
Universe, and then the inflationary phase eventually ends
because of the growth of the magnetic component. The
e-folding time when the approximation becomes no longer
valid is evaluated as

Ne-folding ¼ lnðaend=a0Þ;
� � 1

4
ln

�

B


E

��������0

�
:

For example, if we assume 
B=
Ej0 ¼ 10�8, we find
Ne-folding � 4:6. Hence unless the initial value of the mag-

netic energy density is extremely small, we do not find a
sufficient e-folding number for the inflationary universe.

2. The case with the dominant magnetic
component (BYM)

We shall call it the regime BYM, when the magnetic
component is much larger than the electric one. In this
case the situation is not so simple as the U(1) case because
we cannot ignore the nonlinear term in (2.8) even if we
assume 
E � 
B. Suppose we have the same solution as
the U(1) case. We then evaluate _A=A by the YM equation
(2.7), which is now

€Aþ �þ 5�

2�t
_Aþ 2g2YM

A3

a2
¼ 0: (3.20)

FIG. 1 (color online). The density parameters of each compo-
nent [�B ¼ (the magnetic field), �V (the potential), and �K

(the kinetic term of the scalar field)] for the case of � ¼ ffiffiffi
6

p
and � > �. The power exponent of the scale factor is given by
p ¼ ð1þ �=�Þ=2.
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We then find the asymptotic solution as

A ¼ A1

2
41þ 4�2g2YMA

21
ð�� �Þð�þ 3�Þ

t2

a2

3
5; (3.21)

which leads to

_A

A
� 4�g2YMA1

ð�þ 3�Þa20
t��=� (3.22)

as t ! 1. This ratio decays faster than t�1, at which rate

4H	 � _� evolve in Eq. (2.8). So we can ignore the
nonlinear term with _A=A, which gives exactly the same
equations as the Uð1Þ magnetic case.

As a result, we have the power-law solution just the
same as in BU1. This solution is obtained asymptotically,
and the nonlinear term does not destroy it unlike the regime
EYM where the electric components dominate.

3. The case with both components

If both the electric component and magnetic one are of
equal magnitude, we cannot ignore either of them. Since it
is a nonlinearly coupled system, it is difficult to figure out
what kind of solutions we expect. Although we need
numerical studies, which we will give later, here we shall
discuss one simple case, in which we assume the power-
law behavior.

Suppose that the YM potential A is a power-law function
as A / ts, and the scale factor and the scalar field are given
by Eqs. (3.1) and (3.2). If the energy densities of the
electric and magnetic fields are similar, i.e., 
E � 
B, we
find s ¼ p� 1, and then


E � 
B / t�2 
 t�2ð1��=�Þ:

Inserting this behavior into the YM equation (2.7), we find

2ðp� 1Þ
�
p� 1þ �

�

�
þ 2g2YM

�
A0

a0

�
2 ¼ 0;

which implies

2ðp� 1Þ
�
p� 1þ �

�

�
< 0:

For the power-law inflation (p > 1), we have

1� �

�
> p> 1:

As a result, 
E � 
B drops faster than / t�2, which is the
scaling of energy density of the scalar field. Hence the
contribution of the YM field becomes less important as
t ! 1. It appears that it is not possible to find a power-law
inflation with a significant residual 
E � 
B. Here, we find
the power-law expansion only by a scalar field. An accel-

erated expansion is possible if �<
ffiffiffi
2

p
, as the conventional

power-law inflation.

In the next section, we will give more details of
interesting solutions in the present system including the
inflationary solutions we have found and analyze their
stability as fixed points in a dynamical system.

IV. STABILITYANALYSIS

A. Dynamical system

In order to analyze the dynamical behavior of our
solutions found in Sec. III B, we rewrite the basic equations
in the form of a first order autonomous system. The infla-
tionary solutions discussed in the previous sections, along
with other interesting ones, appear as fixed points in the
dynamical system. This allows us to study their local
stability and reveal a complicated dynamical behavior
that goes beyond the simple power-law time dependence.
We shall change the time coordinate from t to the e-folding
number N ¼ lnða=a0Þ, and introduce new variables
normalized by the Hubble expansion rate H as

E ¼ e
�
2�

E

H
¼ �e

�
2�

A0

a
; (4.1)

B ¼ e
�
2�

B

H
¼ A2; (4.2)

A ¼ g1=2YMe
�
4�

A

H1=2a
: (4.3)

Primes denote differentiations with respect to the e-folding
number N. We then introduce the density parameter of the
YM field as

�YM ¼ 
YM

3H2
¼ 1

2
ðE2 þB2Þ; (4.4)

and those of the potential and the kinetic energy of the
scalar field as

�V ¼ V

3H2
; (4.5)

�K ¼
_�2

6H2
¼ $2

6
; (4.6)

where $ :¼ _�=H ¼ �0. We also use

� ¼ 
B � 
E


YM

; (4.7)

which describes the difference of the fractions of the
magnetic and electric components. It enables a unified
treatment of electric- and magnetic-dominant regimes
and also makes the asymmetry clear when the YM
coupling comes into play. � ¼ 1 and �1 correspond to
the regimes BYM and EYM, respectively.
The Friedmann equation (2.2) now reads

�K þ�V þ�YM ¼ 1: (4.8)

The equation for the scalar field (2.6) is
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$0 ¼ 1

2
ð6�$2Þð��$Þ þ ½2$� 3ð�þ ��Þ��YM;

(4.9)

where we have used the Friedmann equation (4.8) to elimi-
nate �V . The equations for the YM field (2.8) are now

A 0 ¼ 1

4
½$ð$þ �Þ � 4ð1��YMÞ�A� �E; (4.10)

E 0 ¼ 1

2
½$ð$� �Þ � 4ð1��YMÞ�E þ 2�A3; (4.11)

where

� ¼ g1=2YMe
��

4�H�1=2; (4.12)

whose evolution equation is

�0 ¼ 1

4
½$ð$� �Þ þ 4�YM��: (4.13)

This auxiliary quantity � is the ‘‘normalized’’ YM cou-
pling in the sense that the subsystem defined by � ¼ 0,
which forms a regular boundary of the phase space, corre-
sponds to the dynamical system that describes homogene-
ous and isotropic Uð1Þ triplet fields. The YM equations
(4.10) and (4.11) are rewritten in terms of the density
parameter �YM and the ratio � as

�0
YM ¼ ½�4þ$ð$þ ��Þ þ 4�YM��YM; (4.14)

�0 ¼ �$ð1��2Þ � 4��ð1� �Þ12ð1þ�Þ34�1
4

YM; (4.15)

where � ¼ signðAEÞ.
We then find the dynamical system in a closed

form. Since the physical interpretation of the normalized
vector potential A is not clear, we take Eqs. (4.9), (4.14),
(4.15), and (4.13) with the Hamiltonian constraint (¼ the
Friedmann equation) (4.8) as the basic equations to analyze
the stability around the fixed points. The drawback is the
appearance of � which takes into account the ambiguity
inherent to taking square roots. This causes a problem in
the numerical study in the next section when the system
undergoes oscillations. For this reason, Eqs. (4.10) and
(4.11) instead of Eqs. (4.14) and (4.15) are used there.

B. The case with U(1) triplet fields

Before going into an analysis of our system, for an
introduction and a comparison, we first summarize the
case with the U(1) triplet fields, which was discussed
in Ref. [37], using the present dynamical variables. To
make a clear distinction, we replace �YM with �U1.
Now � ¼ 1 and �1 correspond to the regimes BU1 and
EU1 respectively.

In the case with the U(1) triplet fields, the dynamical
system is obtained by setting � ¼ 0 in the above;

$0 ¼ 1

2
ð6�$2Þð��$Þ þ ½2$� 3ð�þ ��Þ��U1;

�0
U1 ¼ ½�4þ$2 þ �$�þ 4�U1��U1;

�0 ¼ �$ð1��2Þ:
If $ � 0 and �U1 � 0, the fixed points are classified

into two cases; � ¼ �1 (the case with the electric field)
and � ¼ 1 (the case with the magnetic field). In each case,
we find two fixed points as follows:

ðaÞ $ ¼ �3��; �U1 ¼ 2� 3�2

2
;

ðbÞ $ ¼ 4

�þ ��
; �U1 ¼ �ð�þ ��Þ � 4

ð�þ ��Þ2 :

Since the density parameters are positive definite, � �ffiffiffiffiffiffiffiffi
2=3

p
for the fixed point (a) to exist. In this case, �V ¼ 0,

which means that either the potential is absent from the
beginning or the potential becomes asymptotically negli-
gible compared with the kinetic term $2=2.
From a perturbative analysis, we can check the stability

of these fixed points. For the fixed points (a), we find that at
least the eigenvalue for the perturbation of � is always
positive (!� ¼ 6�2). Hence it is unstable. Hereafter, we
use ! to denote eigenvalues with subscripts indicating the
variable to which the eigenvalue is associated.
The fixed points (b) represent the power-law solutions

(EU1 and BU1) found in Sec. III A. The perturbative analy-
sis gives the following three eigenvalues:

!� ¼ � 8��

�þ ��
; (4.16)

and the two roots of the quadratic equation

ð�þ ��Þ2!2 þ ð�þ ��Þð�þ 3��Þ!
þ ½�ð�þ ��Þ � 4�½4þ 3��ð�þ ��Þ� ¼ 0;

from the perturbations of $ and �YM.
From the existence conditions given by Eq. (3.15) or

Eq. (3.19), we have �ð�þ ��Þ � 4> 0. Hence, if and
only if ��> 0 is satisfied, all the three eigenvalues are
negative (or the real parts are negative if they are complex).
As a result, the solution with the conditions

��> 0; �ð�þ ��Þ � 4> 0; (4.17)

is stable against linear perturbations. More concretely, the
stability conditions for the cases with the electric field
(EU1) and magnetic field (BU1) are given by

� < 0; �ð�� �Þ> 4; (4.18)

� > 0; �ð�þ �Þ> 4; (4.19)

respectively. If � > 0, the magnetic power-law solution
[Eqs. (3.1), (3.2), and (3.4) with (3.16) and (3.18)] is always
an attractor in the parameter range of �ð�þ �Þ> 4, while
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if � < 0 the electric power-law solution [Eqs. (3.1), (3.2),
and (3.4) with (3.12) and (3.14)] is always an attractor in
the parameter range of �ð�� �Þ> 4.

For the rest of the parameter space (�� 4=� < � <
��þ 4=�), the attractor is a fixed point with �U1 ¼ 0,
where the scalar field dominates the Universe. The fixed
point, which we denote SU1, is given by

$ ¼ �; �U1 ¼ 0; � ¼ 	1: (4.20)

The perturbative analysis gives the three eigenvalues as

!$ ¼ � 1

2
ð6� �2Þ; !�U1

¼ �ð�þ ��Þ � 4;

!� ¼ �2���:

Hence the power-law solution driven only by the scalar
field is stable if ��> 0 and �ð�þ ��Þ � 4< 0. Between
the two solutions with alternative signs, the stable one is

$ ¼ �; �U1 ¼ 0; � ¼ 1; (4.21)

for � > 0, while

$ ¼ �; �U1 ¼ 0; � ¼ �1; (4.22)

for � < 0.
We summarize the result for the U(1) triplet case in

Fig. 2 and in Table I.

C. Important fixed points in the
dynamical system with the YM field

Now we move on to include the nonlinear YM interac-
tion. The nontrivial fixed points are classified into two
cases: � ¼ 0 and � � 0. In the former case, we find the
same fixed points as the U(1) triplet case, although their
stability is different as we will show later. The latter case
gives new fixed points, which do not exist in the U(1)
triplet system.
Note that a fixed point may not be found by an exact

solution, but can be reached as a certain limit. For example,
the fixed points with � ¼ 0would imply either gYM ¼ 0 or

He��=2 ¼ 1, neither of which is of interest in our analysis
here. However, starting from gYM � 0 and finite H and �,
the system may approach � ! 0 asymptotically as t ! 1.
From the mathematical point of view, those fixed points are
well-defined and a part of the dynamical system and we
include them in the following analysis.

1. � ¼ 0

In this case, which should reproduce the fixed points of
the previous subsection, we can classify the solutions into
two cases: �YM ¼ 0 and �YM � 0.
(a) �YM ¼ 0

In the case with �YM ¼ 0, the scalar field energy is domi-
nant. From (4.9), we find either $2 ¼ 6 or $ ¼ � with
�2 ¼ 1. The former fixed point corresponds to the case
that the kinetic energy of the scalar field is dominant,
which is unstable against perturbations. The latter fixed
points denote the power-law expanding universe with an
exponential potential (the counterpart of SU1) and will be
called SYM. The ratio of the potential energy V to the
kinetic energy is ð6� �2Þ=�2. As is well known, these

FIG. 2 (color online). The parameter range for power-law solu-
tions in the case with the U(1) triplet fields. For the shaded regions,
the final state of the universe is inflationary. The inflationary
attractors are indicated by adding ‘‘-I’’ to the letters representing
the type of dynamics. The attractor solution with the electric field is
given for � < 0 and �ð�� �Þ> 4 (EU1), while one with the
magnetic field is for � > 0 and �ð�þ �Þ> 4 (BU1). In the range
of �� 4=� < �<��þ 4=� (SU1), we find the attractor domi-
nated by the scalar field. All inflationary solutions are stable. The
inflation with the U(1) triplet field is found in the range either of
� <�� and �ð�� �Þ> 4 (EU1-I: with the electric field) or of
� > � and �ð�þ �Þ> 4 (BU1-I: with the magnetic field). The
conventional power-law inflation with an exponential potential is
possible only for�<

ffiffiffi
2

p
and�� 4=� < �<��þ 4=� (SU1-I).

TABLE I. The fixed points and their properties for the case with U(1) triplet fields. The second row gives the existence conditions.
The bottom two rows are understood to hold when those existence conditions are satisfied.

Fixed point SU1 EU1 BU1

Existence �<
ffiffiffi
6

p
�� 4=� > � ��þ 4=� < �

p 2=�2 1
2 ð1� �=�Þ 1

2 ð1þ �=�Þ
�YM 0 �ð���Þ�4

ð���Þ2
�ð�þ�Þ�4
ð�þ�Þ2

�V 1� �2=6 4�3�ð���Þ
3ð���Þ2

4þ3�ð�þ�Þ
3ð�þ�Þ2

�K �2=6 8
3ð���Þ2

8
3ð�þ�Þ2

Stability �� 4=� < �<��þ 4=� � < 0 � > 0
Inflation �<

ffiffiffi
2

p
(SU1-I) � <�� (EU1-I) � > � (BU1-I)
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fixed points are attractors if � � ffiffiffi
6

p
for the case only with

a scalar field.
In the present case, because of the YM field, the stability

condition changes as follows. The linearized equations for
these fixed points give four eigenvalues:

!$ ¼ 1

2
ð�2 � 6Þ; (4.23)

!�YM
¼ ���þ �2 � 4; (4.24)

!� ¼ �2���; (4.25)

!� ¼ 1

2
�ð�� �Þ: (4.26)

Three eigenvalues (4.23), (4.24), and (4.25) are all negative
if � > 0 and � <��þ 4=� for � ¼ 1, or if � < 0 and
� > �� 4=� for � ¼ �1. The forth eigenvalue (4.26)
becomes negative if � > �. As a result, the fixed point
with � ¼ 1 is stable in the parameter range of
�< �<��þ 4=�.

On the other hand, taking � < � gives instability against
the perturbations of �. However, as long as �YM stays
small, the growing � does not disturb the evolution of the
Universe as well as the dynamics of the scalar field since �
does not appear explicitly in Eqs. (4.8) and (4.9). This is
indeed the case when �� 4=� < �< �. As we shall
confirm later in the numerical analysis, the dynamics of
the Universe is dominated by the scalar field and accurately
described by the fixed point discussed here, despite the
apparent instability in the eigenvalue !�. The exponen-
tially increasing � only triggers a rapid oscillation for the
perturbed YM field whose amplitude remains small.

In summary, we conclude that these fixed points are
stable in the range �� 4=� < �<��þ 4=� as was
found for SU1. Nevertheless, there is a distinction between
SU1 and SYM for � < � with the dynamics of the YM field
being different.

(b) �YM � 0
For the case with �YM � 0, the YM field plays an impor-
tant role in the dynamics of the Universe. We find � ¼ 	1
unless $ ¼ 0, for which we do not have any interesting
dynamics.

� ¼ �1 and 1 correspond to the case of the electric
component dominance (EYM) and that of the magnetic
component dominance (BYM), respectively. As we have
already mentioned, the YM field always consists of both
components. Hence these fixed points are reached only
asymptotically, if they are stable. Just the same as the U
(1) triplet fields, we find two fixed points for each case.
However, one of them with$ ¼ �3�� is unstable. Hence
we discuss the other cases:

ð1Þ � ¼ 1ðBYMÞ
$ ¼ 4

�þ �
;

�YM ¼ �ð�þ �Þ � 4

ð�þ �Þ2 :

(4.27)

ð2Þ � ¼ �1ðEYMÞ
$ ¼ 4

�� �
;

�YM ¼ �ð�� �Þ � 4

ð�� �Þ2 :
(4.28)

These fixed points correspond to the solutions with the
magnetic component and the electric one found in
Secs. III A 3 and III A 2, respectively.
Without the nonlinear interaction, these points were

symmetric: they were related by the electromagnetic dual-
ity and had the same stability properties. The YM coupling
skews the symmetry.
For the case (1), the eigenvalues are given by

!� ¼ � 8�

�þ �
; (4.29)

!� ¼ 2ð�� �Þ
�þ �

; (4.30)

and the two roots of the algebraic equation

ð�þ �Þ2!2 þ ð�þ �Þð�þ 3�Þ!
þ ½�ð�þ �Þ � 4�½4þ 3�ð�þ �Þ� ¼ 0: (4.31)

We find all eigenvalues are negative if and only if � > �
and �ð�þ �Þ � 4> 0 are satisfied. Since this condition
corresponds to the power-law inflationary solution with
YM field, we can conclude that the power-law inflationary
solution with magnetic component dominance (BYM-I) is
an attractor. The difference from the U(1) multiplet case is
that the solutions in the parameter range of 0< �< �,
which are not inflationary, are no longer an attractor. We
will discuss later which asymptotic state we find in this
region.
On the other hand, in the case with � ¼ �1, the eigen-

values are given by

!� ¼ 8�

�� �
; (4.32)

!� ¼ 2; (4.33)

and the two roots of the algebraic equation

ð�� �Þ2!2 þ ð�� �Þð�� 3�Þ!
þ ½�ð�� �Þ � 4�½4þ 3�ð�� �Þ� ¼ 0: (4.34)

We find that three eigenvalues are negative for the
power-law inflationary solution as long as � <�� and
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�ð�� �Þ � 4> 0, but one eigenvalue !�, which corre-
sponds to the perturbations of � (nonlinear interaction term
of the YM field), is always positive and does not depend on
any parameters. This is the same behavior which we have
seen in Sec. III B 1. As a result, this solution is unstable and
the typical instability time scale isOð1Þ e-folding time since
the present time coordinate is N ¼ lnða=a0Þ and therefore
� / expð!�NÞ. If the magnetic component is initially suffi-
ciently small, we may find this power-law inflation solution
by the electric components in the beginning, but the orbit
leaves it just after Oð1Þ e-folding time. We conclude that the
power-law inflationary solution with the electric component
dominance EYM-I is unstable, contrary to the EU1.

2. � � 0

Here we assume that �YM � 0 because � becomes
important when the YM field gives nontrivial contribution
to the cosmic expansion. Note that �2 ¼ 1 (EYM or BYM)
is no longer a fixed point. We find the following two
nontrivial fixed points, if �2 � 6:

$ ¼ $ð	Þ :¼ 3

2
ð�	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 16=3

q
Þ:

The values at both fixed points can be described neatly by
the deceleration parameter

qð	Þ :¼ 1þ ð$ð	ÞÞ2
6

¼ �$ð	Þ

2
� 1; (4.35)

as

�ð	Þ
YM ¼ 2� qð	Þ; �ð	Þ ¼ 1� qð	Þ

1þ qð	Þ ;

�ð	Þ ¼
�ðqð	ÞÞ2ð1þ qð	ÞÞ

2ð2� qð	ÞÞ
�
1=4

; pð	Þ ¼ 1

qð	Þ þ 1
:

Note that�V ¼ 0 at these fixed points and they are unique
to the YM case. From (4.35) and the positivity of the
density parameter �YM � 0, we find

1 � qð	Þ � 2: (4.36)

Hence the power exponent of the scale factor pð	Þ is

1=3 � pð	Þ � 1=2;

which is between a radiation dominant state and a stiff-
matter dominant one.
The perturbative analysis is common to both of the fixed

points � � ffiffiffi
6

p
(NAþ) and � � � ffiffiffi

6
p

(NA�). We find the
following eigenvalues:

!�YM�$ ¼ 2

�
1� �

�

�
ðqþ 1Þ; !��� ¼ q� 2;

which are associated with the eigenvectors 	�YM þ
ð$=3Þ	$ and 	�=�� ½ðq� 2Þðqþ 1Þ=8q�	�, respec-
tively, and the two roots of the quadratic equation

!2 þ ð2� qÞ!þ 4qð3� qÞ
q� 1

¼ 0:

Since q is in the range of (4.36), if 0< �< �, we find all
eigenvalues are negative, which means NAþ is stable. On
the other hand, !�YM�$ turns positive when � < 0 and we

find NA� is unstable. As a result, we find a stable fixed

FIG. 3 (color online). The parameter range for power-law
solutions in the case with the YM field. The inflationary attractor
solution with the magnetic component is found for �< �<
��þ 4=� (BYM-I). On the other hand, the inflationary solution
with the electric component, which is found in the range of ��
4=� < �<�� (EYM-I), is unstable. In the range of �� 4=� <
�<��þ 4=� (SYM), we find the attractor solutions dominated
by a scalar field. For inflation, we need an additional condition
�<

ffiffiffi
2

p
(SYM-I). We also find new fixed points NA	, which exist

only for non-Abelian gauge fields.

TABLE II. The fixed points and their properties for the case with YM fields. Stability of SYM takes into account the fact that unstable
� does not destroy the dominance of the scalar field. NA	 cannot be inflationary. Inflationary conditions for the other points are the
same as the Uð1Þ triplet case.

SYM EYM BYM NAþ NA�
Existence �<

ffiffiffi
6

p
�� 4=� > � � >��þ 4=�

ffiffiffi
6

p
< � �<� ffiffiffi

6
p

p 2=�2 1
2 ð1� �=�Þ 1

2 ð1þ �=�Þ 1
4� ð�þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � 16=3
p Þ 1

4� ð�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 16=3

p Þ
�YM 0 �ð���Þ�4

ð���Þ2
�ð�þ�Þ�4
ð�þ�Þ2

3
4 ð4� �2 þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 16=3

p Þ 3
4 ð4� �2 � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 16=3

p Þ
�V 1� �2=6 4�3�ð���Þ

3ð���Þ2
4þ3�ð�þ�Þ
3ð�þ�Þ2 0 0

�K �2=6 8
3ð���Þ2

8
3ð�þ�Þ2

3
4 ð�2 � 8=3� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 16=3

p Þ 3
4 ð�2 � 8=3þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 16=3

p Þ
Stability �� 4=� < �<��þ 4=� always unstable �< � � < � always unstable
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point in the parameter range of
ffiffiffi
6

p
< �< � (NAþ), which

partly takes care of the lost stability of BYM in the region
� < �.

We summarize our result for the SU(2) YM field in
Fig. 3 and in Table II.

V. NUMERICAL STUDY

From the above stability analysis, we find there are

stable attractors if � � � (BYM-I) or � � � � ffiffiffi
6

p
(NAþ). We also find that a scalar field dominated universe
(SYM), which is the same as the stable attractor in the
model with a scalar field with an exponential potential
[V ¼ V0 expð���Þ], is stable in the parameter range of
�� 4=� � � � ��þ 4=�, even though the YM field
does not necessarily settle down to its attractor state. As
we will show here, it will oscillate in this scalar dominated
background.

We may also wonder what is the future asymptotic
behavior for the other range of the coupling parameters

� and �, i.e., � > � and � <
ffiffiffi
6

p
. Numerical calculations

give us some insight into this question too.
Numerical study also tells us strengths of the stable

attractors. Since our stability analysis is based on the linear
perturbations, we need numerical analysis to know how the
attractor state is achieved from generic initial data.

A. Numerical Analysis

1. Stable attractors

We begin with a small value of � for which the conven-
tional power-law inflation is known to occur in the absence

of gauge-kinetic coupling, namely �<
ffiffiffi
2

p
.

We choose the representative value to be � ¼ 1. We first
performed the calculation for � ¼ 2 (see Fig. 4), which
shows the conventional power-law inflation with an expo-
nential potential (SYM-I). The YM field energy drops
quickly. We find that the asymptotic power exponent of
the scale factor is 2, which is consistent with the value of
the conventional power-law inflation (p ¼ 2=�2).

When � > 3, our analysis suggests the power-law infla-
tion assisted by the magnetic component of the YM field
(BYM-I) is a stable attractor of the system. Figure 5 con-
firms this fact as the density parameter for the magnetic
component stays constant (�YM ¼ constant and � ¼ 1)
while the scalar potential dominates the energy budget,
which implies the Universe undergoes accelerated expan-
sion. An important difference between Figs. 4 and 5 is that
the acceleration is actually stronger when �YM does not
vanish. We indeed find the asymptotic value of the power
exponent p is 3 instead of 2. We deliberately chose the
initial condition such that the scalar kinetic energy and
the electric component are dominant over the others and
the effect of YM coupling is significant. As shown in
Fig. 5, � approaches unity and � decays quickly whereby
the system essentially reduces to the Uð1Þ triplet model.
We find BYM-I asymptotically.
Next, we take a negative � and confirm the

electric-magnetic asymmetry for non-Abelian gauge fields.

V
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YM
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FIG. 4 (color online). Inflation for � ¼ 1, � ¼ 2. This case
obeys the usual cosmic-no-hair.

V

p 5

5

YM10 20 30 40
N

0.2

0.2

0.4

0.6

0.8

1.0

FIG. 5 (color online). Occurrence of inflation assisted by the
magnetic field for � ¼ 1, � ¼ 5. Convergence to the inflating
attractor BYM-I is clearly seen.
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FIG. 6 (color online). Inflation SYM-I with electromagnetic
oscillation via the electric YM inflation (EYM-I) for � ¼ 1, � ¼
�5. The initial value of the ratio of the energy density of the
magnetic component to that of the electric one is 10�8. Between
5<N < 10, �V is greater than its final value, which means the
acceleration is stronger during that period thanks to the help by
the electric component. As � gets to order unity, this regime is
ruined and �YM decays while the fields oscillate.
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Figure 6 exhibits two different regimes. In the beginning,
the electric energy density grows according to the linear
instability caused by the strong gauge-kinetic coupling and
the system is attracted towards the power-law inflation
assisted by the electric component of the YM field (EYM-I).

During that period, however, � continues to increase and
eventually destroys the inflationary regime at N � 10.
The transient inflation EYM-I continues for 5–6 e-folding
number, which is consistent with our evaluation given in
Sec. III B 1.

After that, the Universe is dominated by the scalar field
while YM field is oscillating. In this case, since � is small
enough to cause accelerated expansion by itself, this oscil-
lation phase is also inflating. For comparison, we also show
the plots with a smaller value of j�j (Fig. 7). The behavior
is similar to Fig. 6, but there is no transient regime of
EYM-I. When � is negative, from the instability of EYM-I,
there is a peculiar behavior of rapid oscillation at late time
between electric and magnetic components, which is not
seen for positive �.

Let us turn our attention to the supportive role of gauge
fields in realizing inflation. We take � ¼ 2 for which
inflation is impossible by the scalar field itself. With � ¼
5, we obtain Fig. 8 where � ¼ 1 in the future asymptotic
state. The value of �V close to unity shows the expansion
is accelerated, which can also be seen by the power expo-
nent p > 1. As was investigated in the previous sections,
this is due to the interaction between the scalar and YM
fields that transfers scalar field energy to the magnetic
component of the YM field and slows down its rolling
down the potential.

Note that the velocity of the scalar field is given by _� ¼
2 lnt=�, which is the same as the conventional power-law
inflation. The difference is the values of total energy
densities. The effective potential in the present model is
given by the YM energy as well as the scalar potential V
[Eq. (3.6)], which gives a larger Hubble expansion rate. As
a result, the velocity with respect to the e-folding number

N becomes slower as �0 ¼ _�=H.

For the Uð1Þ gauge fields, the same type of inflation with
nonflat potential EU1-I could have been seen for negative �
because of the electromagnetic duality. In the present
non-Abelian case, however, a negative � drives not only
the electric component but also the normalized gauge
coupling �, by which the inflationary regime is made
transient and the final state contains mixture of electric,
magnetic and scalar fields (Fig. 9). During the transient
phase of inflation supported by the electric component of
the YM field (EYM-I), one can see the values of �V and
�YM being the same as the corresponding magnetic
inflation.
Finally, we confirm the stability of the new non-Abelian

fixed point NAþ for � >
ffiffiffi
6

p
(Fig. 10). The convergence is

relatively slow and all the dynamical components undergo
oscillations. In contrast to the other cases where � either
diverges or dies away, this parameter region sees conver-
gence to an attractor value, which necessarily means neg-
ligible �V . Although it is not of interest in the context of
inflation, it illustrates a distinct effect of the gauge
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FIG. 7 (color online). Inflation for � ¼ 1, � ¼ �2. While the
dynamics of the Universe is entirely dominated by the scalar
field, gauge fields oscillate at late time.
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FIG. 8 (color online). Inflation assisted by the YM field
(BYM-I) for � ¼ 2, � ¼ 5. Note that the asymptotic value of
�V is sufficiently large to cause accelerated expansion.
Although the slope of the scalar potential is not flat enough to
maintain the potential domination by itself, the magnetic com-
ponent of the YM field also takes up the scalar field energy and
helps realizing the inflation.
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FIG. 9 (color online). Inflation for � ¼ 2, � ¼ �5.
Intermediately (2 & N & 6), the Universe briefly inflates
(EYM-I). Then � eventually dictates the dynamics of the YM field.
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coupling by forcing the potential term to vanish, which
would never happen in scalar-U(1) systems.

2. Oscillation of the YM field

The focus of this subsection is to understand the future
asymptotic behavior of the system in the parameter region
where the elementary fixed point analysis suggests there is
no stable attractor solution. It turns out the nature of the
dynamics in this regime is oscillation driven by the gauge
coupling.

Figure 11 shows the occurrence of scalar-YM oscillation
as the future asymptotic state of the dynamical system for
� ¼ 4, � ¼ �3. As is expected, the potential energy does
not play a prominent role here. �V and �YM appear to
converge to finite values although the numerical calcula-
tion has not been able to confirm it due to the computa-
tional difficulty caused by the rapid oscillation of� and the
ever-growing �. The behavior is mostly the same for negative � regard-

less of � <� ffiffiffi
6

p
or not (Fig. 12). The power exponent p of

the scale factor is always slightly larger than 1=2.

In contrast, � ¼ ffiffiffi
6

p
is a threshold value for positive

� since the YM fixed point becomes the attractor
above it (see Fig. 10). Below the critical value, the asymp-
totic dynamics is rather analogous to the cases with
negative �, but with a significantly smaller contribution
of �V . Convergence to an asymptotic value for �YM can
be seen more clearly here (Fig. 13). The power exponent
p of the scale factor is slightly smaller than 1=2 for � > 0.

B. Asymptotic spacetime with the oscillation
of the YM field

From our numerical study, we find that the Universe still
approaches some attractor spacetime but the YM field is
oscillating for some parameter range, where we do not find
stable attractors. In order to identify such an attractor by an
analytic approach, we assume that the time average of �,
denoted by h�i, does not change so quickly. We then
discuss only three equations for $, �YM, and �, giving

YM
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0.8

1.0

FIG. 11 (color online). Oscillation for � ¼ 4, � ¼ �3. As is
expected, while � is smaller than unity, the system approaches
the fixed point with the electric component EYM. After the effect
of nonlinear gauge coupling kicks in, the dynamics is irregular at
the beginning. It appears the oscillation of �V and �YM even-
tually die away, finding some asymptotic solution with the YM
field oscillations. The power exponent p of the scale factor is
slightly larger than 1=2.
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FIG. 10 (color online). Convergence to the non-Abelian attrac-
tor NAþ for � ¼ 4, � ¼ 3. It is distinct from the other plots in
that � settles down to a constant value.
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FIG. 12 (color online). Oscillation for � ¼ 4, � ¼ �2.
Qualitatively the same dynamics as � ¼ �3. The only essential
difference from Fig. 11 is the asymptotic value of �V and �YM.
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FIG. 13 (color online). Oscillation for � ¼ 4, � ¼ 2. One can
see the exponentially decaying amplitude of oscillation for�YM.
In contrast to � < 0, the scalar potential contribution becomes
completely negligible.

INFLATIONARY DYNAMICS WITH A NON-ABELIAN . . . PHYSICAL REVIEW D 87, 023528 (2013)

023528-13



h�i ¼ �0 (constant). From our numerical analysis, we find
the following two typical asymptotic behaviors:

(i) �V ! a finite value (� < 0)
(ii) �V ! 0 (� > 0).

� increases monotonically in our numerical study. We then
do not consider the equation for � to find an approximate
asymptotic solution. For the case (ii), since there is the
Hamiltonian constraint (4.8), $ and �YM are not
independent.

We discuss the possible asymptotic solutions separately:

1. Case (i)

For the case (i), the dynamical equations are

$0 ¼ 1

2
ð6�$2Þð��$Þ þ ½2$� 3ð�þ ��0Þ��YM;

�0
YM ¼ ½�4þ$2 þ �$�0 þ 4�YM��YM;

where the reduced system gives a ‘‘fixed point’’

$ ¼ 4

�þ ��0

; �YM ¼ �ð�þ ��0Þ � 4

ð�þ ��0Þ2
: (5.1)

Using this ‘‘fixed point,’’ the equation for � is written as

�0 ¼ �� �

�þ ��0

�ð>0Þ: (5.2)

This shows a monotonic increase of �, which is confirmed
by our numerical calculation.

The power exponent of the scale factor and the density
parameter of the potential are given by

p ¼ �þ ��0

2�
; �V ¼ 3��0ð�þ ��0Þ þ 4

3ð�þ ��0Þ2
: (5.3)

From the positivity of density parameters, the following
conditions must be imposed:

�ð�þ ��0Þ � 4; 3��0ð�þ ��0Þ þ 4 � 0: (5.4)

Once we know p and $ of the background spacetime,
we can solve the YM equation as shown in the Appendix.
Using this solution, we can take an average of �. However
the background spacetime depends on �0, which must be
the same as the above averaged value h�i. Hence we need
an iterative procedure to find the correct averaged value of
�0. In Fig. 14, we present our result.

As for the stability, we perturb the above two equations,
whose eigenvalues are given by the two roots of the
quadratic equation

!2 þ
�
�þ 3��0

�þ ��0

�
!

þ �ð�þ ��0Þ � 4

ð�þ ��0Þ2
½4þ 3��0ð�þ ��0Þ� ¼ 0:

From the existence condition (5.4), we find the following

stability conditions: for �> 4=
ffiffiffi
3

p
,

� �< ��0 < ð��0Þð�Þ; ��0 > ð��0ÞðþÞ; (5.5)

where

ð��0Þð	Þ :¼ ��	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 16=3

p
2

; (5.6)

while for �< 4=
ffiffiffi
3

p
, we have only ��0 >��. The exis-

tence condition guarantees that two eigenvalues are nega-
tive. As a result, this fixed point is always stable, although
� diverges monotonically. We expect the Universe in the
parameter range of (5.4) will evolve into this spacetime
with the oscillating YM field. Since ��0 > 0, we find that
p > 1=2, which is consistent with our numerical calcula-
tions. Note that for � ¼ 0, by which we have a scalar field
and Yang-Mills field without interaction, we find p ¼ 1=2
as we expect.
These approximate fixed point solutions seem to explain

well our numerical results.

FIG. 14 (color online). The averaged values of �0 (a), the
power exponent p of the scale factor and density parameters
(�YM, �V and �K) (b) for � ¼ 4 and � < 0.
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2. Case (ii)

For the case (ii), using the relation �YM ¼ 1�$2=6,
we consider the following equation for $:

$0 ¼ � 1

6
ð6�$2Þð$þ 3��0Þ:

The asymptotic solution can be obtained as a fixed point in
this system, which is

$ ¼ �3��0: (5.7)

It gives

�YM ¼ 1� 3

2
�2�2

0; (5.8)

p ¼ 2

4þ 3�2�2
0

ð<1=2Þ: (5.9)

In this background spacetime, we can also solve the YM
equations as given in the Appendix. Using this oscillating
solution, we evaluate the averaged value �0. However,
since the background spacetime depends on �0, we have
to find the correct value of �0 iteratively. In Fig. 15, we
show the result.

Although the qualitative behavior coincides with our
numerical result (for example, p < 1=2 and � increases
exponentially), it does not reproduce our numerical result
quantitatively. For instance, the asymptotic value of �YM

is �0:7 in this approximation, but the numerical value is
�0:4. A possible source of discrepancy is that the oscillat-
ing time scales for � and �YM are the same so that one
cannot replace � by the constant averaged value �0 in the
analysis of the dynamics of �YM and $, even though the
amplitudes of oscillations for those variables is dying
away.

VI. CONCLUDING REMARKS

We have studied an SU(2) non-Abelian gauge field
coupled exponentially to a scalar field with an exponential
potential, while making a comparison with the U(1)
multiplet case.
We found that the power-law inflation with the magnetic

component of the gauge field (BYM-I) is possible and it is
an attractor of the present system, if � > � and � >��þ
4=�. The transfer of scalar kinetic energy to the gauge
fields through the gauge-kinetic coupling makes an infla-
tionary solution possible even for a steep potential such

as �>
ffiffiffi
2

p
, which is expected in the unified theories of

fundamental interactions.
On the other hand, the inflationary solution dominated

by the electric component (EYM-I) turned out to be un-
stable in contrast to the U(1) multiplet case. It can be a
transient if the initial conditions are tuned. The attractor of
the system is instead the conventional power-law inflation

(SYM-I) if �<
ffiffiffi
2

p
. The YM field with a small amplitude is

oscillating in this background universe.
We have also found new fixed points (NA	) in the

parameter range of
ffiffiffi
6

p
< �< �, which do not exist in

the U(1) multiplet case. The fixed point NAþ is an attrac-
tor, while NA� is unstable. We have also analyzed the

FIG. 15 (color online). The averaged values of �0 (a), the
power exponent of the scale factor p and density parameters
(�YM, �V and �K) (b) for � ¼ 4 and � > 0.

1/3<p<1/2
p>1
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FIG. 16 (color online). The phase diagram in the parameter
space of the present model. An inflationary phase is the attractor
in the shaded regions. Besides, an attractor solution of the
conventional sense exists for � >

ffiffiffi
6

p
(NAþ). For the rest of

the space, the nature of the dynamics is oscillation of the YM
field.
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noninflationary regime, where the generic feature appears
to be the oscillation of the YM fields (O	).

We summarize our result in Fig. 16.
One may wonder whether those isotropic inflationary

solutions are stable against anisotropic perturbations. Since

there exist vector fields (AðaÞ
� ), we usually find an aniso-

tropic spacetime just as the case with a single U(1) gauge
field. In order to prove the predictive power of the scenario,
we have to show that the FLRW universe is obtained as an
attractor in anisotropic Bianchi cosmologies. It is also
interesting to know whether anisotropic inflation appears
in a transient phase and its relic is observable or not. The
study of the Bianchi universe in the present model is in
progress.

Another important subject in the present model is a
graceful exit from a stable inflationary universe, including
a reheating mechanism and a calculation of density fluctu-
ations. In order to leave the power-law inflationary attrac-
tor that is a self-similar scaling solution, within the context
of unified theories of fundamental interactions, we may
have the following possibilities, which may also work for
the U(1) triplet case:

(1) The moduli fixing: After a certain number of e-folds,
if we can fix the moduli field �, the gauge-kinetic
coupling vanishes. As a result, the inflation with
magnetic component ðBYM-IÞ will end.

(2) Hybrid-type inflation: If V0 is not just a constant but

depends on another scalar field � as V0 ¼ m2

2 �2, we

find a dynamics approximated by the present sce-
nario for the large value of �, and the end of
inflation arrives when � gets small.

(3) Decay of the VEVof the YM field: The YM field may
be coupled to other particles. Through such a cou-
pling, the particles can be created quantum me-
chanically, which will reduce the YM vacuum
energy (
YM) [49]. The inflation assisted by the
YM field will eventually end.

As for the reheating of the Universe, for the cases (1) and
(2), since we have a potential minimum around which a
scalar field will oscillate, we then find the reheating of
the Universe. It is not clear whether we can find the hot
big bang state via the particle production assumed in the
case (3).

As for the primordial density fluctuations, the potential
signatures of inflaton-gauge interactions have been exten-
sively studied by treating gauge fields perturbatively
[50–53] around FLRW and analyzing anisotropic inflation
with background U(1) gauge fields [32–35]. The density
fluctuations from isotropic background gauge fields have
also been calculated for the case of U(1) triplet, which
shows the leading order effect of the background gauge
fields is consistent with the current observational data [54].
While YM field is expected to give qualitatively similar
results at the linear order, there is an interesting prospect of
generating non-Gaussianity through the famous chaotic

behaviors that are peculiar to the non-Abelian gauge fields
[38,55,56]. These subjects are to be investigated in future
works.
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APPENDIX: OSCILLATION OF THE YANG-MILLS
FIELD IN THE EXPANDING UNIVERSE

In some numerical calculations, we have seen the YM
field oscillates very rapidly while the background spacetime
evolves smoothly. If the energy density of the YM field is
much smaller than that of the scalar field, the YM field does
not contribute to the evolution of the Universe. Even for the
case that the YM field energy cannot be ignored, the
oscillation of YM field may not directly affect the dynamics
of the Universe, but its mean value may contribute to the
evolution of the Universe. The different time scales of the
YM field oscillation and the evolution of FLRW universe
may allow us to treat these two separately. Here we find
such an oscillation of the YM field, assuming a given
background spacetime and evolution of the scalar field.
Suppose the background is described by the following

power-law solution:

a ¼ a0t
p; � ¼ $0N þ�0; (A1)

where p and $0 are constants, and N ¼ lnða=a0Þ is the
e-folding time. The equation for the isotropic YM field in
this background is given by

€Aþ pð1þ �$0Þ
t

_Aþ 2g2YM
a20

A3

t2p
¼ 0: (A2)

Changing the variables t and A to � and Z, which are
defined by

t ¼
�
�

s

�
s
; (A3)

A ¼ a0gYMffiffiffi
2

p
�
�

s

���p$0s=3
Z; (A4)

where

s ¼ 3

3� pð3þ �$0Þ ; (A5)
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we find the following equation for Z:

d2Z

d�2
� �p$0

9
½3ðp� 1Þ þ 2�p$0�

�
�

s

�
2½3ðp�1Þþ�p$0�s=3

Z

þ Z3 ¼ 0: (A6)

Let us discuss the case where � increases as t increases,
i.e., we assume that s > 0, or equivalently, 3ðp� 1Þ þ
�p$0 < 0. Hence this term in Eq. (A6) may drop as
� ! 1 (t ! 1). Once we ignore the second linear term,
we find a simple nonlinear differential equation

d2Z

d�2
þ Z3 ¼ 0; (A7)

which solves as

Z ¼ Z0cn

�
Z0�;

1ffiffiffi
2

p
�
; (A8)

where cnðx; kÞ is the Jacobi’s elliptic function. Then the
YM field is described in terms of the cosmic time t as

A ¼ a0gYMZ0ffiffiffi
2

p t��p$0=3cn

�
Z0st

1=s;
1ffiffiffi
2

p
�
: (A9)

Using this solution, we can evaluate the asymptotic behav-
ior of the density parameter and the difference between
magnetic and electric components of the YM field as

�YM / t2�pð4þ�$0=3Þ; (A10)

� ¼ 2cn4
�
Z0�;

1ffiffiffi
2

p
�
� 1: (A11)

Since the above approximate solution contains the parame-
ter s (A5), which depends on the background solution,
there are the following two cases: (1) The background is
controlled only by the scalar field. The YM field is

oscillating in the background, but its energy density is
too small to affect the evolution of the Universe. (2) The
other case is that the averaged value of �0 as well as �YM

give an important contribution onto the background. In that
case, we need an iterative procedure to find the correct
averaged value �0, as shown in the main body of the
article.
Here we present the averaged value of � and the prop-

erties of the asymptotic spacetime in the case (1). The
results for the case (2) are given in Sec. VB.
For inflation driven by a scalar field, we have p ¼ 2=�2

and $0 ¼ �. Then the condition 3ðp� 1Þ þ �p$0 < 0 is

� <
3ð�2 � 2Þ

2�
: (A12)

This is always satisfied in the range we consider. The
average of � must be taken in terms of the cosmic time
t. We show our numerical result in Fig. 17.
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