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In this paper we examine thoroughly the Higgs boson to u* 7= decay via processes involving R parity
violating couplings. By means of full one-loop diagrammatic calculations, we found that even if known
experimental constraints, particularly including the stringent sub-eV neutrino mass bounds, give strong
restrictions on some of the R parity violating parameters, the branching ratio could still achieve notable
value in the admissible parameter space. Hence, the flavor violating leptonic decay is of interest to future
experiments. We present here key results of our analysis. Based on the analysis, we give some comments

on i — e* u™ and h® — e*7* also.
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L. INTRODUCTION

As we know, in the standard model (SM) the lepton
number of each flavor is separately conserved. Thus lepton
flavor violating (LFV) decays such as the Higgs boson
to u* 7= are forbidden. However, neutrino oscillation
experiments provide strong evidence that the lepton flavor
conservation should be violated [1-4]. If lepton flavor
violation can be observed in processes involving only
SM particles, this would contribute an important probe to
physics beyond the SM. Such processes, in particular the
Higgs boson to u 7= decay, deserve attention.

Looking into the literature, various sources or scenarios to
accommodate LFV interactions have been introduced and
analyzed. For example, adding heavy right-handed neutrinos
can give neutrinos mixings and hence lepton flavor violation
[5]. Also, a general two Higgs doublet model has LFV
interactions due to Yukawa coupling matrices which cannot
be diagonalized simultaneously [6,7]. Under the framework
of supersymmetry (SUSY), it is well known that nonzero
off-diagonal elements of soft SUSY breaking terms in the
leptonic sector (AE, m? and 2%, to be precisely defined
below) generate LFV couplings. Moreover, the (total) lepton
number itself may not be conserved. For the SUSY case,
such R parity violating (RPV) couplings also give interesting
contributions to processes like the Higgs boson to u* 7+
decay.

While SUSY is undoubtedly a popular candidate theory
for new physics, its existence so far lacks experimental
evidence [8]. Thus, some simple versions of the super-
symmetric model, such as the constrained minimal super-
symmetric standard model, have faced stringent challenges
[9]. However, it has been pointed out that there is still room
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for the (minimal) supersymmetric standard model to
accommodate existing experimental constraints [10-13].
For instance, the large mass spectrum for the majority of
supersymmetric particles around or beyond 1 TeV has yet
to be probed [13]. The heavy spectrum is in accordance
with the newly discovered boson mass = 125 to 126 GeV
[14-16]. A large portion of the parameter space remains
uncovered in versions of the minimal supersymmetric
standard model (MSSM) with more free parameters [11].
Nonuniversality of soft SUSY breaking masses is also a
possible explanation for the nonobservation of supersym-
metric signals [12].

Under the scheme of the MSSM, various LFV decays
suchas7— puy, 77— uX,7— un, 7— pup,and soon
[17], as well as the Higgs boson to w* 7= decay [7,18]
which we put our focus on in this paper, have been dis-
cussed. However, in many studies of the MSSM, R parity is
often imposed by hand to prevent proton decay and make
the lightest supersymmetric particle a possible dark matter
candidate. From the theoretical point of view, R parity is
ad hoc and not well motivated so long as the phenomeno-
logical (minimal) supersymmetric standard model is
concerned [19]. A generic supersymmetric standard model
(without R parity imposed), on the contrary, not only
provides a convenient way to lepton flavor violation, but
also has the advantage of a richer phenomenology includ-
ing neutrino masses and mixings without introducing any
extra superfield. Under the framework of SUSY with R
parity violation, there have been some studies [20,21] on
the issue of lepton flavor violation. Nevertheless, such
studies were either limited to particular types of R parity
violation or did not take h° — pw*7* into conside-
ration. While recently both ATLAS and CMS [14,15]
reported discovery of a boson state which is essentially
compatible with a SM-like Higgs, more data are needed to
pin down its nature, and the flavor violating Higgs decay
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such as h®— u* 7" is especially interesting at this
moment. In this paper, we will investigate thoroughly the
LFV Higgs boson to u*7* decay from SUSY without R
parity via full diagrammatic calculations up to one-loop
level. Under a reasonable choice of the experimentally
viable parameter space, the most significant branching
ratios of various RPV parameter combinations will be
reported. Note that part of the key results has been
reported, with limited presentation of analytical expres-
sions and discussions, in a short letter [22].

In following section, we summarize our basic formula-
tion and parametrization of the generic supersymmetric
standard model (without R parity). Particularly, the neutral
and charged Higgs mass terms, including loop corrections
(up to two-loop for the neutral Higgs case), would be
discussed. Then we give a sketch of our calculations and
show numerical results from all possible RPV parameter
combinations in Sec. III. Note that during our analysis we
made no assumptions on the RPV parameters. The mass
spectrum of all SUSY particles as well as the Higgs boson
are kept within experimental constraints. Finally, we con-
clude this paper with some remarks in Sec. IV. Lists of
all one-loop diagrams and useful effective couplings will
be given in the Appendices. We may be including more
details than necessary, particularly in the sense of showing
some experimentally uninteresting results. We include
those to give a full picture about the physics involved, so
that readers can appreciate the key features leading to the
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interesting or uninteresting results. Some of the lessons
one can learn from the analysis would be useful for future
studies of other related aspects of the model. Under the
same consideration, we give detailed expressions of
the couplings involved and the Feynman diagrams in the
Appendices.

II. SUPERSYMMETRIC STANDARD
MODEL WITHOUT R PARITY AND SCALAR
MASS MATRICES

A. Formulation and parametrization
With the content of the minimal superfields spectrum,
the most general renormalizable superpotential without R
parity can be written as

W= ea,,[ JHULL + ht QYHEUS + )

a AbAC
a/kL Q.ka

A;;kUCDCDC (1)

N %Aaﬂkﬁzﬁ’éﬁf]
where (a, b) are SU(2) indices with €, = —€;; = 1,
(i, j, k) are the usual family (flavor) indices, and (a, B)
are extended flavor indices going from O to 3. Note that A is
antisymmetric in the first two indices as required by SU(2)
product rules while A” is antisymmetric in the last two
indices by SU(3).. The soft SUSY breaking terms can be
written as follows:

Viort = €arBoHILY + €, [AVOIHLUT + ADHSOVDY + AEHSLYET] + Hee,

1 1 "
+ eab[AA LeQtD} + 2A" LaLbE*] + 2A" UIDID! +He.

ijk ijk ijk
+ 00 + Utm3, U + D3, D + LYm} L + EYm}E + 3, |H,|?
1. Moo My

Where LT m? LL is given by a 4 X 4 matrix. m% corresponds

to mH in MSSM, while 7?7 ’s give new mass mixings.
Note that Ut, D, and E* are ‘the scalar components of the
superfields UC DC and EC, respectively.

The above, together with the standard (gauged) kinetic
terms, describe the full Lagrangian of the model. We have
four L superfields, which contain the components of the
fermion doublet as [° and [~ while their scalar partners are
1% and I~ . In principle, the neutral scalar part [0 of all four
L superfields can bear vacuum expectation values (VEVs).
To make the analysis simple and the physics more trans-
parent, we use a parametrization which picks a basis such
that the direction of the VEV is singled out, i.e., only
L, bears a nonzero VEV among four L’s. This procedure
guarantees L, can be always identified as H, in MSSM.
The two superfields have the same quantum number as the
symmetry of the lepton number which makes the distinc-
tion between L and A, by definition not part of the model.

However, one should keep in mind that H, may contain
partly the charged lepton states. It is also worth mentioning
here that the down quark and charged lepton Yukawa
coupling matrices are both diagonal under our parametri-
zation while the up quark Yukawa coupling is the product
of Cabibbo-Kobayashi-Maskawa (CKM) factors and di-
agonal quark masses. The parametrization has the advan-
tage that tree level RPV contributions to the neutral scalar
mass matrix are described completely by the w;, B;, and
m%m parameters, which are well constrained to be small
even with just very conservative neutrino mass bounds
imposed [23,24].

Now we turn to the issue about mass matrices of matter
fields. In our framework, the three known charged leptons,
together with two charginos, correspond to the mass eigen-
states of a 5 X 5 charged fermion matrix M, which can
be diagonalized by two unitary matrices as VI M U =
diag{M -} = diag{M,, M5, m,, m,, m,}. For neutral
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fermions, we take four heavy neutralinos and three very
light neutrinos as mass eigenstates under the scheme of a
7 X 7 neutral fermion mass matrix M ;. By using a
unitary matrix X, the diagonalization can be done as
X" M p X =diag{M p}=diag{M,,_ ,,m, ,m,,m,}. On
considering the squark sectors, the up squark mass-squared
matrix looks exactly the same as the one in MSSM, while
the down squark one contains a new contribution from
RPV terms. They can be diagonalized separately as
DM} D" = diag{M3} and Dt M3 D! =diag{ M3}.
All the mass matrices mentioned above can be found in
Ref. [23].

B. Scalar mass matrices and loop corrections

For the neutral scalar mass matrix, we have now five
neutral complex scalar fields from H, and four L,’s.
Explicitly, we write the (1 + 4) complex fields in terms

of their scalar and pseudoscalar parts, in the order
|

M =

~(B2)

Ay, + Wbt + MG cos2B[ 1]
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{hBT, fg, 7?, [g, ig} to form a full 10 X 10 (real and sym-
metric) mass-squared matrix, which (in tree level) can be

written as
S (M2 M3 ’
Sp PP

where the scalar, pseudoscalar, and mixing parts are

Mg =Re(M3) +2M2%,,  Mb, = Re(M2),

4)
M3p = —Im(M3),
respectively, with
sin’B —cosBsinB  0;y3
M =%M% —cosBsinB8  cos’f3 0153 |, (5)
031 031 03x3
and
—(Ba)
(6)

i+ (i) + M c0s2B ]l

As for charged (colorless) scalars, we should treat charged Higgs and sleptons on an equal footing. The basis
{h,ﬂ, Iy, 17,15, 15, ZIH, l;*, lﬁ} as 1 +4 + 3 form from Flu, four I:a’s and three E,»C’s is used to write the 8 X 8 charged

scalar mass-squared matrix, which can be written as
312
Hll

M3 =

where

A2
MLH
A 12
MRH

A2t M2t
My Mgy
312
MiL
312
Mpr

Mz |, )
Mg

- 1
M = gt Mol + M3 COSZB[E - sinzﬂw] + M2sin?B[1 — sin®6y],

- 1
M%L = I’h% + msz + (,LLZILL'B) + M%COS2,B|:— E + Sin29W]14><4 + (

M%R = nﬁ% + mEm}:- + M% COSZ,B[-Sin29W]I3><3,

Miy = (B + (

A * v *
2= —(Mi)lmk)\/—% = (Mkmk)

IMZsin2[1 — sin2aw]>
031 ’

(no sum over k),

0\ vy . v
= —(u*A £

AE ) \/E (IU’a a,Bk) \/E

with m; = diag{0, mz} = diag{0, m,, my, ms}. m;’s (=m,,

under the small-u; scenario) are mass parameters in the

charged fermion mass matrix [23]. Furthermore, the
two scalar mass-squared matrices can be diagonalized

(Mz)" = ( 9)

Micos?B[1 — sin®y]  05x3 ) 8®)

03><1 03><3

as DTMID* = diag{M?,_, ,,} and DIMID' =
diag{M%n:1 8}, which will become useful later.

Different from MSSM, the physical scalar states are
now a mixture of Higgs bosons and sleptons. The RPV
terms provide new contributions to the scalar mass ma-
trices and hence the Higgs masses. In addition, radiative
corrections, especially those from third generation
quarks and squarks, could play important roles in the
Higgs mass. Accordingly, we implement complete one-
loop corrections [25] to matrix elements directly relating
to Higgs bosons (CP-even, CP-odd and charged ones
as well) during our computation. Moreover, the light
Higgs mass should be treated delicately because of
the newly discovered boson mass =125 to 126 GeV by
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the Large Hadron Collider (LHC) [14,15]. Therefore we include further an estimation [26] of key two-loop corrections in
light Higgs related elements.' Note that radiative RPV corrections are typically too small to be taken into account; thus we
study tree level RPV effects only.

Under the scheme of MSSM without R parity, the one-loop effective Higgs potential is (recall that A, = L, after our
parametrization is chosen)

. 1 1
Vete = (g, + ol IH, N + (77, + ol Hyl* + (€4 BoHHY + H.oc.) +—(g% +¢?)IH,[* "‘g(g% +¢”%)H,I*

R P ) B

where Q is the renormalization scale which should be around the weak scale (10> to 10° GeV). 7/ and m2 denote
(Higgs background fields dependent) eigenvalues of the squark and quark mass matrices respectively.
By using the following linear expansion of Higgs bosons (with a relative complex phase for generality,?)

_ hiy o &5 (g + 1y + i)
H . , H;=¢e , (11)
"\t k= ikg) a -

2 u u u hd

1
(83— g H,PIH P - —gzleahH“H”P

tadpole equations can be written as

. ) 1
v Re(Bye?) = (my; + lpal*)v, + g(gg + g%, (v — v))

3 am2\ (. m: am2\ (. m?
el Z A ) )
1672 I:q—zr;h i=zl,2 mq'( ah;, an " dh, an

. i 1
v,Re(Bye?) = (m%oo + lpolHv, + —(g% + ¢P)v(v) — v7)

T T6m [qztblzlz q'<ahf >( rg'z"l)‘z <?9’1’11i>< 23 1)]

9 2
VyIm(Bye?) = +(— )16 5> >m <a}'l" ><ln%—l) (12)

qg=t,bi=12 u(d)

where m? 7 (m ) is the squark mass squared, while expressions for the derivatives with respect to the scalar fields in the
bracket (1nclud1ng second derivatives used later) are complicated so we do not list them here. One can see Ref. [25] for
example, for details.’

Tadpole equations along the direction of other scalars/sleptons can be obtained easily from scalar potential terms which
are related to neutral sleptons:*

. o 1 -
v=» [(mL + )T+ (7 + wopu QLY + (w3 + piu )BT +§(g§Jrg'/z)(ll,-olzll,"l2
ij=1,3

—ITORIKOR + 20TOPIACP) — (BAAQIO + Hee. )] (13)

while vanishing derivatives of V give

BitanB = g+ wop. (14)

"Though the Higgs bosons mix with the sleptons via RPV terms, we can still identify the Higgs bosons among other sleptons due to
the foreseeable smallness of RPV parameters.

It is basically a CP phase. In this study, the phase is set to be zero for 51mpllclty

>There may be a sign difference between the expression for derivatives in the reference and ours due to the definition of linear
expansion of scalars.

*Conceptually, [ is not the usual #; since / 0 deviates from v; slightly, with parameter u; characterizing the deviation between them.
See Ref. [23] for details.
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TABLE 1. List of the parameter ranges and conditions we adopted.
Free parameters Range
|wol, My, 1A, 1Ayl and |A%| = 2500 GeV
A, 0, since its influence is negligible
tanf 3 to 60

ﬁa% = n? 7 (without zeroth component)

2
mLoo

= (2500 GeV)? with off-diagonal elements 0
Constrained only by mass eigenvalues below

Mass eigenvalues output

Range

Light Higgs mass
Heavy Higgs/sneutrino masses
Charged Higgs/slepton masses

123 to 127 GeV
200 GeV to 3 TeV
200 GeV to 3 TeV

The exact form of tree level elements of scalar matrices
are as mentioned above, while the one-loop corrections
from third generation quarks and squarks are

16377 P ,J;i(%Xﬁ)mﬁ
i)t )] - ()
J
(it g ns )t -]}

(15)
In the case of neutral scalars, j and k can be any number
among 1, 2, 6, 7 which correspond to k3, A, hj and h§
respectively. As to the charged scalar case, j and k can only
take the value of 1 or 2, with ¢; = {h,;, h;} and ¢, =
{h,., h;}. By including the one-loop corrections mentioned
above and the estimation of two-loop corrections [26] to
the scalar mass matrices, the numerical values of the Higgs
masses can be obtained with enough accuracy.

MLoop

III. CALCULATIONS AND NUMERICAL RESULTS

At tree level, a neutral Higgs boson can decay into
u~ 7t or 7~ ut directly via RPV neutral scalar-charged
lepton-charged lepton coupling which is absent in
MSSM. Otherwise, the neutral Higgs boson can decay
through one-loop diagrams (or higher loop diagrams).
We list in Appendix A all possible one-loop diagrams
containing RPV couplings for a neutral scalar decaying
to w~7*. The RPV effective couplings we used among
all relevant mass eigenstates are listed in Appendix B. In
our analysis, we diagonalize all the mass matrices nu-
merically and deal directly with the mass eigenstates.
The one-loop and two-loop corrections (as mentioned
in Sec. II) to matrix elements which are most relevant
to the Higgs mass are also implemented. We have fully
calculated the decay amplitude of all (tree and one-loop)

diagrams that may contribute. By encoding the analytical
formulas of decay amplitude into the program, and using
the LoopTools [27] program for the evaluation of loop
functions, the numerical value of total amplitude and
hence decay rate of h® — u¥7* can be obtained. We
include all the widths of significant decay channels in
MSSM such as Higgs boson to bb, 7~ 7+, WW*, ZZ*,
yv, and gg, plus the RPV decay rate of h° — u* 7=, to
get the total width of Higgs decay. The branching ratio of
h® — w* 7= can then be obtained.

Our aim is to use a concrete setting that is compatible
with known constraints but not otherwise too restrictive,
to illustrate what we expect to be more generic features
of the RPV signature. After considering the uncertainties
in the experimental Higgs mass and loop corrections to
Higgs mass terms, we kept the numerical light Higgs mass
to be in the range of 123 to 127 GeV. Furthermore, we
adopt the relation M, = %M3 = 2M, between three gau-
gino masses and the condition that squarks of the first two
families cannot be lighter than about 0.8M35. Therefore we

take soft SUSY breaking scalar masses 7y = rif, =

m?, = (0.8M; X identity matrix)?> for simplicity in our
analysis. The parameter setting is in accordance with the
gravity-mediated SUSY breaking picture [28], for instance.
The other restrictions and assumptions we used can be
found in Table I.

There are many different sources (e.g., flavor violating
charged lepton decays like 7~ — u~"e™e™ [29], leptonic
radiative decays like pu — ey [21], semileptonic decays
like D™ — K% v; [30], experimental values of CKM
matrix elements [30] and so on) which can give constraints
on our RPV parameter setting. Among all the available
constraints, the one from indirect evidence of the neutrino
mass, i.€., Z,-m,,i <1 eV [31] is quite crucial. Note that all
LFV couplings/mass mixings that conserve R parity have
been turned off during our analysis. That is to single out the
effects of the RPV ones. The reported numerical branching
ratios are the most significant numbers we found under the
framework.
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A. Contribution from B;B; combinations

The constraints on this type of combination are mainly
from neutrino mass experiments. The RPV parameter B;
can give contributions to neutrino masses via one-loop
diagrams [32]. Generally speaking, larger sneutrino and
neutralino masses will raise the upper bound of B;.

Except for the combinations B, B3 and BBy, B;B; com-
binations can only give contributions to the decay from
the type 2 no. 4 diagram (in Appendix A). Since heavy
charged scalar masses will severely suppress this diagram,
we can have relatively larger amplitudes only in the exis-
tence of light charged scalar(s). For the B, B; combination
many diagrams contribute; hence its behavior is quite
complicated. Basically, the decay amplitude from B,B;
tends to increase when soft SUSY breaking scalar masses
and gaugino masses get heavier due to the rise of the
upper bound on B; from neutrino masses as mentioned
above. Note that B, or B3 alone can give contributions to
the h° — w* 7= decay as well. Such contributions are,
unavoidably, included in all combinations containing B,
or B;. Combinations that are not listed give zero contribu-
tion at one-loop level—similar to the other kinds of RPV
parameter combinations given below. Our results are
shown in Table II.

B. Contribution from B;u; combinations

The B;u; type of combination gets constrained from
several sources. The values of B; and B;u; are highly
constrained separately by their loop contribution to neu-
trino masses [32]. On the other hand, a nonzero w; will
induce a tree level neutrino mass; hence it is also con-
strained. The nonobservation of leptonic radiative decays
like u — ey, etc. also gives upper bounds on B;u;, say,
|Bj sl 1B5wsl, |1Bsuil and [Byus| S 1074 wol?; |B pol
and |Bouil $7 X 1077 | mol? [21].

All B; i ; combinations except B, i3 and B3, can give
contributions to the Higgs decay only from the type 2 no. 4
diagram. Again light charged scalars are preferred for the
case. However, these contributions (from the type 2 no. 4
diagram) cannot provide a significant branching ratio.
Hence we have the uninterestingly tiny numbers as shown
in Table III.

As for B3 and B3 u,, both give contributions to the
Higgs decay via many diagrams. Among them, the tree

TABLE II.  B;B; contributions to Br(h® — u*7%).

RPV parameter Admissible Br within known

combinations experimental constraints
BB, 4X10722
B \B; 3 X 1072
B,B, 9Xx 1072
B,B; 2x 107!
B3B; 8 X 1072

PHYSICAL REVIEW D 87, 015025 (2013)
TABLE IIl.  B;u; contributions to Br(h® — w7 + 7).

RPV parameter Admissible Br within known

combinations experimental constraints
B, 1 X107
By 1 X107
By, 9X 1072
By 4x107%
By I X107
By, 8§ X 10728
Byu, 1 X10713
Bsu; 4 X 1072

diagram (Fig. 1, left panel) is the most important over a
wide range of parameter space. Especially for the Bsu,
combination, a key contribution to the decay amplitude is
enhanced by the tau Yukawa coupling y,, via a term

~ y.,M3B;wi(tan sina — cosa)/[v2g, (oM,
— M3, sin2 B)M?]

(M? denotes a generic real scalar mass eigenvalue). The
latter makes the branching ratio from B;u, the largest
among all B;u;’s. There is a similar feature for the con-
tributions from the B,w; combination, but with a muon
Yukawa y,, instead. These two combinations get their most
significant values under small u, and M? as can be seen
from the expression above. Note that the contribution from
loop diagrams is in general roughly smaller than that from
the tree diagram, but can still be sizeable.

In fact, analyses similar to the above can be applied to
h° — e*u™ and h® — e¥ 7" as well. The B;u; contribu-
tions to h’— e*u® are expected to be tiny due
to the smallness of the corresponding Yukawa couplings
Ye, and y,, . On the other hand, while the contributions from
B p3 are also suppressed by a relative factor of y,, / Ve,
the contributions from Bsyu;, to h° — e 7= could be
roughly the same order as that of h® — u* 7. Hence,
the h® — ¢ 7% decay may also be of interest.

C. Contribution from B; A combinations

Apart from the constraint on the B; parameters, the A
type parameters are bounded by charged current experi-
ments [30]. Generally speaking, increasing soft SUSY
breaking slepton masses and gaugino masses leads to
heavier charged slepton, sneutrino and neutralino masses
and hence raises the upper bounds for B; and A.

Among all the B;A combinations, BjAjy;, Bz,
B, Ay3, and B3 A,33 are most important. They can provide
large amplitudes via tree level diagrams (Fig. 1, middle
panel), which are roughly 1 order of magnitude larger than
that from loop diagrams. The amplitude can be approxi-
mated by M =~ B;A(tanB sina — cosa)/(~/2M?), where «
is the mixing angle between two CP-even neutral Higgs
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FIG. 1. Left panel: An example of B,u; contribution to 2% — 7~ u* via tree diagram. The Higgsino /2 transforms into charged
lepton 7 via RPV parameter w3, while the light Higgs transforms into sneutrino #, via B,. Middle panel: An example of B, A5z,
contribution to #1° — 7~ u ™ via tree diagram. The light Higgs transforms into sneutrino #, via RPV parameter B, and then couples to
w and 7 via trilinear RPV parameter A,3,. Right panel: An example of w,u; contribution to h° — 7~ u* via tree diagram. The
Higgsino z; mixes with charged leptons u and 7 via RPV parameters w, and u separately.

bosons. Even though heavy sneutrino masses tend to sup-
press the amplitudes, they would relax the bounds on B;
and A more significantly, and hence are favorable (Fig. 2,
left panel). Moreover, w, should not be too small in order
to make the product of B; and A be below the bounds from
leptonic radiative decays, i.e., |[Bj 13,1, |BiA]y5l, [B3 A3l
and |B3A33;5] $1.4 X 1073 wo|? [21]. It is noteworthy that
even under the stringent neutrino mass <1 eV constraint,
the four combinations could give branching ratios beyond
1073 (Fig. 2, right panel), which may be large enough to be
probed at the LHC (or future linear collider). As to other
B;A combinations, they can be from several diagrams.
However, they only play minor roles and hardly give any
meaningful branching ratio, as shown in Table I'V.

As a matter of fact, the class of B;A combinations gives
the most important contributions to the flavor violating
Higgs decays among all RPV parameter combinations.
Moreover, the approximation of tree level amplitudes as
above could apply to h’—e* 7" and h’— eTu~
as well. As a result, under the same parameter setting,

2400
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800 ':‘ - 1 1 1
0 500 1000 1500

B, (GeV)?

1 0-7 ;
Br=10" 1

2 m, bound R
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10°

mg
T
1

M, bound 1 0.4

2000

FIG. 2 (color online).

it is expected for h° — e* 7= and h°’ — e* 7" to give
branching ratios with roughly the same order of magni-
tude as in h° — ¥ 7=. However, it has been pointed out
[33] that the LFV effective coupling between a light
Higgs boson, electron and muon could not be large
because of the constraint set by two-loop Barr-Zee dia-
grams [34] on w— ey. Therefore, only h’ — e* 7% is
expected to give a branching ratio comparable to that
of i — u* 7+,

D. Contribution from B;A* combinations

Under our parametrization, A%»’s do not contribute to
radiative decays such as b — s7y in one-loop level [21].
Therefore, A*’s do not have known experimental const-
raints and, naively, can take any value. But the B; para-
meters are limited by loop neutrino masses as before.
Contributions from B;A* may be quite interesting since
this will be like the first experimental signature of the RPV
A parameters. However, an A* only plays its role in the
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M, (GeV)

300 -
Br=10°

250

200 S 1
0 500 1000

B, (GeV)?

1500 2000

Left panel: Branching ratio from B, A,3,, with M, = 2500 GeV, py = 1800 GeV = A, = —A,, tanB = 60.

Ayz, is set to be the maximum dependent on the values of B, and 7 = sit%. The solid red line (m,, bound) comes from demanding that
the 22 element of the neutrino mass matrix <1 eV, while the right-hand side of the M, bound line is the area with CP-odd
neutral Higgs mass M, < 200 GeV. Right panel: Branching ratio from B, A,3,, with M, = 2500 GeV, m?,; = m%; = (2500 GeV)?,
Mo = 1800 GeV = A, = —A,, tanB = 60, Ay3, = 1.7488. The solid red line (m, bound) comes from demanding that the 22 element

of the neutrino mass matrix <1 eV.

015025-7



ABDESSLAM ARHRIB, YIFAN CHENG, AND OTTO C.W. KONG

TABLE IV. B;A contributions to Br(h° — u*717).

RPV parameter Admissible Br within known

combinations experimental constraints
B A3 1 X107
B\ 3X 1073
By Ay, 4 X 10722
B A3 5X 1072
ByAjos 7 X 10723
By A5 9x 107
ByAy3, 5% 10722
By Ay 3X 1073
By Ays3 7 X 10723
B3 5% 107
BsAins 7 X107
BsA3 5X 10722
B3Ay3 5 X 10722
B3 Ay33 3X107°

Higgs decay through the type 2 no. 4 diagram with a
neutral scalar-charged scalar-charged scalar (h°¢" ¢ ™)
coupling. It is then expected to give a larger contribution
at low charged scalar mass (Fig. 3, left panel).

In our parameter setting, branching ratios from B;A*
combinations can reach the order of 107!! at most as
shown in Table V. However, if we allow A? to be larger
than hundreds of TeV, notable branching ratios are
possible. Since decay rate is proportional to amplitude
squared and hence A* squared, it is easy to see how
the branching ratio changes as A% increases. As an ex-
ample, we illustrate in Fig. 3 (both left and right panels)
the branching ratio from the B,A);, contribution for
A%y, = 2500 GeV and 2500 TeV. In the extreme case of
A}, = 2500 TeV, the branching ratio could reach the
order of 1077,

2500 . . . .
2000F 10759 1
< 107149
) RS
G}
w 1500 T A
T 10787 e
€
1000 10726) 1
. Br=10"13) ... --
500‘:"" L ey bound|
0 20 40 60 80 100
B, (GeV)?
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E. Contribution from u;A combinations

All ;A combinations which can contribute to h° —
u* 1= at one-loop level, except wiAjp3 and w3, are
constrained by their loop contributions to neutrino masses
[32]. Again, a single u; is constrained by its contribution to
the tree level neutrino mass. Leptonic radiative decays also
give upper bounds on w;A, ie. |[u5Axl, |wiAsl,
l3A535] and |y A7p5157.0 X 1074wl [21]. Further
bounds for single A by charged current experiments can
be found in Ref. [30].

Many diagrams contribute to the h° — u™ 7= process
via w;A combinations. Among these, type 1 no. 3 and type
1 no. 4 diagrams play the most important roles. The
requirement of neutrino mass <1 eV still sets the most
stringent bounds as in the case of other type combinations.
However, @ A3 and w; A3, do not give loop contribution
to neutrino masses, and thus they are mainly bounded by
the constraints from radiative leptonic decays. Generally
speaking, large slepton masses are favorable in order to
have larger branching ratios since they can relax the con-
straints from loop neutrino masses and raise the upper
bounds on the A’s.

In any case, branching ratios from u;A can only achieve
at most the order of 1078 in our analysis because of the
stringent constraints from leptonic decays. Our results are
shown in Table VI.

F. Contribution from the other
insignificant combinations

In addition to the above combinations, there are some
other types of combinations (i.e., B;A’, w; i j, s;A’, AA and
A'A") which can merely give negligible contributions.
Hence we only list the combinations which are most illus-
trative or give the largest branching ratios in each type of
combination, as shown in Table VII. Note that the types of

500
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400

350

M, (GeV)

300

250

200

100

B, (GeV)?

FIG. 3 (color online). Left panel: Branching ratio from B,A%,,, with M, = 2500 GeV, M, = 200 to 202 GeV, u, = 1800 GeV =
A, = —Ay tanB = 60, A2, = 2500 GeV(2500 TeV). The solid red line (m, bound) comes from demanding that the 22 element
of the neutrino mass matrix <1 eV. Right panel: Branching ratio from B,A%s,, with M, = 2500 GeV, i3, = fm%; = (500 GeV)>?,
Mo = 1800 GeV = A, = —A,, tanB = 60, A§32 = 2500 GeV(2500 TeV). Solid red line (1, bound) comes from demanding that the

22 element of the neutrino mass matrix <1 eV.

015025-8



COMPREHENSIVE ANALYSIS ON LEPTON FLAVOR ...

TABLE V. B;A* contributions to Br(h® — u*7%).

RPV parameter Admissible Br within known

combinations experimental constraints
B1AY, 5x 1071
B A%, 5x10° 1
ByA%,, 5Xx 1071
B3A%;; 5x 1071

combinations which are not mentioned, A” A" for example,
give zero contributions at one-loop level.

In the B;A\’ combinations, besides the constraints
mentioned before on B;, A’ also gets constrained by
charged/neutral current experiments [30,35]. B;A’ com-
binations contribute to h° — u* 7= mainly via no. 1 and
no. 2 diagrams of types 6 and 7 (in Appendix A).
To get better branching ratios, it is advantageous if we
raise the upper bounds on B; by the heavy sneutrino and
neutralino masses. Heavy squark masses could also raise
the upper bounds on A’. However, in our computation,
contributions from B;A’ cannot provide sizable branching
ratios.

As to u;u; combinations, only wu,ums3 contributes to
h® — w* 7= up to the one-loop level. With nonzero u;,
one of the neutrinos gets tree level mass. However, leptonic
radiative decays set more stringent bounds on w, w3 than
the neutrino mass does [29], i.e.,

o psl <
S 4.3 X 1073(1 + tan?
oMy — M2y sin2 ~ (1+ @ng)

o PoM> — M, sin2,3.
M3,

Interestingly enough, though the w,p®; combination con-
tributes to the decay in tree level (Fig. 1, right panel), a
loop contribution from the type 1 no. 4 diagram is gener-
ally more important due to the smallness of neutrino
masses in the loop. For example, where w,us3 gives its
most significant branching ratio, the amplitude from loop
diagrams compared to that from tree diagram is roughly
10000:1. At any rate, w,m3 could only give a negligible
branching ratio.

TABLE VI. ;A\ contributions to Br(h® — u™ 7).

RPV parameter Admissible Br within known

combinations experimental constraints
MiAgn3 5% 1078
MiA132 5x107%
MaAr3 3Xx 107"
HaAp3) 2X 107
3033 1 X 10714
M3A1 11X 107

PHYSICAL REVIEW D 87, 015025 (2013)

TABLE VII. Most RPV

combinations.

interesting examples in other

RPV parameter Admissible Br within known

combinations experimental constraints
By 1 x 1071
B3Ahyy 1x10°1
Mops 2Xx 1071
M2 A 31071
H3Ahs 5X 1071
Ax2A033 2X 107"
A1 A3 1 X107
A3Ai33 2Xx 10710
Aoy sy 7%x10718
P USSw Lo 4 X 1072
Aypi s 4% 10712
pLISW LI 5%x107%

Among all u;A”s which give nonzero contributions,
some combinations are constrained by their loop contri-
butions to neutrino masses [32]. Besides, every u;A’ is
bounded by tree level neutrino mass constraints on u;
and experimental constraints on single A’ [30,35]. In this
type of combination, there is no obvious dominant dia-
gram. Several diagrams can give comparable major
contributions to the h®— u* 7= process. Generally
speaking, heavy gaugino masses can relax the tree level
neutrino mass constraints while heavy down squark
masses can raise the upper bounds of A’ and relax loop
neutrino mass constraints; hence they are favorable for
larger branching ratios. Unfortunately, in the whole pa-
rameter space, it is hard for the w;A’ to give any signifi-
cant branching ratios.

Contributions from AA combinations are mainly from
the nos. 3 and 4 diagrams of types 2, 6, and 7. Among
all AA combinations which contribute to 21° — u* 7, only
Ax3pAg3z and Ajp;Aq3; are constrained by their loop
contributions to neutrino masses [32]. However, leptonic
decays could also provide upper bounds for AA
combinations [21,30,36]. Specifically, the neutrino mass
constraint on Aj,;Ay3; contains a factor of electron mass,
and hence is relaxed by the smallness of electron mass.
Therefore the branching ratio from Ajp;Aj3; is mainly
limited by restriction from leptonic decays. On the other
hand, the neutrino mass constraint on Az3; A3 1S
enhanced by a 7 mass factor. The latter gives a major
restriction on the branching ratio from Aj3pA;33. The
most significant branching ratio from AA we can have is
of the order 1071°.

Many diagrams can contribute to the Higgs decay via
A'A’ combinations. Among these, type 1 no. 2 and type 2
no. 1 diagrams are the most important ones. Just like the AA
case, among all A’A’ combinations which contribute to
hO — p=r=, only Ay Ay AypAiy, and AhyyAls; as
listed contribute to neutrino masses [32] and hence get

015025-9
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TABLE VIIIL.
of i — u* 71+,

Interesting contributions to the branching ratio

RPV parameter Admissible Br within known

combinations experimental constraints
B\ 1 X107

B A3, 3X 1073

By Ay 3X 107

B3 Ay 3X 1073
B,A%, 5x 1071
B3A%, 5x 1071

additional constraints. Besides, radiative B decays and lep-
tonic decays also give upper bounds on A’A’ [30,36-38].
Particularly, constraints on A}, A%, A5y ALy, and A)35A%5,
are suppressed/enhanced separately by the electron,
muon, and tau mass factors. This makes the differences
between their branching ratios. Nevertheless, A’A’ type of
combination could only give negligible contributions to
' — u* 1.

IV. SUMMARY

We have analyzed thoroughly Higgs to ™7~ decay
in the framework of the minimal supersymmetric stan-
dard model without R parity. By means of full one-loop
diagrammatic calculations and taking the RPV terms as
the only source of lepton flavor violation, we showed
that the branching ratio of h° — u™7* could exceed
107 without contradicting experimental constraints.
We pull together the most interesting RPV parameter
combinations and corresponding branching ratios in
Table VIII for easy reference. The numbers in the
parentheses indicate the branching ratios in the case of
A" = 2500 TeV as mentioned in the B;A* section.
Moreover, h® — e* 7= is expected to be able to give
roughly the same order of branching ratio with that
of h® = u*7* from RPV terms, while h° — e* 77 is
suppressed due to stringent constraint from two-loop
Barr-Zee diagrams.

PHYSICAL REVIEW D 87, 015025 (2013)

Generally speaking, a heavy SUSY spectrum is pre-
ferred for large branching ratios of LFV Higgs decays
obtainable from RPV couplings. The resulting relaxations
of the experimental constraints from other processes and
especially neutrino masses on the couplings leave more
room for the Higgs decay. However, the statement may not
hold for the contributions involving the A* parameters. In
the extreme case that such a parameter is larger than
around hundreds of TeV, notable branching ratios are
possible, especially with relatively light slepton masses
(below 1 TeV). Meanwhile, a smaller value of the Higgs
mass parameter M, is favored in the LFV Higgs decays of
the RPV scenario.

From an experimental point of view, a typical cross
section of the MSSM 125 GeV Higgs boson at 8§ TeV
energy is of the order 10 pb. Short of a reliable full
simulation study, we can only carry out a rough estimate
on the observability of the Br(h® — u*7%) = 107°. With
a luminosity of the order 10 fb~!, this would lead to
several raw ™ 7* events with almost no SM background.’
If we allow more free parameters or a larger parameter
space during our analysis, the branching ratios can become
even larger. Together with the 14 TeV energy for future
LHC runs, we may have more events and a better chance to
probe lepton flavor violation, and physics beyond the
standard model.
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SOur estimate is likely to be on the optimistic side when
detector properties are fully taken into consideration. Some
complete experimental analyses with realistic cuts may be
needed to improve the situation. The case for the 14 TeV running
or a future linear collider will be much better. We also want to
bring to the reader’s attention that after we finished our work, a
preprint [39] on the relevant branching ratio reach of the 8 TeV
LHC appeared, claiming a quite disappointing number.
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APPENDIX A: ONE-LOOP FEYNMAN DIAGRAMS IN MSSM WITHOUT R PARITY
FOR THE NEUTRAL HIGGS ¢° — pu~ 7+

Type 1 No. 3

T - T 0 T
a s & s

-5 d -- - Uy, --5 Xk --s < Xi
P = AN N AN
Uj d; ?; J

M H H M

Type 2 No. 1 Type 2 No. 2 Type 2 No. 3 Type 2 No. 4

w
. L Xi .
AN
2]
L
Type 3 No. 1 Type 3 No. 2 Type 3 No. 3 Type 3 No. 4

1
Type 4 No. 1 Type 4 No. 2 Type 4 No. 3

w
S Xi
¢
w
i
Type 5 No. 1
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Type 7 No. 1 Type 7 No. 2

Type 7 No. 3 Type 7 No. 4

Type 9 No. 1

Type 9 No. 2

APPENDIX B: EFFECTIVE COUPLINGS IN MSSM
WITHOUT R PARITY

We list all relevant effective mass eigenstate couplings
for our analysis here. Indices run from 1 to 10 for neutral
scalars (sleptons), 1 to 8 for charged scalars (sleptons), 1 to
6 for squarks, 1 to 7 for neutral fermions (neutralinos) and
1 to 5 for charged fermions (charginos) while all dummy
indices run from 1 to 3. Moreover,

¥, = 82my, vy = 82My,
Y 2My sinB’ ¢ V2Myy cosB’
m.
and yei=L
\/EMWCOS,B

are the diagonal quark and charged lepton Yukawa cou-
plings, where m;’s (= m, under the small-u; scenario) are
mass parameters in the charged fermion mass matrix [23].

Type 9 No. 3

Neutral scalar (sneutrino)-W*-W~ vertices
— W T~ A0
£ = 8m AN ¢m’
where

gV = g:My(sinBD;,, + cosBDS, ). (B1)

Neutral scalar-charged scalar (slepton)-W vertices
L = Gulp(dy) — p(@n)] W' ¢, ¢ + He,

where
1

g}'/nvn = §g2[(Dim - Zng)Dlln - (Dim - lD%m)DIZn
— (Dl — D} )DL ]

(p+2)n (BZ)

s
(p+2)m
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Neutral scalar-neutral scalar-Z vertices
— oz 0y _ 0 040
L= gz’j[[’(¢j) p((ﬁi)]MZd)i It

where
i ) \) \) \) \) \) A \)
Gi = EgZ(D%iDij = Dy, Dy, + DDs; — DDy,

+D D D

(g+7)i (B3)

(q+2)j fq+2>i@fq+7)j)'

Neutral lepton (neutralino)-charged lepton (chargino)-W
vertices

_ 1 _
L glef(x&)@f(vv*)[wxm s

2
- Nuky, L 275]W(X;) +He,
where
N% = XU~ %szUz" N \/ijzﬁq+4)mU(q+2)i
NG = V1o + Vs, (B4)

V2

Charged lepton-charged lepton-Z vertices
_ B 1— 0%
L=g,V(x; )[C?f Y

1
+Cf-ijM

+ _
S |e@wo),

where

1
Cik = —(=1 + sin?0y)U;,U,; — (—5 + Sinzﬁw)UZsz‘

1 . *
_ (— 3 + s1n20w)U(q+2)iU(fI+2)f

1
CleR = (1 - Sil’lzaw)V]jVTi + (E - Sin20W)V2jV;i

- sinZHWV(qH)ijqﬂ)i. (B5)
Charged lepton-charged lepton-vy vertices
- 1—
— —\| ~7L Vs
L =eWV(y; )I:Cl.j Y
1+
R Vs _
£y o),
where
yL __ yrx i =
Cij = UUy; + UyUn; + Ui 5 Uig+); (B6)

R * * ’
Ciyj = ViVt VoV + Vg Vg

Charged lepton-down quark-up squark vertices

£ = W0, el

nmi 2

1+
el o ) + e,

PHYSICAL REVIEW D 87, 015025 (2013)

where
CIL — —y* Pux Yuj o ji Py
nmi Vln im +— VCKMVZn (j+3)m
82
Yd, )‘/'7‘ (B7)
— i T * JN g #
CZﬁu - EUZn D;‘m + EU(j+2)n :DZm
Neutral scalar-quark-quark vertices: Down sector
- - 1=
£ = g (a0t (@) Mk -0
~ 1+
+ Al ),
where
Nrdl Ya, ' ey
thi - \/Egz 5ih(D§m + lD;m)
Ain
; .
- \/igz (ka+2)m + lD(sk+7)m)
NrdR - _ Yd, .
Nimi = — \/—2—&501(@5”1 —iD3,)
Ahi
; .
- \/—2—g2(ka+2)m - lka+7)m)' (B8)
Neutral scalar-quark-quark vertices: Up sector
u — \P O (H° jv-uL L — s
= &V(u,) P (b)) hmi ™
~ 1+y
+ N;ﬁfn T 5]‘1’(”,'),
where
Ny = = =2 §,4(Ds,, — iDy,)
hmi N i\ 1m — L 6m
2 (BY)

NrUR y”:
thi -

Sun(D3, + D5, ).

Charged lepton-up quark-down squark vertices

LY = g,V (xH®t(d,)

1- 1+
X [szm.T% +CuR, Z%]W(ui) + He,,
where
CML — _ViP* U Dd* + ydP Viﬂ* U Dd*
nmi CKM™ 1n~"pm g CKM™ 2n = (p+3)m

A’.h . .
+ —;; VlchKMU(j+2)n DE11;+3)m
(B10)

nmi

yu,- ip* s
CMR - g VCPKMVZn Dld,m
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Neutral scalar-charged lepton-charged lepton vertices

o 1 - 1+ _
£ = g )| Ol 7+ Gl T [ @),
where
L I . ; s . . | .
C;1Ymn == ﬁVZEUln(D‘lm + lDGm) - ﬁvlﬁUQH(Dim - lD%m) - \/_EV U(J+2)"(D(j+2)m - lDE/*ﬂm)
Ve, - . . Ye, o .
_ \/5/ V(/+2)ﬁU(j+2)n(D%m + lﬂ;m) + — \/5 V(j+2)ﬁU2n(ﬂ(]+2)m + lij+7)m)
F Ay Gan(Ds D)
\/582 (k+2)a~ (i+2)n (j+2)m (j+7)m
1 1
R __ * . ; *
Cil(mn - \/z V2H(D1m Zng) - \/_UZnVIn(D + lD%m) \/EU(]+2)nV1ﬂ(D(]+2)m + th(‘]+7)m)
\/zg U:]+2)nV(J+2)n(D2m ifD;m) + \/i U2nV(J+2)n(D(,+2)m - inj+7)m)
s N gy DS, —iDs B11
\/Eg (i+2)i k+2n( G+2m — L (/'+7)m)’ (BI1)
Neutral scalar-neutral lepton-neutral lepton vertices
- 1+y
£ = g N T+ N D [ e
where
1 , . 1 . s
Wg’[',m = E(_ tanHWXlﬁ + er_l)X;n(Dim + Zng) + E(tanHWXm - X2ﬁ)X4n(Dim - lD%m)
1 .
+ = D) (tanewxln XZn)X(k+4)n(D(k+2)m - lka+7)m)
1 1 )
Nﬁﬁn = EX si(—tanfy X7, + X5 )(Dj,, —iD;,) + EXjﬁ(tanﬁwXTn - X )(Ds,, +iDs,)
1 .
+ = 5 (Hn) (tanfy X7, 2n)(ka+2)m + lka+7)m). (B12)
Charged scalar-neutral lepton-charged lepton vertices
11—y 1+ _
£ = g O, B [, + e,
where
CxL — * Dl \/-2— * D! \/_ * Dl
Cnmn = VlnX + TVZI’_L(_ tanHWXln - in) m 2tan0WV(j+2)ﬁX1n (+5)m
Ve, N N
— (V(j+2)ll 4”Déj+2)m o V(j+2)ﬁX(/+4)nD12m) V(k+2)ﬁX(i+4)" D€j+2)m
>XR s * * # \/E s i \/E *
Chun = U1 X0, D5, — Ui X400 Dl T+ 7U(tan0WX]n + X5,)D5,, + 5 Uy (tanby X3, + X5)Dfy )
y * * * ik s s
= (U(k+2)ﬁX @(k-FS)m U2n (k+4)ank+5)m) - glj U(]+2)ﬁX(l+4)nDék+5)m’ (BIS)
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Neutral scalar-squark-squark vertices: Down sector

L =gt 1(d,)D(d,)D($)),

where

My 1 o My (1 . )
gl = COZSQVZV<§ gsm2t9w)(cos,BfD —sinBD;,) Dy D, + jsevzv(gsmzﬁw)(cos,BTD —sm,BDlm)fD(qH)a@z’qH)b

Ry mg, DD DS, 2y my D DL Dy +\/i_(,igapqydq £ I )DE L DA (DY, +iDy,)
\/—(Mofquyﬂz + M:)\f;q)Dgz Dd +3)b(Dlm —iDg,) — \/—qu @Ejz;—%)a b(D2m +iD3,)
\}EAD* DD 5, (D5, —iD5,,) — \/_.A;‘]’, oD 5. Do (D) 1D 4,

- %A%aq Dd* Dd +3)b(DZj+2)m - inj+7)m) - %[md,/\zpq D(p+3)b D(q+3)a + my, )‘ Dd* Ddb]

X (D + Dl )~ J]_[mdp D D g Al D DEDY Dy ) (B14)

Neutral scalar-squark-squark vertices: Up sector
L= gam(I)T(ﬁa)(b(ﬁb)q)((ﬁ?n)’

where

M 1 2 M, (2
u 82 Z( —+= 51n20W)(cos,BD —sinD;,) Dyi Dl — &2 Z(—sin20W>(costD§m—sinB’D WD 5. Dl 3
cosfy \3 q+3)a="(q+3)

abmcoshy\ 2 3
\/" Lp* Du* Du Ds \/" Tu T s 1 qp (s DS
=N2yymy,VegyV CKM 2yuqmu,, (g+3)a = (g+3)b1m +\/—§yuq Véuluo(Ds,, —iDs,,)

3 e u 1 * s * s s s e u
+ 15 (Disgm = 1D 1D G300 Do +7§y u, Vekulo(Ds,, +iD3,) + i (D), + Dy 42, 1D Dy 13y,
\/_AU Z'Dz‘q*ﬂ)a@’;b(@{ l’ng) \/_AU*@“* D:‘q+3)b(Dim + i@gm). (B15)
Cubic neutral scalar vertices
L=2g0 D(d)D(H))D(S),
where
gabm = 8272 (COSBDE - SIHBDIm) X (Dia@‘ib + Dga Déb - Dia Déb
4 cosfy
(B16)

- D5, D5, — Dfﬁz)a quﬂ)b — @fq”)a qu+7)b) + permutations in (a, b, m).

Neutral scalar-charged scalar-charged scalar vertices
L= g4, PN (da)0(¢,) (7).

where
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1 g,M;,

1 — sin%@
2cos0W( sin“Oy)

_ 1 g2M s % gZMZ 1 s *
8abm = 75 costy sinD3, Dt D!, cosﬁw< 3 + s1n20W) cosBD;, DD, —

X [cosB(D;,, — iDy,) + sinf(Ds,, + D3, )14, Dy — 3 L2002 (1 — sin?gy)[cosB(D;,, + iD;,)

2 cosfy

inB(Ds, — iDs DD, — LMz GogingD! DL)(Ds D
+sinB(Dy,, — iD5,) 1Dy, Dy, — 5 050y (1 = sin®@y)(sinBD}, + cosBDy,)( (i42m T 1 (l+7)m) (g+2)a

1 g2MZ . . 1 gzM "
-5 cost (1 = sin?0y)(sinBD", + cos DL (Dl — (l”)m)fD(quz)b 3 costly cosBD;, Dy DS,

gzMZ 1 : : s * gZMZ 1 . 5
cosy (5 - 51n20W) sinD;, DY DL, + cos0 (i — sin* @y |(cosBDs,, — sinBD},) D .5, D,

g . .

orTz 9vZV (sin®0y)(cos 8D, — sinBD; )qu+5)a lq+5)b \/_ye q+2)aﬂ)éq+2)b’D§m

By Dy Dl D = 5 i Dl DD + D5 = %w D3, D, 5, (Di, ~ iDi,)
a %Mc*zyeq@(ws)aﬂib(p +iD3,) — %quye D D(q+5)b(D2m iD3,,)
\/LE('U‘OBMyeq +ouj lpq)@(q+5)a (p+2)b(D +iDyg,,)
#5083, + ki) Dl Dl (D — D)
+ %( 00 paYe, T e ll"])D(q+5)(1Dllb(®(p+2)m + lD(])+7)m)
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