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Meson vacuum phenomenology in a three-flavor linear sigma model with (axial-)vector mesons
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We study scalar, pseudoscalar, vector, and axial-vector mesons with nonstrange and strange quantum
numbers in the framework of a linear sigma model with global chiral U(N,); X U(N;)g symmetry. We
perform a global fit of meson masses, decay widths, as well as decay amplitudes. The quality of the fit is,
for a hadronic model that does not consider isospin-breaking effects, surprisingly good. We also investigate
the question whether the scalar gq states lie below or above 1 GeV and find the scalar states above 1 GeV to
be preferred as gqg states. Additionally, we also describe the axial-vector resonances as gq states.
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I. INTRODUCTION

Understanding the meson mass spectrum in the region
below 2 GeV is one of the fundamental problems of QCD.
While the quark model seems to work very well for many
resonances (see, for instance, the summary in Ref. [1]),
some fundamental questions, such as the constituent quark
content of scalar and axial-vector resonances, are still
unanswered.

The quark content of the scalar mesons has been a matter
of debate for many decades [2]. The Particle Data Group
(PDG) [1] suggests the existence of five I(JF€) = 0(0* )
states in the region below 1.8 GeV: f,(500), f(980),
fo(1370), f,(1500), and f,(1710). Also the existence of a
sixth state, f,(1790), close to, but distinct from, f,(1710) has
been claimed [3]. Additionally, there are scalar resonances in
the isotriplet and in the isodoublet sector as well: the I = 1
states a((980) and a(1450) are well established; the exis-
tence of the I = 1/2 state K;(800) (or ) is confirmed
by some [4] and disputed by other authors [5], whereas the
I = 1/2 scalar kaon, K} (1430), is an established resonance.

A description of all mentioned scalar states as gq states
is not possible for a simple reason: the number of physical
resonances is much larger than the number of resonances
that can be constructed within a gg picture of mesons.
Explicitly, there is only one 1(J?€) = 0(0* *) state that can
be constructed from the (nonstrange) u and d quarks
(provided they are degenerate). Denoting this state as oy
we obtain oy = (iiu + dd)/~/2. An additional (JFC) =
0(0**) state can be constructed, if the strange quark is
considered as well: the pure strange state oy = §s. Since
oy and og have the same 1(JP€) quantum numbers, we
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expect the physical spectrum to consist of mixed, rather
than pure, states of oy and og; however, such mixing will,
of course, produce exactly two new states. These states will
correspond to at most two of the mentioned five (six) f
states, and the natural question is then: which two?

Similarly, in both the I = 1 and I = 1/2 sectors one can
construct only one quark-antiquark resonance. Restricting
for example to electric charge +1, one has the states a; =
du and K;* = 3u. The state aj = du can be assigned to
ao(980) or ay(1450), and K;* =3su to KJ(800) or
K} (1430). The question is: which is the correct assignment?

An answer to these questions is inevitably complicated
for several reasons. First, as already indicated, states with
the same 1(J¥C) quantum numbers are expected to mix—
this needs to be considered in particular in the scalar sector
due to the large number of physical resonances. Second,
basic features (pole mass and decay width) of some scalar
mesons [e.g., f((500)] are notoriously difficult to deter-
mine experimentally, which makes it nontrivial to deter-
mine the structure of these states [see, e.g., Ref. [6] for an
example regarding the f,(500) resonance and Ref. [7] for
an example regarding f,(1370)].

The question of how to correctly determine the quark
structure of the mesons is not only restricted to the scalar
sector. More recently, also the nature of the axial-vector
mesons, most notably a;(1260), but also that of the isoscalar
states f,(1285), f,(1525), and the kaonic state K;(1270)
[or K;(1400), see the discussion in Ref. [8] and references
therein] have been investigated. Should one interpret the
isotriplet resonance a,(1260) as a quark-antiquark state, as
the quark model suggests (e.g. a]” = du), or is this state a
broad p7 molecular state?

Understanding these issues is not only crucial for hadron
vacuum spectroscopy but is also important at nonzero
temperatures and densities, because the correct identifica-
tion of the chiral partner of the pion and of the p meson is
necessary for a proper description of the in-medium
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properties of hadrons [9]. In fact, if the a;(1260) is
(predominantly) a quark-antiquark state, it is the chiral
partner of the p meson, with which it becomes degenerate
at large T and u [10]. The chiral partner of the pion is the
scalar-isoscalar state oy = (iiu + dd)/~/2 which has been
identified with the lightest scalar state f,(500) in many
works. However, as various theoretical results for the
vacuum have shown, and as we shall present in detail in
this work, this assignment is not correct: it turns out that
f0(1370) emerges as the chiral partner of the pion.

Last but not least, the question of the origin of hadron
masses is important. One aims to understand to which extent
the quark condensate, (Gq), and the gluon condensate,
(G*”G ), generate the hadron masses. To give an example,
which condensate is predominantly responsible for the mass
of the p meson? And related to this, how will the mass of the
p (and that of other resonances) change in the medium?

The answers to all these fundamental questions are in
principle contained in the QCD Lagrangian. Unfortunately,
QCD cannot be solved by analytic means from first prin-
ciples in the low-energy domain. For this reason, effective
theories have been developed which share some of the
underlying symmetries of QCD. The QCD Lagrangian
exhibits, in addition to the local SU(3), color symmetry
and the discrete C, P, and T symmetries, a global chiral
U(Nf)LXU(Nf)REU(l)vXU(l)AXSU(Nf)vXSU(Nf)A
symmetry which is broken in several ways: spontaneously
(due to the chiral condensate {Gq) = (Grq; + Grqr) # 0
[11]), explicitly (due to nonvanishing quark masses), as
well as at the quantum level [the U(1), anomaly [12]].

In the framework of effective theories the chiral sym-
metry of QCD can be realized along two lines: linearly [13]
and nonlinearly [14]. In the former case one obtains the so-
called linear sigma model: both scalar and pseudoscalar
degrees of freedom are present and vectors as well as axial
vectors can be included into the model in a straightforward
manner [15-19]. Note that an important advantage of
linear sigma models is the possibility to investigate the
state of matter at large values of temperature and chemical
potential (e.g., in the region of the chiral transition, i.e.,
where chiral symmetry is restored [20,21]). Every linear
sigma model contains so-called chiral partners—states that
mix with each other under axial transformations—that
become degenerate when chiral symmetry is restored. In
the nonlinear realization (i.e., the nonlinear sigma models),
the scalar and the (axial-)vector states are integrated out
and the pseudoscalar states are the only degrees of the
freedom: one obtains the Lagrangian of chiral perturbation
theory [22]. If the vector mesons are not integrated out, one
is left with chiral perturbation theory with vector mesons
(see, e.g., Ref. [23] and references therein).

In this paper, we present a linear sigma model containing
scalar, pseudoscalar, vector, and axial-vector mesons with
both nonstrange and strange quantum numbers. Although
this project represents a straightforward implementation of
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the principles of the linear realization of chiral symmetry as
already outlined in Ref. [17], this is—to our knowledge—
the first time that all these degrees of freedom are considered
within a single linear chiral framework. In view of
the large number of the fields involved, our model shall
be referred to as the “extended linear sigma model.”
Moreover, we also exploit a “classical” symmetry of the
QCD Lagrangian in the chiral limit: the dilatation symmetry.
This symmetry is broken by quantum effects (trace anomaly)
and generates, through dimensional transmutation, the
QCD low-energy scale Agcp. We describe this phenome-
non by including a dilaton field in our model. The asso-
ciated potential for the dilaton field encodes the trace
anomaly by an explicit breaking of dilatation symmetry.
We assume that, except for terms associated with the U(1)4
anomaly and nonzero quark masses, all other interactions
are dilatation invariant. Assuming in addition analyticity in
the fields (i.e., absence of divergences in the Lagrangian in
the limit of vanishing fields), the number of terms appear-
ing in the Lagrangian is finite. The fluctuations of the
dilaton field correspond to the glueball degree of freedom.
In this work, we neglect the coupling of the glueball with
the other mesonic degrees of freedom. Formally, this can
be justified by taking the large-N, limit. In a future work,
we also plan to study the coupling of the glueball to mesons
in our framework, similar to the Ny = 2 study of Ref. [24].

In Refs. [15,25], we have already presented a linear sigma
model with vector and axial-vector mesons for two flavors.
Comparing our model with experimental data for meson
vacuum phenomenology led us to conclude that the scalar
Gq states are located in the energy region above 1 GeV in the
hadron mass spectrum. Explicitly, we concluded that the
resonances f,(1370) and ay(1450) are strongly favored to
be scalar quarkonia. The present work is more general: we
now consider three flavors both in the (pseudo)scalar and
(axial-)vector channels in order to ascertain whether the con-
clusion of Ref. [15] is still valid once strange mesons are
considered. We emphasize that, as discussed in Ref. [15],
all fields entering our model describe pure quark-antiquark
states. The reason is that masses and decay widths of
our theoretical states scale as N? and N, 1 respectively,
where N, is the number of colors; thus all decay widths
vanish in the large-N,. limit. Note that the inclusion of strange
mesons provides us with a large amount of very precise data
(in general, decisively more precise than in the case of non-
strange mesons [1]). As a consequence, our model parameters
are much more constrained than in Ref. [15]. Preliminary
results of this work have already been presented in Ref. [26].

In order to (i) test the performance of a linear sigma model
in describing the overall phenomenology of (pseudo)scalar
and (axial-)vector mesons and (ii) ascertain which scalar
states are predominantly quarkonia, we perform a global fit
in which 21 experimentally known quantities (decay con-
stants, masses, and decay widths as well as amplitudes) are
included. The situation in the scalar-isoscalar sector is
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extremely uncertain because five (six) resonances, f,(500),
f0(980), fo(1370), f(1500), and f,(1710) [and, possibly
in the future, f(1790)] are listed in the PDG. In addition,
the f,(500) and f,(1370) decay widths and branching
ratios are poorly known and f,(980) suffers from a dis-
tortion by the KK threshold. Moreover, a scalar glueball
state with a bare mass of about 1.5-1.7 GeV as predicted by
lattice QCD [27] can sizably affect the masses and the
branching ratios of the scalar states above 1 GeV, that is,
fo(1370), f,(1500), and f(1710) [28]. In view of all these
reasons, we do not include the scalar-isoscalar states into
the fit. We note that, although the coupling of the glueball
state to the other mesons is not considered in this paper, it
does not affect our global fit. We do, however, include the
isotriplet and isodoublet quark-antiquark scalar states and
we test all four combinations a(1450)/ K (1430), a,(980)/
K} (800), a((980)/ K (1430), and ao(1450)/ K (800). Quite
remarkably, the outcome of the fit is univocal: only the pair
ao(1450)/ K (1430) yields a good fit, while the other combi-
nations do not. We thus conclude thatthe / = 1and I = 1/2
quark-antiquark scalar resonances lie above 1 GeV. In fact,
the quality of our fit is surprisingly good. We describe all
experimental quantities with an average error of 5%, and
most of them even to much better precision. We perceive this
to be a remarkable achievement within an (in principle, quite
simple) effective model for the strong interaction.

We then study the two scalar-isoscalar quark-antiquark
states in our model: a consequence of our fit is their mass in
the large- N, limit. These masses turn out to be about 1.36 GeV
and 1.53 GeV, respectively. Varying large-N,. suppressed
parameters which cannot be determined by our fit, one can
also study their decays: the nonstrange quark-antiquark state is
well described by f,(1370) and the heavier §s state might be
fo(1710). Turning to the axial-vector channel, both masses
and decays are well described by assuming the axial-vector
resonances a,;(1260), f,(1285), f,(1525), and K;(1270) as
(predominantly) quark-antiquark states. Detailed calculations
of all formulas used in this paper as well as further discussion
are presented in Ref. [29].

The outline of the paper is as follows. In Sec. II we
discuss the U(3); X U(3)g linear sigma model with vector
and axial-vector mesons. In Sec. III we discuss the
global fit and its consequences and in Sec. IV we present
our conclusions. We defer detailed calculations to
Appendixes A and B. Our units are # = ¢ = 1; the metric
tensor is g, = diag(+, —, —, —).

II. THE MODEL
A. Lagrangian

In this section we present our model: a linear sigma
model with (axial-)vector mesons and global chiral
U(3);, X U(3)g symmetry. To this end, we discuss some
important criteria for the construction of its Lagrangian.

The aim of our work is to emulate the properties of the
QCD Lagrangian in our effective approach. This implies
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the necessity to consider as many symmetries of QCD as
possible. The QCD Lagrangian possesses various symme-
tries: local (gauge) invariance with respect to the color
group SU(3),, discrete C, P, and T symmetries, global
chiral symmetry U(3);, X U(3)z (which is exact in the
chiral limit), and also the classical dilatation (scale) sym-
metry. The local color symmetry is automatically fulfilled
when working with colorless hadronic degrees of freedom.
The discrete and chiral symmetries impose severe con-
straints on the terms which are kept in the Lagrangian;
still, infinitely many are allowed. Indeed, in some older
versions of the linear sigma model, terms with dimension
larger than four were considered; see for example
Refs. [17,18,30]. In these approaches chiral symmetry
was promoted to a local symmetry, up to the vector-meson
mass term which breaks this symmetry explicitly. Sigma
models with local chiral symmetry require the inclusion of
terms of order larger than four in the fields in order to
correctly describe experimental data. This procedure obvi-
ously breaks renormalizability, but this is not an issue
because a hadronic theory is obviously not fundamental
and is supposed to be valid only up to a mass scale of
1-2 GeV. Still, the problem of constraining the number of
terms affects these effective approaches of QCD.

We then turn our attention to the last of the mentioned
symmetries of QCD: the dilatation symmetry. It plays a key
role to justify why we retain only a finite number of terms
[31]. Let us recall some of the basic features of the dilatation
symmetry in the pure gauge sector of QCD: The Yang-Mills
(YM) Lagrangian (QCD without quarks) is classically invari-
ant under dilatations, but this symmetry is broken at the
quantum level. The divergence of the corresponding current
is the trace of the energy-momentum tensor T%y; of the YM

Lagrangian (Tyy)y = %5) G4, G**" # 0, where GY,,, is the
gluon field-strength tensor and B(g) the beta function of YM
theory. At the composite level, one can parametrize this
situation by introducing the dilaton field G, which is
described by the Lagrangian [32]

1 1 m2 G: G
Ldil = E(G#G)z - 1 F<G4 lnp - T) (1)

The dilatation symmetry is explicitly broken by the scale
A under the logarithm. The minimum of the dilaton potential
isrealized for G, = A;upon shifting G — G, + G, aparticle
with mass mg emerges, which is interpreted as the scalar
glueball. The numerical value has been evaluated in lattice
QCD and reads mg ~ 1.6 GeV [27]. In the large-N, limit,
mg ~ N?, while the n-glueball vertex ~N2~" [33]. Applying
this to Eq. (1), we observe that A ~ N... In the large-N,. limit,
the glueball self-interaction terms vanish and the glueball
becomes a free field.

We are now ready to present our Lagrangian. It follows
from requiring symmetry under C, P, T, (global) chiral
[15,19,29], as well as dilatation transformations. In accor-
dance with QCD, we take the latter two symmetries to be
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explicitly broken only by nonzero quark masses, and dila-
tation symmetry to be explicitly broken only by the dilaton
potential in Eq. (1) as well as the Uy(l) anomaly.
Therefore, all other terms in the Lagrangian must be dila-
tation invariant and thus carry mass dimension equal to

J
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four. This would in principle still allow for an infinite
number of terms. However, assuming in addition that there
are no terms with nonanalytic powers of the field variables
makes the number of possible terms finite.

Explicitly, the Lagrangian of the model has the form

L= Lg+Ti(D,®)H(D,®)] - mg<Gﬁ))2Tr(¢*q>) — M [TH@T )P — A, Tr( D) — % TH(L2, + R,)
C

" Trl:((Gg)zm_% * A>(L%‘ + Ri)] + T H(® + ®T)] + ¢ (detd — detdT)? + i%(Tr{LW[Lﬂ, LT

o/ 2

+ Tr{R,,,[R*, R"]}) + % Tr(®TP)Tr(L2 + R%) + hoTi|L, > + |PR, ] + 2h3Tr(L , PR DY)

+ g3[Tr(L,L,L*L") + Tr(R,R,R*R*)] + g4[Tr(L,L*L,L") + Tr(R ,R*R,R")]
+ gsTr(L, L*)Tr(R,R") + ge[Tr(L,L*)Tr(L,L") + Tr(R,R*)Tr(R,R")] )

where L4 is the dilaton term (1) and
DFD = grD — ig (LFD — DRH) — ieA[T;, @),

L*? = orLY — ieA#[Ts, L”] — {9VL* — ieA”[T5, L*]},

REY = 9HR” — ieAM[Ts, R”] — {9"R* — ieA"[Ts, R*]}.

The quantities ®, R*, and L* represent the scalar and vector nonets:

A LA <R &
8
: 1 .
b = (Sl + lP,')Ti = \/—5 a(; +im (O'Nfag)Jr;(’/N*WO) K(?;O + IKO , (3)
i=0 v
Ky~ + iK™ K30 + iK° og+ ing
8 1 (tuN\/'%pO n fm:/;a? p* +at K* + Kf\ﬂ
L* = V¥ + AT, = —= - - oy—p° o fiv—d} *0 o |, 4
,-=Zo(l 1) \/5 p- ta Nﬁ + \/5‘ K™ + K “4)
\ K* +K; RO+ R w5+ fig )
. 1 (a)N';pO _ f]N‘;a? p+ _ Cl?— K*+ _ K1+ \ I
RH = ,go(vlﬂ — AT, = E p~ —aj wN—2p° _ fw;a? K*0 — K(l) , 5)
\ K"K RO-R weg—fis )
[
where the assignment to physical particles is shown h% 0 0
as well.! Here, T;(i =0, ..., 8) denote the generators of h
. >t T = + =10 "= 0
U(3), while S; represents the scalar, P; the pseudoscalar, H = HoTo + HyTs 2 s ’ 0
V¥ the vector, A the axial-vector-meson fields, and A* is 00 3
the electromagnetic field. It should be noted that here and
below we use the so-called nonstrange-strange basis in the 5,
(0-8) sector, defined as (7 0 0
5
1 1 A = AOTO + ASTS = O & O
on = —= (200 + @3), 05 = —= (00 — V2¢5), P
V3 V3 0 0 %
BoAM
¢E(Si)Pi) V[)A[ )) (6) (6N O O
which is more suitable for our calculations. Moreover, H =| 0 o6y O (8)
and A are constant external fields defined as \ 0 0 &

'With the exception of the (0-8) sector where particle mixing
takes place (see below).

These terms describe the effect of nonzero quark masses in
the (pseudo)scalar and (axial-)vector sectors, respectively:
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hy ~m,, hg ~mg, 8y ~m2, 8~ m2. Throughout this
work we assume exact isospin symmetry for u and d
quarks, such that the first two diagonal elements in
Eq. (7) and (8) are identical. Thus, only the scalar-isoscalar
fields oy, og and G, carrying the same quantum numbers
as the vacuum, can have nonzero vacuum expectation
values (vev’s).”

In the Lagrangian (2) the following terms break the
original UQ3), X UB)g[= UQB)y X U(3)4] symmetry:
(i) the terms proportional to the matrix H and A of
Egs. (7) and (8), which describe the explicit symmetry
breaking due to the nonzero values of the quark masses in
the (pseudo)scalar and (axial-)vector sectors and break
U(3)A if H(), AO # 0 and U(3)V - SU(Z)V X U(I)V if
Hg, Ag # 0 (for more details see, e.g., Ref. [20]), and
(ii) the term proportional to the determinant and parame-
trized by c¢,, which breaks the U(1), symmetry and
describes the axial anomaly, responsible for large mass
of the 1’ meson.

These terms also explicitly break dilatation symmetry
because they involve dimensionful coupling constants. This
is expected: the first two terms describe the bare quark masses
which generate an explicit breaking of dilatation symmetry at
the level of the QCD Lagrangian, and the determinant term
describes an anomalous breaking of the dilatation symmetry
arising from the YM sector of the theory.

The interaction of the meson fields with the dilaton field
G enters only in two terms. Upon condensation of the
dilaton field, these terms correspond to meson mass terms.
In addition, there are interaction terms proportional to
one or two powers of the glueball field. Since Gy ~ A ~
N., an (m + g)-point vertex involving m-meson lines
and g-glueball lines scales as ~N. (m/2+g 71), while an
m-point vertex involving m-meson lines scales as

Cl_m/ 2, Thus, vertices with n external lines involving
glueballs vanish faster than the corresponding n-point
vertices involving only mesons. As a first approximation,
we assume that the glueball field completely decouples, so
that we neglect it in the following. Effects from coupling
the glueball to the other meson fields will be studied in a
subsequent work.

Let us now discuss in detail the assignment of fields in
Egs. (3)-(5) If we consider isospin multiplets as single
degrees of freedom, then there are 16 resonances that can
be described by the model: oy, oy, dy, Kg (scalar); ny,
ns, 7, K (pseudoscalar); o, o, p*, K** (vector), and
fivs fis, al's Ky (axial vector). All fields in our model
represent gq states, as discussed in Ref. [15]. If we assign a
state from our model to a physical resonance we, therefore,
implicitly assume that this resonance is a gq state. This
assumption can be tested for a multitude of physical reso-
nances in the scalar and axial-vector sectors, as discussed

?In case of isospin breaking, also o3 could have a nonzero veyv.
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below (in the pseudoscalar and the vector channels, there
are no ambiguities).

In the nonstrange sector, we assign the fields 7 and 7y
to the pion and the nonstrange part of the 7 and 7’
mesons, 7y = (iiu + dd)/~2. The fields w% and p*
represent the w(782) and p(770) vector mesons, respec-
tively, and the fields f1, and a{ represent the f,(1285)
and a,(1260) mesons, respectively. In the strange sector,
we assign the K fields to the kaons; the ng field is
the strange contribution to the physical 1 and n' fields
(ng = 55); the wg, fi5» K*, and K, fields correspond
to the ¢(1020), f,(1420), K*(892), and K;(1270)
[or K;(1400)] mesons, respectively.

Unfortunately, the assignment of the scalar fields is
substantially less clear. Experimental data suggest exis-
tence of five (six) scalar-isoscalar states below
1.8 GeV: f(500), f,(980), f,(1370), f,(1500), and
fo(1710) [as well as f(1790)]. Note that the existence
of these five states is acknowledged by the Particle
Data Group [1]. [The sixth state, f,(1790), will not be
of importance for the rest of our work because its
predominant 77 decay renders it a putative radial
excitation of f,(1370), and our model describes
ground-state quarkonia only.]

Our model contains a pure nonstrange isoscalar oy and
a pure strange isoscalar og. We will demonstrate below
that our model yields mixing of oy and og, producing a
predominantly nonstrange state labeled as f}, and a pre-
dominantly strange state labeled as f%. Assignment of the
mixed states to physical resonances is ambiguous
because, as already discussed, there are five physical
states all of which could, in principle, be candidates for
£ and f1.

Similarly, the isospin triplet a, can be assigned to
different physical resonances—although, in this case,
there are only two candidate states: @y(980) and
ay(1450). A preliminary examination of the assignment
of the q field has been performed in Ref. [15] where it
was concluded that it most likely corresponds to the
ay(1450) resonance [or, equivalently, ay(1450) rather
than ay(980) was favored to represent a gg state]. The
discussion in Ref. [15] was limited to nonstrange mesons.
In this work, besides the assignment of a,, we also have
to consider possible assignments for the strange scalar
field Kjj; there are also two possibilities: either K7 (800)
or K;(1430).

B. Tree-level masses and mixing terms

After spontaneous symmetry breaking, the fields
with nonzero vev’s are shifted by their expectation
values, namely, oy/s — oy/s + Pn/s, Where we have
introduced ¢y 5 = (oy/s). After substituting the
shifted fields into the Lagrangian (2), one obtains the
tree-level masses by selecting all terms quadratic in
the fields,
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1 1 1
Land = — Esi[aijlj + (m$);;18; — §Pi[5ijD + (m3);;1P; — EViM[(—g’“’D +949%)6;; — g*"(m});i1V;,

1 1 . L, . ”
- EA,»#[(—g/“’D +0#9")8,; — gt (m3)i A, — Evi,u.(lglfijkd)ka'u)sj - ESi(lglfijkd’ka Wiy

1 1
+ EAi/L(gldijk(ﬁka#)Pj - EPi(gldijkd’kay)Ajw

where (m3),;, (m});;, (m});;, and (m3),; are the scalar,
pseudoscalar, vector, and axial-vector (squared) mass
matrices, respectively (see their explicit expressions in
Appendix A). Moreover, f;; and d;j; are the antisymmet-
ric and symmetric structure constants of U(3). The
(squared) mass matrices are in general nondiagonal due
to the mixing among particles sitting in the center of a
given nonet, and they can be diagonalized by appropriate
orthogonal transformations (for details see Appendix A).
Besides the mixing inside the nonets there are other mixing
terms, namely the last four terms of Eq. (9), which mix
different nonets.

In order to eliminate the latter, one performs the follow-
ing shifts of the (axial-)vector fields:

f{LN/s - f{LN/S T ZossWrings 9 Mnyss

afi,o - a,;Li,O n Zﬁwalaﬂﬂ_i,oy

K{Li,o,() - K{.Li,o,(_) + ZKWK1 aﬂKto,()’ (10)
K*rE00 _, gru®00 4 ZK*WK*G#KS:O’G-

These shifts produce additional kinetic terms for the pseu-

doscalar fields. In order to retain the canonical normaliza-

tion for the latter, one has to introduce wave function
renormalization constants,

Kt,O,O — ZKKi,(),()’

K*,ui,(),(_) — ZK*K*Mi’O’(—).

,n_i,() — Zﬂ. 7Ti’0,

(11)
Nn/s — Z77N/77$ MIN/S

For the sake of simplicity we have grouped together
the isotriplet states with the notation 79, af’ =0 and
the isodoublet states with the notation K00, K*»#+00
where 0 refers to K°. The coefficients w; and Z; are
determined in order to eliminate the last four mixing
terms in Eq. (9) and to obtain the canonical normalization
of the 7, ny, s, K, and Kg fields. After some straightfor-
ward calculation one finds the explicit expressions:

Wi = w :gl¢N W, :\/Egld’s
a 4 J1s ’
Jin 1 mgl 1S m%ls
L igi(py — V25) _8ilgy + V265)
K 2m2, ' ki 2mg, '

(12)

)
mg
2, =7, = —,
” N /mz — 22
a — 81PN (13)
7. = 2mKl
K= ,
\/4’”%(1 — g}y + V2¢5)?
— my s
s 2 — 2g° 2
fis 17s (14)
ZK* _ ZmK*

It can be seen from the expressions of the wave function
renormalization constants that they are always larger than
one. Finally, using the explicit expressions found in
Appendix A the tree-level (squared) masses for the differ-
ent nonets are obtained as follows:

Z%ThON
by
(15)

A
= 22 i+ (A0 +3) 8k + 43

A
= zgf[mg " ()\1 " 72)%

- %qsms F O+ Ams%], (16)

A
iy, = 2+ (A4 2)0R + M+ e1dhdd ]
h
= Zi(ﬂ + 16} %) (17)
N
C

wi = 2w+ M h+ O+ A} + o]

_ hos 1

= Z%S(% + 2 ‘L), (18)

C
Moss = Zala— G} bs (19)

are the (squared) pseudoscalar masses, while

3
md, =+ (A + 3 0)dh + Mgk Q0)
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A
jgdws

T+ Az)¢§], @1)

Ay
Mie = ziq[mg + ()n + 7)¢12v +

A
m, =+ 3(4 4 2)#+ gk @)
mio=md+ A% +3(A + A)) 3, (23)

my =2\ s (24)

are the (squared) scalar masses. The quantities m?>

7y and
%,NS are mixing terms in the nonstrange-strange sector.
These mixings can be removed by orthogonal transforma-

tions, and the resulting mass eigenstates are found to be

m

1
2 — 2 2 2 _ 22 4
Mg i = 5[ oy TG~ \/(m(,N my )+ dmg ],

(25)

1
mg}//n = E[m%m +mi * \/(m%N —m2)? + 4md ]
(26)

Moreover, the (squared) vector masses are given by

1 h
m% = m} + 5(h1 + hy + hy) @} + 31¢§ + 28y, (27)

1
My = mi + Z(g% + 20, + hy) %
1 1
+ ﬁ‘f’zv(f)s(/% — g7+ 5(8% + hy + hy)d3
+ 8y + 8, (28)
m2, = m>3 (29)

hy

hy
mis = m? +?q§12\, + (?

+ hy, + h3)¢§ +285,  (30)
while the (squared) axial-vector-meson masses are

1 h
mg, = mi + 5 Qg7+ by + by = h) ¢, +?1¢§ + 28y,

1

(3D
2 2 1 2 2 1 2
mg, = my + 1(81 +2h; + hy)py — \/—§¢N¢s(h3 - g87)
1
+ 5(g% + hy + hy) ¢k + Sy + 8, (32)
m_?w =mg, (33)

PHYSICAL REVIEW D 87, 014011 (2013)
2 =2 hl 2 2 hl 2

My = M +?¢N + 241 Tt hy = hy ) + 285.

(34)

It is interesting to note that in case of vectors and axial
vectors there are no mixings in the nonstrange-strange
sector.

C. Parameters

The Lagrangian (2) contains 18 parameters (as men-
tioned above, we neglect the coupling of the glueball
with the other mesons in the present work):

m(z) m% 1, O, O, 815 82 83 84 &5 &6 hon» Pos, My,
ha, h3, Ay, Ay (35)

We make the following observations regarding the model

parameters:

(1) The parameters hgy and hyg model the explicit
breaking of the chiral symmetry (ESB) in the
(pseudo)scalar sector via the term Ti{H(® + ®1)];
they are uniquely determined from the mass terms of
the pion, Eq. (15), and of 7, the strange part of the 5
meson [see Eq. (18)], implying that the masses of 77
and 7y are generated by ESB.

(ii) The parameters &y and &g model the explicit
symmetry breaking in the vector and axial-vector

channels. The ESB arises from nonvanishing quark
masses and therefore we employ the corre-
spondence 8y « m3 , and &5 * mj. However, in
the vector-meson mass term Tr[(m}/2 + A)(L% +
R2)] only the linear combinations mi/2 + Sy/s
appear. Therefore, it is possible to redefine m?/2 —
m?/2 — 8y. Then, only the combination 8g-8y
appears in the mass formulas. Only this difference
will be determined by the fit of the (axial-)vector
masses. Alternately, we may set 6y = 0 from the
beginning, and determine &g from the fit.

(iii) The parameters g3, g4, &5, and gg do not influence
any of the decays to be discussed in this work and
are therefore not considered in the fit.

Consequently, we are left with the following 13

parameters:

mg, m3, ¢y, 85, 81, 82, how hos, Iy, ho, Iz, Ay, Ay (36)
Their large-N,. dependence reads [15]
mg, m3, 85 < N2; hoy, hog N
g1 8 % Ne % hg, by hy & NV Ay by & N2
¢y« N3, (37)

We recall that a nonsuppressed n-meson interaction
vertex scales as Nclf"/ 2 [33]. In this respect the parameters
h; and A, are suppressed in the large-N, limit: in fact, they

scale as N 2 and not as N !. Similarly, the axial-anomaly
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parameter c, scales as N, 3 and not as N 2. Note that the
large-N. behavior of the model parameters (37) implies
that the decay widths (the formulas for which are given in
Appendix B) decrease with increasing N,. For this reason,
as already mentioned, the states in our model represent gg
states.

II1. FIT: RESULTS AND CONSEQUENCES
A. Input and constraints for the fit

Let us now turn to the fit procedure for the parameters
discussed above. Our fit aims to ascertain (i) whether it is
possible to find a fit containing masses and decay widths
for (pseudo)scalar and (axial-)vector degrees of freedom
present in our model and (ii) which physical scalar states
are best described by the gq states of our model.

All decays considered are two-particle decays; thus they
can be calculated from the appropriate tree-level terms of
the Lagrangian (2) after applying the necessary field shifts
(10) and orthogonal transformations (A11). If the decaying
particle is denoted by A and the decay products by B and C,
respectively, the decay width reads

k|
[popc = 18777 M a—.pcl® (38)
A

where k is the three-momentum of one of the resulting
particles in the rest frame of A and M 4_, - is the transition
matrix element (decay amplitude). Moreover, I refers to
the so-called isospin factor which is the number of
subchannels in a given decay channel (for instance, if
B = C = K the A — KK decay can have two subchannels,
namely K*K~ and K°K°, which results in I =2).
Equation (38) will be used to calculate all decay widths
entering the fit; details of the calculations can be found in
Appendix B. Moreover, when identical particles emerge in
the final state, the usual symmetry factors are included.

A brief remark is necessary regarding the errors used in
the fit. The fit will contain input information from experi-
mental data regarding both (axial-)vector and (pseudo)
scalar states. The data are very precise for some of the
resonances described by our model. For example, the mass
of the ¢(1020) resonance (our wg state) is known with
0.002% accuracy. Our model does not aim to describe
hadron vacuum phenomenology with this extreme preci-
sion. The reason is simple: already isospin-breaking effects
in the physical hadron mass spectrum are of the order of
5% [for instance the difference between the charged and
neutral pion masses, or the masses of the a;(1260) and the
f1(1285)], but are completely neglected in our model. We
therefore artificially increase the experimental errors to
5%, if the actual error is smaller, or we use the experimen-
tal values, if the error is larger than 5%.

Let us now discuss the input information for our fit. We
do this separately for mesons of different spin (central

PHYSICAL REVIEW D 87, 014011 (2013)

values from PDG [1] unless otherwise stated, errors
according to the above discussion):

(1) Weak decay constants. We use
- = (92.2 = 4.6) MeV,
fr=( ) (39)
fx = (155.6/+/2 = 5.5) MeV.

The following formulas relate the decay constants
to the vacuum condensates: f, = ¢y/Z, and

fx =25 + dn)/(2Zy).

(i1) Pseudoscalar mesons. We use
m, = (138 = 6.9) MeV,
mg = (495.6 = 24.8) MeV,
m, = (547.9 = 27.4) MeV,
m, = (957.8 = 47.9) MeV,

(40)

with the following notes: (i) m, and my represent
isospin-averaged values; (ii) the relatively large
error values come from the criterion max(5%, ex-
perimental error), discussed above.

(iii) Vector mesons. We use

m, = (775.5 + 38.8) MeV,
mg+ = (893.8 + 44.7) MeV,
mg = (1019.5 = 51) MeV,
T, nr = (149.1 = 7.4) MeV,
Timgr = (46.2 = 2.3) MeV,
Ty_xx = (3.54 = 0.178) MeV,

(41)

with the following notes: (i) we use the isospin-
averaged value for mg~; (ii) in case of the ¢ decay
we use the physical mass values in the kinematic
factor ki = (m3 — 4m%)*/ due to the proximity
of mg(1020) to the KK threshold (in order to elimi-
nate phase-space effects).

(iv) Axial-vector mesons. We use

mg = (1230 = 61.5) MeV,
my 420 = (1426.4 = 71.3) MeV,
T, ., = (425 £ 175) MeV, (42)
Ty my = (0.640 = 0.250) MeV,
T/ 40—k k = (43.9 = 2.2) MeV,

with the following notes: (i) the value of I', _, - is
not precisely known; there are experimental data
suggesting this decay channel to be dominant for a;
[34] and thus we estimate the possible range for
I';,—,~ from the interval for the full a; decay width
[= (250-600) MeV]; (ii) according to PDG the
channel f,(1420) — K*K is dominant within
the channel f(1420) — KK, with the latter being

014011-8
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the overall dominant decay mode for f;(1420);
we have assumed I'f (140—kk~ t0 be equal to
the full decay width I';, (j400) = (54.9 = 2.6) MeV
and determined Iy, (j420)~k*x using an averaged

branching ratio  I'y,qa0)—kk /1, (14200—kk7 =
(0.8 = 0.09) from Refs. [35,36].

(v) Isotriplet and isodoublet scalar mesons. The

observables from Egs. (40) to (42) will be
used with any of the a,-Kj combinations
[a((980)/K}(800), a(980)/K;(1430), ay(1450)/
K} (800), ao(1450)/K}(1430)], where the data to
be used are as follows:
mao(ggo) = (980 =+ 49) MeV,
mao(145()) = (1474 +* 74) MCV,
ng(Soo) = (676 =+ 40) MCV,
ng(MSO) = (1425 * 71) MCV,
Lyyas0) = (265 = 13.3) MeV, (43)
FKS(SOO)—’K?T == (548 + 274) MCV,

Vi) m; =m

PHYSICAL REVIEW D 87, 014011 (2013)

(iv) A, >0 and A; > —A,/2. This is necessary for the

potential in the Lagrangian (2) to be bounded from
below.

) m% = (. The reason is that otherwise (i) an instability

of the vacuum in the physical p direction would
occur [see the Lagrangian (2)] and (ii) m, and m,
would become imaginary in the chiral transition, i.e.,
once the condensates vanish [see Egs. (27) and (31)].
, as otherwise (hy + hy + h3)3/2 +
hi¢$%/2 in the p mass term (27) would be negative;
this would imply that spontaneous chiral symmetry
breaking decreases the p mass. This is clearly
unnatural because the breaking of chiral symmetry
generates a sizable constituent mass for the light
quarks, which is expected to positively contribute
to the meson masses. This positive contribution is a
feature of all known models (such as the Nambu-
Jona-Lasinio model and constituent quark ap-
proaches). Indeed, in an important class of hadronic
models (see Ref. [38] and references therein) the
only and obviously positive contribution to the p
mass squared is proportional to ¢ (i.e., m; = 0).

Before discussing the results of the fit, it is important to
stress which particles have not been included in the list above
and why. Namely, we have omitted experimental informa-
tion about the scalar-isoscalar and the axial-kaon states.

(1) Scalar-isoscalar states are not included in the fit
because in this first study we have neglected the
coupling of the glueball and of additional light scalar
states, such as tetraquarks, to the other mesons. Thus,
although there are three scalar states [28] above
1 GeV, at most two can be described within our
model. Below 1 GeV the resonance f,(500) is still
poorly known and f,(980) is distorted by the nearby
KK threshold.

(i1) The axial-kaon state K, is not included in the fit for
a similar reason: the kaonic states from our axial-
vector nonet 17" mix with the kaonic states of the
nonet 17~ which is not part of our Lagrangian.
(This is possible, because charge conjugation is
not a well-defined quantum number for kaons.)
Also in this case we cannot assign our theoretical
axial-kaon field to a specific resonance [in PDG
there are two axial kaons with masses K;(1270)
and K(1400)], because the mixing is expected to
be large (see, e.g., Ref. [39]).

Uk (1430~ 7 = (270 = 80) MeV,
|‘7Vla0(980)—>KK| = (3590 + 440) MeV [37],
| M, 050l = (3300 + 166.5) MeV [37].

We note the following: (i) the interpretation of
K} (800) as a particle is controversial; we will none-
theless include it into our fits in accordance with the
conclusions of Ref. [4]; (ii) as in the case of
$(1020), we will use the decay amplitudes rather
than the decay widths for the processes a,(980) —
KK and a,(980) — n7 due to the proximity of
ay(980) to the KK threshold. The reader may find
it somewhat surprising that we are considering pairs
of states above [a((1450)/K(1430)] 1 GeV, below
[a((980)/K}(800)] 1 GeV, as well as “‘mixed” pairs
ao(980)/K§(1430), ay(1450)/K;(800). The reason
to consider also mixed pairs is that we want to
avoid any kind of prejudice in the assignment of
our gq states, and thus explore all possibilities.
Nonetheless, these mixed pairs as well as the pair
below 1 GeV will be disfavored by our analysis
(see below). Mass formulas used in the fit are pre-
sented in Egs. (15)—(18), (20)—(23), and (25)—(34),

whereas formulas for the decay widths are given in
B. Results of the fit

Appendix B.
Moreover, the fit shall be constrained by the following The experimental quantities discussed in the previous
conditions: subsection do not depend on all 13 parameters of Eq. (36),
() Zz, Zk, Zy, Zgr > 1, due to Egs. (13) and (14). but on mg, A;, my, h, only through the two combinations
(i) m,, <m, and m, <m,, ie., pure nonstrange

Ci = mg + Ay + ¢3),

h
Cy = mi + (¢} + ¢3)

states should be lighter than pure strange states.
(iii) m3 < 0. This is a necessary condition for the spon-
taneous breaking of chiral symmetry.

(44)
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Moreover, instead of the parameters Ay and hgg we use the
condensates ¢, and ¢y: this is equivalent, as hgy, hog are
completely determined by the masses of pion and 7g;
cf. Egs. (15) and (18). Summarizing, we have the following
11 parameters entering the fit:

Cy, Cy, ¢y, 85, 81, 82 Pn» b, ho, B3, Ay (45)

We perform our fit using the experimental values for the
17 quantities given in Egs. (39)—(42). In addition, we use
the experimental values for the pairs a((980)/Ky(800),
ao(980)/K§(1430), ao(1450)/ K3 (800), ay(1450)/
K§(1430) given in Eq. (43). These are four additional
experimental quantities [except in the case of a((980),
where we use the two values for the decay amplitudes
instead of one value for the decay width]. In total, we
therefore fit 21 (or 22) experimental quantities to the 11
parameters given in Eq. (45). The corresponding values of
x° are listed in Table I. We see that the combination
ay(1450)/K}¥(1430) gives the best value for x2. In fact,
with a szed of 1.23 this fit is remarkably good, meaning that
all physical quantities are reproduced within an average
error of 5%. In the framework of an effective model for the
strong interaction, which neglects isospin-breaking effects
and describes all mesonic resonances up to about 1.8 GeV,
we perceive this to be a remarkable achievement.

Note that also the fit with the pair a((980)/K;(1430) has
a X?ed of the same order of magnitude as the one with the
pair ay(1450)/K;(1430). Nevertheless, we will disregard
this fit for two reasons. First, the x2, for the pair
ao(980)/K}(1430) is, although rather small, still larger
by a factor of about 2 than the X?ed for the pair
ao(1450)/K3(1430). Second, and more importantly, the
fit with the pair a((980)/K;(1430) produces a scalar-
kaon mass of m Kr = 1146 MeV, which cannot be assigned

to any physical resonance as it is much larger than m g (soo)
and much smaller than m K*(1430)- Note that this problem is

also present in Nambu-Jona-Lasinio models with mixing
between scalar mesons below and above 1 GeV [40].

The detailed comparison of theory with data for the pair
ao(1450)/K3(1430) is presented in Table II where the
theoretical errors are also shown. Errors for the model
parameters (6 p;) are calculated as the inverse square roots

TABLE I. Isotriplet and isodoublet scalar pairs and the
corresponding values of the total y* and the reduced y2, =
X?/Naor» Where Ny is the difference between the number of
experimental quantities and the number of fit parameters (10 for
the first and fourth rows and 11 for the second and third rows).

Pair X’ X?ed
ao(1450)/ K} (1430) 12.33 1.23
ao(980)/K3(800) 129.36 11.76
ao(980)/ K (1430) 22.00 2.00
ao(1450)/ K (800) 242.27 24.23

PHYSICAL REVIEW D 87, 014011 (2013)

of the eigenvalues of the Hessian matrix obtained from
x> (p ;). where p; denotes elements of the parameter set
(45)and i = 1,2,..., 11. Theoretical errors AQ; for each
observable O; (mass, decay width) can be calculated
according to the following formula:

" 700 2
A0, = ( ’ ) ) . 46)
\J Z at fit value of O; pj

SINOD;

The remarkable agreement of our results with experimental
data in the (pseudo)scalar and (axial-)vector sectors can
now be explicitly seen for the various quantities shown in
Table II. We thus conclude that the quark-antiquark states
ao and K should be assigned to the resonances a(1450)
and K;;(1450). Moreover, also the axial-vector resonances
are well described by the fit: we therefore also interpret
them as predominantly quark-antiquark states.

In Fig. 1 we present the results of Table II in a slightly
different way: as the difference of the theoretical and
experimental values divided by experimental error—the
error bars correspond to the theoretical error values from
our fit.

In Table III we finally present the values of the parame-
ters of the model together with their errors as obtained
from our best fit. We remark that, since the quantities
entering our fit are not affected by interactions with the
glueball, this result holds also when including the latter.

Before moving to the consequences of the fit, we discuss
two important aspects of our study:

TABLE II. Best-fit results for masses and decay widths
compared with experiment.

Observable Fit (MeV) Experiment (MeV)
S 96.3 = 0.7 922 *4.6
fx 106.9 0.6 1104 £5.5
m, 141.0 £ 5.8 137.3 = 6.9
mg 485.6 £ 3.0 495.6 £ 24.8
m, 509.4 = 3.0 547.9 £27.4
My 962.5 £ 5.6 957.8 =479
m, 783.1 £17.0 775.5 = 38.8
My 885.1 = 6.3 893.8 = 44.7
mg 975.1 £ 6.4 1019.5 £ 51.0
my, 1186 = 6 1230 £ 62
M, (1420) 1372.5 5.3 14264 = 71.3
Mg, 1363 £ 1 1474 =74
M 1450 = 1 1425 £ 71
| RS 160.9 = 4.4 149.1 =74
| R o 446+ 19 46223
[y kx 3.34*+0.14 3.54 +£0.18
| I 549 £43 425 £ 175
a—my 0.66 = 0.01 0.64 £0.25
L/ 1420k 44.6 = 39.9 439 *+22
r,, 266 + 12 265 = 13
Ukr—kr 285 + 12 270 £ 80

014011-10



MESON VACUUM PHENOMENOLOGY IN A THREE-FLAVOR ...

2
15}
1 -
I K
_ 08 Ko
. .1
o | I
$ T
2 05¢ N
= +
Al i
A5t T +
20 n Kn p KO a;  fyag ]
25

0 200 400 600 800 1000 1200 1400 1600
Mass [MeV]

FIG. 1 (color online).

(1) Mass ordering in the scalar sector. As evident from

Table II, our fit yields m, <m K whereas the ex-

perimental mass ordering is opposite. The reason for
our result is the pattern of explicit symmetry break-
ing implemented in our model, which renders gg
states with a strange quark approximately 100 MeV
heavier than nonstrange states. However, other
mechanisms, as for instance mixing of the currently
present gqg states with light tetraquark states, may
occur that change this mass ordering [41-43]:
namely, in this mixing scenario a pure quarkonium
and a pure tetraquark in the isovector sector mix to
form the resonances ay(1450) and ay(980), while a
similar mixing in the isodoublet sector leads to the
resonances K;;(1450) and K;;(800). The fact that the

mass ordering m, > m K* is realized in nature can be

understood from a larger mixing angle, and therefore
a larger level repulsion, in the isovector sector.
A detailed study of this scenario necessitates the
inclusion of a full nonet of light states (see also the
discussion in the Conclusions).

An additional point can be raised about the ratio of
the full decay widths of the a,(1450) and Kj(1430)
resonances. From SU(3), symmetry arguments for

TABLE III. Parameters and their errors.

Parameter Value

C, [GeV?] —0.9183 = 0.0006
C, [GeV?] 0.4135 = 0.0147
¢, [GeV™?] 450.5420 + 7.0339
8y [GeV?] 0.1511 = 0.0038
g1 5.8433 + 0.0176
g 3.0250 #+ 0.2329
¢y [GeV] 0.1646 + 0.0001
¢ [GeV] 0.1262 = 0.0001
hy 9.8796 = 0.6627
hs 4.8667 + 0.0864
Ay 68.2972 * 0.0435

014011-11

(th-exp)/err

PHYSICAL REVIEW D 87, 014011 (2013)

1—‘p->1'm
fTC ra1 ->p1n
1
F(xl->n~{ ]f -
K
1—K%->K1t
Fy>kk
‘ Tt K K T yokn
1 10 100 1000
Width [MeV]

Comparison of theory and experiment for observables from Table II.

gq states one expects the full decay widths of these
resonances to scale as [41]

r
—l¥0 5y (47)
Ukx1430)

whereas experimental data suggest [1]

Iy
S50 g9 (48)
U'kx1430)

In Ref. [41], this problem was also solved by intro-
ducing tetraquark fields at the level of an effective
Lagrangian and by studying tetraquark-quarkonium
mixing in the I=1 and [=1/2 channels.
Contrarily, in our considerations so far only gq states
were taken into account. Thus one might expect that
our fit results should be closer to the SU(3) limit
rather than to the experimental ratio. However, the
opposite is the case: as evident from Table II, our fit
results for ay(1450) and K((1430) reproduce the
experimental ratio ~0.9. Our analysis shows that
the reason is the inclusion of the chiral-anomaly
term and, in particular, of (axial-)vector mesons.
Artificially decoupling (axial-)vector states (i.e., set-
ting g; = h, = hy = 0) and removing the chiral-
anomaly term from our Lagrangian (i.e., setting
c¢; = 0) we obtain unphysically large decay widths
[yy1450) ~ 14 GeV, FK;(1430) ~ 10 GeV—and also
Fa0(1450)/I‘K3(1430) ~ 1.4, very close to the value

obtained from SU(3) symmetry. The ratio would be
~1.3 if only (axial-)vectors were decoupled. Hence,
just as in our previous publication [15], we empha-
size again the crucial importance of the (axial-)
vector degrees of freedom for scalar-meson phe-
nomenology. However, there still remains an open
question how additional light scalar fields will influ-
ence the results in the ay-Kj sector.

(i) Unitarity corrections. Our results for masses and

decay widths are valid at tree level. Most particles in
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our model are rather narrow, and thus justify—at
least in a first approximation—this procedure. This
is also in agreement with large-N, considerations,
according to which the role of the contribution of
mesonic loops is suppressed. However, the axial-
vector state a;(1230) and the scalar states ay(1450)
and K(1430), as well as the scalar-isoscalar state
fo(1370) to be discussed in the next subsection,
have a large width (of the order of 300 MeV or
more). Then, the role of loops and unitarity correc-
tions for both the masses and the decay widths needs
to be discussed. Concerning the mass shifts due to
mesonic loops, we notice that an indirect indication
that their contribution is not too large is the fact that
the resonances a;(1260) and f,(1285) have a simi-
lar mass, although the former has a much larger
decay width than the latter. In a theoretical study
of this system one should determine the pole posi-
tion of the resonance: the mass is then usually
denoted as the real part of the pole. As shown
recently in Ref. [44], the value of the real part of
the pole does not differ too much from the bare
(tree-level) mass, not even for large coupling con-
stants. Concerning the influence of loops on the
value of decay widths, we note that Ref. [45] has
shown that the corrections are small as long as
the ratio I'/m is small. For instance, for the case
of f,(1370), the average decay width reported
by the Particle Data Group is 350 MeV whereas
the average resonance mass is 1350 MeV.
This implies I'/m ~ 0.26. The ratio is almost as
small as in the case of the p meson where
I'/m ~ 150/750 = 0.2—and it is known from chi-
ral perturbation theory that such resonances obtain
only small corrections upon unitarizations (see, e.g.,
Ref. [46]).

We thus conclude that the role of loops should not
modify the picture presented here. It should, however, be
stressed that the inclusion of loops is a necessary step for
the future: on the one hand we can numerically evaluate the
role of mesonic loops and thus quantitatively verify our
statements; on the other hand, even if large variations
for the states above 1 GeV do not occur as we expect,
an interesting question is how poles on the complex
plane emerge. Namely, these states could arise as tetra-
quark states as mentioned above, but could also represent
dynamically generated states (see also, e.g., Ref. [47]).
(For a detailed discussion of this point including the inter-
relations of tetraquark, molecular, and dynamically gener-
ated states we refer to Ref. [31].)

C. Consequences of the fit
1. Scalar-isoscalar mesons

We now turn to the scalar-isoscalar mesons. We shall
discuss four different aspects:

014011-12
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(a) Results in the large-N, limit (A; = Ay = 0). From

the fit in the previous section we cannot immediately
obtain the masses of the scalar-isoscalar states of
the model because their masses do not depend solely
on the combination C; = m3 + A;(¢% + ¢3%), but
separately on the parameters m} and A;. Similarly,
the decay rates of the scalar-isoscalar mesons do
not depend solely on the combination C, = m? +

%(g{)}v + ¢%), but separately on the parameters m,
and h;.

Interestingly, the parameters A; and &, are large-N..
suppressed. Setting them to zero we obtain a pre-
diction for the masses and decay widths of the
scalar-isoscalar states in the large-N,. limit.
Moreover, when A; = h; = 0, there is also no mix-
ing between 7iin and §s states: fi = oy = iin =
(iu + dd)/\2 and fl = og = §s. Their masses
read

mp = 13627 MeV,  mym = 1531.7 MeV.
0 0

(49)

These masses clearly lie above 1 GeV. Comparing
these values to the experimental values for the three
isoscalar states above 1 GeV [1],

my,1370) = (1350 = 150) MeV,
mfﬂ(ls()o) = (1505 + 75) MCV, (50)
my 1710 = (1720 + 86) MeV,

we see that the mass of f} is well compatible
with that of the resonance f,(1370). [Note that
my, 370y in Eq. (50) emulates the PDG mass interval
(1200-1500) MeV.] The mass of f{f appears to be
close to that of f,(1500). Remember, though, that
we artificially enlarged the experimental error to
5%; the actual error is only 6 MeV, and then the
mass of £ would be (just) outside the experimental
error. Considering the decays of f} we shall provide
evidence that an assignment of f4 to f((1710) is
also possible (and even rather likely).

For A; = h; = 0 the decay rates of fé‘H into 7
and KK read

Ffé‘—'#'ﬂ = 520 MeV, rf(l;_,KK == 129 MeV,

(D

Ff(l]-l_,ﬂ.ﬂ. = O MeV, rf(l)-l_,KK = 422 MCV

(52)

For the experimental values we quote the PDG
values [1]:
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(b)

T/ (137077 = (250 = 100) MeV,
s a310—kk = Tf1370=mm

T/ (1500—mr = (38 = 5) MeV,

It 1s00—kx = (9.4 = 2.3) MeV,
T/ 1710)=mr = (29.3 = 6.5) MeV,
T/ 1710—kk = (71.4 £ 29.1) MeV.

(53)

Note that for the resonance f,,(1370) no branching
ratios into 777 and KK are reported in Ref. [1]. The
value for I'f, (1370)— 1S our estimate from PDG and
the review [7], whereas I'f,(1370)~kx 18 our estimate
from results presented in Refs. [1,48].

Our results for f4 are in agreement with the experi-
mental decay widths of f,(1370). Our theoretical
value for f — KK turns out to be too large, while
f¥ — 7 vanishes, because fi = o is a pure §s
state. Nevertheless, our model predicts the existence
of a scalar-isoscalar state which decays predomi-
nantly into kaons; this is indeed the decay pattern
shown by f,(1710). For these reasons we suggest to
identify our state f£ as (predominantly) f,(1710).
This identification will be further tested when A; #
0, h; # 0 below.

It should be stressed that a quantitative study of the
scalar-isoscalar system cannot be performed at
present because our model contains only two states,
while three resonances appear (this is also the reason
why we did not include the scalar-isoscalar states
into the fit). As many studies confirm [28], the
mixing with the scalar glueball can be sizable: a
reliable analysis of the scalar-isoscalar states can
only be performed when taking the scalar glueball
into account. The preliminary results in the N, = 2
sector [24] have indeed shown that the glueball and
quarkonia degrees of freedom interact strongly and
that the decay patterns are sizably influenced.
Results for A; # 0, h; # 0.

A nonvanishing value of the parameter A; induces a
mixing of the pure states oy and o [see Eq. (24)].
Our fit determines only the value of the linear
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combination C; rather than the value of A; [see
discussion before Eq. (45)]. Nonetheless, a range
of values for A; can be estimated using the value of
C, from the fit and the condition m}<O0.
Consequently, we also obtain a range of values for
our isoscalar masses mpLn and isoscalar decay

widths. The masses vary in the following intervals:
415 MeV = my = 1460 MeV and 1480 MeV =

mgn = 1981 MeV. Considering these mass values,

/& may correspond to either f,(500), f,(980), or
f0(1370) and f& may correspond to either f(1500)
or fo(1710) [1]. Therefore, a mere calculation of
scalar masses does not allow us to assign the scalar
states f4 and f to physical resonances. In order to
resolve this ambiguity, we will calculate various
decay widths of the states f5 and f% and compare
them to data [1].

The dependence of ]._‘f(l;,H_’,n,ﬂ, On 1 ;.1 is presented in

Fig. 2.
The decay width ng—»mr is consistent with the

experimental range (250 = 100) MeV for the
fo(1370) — 7o decay width, if 1000 MeV =

mp = 1460 MeV. Other assignments can be

excluded: (i) Our f% state cannot be assigned to
f0(500) as ng_,mr =< 20 MeV in the (new) PDG

mass range (400-550) MeV for f,(500).
Therefore, this strongly disfavors f,(500) as a gq
state. (ii) ngwm varies between approximately

140 MeV and 170 MeV in the mass interval of the
f0(980) resonance; i.e., the interval between
970 MeV and 1010 MeV. The PDG result for the
full decay width of the f,(980) resonance is between
40 MeV and 100 MeV, with the 77 channel being
dominant [1], i.e., about a factor 2 smaller than our
theoretical values. Consequently, the assignment of
1 to f(980) is also disfavored by our analysis.
Therefore (although there could still be mixing
with other states) we assign our f5 state to
f0(1370), thus supporting the interpretation of the
latter state as a quarkonium. Although experimental

| R mr(MeV)

f(l_’

150

100

50

n(MeV)
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PARGANLIJA et al.

data are not conclusive, we mention that the decay
width ng—»KK shown in Fig. 3 is consistent with

the data.

In the mass interval 1500 MeV =< f¥ <
1560 MeV, our results for the decay width
ngﬂm are consistent with experimental values

for both f,(1500) and f,(1710) [see Eq. (53)].
However, the KK decay widths present us with a
different conclusion: as already indicated in the case
Ay = h; =0, our fg’ state decays much more abun-
dantly into kaons than into pions, and the experi-
mental data suggest only one physical resonance
with the same feature, f(1710). The other reso-
nance f,(1500) decays preferably into pions. Thus
(and although the mass value for £ is too small in
the range where the decay width into pions agrees
with the experimental value) we assign our fX state
to fy(1710) and inspect in the following whether
this assignment is justified by other data.

We observe from Fig. 3 that I'pn_ gk rises rapidly

and remains above the PDG result I'z (1710 —kx =

(71.4 =£29.1) MeV in the entire mass interval
= 1500 MeV. Although the absolute value of

the decay width is rather large, several ratios of
decay widths can be described correctly by our fit,
most notably the 77/KK decay ratio presented in
Fig. 4.

Let us first discuss results for I' FLKK / Ffﬁ—wm' (left
panel of Fig. 4). We observe that the ratio varies
between 0.49 for m L= 1152 MeV and O for m L=

1444 MeV. Experimental data regarding this ratio
for f,(1370) are unfortunately inconclusive:
Ffo(l370)—>KK/Ff0(1370)—>7T7T = (0.08 = 0.08 is quoted
by the BESII Collaboration [49] and
]'—‘fo(l370)—’KK/Ffo(1370)—'77'77 =091 =0.20 is the
value given by the OBELIX Collaboration [50];
for the mass interval shown in Fig. 4, our result is
most consistent with the value of the WA102
Collaboration  [511, T's1370—kk/L f,0370) =77 =
0.46 £ 0.15 = 0.11. The ambiguities in the experi-
mental value of this ratio do not allow us to
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constrain our parameters, although our f} state is
compatible with the f,(1370) data also for this
particular case.

Let us now discuss results for Ff{]f_,ww/ng_,KK

(right panel of Fig. 4). As already mentioned,
the analysis of the two-pion decay did not
allow for a definitive assignment of our f&
state, as it could correspond either to f,(1500)
or to fy(1710). The PDG data suggest the
ratio Iy, (1500)—kk /T 1, (150077 = 0.246 + 0.026 or
It (1500—ma/ T fy(1500—kkx =4.065 =0.430, respec-
tively, whereas, for f,(1710), we use the WA102
ratio 'y, 1710)~ /T 07100kx = 0.2 = 0.06 [51].

The latter is only marginally consistent
with the one preferred by the PDG
(F?3?710)—»7r7r/ F??(?no)—»[( « = 0.41701h), originally

published by the BESII Collaboration [52], that
suffers from a large background in the 7+ 7~ chan-
nel (approximately 50%) and is therefore omitted
from our considerations. We observe from the right
panel of Fig. 4 that our ratio ngﬁm, /T Kk Dever

corresponds to the one experimentally determined
for f,(1500). Although the ratio shows a strong
increase near the left border of the mass interval,
decreasing the mass beyond this border would vio-
late the constraint m3 < 0. Thus, the experimental
value is out of reach. Conversely, our ratio describes
exactly the value Ff0(1710)—>7T7T/Ff0(1710)—'KK =
0.2+ 0.06 if mm = 150233 MeV. [We discard

the second possibility mpn = 161173] MeV  as
the decay width ngl_,KK would exceed 600 MeV

(see Fig. 3), i.e., an order of magnitude larger than
the experimental value [see Eq. (53)].] This implies
A = —4.1 ¥ 0.7—the parameter A; remains close
to the large-N,. limit and is much smaller than A,
(see Table III).

The contribution of the pure strange state og to f% is
then approximately 96%, as can be calculated from
Egs. (A12)—(A16). Thus our predominantly strange
state f¥ describes the w7/KK ratio of fy(1710),
and not that of fy(1500), although the correct

MeV)

m n(MeV)

1500 1520 1540 1560 1580 o

FIG. 3 (color online). Ff(L]_,KK and Ff[:)q_,KK as functions of m. and mu, respectively.
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description requires that mn corresponds to the

mass value of f;(1500). The correct description of
the decay ratio is an indication that our assignment
of f¥ to f,(1710) is the correct one, whereas the fact
that mn is smaller than mg 710 indicates the

necessity to include the coupling to the third iso-
scalar degree of freedom of our model: the glueball.
As concluded from the Ny = 2 version of our model
[24], the f,(1500) is predominantly a glueball state
and thus considering the glueball state is expected to
induce a level repulsion in the masses. This may
shift the currently too small mass value of the
predominantly strange quarkonium from approxi-
mately 1.5 GeV to 1.7 GeV, where it is exper-
imentally found. Nonetheless, our results clearly
demonstrate that scalar quarkonia are found above,
rather than below, 1 GeV.

Until now we have only considered the case where
one of our large-N, suppressed parameters (A;) is
nonzero. We have also investigated the influence of
nonvanishing values for the other large-N,
suppressed parameter, h;, on the decay widths
I}g&ﬁwﬁ and I}g&ﬁKK»[See Eq& (B24L (B25L

(B30), and (B31)]. Consistency with the large-N,
deliberations requires us to keep /; smaller than, or
in the vicinity of, &, and &5 (see Table III). We again
observe that our ratio I il /T ik Dever corre-

sponds to the one of the f,(1500) resonance whereas
the ratio Ff(,(l710)—>7T7T/Ff(](1710)—>KK = 0.2 £0.06 is
correctly described if #; ~ —9. In this case, myn

rises to approximately 1540 MeV and is thus outside
the PDG result my (5000 = (1505 = 6) MeV but
still too small when compared to my1710) =
(1720 = 6) MeV. Thus, it is still necessary to
include a glueball degree of freedom into our model.
Nonetheless, the qualitative correspondence of our
predominantly nonstrange quarkonium to f,(1370)
and of our predominantly strange quarkonium to
fo(1710), and also the conclusion that scalar gg

014011-15
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FIG. 4 (color online). Left panel: ratio ng—»KK / ng—»mr as function of m .. Right panel: ratio ng’—mm/ F_fg’—vKK as function of m .

states are located in the energy region above
1 GeV, remain valid in the case A; # 0 # h;.

The assignment of f& to f,(1710) is further justified
considering decays into 7 and 1’ mesons.

nm and 57’ decay channels for the scalar-isoscalar
mesons.

PDG data suggest the following values of 17 decay
widths for f,(1500) and f(1710) [1]:

Ty (1500—ny = (5.56 = 1.34) MeV,

(54)
Ff()(lﬂo)_'"?”ﬂ = (386 + 188) MeV.

Our analysis always yields Ff{;’—'nn > 20 MeV;

there is consequently no value of mgn at which

ngz_,m, would be compatible with I'; (1500)—sn-

However, mn = 150272 MeV (obtained requiring

rfg—»w/rfg—»KK = Iy an0—mn/Tryam10-kxs i€
Ay = —4.1 % 0.7 and h; = 0) yields
Tpn_py = 49.635 MeV (55)
(where the errors arise from the uncertainty in A;
only), i.e., in agreement with the experimental value
for f,(1710) quoted in Eq. (54). The same parameter
set also yields
Iy

L—nn

=33 MeV, (56)
which is purely a prediction, as I'; (1370)~, has not

yet been measured.
The choice A; = —4.1 5 0.7, h; = 0 also yields

_ 0.002
Ffﬁﬂnn/rfé—'KK - 0-194t0.003:

— +0.001
L/ T ik = 0.204 25505,

(57)

whereas experimental data read
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Ls,a500=n4/T foa500—kx =0.59 £ 0.12 [1],  (59)

Ffo(1500)_,,]7]/1—"%(1500)_,7”, = O 145 + 0027 [1],
(60)

Ff“(1710)—>7]7]/Ff0(1710)—>KK =0.48*+0.15 [53], (61)

Ff0(1710)—»777,/?,"0(1710)—»1(1( = 0-46i8:§2 [54], (62)

Ff0(1710)—'7]7]/Ff0(1710)—>7777 =240+ 1.04 [51, 53]
(63)

In all cases, the f;(1500) data are off by several
standard deviations from our theoretical results, while
there is good agreement with the results for f,(1710).
We have also considered decays involving the =’
meson. Since the threshold for nn' decays is at
approximately 1.5 GeV, it suffices to consider decays
of f¥ only. The value A; = —4.1 ¥ 0.7 yields

Ly = 127275 MeV, (64)
rf(l)i_'ﬂﬂl/rfg—ww = 026;88}1; (65)
Ffﬁ'—'nn’/rf{)"—'nn = 0.262575, (66)

Lt /T ik = 0.05 =001, (67)

whereas experimental data read
FfO(ISOO)_"']"]/ = (21 * 10) MeV, (68)

Ff(,(lS()O)—»nn’/Ffo(ISOU)—wrﬂ' = 0.055 = 0024, (69)

rfo(1500)—>ml’/Ffo(1500)—>7777 = (0.38 = 0.16. (70)

The decay ratio It (1500)—ny/T fo(1500—kk 1S
unknown; there are also no data for the nn’ decay
channel of f,(1710). Still we observe that neither
Uty mor Tpn_, o /T fi—mn describe the corre-
sponding experimental results for f,(1500). Indeed
the only piece of experimental data regarding
fo(1500) that is described by our fit results is the
one for the 1’/ mn decay ratio. Nonetheless, all the
other results regarding decay ratios obtained by our
analysis clearly demonstrate the correspondence of
our predominantly strange state f4 to f,(1710); f5§
was found to correspond to f(1370) already in the
discussion of the 77 decay channel. Consequently,
we conclude that f,(1370) and f;(1710) are favored
as scalar gq states. However, we also stress again that
the mass of our f¥ remains too low when compared
to my,(1710) due to a missing scalar-glueball state

expected to shift m 1 10 Mg (1710) by level repulsion.

PHYSICAL REVIEW D 87, 014011 (2013)

2. Mixing in the pseudoscalar-isoscalar sector

Our Lagrangian (2) implements the mixing of two
pure pseudoscalar isosinglet states, ny = (iiu + dd)/2
and ng = §s. The mixing term is presented in Eq. (19).
The mass terms for iy (17) and ng (18) are determined
by our fit parameters presented in Table III. The
same parameters also determine the n-7’ mixing angle
as [see Eqs. (A12)—(A16)]

0, = —44.6°. (71)
The result is close to maximal mixing; i.e., our result
suggests a slightly larger mixing than those of Ref. [55].

3. The axial-vector kaon state K,

The K, state has not been assigned to a physical reso-
nance and included into our fit, because the PDG listing
suggests two distinct assignment candidates, K,(1270) and
K(1400), expected to mix [39]. Therefore, mass and decay
widths are left as predictions of this work.

There are three decay widths of the K state that can be
calculated within our model at tree level: K; — K*, pK,
and wK. They account for approximately 70% of the full
K,(1270) decay width and almost 100% of the full
K,(1400) decay width [1]. Using the parameter values
stated in Table IIT it is possible to calculate the mass,
Eq. (32), as well as the decay width [via the generic
decay-width formula (B46)] of our K, state. We obtain
the following results:

mg, = 1282 MeV,
FKI_’PK =44 MCV,

FKI—'K*’JT = 205 MeV,

FKI—va)K = 15 MeV. (72)

The mass is within 20" of m, (1270) = (1272 + 7) MeV and
thus rather close to the experimental result. However, the
value of the full decay width is 264 MeV, while the PDG
data read rkl(1270) = (90 x 20) MeV and FK1(140()) =
(174 = 13) MeV. Our result is therefore approximately
three times too large when compared to the data for
K,(1270) and approximately 50% too large when com-
pared to the data for K;(1400); errors have been omitted
from the calculation. These results demonstrate the neces-
sity to include a pseudovector 7(JP¢) = 1(1*~) nonet into
our model and implement its mixing with the already
present axial-vector nonet. A possible mixing term
between an axial-vector nonet A, and a pseudovector nonet
B, reads

Tr(A[AY, B, ,)) (73)
with A from Eq. (8). Various studies have indeed found the
mixing to be non-negligible [39]; see also Ref. [56].

4. Branching ratios of ay(1450)

As a consequence of our fit we can determine the
branching ratio of the resonance ay(1450) into KK, 77,
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and 77n'. We obtain the following values [see Egs. (B1),
(B2), and (B11)]:

[yyonz = (115.4 = 6.2) MeV,
[imnm = (215 = 1.4) MeV, (74)
I,—xx = (128.8 £ 3.9) MeV.

This leads to the following branching ratios:

L,
21T — (.19 +0.02,
Fao—»nﬂ'

r,_.
_%~KK _ 112 +0.07,

ap—mnT

(75)
which should be compared with the experimental results
(1]

Laason' _ 35+ 016

Fao(1450)—»n77 (76)

T4y (1450)—
—ao(l4S0—KK _ ) g8 + (.23,

Fa(,(1450)—>n77

Our results are, within errors, consistent with the data.

5. Contributions to the mass of the p meson

The mass of the p meson consists of three terms,
1 h
ms = m} + 5+ by + hy) % + ?Hbg. (77)

The first term m? is generated by the condensation of the
dilaton field G, m? o G3. The second term is proportional
to the chiral condensate ¢3%. In the large-N, limit the
parameter h; = 0 and we can determine the terms
from the results of the fit: m; = 0.643 GeV and

J(hy + h3)/2dy = 0.447 GeV. It turns out that the

glueball-driven term is dominant.

It is interesting to note that models based on QCD sum
rules [57] or Brown-Rho scaling [58] predict that m’; oc
¢, where k = 2 in the first and k£ = 3 in the latter case.
The order parameter for chiral symmetry breaking ¢y
decreases as a function of nuclear matter density n: for
small densities it is well known (see, e.g., Ref. [57]) that

Ol g3

¢N |Vacuum no
so these models predict a substantial decrease of m,
already at nuclear matter saturation density, ny. In this
respect, it is interesting to evaluate the value of the p
mass at n, according to Eq. (77). We assume that the
glueball-driven term m? does not vary. This can be moti-
vated by considering that the glueball is massive and a
substantial decrease in its mass may occur only at much
higher density. Assuming that the linear dependence on the
density of the condensate holds up to saturation density, we
obtain that m, decreases by about 70 MeV compared to
90-130 MeV predicted by Refs. [57,58].

PHYSICAL REVIEW D 87, 014011 (2013)

Obviously, these considerations are only qualitative but
could represent the starting point of interesting studies
of vector mesons in the medium, which is an important
aim of several experimental investigations [59]. To this
end, one has to calculate the behavior of the dilaton and
chiral condensates in the medium within the same theo-
retical framework.

IV. CONCLUSIONS

We have presented a linear sigma model with three
quark flavors. The model implements the symmetries of
QCD, the discrete CPT symmetry, the global chiral
U(Ny), X U(Ny)g symmetry, and the breaking mecha-
nisms of the last: spontaneous (due to the chiral conden-
sate), explicit (due to nonvanishing quark masses), as well
as at the quantum level [the U(1), anomaly]. Moreover, it
implements also dilatation symmetry and its breaking
(the so-called trace anomaly) in the YM sector of the
theory. In this way, besides explicit breaking of dilatation
symmetries arising from the nonzero current quark masses
and the trace and axial anomalies in the gauge sector, all
other interaction terms in our Lagrangian carry mass di-
mension equal to four. Furthermore, requiring analyticity
in the fields makes the number of allowed terms finite.

The model has been used to describe meson states up to
energies of ~1.7 GeV. This energy region exhibits numer-
ous resonances, related by scattering reactions and decays.
For this reason, a realistic model of QCD degrees of free-
dom in the mentioned energy region should describe as
many of the resonances as possible. Thus, we have
constructed a linear sigma model that contains scalar
(two isoscalars, f5 and fI, as well as an isotriplet, a,
and two isodoublets, K}), pseudoscalar (7, K, 0, 7),
vector (p, w, K*, ¢), and axial-vector [a;, K;, f,(1285),
f1(1420)] degrees of freedom. We have thus constructed a
single model that contains (pseudo)scalars and (axial-)
vectors both in the nonstrange and strange channels. To
our knowledge, this is the first time that such a compre-
hensive approach has been presented.

The model, dubbed extended linear sigma model,
has allowed us to study the overall phenomenology of
mesons and, in particular, to explore the nature of scalar
and axial-vector resonances. In order to test our model we
have performed a global fit to 21 experimental quantities
involving both the (pseudo)scalar and the (axial-)vector
masses and decays. Due to mixing with the scalar glueball
(not included here explicitly, because its coupling to the
other mesons was neglected), we did not include the scalar-
isoscalar resonances in the fit. Similarly, we have omitted
the axial-vector resonance K, due to the fact that in reality
a large mixing of two kaonic fields from the 17" and 1+~
nonets takes place.

One of the central questions of our discussion has been
the assignment of the scalar states: to this end we have
tested the possible scenarios for the isotriplet and
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isodoublet scalar states by assigning our scalar fields a, to
ao(980) or a((1450) and Ky to K;(800) or K (1430). The
outcome is univocal: the global fit works well only if the
states a((1450) and K(1430) are interpreted as quark-
antiquark states. On the contrary, the other combinations
deliver unacceptably large values of x? (see Table I). We
thus conclude that the scalar I/ = 1 and I = 1/2 states lie
above 1 GeV and have to be identified with the resonances
ap(1450) and K (1430). Moreover, the overall phenome-
nology described by the fit is very good (see Table II). It is
then possible to properly describe many different mesonic
masses and decays within a unified treatment based on the
symmetries of QCD. It should be stressed that the inclusion
of the (axial-)vector mesons has a crucial impact on our
results and represents the most important new ingredient of
our approach. The good agreement with data also shows
that the axial-vector mesons can be interpreted, just as their
vector chiral partners, as quark-antiquark states.

We have then studied the consequences of our fit. We
have primarily concentrated on the scalar-isoscalar sector
which was not included in the fit. In the limit N, — oo it is
possible to make clear predictions for the two states /5 and
fH. Their masses lie above 1 GeV and their decay patterns
have led us to identify f5 with (predominantly) f(1370)
and f} with (predominantly) f((1710). The theoretical
decay rates of f5 are in agreement with experiment; f%
decays only into kaons, but turns out to be too wide. At a
qualitative level, this large-N,. result clearly shows that also
the scalar-isoscalar quark-antiquark states lie above 1 GeV.
The overall situation in the scalar-isoscalar sector can be
slightly improved when adding large-N, suppressed terms.
Some of these terms correspond to interactions between
mesons and a glueball state. These were neglected here, but
are necessary for a full quantitative study. Then starting
from oy = /1/2(iu + dd), G = gg, and oy = §s one
aims to describe properly f,(1370), f,(1500), and
fo(1710).

Additionally, we have studied other consequences of the
fit, such as predictions for the mn channel of scalar-
isoscalar states, the n-n' mixing, the prediction for the
axial-vector kaonic state, and for the a, branching ratios.
Finally, we have also discussed the origin of the mass of the
p meson and, at a qualitative level, its possible value at
nuclear matter density.

There is, however, one question that remains open.
Interpreting resonances above 1 GeV as gq states leads to
questions about the nature of f(500), ay(980), f,(980),
and K(800). Their presence is necessary for the correct
description of 7r7r scattering lengths (see, e.g., Ref. [15]).
There are two possibilities: they can arise (i) as (quasi)
molecular states of 77 or KK, respectively, or (ii) as
tetraquark states [43,60]. The question is whether the
attraction is large enough so that these states are bound,
or the attraction is not sufficient so that they are (unstable)
resonances in the continuum. This question and deciding
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whether possibility (i) or (ii) is realized in nature represent
interesting starting points for future studies, along the
lines of the Bethe-Salpeter approach of Ref. [61], the
lattice approach of Ref. [62], or even holographic
approaches such as those presented in Ref. [63]. In either
case, one may include the low-lying isoscalar states as
interpolating fields in our Lagrangian, such as has been
done in Ref. [42].

The present model can be also studied in the baryonic
sector (see Ref. [16] for the two-flavor case). The very
same ideas of chiral symmetry and dilatation invariance
can be applied to the baryonic sector as well. The extension
of the model to three flavors in the baryonic sector would
surely represent an interesting problem: a multitude of data
on decays and masses is available to make a precise test of
our approach.

Additionally, restoration of chiral symmetry at nonzero
temperature and density is one of the fundamental ques-
tions of modern hadron physics; see, e.g., Refs. [10,64], in
which the two-flavor version of this model has been studied
at nonzero density, or Ref. [65] for alternative approaches
to the exploration of nonzero chemical potential. Linear
sigma models are appropriate to study chiral symmetry
restoration because they contain from the onset not only
(pseudo)scalar and (axial-)vector mesons but also their
chiral partners; mass degeneration of chiral partners rep-
resents a signal for the chiral transition. Therefore, we also
plan to apply the model to study chiral symmetry restora-
tion at nonzero temperatures and densities.
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APPENDIX A: TREE-LEVEL MASSES

After spontaneous symmetry breaking (see Sec. IIB),
from the quadratic terms of the Lagrangian the (squared)
mass matrices for the different fields are read off as

(m%‘)ij = Sip(m(z)apq + 4qulm¢l¢m)qu: (Al)
(m%’)ij = Sip(m(z)apq - 9chplm¢l¢qul’m/¢l’¢m’
+ 4Hpq,lm¢l¢m)squ (AZ)
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(m%/)lj = Sip(m%apq + Jpqlm¢l¢m)sqj; (A3)

(m%)lj = Sip(m%apq + Jl q1m¢l¢m)sq);

where §,; is the (9 X 9) transformation matrix to the
nonstrange-strange base,

V2 0 ... 1

(A4)

o 1 ... o
S=__ , A5
Cl IR e
1 0 -2
and the F, H, G, J, J' coefficient tensors are
A
Fijuy = Il(aij(skl + 8id; + 840 1)
A
+ gz(dijmdkzm + digmdjim + dipnd i), (A6)
A A
Hiju= = 5 iOu T+ gz(dijmdkzrn + fimf jim T Fitmf jrm):
(A7)

1 9
Gij = 5 [dijk + §d<)005i05j()5k0

3
- 5(51‘061,‘1(0 + 0jodiro + 5kodijo)], (A8)

h h h
Jijt = &1fsemf jim + 715ij51<1 + 22 dijmdim + 43
X (dimdjim + dimjgm = FimS jim = FitmS jrom)s
(A9)
h h h
Jim = &idiond jim + ?1 0,0 + 2 dt/mdklm - f
X (dikmdjlm + dilmdjkm - fikmfjlm - filmfjkm)'
(A10)

As can be seen from Eqs. (17)-(19) and (22)—(24), there is
a mixing in the pseudoscalar and scalar N-S sectors, which
can be resolved by the following two-dimensional orthogo-
nal transformations

o, — cost,,,  sinf,,
n/e —sinf,,, cosb,/, )
where 6,/ are the pseudoscalar and scalar mixing angles.

The (squared) mass eigenvalues can be written with the
help of the mixing angles as

(A11)

2 _ 2 2 + m2 :
m, . =m,  cos 077/,, my, g s1n20,7/,,
2
+ mn Jos sin 0,,/0,
2 _ — 2 :
M o mn Jon sin 077/0 My s sin26 /.

+ mq7 g 08?0,/ (A12)
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where, if we require that m? >m? , , the mixing
/o /o
angles are given by
e, = 1
sinf, s1gn(m17Ns/UNs)\/—E
m? —m
X ”fls/fTS /N
_ 2 4
'\/(m"IN/U'N TI [os ) "ZNS/U'NY
(A13)
) )
cosf / :L "Is/U's m"]N/G'N
n/o
2 _ 2 +
\/_ J(mnN/(TN 773/”' ) TINS/”'NS
(Al14)
It can be seen that if m2 >0, then —m/2<
Nns/Ons
6,/ <0, and if m? <0, then 0<8,,, <m/2.

Nns/Ons
Substituting these expressions into Eq. (Al2) it is

found that

1
2 =_ 2
mnl/"l 2[ nv/oN + mﬂg/l)’s
—_ 2 2 4
J(mnN/UN 7]5/0’ ) 7IN Jons ] (AlS)
M e = 1["12 m?
m/0; 2 v/ o ns/os

2 — 2 2 4
* ‘/(m"N/"'N mﬂs‘/”s) + 4m7INs/0'Ns]’ (A16)

from which it is obvious that the condition m%h /o

m? is fulfilled. In this way we know that m, must be
/o 2

identified as My, and similarly for o.

APPENDIX B: DECAY WIDTHS

In this section we show the explicit form of some of the
most relevant decay widths calculated from our model at
tree level using Eq. (38). The formulas below are organized
according to the type of the decaying particle.

1. Scalar-meson decay widths

At first we are considering the decays of the scalar
isotriplet ay, scalar kaon K}, and scalar isosinglets fH/ L
The ay state has three relevant decay channels, namely into
n, 7'w, and KK, the first two of which are strongly
connected due to the mixing between 7 and %’. The ay —
nar and a, — 1’7 decay widths,> considering that in both

cases J =1, read

*Obviously, the neutral and the charged a,’s have the same
formulas for the decay widths.
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1
r, =
W 8mg,
2 2 22 2,2
><I:(muo—mn—m,r) —4m,7m7,:|1/2|jvl E
4m4 apg—nm! >
ay
BI)
2 2 2V g0 0
P 1 [(ma0 My mI) 4m,7/mw]1/2
ag—n'm
0 8m,, ™ dmy,
2
X AM gy %, (B2)

with the following transition matrix elements,

M ymsnm = €080, M, .\ n(m,)

+5inf , My or(my), (B3)
M ey = €080, My o (111,)
—sind, M, ., (m,y), (B4)
where
me = m? — m2
Mﬂo—'”’mﬂ'(m) = Aao"INﬂ' o BﬂoﬂN” - 2 :
+ Cugny My (B5)
M 4ymnm(m) = Agyygm (B6)
and
Aao”leﬂ' = Z%T(cl(ﬁ% — X)) dw, B7)
2 2 42
_ 8iPw 1 Z7dx
Bao’?zvﬂ' = -2 mgl |:] _5 ;:lgl (hz - h3) s (B8)
Caynyr = 81Z5Wa,» (B9)
1
Aaoﬂsﬂ' = _Clzwzns(bjzv¢S- (BlO)

2

The ay — KK decay width includes two subchannels,
K°K® and K~ K™, which results in the isospin factor
J = 2, and accordingly the decay width is found to be

ra0—>KK = 3 1077 1= (2;::)2 AaOKK
- EBaOKK(mZO —2m%) + Cyxxmd, 2, (B11)
where
Agkk = )lzz%<¢1v - 3—%) (B12)
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1
B, kx = ZxWk, {gl 5V (g1 + hy) by

+Va(gh - h3)¢>s)}, (B13)
C,xx = — 3172 Bl4
aokK 5 ZKWK: (B14)

Now turning to the scalar kaon there is only one relevant
decay channel, Kj(orKy) — K, for which the decay
width reads

r _ 3 [(m%(o —m% —m%)? — 4m37m§<j|1/2
Ko=Km g rm Ko 4m‘}<0
X I:AKOKﬂ' + (Cx,kx + Dkykn — Brykr)
2 2 2
mi —m% —m
X % + Cx xni + DKOKWm%T:IJ
(B15)
where
7. 77k
AKOK’?T = \/5 : /\2¢S’ (B16)
Z ZKZK w + WK
BKOKﬂ' = %WaIWK][ZgI @ 1
\’Val WKI
+ s~ Iy = 36Dy — V(g + b)) |
(B17)
7. 77 _
Cxokm = %[_gl(lWK* + wg,)
+ V2iwgswi, (g3 — h3) ), (B18)
YAVAYAS . .
Dk kx = TO{Zgl(lWK* —wg,) T iwgew, [(2h;

— hy — 38Dy + V28 + ) bslh
(B19)

Finally, for the fé/ " particles there are two relevant decay
channels: the two-pion and the two-kaon channels. It is impor-
tant to note that due to the particle mixing between f5 and f%
the matrix elements are linear combinations that depend on the
scalar mixing angle 6, (see Appendix A), as can be seen
explicitly below. The decay widths in the 77 channel are

3 2m_\2
2 1—( m”) |MyiriP (B20)

| R
fy—mm 3277me m
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3 2m,\2
Tpicspm = s |1 —( m”) | M2, (B21)
7o 327Tmfgl My 70

where an isospin factor of 3 /2 was considered* and the matrix
elements are

M fisy = = sin0, MY _(mpn) + cos, M5 (my1),
(B22)

M fi1r = €080, MY _(mpn) + sing, M _(mpn),

(B23)
2 2 2
I A g1 m _ 2mz,
Mfoﬂ_(m) = 2Z7T¢N{? m—(zl][l + (1 m2 )
y m} + h1¢§2/2 + 25N] B (M N 2)}
mg, 2
(B24)

2 2 2 2
MmH (m)=2z2¢s{—&m (1—2’"—”)}’1¢N—A1}.
Jom m 4 md

(B25)

In the KK channel, where J = 2, the decay widths read

1 2 2
D = gl ~ (ot ) 1Ml B26)
7o 87Tmfgz mn 0

1 2 2
Tk =4l —( mK) |Mp_ gkl (B27)
0 87Tmfé mye 0

where the matrix elements, using the notations Hy =
(g% + 2]’11 + hz)/4 andHS = (g% + h1 + h2)/2, are

Mgk =~ sinH(,.?Vl%K(mfg) + COSGUM%OK(me),
(B28)

:]Vlfg]—PKK = COSGO.MZ)K(meI) + Sin@o.j\/lﬁ]K(mfg),
(B29)

“There are two subchannels, namely the 77+ 77~ and the 707,

which would mean J = 2. However, since the two #° are
indistinguishable, the solid-angle integral (there is no angular
dependence at tree level) ends up as 27 instead of 47, which
means a factor of 1/2 in case of 707° compared to 77" 77, thus

I=1/2+1.
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M, ) = ~Z3] @Ay + )

A
- \/—%fﬁs + g wg, (mgx — m?)

2 h3 B g%
+ wi, | 2Hy oy — NG bs
m? — 2m%(i|

2 b

X (B30)

M n) = ~Z3[ 200 + A)bs — T b
B A

hy — g2 m? — 2m?>
+ wk (2Hsds — ! ) = ]
WK|< shs 2 dn 2

(B31)

2. Vector-meson decay widths

In the case of the vector mesons we are considering the
decays of the p meson, the K* vector kaon, and the ¢
meson. All these particles have only one relevant decay
channel. The first is the p — 77 decay which has the
following quite simple decay-width formula:

5 2 273/2 2
r___—_ [1—( ’"”)] [glzg—%(zz,—n].

pomT 4
48mmy, m,

(B32)

The next one is the K* — K7 decay, in case of which the
decay width reads

[ s =
K*—K
T 8

X (Agrkm = Birgm + Crrgn)?, (B33)

e [0 b

4m‘}(*

where the constants are defined as

1
Axrkn = EZWZK[_gl + \/EWKI (&1 — h3)es)
1
Byrgr = ZZWZK[zgl + w,, (=381 — hy + 2h3) by
+ \/EWal(g% + hy) s,
1
Cxrgxn = EZﬂ'ZKWaIWKl gam>i. (B34)

Finally, the ¢ — KK decay width reads
5

r _ o my [1_(2’"1()2]3/2
SRR 192 my, my,

Sy— 0o 2
X[Zglz%((l+ Nm2 S)—gz(Z%(—l):I. (B35)
¢
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3. Axial-vector-meson decay widths

Turning to axial-vector mesons, the considered decays
are the a; decay with two relevant channels and the
f1s decay with one relevant channel. Since, in case of the
a; — pand f;g — KK* decays, the decaying as well as
one of the resulting particles are (axial-)vector mesons, the
matrix elements have a more complicated form than in the
previous cases, as can be seen below. The first considered
decay width is the one of the a; — 7y process, which
takes the following simple form:
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where V,,, is the vertex following from the relevant part of
the Lagrangian,

V,, = isz{(g% —h

glgz

111

B)gpw

Uk ke s + Ky — k= (ky + ka,)gw]},
(B38)
—K) are

and ki, = (m,,0), k;, = (E, k), and k% = (E_,

r _ gl %]Zz | — (M= 273 B36 the four-momenta of a;, p, and 7 in the rest frame of a;,
aj—my 967m,, . mg, ) (B36) respectively. Using the following kinematic relations,
In case of the a; — p7r decay width one has to consider mgl — m% —m?
two channels (p" 77—, p~7"); thus J = 2 and the decay ke kp = T T
width is found to be 2 2 2
ko oke—m E. = Ma My m,
r 1 I:(mf,l —m3 — m%)? — Amim% ]1/2 a amm 2 ’
ay—pm 12ma]77_ 4m21 mgl + m% _ m%r (B39)
2 w2 kal kp = malEp =5
[t 2
my m? m3 K2 — (m2 — m% — m3)* — 4mZm}
2 ’
|V, kb k|2 4mg,
T] (B37)
Mg, the terms in Eq. (B37) are given by
|
818 [5 1 8182(87 — h3)
IV, = zz,¢N{4( i+ SR Gt e o, 4 2 — ) | = 6 EEREL ) g )
ap ap
IV y 818 8182(g7 — h3)
Wil 72 03{(e7 — no - $18 1 — i) + 2818208 = 10) s )
p p
(B40)
|V k” 8183 8182(87 — h3)
Wkt~ 72 g3 f(gt e = B8 g~ 28182802 00) gz )]
a a
|V kglkzlz — Z2 2 (gl h3)2 E2
mim?, ™ m2 p:
p p

Analogously to the previous case, the width of the f;; — KK* decay which includes four subchannels (K°K*?, KOK*0,

K~ K**, K" K*7), resulting in J = 4, becomes

2

Ffls—’KK* =

4
6my 4mfls

1 I:(m%m —ma, —m%)? — dmi.my

~ v 12 2 M oy |2
]I/Z[I - Iz . |V,uvk1(* . |V,u1/ fsl |V#kalsk ]
uv 2 2 m2 '
Mx mg K*mfls
(B41)

where V u» has the same Lorentz structure as Eq. (B38) and the only difference is in the constants in front of the different

terms. More explicitly,

Voo = iZk{Arkk8uv + Brxlkiuky o + kiw ki, — ki - (ke + kyp )8 lh (B42)
Asxx = —[g (V2¢y — 6¢5) + V2hy(py — V2b5) + 4h3bs], (B43)
B ! (B44)

= — —= Wg .

fKK \/582 K,
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The kinematic relations are the same as in Eq. (B39) with the substitutions a; — f5, # — K, p — K*, while the

expressions analogous to Eq. (B40) are

- 5 1
|V/LV|2 = Z%({4A2fKK + B}%KKI:E (m?ls - m%(*)z + Em%{(Zm}%W + 2m?<* - m%()] - 6AfKKBfKK(m;']S - mi*)},

(B45)

— mg)},

[V o ksl?
— 72 2 2 2 2 2 2
— 3 = ZK{AfKK - BfKK(E o — M) + 2A kg Brgg (Ex — my)},
K*
|‘7#ka |2
SIS = T~ Bl K — 24 By
fis
(7 M 2 2
|VMkalsk1V(* _ %{AfKK E2
2 2 2 TK*
Mg M M

Analogously, the width for a generic decay of the form
K; — VP, where V denotes a vector and P a pseudoscalar
state, reads

Sy 2

k(my,, my, mp) l|:|17/“ - \VivePk,ul
P 2
mKl

Vi ppvil* VR W
_ KIVPsz KIVPfK]éupV ]’ (B46)

my nymi,

where J = 3 for the K| — pK and K; — K* 7 decays and
I =1 for the K; — wyK decay,

1
k(mg, my, m.) = Z—ma\/mi —2m2(m37 +m?) + (m7 — m?)?
X 0(mg —my —m,) (B47)

(the theta function ensures that the decay width vanishes
below threshold), and

Vilvp=iAg, e" + B [pypp + phpk, — (pp- pv)g™”
—(pk, - pp)g*" 11 (B43)

The values of Ak, Bg,, and Cg, depend on the
process considered: Ag, = {A K k*m Ak pks Ak w0y x} and
Bk, = {Bk,k*m Bk, px» Bk, k) The coefficients read

i
Ak krn = \/_Ezﬂ(h3 - gDos, (B49)
I
BKIK*Tr = §Z7Tg2wap (BSO)
i
Ak pk = ZZK[g%(d’N + \/zd’s)
—hy(y —~2¢5) —2h3¢y]  (B51)
I
Bk, px = EZKg2WK1’ (B52)
i
Ak oyk = _ZZK[g%(d)N +2¢y)
— hy(py — V2¢5) — 2h3 ], (B53)
i
By ok = — EZKg2WK]' (B54)
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