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We study the semileptonic differential decay rates of the Bc meson to S-wave charmonia, �c, and J=�

at next-to-leading order accuracy in the framework of nonrelativistic QCD. In the heavy quark limit,

mb ! 1, we obtain analytically the asymptotic expression for the ratio of the next-to-leading order form

factor to the leading-order form factor. Numerical results show that the convergence of the ratio is perfect.

At the maximum recoil region, we analyze the differential decay rates in detail with various input

parameters and polarizations of J=c , which can now be checked in the LHCb experiment.

Phenomenologically, the form factors are extrapolated to the minimal recoil region, and then the Bc-

to-charmonium semileptonic decay rates are estimated.
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I. INTRODUCTION

The Large Hadron Collider (LHC) provides a large
amount of data on Bc events, wherein the most easily
identified decay modes to tag the Bc are the fully recon-
structed channel Bc ! J=�� and the semileptonic decay
channel Bc ! J=�‘�ð‘ ¼ e;�Þ. The CDF Collaboration
made the first observation of the Bc meson by its semi-
leptonic decay at the Tevatron fourteen years ago [1]. Later,
the D0 Collaboration performed the same analysis in a
sample of 210 pb�1 of the Run II data [2]. The cross section
of Bc production at the LHC is larger than that at the
Tevatron by roughly an order of magnitude, which reaches
49.8 nb at the center-of-mass energy

ffiffiffi
s

p ¼ 14 TeV [3,4].
This makes the experimental study of the differential
branching fraction of the Bc meson’s semileptonic decays
to charmonium feasible. We can also obtain information
about the Cabibbo-Kobayashi-Maskawa matrix element in
Bc decays, especially Vcb, which is not well-determined.

Recently, the BABAR collaboration measured the partial
branching fraction �B=�q2 in bins of the momentum-
transfer squared, with 6q2 bins for B0 ! ��‘þ� and 3q2

bins for B0 ! ��‘þ� [5]. They found that the partial
branching fraction of B0 ! ��‘þ� decreases as q2

increases, while for the B0 ! ��‘þ� process the partial
branching fraction first increases and then decreases as q2

increases. Actually, we know that all five of the form factors
in the above two decay channels at the maximum recoil
region increases with q2, at the next-to-leading order (NLO)
accuracy according to the light-cone sum rules calculation
[6,7]. The decrease of B0 ! ��‘þ� is caused by the phase
space, which counteracts the enhancement from form fac-
tors. In this work, we try to determine whether this happens
in Bc semileptonic decays to charmonia.

There exist several approaches in the calculation of
Bc meson semileptonic decays to charmonium. These
approaches include: the light-cone QCD sum rules (QCD
LCSR) [8–11], the relativistic quark model [12,13],
the instantaneous nonrelativistic approach to the Bethe-
Salpeter equation [14], the nonrelativistic constituent
quark model [15], the covariant light-front model [16],
and the QCD potential model [17].
Considering that the Bc meson consists of two heavy

quarks with different flavors—whose masses are much
larger than the �QCD, analogous to the situation of heavy

quarkonium—the system turns out to be nonrelativistic.
Hence the relative velocity of heavy quarks within the Bc

meson is small, i.e., � � 1, although it is bigger than the
velocities of quarks in charmonium and bottomonium
systems, and hence the nonrelativistic QCD (NRQCD)
formalism is applicable to the study of Bc meson semi-
leptonic decays to charmonia. In the NRQCD framework,
the matrix elements of the concerned processes can be
factorized as

hJ=c ð�cÞ‘�j �c��b�l�
��jBci ’

X
n¼0

c ð0ÞBc
c ð0ÞJ=c ð�cÞT

n:

(1)

Here, �� ¼ ��ð1� �5Þ, and the nonperturbative parame-
ters c ð0Þ �Bc

and c ð0ÞJ=c ð�cÞ are the Schrödinger wave

functions at the origin for b �c and c �c systems, respectively.
Tn are hard scattering kernels which can be calculated
perturbatively.
The paper is organized as follows. In Sec. II we present

the definition for the relevant form factors and work out the
expressions of the form factors in the NRQCD framework.
In Sec. III the dependence of the NLO semileptonic dif-
ferential decay rates on q2 is obtained. In Sec. IV we
calculate the decay width and study the theoretical uncer-
tainty, and analyze the result in detail in the maximum
recoil region. The last section is reserved for conclusions.
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II. FORM FACTORS

The Bc ! J=c ð�cÞ transition form factors, fþ, f0, V, A0, A1, and A2 are normally defined as follows [18]:

h�cðpÞj �c��bjBcðPÞi¼fþðq2Þ
�
P�þp��m2

Bc
�m2

�c

q2
q�

�
þf0ðq2Þ

m2
Bc
�m2

�c

q2
q�; (2)

hJ=c ðp; "�Þj �c��bjBcðPÞi ¼ 2iVðq2Þ
mBc

þmJ=c

����	"��p�P	;

hJ=c ðp; "�Þj �c���5bjBcðPÞi ¼ 2mJ=cA0ðq2Þ "
� � q
q2

q� � A2ðq2Þ "� � q
mBc

þmJ=c

�
P� þ p� �m2

Bc
�m2

J=c

q2
q�

�

þ ðmBc
þmJ=c ÞA1ðq2Þ

�
"�� � "� � q

q2
q�

�
: (3)

Here we define the momentum transfer q ¼ P� p.
It is straightforward to calculate those form factors at the tree level in the NRQCD. They read

VLOðq2Þ ¼ 16
ffiffiffi
2

p
CACF�ð3zþ 1Þ
sc ð0ÞBc

c ð0ÞJ=��
ð1� zÞ2 � q2

m2
b

�
2�

z
zþ1

�
3=2

m3
bNc

; (4)

ALO
0 ðq2Þ ¼ 16

ffiffiffi
2

p
CACF�ðzþ 1Þ5=2
sc ð0ÞBc

c ð0ÞJ=��
ð1� zÞ2 � q2

m2
b

�
2
z3=2m3

bNc

; (5)

ALO
1 ðq2Þ ¼

16
ffiffiffi
2

p
CACF�

ffiffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p ð4z3 þ 5z2 þ 6z� q2

m2
b

ð2zþ 1Þ þ 1Þ
sc ð0ÞBc
c ð0ÞJ=��

ð1� zÞ2 � q2

m2
b

�
2
z3=2ð3zþ 1Þm3

bNc

; (6)

ALO
2 ðq2Þ ¼ 16

ffiffiffi
2

p
CACF�

ffiffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p ð3zþ 1Þ
sc ð0ÞBc
c ð0ÞJ=��

ð1� zÞ2 � q2

m2
b

�
2
z3=2m3

bNc

; (7)

fLOþ ðq2Þ ¼
8

ffiffiffi
2

p
CACF�

ffiffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p �
� q2

m2
b

þ 3z2 þ 2zþ 3

�

sc ð0ÞBc

c ð0Þ�c�
ð1� zÞ2 � q2

m2
b

�
2
z3=2m3

bNc

; (8)

fLO0 ðq2Þ ¼
8

ffiffiffi
2

p
CACF�

ffiffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p ð9z3 þ 9z2 þ 11z� q2

m2
b

ð5zþ 3Þ þ 3Þ
sc ð0ÞBc
c ð0Þ�c�

ð1� zÞ2 � q2

m2
b

�
2
z3=2ð3zþ 1Þm3

bNc

; (9)

where z � mc=mb.
There are three typical scales of the process, each of which possess the hierarchy of �QCD � mc � mb. Note that in

Refs. [19–21], the form factors of Bc transition to �c or J=� with alternative parametrizations that have been calculated at
NLO accuracy in the nonrelativistic limit. We expand the ratios of the NLO form factors to the leading-order (LO) form
factors at first order in the z ¼ mc=mb expansion in the heavy quark limit mb ! 1. The asymptotic expressions of these
form factors are then obtained analytically; the analysis can be found in the Appendix.

In the heavy quark limit, the form factors become

Vðq2ÞLOmb!1 ¼ 16
ffiffiffi
2

p
CACF�
sc ð0ÞBc

c ð0ÞJ=��
1� q2

m2
b

�
2
z3=2m3

bNc

; (10)
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A2ðq2Þmb!1 ¼ Vðq2Þmb!1; (11)

A0ðq2ÞLOmb!1 ¼ Vðq2ÞLOmb!1; (12)

A1ðq2Þmb!1 ¼
�
1� q2

m2
b

�
Vðq2Þmb!1; (13)

fLOþ ðq2Þmb!1 ¼
�
3� q2

m2
b

�
c ð0Þ�c

2c ð0ÞJ=� Vðq2ÞLOmb!1; (14)

fLO0 ðq2Þmb!1 ¼
3
�
1� q2

m2
b

�
�
3� q2

m2
b

� fLOþ ðq2Þmb!1: (15)

At the q2 ¼ 0 point, some form factors turn out to be
identical, namely,

f0ð0Þ ¼ fþð0Þ; (16)

Vð0Þmb!1 ¼ A1ð0Þmb!1 ¼ A2ð0Þmb!1; (17)

which are consistent with the heavy-quark effective theory
[22] and the large-energy effective theory [23] predictions.
Note that the equality (16) still holds beyond the heavy
limit.

While approaching the minimal recoil region, the char-
monium will keep still in the rest frame of the initial
particle, while the invariant mass of the lepton and neutrino
pair will turn to its maximum value. In this case, the gluon
exchanged inside the hadrons becomes soft, which may
result in an infinity in the evaluation.

There exist in the literature several different approaches
for extrapolating the form factors to the minimal recoil
region. One of these is the pole-mass dependence model
developed in Refs. [16,24,25], where the form factors are
parametrized as

f0ðq2Þ ¼ fð0Þ
1� q2=m2

pole � �q4=m4
pole

: (18)

Here, � is a free parameter, which is set to zero in our
calculation, (as was done in Ref. [24]), mpole denotes the

gluon effective pole mass, and f0ðq2Þ represents any one of
the form factors. In the latter calculation for decay widths,
we will adopt this form. To regulate the infrared divergence
induced by the soft gluon, one asks that the form factors
f0ðq2Þ satisfy the conditions

f0ðq2Þq2!0 ¼ fð0Þ; f0ðq2Þq2!q2max
¼ constant: (19)

Here the constant represents the value of the form factors at
the minimal recoil point and may be determined through a
certain model. For example, we can parametrize the form
factors as

f0ðq2Þ ¼ f

0
@ q2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðq2=q2cutÞ2
p

1
Ae�Sðq2Þ; (20)

which satisfies f0ðq2Þ ’ fðq2Þ in the maximum recoil
region while becoming finite at the minimal recoil point.
Here, the Sðq2Þ meets the condition Sð0Þ ¼ 0 and hence
can be further parametrized as Sðq2Þ ¼ c0q

2, with c0 a
constant. q2cut is introduced to regularize the unphysical
behavior of the form factors in the minimal recoil region.
Note that the parameters q2cut and c0 should either be
determined through the phenomenological model or fitted
by experimental data.

III. SEMILEPTONIC DIFFERENTIAL
DECAY WIDTHS

For light leptons e and�, their massesm‘ can be readily
neglected; hence, the semileptonic differential decay rate
of Bc ! �c‘� depending on q2 reads

d�

dq2
ðBc ! �c‘�Þ ¼ G2

FjVcbj2
192�3m3

Bc

�ðq2Þ3=2½fþðq2Þ�2: (21)

Here, GF is the Fermi constant, Vcb is the Cabibbo-
Kobayashi-Maskawa matrix element, and �ðq2Þ ¼
ðm2

Bc
þm2

�c
� q2Þ2 � 4m2

Bc
m2

�c
. The mass of the lepton 


cannot be ignored in the analysis, as it involves the form
factors f0 and fþ. However, f0 can be measured via the
Bc ! �c
�
 process, while fþ can be obtained through
Bc ! �c‘�‘ decay.
By virtue of the NLO form factors, we can easily gain

the distribution of the NLO differential decay rate on
momentum transfer q2. To check the convergence behavior
of the ratio of the NLO differential decay rate to the LO
one, we select three sets of different values of z and scale
q2, as given in Table I, and we illustrate the parameter
dependence in Figs. 1 and 2. Here, the Schrödinger wave
function at the origin for J=� is determined through its
leptonic decay widths at the NLO level.
For the Bc ! �c‘� channel, at the maximum recoil

point q2 ¼ 0 we obtain a value of 4:67þ0:38
�0:58 �

10�12jVcbj2 GeV�1 for Eq. (21), which is larger than the
value of 2:05� 10�12jVcbj2 GeV�1 obtained in QCD
LCSR [11] and the value of 0:65� 10�12jVcbj2 GeV�1

obtained in the nonrelativistic quark model [15]. Besides,

TABLE I. Theoretical parameters for different sets, with
renormalization scale � ¼ 4:8 GeV, the lifetime of the Bc


ðBcÞ ¼ 0:453 ps, and GF ¼ 1:16637� 10�5 GeV�2 [26],
where mb, mc, and � are in units of GeV, while the jc ð0Þj’s
are in units of GeV3=2 [27,28].

mb mc � jc ð0ÞjBc
jc ð0Þj�c

jc ð0ÞjJ=�
Set 1 4.8 1.5

Set 2 4.9 1.4 0.10 0.3615 0.283 0.283

Set 3 5.0 1.3
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the results away from the maximum recoil point tend to
disagree with those in Ref. [15]. In the NRQCD calcula-
tion, the form factors of Bc to �c are obviously enhancing
with an increase in q2-despite the results from light-cone
sum rules and nonrelativistic quark model—and the trend
is sharpening at NLO, which counteracts the decrescence
due to the phase space factor.

For the channel of Bc ! J=�‘�ð‘ ¼ e;�Þ, the decay
rates in the transverse and longitudinal polarization of the
vector meson J=� can be formulated as

d�L

dq2
¼ G2

F�ðq2Þ1=2jVcbj2q2
192�3m3

Bc

jH0ðq2Þj2; (22)

d�T

dq2
¼ G2

F�ðq2Þ1=2jVcbj2q2
192�3m3

Bc

ðjHþðq2Þj2 þ jH�ðq2Þj2Þ; (23)

respectively. Here the helicity amplitudes are expressed as
follows:

H�ðq2Þ ¼ �ðq2Þ1=2
mBc

þmJ=�

�
Vðq2Þ 	 ðmBc

þmJ=�Þ2
�ðq2Þ1=2 A1ðq2Þ

�
;

(24)

H0ðq2Þ ¼ 1

2mJ=�

ffiffiffiffiffi
q2

p
�
� �ðq2Þ
mBc

þmJ=�

A2ðq2Þ

þ ðmBc
þmJ=�Þðm2

Bc
�m2

J=� � q2ÞA1ðq2Þ
�
:

(25)

While summing up the various polarizations, the semilep-
tonic differential decay rate of Bc ! J=�‘� over q2 is
obtained:

d�

dq2
ðBc ! J=�‘�Þ ¼ G2

F�ðq2Þ1=2jVcbj2q2
192�3m3

Bc

ðjHþðq2Þj2

þ jH�ðq2Þj2 þ jH0ðq2Þj2Þ; (26)

with �ðq2Þ ¼ ðm2
Bc

þm2
J=� � q2Þ2 � 4m2

Bc
m2

J=�.

Similarly to Bc ! �c‘�, the distribution of the NLO
differential decay rate on momentum transfer q2 for the
Bc ! J=�‘� channel with three sets of different values of
z is illustrated in Fig. 2. At the maximum recoil point
q2¼0, we obtain a value of 3:21þ0:53

�0:37�10�12jVcbj2 GeV�1

for Eq. (26), which is larger than the value of
0:6� 10�12jVcbj2 GeV�1 obtained in the nonrelativistic
quark model [15]. Except for the enhancement from the
NLO K-factor and the NLO Schrödinger wave functions at
the origin, the result in LO in the NRQCD calculation is
intrinsically bigger than that obtained in the nonrelativistic
quark model.

IV. THEORETICAL UNCERTAINTY

With the input parameters given in Table I and taking
mBc

¼ 6:273 GeV [29], one can readily obtain the decay

widths numerically, which are presented in Table II. In our
calculation, the value of the J=� wave function squared at
the origin is extracted from the leptonic decay width at
NLO in 
s [33,34], i.e.,

jc ð0Þj2J=� ¼ m2
J=�

16�
2e2c

�ðJ=� ! eþe�Þ
ð1� 4
sCF=�Þ ; (27)

and the experimental value �ðJ=� ! eþe�Þ ¼ 5:55�
0:14� 0:02 keV is used. Note that according to
the heavy-quark spin symmetry, at leading order in the
typical velocity v expansion in NRQCD we have
jc ð0Þj�c

¼ jc ð0ÞjJ=�.
It is found that the main uncertainties of the concerned

processes come from two sources: the heavy quark masses

FIG. 2. NLO differential decay rate for Bc ! J=�‘�, for
different values of the quark mass. The renormalization scale
is chosen as � ¼ 4:8 GeV.

FIG. 1. NLO differential decay rate for the Bc ! �c‘�, for
different values of the quark mass. The renormalization scale is
chosen to be close to the bottom-quark mass, i.e., � ¼ 4:8 GeV.
In the figure, Asymp. NLO means expanding the ratio of
the NLO form factor to the LO one at the first order in the
z ¼ mc=mb expansion and in the heavy quark limit mb ! 1.
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and the renormalization scale. In the evaluation, we vary
the charm-quark mass mc ¼ 1:4 GeV by �0:1 GeV, the
bottom-quark mass mb ¼ 4:9 GeV by �0:1 GeV, and
the renormalization scale � ¼ 4:8 GeV by þ1:2

�1:8 GeV.

The numerical value of the pole mass may vary in a
reasonable range, so we also need to consider the uncer-
tainty coming from the pole mass. Notice that the pole-
mass effect tends to be small in the maximum recoil region,
as it should be.

In Table II, the decay widths calculated through other
approaches—such as QCD light-cone sum rules, the quark
model, the Bethe-Salpeter equation, and the potential
model—are also given. In comparison with the QCD
LCSR results, our results are almost treble of theirs. This
is understandable considering the large QCD correction K-
factor and the NLO charmonium wave function employed.

To seemore clearly the uncertainty remaining in the NLO
evaluation, we calculate the decay width in various momen-
tum transfer squared regions. For light leptons (‘ ¼ e, �),
we divide q2 into five bins in the maximum recoil region
(0 
 q2 
 5 GeV2) and calculate the semileptonic decay

rates separately. The results are presented in Table III. We
find that at small q2 (0 
 q2 
 1 GeV2), the longitudinally
polarized J=� events dominate over the transversally po-
larized ones by a factor of 8.5, and the difference reduces
with an increase inq2. For the lepton 
, we divideq2 into two
bins (m2


 
 q2 
 4, 4 
 q2 
 5 GeV2) in the maximum
recoil region. Here the physical mass of the lepton 
 is taken
to be m
 ¼ 1:776 GeV [26], and the results are shown in
Table IV.

V. CONCLUSIONS

The NLO semileptonic differential decay rates of the Bc

meson to charmomia were analyzed in detail with various
choices of parameters. The uncertainties of the patrial
decay widths in different bins of momentum transfer q2

were evaluated. For the Bc ! J=�‘� process, the partial
decay widths for transverse and longitudinal polarizations
were investigated separately. The distribution in the maxi-
mum recoil is found testable in the LHCb experiment, and
in turn the NRQCD factorization will also be testable.
Based on this particular model, the form factors were
phenomenologically extrapolated to the minimal recoil
region, and we estimated the total rates of Bc semileptonic
decay to charmonium.
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TABLE II. The branching ratios (in %) of exclusive semileptonic decays of the Bc meson to ground-state charmonia, in
comparison with the results of light-cone sum rules [11,24], the quark model [13,15,16,25,30], the calculation of the Bethe-
Salpeter equation [14], and the QCD relativistic potential model [31,32]. In the evaluation, the Bc lifetime 
ðBcÞ ¼ 0:453 ps, ‘
stands for e or �, mc=mb ¼ 1:4=4:9, � ¼ 4:8 GeV, and jVcbj ¼ 0:0406. The uncertainties in our calculation come from varying the
value of mc=mb from 1:5=4:8 to 1:3=5:0, varying the renormalization scale � from 3 to 6 GeV, and varying the pole mass mpole from

4.25 to 4:75 GeV2 [8,24], respectively.

Mode This paper [8,24] [11] [15] [16] [25] [30] [13] [14] [31] [32]

B�
c ! �c‘� 2:1þ0:5þ0:4þ0:2

�0:3�0:1�0:1 0.75 1.64 0.48 0.67 0.59 0.81 0.40 0.97 0.15 0.76

B�
c ! �c
� 0:64þ0:07þ0:14þ0:10

�0:08�0:06�0:05 0.23 0.49 0.16 0.19 0.20 0.22 � � � � � � � � � � � �
B�
c ! J=c ‘� 6:7þ2:1þ1:0þ0:9

�1:2�0:4�0:6 1.9 2.37 1.5 1.49 1.20 2.07 1.21 2.35 1.47 2.01

B�
c ! J=c 
� 0:52þ0:16þ0:08þ0:08

�0:09�0:03�0:05 0.48 0.65 0.4 0.37 0.34 0.49 � � � � � � � � � � � �

TABLE III. The NLO partial decay widths for various q2. For J=�, the partial decay widths for transverse ("�?) and longitudinal ("
�
k)

polarizations are presented separately.

Bins of q2 ðGeV2Þ 0 
 q2 
 1 1 
 q2 
 2 2 
 q2 
 3 3 
 q2 
 4 4 
 q2 
 5

��ðBc ! �c‘�Þð10�15 GeVÞ 8:06þ1:17þ1:96
�0:77�0:74 9:73þ1:78þ2:37

�1:16�0:89 12:0þ2:78þ2:95
�1:77�1:11 15:2þ4:47þ2:73

�3:77�1:41 20:0þ7:57þ5:06
�4:36�1:87

��ðBc ! J=�ð"�?Þ‘�Þð10�15 GeVÞ 0:70þ0:215þ0:159
�0:141�0:061 2:64þ0:95þ0:60

�0:60�0:23 5:84þ2:54þ1:34
�1:51�0:51 11:28þ6:03þ2:61

�3:35�1:00 20:97þ14:14þ4:90
�7:16�1:87

��ðBc ! J=�ð"�kÞ‘�Þð10�15 GeVÞ 6:01þ1:14þ1:40
�0:78�0:53 7:87þ1:93þ1:84

�1:27�0:70 10:64þ3:38þ2:51
�2:72�0:95 14:96þ6:18þ3:56

�3:62�1:35 22:07þ12:06þ5:31
�6:45�2:01

��ðBc ! J=�‘�Þð10�15 GeVÞ 6:71þ1:35þ1:56
�0:92�0:59 10:52þ2:89þ2:45

�1:88�0:93 16:49þ5:92þ3:86
�4:24�1:47 26:24þ12:21þ6:18

�6:98�2:35 43:04þ26:20þ10:22
�13:61�3:88

TABLE IV. The NLO partial decay widths of the processes
Bc ! �c
�
 and Bc ! J=�
�
 for various q

2, where the maxi-
mum recoil point is at m2


.

Bins of q2 ðGeV2Þ m2

 
 q2 
 4 4 
 q2 
 5

��ðBc ! �c
�
Þð10�15 GeVÞ 2:460þ0:9245þ0:655
�0:538�0:241 17:62þ8:42þ4:70

�4:56�1:73

��ðBc ! J=�
�
Þð10�15 GeVÞ 0:821þ0:375þ0:194
�0:213�0:073 6:922þ4:017þ1:648

�2:107�0:625
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APPENDIX: THE NLO Bc-TO-CHARMONIATRANSITION FORM FACTORS

In this appendix, the QCD NLO Bc-to-charmonium transition form factors are given at the first order in powers of

mc=mb. For compactness, we define z ¼ mc=mb, s ¼ m2
b

m2
b
�q2

, and � ¼ m2
b
�q2

4mbmc
. The form factors at the maximum recoil

point, i.e., q2 ¼ 0, are also presented, which are in agreement with those given in Refs. [19,21].

fNLOþ ðq2Þ
fLOþ ðq2Þ ¼ 1þ 
s

4�

�
1

3
ð11CA � 2nfÞ log

�
�2

2�m2
c

�
� 10nf

9
þ ð�2 � 6 logð2ÞÞðs� 1Þ þ 3s logð�Þ

6sþ 3

þ CA

72s2 � 18
ð18s2ð2s� 1Þlog2ðsÞ þ 18ð8 logð2Þs3 � 2 logð2Þs2 � 5 logð2Þsþ sþ 2 logð2ÞÞ logðsÞ

þ ð2s� 1Þð268sþ �2ð6s2 � 3s� 6Þ þ 170Þ � 9ð2s� 1Þ logð�Þðlogð�Þs� ð2þ 2 logð2ÞÞsþ 4 logð2ÞÞ
þ 18ð2s� 1Þð4s2 þ s� 2ÞLi2ð1� 2sÞ � 18ð4s3 � 5sþ 2ÞLi2ð1� sÞ þ 18ðsð4sðsþ 1Þ � 11Þ þ 4Þlog2ð2Þ
� 36ð5ðs� 1Þsþ 1Þ logð2ÞÞ þ CF

6ð1� 2sÞ2ð2sþ 1Þ ð�6ð2ðs� 1Þs� 1Þlog2ðsÞð1� 2sÞ2

þ 3 logð�Þð23sþ ð5s� 2Þ logð�Þ � 4ðsþ 1Þ logð2Þ þ 12Þð1� 2sÞ2 � 12ð4s2 þ s� 2ÞLi2ð1� 2sÞð1� 2sÞ2
þ 12ðsð2sþ 3Þ � 1ÞLi2ð1� sÞð1� 2sÞ2 � ð�� 2�sÞ2ðsð4s� 19Þ þ 4Þ þ 3ð�32log2ð2Þs4
� 4ð69þ 2 logð2Þð�37þ 5 logð2ÞÞÞs3 þ 8ð18þ logð2Þð�31þ 9 logð2ÞÞÞs2 þ ð61þ 28 logð2Þ
� 26log2ð2ÞÞsþ 12 logð2Þ þ 2log2ð2Þ � 32Þ þ ð6sð8sðsð�4 logð2Þsþ 3 logð2Þ þ 3Þ þ 2 logð2Þ � 3Þ
� 18 logð2Þ þ 7Þ þ 24 logð2ÞÞ logðsÞÞ

	
; (A1)

fNLOþ ð0Þ
fLOþ ð0Þ ¼ 1þ 
s

4�

�
1

3
ð11CA � 2nfÞ log

�
2�2

mbmc

�
� 10nf

9
� 1

3
logðzÞ � 2 logð2Þ

3

þ CF

�
1

2
log2ðzÞ þ 10

3
logð2Þ logðzÞ � 35

6
logðzÞ þ 2log2ð2Þ

3
þ 3 logð2Þ þ 7�2

9
� 103

6

�

þ CA

�
� 1

6
log2ðzÞ � 1

3
logð2Þ logðzÞ � 1

3
logðzÞ þ log2ð2Þ

3
� 4 logð2Þ

3
� 5�2

36
þ 73

9

�	
; (A2)

fNLO0 ðq2Þ
fLO0 ðq2Þ ¼ 1þ 
s

4�

�
1

3
ð11CA � 2nfÞ log

�
�2

2�m2
c

�
� 10nf

9
þ logð�Þ

3
þ CA

36s� 18
ð�6Li2ð1� sÞð1� 2sÞ2

þ 6log2ð2Þð1� 2sÞ2 þ 6sð2s� 1Þlog2ðsÞ þ ð2s� 1Þð�2ð2s� 3Þ þ 146Þ þ ð12s logð2Þð4s� 3Þ
þ 6 logð2Þ � 6Þ logðsÞ � 3ð2s� 1Þ logð�Þðlogð4�Þ � 2Þ þ 6ð8s2 � 6sþ 1ÞLi2ð1� 2sÞ � 12s logð2ÞÞ
þ CF

18ð1� 2sÞ2ðs� 1Þ ð�6ðs� 1Þð2s� 3Þlog2ðsÞð1� 2sÞ2 � 12ðs� 1Þð4s� 1ÞLi2ð1� 2sÞð1� 2sÞ2

þ 24ðs2 � 1ÞLi2ð1� sÞð1� 2sÞ2 � 6ð�6sð2sð3s� 8Þ þ 11Þ þ 2sð4sðsð4s� 9Þ þ 7Þ � 9Þ logð2Þ
þ 2 logð2Þ þ 13Þ logðsÞ þ ðs� 1Þð3 logð�Þð3 logð�Þ � 8 logð2Þ þ 35Þð1� 2sÞ2 � 24ðsþ 2Þlog2ð2Þð1� 2sÞ2

� ð2s� 1Þð546sþ �2ð8s2 � 34sþ 15Þ � 279Þ þ 24ðsð43s� 42Þ þ 10Þ logð2ÞÞÞ
	
; (A3)

fNLO0 ð0Þ
fLO0 ð0Þ ¼ fNLOþ ð0Þ

fLOþ ð0Þ ; (A4)
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VNLOðq2Þ
VLOðq2Þ ¼ 1þ 
s

4�

�
1

3
ð11CA � 2nfÞ log

�
�2

2�m2
c

�
� 10nf

9
� CA

36s� 18
ð9sð2s� 1Þlog2ðsÞ

þ 18ð2s logð2Þð2s� 1Þ þ 1Þ logðsÞ þ 3�2ðsþ 2Þð2s� 1Þ � 2sð�18log2ð2Þsþ 9log2ð2Þ
þ 45 logð2Þ þ 134Þ þ 9ð2s� 1Þðlogð�Þ � 3Þ logð�Þ þ 18sð2s� 1Þð2Li2ð1� 2sÞ � Li2ð1� sÞÞ
þ 63 logð2Þ þ 134Þ þ CF

6ð1� 2sÞ2ðs� 1Þ ð6ðs
2 � 1Þlog2ðsÞð1� 2sÞ2 þ 24ðs� 1ÞsLi2ð1� 2sÞð1� 2sÞ2

þ 3ð2sðsð4sð4 logð2Þs� 8 logð2Þ þ 3Þ þ 20 logð2Þ � 17Þ � 4 logð2Þ þ 7Þ � 1Þ logðsÞ
þ ðs� 1Þð6 logð�Þðlogð�Þ � 6 logð2Þ þ 5Þð1� 2sÞ2 þ 6ð2s� 9Þlog2ð2Þð1� 2sÞ2
þ ð2s� 1Þð�204sþ 2�2ð2s2 þ s� 1Þ þ 105Þ þ 6ðsð68s� 67Þ þ 16Þ logð2ÞÞ
� 12ð2s2 � 3sþ 1Þ2Li2ð1� sÞÞ

	
; (A5)

VNLOð0Þ
VLOð0Þ ¼ 1þ 
s

4�

�
1

3
ð11CA � 2nfÞ log

�
2�2

mbmc

�
� 10nf

9

þ CF

�
log2ðzÞ þ 10 logð2Þ logðzÞ � 5 logðzÞ þ 9log2ð2Þ þ 7 logð2Þ þ �2

3
� 15

�

þ CA

�
� 1

2
log2ðzÞ � 2 logð2Þ logðzÞ � 3

2
logðzÞ � 3log2ð2Þ � 3 logð2Þ

2
� �2

3
þ 67

9

�	
; (A6)

ANLO
1 ðq2Þ
ALO
1 ðq2Þ ¼ ANLO

2 ðq2Þ
ALO
2 ðq2Þ ¼ VNLOðq2Þ

VLOðq2Þ ; (A7)

ANLO
0 ðq2Þ
ALO
0 ðq2Þ ¼ 1þ 
s

4�

�
1

3
ð11CA � 2nfÞ log

�
�2

2�m2
c

�
� 10nf

9
þ CA

72ðs� 1Þsð2s� 1Þ ð�9ðs� 1Þsð2s� 1Þð2sþ 1Þlog2ðsÞ

� 9ð2sð2sðlogð2Þð4s2 � 9Þ þ 3Þ þ 12 logð2Þ � 3Þ � 4 logð2Þ � 2Þ logðsÞ
þ ðs� 1Þð�18ð2s� 1Þlog2ð2Þðsð2sþ 9Þ � 4Þ � ð2s� 1Þðsð3�2ð2sþ 9Þ � 608Þ þ 36Þ
� 9ð2s� 1Þ logð�Þð2 logð�Þsþ 8 logð2Þs� 6sþ logð�Þ � 4 logð2Þ � 3Þ þ 9ð4sð13s� 7Þ � 3Þ logð2ÞÞ
� 36ðsð4s3 � 9sþ 6Þ � 1ÞLi2ð1� 2sÞ þ 18ðs� 1Þð2s� 1Þðsð2sþ 5Þ � 2ÞLi2ð1� sÞÞ
þ CF

24sð2s2 � 3sþ 1Þ2 ð2�
2ð1� 2sÞ2ðsð2s� 1Þ þ 3Þðs� 1Þ2 þ 24ð1� 2sÞ2ðsð2sþ 3Þ � 1ÞLi2ð1� 2sÞðs� 1Þ2

þ 6sð2sþ 5Þð2s2 � 3sþ 1Þ2log2ðsÞ þ 3ðsðsð2s logð2Þð2sð76s� 193Þ þ 289Þ
þ 4sð�120s2 þ 369sþ ð8s3 � 52s2 þ 90s� 43Þlog2ð2Þ � 406Þ � 84log2ð2Þ � 28 logð2Þ þ 747Þ
þ 92log2ð2Þ � 110 logð2Þ � 116Þ þ 16log2ð2Þ þ 4ð7� 9 logð2ÞÞ logð2Þ � 3Þ þ 3ðsð2sðsð2sð4sð4 logð2Þs
� 6 logð2Þ þ 6Þ � 28 logð2Þ � 69Þ þ 156 logð2Þ þ 113Þ � 2ð13þ 58 logð2ÞÞÞ þ 72 logð2Þ � 5Þ
� 8 logð2Þ þ 1Þ logðsÞ � 6ð2s2 � 3sþ 1Þ2ð16 logð2Þs� 22s� 2 logð�Þ þ 4 logð2Þ þ 1Þ logð�Þ
� 12ð2s2 � 3sþ 1Þ2ð2s2 þ s� 2ÞLi2ð1� sÞÞ

	
; (A8)

ANLO
0 ð0Þ
ALO
0 ð0Þ ¼ 1þ 
s

4�

�
1

3
ð11CA � 2nfÞ log

�
2�2

mbmc

�
� 10nf

9

þ CF

�
1

2
log2ðzÞ � 119

8
þ 7 logð2Þ logðzÞ � 21

4
logðzÞ þ 7log2ð2Þ þ 15 logð2Þ

4

�

þ CA

�
� 3

8
log2ðzÞ � logð2Þ logðzÞ � 9

8
logðzÞ � 7�2

24
þ 67

9
� 9log2ð2Þ

4
þ 3 logð2Þ

8

�	
: (A9)
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