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MS5-branes in the ABJM theory and the Nahm equation
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We explicitly construct two classes of the BPS solutions in the Aharony-Bergman-Jafferis-Maldacena
action—the funnel type solutions and the 't Hooft-Polyakov type solutions—and study their physical
properties as the M2-MS5 bound state. Furthermore, we give a one-to-one correspondence between the
solutions of the BPS equation and the ones of an extended Nahm equation which includes the Nahm
equation. This enables us to construct infinitely many conserved quantities from the Lax form of the Nahm

equation.
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I. INTRODUCTION AND SUMMARY

After the ground-breaking work by Bagger and Lambert
[1] and Gustavsson [2], the multiple M2-branes have been
studied intensively and a three-dimensional N° = 6 super-
symmetric Chern-Simons-matter conformal field theory
with gauge group U(N) X U(N) was proposed as an action
of the low energy limit of N M2-branes on C*/Z; by
Aharony et al. [3]. There has been significant progress in
understanding the M2-branes by the Aharony-Bergman-
Jafferis-Maldacena (ABJM) action. (See Ref. [4] for the
recent review of this subject.)

On the other hand, the M5-branes are still poorly under-
stood. The theory on the multiple M5-branes is highly
mysterious. For instance, the gravity dual analysis implies
that there should be O(N?) degrees of freedom at large N,
which cannot be understood from gauge theory' In order
to study the M5-branes, the ABJM action will be useful
because the bound state of the M5-branes and the M2-
branes can be described by the M2-brane action, where the
MS5-branes will be the ““solitons’’ of the action. Indeed, the
BPS solution corresponding to the funnel type bound state
of these was found in Refs. [10,11], which can be regarded
as a variant of the famous solution in the Bagger-Lambert-
Gustavsson (BLG) action by Basu and Havey [12], and has
been studied further [1 3—15].2 This is the M-theory lift of
the bound state of the D2-branes and the D4-branes, which
are described as the solution of the Nahm equation from
the D2-branes or the monopole from the D4-branes. The
shape of the solution should be a fuzzy S°®/Z, at a point in
the world volume of the M2-branes.
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'Recently, it was claimed [5,6] that the O(N3) behavior is
reproduced from the localization computation of the SD SUSY
gauge theory on S° [7-9].

“Moreover, an M-theory lift of the D4-branes with a constant
magnetic field in type IIA string theory should be an M2-M5
bound state and it was also constructed in the ABJM action
[16,17]. This system is also useful for understanding the
M5-branes.
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For the D2-D4 bound state (which is essentially the
same as the D1-D3 bound state [18]), we can use the
Nahm construction [19] to construct the monopole solution
from the Nahm data. For the M2-MS5 bound state, we
expect that there will be such correspondence between
the BPS solution in the multiple M5-branes and the ones
in the ABJM action.” This may give us some important
clues for understanding the M5-branes.* For this project,
we obviously need the details of the solutions of the BPS
equation of the ABJM action. However, the solutions of the
BPS equations [10] are less known and the properties of
the solutions, for example what is the moduli space, have
not been studied. Even the positions of the M2-branes far
from the MS5-branes are unclear and ambiguous, as we see
in Sec. II.

In this paper, we construct two classes of the BPS
solutions explicitly and study their physical properties.’
Solutions in one class include the one found in
Refs. [10,11], but the positions of the M2-branes are
more general. Solutions in the other class behave like the
Nahm data of the 't Hooft-Polyakov monopole and repre-
sent the bound state of two M5-branes. Furthermore, we
give a one-to-one correspondence between the solutions of
the BPS equation and the ones of an extended Nahm
equation which includes the Nahm equation. This enables
us to construct infinitely many conserved quantities
from the Lax form of the Nahm equation. We also

3For the BLG action, Gustavsson studied this Ref. [20]. In
Refs. [21,22], the Nahm construction for the BLG and the ABJM
actions were considered, but they assume rotational invariance of
the solutions.

“We cannot use the BLG theory instead of the ABJM theory.
Since scalar fields in the BLG theory live in A, there is no
natural way to get from the BPS solution the information of the
positions of the M2-branes which is necessary to discuss how
that bound state should be expressed on the MS5-branes.

>One can obtain further BPS solutions by taking the direct sum
of these BPS solutions. One can even construct the bound state
of the M5-branes (each of which extends in different directions
in space-time) and the M2-branes [23]. Though we do not
consider in this paper, this direction would also be interesting
as a future work.
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investigate the space-time profiles of the solutions using
the correspondence.

The organization of this paper is as follows. In Sec. Il we
construct the BPS solutions representing the M2-branes
ending on the M5-branes and investigate their profiles in
space-time. In Sec. III we show the one-to-one correspon-
dence between the BPS solutions and the extended Nahm
data, and using this, construct conserved quantities of the
BPS solution. We also comment on the relation to the
reduction from the M2-branes to the D2-branes discussed
by Mukhi and Papageorgakis [24].

II. THE BPS SOLUTIONS REPRESENTING THE
M2-BRANES ENDING ON THE M5-BRANES

In this paper, we study the half BPS solutions of the
ABJM action which represent the M2-branes ending on the
M5-branes. We assume that the M2-branes extend in
(29, x3, x°) directions and that the fields on the M2-branes
depend only on x°, which we will denote as s. The bosonic
fields of the ABJM action are the gauge fields and the N X N
matrix valued complex scalar fields Y', Y2, Y3, Y* represent-
ing the positions in the transverse directions of
M2-branes. Here N is the number of the M2-branes. We
also assume that Y3, Y* and the gauge fields vanish in the
BPS solution. This implies that the M5-branes are extending
along (x°, x!, x2, x3, x*, x%) where we identify the directions
of (Y1, Y?) with (x!, x2, x3, x*).

Thus the BPS equation [10,11] is

ya = Z%T(Y“Y”*Y” — Ybybtye), 2.1
where k is the level of the Chern-Simons action, Y* (a = 1,
2) is the N X N matrix valued scalar field representing the
positions in the transverse directions of M2-branes and
Y* =4 1In the type IIA limit, the M2-MS5 bound state
reduces to the D2-D4 bound state, which is described by
the Nahm equation from the D2-brane viewpoint and by
the monopole equation from the D4-brane viewpoint.
Therefore, the BPS equation (2.1) is an analogue of the
Nahm equation in the M-theory. Note that the rhs of (2.1)
can be written by the Lie 3-algebra [25] and then Eq. (2.1)
can be regarded as a generalization of the Basu-Harvey
equation [12] to the ABJM action.

Note that (2.1) is covariant under the U(N) X U(N)
gauge transformation Y* — UY*V1, and the SU(2) global
transformation Y¢ — A“?Y? of the ABJM action, where U,
V should be constant because of our assumption
A,=A4A,=0.

A. The funnel type solutions

Here we will explicitly construct the solutions of the
BPS equation (2.1) which represent N M2-branes ending
on an M5-brane at s = s, and extending to s = c0. We take
the following ansatz for the solutions:
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where f,(s) is a function of s, and G“ is the constant
N X N matrix defined by [10,11]

— G = GG G" — GPGPT G- (2.3)

Using the U(N) X U(N) gauge symmetry of the ABJM
action, we can express them as

2.2)

Grlnn = 6m,n*l\/a’ G%m = 5m,n VN — n, (24)

where m, n = 1, ..., N. Then the BPS equation reduces to®
. 1

fa= _Efalfhlz(b # a). (2.5)

By the symmetry of the BPS equation, we can replace
Y¢ — AUYbvE, (2.6)

This can make f, satisfy f, = f; = 0. Then, we can write
down the solution explicitly

Vi) = \/Z o1 . Conl—Cs —50)/2]
A7 JTeal O )]

k C
Y2(s) = ,/—Gz : ,
4m 1 —exp[—C2(s — 50)]

where

2.7

C* = (f)* — (H)? (2.8)

is a constant.

Now we will study the physical interpretation of this
solution. First, s, is the position of the M5-brane because
Y¢ diverges at s = s, as in the solution obtained in
Refs. [10,11]. We will shift the coordinate s such that
so = 0. If Y2(s) are equivalent to diagonal matrices by
U(N) X U(N), we expect that the ith eigenvalues of Y*
represent the position of the ith M2-brane. Here defining
7' =x! +ix?, 72 = X3 + ix*, we identify the eigenvalues
of Y with z%.” Then, at s = oo, the position of the ith
M2-brane (i = 1,...,N) is

x! 0

x? 0

S| e 2.9)
x4 0477

which is shown in Fig. 1. This clearly shows that the
solution is not spherically symmetric. Thus, the symmetry

This solution was considered in Ref. [10] and also in a recent
work [26] independently.

"This diagonalization has U(1)N ambiguity, i.e., z¢ — €/?z¢ for
each diagonal component. However, we expect them physically
inequivalent due to Chern-Simons term in the same way to the
analysis of vacuum moduli space in Ref. [3].
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FIG. 1. The expected profile of the solution, where d = C. %

rotations give different solutions. For example, using the
global SU(2) and a choice of C, we can set an M2-brane at
an arbitrary point in (z!, z2). Furthermore, because the
scalars are diagonalized at s = o0, we can make a U(1)Y
transformation, which is the diagonal part of U(N), to
move each of the M2-branes at z¢ to e'®iz¢.

Note that for the funnel type solution obtained in

[10,11],
, k
Y® = |—Ge ,
(s) 47 | Js — 8o

all the M2-branes are at 7! = z> = 0 at s = 0.

The divergent behavior of this solution represents the
existence of an M5-brane. Indeed, the energy of this con-
figuration in ABJM theory is calculated as

(2.10)

ko1
E~2fTrD Yiprye = 2fd2xds6——TrG“G“T

TS
kNN — 1
= /dzxds(iﬂ. 2.11)
327s
Since the radius of the fuzzy three-sphere is approximated
as
1 k(N — 1)
= 4| Tryeyel = ——— 2.12
" \/N ' \/ 47s (2.12)
this energy can be written as
~%ﬁ fdzxdrr (213)

This represents the energy of a (1 + 5)-dimensional object
expanding in R"! X C*/Z,. The tension is constant and
independent of k and, in large N limit, N. Moreover, the
unbroken supersymmetry (SUSY) generators for the con-
figuration are the same as the ones for the M2-MS5 bound
state. Therefore we can interpret the BPS solution as an
M?2-MS bound state.
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This interpretation is based on the classical analysis. In
order to know its M-theoretical aspects more extensively
we need nonperturbative quantum analysis, although we do
not do it in this paper.

Our solution contains this as the C — 0 limit. Moreover,
we can easily see that if Y diverges at a point s = s, the
solution should be approximated by a diagonal sum of the
solutions (2.10) with a symmetry transformation (2.6). This
means there is an M5-brane at s = sy because of the
interpretation of the solution (2.10). We can check that
our solution behaves like this near s = s

B. ’t Hooft-Polyakov type solutions

In this subsection, we will consider the N = 2 case only
and construct a solution of the BPS equation corresponding
to the Nahm data of the "t Hooft-Polyakov monopole. We
take the following ansatz:

Yi(s) = \/g(ﬂ(swl + ifa(s)o?),
Yi(s) = &03(8)03 + fals)o®),

2

(2.14)

where f;(s) is real, o', 02, o are Pauli matrices and o* is
the unit matrix.®

By the symmetry transformation (2.6), we can make
|f1] = f234 at a given point in s, say s = so. Then, the
BPS equation becomes

fi==2fifsfs (2.15)

where €;;; # 0. This implies that there are the following
independent conserved quantities:

B =f—fi Yy =fi-fi
(2.16)

2—f2 2

The remaining equation is

fr= -+ AF AT 1D
which is solved as
2= [ 4 @18
AN+ a?) (2 + BA(fF2 + ¥2)

8A solution of the similar form for the Basu-Harvey equation
was found in Ref. [27]. The BLG action for the A, algebra is
equivalent to the SU(2) X SU(2) ABIM action which is equiva-
lent to the N = 2 ABJM action if we forget the gauge fields.
Thus our solution and the one in Ref. [27] are essentially the
same by an appropriate map. In BLG theory, however, we did not
know the relation between the parameters and the positions of
the M2-branes.

125027-3
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fz(s)=Vaz2+f2, f3(S)=\/,32+f2r
fals) = \/72 + /1

where we have chosen the integration constant such that

(2.19)
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Thus, this solution represents the two M2-branes stretching
between the two M5-branes at s = 0 and s = s... Using the
first kind of the elliptic integral

f1(s) = c0 at s = 0. We can see that f; also diverges at k) = fd’ 6 291
s = s, where Feb 0 /1 — K2sin%0 2D
1 fo d
Sy = 3 f f . (2.20)
—o J(f2 + a?)(f? + B2 + ) the integration (2.18) is written as
J
s« | 1 F . a2 —=a} 72 (a3 — a3
2T 202 2 aresin a? 2+ afVai(a? — a?)
24/as(a; — a3) I 1 3 Yaslay 3
202 2 ° a2 f+afVai(a®—a?d) ) ’
Z‘Iaz(al - a3) 1 1 3 ACS 3
[
where rxl 7] F 0
0
1 .o — a3 \/a%(a% - a3 2 _
§y = ————"F| arcsin 2 =
el ) ( L e VR
; | 0
and (a;, @y, a3) is (a, B, y) or another permutation such rx (
that @? = a3 = a3. The schematic profiles of f; and f, x? 0
hown in Fig. 2 =
are shown 1n Fig. 2. 3 k(—p+1y)
For = 0, we find Lx“ L ir .

o= [T df ~ (2.24)

o [N B+ )
which means there is only one M5-brane and the solution is
in a funnel shape. In this case, because f(00) = f,(c0) =0,
f3(0) = B and f4() = v, the positions of the two
M2-branes are

J2

J;

FIG. 2. Profiles of f; and f5.

By the choice of B, y and the symmetry transformation
(2.6) with

o o
B= \/%(Rl + Ry), Y= \/%(R1 — Ry, (226)
A _ <singlei<¢l_¢l)

cosf,
— cosf, sinf,el1=¢1) J

et 0
U = N » V = 1)
O el¢2

we can have the solution representing the two M2-branes at

(2.27)

(xl W R, cosf, cosep;
x2 | | Rycosd;sing,
| | R sing, cosy,
Lx“J R, sinf; siny, (228)
(xl W ( R, cos; cosgh, ’
2| R, cosf); sing,
B || Rysind, cos(y, + ¢y — &)
LX4J Ry sind; sin(fy + ¢y — 1)
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If we further put 8 = v, the solution reduces to the funnel
type solution (2.7) obtained in the previous subsection for
N=2.

Finally, we will consider the limit of the reduction from
the M2-branes to the D2-branes discussed by Mukhi and
Papageorgakis for the solution (2.14). We take the parame-
ters as

PHYSICAL REVIEW D 86, 125027 (2012)

’ k
, Y = %Yo = (2.29)
T

and take the k — oo limit with «y, B, and vy, fixed. We
assume S, > « for simplicity. In this case, by (2.23) [here

(ay, ay, a3) = (y, B, a)],

ap
dark

Bo
Ak

a =

>

B =

4 1 a2 2 _ 2 4 3
Sy = %f(arcsin\/l e a—g, Ao aoaz ) . f(arcsin(l), 1- a_(2)> (2.30)
//33(7(2) ) Yo V,B(Z)(l - % y—g) k=e Bo¥o Bo
I
is finite. Also, around s = s,/2, since f; =0, f, = a, T!=ie ; T'TK, (3.3)
fis=pBand f, =,
Yl = (9(1), (23]) T4 — (TI)Z + (T2)2 + (T3)2 _ (T4)2, (36)
k
T . .
The region around s,/2 where these are true is of finite T'=ieyxT'TX, (3.7)
range. Indeed, the integration (2.20) is dominated by the ) ~ ~ ~ ~
contribution from f = O(1/+/k). Therefore, by (2.18), if T4= (T2 4+ (T?)? + (T3 — (T2 (3.8)

|s — 5. = O(1), then f,(s) = O(1/Vk). With 7y, =
47rv/k, this behavior of Y“ is just as assumed in the
reduction from the M2-branes to the D2-branes (3.22)
discussed in Sec. III.

III. NAHM DATA AND ABJM

In this section, we will show that any solution of the BPS
equation (2.1) of the ABJM action gives two sets of Nahm
data of N monopoles which satisfy the Nahm equation.
This correspondence allow us to construct the conserved
quantities.

In the ABJM action, there is the U(N) X U(N) gauge
symmetry. By taking the product of Y and Y*! we have an
adjoint representation of a U(N) gauge symmetry which is
a singlet under the other U(N). We will define

27

T™(s) = TU%Y})Y”T 3.1
and
TM(s) = %&%Y“’ryh, (3.2)
where
oM = (a')1), oM = (a!, 1), (3.3)
M=1 and ...,4,1=1,2 3.Underthe UN) X U(N)

transformation (Y — UY*V1), they transform as

™ — yrMyt, ™ — yiMyt, (3.4)

Then, from the BPS equation of the ABJM theory (2.1) we
can show that TM and TM satisfy the following differential
equations:

Therefore, 7' (T') is the solution of the Nahm
equations (3.5) [(3.7)], which is called Nahm data with
appropriate boundary conditions.” Here, we have four
matrices which are the Nahm data 77 [7!] and an additional
one T* [T*]. We will call them extended Nahm data and the
differential equations (3.5) and (3.6) [(3.7) and (3.8)] the
extended Nahm equation.
Now we will show the one-to-one correspondence

{Ye(s)}/V < {TM(5)|T(sy) = AAT for some (3.9)
A € Matyyn(C)}, ‘
where we defined
T+ 73 T!'—iT?
= Mg TM _
T=o"eT [T1+iT2 T4_T3]. (3.10)

so 1s a fixed constant and we consider the BPS solutions
and the extended Nahm data which are finite in the neigh-
borhood of sj.

First, the quotient on the left-hand side is necessary
since (Y!, Y?) and (Y'V, Y2V) give the same TV by (3.1).
This V must be a constant matrix since a local transforma-
tion is forbidden by the gauge fixing in (2.1). Second, since
the extended Nahm equation is the set of the first order
differential equations, its solution is uniquely determined
by the initial condition. Thus the condition on the rhs of
(3.9) is equivalent with that T™ given by (3.1) with Y
satisfying

°This can be considered as a generalization of the result for the
BLG action in Ref. [20]. A similar phenomena for the monopole
in the ABJM action was observed in Ref. [28].

125027-5
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Y!(s0) ] k
= 4[—AV.
[ YZ(S()) 2
Such Y“ is unique for A up to V since the BPS equation is

also the set of the first order differential equations.
|

(3.11)

PHYSICAL REVIEW D 86, 125027 (2012)

Therefore, (3.1) gives the one-to-one correspondence
(3.9).

If T*(sg) + T?(sy) is invertible, the condition
T(sy) = AA'! can be written explicitly with TM(s,)
only:'”

(3.13)

T*(s0) — T3(s9) = (T'(so) + iT*(s0))(T*(s0) + T3(50)) "' (T"(s0) — iT*(s0))

{T“(so) + T3(sy) is positive definite,

The second condition is obtained by writing

_[ A
A= aa, )
where A; ,B € Matyxx(C) and eliminating B from
T(sy) = AAt. Of course, we can have essentially the
same correspondence between Y¢ and 7", instead of TM.
Below we will consider the relation between the t and

z%, which are TV and Y for the N = 1 case and so usual
coordinates. The relation between them is given by

(3.14)

2 N
M(z) = = oM P74

3.15

X (3.15)

If we parametrize z¢ by real coordinates (r, 8, ¢, /) by
7zl = rcosfei?, 72 = rsinfe'?, (3.16)

where 0 = r<00,0=0=7m/2,dp~¢ +2m p ~ ¢y +
2, we have

t! = Rsin® cos®, 2 = Rsin® sin®,

3.17
2 = RcosO, =R, G.17)
where
2
0=R=Y"Tco 0=0=20=n
(3.18)

O=y—¢p~0+2m

Thus, (*)> = (t')> + (12)> + (£*)? [which is surely consis-
tent with (3.13)], and {#'} parametrize C>/U(1) = R~ X S?,
where Z, of the ABJM action is in the U(1).

The two sets of extended Nahm data would be related to
the D3-NS5 (and D5) system in Ref. [3]. This system

Even if T*(so) + T°(s,) is not invertible, there is a continuous
deformation ~ which makes T*(so) + T3(s,)  invertible.
Concretely, writing T(sy) = AAT, the deformation of this T(sq)
into T(sg) = AEAI, where

AE=A+6'|:1N]

0 (3.12)

with € continuous parameter, is a continuous deformation and it
makes T*(so) + T>(s,) invertible if € is sufficiently small (but
nonzero). Therefore the condition 7(sy) = AAT can be rewritten
also for such T'(sg), such that there exists a continuous deforma-
tion allowed under (3.13) to reach that T(sg).

consists of N D3-branes winding around a compact direc-
tion and two NS5-branes which break the D3-branes into
two intervals, and the strings connecting these two intervals
give rise to the bifundamental hypermultiplets of ABJM
theory. Therefore, it seems that the extended Nahm data
(3.1) and (3.2) occur by the connection of a string extending
from an interval to the other with one extending in the
opposite direction. This interpretation explains why there
are two different sets of Nahm data constructed from the
BPS configuration. However, the space which TM represents
is not flat at least naively. By now, we should say that a
physical meaning or a string theoretical meaning of this map
is unclear; however, we expect that the correspondence to
the (extended) Nahm data will be important for further
understanding of the M2-MS5 brane system.

Here we would like to comment on the relation between
our map (3.1) and (3.2), and the reduction from the
M2-branes to the D2-branes discussed by Mukhi and
Papageorgakis. In Ref. [24] they obtained three-dimensional
Yang-Mills theory from the action of M2-branes by expand-
ing one of the scalars on M2-branes around its vacuum
expectation value (VEV) v and taking the v, k — oo limit
with k/v fixed."" For example, if one gives the VEV in the
x3 direction, the effect of Z, orbifolding is

14 :.2 14 2.2
+ 2x +
X 31)6.4 ~ o X 3zx.4 , (3.19)
v+x +ix v+x +ix
xl+ ix? (3.20)
I . .
kv—oo| v+ 13 +i(x* +27Y)

Therefore the fluctuation (x!, x2, x3, x*) lives in S* times flat

R3. This S! becomes the so-called M-theory direction, and

one obtains the D2-D4 bound state in flat spacetime.
Actually, writing

YIs) = g (1) = iTR(),
Y2(s) = v + %(—Tﬂ(s) +iTG), (32D

and assuming k, v > |T"!|, one can obtain the Nahm
equation for 7" from the BPS equation (2.1). For these

""They used the BLG theory, but we can do the same thing also
in the ABJM theory.
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there is a clear physical interpretation of the system as a
D2-D4 bound state [24]. However, since this procedure
contains a limit, the information of the BPS solution is
considerably lost. Moreover it can be used only for the BPS
solution of the form (3.21) with k, v >> |T"|. On the other
hand, our equations for 7' are valid for arbitrary BPS
solutions and, together with 7% (T%), it keeps all of the
information of Y other than V. We also note that for the
BPS solution of the form (3.21), our 77 and 7’ coincide
with 7! up to the translation:

TY2 =712 + (9(%) =72 + (9(%) (3.22)

2702

T3 =73+ (9(%) = — + 783+ (9(%) (3.23)

A. Examples of the extended Nahm data

In this subsection, we will show the extended Nahm data
T™ and TV explicitly for the BPS solutions obtained in
Secs. II A and II B. We will compare the parameters of the
solutions and the ones of the corresponding Nahm data. We
will see that, in particular, the translation moduli which is
trivially realized in the Nahm data is realized nontrivially
in the solutions in the ABJM.

1. The funnel type solutions

From the funnel type solution (2.7), we compute

Tl (S) = F]Tl, TQ(S) = F27'2,

(3.24)
T(s) = F3 + Fyr,  THs) = Fyr + Fy7?,
where
exp[—C?s/2]
Fi(s) = Fy(s) = =C?
1(S) Z(S) fle 1 — CXp[_CZS]
2 2 2 2
Fys) = 1S 1 expl=Cs] (3.25)
2 2 1 —exp[—C?s]
2 _ 2 2
Fi(s) =1 2 o
4(s) 5 5
and
G'G*t +G2G't G'G* - G*G'T
TV, Tl
2 2 (3.26)
G'G't -GGt G'G't + G2G*t
P =
2 2
The matrices 7™ satisfy
[7'1, TJ] - iE[JKTK, (327)
[/, 7] =0, (3.28)

and then the 7/ is a generator of the SU(2) as observed in
Ref. [14]. Explicitly, they are given by

PHYSICAL REVIEW D 86, 125027 (2012)
(8 VN == 1)
Spm-1¥lm = DN = m)),
(P = 5 G N == 1)

1

1 =_
(T )H’ll’l 2
+

— 8y 1V — DN — m)), (3.29)
(73>mn={2m2_N5’"” =)
0 (m,n=N)
(9 :{%5% (m,n <N)
" 0 (m,n=N)

where we have used (2.4). Thus 7/ is the representation of
(N—1)®1. In the s — oo limit, the location of the ith
D1-brane'? is

1! 0

tlz = 0 i=1,2...,N). (3.30)
t3 C%(i—N)

i 2

One can obtain similar results for 7M. In that case,
coefficient matrices 7 corresponding to 7 in TM are
the representation of N and

(714)mn = —6mn~ (331)

2. The ’t Hooft-Polyakov type solutions

Here we will assume vy = 8 = « for simplicity, since the
other cases also give similar results. The Nahm data
obtained from the 't Hooft-Polyakov type solution (2.14) are

T'(s) = F, %
T*(s) = F, -%2, (3.32)
3 2 @2 a2
T3(s) =F; % + W’
where
Fi(s) =2(f1fa — f2f3),
Fy(s) = 2(f5f1 — faofa) (3.33)

F3(s) = 2(f1f2 — f3f4)

This 7' is the Nahm data for the *t Hooft-Polyakov mono-
pole centered at (¢!, 2, £*) = (0,0, (a> — B% — ¥?)/2). Itis
well known that the Nahm data for the 't Hooft-Polyakov
monopole is explicitly written as

'>The D1-brane or the D3-brane are used for the Nahm data
T!(s) interpreted as the D1-D3 bound state, although we do not
know a precise relation between this system and the M2-MS5
bound state in the ABJM action considered in this paper.
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[F,m dF

Sy — 8§ = s

—o (F? + a)(F? + b)

F2(s)=—Va+(F1)2, Fi(s) = _vb+(Fl)2;

(3.35)
where the two parameters

(3.34)

SN
Sy ———38

2
Sy = \/igf]: (arcsin(l), @)

_ L , ’72(32—0!2)
_Wf(arcsm(l), m) (3.38)

The schematic profiles of F| and F, are shown in
Fig. 3.

Now we consider physical interpretation of the solution
(3.32). The Nahm data contain the translation moduli
proportional to the identity matrix with the parameter

a2_B2_,yZ
f.

where

(3.39)

This is interesting because the shift by the identity matrix
of the solution of the BPS equation (2.1) does not give
another solution in general. Other than this, there are only
two parameters

a=4a*(y* — B2,
b= 4By — a),

(3.40)

F

F>

FIG. 3. Profiles of F;| and F,.

-1 F arcsin\/ (F)° la—bl
Jmax(a, b) (F,)? +min(a, b) \max(a,b) |’
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a= (F2)2 - (F1)2 = 4a2(y2 - 52),
b= (F3 = (F1)? = 4B*(y* — a?),

(3.36)

the signs of F; and the integration constant of (3.34)
are determined by (3.33) with (2.16), (2.18), and (2.19)."
Using the first kind of elliptic integral (2.21) and (3.34) is
written as

(3.37)

which represent the distance between the D3-branes sy
(3.38) and the “shape” of the D1-branes as we will see in
the next subsection.

It is noted that sy = s... This is seen by comparing (2.23)
with (ay, @y, @3) = (y, a, B) and (3.38). They differ only
in the first argument of F, with which F monotonically
increases. Thus, since the first argument of F in s,

. a?
arcsingf1 — —
Y

is smaller than that in sy, one obtains the inequality.
Indeed, for the solution, from (3.33), F is given by

(3.41)

Fi(s) = 2(f1y/f2 + 72 — {73 + &)+ BY), (3.42)
then F(s,) = —oo, while

Fi(0)=vy>—a* - B (3.43)
which is finite because of the cancellation of the (f;)?
terms. This means that the locations of the two M5-branes
are different from the ones of the (hypothetical) D3-branes
at least naively. An extremal case is « = 8 = 7y, where,
despite M2-branes suspending between two finitely
separated M5-branes, the corresponding D1-branes are
attached to a D3-brane and extended to infinity (Fig. 4).
This point is interesting and we speculate that, related to
the D3-NS5 system, this point would be interpreted natu-
rally. However, by now we have not found any concrete
interpretation.
On the other hand, T# is given by

2+ 2+ 2
#, (3.44)

3
T ) =2(f1fo + fofo) 5+ 211+

which is divergent at s = 0 and s = s,. Thus the extended
Nahm data should be considered to be defined between the
s=0ands = s..

BThus, there must be a mathematical identities relating a
bilinear of the elliptic functions and a single elliptic function.
Unfortunately, however, we cannot show these identities explic-
itly here.
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FIG. 4. Profile of F; for a = B8 = 1.

For the other extended Nahm data 7™, we have

~1 . 0'1
T'(s) _Z(flf4+f2f3)'7’

2

2(9) = ~2(fsf1 + fof ) 5
T3(s) = =2(f1f2 + fafa) '%3 + W’
3 2 2 2
T46) = 2Afifa = fifi) 5 = 2 = LY
(3.45)

where the parameters a and b which determine the Nahm
data 7' = F'o'/2 are the same as the ones for 7.
However, T/ is divergent at s = 0 and is finite at s = s.,
in contrast to the profile of 77.

As we said in this section, with the parameters «, 3, y as
(2.29), with y, = 4mv/k, and taking the k — oo limit, one
can interpret the Nahm data as actually representing the
D2-D4 bound state. In this case a, b are a = a}/47* and
b = B3/4m*. The parameter of the translation (3.39) is
—27v?/k, which means that by (3.23), the center of the
two D2-branes is at the origin. Since a/y = 0, by (3.41)
the inequality sy = s. is saturated, and the positions of the
D4-branes coincide with those of the M5-branes.

B. Conserved quantities by Lax formula

It is known that the Nahm equation (3.5) can be written
as the Lax form and then there are infinitely many con-
served quantities. This implies that the BPS equation (2.1)
for the M2-MS5 bound state also has infinitely many con-
served quantities because of the map between the solutions
of the two sets of the equations shown in this section.

The Nahm equation for the 7! is equivalent to the
equation in the Lax form:

PHYSICAL REVIEW D 86, 125027 (2012)

A=A B] (3.46)
where
Als; 1) =i(r3 Ay - L - iTZ)) (3.47)
o 2 22 ’ '
B(s;A) = —T3 — MT' + iT?), (3.48)

for YA € C. This enables us to write down the infinitely
many conserved quantities [29] (which do not need to be
independent of each other)

E,(A) = Tr(A"), (3.49)

E, (A)=0. (3.50)

In terms of the original variables Y“, we find a simple
factorized form:'*

1

A(s; 1) =Yyt — X1/11/2T + AY2y — y2y
1

=(Y'+ /\1’2)(1/1T - XW*). (3.53)

By the symmetry transformation, E,(A) transforms in
the simple way. Indeed, it is invariant under the U(N) X
U(N). Under the SU(2) global transformation, Y¢ — A%,

where
a b
A—[_E &] (3.54)
and |a|? + |b|? = 1, we have
E,(A) = v"E, (X)), (3.55)
where
_ 1
v=lal*—|b]?— rab+ Xab’ (3.56)
b+ Aa
= a. (3.57)
a— Ab

Some of the conserved quantities represent the space-
time configuration of the D1-D3 system. The center of the
D1-branes may be defined as

(th = % Tr(T7), (3.58)

“The conserved quantities can be constructed also from 77 as
~ k (= A= - 1. -
Als; ) = — (T3 + (T +iT?) — — Tlf'T2)
(s:0) = o (194 50 +4T) = (' = i)
1
= 't + )\Y”)(Yl - XYZ). (3.51)
However, they are not independent of E,(A) as seen from

E (A) = Tr(A") = E,(— 1/ ). (3.52)
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which is written by E{(A) as

44 47
() = N Re[E ], () = W Im[E, ],

5 (3.59)
(r)y = %[EI]O,
where [E, ], is given by
E,(\) = > [E, ]\ (3.60)

IEZ

We can also consider the parameters which may represent
how the shape of the Dl1-branes is squashed in the #/
plane:

82 = L Te((T! — (Y2

3.61
N (3.61)
These are written by E,(A) as

1677
8} = 83 = - (Re[Ex]y) — (1) + (P,

k*N
8~ 82 = 1 (CaRe[Es]y — [Bxly) — (2 + (°F
2 3_W( elEx], — [Ey)o) — (27 +(F),

2 _ 2=4_7T2_ _I3\2 1\2
8 — 8 = o (F2RABL + [Ely) — (0 + ('),

(3.62)
" k (y+ By —a?
AN) = ——
4m </\ — %)aﬂ — ()\ + %)ay
and
2 )
W=@=o @=--FITC G
Ao (F oy B oy et~ ) (3.69)

3-8 =p(y'—ad).

In both cases, one can have the solution centered at an
arbitrary point by adjusting the parameters of the solution
and SU(2) rotation. Thus we explicitly see that the moduli

PHYSICAL REVIEW D 86, 125027 (2012)

For the funnel type solutions, we obtain

kC?

by evaluating it at s— oo. Thus, the center of the
D1-branes is

(Y =({{?* =0, )= — CTZ(N -1, (3.64)

and the shape parameters are given by

YN —D)

S -83=0 8- —

83 =
3.65
_ C*N?—1) (3.63)

% a8

which show that the D1-branes are squashed to the ¢
direction. For the "t Hooft-Polyakov type solutions, we find

Y1+)\Y2= ili/\('y—i_ﬂ) a

at s = s../2. Thus we can compute

(= o e

(y = B?—a?

(3.67)

corresponding to the translation, which is realized trivially
in the D2-D4 case, also exists in the M2-M5 case.

ACKNOWLEDGMENTS

S.T. would like to thank K. Hosomichi for useful dis-
cussions. The work of S. T. is partly supported by the Japan
Ministry of Education, Culture, Sports, Science and
Technology (MEXT), and by the Grant-in-Aid for the
Global COE program ‘““The Next Generation of Physics,
Spun from Universality and Emergence’” from the MEXT.

[1] J. Bagger and N. Lambert, J. High Energy Phys. 02 (2008)
105; Phys. Rev. D77, 065008 (2008); 75, 045020 (2007).

[2] A. Gustavsson, Nucl. Phys. B811, 66 (2009).

[3] O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena,
J. High Energy Phys. 10 (2008) 091.

[4] J. Bagger, N. Lambert, S. Mukhi, and C. Papageorgakis,
arXiv:1203.3546.

[5] J. Kallen, J. A. Minahan, A. Nedelin, and M. Zabzine, J.
High Energy Phys. 10 (2012) 184.

[6] H.-C. Kim and S. Kim, arXiv:1206.6339.

125027-10


http://dx.doi.org/10.1088/1126-6708/2008/02/105
http://dx.doi.org/10.1088/1126-6708/2008/02/105
http://dx.doi.org/10.1103/PhysRevD.77.065008
http://dx.doi.org/10.1103/PhysRevD.75.045020
http://dx.doi.org/10.1016/j.nuclphysb.2008.11.014
http://dx.doi.org/10.1088/1126-6708/2008/10/091
http://arXiv.org/abs/1203.3546
http://dx.doi.org/10.1007/JHEP10(2012)184
http://dx.doi.org/10.1007/JHEP10(2012)184
http://arXiv.org/abs/1206.6339

M5-BRANES IN THE AHARONY-BERGMAN-JAFFERIS- ...

(7]
(8]
(91

[10]
(1]

[12]
[13]
[14]

[15]
[16]

K. Hosomichi, R.-K. Seong, and S. Terashima, Nucl. Phys.
B865, 376 (2012).

J. Kallen and M. Zabzine, J. High Energy Phys. 05 (2012)
125.

J. Kallen, J. Qiu, and M. Zabzine, J. High Energy Phys. 08
(2012) 157.

S. Terashima, J. High Energy Phys. 08 (2008) 080.

J. Gomis, D. Rodriguez-Gomez, M. Van Raamsdonk, and
H. Verlinde, J. High Energy Phys. 09 (2008) 113.

A. Basu and J. A. Harvey, Nucl. Phys. B713, 136 (2005).
K. Hanaki and H. Lin, J. High Energy Phys. 09 (2008) 067.
H. Nastase, C. Papageorgakis, and S. Ramgoolam, J. High
Energy Phys. 05 (2009) 123.

A. Gustavsson, J. High Energy Phys. 06 (2012) 174.

S. Terashima and F. Yagi, J. High Energy Phys. 12 (2009)
059.

S. Terashima and F. Yagi, J. High Energy Phys. 03 (2011)
036.

D.-E. Diaconescu, Nucl. Phys. BS03, 220 (1997).

[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

(27]
(28]

[29]

125027-11

PHYSICAL REVIEW D 86, 125027 (2012)

E. Corrigan and P. Goddard, Ann. Phys. (N.Y.) 154, 253
(1984).

A. Gustavsson, J. High Energy Phys. 04 (2008) 083.

C. Saemann, Commun. Math. Phys. 305, 513 (2011).

S. Palmer and C. Saemann, J. High Energy Phys. 10
(2011) 008.

C. Krishnan and C. Maccaferri, J. High Energy Phys. 07
(2008) 005.

S. Mukhi and C. Papageorgakis, J. High Energy Phys. 05
(2008) 085.

J. Bagger and N. Lambert, Phys. Rev. D 79, 025002
(2009).

A. Mohammed, J.
arXiv:1206.7058.

D. Nogradi, J. High Energy Phys. 01 (2006) 010.

K. Hosomichi, K.-M. Lee, S. Lee, S. Lee, J. Park, and P.
Yi, J. High Energy Phys. 11 (2008) 058.

N. Manton, Topological Solitons (Cambridge University
Press, Cambridge, England, 2004).

Murugan, and H. Nastase,


http://dx.doi.org/10.1016/j.nuclphysb.2012.08.007
http://dx.doi.org/10.1016/j.nuclphysb.2012.08.007
http://dx.doi.org/10.1007/JHEP05(2012)125
http://dx.doi.org/10.1007/JHEP05(2012)125
http://dx.doi.org/10.1007/JHEP08(2012)157
http://dx.doi.org/10.1007/JHEP08(2012)157
http://dx.doi.org/10.1088/1126-6708/2008/08/080
http://dx.doi.org/10.1088/1126-6708/2008/09/113
http://dx.doi.org/10.1016/j.nuclphysb.2005.02.007
http://dx.doi.org/10.1088/1126-6708/2008/09/067
http://dx.doi.org/10.1088/1126-6708/2009/05/123
http://dx.doi.org/10.1088/1126-6708/2009/05/123
http://dx.doi.org/10.1007/JHEP06(2012)174
http://dx.doi.org/10.1088/1126-6708/2009/12/059
http://dx.doi.org/10.1088/1126-6708/2009/12/059
http://dx.doi.org/10.1007/JHEP03(2011)036
http://dx.doi.org/10.1007/JHEP03(2011)036
http://dx.doi.org/10.1016/S0550-3213(97)00438-0
http://dx.doi.org/10.1016/0003-4916(84)90145-3
http://dx.doi.org/10.1016/0003-4916(84)90145-3
http://dx.doi.org/10.1088/1126-6708/2008/04/083
http://dx.doi.org/10.1007/s00220-011-1257-2
http://dx.doi.org/10.1007/JHEP10(2011)008
http://dx.doi.org/10.1007/JHEP10(2011)008
http://dx.doi.org/10.1088/1126-6708/2008/07/005
http://dx.doi.org/10.1088/1126-6708/2008/07/005
http://dx.doi.org/10.1088/1126-6708/2008/05/085
http://dx.doi.org/10.1088/1126-6708/2008/05/085
http://dx.doi.org/10.1103/PhysRevD.79.025002
http://dx.doi.org/10.1103/PhysRevD.79.025002
http://arXiv.org/abs/1206.7058
http://dx.doi.org/10.1088/1126-6708/2006/01/010
http://dx.doi.org/10.1088/1126-6708/2008/11/058

