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Most calculations in cosmological perturbation theory, including those dealing with the inflationary

generation of perturbations, their time evolution, and their observational consequences, decompose those

perturbations into plane waves (Fourier modes). However, for some calculations, particularly those

involving observations performed on a spherical sky, a decomposition into waves of fixed total angular

momentum (TAM) may be more appropriate. Here we introduce TAM waves—solutions of fixed total

angular momentum to the Helmholtz equation—for three-dimensional scalar, vector, and tensor fields.

The vector TAM waves of given total angular momentum can be decomposed further into a set of three

basis functions of fixed orbital angular momentum, a set of fixed helicity, or a basis consisting of a

longitudinal (L) and two transverse (E and B) TAM waves. The symmetric traceless rank-2 tensor TAM

waves can be similarly decomposed into a basis of fixed orbital angular momentum or fixed helicity, or

a basis that consists of a longitudinal (L), two vector (VE and VB, of opposite parity), and two tensor

(TE and TB, of opposite parity) waves. We show how all of the vector and tensor TAM waves can be

obtained by applying derivative operators to scalar TAM waves. This operator approach then allows one to

decompose a vector field into three covariant scalar fields for the L, E, and B components and symmetric-

traceless-tensor fields into five covariant scalar fields for the L, VE, VB, TE, and TB components.

We provide projections of the vector and tensor TAM waves onto vector and tensor spherical harmonics.

We provide calculational detail to facilitate the assimilation of this formalism into cosmological

calculations. As an example, we calculate the power spectra of the deflection angle for gravitational

lensing by density perturbations and by gravitational waves. We comment on an alternative approach to

cosmic microwave background fluctuations based on TAM waves. An accompanying paper will work out

three-point functions in terms of TAM waves and their relation to the usual Fourier-space bispectra.

Our work may have applications elsewhere in field theory and in general relativity.

DOI: 10.1103/PhysRevD.86.125013 PACS numbers: 04.20.Cv, 98.80.Jk

I. INTRODUCTION

Much of modern cosmology involves the study of the
origin and evolution of scalar, vector, and tensor fields.
Examples of scalar fields include the inflaton [1] and the
quintessence field [2]. Perturbations in the inflaton are
considered as seeds for primordial perturbations to the
curvature, and there is active investigation of the effects
of quintessence perturbations on the evolution of density
perturbations at late times. Magnetic fields provide an
example of vector fields in cosmology [3,4], and vector
fields have appeared elsewhere as well [5]. The most gen-
eral perturbation to the spacetime metric involves a rank-2
tensor field [6], the six components of which, as is well
known, can be decomposed into a trace, a longitudinal
mode, two vector modes, and two transverse-traceless
modes, the latter of which propagate in general relativity
as gravitational waves. A stochastic background of cosmo-
logical gravitational waves may have been produced during
inflation [7] and are now being actively sought through the
curl component (B mode) they induce in the anisotropy of
the cosmic microwave background (CMB) polarization [8].

The vast majority of the literature on such fields and
perturbations proceeds by decomposing the perturbations
into Fourier modes (or plane waves) eik�x, each of which

then evolves independently to first order in perturbation
theory. A primordial random field, such as that produced
by inflation, is then assembled by adding all such plane
waves with the Fourier amplitude for each wave vector k
selected from a Gaussian distribution with a variance given
by the power spectrum PðkÞ.
However, observations of the Universe are performed on

a spherical sky. It may thus be advantageous, in some
cases, to consider decomposition of the scalar/vector/
tensor fields under consideration into a basis that reflects
the rotational symmetry of the spherical sky. With this
motivation in mind, we introduce here total-angular-
momentum (TAM) waves for scalar, vector, and tensor
fields. We provide a complete orthonormal set of basis
functions for scalar, vector, and tensor fields on three-
dimensional Euclidean space, of fixed orbital angular mo-
mentum. These basis functions are eigenfunctions of the
Laplacian operator. There are three vector TAM waves for
each total angular momentum, and we decompose these
three into a basis of fixed orbital angular momentum
(OAM), a basis of fixed helicity, and a basis that separates
the longitudinal (L) and two transverse modes, E and B, of
opposite parity. There are similarly five sets of TAM basis
functions for traceless rank-2 symmetric tensors, and we
provide similar decompositions into three sets of bases: an
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OAM basis, a helicity basis, and a basis that decomposes
into a longitudinal (L) TAM wave, two vector waves, VE
and VB, of opposite parity, and two transverse waves, TE
and TB, of opposite parity. A random field can then be
assembled by adding all such TAM waves, with the am-
plitude for each TAM wave of wavenumber k selected
from a Gaussian distribution with variance PðkÞ, as will be
detailed below.

The L=E=B basis for vectors, and the L=VE=VB=
TE=TB basis for traceless symmetric rank-2 tensors,
are first derived from the OAM basis. The helicity
bases are then simply related to these L=E=B and
L=VE=VB=TE=TB bases. We then present an alternative
derivation of these TAM-wave bases by introducing sets
of vector and traceless-tensor differential operators that,
when applied to the scalar TAM waves, yield the L=E=B
and L=VE=VB=TE=TB TAM waves. This operator appro-
ach then allows one to write an arbitrary vector field VaðxÞ
in terms of three covariant scalar functions VLðxÞ, VEðxÞ,
and VBðxÞ and an arbitrary tensor field habðxÞ in terms
of five covariant scalar functions hLðxÞ, hVEðxÞ, hVBðxÞ,
hTEðxÞ, hTBðxÞ. The operator approach also allows one to
obtain sets of vector and tensor basis functions from any
other set of scalar basis functions.

We also provide the projections of the TAM vector and
tensor waves onto vector and tensor spherical harmonics.
This is equivalent, as will be seen below, to providing the n̂,

�̂, and �̂ components of the TAM vector and tensor waves.
The utility of TAM waves, as well as these projections, is
illustrated with a rederivation of the power spectra for weak
lensing by density perturbations and gravitational waves.

The bases we provide here for three-dimensional fields
are to be contrasted with earlier work [8], developed for
CMB polarization and weak-lensing shear, on bases for
tensor fields on the two-sphereS2, andwith bases for vector
fields (the weak-lensing deflection angle) [9]; we will show

below, though, how the �̂-�̂ components of the three-
dimensional TAMwavesmap onto the familiar vector/tensor
spherical harmonics. References [10–12] present the E=B
modes of three-dimensional vector and tensor harmonics
in open and closed Friedmann-Robertson-Walker space.
The TAM-wave basis for scalar fields has already been
employed in cosmology [13–17] (sometimes referred to as
a ‘‘spherical-wave’’ or ‘‘Fourier-Bessel’’ expansion). The
vector TAMwaves are familiar from electromagnetic theory
[18,19]. Some steps along these lines for tensor fields were
taken in Ref. [20], although they retained plane waves for
the spatial dependence. There are some resemblances to
Ref. [21], whowere considering classical cosmological tests.
References [22,23] have taken significant steps in the direc-
tion we pursue here for the description of weak lensing by
density perturbations, and there are some analogues to this
work in the gravitational-wave literature (see, e.g., Ref. [24]).

Below we begin in Sec. II with a brief discussion of our
notation. Section III presents TAM waves for scalar fields

beginning, by way of introduction, with a review in
Sec. III A of the Fourier expansion of scalar fields.
Section IV discusses vector fields, beginning in IVA with
plane waves and moving on in IVB to TAM waves with
vector fields. There the TAM waves of fixed total angular
momentum are decomposed into OAM, L=E=B, and he-
licity bases. We introduce in Sec. IVB 3 a set of derivative
operators that, when applied to the scalar TAM waves,
provide TAM vector waves in the L=E=B basis. We also
show here how this operator approach can be used to find
scalar functions associated with the L, E, and B compo-
nents. The rest of Sec. IV discusses the projection of the
TAM vector waves onto vector spherical harmonics
(Sec. IVB 5), results that are useful, e.g., for observational
quantities like the lensing deflection field that are repre-
sented as vectors on the two-sphere; the transformation
between vector plane waves and vector TAM waves
(Sec. IVB 6); and the expansion of vector fields in terms
of TAM waves and the relation between the TAM-wave
power spectra and the more familiar plane-wave power
spectra (Sec. IVB 7). Section V provides a discussion of
tensor TAM waves with an organization that parallels
precisely that for vector waves in Sec. IV. Section VI
presents, as an example of the utility of the TAM-wave
formalism, a calculation of the power spectra for the deflec-
tion angle from gravitational lensing by density (scalar)
perturbations and gravitational waves (transverse-traceless
tensor perturbations). Section VII discusses the prospects for
writing the Boltzmann equations for the evolution of CMB
fluctuations using the TAM-wave formalism. Section VIII
provides closing remarks. Appendixes A and B provide
calculational details, and Appendix C provides a proof that
the functions obtained by the action of irreducible-tensor
operators on TAM waves are TAM waves of the same total-
angular-momentum quantum numbers JM.

II. NOTATION

Throughout this paper we use the symbol �kðxÞ to
denote solutions to the Helmholtz equation,

ðr2 þ k2Þ�kðxÞ ¼ 0; (1)

where x is the spatial position, and k is the magnitude of
the wave vector. In order to reduce clutter, we will often
suppress the k superscript. We will be dealing with solu-
tions�k

ðJMÞðxÞ that are eigenstates of total angular momen-

tum and its z component labeled by eigenvalues J and M,
respectively. We will also obtain scalar, vector, and tensor
solutions to the Helmholtz equation, and we will denote
those solutions (actually, the components of those solu-
tions) by �ðJMÞðxÞ, �ðJMÞaðxÞ, and �ðJMÞabðxÞ (where we

have suppressed the k superscript, as we will do frequently
throughout), respectively. The number of indices in the
subscript, outside the parentheses, indicates whether the
quantity is a scalar, vector, or tensor. As we will see,
the vector and tensor eigenfunctions of fixed JM can be
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decomposed into states of fixed orbital angular momentum,
fixed helicity, or a longitudinal/transverse decomposition.
These will be labeled by a superscript. For example, the
vector eigenstate of total angular momentum JM for
wave vector k with orbital angular momentum l will be

�l;k
ðJMÞaðxÞ, and the vector TAM waves in the transverse/

longitudinal basis will be referred to by��;k
ðJMÞaðxÞ, for � ¼

L, E, B, and in the helicity basis by ��;k
ðJMÞaðxÞ, for � ¼ 0,

�1. Again, the k superscript will often be suppressed. We
often refer to Va as a ‘‘vector,’’ although strictly speaking,
it is the dual vector associated with the vector Va; there
should never be any confusion given that the dual vector
has a lowered index and the vector a raised index. The
indices are raised and lowered with a metric gab, and the
antisymmetric tensor is �abc. Since we are dealing with flat
three-dimensional space, the metric may be taken to be a
Kronecker delta with Cartesian coordinates, in which case
the raising and lowering of indices is trivial. However, we
will at times work in spherical coordinates r, �,� in which
case gab is not trivial. In some places we will deal with
functions on the two-sphere S2, and in these cases we
denote the metric and antisymmetric tensor for the two-
sphere by gAB and �AB, respectively, with capital indices.

We will also, by way of introduction, deal with
plane-wave solutions to the Helmholtz equation. We
will label the scalar, vector, and tensor solutions by
�kðxÞ, �k

a ðxÞ, and �k
abðxÞ, respectively. An additional

superscript will denote the decomposition into OAM,
helicity, or longitudinal/transverse eigenstates.1 For refer-
ence, we list in Table I the symbols used in this paper.

III. SCALAR FIELDS

A. Plane waves

We begin with scalar fields to provide a simple introduc-
tion. Our aim is to find solutions �ðxÞ to the scalar
Helmholtz equation, ðr2 þ k2Þ�ðxÞ ¼ 0. The most general
solution can be written in terms of plane waves �kðxÞ ¼
eik�x, eigenfunctions of the momentum operator �ir. The
set of solutions for all k constitute a complete orthonormal
basis for scalar functions �ðxÞ, normalized so thatZ

d3x�kðxÞ½�k0 ðxÞ�� ¼ ð2�Þ3�Dðk� k0Þ; (2)

where �Dðk� k0Þ is a Dirac delta function. The most
general scalar function can then be expanded,

�ðxÞ ¼
Z d3k

ð2�Þ3
~�ðkÞ�kðxÞ;

where ~�ðkÞ ¼
Z

d3x�ðxÞ½�kðxÞ��:
(3)

The power spectrumPðkÞ for a scalar field is then defined by
h ~�ðkÞ ~��ðk0Þi ¼ ð2�Þ3�Dðk� k0ÞPðkÞ; (4)

where the angle brackets denote an expectation value over
all realizations of the random field.

B. Total-angular-momentum waves

Our aim here, though, is to find solutions that are eigen-
functions of angular momentum. This is easily done with
the plane-wave expansion,

eik�x ¼X
lm

4�iljlðkrÞY�
ðlmÞðk̂ÞYðlmÞðn̂Þ; (5)

where jlðxÞ is a spherical Bessel function, and YðlmÞðn̂Þ are
(scalar) spherical harmonics.2 We then find that if we
choose TAM basis functions,

�k
ðlmÞðxÞ � jlðkrÞYðlmÞðn̂Þ; (6)

where r � jxj and n̂ � x=r, then an arbitrary scalar func-
tion can be expanded as

�ðxÞ ¼ X
lm

Z k2dk

ð2�Þ3 �ðlmÞðkÞ4�il�k
ðlmÞðxÞ; (7)

with

�ðlmÞðkÞ ¼
Z

d3x½4�il�k
ðlmÞðxÞ���ðxÞ

¼
Z

d2k̂ ~�ðkÞY�
ðlmÞðk̂Þ: (8)

Here we have used the relations,Z
k2dkjlðkrÞjlðkr0Þ ¼ �

2r2
�Dðr� r0Þ;X

lm

YðlmÞðn̂ÞY�
ðlmÞðn̂0Þ ¼ �Dðn̂� n̂0Þ:

(9)

The orthonormality relation for the basis functions is

16�2
Z

d3x½�k
ðlmÞðxÞ���k0

ðl0m0ÞðxÞ

¼ �ll0�mm0
ð2�Þ3
k2

�Dðk� k0Þ; (10)

where �ij is the Kronecker delta. The basis functions also

satisfy,

X
lm

Z k2dk

ð2�Þ3 ½4�i
l�k

ðlmÞðxÞ��½4�il�k
ðlmÞðx0Þ�¼�Dðx�x0Þ;

(11)

which demonstrates that the �k
ðlmÞðxÞ constitute

a complete basis for scalar functions on R3. The

1Note that there is no such superscript for scalar waves, as the
OAM and TAM waves coincide for scalar fields, since they have
no spin.

2We choose the spherical Bessel function of the first kind
jlðkrÞ rather than the second kind nlðkrÞ, so that the TAM waves
are regular at the origin. There may be cases, for example in
application of this formalism to emission or scattering of gravi-
tational radiation, in which the second function nlðkrÞ may need
to be introduced.
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TABLE I. A list of mathematical symbols used. The number in the right-most column indicates the equation in or near which the
symbol is first defined or used.

x ¼ x, y, z, r ¼ jxj, and n̂ A point in R3, its norm, and a unit vector in its direction

k, ka, and k ¼ jkj Fourier wave vector, its components, and its magnitude

k̂, �̂, etc. and k̂a, �̂a, etc. Unit vectors in the k, �, etc. directions and their components

r, ra Covariant derivative wrt x and its components

* and y As superscripts represent complex conjugation and hermitian conjugate

hXi Average over all realizations of random variable X (4)

�Dðk� k0Þ The one-dimensional Dirac delta function (9)

�Dðk� k0Þ The three-dimensional Dirac delta function (2)

a; b; c; . . . Three-dimensional tensor indices

A; B;C; . . . Two-dimensional tensor indices

"̂a Polarization vector

�ij Kronecker delta

gab and �abc Metric and antisymmetric tensor in R3

gAB and �AB Metric an antisymmetric tensor on S2 (89)

"sab Polarization tensors (67)

"̂abðkÞ Polarization tensor for tensor plane wave (96)
~habðkÞ Fourier transform of habðxÞ (67)

hsðkÞ Amplitudes for tensor plane-wave components (67)

L and La Orbital-angular-momentum operator and its components

S Spin operator

J and Ja Total-angular-momentum operator and its components

J and M Quantum numbers for total angular momentum and its z component

l and m Quantum numbers for orbital angular momentum and its z component�
l1 l2 l3
m1 m2 m3

�
Wigner-3j symbol (A7)�

l1 l2 l3
m1 m2 m3

�
Wigner-6j symbol (B4)

hl1m1l2m2jJMi Clebsch-Gordan coefficient (20)

VaðxÞ Vector field (15)

habðxÞ Tensor field (67)
~V�ðkÞ Fourier coefficients for vector field (15)

V�ðxÞ Scalar fields for � ¼ L, E, B components of vector field (64)

h�ðxÞ Scalar fields for � ¼ L, VE, VB, TE, TB components of traceless tensor field (114)

PðkÞ Power spectrum for density perturbations (4)

PLðkÞ, PTðkÞ Power spectra for longitudinal and transverse modes of vector field (17)

PþðkÞ,P�ðkÞ Power spectra for left- and right-circularly polarized vector fields (18)

PhðkÞ Power spectrum for transverse-traceless mode of tensor field (68)

�kðxÞ Solutions to the Helmholtz equation for wave number k (1)

�ðxÞ Scalar functions (3)
~�ðkÞ The Fourier transform of �ðxÞ (3)

�ðlmÞðkÞ TAM-wave transform of �ðxÞ (8)

�ðxÞ Scalar for longitudinal component of hab (67)

waðxÞ Transverse-vector field for vector component of hab (67)

hTTab ðxÞ Transverse-traceless part of hab (67)

�kðxÞ Scalar plane-wave mode (2)

��;k
a ðxÞ Vector plane-wave mode for polarization � ¼ L, 1, 2 (13)

��;k
a ðxÞ Circularly polarized vector plane-wave mode for helicity � ¼ �1 (18)

jlðxÞ and nlðxÞ Spherical Bessel functions of the first and second kind (9)

YðlmÞðn̂Þ Scalar spherical harmonic (9)

e �m
a Spherical basis for vector (19)

t ~mab Spherical basis for tensor (70)

Yl
ðJMÞaðn̂Þ Vector spherical harmonic of OAM l, for l ¼ J � 1, J, J þ 1 (20)

Y�
ðJMÞaðn̂Þ Vector spherical harmonic in the longitudinal/transverse basis for � ¼ L, E, B (44)

Y�
ðJMÞaðn̂Þ Vector spherical harmonic of helicity � ¼ 0, �1 (51)

Yl
ðJMÞabðn̂Þ Tensor spherical harmonic of OAM l, for l ¼ J � 2; . . . ; J þ 2 (71)

Y�
ðJMÞabðn̂Þ Tensor spherical harmonic for � ¼ L, VE, VB, TE, TB (92)

Y�
ðJMÞabðn̂Þ Tensor spherical harmonic of helicity � ¼ 0, �1, �2 (99)
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products of TAM-wave coefficients have expectation
values,

h�ðlmÞðkÞ��
ðl0m0Þðk0Þi¼

ð2�Þ3
k2

�Dðk�k0Þ�ll0�mm0PðkÞ: (12)

IV. VECTOR FIELDS

A. Plane waves

We now generalize to vector fields. Again we begin by
reviewing plane-wave vector solutions to the Helmholtz
equation. Three solutions to the vector Helmholtz equa-
tion, ðr2 þ k2Þ�aðxÞ ¼ 0 can be obtained, for each
Fourier wave vector k, as

�L;k
a ðxÞ¼ð1=kÞra�

kðxÞ¼ik̂ae
ik�x;

�1;k
a ðxÞ¼ 1

jk�ẑjðr�ẑ�kðxÞÞa

¼ 1

jk�ẑj�abcr
bẑc�kðxÞ¼i½k�ẑ�a

jk�ẑj eik�x;

�2;k
a ðxÞ¼�i

k
�ab

crb�1;k
c ðxÞ

¼ �i

kjk�ẑjðrarb�gabr2Þẑb�kðxÞ

¼i½k�ðk�ẑÞ�a
kjk�ẑj eik�x; (13)

�ðlmÞðxÞ Scalar TAM wave (6)

�l
ðJMÞaðxÞ Vector TAM wave of OAM l, for l ¼ J � 1, J, J þ 1 (20)

��
ðJMÞaðxÞ Vector TAM wave in the longitudinal/transverse basis for � ¼ L, E, B (35)

��
ðJMÞaðxÞ Vector TAM wave of helicity � ¼ 0, �1 (36)

Vl
ðJMÞ, V

�
ðJMÞ, V

�
ðJMÞ Vector TAM-wave coefficients (54)

�l
ðJMÞabðxÞ Tensor TAM wave of OAM l, for l ¼ J � 2; . . . ; J þ 2 (71)

��
ðJMÞabðxÞ Tensor TAM wave for � ¼ L, VE, VB, TE, TB (85)

��
ðJMÞabðxÞ Tensor TAM wave of helicity � ¼ 0, �1, �2 (87)

hlðJMÞ, h
�
ðJMÞ, h

�
ðJMÞ Tensor TAM-wave expansion coefficients (102)

Al
ðJMÞ, A

�
ðJMÞ, A

�
ðJMÞ, Plane-wave expansion coefficients for vectors (47)

Bl
ðJMÞ, B

�
ðJMÞ, B

�
ðJMÞ, Plane-wave expansion coefficients for tensors (96)

Da, Ma, and Ka Differential operators (30)

Na, M?a, and Ka Operators normal (Na) tangential (M?a, Ka) to S2 (39)

T�
ab Differential operators generating ��

ðJMÞab from �ðJMÞ (82)

W�
ab Differential operators generating Y�

ðJMÞab from YðJMÞ (90)

TJ
�l, T

J
��, T

J
�l Transformation matrices between different vector bases (37)

UJ
�l, U

J
��, U

J
�l Transformation matrices between different tensor bases (88)

�a Lensing deflection field (118)

�ab Projection tensor (38)

	 and 	0 Conformal time and its value today (118)

’ðn̂Þ and �ðn̂Þ Projected lensing potentials (119)

’ðJMÞ and �ðJMÞ Lensing-potential spherical-harmonic coefficients (120)

C’’
J and C��

J Lensing angular power spectra (120)

TscaðkÞ Density-perturbation transfer function (122)

að	Þ and D1ð	Þ Scale factor and density-perturbation growth factor (122)

�k;p
ðJMÞ Primordial amplitude for TAM wave of density perturbation (122)

Fsca;GW
J ðkÞ Lensing transfer function for density perturbations and gravitational waves (124)

CEE
J and CBB

J Lensing angular power spectra (126)

Tðk; 	Þ Time evolution for gravitational wave (127)

fXJ ðkrÞ Radial eigenfunctions for gravitational-wave transfer functions (133)

�ðx; q̂;	Þ Radiation perturbation (144)

�k;JM
ll0 Expansion coefficients for radiation perturbation (144)

�k;JM
ll0 ðx; q̂Þ TAM eigenfunctions of x and q̂ (144)

q̂ Direction of photon momentum (144)

Ol
m mth component of irreducible-tensor operator of rank l (C2)

O�
a Vector operator for � ¼ L, E, B (57)

Dl
mm0 Wigner rotation matrix (C4)

R An Oð3Þ rotation (C2)

TABLE I. (Continued)
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where ẑ is a unit vector in the z direction, and �abc is the

totally antisymmetric tensor. Here �L;k
a ðxÞ is a longitudi-

nal vector field, and�1;k
a ðxÞ and�2;k

a ðxÞ are the two linear
polarizations for the transverse part of the vector field.

We could have written Eq. (13) more simply as�X;k
a ðxÞ ¼

i"̂Xa ðk̂Þeik�x, with "̂La ¼ ka and "̂1;2a two other unit vectors
orthogonal to ka and to each other. We have written in
Eq. (13) one choice for these polarization vectors explicitly
in terms of a fixed unit vector ẑ to motivate a choice of
polarization vectors for the TAM waves later.

These mode functions are normalized so that they con-
stitute a complete orthonormal set,Z

d3x��;kaðxÞ½�
;k
a ðxÞ�� ¼ ð2�Þ3�Dðk� k0Þ��
; (14)

where �, 
 ¼ fL; 1; 2g. The three mode functions are,
furthermore, orthogonal at each point. An arbitrary vector
field VaðxÞ can then be expanded as

VaðxÞ ¼
Z d3k

ð2�Þ3 ½
~VLðkÞ�L;k

a ðxÞ þ ~V1ðkÞ�1;k
a ðxÞ

þ ~V2ðkÞ�2;k
a ðxÞ�; (15)

in terms of Fourier expansion coefficients,

~VLðkÞ ¼
Z
d3xVaðxÞ½�L;k

a ðxÞ��

¼�
Z
d3x½�kðxÞ�� 1

k
raVaðxÞ;

~V1ðkÞ ¼
Z
d3xVaðxÞ½�1;k

a ðxÞ��

¼
Z
d3x½�kðxÞ�� 1

jk� ẑj�abcẑ
arbVcðxÞ;

~V2ðkÞ ¼
Z
d3xVaðxÞ½�2;k

a ðxÞ��

¼
Z
d3x½�kðxÞ�� �i

kjk� ẑj ẑ
aðrarb�gabr2ÞVbðxÞ:

(16)

We obtain the last equality in each line by integrating
by parts.

The statistics of the vector field are given in terms of
power spectra PLðkÞ and PTðkÞ for the longitudinal and
transverse components, respectively, that satisfy

h ~VLðkÞ ~VL�ðk0Þi ¼ ð2�Þ3�Dðk� k0ÞPLðkÞ;
h ~V1ðkÞ ~V1�ðk0Þi ¼ ð2�Þ3�Dðk� k0ÞPTðkÞ;
h ~V2ðkÞ ~V2�ðk0Þi ¼ ð2�Þ3�Dðk� k0ÞPTðkÞ:

(17)

The decomposition of the transverse component into the
two modes V� (� ¼ 1, 2) is not rotationally invariant—the
decomposition would be different if we had chosen a
different direction for ẑ—so the power spectra for the
two must be the same. However, we can alternatively

decompose the transverse-vector modes into plane waves
of right and left circular polarization, or positive and
negative helicity,

��;k
a ðxÞ ¼ 1ffiffiffi

2
p ð�1;k

a ðxÞ � i�2;k
a ðxÞÞ: (18)

Since �2;k
a ðxÞ ¼ �ði=kÞ�abcrb�1;k;cðxÞ, these modes are

invariant under rotations about the k̂ direction and thus in
some sense more ‘‘physical’’ than the 1 and 2 linear polar-
izations. It is possible (although it would require parity
breaking) that PþðkÞ and P�ðkÞ could differ. In the absence
of parity breaking PþðkÞ ¼ P�ðkÞ ¼ PTðkÞ.

B. TAM waves

The aim now is to find vector-valued functionsVaðxÞ that
satisfy the vector Helmholtz equation, ðr2þk2ÞVaðxÞ¼0,
for definite wave number magnitude k, and that trans-
form under spatial rotation as representations of order J.
In other words, we seek eigenfunctions of total angular
momentum J ¼ Lþ S, where La ¼ �i�abcx

brc is the
orbital angular momentum and S is the S ¼ 1 spin
associated with the vector space spanned by a set of
basis vectors at each spatial point. This differs from
the case of scalar fields where, with spin S ¼ 0, total-
angular-momentum eigenstates coincide with orbital-
angular-momentum states.
Our strategy will be to first construct vector-valued

eigenfunctions of total angular momentum that are also
eigenfunctions of orbital angular momentum l. We will
then construct linear combinations of states of definite total
angular momentum JM that are curl-free (the longitudinal
component) and divergence-free (the two transverse com-
ponents). We will then decompose the TAM waves also
into helicity eigenstates.

1. The orbital-angular-momentum basis

From the usual set of Cartesian basis unit vectors e�a ¼
��
a , for � ¼ x, y, z, one can construct a spherical basis e �m

a

for �m ¼ þ1, 0, �1, through3

e0a ¼ eza; e�a ¼ �ðexa � ieyaÞ=
ffiffiffi
2

p
: (19)

These constitute a complex but global basis, so these unit
vectors commute with differential operators. Under spatial
rotations, they transform as an l ¼ 1 representation.
We know for the spatial part of the eigenfunction that the
conventional scalar-valued spherical harmonics YðlmÞðn̂Þ
form a representation of order l of the spatial rotation
group. Vector-valued eigenfunctions of total angular mo-
mentum are therefore constructed via the usual scheme for
adding two angular momenta [19],

3Barred indices like �m are reserved for the order-1 spherical
basis.
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�l;k
ðJMÞaðxÞ ¼ jlðkrÞYl

ðJMÞaðn̂Þ
� X

m �m

h1 �mlmjJMijlðkrÞYðlmÞðn̂Þe �m
a ; (20)

where hl1m1l2m2jJMi are Clebsch-Gordan coefficients.
Here, J ¼ 0; 1; 2; . . . , M ¼ �J;�J þ 1; . . . ; J � 1; J, and

l ¼ J � 1, J, J þ 1. The TAM waves �l;k
ðJMÞaðxÞ are also

eigenfunctions of orbital angular momentum squared
L2 ¼ LaLa with eigenvalue lðlþ 1Þ. The angular parts
Yl
ðJMÞaðn̂Þ (three-dimensional vector spherical harmonics

of given total and orbital angular momentum) are
normalized toZ

d2n̂½Yl0a
ðJ0M0Þðn̂Þ��Yl

ðJMÞaðn̂Þ ¼ �ll0�JJ0�MM0 : (21)

There are three eigenfunctions for given total angular
momentum JM distinguished by their orbital angular
momentum l. The TAM waves are normalized so thatZ

d3x½4�iJ�l;k
ðJMÞaðxÞ��4�iJ

0
�l0;k0

ðJ0M0Þ
aðxÞ

¼ �ll0�JJ0�MM0
ð2�Þ3
k2

�Dðk� k0Þ: (22)

We also have that

X
JMl

Z k2dk

ð2�Þ3 ½4�i
l�l;k

ðJMÞ
a ðx0Þ��½4�il�l;k

ðJMÞaðxÞ�

¼ �Dðx� x0Þ; (23)

which demonstrates that the �l;k
ðJMÞaðxÞ constitute a com-

plete basis for vector functions on R3. To show this, we use
the definition in Eq. (20) to rewrite the left-hand side as

X
JMl

Z k2dk

ð2�Þ3 ð4�Þ
2jlðkrÞjlðkr0Þ½Yla

ðJMÞðn̂0Þ��Yl
ðJMÞaðn̂Þ

¼
�
2

�

Z
k2dkjlðkrÞjlðkr0Þ

�X
JMl

½Yl
ðJMÞ

a ðn̂0Þ��Yl
ðJMÞaðn̂Þ:

(24)

The k integral is

2

�

Z
k2dkjlðkrÞjlðkr0Þ ¼ 1

r2
�Dðr� r0Þ; (25)

and the sum then becomes

X
JMl

½Yl
ðJMÞ

aðn̂0Þ��Yl
ðJMÞaðn̂Þ ¼

X
JMl

X
m �m

X
m0 �m0

h1 �mlmjJMih1 �m0lm0jJMi½YðlmÞðn̂0Þe �ma��Yðlm0Þðn̂Þe �m0
a

¼ X
JMl

X
m �m

X
m0 �m0

h1 �mlmjJMih1 �m0lm0jJMi½YðlmÞðn̂0Þ��Yðlm0Þðn̂Þ� �m �m0

¼ X
lm �m

X
m0 �m0

½YðlmÞðn̂0Þ��Yðlm0Þðn̂Þ� �m �m0�mm0

¼X
lm

½YðlmÞðn̂0Þ��Yðlm0Þðn̂Þ ¼ �Dðn̂� n̂0Þ; (26)

from which Eq. (23) follows. Note that this also demon-
strates that the Yl

ðJMÞaðn̂Þ constitute a complete basis for
three-dimensional vectors on the two-sphere.

2. The longitudinal/transverse basis

The next step will be to construct linear combinations
of these OAM waves that are longitudinal and transverse.
To do so, we must calculate the divergence and curl

of �l;k
ðJMÞaðxÞ. The result for the divergence, detailed in

Appendix A, is

rra�l
ðJMÞaðxÞ ¼

8>>>><
>>>>:
�

ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
ðkrÞjJðkrÞYðJMÞðn̂Þ; l¼ J� 1;

0; l¼ J;

�
ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
ðkrÞjJðkrÞYðJMÞðn̂Þ; l¼ Jþ 1:

(27)

Since the parity of a given OAM state is ð�1Þl, and the
basis vectors in Eq. (20) of odd parity, we choose

transverse-vector fields of parity ð�1ÞJ and ð�1ÞJþ1 to
be, respectively,4

�B
ðJMÞaðxÞ ¼ i�J

ðJMÞaðxÞ; and

�E
ðJMÞaðxÞ ¼ i

2
4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J þ 1

2J þ 1

s
�J�1

ðJMÞaðxÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
�Jþ1

ðJMÞaðxÞ
3
5:

(28)

The basis functions for the longitudinal field may then be
taken to be

4The parity of ð�1ÞJ for the vector B mode and ð�1ÞJþ1 for
the vector E mode differ by �1 from the parities of the E=B
tensor spherical harmonics. However, the expansion coefficients
for the vector E and B modes have, as we will see below, parities
ð�1ÞJþ1 and ð�1ÞJ , as do the tensor-spherical-harmonic expan-
sion coefficients. The reason traces back to the transformation
property of the vector field under a parity inversion.
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�L
ðJMÞaðxÞ ¼ i

2
4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2Jþ 1

s
�J�1

ðJMÞaðxÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ 1

2Jþ 1

s
�Jþ1

ðJMÞaðxÞ
3
5:

(29)

The prefactors have been chosen so that the three sets of
eigenfunctions are normalized as in Eq. (22). We thus have
a complete orthonormal set of basis functions, of fixed total
angular momentum, for the transverse and longitudinal
components of a vector field.

3. The longitudinal/transverse basis in terms
of derivative operators

There is, however, an alternative and useful route
to these longitudinal and transverse basis functions.
In Appendix C it is proved that if an operator O is
an irreducible tensor under rotations, then J2OYðJMÞ ¼
JðJ þ 1ÞOYðJMÞ and JzOYðJMÞ ¼ MOYðJMÞ. We can there-

fore construct vector TAM waves by applying appropri-
ately defined vector operators to scalar TAM waves.

Consider three vector operators

Da � i

k
ra; Ka ��iLa; Ma � �abcD

bKc: (30)

These are irreducible-vector operators, and they all
commute with r2. They therefore yield, when acting on
scalar TAM waves, TAM vector waves of total angular
momentum JM that are also solutions of the vector
Helmholtz equation. These three sets of vector fields

must be linear combinations of �l;k
ðJMÞðxÞ, for l ¼ J � 1,

J, J þ 1 or ��;k
ðJMÞðxÞ for � ¼ L, E, B. Since the three

operators satisfy

DaKa ¼ KaDa ¼ 0; DaMa ¼ 0;

MaDa ¼ 2; KaMa ¼ MaKa ¼ 0;
(31)

it follows that Da generates the longitudinal vector

field Da�
k
ðJMÞðxÞ / �L;k

ðJMÞaðxÞ, while Ka and Ma generate

divergence-free vector fields. Since Ka is axial-vector-like

and Ma vector-like, parity considerations tell us that Ka,

generates the B mode, Ka�
k
ðJMÞðxÞ / �B;k

ðJMÞaðxÞ, whileMa

generates the E mode, Ma�
k
ðJMÞðxÞ / �E;k

ðJMÞaðxÞ.
The operators Da, Ka, and Ma are also operators in the

Hilbert space of vector-valued fields, so we can calculate
their Hermitian conjugates to be

ðDaÞy ¼ Da; ðKaÞy ¼ �Ka;

ðMaÞy ¼ �Ma þ 2Da:
(32)

Thus, when acting on �k
ðJMÞ, the three operators have

norms

ðDaÞyDa ¼ 1; ðKaÞyKa ¼ LaLa ¼ JðJ þ 1Þ;
ðMaÞyMa ¼ LaLa ¼ JðJ þ 1Þ:

(33)

These results enable us to normalize the vector TAMwaves
and to reproduce the longitudinal/transverse basis. This
operator approach has the advantage that many calcula-
tions involving vector or higher-spin TAM waves can be
reduced to the algebra of operators that act on scalar
spherical waves. The following properties of the three
operators will be useful in calculations:

½Da;Db� ¼ 0; ½Ka;Db� ¼ �abcD
c;

½Ma;Db� ¼ gab �DaDb; ½Ka;Kb� ¼ �abcK
c;

½Ka;Mb� ¼ �abcM
c; ½Ma;Mb� ¼ ��abcK

c:

(34)

We can gain insight into the operatorsDa,Ka, andMa from
the far-field limit kr ! 1, whereDa is approximated by an
ordinary vector in the radial direction, and Ka and Ma

asymptote to two orthogonal vectors in the plane perpen-
dicular to the radial direction, when they act on a scalar
TAMwave. The factor of i in the definition ofDa is chosen

so thatDa ¼ �k̂a in this limit. The sign convention for the
E=B vector TAM waves is chosen so that if we rotate the
E mode by þ90	 about the direction of wave propagation
we obtain a B mode.
To summarize, the decomposition into longitudinal and

transverse modes is

Bmode: �B
ðJMÞaðxÞ ¼

Kaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp �ðJMÞðxÞ ¼ �i

k
�abcrb�E

ðJMÞ
cðxÞ ¼ i�J

ðJMÞaðxÞ;

Emode: �E
ðJMÞaðxÞ ¼

Maffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp �ðJMÞðxÞ ¼ i

k
�abcrb�B

ðJMÞ
cðxÞ

¼ i

��
J þ 1

2J þ 1

�
1=2

�J�1
ðJMÞaðxÞ �

�
J

2J þ 1

�
1=2

�Jþ1
ðJMÞaðxÞ

�
;

longitudinal mode: �L
ðJMÞaðxÞ ¼ Da�ðJMÞðxÞ ¼ i

��
J

2J þ 1

�
1=2

�J�1
ðJMÞaðxÞ þ

�
J þ 1

2J þ 1

�
1=2

�Jþ1
ðJMÞaðxÞ

�
: (35)
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4. The helicity basis

We can define another basis, denoted by the helicity
� ¼ 0, �1, by

��1
ðJMÞaðxÞ ¼

1ffiffiffi
2

p ½�E
ðJMÞaðxÞ � i�B

ðJMÞaðxÞ�;

�0
ðJMÞaðxÞ ¼ �L

ðJMÞaðxÞ:
(36)

These are eigenstates of the helicity operator H ¼ S � p̂,
where ðSbÞac ¼ i�abc is the spin operator and p̂a ¼
�ira=k the normalized momentum operator, with eigen-
values �.

We may summarize the transformation between
the three bases—labeled by l ¼ J, J � 1, J þ 1 for the
orbital-angular-momentum basis, � ¼ B, E, L for
the longitudinal/transverse basis, and � ¼ 1, 0, �1 for
the helicity basis—by the transformation matrices,

TJ
�l ¼ i

1 0 0

0
ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
�

ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
0

ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
0
BBBB@

1
CCCCA;

TJ
�� ¼

iffiffi
2

p 1ffiffi
2

p 0

0 0 1
�iffiffi
2

p 1ffiffi
2

p 0

0
BBB@

1
CCCA;

TJ
�l ¼ i

iffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ1

2ð2Jþ1Þ
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

J
2ð2Jþ1Þ

q
0

ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
�iffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ1

2ð2Jþ1Þ
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

J
2ð2Jþ1Þ

q

0
BBBBBB@

1
CCCCCCA:

(37)

5. Projection onto vector spherical harmonics

Here we have constructed three different bases for three-
dimensional vectors on R3. We now show how the angular
components project onto the more familiar vector spherical
harmonics YE

ðJMÞaðn̂Þ and YB
ðJMÞaðn̂Þ, for two-dimensional

vectors that live on the two-sphere. These vector spherical
harmonics are given by

YE
ðJMÞaðn̂Þ ¼

�rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp r?aYðJMÞðn̂Þ;

YB
ðJMÞaðn̂Þ ¼

�rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp �abcn̂

brcYðJMÞðn̂Þ;
(38)

both of which have n̂aYE
ðJMÞaðn̂Þ ¼ 0 ¼ n̂aYB

ðJMÞaðn̂Þ. Here
r?a ¼ �a

brb is the gradient operator in the �̂-�̂ space,
and �ab ¼ gab � n̂an̂b projects onto that space. In addi-
tion, we can define a third vector spherical harmonic
YL
ðJMÞaðn̂Þ ¼ �n̂aYðJMÞðn̂Þ to account for the component

of a three-dimensional vector in the normal direction.
This set of three vector spherical harmonics pro-

vides a complete set of orthonormal basis functions for
three-dimensional vectors that live on the two-sphere.

We can obtain these vector spherical harmonics using an
operator approach that parallels that which we developed
for TAM waves. Define three dimensionless irreducible-
vector operators,

Na ¼ �n̂a; Ka ¼ �iLa; M?a ¼ �abcN
bKc:

(39)

These are analogues of the three operators Da, Ka, andMa

we defined to derive vector TAMwaves, but they act on the
Hilbert space of all functions of n̂; i.e., they do not act on
the radial coordinate r. This new set of operators satisfies
precisely the same algebra as the set fDa;Ka;Mag. They
are orthogonal to each other,

NaK
a ¼ KaN

a ¼ 0; NaM
a
? ¼ 0;

M?aN
a ¼ 2; KaM

a
? ¼ M?aK

a ¼ 0;
(40)

and they are normalized to

ðNaÞyNa ¼ NaN
a ¼ 1;

ðKaÞyKa ¼ �KaK
a ¼ L2;

ðM?aÞyMa
? ¼ �M?aM

a
? ¼ L2:

(41)

As operators in the Hilbert space, their Hermitian conju-
gates are

ðNaÞy ¼ Na; ðKaÞy ¼ �Ka;

ðM?aÞy ¼ �M?a þ 2Na:
(42)

Furthermore, they satisfy the algebraic relations,

½Na;Nb� ¼ 0; ½M?a; Nb� ¼ ðgab � NaNbÞ;
½M?a;M?b� ¼ ��abcK

c; ½Ka;Kb� ¼ �abcK
c;

½Ka;Nb� ¼ �abcN
c; ½Ka;M?b� ¼ �abcM

c
?:

(43)

The two operators Ka and M?a generate the two
transverse-vector spherical harmonics YE

ðJMÞaðn̂Þ and

YB
ðJMÞaðn̂Þ, in terms of E=B modes, while Na generates

the longitudinal vector spherical harmonic YL
ðJMÞaðn̂Þ in

the normal direction. In summary,

YB
ðJMÞaðn̂Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp KaYðJMÞðn̂Þ ¼ iYJ

ðJMÞaðn̂Þ;

YE
ðJMÞaðn̂Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp M?aYðJMÞðn̂Þ

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
YJ�1
ðJMÞaðn̂Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

s
YJþ1
ðJMÞaðn̂Þ;

YL
ðJMÞaðn̂Þ ¼ NaYðJMÞðn̂Þ

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
YJ�1
ðJMÞaðn̂Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
YJþ1
ðJMÞaðn̂Þ;

(44)
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normalized so thatZ
d2n̂

h
Y�;a
ðJMÞðn̂Þ

i�
Y

ðJ0M0Þaðn̂Þ ¼ �JJ0�MM0��
; (45)

for �, 
 ¼ fE; B; Lg. Note that although the relations
between the OAM and E=B=L vector-spherical-harmonic
bases in Eq. (44) resemble those between the OAM and
E=B=L bases for TAM waves in Eqs. (35) and (37), there
are subtle, and important, sign differences. The minus sign

in the definition of Na is chosen to match Da ¼ �k̂a.
The sign convention for E=B vector spherical harmonics
is chosen so that a rotation of the E mode by þ90	 about
the outward normal direction (i.e., the direction of n̂)
yields the B mode.

Finally, we can write the E=B=L TAMwaves in terms of
the E=B=L spherical harmonics:

�k;B
ðJMÞaðxÞ ¼ jJðkrÞYB

ðJMÞaðn̂Þ;

�k;E
ðJMÞaðxÞ ¼ �i

�
j0JðkrÞ þ

jJðkrÞ
kr

�
YE
ðJMÞaðn̂Þ

� i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ

p jJðkrÞ
kr

YL
ðJMÞaðn̂Þ;

�k;L
ðJMÞaðxÞ ¼ �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ

p jJðkrÞ
kr

YE
ðJMÞaðn̂Þ

� ij0JðkrÞYL
ðJMÞaðn̂Þ: (46)

Although the mode functions are orthonormal, we now see
that they are not orthogonal at each point. Although the L
and B modes are everywhere perpendicular and the E and
B modes everywhere perpendicular, the L and E vector
TAM waves are not always perpendicular. The Bmode has
components only in the �-� plane; i.e., na�B

ðJMÞaðxÞ ¼ 0.

The E and Lmodes most generally have components in the
tangential plane and along the normal na. In the far-field
limit kr ! 1, however, the three modes are asymptotically
perpendicular to each other.

6. The plane wave expansion for vector fields

We now determine the transformation between the vec-
tor plane-wave basis and the vector TAM-wave bases. We

start with the OAM basis. Since the �l;k
ðJMÞaðxÞ constitute a

complete basis, we may write,

"̂aðkÞeik�x ¼ X
lJM

4�ilAl
ðJMÞðk̂Þ�l;k

ðJMÞaðxÞ

¼ X
lJM

4�ilAl
ðJMÞðk̂ÞjlðkrÞYl

ðJMÞaðn̂Þ: (47)

Here "̂a is a (unit) polarization vector for the wave. The
coefficients Al

ðJMÞðkÞ may be obtained by writing eik�x in

the usual scalar plane-wave expansion,

"̂aðkÞeik�x ¼ X
lm

4�iljlðkrÞY�
ðlmÞðk̂ÞYðlmÞðn̂Þ"̂aðkÞ: (48)

We then use orthonormality of the Yl
ðJMÞaðn̂Þ to infer that

Al
ðJMÞðk̂Þ ¼ "̂aðkÞYl�

ðJMÞaðk̂Þ: (49)

We can similarly expand in terms of L, E, B modes, or
helicity modes, as

"̂aðkÞeik�x ¼ X
�¼L;E;B

X
JM

4�iJA�
ðJMÞðk̂Þ�k;�

ðJMÞaðxÞ;

"̂aðkÞeik�x ¼ X
�¼�1;0;1

X
JM

4�iJA�
ðJMÞðk̂Þ�k;�

ðJMÞaðxÞ;
(50)

in terms of expansion coefficients

A�
ðJMÞðk̂Þ ¼ "̂aðkÞY��

ðJMÞaðk̂Þ;
A�
ðJMÞðk̂Þ ¼ "̂aðkÞY��

ðJMÞaðk̂Þ:
(51)

Here, the spin-1 vector spherical harmonics are Y�¼�1
ðJMÞa ¼

2�1=2½YE
ðJMÞa � iYB

ðJMÞa�. These are related to the usual

spin-1 spherical harmonics �YðJMÞðn̂Þ [25,26] by
"̂a�0 ðkÞY�

ðJMÞaðk̂Þ ¼ ��YðJMÞðk̂Þ���0 ; �; �0 ¼ 0;�1:

(52)

Here, "̂a�ðkÞ, for � ¼ 0,�1, are the polarization vectors for
a vector plane wavewith wave vectork and helicity �. This
equation defines our phase convention for "̂�. In terms of
basis vectors in spherical coordinates, these are defined as

"̂a0 ¼ n̂a; "̂a�1 ¼ � 1ffiffiffi
2

p ð�̂a � i�̂aÞ: (53)

7. Expansion of vector fields and power spectra

An arbitrary vector field VaðxÞ can be expanded in the
OAM basis by

VaðxÞ ¼
X
JM

X
l¼J�1;J;Jþ1

Z k2dk

ð2�Þ3 V
l
ðJMÞðkÞ4�il�l;k

ðJMÞaðxÞ;

(54)

in terms of expansion coefficients,

Vl
ðJMÞðkÞ ¼

Z
d3xVaðxÞ½4�il�l;k

ðJMÞaðxÞ��: (55)

As we show in Ref. [27], these can also be written as
vector-spherical-harmonic transforms,

Vl
ðJMÞðkÞ ¼

Z
d2k̂ ~VaðkÞYl�

ðJMÞaðk̂Þ; (56)

of the vector Fourier coefficients. Analogous relations hold
for the L=E=B and helicity bases as well.
For the L=E=B basis, we may use the operator approach

discussed above to rewrite the expansion coefficients in
terms of scalar TAM waves by integrating by parts:
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V�
ðJMÞðkÞ ¼

Z
d3xVaðxÞ½4�iJ��;k

ðJMÞaðxÞ��

¼
Z

d3xVaðxÞ½4�iJO�
a�

k
ðJMÞðxÞ��

¼
Z

d3x½ðO�
a ÞyVaðxÞ�½4�iJ�k

ðJMÞðxÞ��;

(57)

where O�
a ¼ fDa;Ka;Mag, and the Hermitian conjugates

of each operator are as given in Eq. (32). Explicit expres-
sions for the expansion coefficients are

VL
ðJMÞðkÞ ¼

Z
d3x½4�iJ�k

ðJMÞðxÞ��DaV
aðxÞ; (58)

VB
ðJMÞðkÞ ¼

Z
d3x½4�iJ�k

ðJMÞðxÞ��ð�KaÞVaðxÞ; (59)

VE
ðJMÞðkÞ ¼

Z
d3x½4�iJ�k

ðJMÞðxÞ��ð�Ma þ 2DaÞVaðxÞ;
(60)

Likewise the coefficients for the helicity basis are

V�¼0
ðJMÞðkÞ ¼ VL

ðJMÞðkÞ;

V�¼�1
ðJMÞ ðkÞ ¼ 1ffiffiffi

2
p ½VE

ðJMÞðkÞ � iVB
ðJMÞ�:

(61)

In other words, the expansion coefficients for vector TAM
waves are the same as the coefficients of the scalar TAM
waves for the following three scalar functions:

VLðxÞ ¼ DaV
aðxÞ ¼ i

k
raV

aðxÞ ¼ i

k
r � VðxÞ; (62)

VBðxÞ ¼ �KaV
aðxÞ ¼ �abcx

brcVaðxÞ ¼ ½x�r� � VðxÞ;
(63)

VEðxÞ ¼ ð�Ma þ 2DaÞVaðxÞ
¼ � i

k
�abcrbKcVaðxÞ þ 2

i

k
raV

aðxÞ

¼ i

k
½fr � ðx�rÞg þ 2r� � VðxÞ:

(64)

These scalars may be useful to calculate the theoretical
expectation for TAM-wave coefficients.

Suppose now that VaðxÞ is written in terms of its longi-
tudinal and transverse parts and that these have power
spectra PLðkÞ and PTðkÞ, as defined in Sec. IVA. It follows
then that

h½V�
ðJMÞðkÞ��V


ðJ0M0Þðk0Þi

¼ PTðkÞ�JJ0�MM0��


ð2�Þ3
k2

�Dðk� k0Þ; (65)

for f�;
g ¼ fE;Bg. Similarly,

h½VL
ðJMÞðkÞ��VL

ðJ0M0Þðk0Þi ¼ PLðkÞ�JJ0�MM0
ð2�Þ3
k2

�Dðk� k0Þ;
(66)

for the longitudinal modes. The projections of a linearly-
polarized transverse-vector plane wave onto the E and B
vector TAM waves have equal amplitudes. Therefore, the
power spectra for the E and B modes must always be the
same for a realization of a statistically homogeneous ran-
dom field.

V. SYMMETRIC TENSOR FIELDS

A. Introduction and plane waves

We now consider solutions to the Helmholtz equation,
ðr2 þ k2ÞhabðxÞ ¼ 0, for a symmetric tensor field
habðxÞ ¼ hðabÞðxÞ � ½habðxÞ þ hbaðxÞ�=2. The most gen-

eral such tensor field can be decomposed into a trace
component hðxÞ, a longitudinal component �ðxÞ, two vec-
tor components wa (with rawa ¼ 0), and two transverse-
traceless tensor components hTTab (which satisfyrahTTab ¼ 0
and haa ¼ 0), as

hab ¼ hgab þ
�
rarb � 1

3
gabr2

�
�þrðawbÞ þ hTTab :

(67)

Our goal is to derive rank-2 tensor solutions to the
Helmholtz equation, of definite total angular momentum,
for these different components.
We begin, though, by reviewing the Fourier decomposi-

tion of the rank-2 tensor field. Each Fourier component of the

tensor field can be expanded as ~habðkÞ ¼ P
s"

s
abðk̂ÞhsðkÞ

in terms of six polarization states "sabðkÞ, where s ¼
f0; z; x; y;þ;�g, for the trace, longitudinal, two vector, and
two transverse-traceless polarizations, respectively, with
amplitudes hsðkÞ [28]. The polarization tensors satisfy

"s ab"s
0
ab ¼ 2�ss0 . The trace polarization tensor is "0ab /

�ab, and the longitudinal is "zab / ðkakb � k2�ab=3Þk�2.

The two vector-mode polarization tensors satisfy "x;yab /
kðaw

x;y
bÞ where wx;y

a are two orthogonal (wx awy
a ¼ 0) and

transverse (kawx;y
a ¼ 0) vectors. The two transverse-

traceless polarization states have ka"þ;�
ab ¼ 0.

The two vector (spin-1) modes x, y can alternatively
be written in terms of a helicity basis by defining two

helicity-1 polarization tensors "�1
ab ¼ ð"xab � i"yabÞ=

ffiffiffi
2

p
.

Similarly, the two transverse-traceless (spin-2) modes þ,
� can alternatively be written in terms of a helicity
basis by defining two helicity-2 polarization tensors

"�2
ab ¼ ð"þab � i"�abÞ=

ffiffiffi
2

p
.

In general relativity, power spectra PhðkÞ for gravita-
tional waves (transverse-traceless tensor fields) hab are
defined, for example, by

hhsðkÞhs0 ðk0Þi ¼ �ss0 ð2�Þ3�Dðk� k0ÞPhðkÞ
4

; (68)

for s, s0 ¼ fþ;�g, so that

h~habðkÞ~habðkÞi ¼ ð2�Þ3PhðkÞ�ss0�Dðk� k0Þ: (69)
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B. TAM waves

Our aim now is to find tensor-valued functions habðxÞ,
solutions to the tensor Helmholtz equation for wave num-
ber k, that transform under spatial rotation as representa-
tions of order J. These will be eigenfunctions of total
angular momentum J ¼ Lþ S. Here the spin can be either
S ¼ 0 for the trace of hab or S ¼ 2 for the tracefree part.
The expansion of the trace is simply in terms of scalar
TAM waves. We will therefore focus our attention in the
following on tracefree rank-2 tensors. Therefore, S is now
the S ¼ 2 spin associated with the vector space spanned by
a set of basis tensors at each spatial point.

We start by constructing a rank-2 spherical basis t ~mab,
for ~m ¼ �2, �1, 0, that transforms under rotations as a
representation of order 2 by taking direct products of the
order-1 spherical basis,5

t ~mab � X
�m1 �m2

h1 �m11 �m2j2 ~mie �m1
a e �m2

b : (70)

Using orthonormality of Clebsch-Gordan coefficients,

these are normalized to ðt ~m1Þabt ~m2�
ab ¼ � ~m1 ~m2

.

1. The orbital-angular-momentum basis

We begin by expanding the five components of the rank-
2 traceless tensor in terms of five tensor TAM waves of
definite orbital-angular-momentum-squared L2 for each
total angular momentum JM, as

�l;k
ðJMÞabðxÞ � jlðkrÞYl;k

ðJMÞabðn̂Þ
¼ X

~mm

h2 ~mlmjJMijlðkrÞYðlmÞðn̂Þt ~mab;

l ¼ J � 2; J � 1; J; J þ 1; J þ 2; (71)

an equation that also defines the OAM tensor spherical

harmonics Yl;k
ðJMÞabðn̂Þ. These OAM tensor spherical har-

monics of fixed orbital angular momentum satisfy the
orthonormality relation,Z

d2n̂Yl
ðJMÞ

abðn̂ÞYl0
ðJ0M0Þab

�ðn̂Þ ¼ �ll0�JJ0�MM0 : (72)

The demonstration that the�l;k
ðJMÞabðxÞ constitute a complete

basis for traceless symmetric tensors on R3, and that
Yl
ðJMÞabðn̂Þ constitute a complete basis for three-dimensional

traceless tensors onS2, are straightforward and similar to the
analogous proofs for vector harmonics presented in
Sec. IVB1.

2. The longitudinal/vector/transverse-traceless basis

We now proceed to write the five traceless tensor
harmonics for each JM in terms of a longitudinal (L)
component, two vector components (VE and VB), and
two transverse-traceless components (TE and TB). In
Appendix B we derive the divergence of the tensor spheri-
cal waves of fixed orbital angular momentum in terms of
vector spherical waves to be

1

k
ra�l;k

ðJMÞabðxÞ ¼ �

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ffiffiffiffiffiffiffiffiffi
J�1
2J�1

q
�k;J�1

ðJMÞbðxÞ; l ¼ J � 2;ffiffiffiffiffiffiffiffiffiffiffiffiffi
J�1

2ð2Jþ1Þ
q

�k;J
ðJMÞbðxÞ; l ¼ J � 1;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJþ1Þð2Jþ3Þ

6ð2J�1Þð2Jþ1Þ
q

�k;J�1
ðJMÞbðxÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Jð2J�1Þ

6ð2Jþ1Þð2Jþ3Þ
q

�k;Jþ1
ðJMÞbðxÞ; l ¼ J;ffiffiffiffiffiffiffiffiffiffiffiffiffi

Jþ2
2ð2Jþ1Þ

q
�k;J

ðJMÞbðxÞ; l ¼ J þ 1;ffiffiffiffiffiffiffiffiffi
Jþ2
2Jþ3

q
�k;Jþ1

ðJMÞbðxÞ; l ¼ J þ 2:

(73)

Note that the divergence of a tensor of fixed total angular momentum JM yields a vector of the same JM, since we have
acted with ra, an irreducible-vector operator.

The transverse-traceless modes. We can, from these results, immediately construct two linear combinations of

�k;l
ðJMÞabðxÞ, of different parity, with vanishing divergence,

�TE
ðJMÞabðxÞ �

� ðJþ 1ÞðJþ 2Þ
2ð2J� 1Þð2Jþ 1Þ

�
1=2

�J�2
ðJMÞabðxÞ�

�
3ðJ� 1ÞðJþ 2Þ
ð2J� 1Þð2Jþ 3Þ

�
1=2

�J
ðJMÞabðxÞþ

�
JðJ� 1Þ

2ð2Jþ 1Þð2Jþ 3Þ
�
1=2

�Jþ2
ðJMÞabðxÞ;

�TB
ðJMÞabðxÞ �

�
Jþ 2

2Jþ 1

�
1=2

�J�1
ðJMÞabðxÞ�

�
J� 1

2Jþ 1

�
1=2

�Jþ1
ðJMÞabðxÞ: (74)

These two spherical waves form a basis for the transverse-traceless (TT) part of the tensor. We label them E and B
according to their parity, ð�1ÞJ or ð�1ÞJþ1, respectively.

5Tilded indices like ~m are reserved for the order-2 spherical basis.
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The vector modes. The divergence of the vector component of the rank-2 tensor yields a divergence-free vector field.
Recalling that the vector harmonics i�J

ðJMÞaðxÞ ¼ �B
ðJMÞaðxÞ are divergence-free, we can construct one vector mode of the

tensor field by taking the other orthogonal linear combination of �J�1
ðJMÞabðxÞ and �Jþ1

ðJMÞabðxÞ. Likewise, the other vector

mode should have a divergence that is proportional to�E
ðJMÞaðxÞ, but it should also be orthogonal to the transverse-traceless

modes we already obtained. After some algebra, we find the two vector modes of the tensor to be

�VB
ðJMÞabðxÞ ¼

�
J� 1

2Jþ 1

�
1=2

�J�1
ðJMÞabðxÞ þ

�
Jþ 2

2Jþ 1

�
1=2

�Jþ1
ðJMÞabðxÞ;

�VE
ðJMÞabðxÞ ¼

�
2ðJ� 1ÞðJþ 1Þ
ð2J� 1Þð2Jþ 1Þ

�
1=2

�J�2
ðJMÞabðxÞ þ

�
3

ð2J� 1Þð2Jþ 3Þ
�
1=2

�J
ðJMÞabðxÞ �

�
2JðJþ 2Þ

ð2Jþ 1Þð2Jþ 3Þ
�
1=2

�Jþ2
ðJMÞabðxÞ:

(75)

These form a basis for the vector part of the tensor field.
The divergences of these basis functions are,

1

k
ra�VB

ðJMÞabðxÞ ¼
iffiffiffi
2

p �B
ðJMÞbðxÞ;

1

k
ra�VE

ðJMÞabðxÞ ¼
iffiffiffi
2

p �E
ðJMÞbðxÞ:

(76)

It then follows that the vector TAM waves of the tensor
field can be obtained from the transverse-vector spherical
waves through,

�VB
ðJMÞabðxÞ ¼� i

k
ffiffiffi
2

p ðra�
B
ðJMÞbðxÞþrb�

B
ðJMÞaðxÞÞ;

�VE
ðJMÞabðxÞ ¼� i

k
ffiffiffi
2

p ðra�
E
ðJMÞbðxÞþrb�

E
ðJMÞaðxÞÞ:

(77)

The longitudinal mode. The last orthogonal linear com-
bination of the orbital-angular-momentum states,

�L
ðJMÞabðxÞ ¼

�
3ðJ� 1ÞJ

2ð2J� 1Þð2Jþ 1Þ
�
1=2

�J�2
ðJMÞabðxÞ

þ
�

JðJþ 1Þ
ð2J� 1Þð2Jþ 3Þ

�
1=2

�J
ðJMÞabðxÞ

þ
�

3ðJþ 1ÞðJþ 2Þ
2ð2Jþ 1Þð2Jþ 3Þ

�
1=2

�Jþ2
ðJMÞabðxÞ; (78)

decries the longitudinal component. To check, we find its
divergence to be

1

k
ra�L

ðJMÞabðxÞ ¼ i

ffiffiffi
2

3

s
�L

ðJMÞbðxÞ: (79)

It implies that the longitudinal mode is the only one that
has nonvanishing double divergence,

1

k2
rarb�L

ðJMÞabðxÞ ¼
ffiffiffi
2

3

s
�ðJMÞðxÞ; (80)

in terms of the scalar spherical wave �ðJMÞ. Using this

result, it further follows that,

�L
ðJMÞabðxÞ ¼

1

k2

ffiffiffi
3

2

s �
rarb � 1

3
gabr2

�
�ðJMÞðxÞ: (81)

3. The longitudinal/vector/transverse-traceless basis
in terms of derivative operators

As seen in Sec. IVB 3, the L, B, and E vector waves can
be written by applying the vector operators Da, Ka, and
Ma, respectively, to scalar TAM waves. Likewise, we have
just seen in Eq. (81) that the TAMwave for the longitudinal
component of the tensor field can be written by applying
a derivative operator rarb � ð1=3Þgabr2 to the scalar
spherical wave. We have also seen in Eq. (77) that TAM
waves for the vector components of the tensor field
can be written by taking a symmetrized gradient of the
transverse-vector spherical harmonics; i.e., by applying the
operators rðaKbÞ and rðaMbÞ, to scalar spherical waves.

We now present an operator approach so that we have
a complete treatment of symmetric traceless tensors in
terms of tensor differential operators, including the two
transverse-traceless tensor modes.
Using the three vector operators Da, Ka, and Ma we

have proposed as basic building blocks, we construct five
tensor operators

TL
ab ¼ �DaDb þ 1

3
gab;

TVB
ab ¼ DðaKbÞ; TVE

ab ¼ DðaMbÞ;

TTB
ab ¼ KðaMbÞ þMðaKbÞ þ 2DðaKbÞ;

TTE
ab ¼ MðaMbÞ � KðaKbÞ þ 2DðaMbÞ:

(82)

These are irreducible tensors since they are symmetric and
traceless, and they commutewithr2. Therefore, when acting
on scalar TAMwaves�k

ðJMÞ, they generate symmetric tensor

TAM waves that solve the tensor Helmholtz equation and
have the same total angular momentum JM. We have seen
that TL

ab generates longitudinal mode, and TVB
ab and TVE

ab

generate B and E vector modes, respectively. It is straight-
forward to show that DaTTB

ab ¼ DaTTE
ab ¼ 0, so they gener-

ate transverse-traceless tensor modes. The parity-odd TTB
ab
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generates the B mode �TB;k
ðJMÞabðxÞ / TTB

ab �
k
ðJMÞðxÞ, while

the parity-even TTE
ab generates the E mode, �TE;k

ðJMÞabðxÞ /
TTE
ab �

k
ðJMÞðxÞ. The five operators generate five linearly

independent tensor modes, because they are orthogonal
according to

ðT�0
abÞyT�;ab ¼ 0; if � � �0;

for �;�0 ¼ L; VB; VE; TB; TE:
(83)

To normalize the tensor spherical waves, we calculate the
norms of those five tensor operators to be

ðTL
abÞyTL;ab ¼ 2

3
;

ðTVB
ab ÞyTVB;ab ¼ ðTVE

ab ÞyTVE;ab ¼ JðJ þ 1Þ
2

;

ðTTE
ab ÞyTTE;ab ¼ ðTTB

ab ÞyTTB;ab ¼ 2ðJ þ 2Þ!
ðJ � 2Þ! :

(84)

To summarize, the decomposition of the traceless
symmetric rank-2 tensor into longitudinal, vector, and
transverse tensor modes is

longitudinal: �L
ðJMÞabðxÞ ¼

ffiffiffi
3

2

s
TL
ab�ðJMÞðxÞ ¼

�
3ðJ � 1ÞJ

2ð2J � 1Þð2J þ 1Þ
�1

2
�J�2

ðJMÞabðxÞ

þ
�

JðJ þ 1Þ
ð2J � 1Þð2J þ 3Þ

�1
2
�J

ðJMÞabðxÞ þ
�

3ðJ þ 1ÞðJ þ 2Þ
2ð2J þ 1Þð2J þ 3Þ

�1
2
�Jþ2

ðJMÞabðxÞ;

vectorBmode: �VB
ðJMÞabðxÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

JðJ þ 1Þ

s
TVB
ab �ðJMÞðxÞ ¼

�
J�1
2Jþ1

	1
2�J�1

ðJMÞabðxÞ þ
�
Jþ2
2Jþ1

	1
2�Jþ1

ðJMÞabðxÞ;

vectorEmode: �VE
ðJMÞabðxÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

JðJ þ 1Þ

s
TVE
ab �ðJMÞðxÞ ¼

�
2ðJ � 1ÞðJ þ 1Þ
ð2J � 1Þð2J þ 1Þ

�1
2
�J�2

ðJMÞabðxÞ

þ
�

3

ð2J � 1Þð2J þ 3Þ
�1

2
�J

ðJMÞabðxÞ �
�

2JðJ þ 2Þ
ð2J þ 1Þð2J þ 3Þ

�1
2
�Jþ2

ðJMÞabðxÞ;

transverse tensorBmode: �TB
ðJMÞabðxÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 2Þ!
2ðJ þ 2Þ!

s
TTB
ab �ðJMÞðxÞ ¼

�
Jþ2
2Jþ1

	1
2�J�1

ðJMÞabðxÞ �
�
J�1
2Jþ1

	1
2�Jþ1

ðJMÞabðxÞ;

transverse tensorEmode: �TE
ðJMÞabðxÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 2Þ!
2ðJ þ 2Þ!

s
TTE
ab �ðJMÞðxÞ ¼

� ðJ þ 1ÞðJ þ 2Þ
2ð2J � 1Þð2J þ 1Þ

�1
2
�J�2

ðJMÞabðxÞ

�
�
3ðJ � 1ÞðJ þ 2Þ
ð2J � 1Þð2J þ 3Þ

�1
2
�J

ðJMÞabðxÞ þ
�

JðJ � 1Þ
2ð2J þ 1Þð2J þ 3Þ

�1
2
�Jþ2

ðJMÞabðxÞ: (85)

The normalizations are chosen such that

16�2
Z

d3x½��;k
ðJMÞabðxÞ���
;kab

ðJ0M0ÞðxÞ

¼ ��
�JJ0�MM0
ð2�Þ3
k2

�Dðk� k0Þ; (86)

where f�;
g ¼ fL; VB; VE; TB; TEg. Again, the fivemodes
are orthogonal as tensor wave functions in the Hilbert space,
but their tensor values at any given point are not necessarily
orthogonal, as we will see below. This orthogonality does
hold asymptotically in the far-field limit kr ! 1.

4. Summary and helicity basis

So far we have constructed two sets of TAM-wave bases
for symmetric traceless tensors. The OAM basis
�l

ðJMÞabðxÞ, where l ¼ J � 2, J � 1, J, J þ 1, J þ 2 for

each JM, are eigenstates of the square of orbital angular
momentum L2. We have also defined a second basis
��

ðJMÞabðxÞ in terms of a longitudinal mode � ¼ L, two

vector modes � ¼ VE, VB, and two transverse-traceless
tensor modes � ¼ TE, TB, for each JM. We can further-
more construct a helicity basis ��

ðJMÞabðxÞ, denoted by

helicity � ¼ �2, �1, 0, through

��2
ðJMÞabðxÞ ¼

1ffiffiffi
2

p ð�TE
ðJMÞabðxÞ � i�TB

ðJMÞabðxÞÞ;

��1
ðJMÞabðxÞ ¼

1ffiffiffi
2

p ð�VE
ðJMÞabðxÞ � i�VB

ðJMÞabðxÞÞ;

�0
ðJMÞabðxÞ ¼ �L

ðJMÞabðxÞ:

(87)

These are eigenstates of the helicity operator H ¼ S � p̂,
but for the tensor field, ðSeÞab;cd � i�aecgbd þ igac�bed,
and p̂a ¼ �ði=kÞra.
The orbital basis �l

ðJMÞabðxÞ, for l ¼ J � 2, J � 1, J,

J þ 2, J þ 2, the longitudinal/vector/transverse-traceless
basis ��

ðJMÞabðxÞ, for � ¼ L, VE, VB, TE, TB, and the

helicity basis ��
ðJMÞabðxÞ, for � ¼ 0, þ1, �1, þ2, �2, are

related by unitary transformations,
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UJ
�l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðJ�1ÞJ

2ð2J�1Þð2Jþ1Þ
q

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJþ1Þ
ð2J�1Þð2Jþ3Þ

q
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðJþ1ÞðJþ2Þ
2ð2Jþ1Þð2Jþ3Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðJ�1ÞðJþ1Þ
ð2J�1Þð2Jþ1Þ

q
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

ð2J�1Þð2Jþ3Þ
q

0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2JðJþ2Þ
ð2Jþ1Þð2Jþ3Þ

q
0

ffiffiffiffiffiffiffiffiffi
J�1
2Jþ1

q
0

ffiffiffiffiffiffiffiffiffi
Jþ2
2Jþ1

q
0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJþ1ÞðJþ2Þ

2ð2J�1Þð2Jþ1Þ
q

0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðJ�1ÞðJþ2Þ
ð2J�1Þð2Jþ3Þ

q
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ�1Þ

2ð2Jþ1Þð2Jþ3Þ
q

0
ffiffiffiffiffiffiffiffiffi
Jþ2
2Jþ1

q
0 �

ffiffiffiffiffiffiffiffiffi
J�1
2Jþ1

q
0

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA
;

UJ
�� ¼

1 0 0 0 0

0 i=
ffiffiffi
2

p
1=

ffiffiffi
2

p
0 0

0 �i=
ffiffiffi
2

p
1=

ffiffiffi
2

p
0 0

0 0 0 i=
ffiffiffi
2

p
1=

ffiffiffi
2

p

0 0 0 �i=
ffiffiffi
2

p
1=

ffiffiffi
2

p

0
BBBBBBBB@

1
CCCCCCCCA
;

UJ
�l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðJ�1ÞJ

2ð2J�1Þð2Jþ1Þ
q

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJþ1Þ
ð2J�1Þð2Jþ3Þ

q
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðJþ1ÞðJþ2Þ
2ð2Jþ1Þð2Jþ3Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJ�1ÞðJþ1Þ
ð2J�1Þð2Jþ1Þ

q
i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
J�1

2ð2Jþ1Þ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3
2ð2J�1Þð2Jþ3Þ

q
i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ2

2ð2Jþ1Þ
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJþ2Þ
ð2Jþ1Þð2Jþ3Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJ�1ÞðJþ1Þ
ð2J�1Þð2Jþ1Þ

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
J�1

2ð2Jþ1Þ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3
2ð2J�1Þð2Jþ3Þ

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ2

2ð2Jþ1Þ
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJþ2Þ
ð2Jþ1Þð2Jþ3Þ

q
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJþ1ÞðJþ2Þ
ð2J�1Þð2Jþ1Þ

q
i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ2

2ð2Jþ1Þ
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðJ�1ÞðJþ2Þ

2ð2J�1Þð2Jþ3Þ
q

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
J�1

2ð2Jþ1Þ
q

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ�1Þ

ð2Jþ1Þð2Jþ3Þ
q

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJþ1ÞðJþ2Þ
ð2J�1Þð2Jþ1Þ

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ2

2ð2Jþ1Þ
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðJ�1ÞðJþ2Þ

2ð2J�1Þð2Jþ3Þ
q

i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
J�1

2ð2Jþ1Þ
q

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ�1Þ

ð2Jþ1Þð2Jþ3Þ
q

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA
:

(88)

5. Projection onto tensor spherical harmonics

We now describe the projection of three-dimensional
traceless tensor TAM waves onto the two-sphere. We will
begin by reviewing the projection onto the familiar E=B

tensor spherical harmonics [8] in the �̂-�̂ space perpen-
dicular to n̂. We will then generalize these two basis tensor
spherical harmonics to include three more that will con-
stitute a complete orthonormal basis for three-dimensional
traceless tensors that live on the two-sphere, parametrized
by n̂.

The usual E=B tensor spherical harmonics are
defined by

YE
ðJMÞABðn̂Þ ¼
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�
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YB
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2JðJ þ 1ÞðJ � 1ÞðJ þ 2Þ

s

� ð�BCrCrA þ �A
CrCrBÞYðJMÞðn̂Þ; (89)

where here fA; Bg ¼ f�;�g, and rA is a covariant deriva-
tive on the two-sphere, with metric gAB ¼ diagð1; sin2�Þ
and antisymmetric tensor �AB.

The operator approach developed in Sec. IVB 5
for vector spherical harmonics can be generalized to

tensor spherical harmonics. Recall that the operators
fNa;Ka;M?ag satisfy the same algebra as the operators
fDa;Ka;Mag do. Therefore, following the same line of
reasoning we construct five tensor operators,

WL
ab ¼ �NaNb þ 1

3
gab;

WVB
ab ¼ NðaKbÞ; WVE

ab ¼ NðaM?bÞ;

WTB
ab ¼ KðaM?bÞ þM?ðaKbÞ þ 2NðaKbÞ;

WTE
ab ¼ M?ðaM?bÞ � KðaKbÞ þ 2NðaM?bÞ;

(90)

for tensor spherical harmonics. These symmetric and trace-
less operators conserve total angular momentum, since
they are irreducible tensors. The last two operators are
perpendicular to the radial direction, n̂aWTE

ab ¼ n̂aWTB
ab ¼

0, so they must generate the E=B tensor spherical harmon-
ics, n̂aWTE

ab YðJMÞðn̂Þ / YTE
ðJMÞabðn̂Þ and n̂aWTB

ab YðJMÞðn̂Þ /
YTB
ðJMÞabðn̂Þ, respectively. Here YTE

ðJMÞabðn̂Þ and YTB
ðJMÞabðn̂Þ

correspond to the E=B tensor harmonics YE
ðJMÞABðn̂Þ,

YB
ðJMÞABðn̂Þ, but under a three-dimensional orthonormal

basis, denoted by lower-case indices a; b; . . . . In addition,
the WVE

ab and WVB
ab , when acting on ordinary spherical

harmonics YðJMÞðn̂Þ, generate VE=VB tensor spherical har-

monics YVE
ðJMÞabðn̂Þ and YVB

ðJMÞabðn̂Þ, respectively, with com-

ponents in both the tangential plane and normal. Similarly,
WL

ab generates the longitudinal tensor spherical harmonics
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YL
ðJMÞabðn̂Þ. For the tensor spherical harmonics, the terms ‘‘longitudinal,’’ ‘‘vector,’’ and ‘‘transverse,’’ refer to the nature of

the tensor components with respect to the normal n̂a. To be more specific, we define
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In terms of the OAM tensor spherical harmonics Yl
ðJMÞabðn̂Þ, for l ¼ J, J � 1, J � 2, the longitudinal/vector/transverse-

traceless basis Y�
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These are normalized to Z
d2n̂½Y�;ab

ðJMÞðn̂Þ��Y

ðJ0M0Þabðn̂Þ ¼ �JJ0�MM0��
; (93)

for �, 
 ¼ fL; VE; VB; TE; TBg. Note again that although the transformations between the OAM and L=VE=VE=TB=TE
bases for the tensor spherical harmonics resemble those for the transformations between the analogous bases for TAM
waves, there are important sign differences.

In terms of the tensor spherical harmonics, the TAM waves �k;�
ðJMÞabðxÞ can be written,
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Here we have introduced radial profiles,

fJðxÞ � d

dx

jJðxÞ
x

; and

gJðxÞ � �jJðxÞ � 2fJðxÞ þ ðJ � 1ÞðJ þ 2Þ jJðxÞ
x2

:
(95)

The components proportional to the transverse YTE
ðJMÞabðn̂Þ

and YTB
ðJMÞabðn̂Þ harmonics are projections onto the

2-sphere. These are the components of principal interest
for angular measurements on the sky. Equation (94) shows
that the different tensor TAM waves are not everywhere
orthogonal, even though they are orthonormal, although
they do become asymptotically orthogonal in the kr 
 1
limit. Both the VB and TB tensor TAM waves have pro-
jections onto the VB and TB tensor spherical harmonics.
The L, VE, and TE TAM waves have projections onto the
L, VE, and TE tensor spherical harmonics. The phases in
our definitions of the tensor spherical harmonics are chosen
so that a rotation of a TE (VB) mode by 45	 (90	) about n̂
produces a TB (VB) mode.

6. Plane-wave expansion for traceless tensor fields

We now determine the transformation between the ten-
sor plane-wave basis and the tensor TAM-wave bases. We

start with the OAM basis. The �l;k
ðJMÞab constitute a com-

plete basis, and we can write

"̂abðkÞeik�x ¼ X
lJM

4�ilBl
ðJMÞðk̂Þ�l;k

ðJMÞabðxÞ

¼ X
lJM

4�ilBl
ðJMÞðk̂ÞjlðkrÞYl

ðJMÞabðn̂Þ:
(96)

Here "̂abðkÞ is a normalized polarization tensor for the
plane wave. We use orthonormality of the Yl

ðJMÞaðn̂Þ to

obtain the expansion coefficients,

Bl
ðJMÞðk̂Þ ¼ "̂abðkÞYl�

ðJMÞabðk̂Þ: (97)

We can similarly expand in terms of �k;�
ðJMÞab, for � ¼ L,

VE, VB, TE, TB modes, or helicity modes, as

"̂abðkÞeik�x¼
X
�

X
JM

4�iJB�
ðJMÞðk̂Þ�k;�

ðJMÞabðxÞ;

"̂abðkÞeik�x¼
X

�¼0;�1;�2

X
JM

4�iJB�
ðJMÞðk̂Þ�k;�

ðJMÞabðxÞ;
(98)

where the expansion coefficients are

B�
ðJMÞðk̂Þ ¼ "̂abðkÞY��

ðJMÞabðk̂Þ;
B�
ðJMÞðk̂Þ ¼ "̂abðkÞY��

ðJMÞabðk̂Þ:
(99)

Here, the spin-2 tensor spherical harmonics are

defined as Y�¼�2
ðJMÞab¼2�1=2½YTE

ðJMÞab� iYTB
ðJMÞab�, Y�¼�1

ðJMÞab¼
2�1=2½YVE

ðJMÞab�iYVB
ðJMÞab�, and Y�¼0

ðJMÞab ¼ YL
ðJMÞab. These

are related to the spin-2 spherical harmonics �YðJMÞðn̂Þ
[25,26] by

"̂ab�0 ðkÞY�
ðJMÞabðk̂Þ ¼ ��YðJMÞðk̂Þ���0 ;

for �; �0 ¼ 0;�1;�2: (100)

Here, "̂ab� ðkÞ, for � ¼ 0, �1, �2, are the polarization
tensors for a tensor plane wave with wave vector k and
helicity �. This equation defines our phase convention for
"̂ab� . In terms of basis vectors in spherical coordinates,
these are defined as

"̂ab�1¼
1ffiffiffi
2

p ½"̂a�1n̂
bþ "̂b�1n̂

a�; "̂ab�2¼�"̂a�1"̂
b�1;

"̂ab0 ¼
ffiffiffi
3

2

s �
1

3
�ab� n̂an̂b

�
;

(101)

where "̂a0 and "̂a�1 are defined in Eq. (53).

7. Expansion of tensor fields and power spectra

An arbitrary symmetric traceless tensor field habðxÞ can
be expanded in the orbital-angular-momentum basis by

habðxÞ ¼
X
JM

X
l¼J;J�1;J�2

Z k2dk

ð2�Þ3 h
l
ðJMÞðkÞ4�il�l;k

ðJMÞabðxÞ;

(102)

with expansion coefficients,

hlðJMÞðkÞ ¼
Z

d3xhabðxÞ½4�il�l;k
ðJMÞabðxÞ��: (103)

These can also be written as tensor-spherical-harmonic
transforms [27],

Tl;k
ðJMÞ ¼

Z
d2k̂ ~TabðkÞYl�

ðJMÞabðk̂Þ; (104)

of the tensor Fourier amplitudes. Again, similar relations
hold for the L=VE=VB=TE=TB and helicity bases as well.
The expansion coefficients for the L=VE=VB=TE=TB

basis can also be rewritten, by integrating by parts, as

h�ðJMÞðkÞ ¼
Z

d3xhabðxÞ½4�iJ��;k
ðJMÞabðxÞ��

¼
Z

d3xhabðxÞ½4�iJT�
ab�

k
ðJMÞðxÞ��

¼
Z

d3x½ðT�
abÞyhabðxÞ�½4�iJ�k

ðJMÞðxÞ��;

(105)

where T�
ab are the operators defined in Eq. (82). Their

Hermitian conjugates are given by

ðTL
abÞy ¼ �DaDb þ 1

3
gab;

ðTVE
ab Þy ¼ �MðaDbÞ þ 2DaDb;

ðTVB
ab Þy ¼ �KðaDbÞ;

(106)

ðTTE
ab Þy ¼ MðaMbÞ � KðaKbÞ � 4MðaDbÞ

� 2DðaMbÞ þ 8DaDb; (107)
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ðTTB
ab Þy ¼MðaKbÞ þKðaMbÞ � 2DðaKbÞ � 4KðaDbÞ: (108)

We can thus write the expansion coefficients for tensor
TAM waves as coefficients of the scalar TAM wave for the
following scalar functions:

hLðxÞ ¼
�
�DaDb þ 1

3
gab

�
habðxÞ

¼ 1

k2

�
rarb � 1

3
gabr2

�
habðxÞ; (109)

hVEðxÞ ¼ � 1

k2

�
1

2
�ac

drcKdrb þ 1

2
�bc

drcKdra

þ 2rarb

�
habðxÞ; (110)

hVBðxÞ ¼ � i

k
KðarbÞhabðxÞ; (111)

hTEðxÞ ¼
�
1

k2

�
�1

2
ð�acdrcKd�be

freKf

þ�bc
drcKd�ae

freKfÞþ 2�ac
drcKdrb

þ 2�bc
drcKdraþra�bc

drcKdþrb�ac
drcKd

� 8rarb

�
�KðaKbÞ

�
habðxÞ (112)

hTBðxÞ ¼ � 1

2

i

k
½�acdrcKdKb þ �bc

drcKdKa

þ Ka�bc
drcKd þ Kb�ac

drcKd þ 2rðaKbÞ
þ 4KðarbÞ�habðxÞ: (113)

Here, Ka ¼ �abcx
brc.

If habðxÞ is written in terms of longitudinal/vector/
transverse-traceless parts, and if these have power spectra
PLðkÞ, PVðkÞ, and PTðkÞ, then

h½h�ðJMÞðkÞ��h
ðJ0M0Þðk0Þi ¼ PTðkÞ�JJ0�MM0��


ð2�Þ3
k2

� �Dðk� k0Þ;
�; 
 ¼ TE; TB: (114)

h½h�ðJMÞðkÞ��h
ðJ0M0Þðk0Þi ¼ PVðkÞ�JJ0�MM0��


ð2�Þ3
k2

� �Dðk� k0Þ;
�; 
 ¼ VE; VB: (115)

h½hLðJMÞðkÞ��hLðJ0M0Þðk0Þi ¼ PLðkÞ�JJ0�MM0��


ð2�Þ3
k2

� �Dðk� k0Þ: (116)

For both the vector and transverse-traceless modes, the E
modes and B modes have the same power spectra, a con-
sequence of statistical homogeneity.

VI. CALCULATION OF LENSING
POWER SPECTRA

In this section we provide as an example of the TAM-
wave formalism the calculation of lensing power spectra
by density perturbations and by gravitational waves. We
will reproduce results from previous work [29–33], which
were obtained with the Fourier expansion. For clarity,
we only take into account the weak-lensing contribution
from the deflectors (density perturbations or gravitational
waves) along the line of sight. However, the measured
weak-lensing signal also contains other contributions. In
particular, metric shear, gravitational-wave effects at the
source location [29], and tidal alignment dominate the
power spectrum for lensing by gravitational waves [34].
Our aim here will be to calculate the lensing deflection

field,

�aðn̂Þ ¼ �ae

	0 � 	

Z 	

	0

d	0
�
n̂bheb

� 1

2
ð	0 � 	Þn̂cn̂drehcd

�
ð	0;ð	0�	0Þn̂Þ

; (117)

where �ab � gab � n̂an̂b is the projection tensor onto the
tangential plane. Thus, the deflection field has no radial
component and can be viewed as a two-dimensional vector
field on the two-sphere. Here, habð	;xÞ is a (rank-2) tensor
metric perturbation evaluated at conformal time 	.
The deflection field �aðn̂Þ on the two-sphere can be

decomposed into gradient and curl components,

�aðn̂Þ ¼ M?a’ðn̂Þ þ Ka�ðn̂Þ; (118)

whereM?a and Ka are the two transverse-vector operators
in Eq. (39), and ’ðn̂Þ and �ðn̂Þ are projected lensing
potentials. Here we will calculate the contribution �aðn̂Þ
that arises from (a) a scalar TAM wave of angular momen-
tum JM; (b) an E mode transverse-traceless TAM wave of
JM; and (c) a B mode transverse-traceless TAM wave of
JM. We will then be able to reproduce the power spectra
C’’
J and C��

J for density perturbations and gravitational
waves that have been obtained earlier by considering indi-
vidual Fourier modes. These power spectra are defined by,

h’ðJMÞ’�
ðJ0M0Þi ¼ �JJ0�MM0C’’

J ;

h�ðJMÞ��
ðJ0M0Þi ¼ �JJ0�MM0C��

J ;
(119)

where ’ðJMÞ and�ðJMÞ are spherical-harmonic coefficients

for’ðn̂Þ and�ðn̂Þ, respectively. The deflection field can be
expanded in terms of vector spherical waves by,

�aðn̂Þ ¼
X
JM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ

p
f’ðJMÞYE

ðJMÞaðn̂Þ

þ�ðJMÞYB
ðJMÞaðn̂Þg: (120)
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A. Scalar metric perturbation

Suppose we have a single TAM wave for a density
perturbation. This is described by a metric perturbation,

habð	0;ð	0�	0Þn̂Þ

¼4
9

10
TscaðkÞD1ð	0Þ

að	0Þ �
k;p
ðJMÞ�

k
ðJMÞðð	0�	0Þn̂Þgab; (121)

where D1ð	Þ is a linear-theory growth factor, að	Þ is the
scale factor, and �k;p

ðJMÞ is the primordial amplitude of the

Newtonian potential for wave number k and total angular
momentum JM. We then have

� 1

2
ð	0�	0Þn̂bn̂crahbc

¼�2ð	0 �	Þ 9
10

TscaðkÞD1ð	0Þ
að	0Þ ½ra�

k
ðJMÞðð	0�	0Þn̂Þ�

¼ 2ið	0 �	Þ 9
10

TscaðkÞD1ð	0Þ
að	0Þ k�k;L

ðJMÞaðð	0�	0Þn̂Þ:
(122)

Using Eq. (46), which provides the projection of �k;L
ðJMÞðxÞ

onto the plane normal to n̂a, we find that this single kJM
mode of the scalar field gives rise to a deflection field,

�sca
a ðn̂Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ

p
�k;p

ðJMÞF
sca
J ðkÞYE

ðJMÞaðn̂Þ; (123)

with

Fsca
J ðkÞ ¼ 9

5
TscaðkÞ

Z 	

	0

d	0 	0 � 	

ð	0 � 	Þð	0 � 	0Þ
�D1ð	0Þ

að	0Þ jJðkð	0 � 	0ÞÞ: (124)

We thus see that a given TAMwave of JM gives rise only to
spherical harmonics in the deflection field of the same JM.

The absence of a curl (B) mode is a consequence of the fact
that the longitudinal TAM wave �L

ðJMÞaðxÞ has no projec-

tion onto YB
ðJMÞðn̂Þ [cf. Eq. (46)]. We can equivalently con-

clude that this particular kJM TAMmode of the potential�

gives rise to a spherical-harmonic coefficient aEðJMÞðkÞ ¼
�k;p

ðJMÞF
sca
J ðkÞ. TheEmode deflection-angle power spectrum

from the complete random field is then given by summing,

CEE
J ¼ JðJ þ 1ÞC’’

J

2

�

Z
k2dkP�ðkÞjFJðkÞj2; (125)

over all k modes with this JM, in agreement with results
obtained by summing over Fourier waves, rather than TAM
waves.

B. Tensor metric perturbations

The TAM formalism will have more power, however, for
tensor metric perturbations. So consider now a TAM wave,

habð	0; ð	0 � 	0Þn̂Þ ¼ hk;XðJMÞTðk; 	0Þ�k;X
ðJMÞabðð	0 � 	0Þn̂Þ;

(126)

of a transverse-traceless metric perturbation. Here,
we will take X to be either E or B (although we could
have alternatively considered � ¼ �2 modes in the
helicity basis), Tðk; 	0Þ gives the time evolution of

modes of wave number k, and hk;XðJMÞ is the primordial

amplitude of the mode. From Eq. (118), we will need to

calculate the tangential projections of n̂a�k;X
ðJMÞabðxÞ and

n̂an̂crb�
k;X
ðJMÞacðxÞ. Using the transformation in Eq. (88)

between the OAM and L=VE=VB=TE=TB bases and the
relations, Eq. (94), between the tensor TAM waves and the
tensor spherical harmonics, one can show that

n̂a�l
ðJMÞabðxÞ ¼

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ffiffiffiffiffiffiffiffiffi
J�1
2J�1

q
jJ�2ðkrÞYJ�1

ðJMÞbðn̂Þ; l ¼ J � 2;ffiffiffiffiffiffiffiffiffiffiffiffiffi
J�1

2ð2Jþ1Þ
q

jJ�1ðkrÞYJ
ðJMÞbðn̂Þ; l ¼ J � 1;

jJðkrÞ
�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJþ1Þð2Jþ3Þ
6ð2J�1Þð2Jþ1Þ

q
YJ�1
ðJMÞbðn̂Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Jð2J�1Þ

6ð2Jþ1Þð2Jþ3Þ
q

YJþ1
ðJMÞbðn̂Þ

�
; l ¼ J;

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ2

2ð2Jþ1Þ
q

jJþ1ðkrÞYJ
ðJMÞbðn̂Þ; l ¼ J þ 1;

�
ffiffiffiffiffiffiffiffiffi
Jþ2
2Jþ3

q
jJþ2ðkrÞYJþ1

ðJMÞbðn̂Þ; l ¼ J þ 2:

(127)

It then follows that,

n̂ a�B
ðJMÞabðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ
2ð2J þ 1Þ2

s
ðjJ�1ðkrÞ þ jJþ1ðkrÞÞYJ

ðJMÞbðn̂Þ ¼ �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ

2

s
jJðkrÞ
kr

YB
ðJMÞbðn̂Þ; (128)

which lies entirely in the plane normal to n̂, and
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n̂ a�E
ðJMÞabðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 1ÞðJ þ 2Þ
2ð2J � 1Þ2ð2J þ 1Þ

s
ðjJ�2ðkrÞ þ jJðkrÞÞYJ�1

ðJMÞbðn̂Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ � 1ÞðJ þ 2Þ

2ð2J þ 3Þ2ð2J þ 1Þ

s
ðjJðkrÞ

þ jJþ2ðkrÞÞYJþ1
ðJMÞbðn̂Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 1ÞðJ þ 2Þ

2ð2J þ 1Þ

s
jJ�1ðkrÞ

kr
YJ�1
ðJMÞbðn̂Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ � 1ÞðJ þ 2Þ

2ð2J þ 1Þ

s
jJþ1ðkrÞ

kr
YJþ1
ðJMÞbðn̂Þ: (129)

This vector has components both in the normal direction and in the tangent space. The projection onto the tangent space is

�bcn
a�E

ðJMÞacðxÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ

2

s
1

kr

�
j0JðkrÞ þ

jJðkrÞ
kr

�
YE
ðJMÞbðn̂Þ: (130)

The first term in Eq. (118) contributes

�GW;Xð1Þ
a ðn̂Þ ¼ �hk;XðJMÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ

2

s
YX
ðJMÞaðn̂Þ

Z 	

	0

d	0 Tðk; 	0Þ
ð	0 � 	Þkð	0 � 	0Þ f

X
J ðkð	0 � 	0ÞÞ; (131)

where the radial functions are

fXJ ðkrÞ ¼
� ijJðkrÞ; for X ¼ B;

j0JðkrÞ þ jJðkrÞ
kr ; for X ¼ E:

(132)

We now turn to the second term in Eq. (118), that proportional to n̂cn̂drehcd. Usingran̂b ¼ ðgab � n̂an̂bÞ=r ¼ �ab=r,
we can write

n̂cn̂drehcd ¼ reðn̂cn̂dhcdÞ � ðren̂cÞn̂dhcd � n̂cðren̂dÞhcd ¼ reðn̂cn̂dhcdÞ � 2ðren̂cÞn̂dhcd
¼ reðn̂cn̂dhcdÞ � 2

ð	0 � 	0Þ�ecn̂chcd: (133)

Given that �ae�
e
c ¼ �ac, we see that the second term here is similar to what we calculated before. It thus contributes,

�GW;Xð2Þ
a ðn̂Þ ¼ �hk;XðJMÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ

2

s
YX
ðJMÞaðn̂Þ

Z 	

	0

d	0 ð	0 � 	ÞTðk; 	0Þ
ð	0 � 	Þkð	0 � 	0Þ2 f

X
J ðkð	0 � 	0ÞÞ; (134)

to the deflection field. Now consider the first term in Eq. (134). We have already seen for the B mode that n̂a�B
ðJMÞabðxÞ

is perpendicular to n̂b. Thus, n̂an̂b�B
ðJMÞabðxÞ ¼ 0, and this term does not contribute to the curl (B mode). Using

Eq. (130) and

n̂aYl
ðJMÞaðn̂Þ ¼

8>>>><
>>>>:

ffiffiffiffiffiffiffiffiffi
J

2Jþ1

q
YðJMÞðn̂Þ; l ¼ J � 1;

0; l ¼ J;

�
ffiffiffiffiffiffiffiffiffi
Jþ1
2Jþ1

q
YðJMÞðn̂Þ; l ¼ J þ 1;

(135)

we find

n̂ an̂b�E
ðJMÞabðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ þ 2Þ!
2ðJ � 2Þ!

s
jJðkrÞ
ðkrÞ2 YJMðn̂Þ: (136)

When we now take the gradient �M?a ¼ r�abrb of this in the tangential plane, the operator acts only on the spherical
harmonic. Using M?aYðJMÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

YE
ðJMÞa, we find,

�abrbn̂cn̂d�TE
ðJMÞcdðxÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ

2

s
JðJ þ 1Þ

k2ð	0 � 	0Þ3 jJðkð	0 � 	0ÞÞYE
ðJMÞaðn̂Þ: (137)

We thus find that this term contributes
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�GW;Eð3Þ
a ðn̂Þ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ

2

s
JðJ þ 1ÞYE

ðJMÞaðn̂Þ
Z 	

	0

d	0 ð	0 � 	ÞTðk; 	0Þ
ð	0 � 	Þk2ð	0 � 	0Þ3 jJðkð	0 � 	0ÞÞ: (138)

In summary, a single B-or E-mode TAM wave contributes a deflection field,

�GW
a ðn̂Þ ¼ hk;XðJMÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

FGW;X
J ðkÞYX

ðJMÞaðn̂Þ; (139)

for X ¼ fE; Bg, with

FGW;B
J ðkÞ ¼ �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ
2JðJ þ 1Þ

s
1

	0 � 	

Z 	

	0

d	0 Tðk; 	0Þ
kð	0 � 	0Þ2 jJðkð	0 � 	0ÞÞ; (140)

and

FGW;E
J ðkÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ � 1ÞðJ þ 2Þ
2JðJ þ 1Þ

s Z 	

	0

d	0 Tðk; 	0Þ
kð	0 � 	0Þ2

��
j0Jðkð	0 � 	0ÞÞ þ jJðkð	0 � 	0ÞÞ

kð	0 � 	0Þ
�

� JðJ þ 1Þ
2

	0 � 	

	0 � 	

jJðkð	0 � 	0ÞÞ
kð	0 � 	0Þ

�
: (141)

The power spectra are then obtained from

CXX
J ¼ 2

�

Z
k2dk

PhðkÞ
2

jFGW;X
J ðkÞj2; (142)

for X ¼ E, B, by summing over all k modes with this JM.

VII. BOLTZMANN EQUATIONS
FOR CMB FLUCTUATIONS

TAM waves can also be used to provide an alternative
set of Boltzmann equations to calculate CMB power spec-
tra. Our discussion here is preliminary; we leave the full
calculation to future work [35]. There is some overlap,
although not complete, with what we discuss here and
work in Ref. [17], and also in Ref. [36].

The radiation perturbation�ðx; q̂;	Þ is most generally a
function of position x, the photon direction q̂, and confor-
mal time 	. This perturbation satisfies a Boltzmann equa-
tion, a partial differential equation in time, space, and in
photon direction q̂. In the standard treatment [37], one
considers a single Fourier mode �ðx; 	Þ ¼ �ke

ik�x of
wave vector k of the gravitational potential (or of the
gravitational-wave field). The spatial dependence of
�ðx; q̂;	Þ must also then be / eik�x. The q̂ dependence
is, however, then expanded in spherical harmonics. Since
the end result, the power spectrum CJ, is a rotational
invariant, one generally then chooses k k ẑ so that the
spherical-harmonic expansion for the q̂ dependence of
�kðq̂;	Þ becomes in practice an expansion in Legendre
polynomials Pðcos�pÞ / YðJ0Þðq̂Þ.

Alternatively, though, the gravitational potential can be
expanded �ðx; 	Þ ¼ P

kJM�
k
ðJMÞð	Þ�k

ðJMÞðxÞ in terms of

scalar TAM waves �k
ðJMÞðxÞ ¼ jJðkxÞYðJMÞðx̂Þ (or for ten-

sor perturbations, in terms of tensor TAM waves). The
most general radiation perturbation associated with this
scalar perturbation can then be expanded in terms of states
of TAM JM,

�ðx; q̂;	Þ ¼ X
k;JM;ll0

�k;JM
ll0 ð	Þ�k;JM

ll0 ðx; q̂Þ; (143)

where the total-angular-momentum eigenfunctions (which
are also eigenfunctions, of quantum numbers l and l0, of x
and q̂ angular momentum, respectively) are

�k;JM
ll0 ðx; q̂Þ ¼ X

mm0
hlml0m0jJMijlðkxÞYðlmÞðx̂ÞYðl0m0Þðq̂Þ:

(144)

It now follows that the angular dependence of the
observed radiation from a spherical wave with quantum
numbers kJM will be proportional to YðJMÞðq̂Þ. We take the

observer to be at the origin. We then note that the radial
eigenfunctions jlðkrÞ all vanish at the origin unless
l ¼ 0. Thus,

�ðx̂ ¼ 0; q̂;	Þ ¼ X
ll0
�k;JM

ll0 �k;JM
ll0 ðx ¼ 0; q̂Þ

¼ �k;JM
0J ð	Þ�k;JM

0J ðx ¼ 0; q̂Þ
¼ �k;JM

0J h00JMjJMiYð00Þðx̂Þj0ð0ÞYðJMÞðq̂Þ:
(145)

In the TAM approach, therefore, calculation of the CMB
temperature fluctuation boils down to calculation of

�k;JM
0J ð	Þ. The Boltzmann equation for this particular

coefficient, however, will be coupled to those for all

�k;JM
ll0 . We thus trade the infinite tower of equations for

the l ¼ 0; 1; 2; . . . coefficients�lðkÞ for each wave number
k for an infinite tower l, l0 ¼ 0; 1; 2; . . . for the coefficients

�k;JM
ll0 for a particular J. The advantage, though, is that

each TAM wave of JM contributes only to CJ. Thus, the
power spectrum CJ can be evaluated for a single J. There
may also be conceptual advantages to this approach, even
if there are no immediate numerical advantages.
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VIII. CONCLUSIONS

In this paper we have obtained complete sets of basis
functions, specified by their total angular momentum JM,
for scalar, vector, and tensor fields on R3. We have written
three such sets of basis functions, one in terms of orbital-
angular-momentum states, one in terms of an L=E=B or
L=VE=VB=TE=TB decomposition of the vector and ten-
sor fields, and a third in terms of states of definite helicity.
In the process, we have also shown how all five compo-
nents of a rank-2 traceless symmetric tensor field, includ-
ing the transverse-traceless components, can be written in
terms of derivative operators acting on scalar fields, a result
that may be useful for basis functions beyond those, based
on spherical coordinates, that we have derived here.

We have shown how the projections of these three-
dimensional vector and tensor fields onto the two-sphere
yield the familiar E=B vector and tensor spherical harmon-
ics. We found that an E mode on the two-sphere may arise
from either a longitudinal vector or tensor mode or from E
mode vector or tensor TAM waves. Conversely a B mode
on the two-sphere is seen to arise from a projection of
a vector or tensor B mode. We also generalized the two
usual E=B tensor spherical harmonics to account for the
three other possible polarizations of a traceless three-
dimensional tensor field. We showed how the five TAM
waves project onto these five tensor spherical harmonics.

A realization of a random scalar, vector, or tensor field is
usually described as a collection of plane waves with ampli-
tudes selected from some distribution. We have shown,
however, that a random field can also be realized as a collec-
tion of TAM waves, and we have shown how the power
spectra for these TAM-wave amplitudes are related to the
power spectra for the more familiar plane-wave amplitudes.
The advantage of TAM waves over the simpler but more
naive outer product of the tensor spherical harmonics with
radial wave functions is that such basis functions are not
necessarily eigenfunctions of the Laplacian. They therefore
do not follow a simple evolution during the linear regime at
late times, and they are not normal modes during inflation.

The utility of TAM waves in cosmology is apparent
given that most observations are performed on a spherical
sky. Many calculations of cosmological observables,
which are usually performed by considering the projection
of a single Fourier mode onto a spherical sky, can be
performed alternatively by considering a single TAM
wave. The angular dependence of any observable on a
TAM wave of total angular momentum JM must then be
a scalar, vector, or tensor harmonic (depending on the
observable) of that same JM. We showed, as one example,
how the calculation of power spectra for the lensing-
deflection field for gravitational lensing by density pertur-
bations and gravitational waves is carried out in the TAM
formalism, and we made preliminary remarks on the pos-
sible utility of the TAM formalism in numerical evaluation
of CMB power spectra. The full power of the TAM

formalism will be manifested most clearly, though, in the
calculation of higher-order correlations (e.g., angular bis-
pectra) in models with non-Gaussianity, particularly those
involving vector and/or tensor fields. The basic idea here is
that the Wigner-Eckart theorem guarantees that angular
correlations of three TAM waves must be proportional to
a Clebsch-Gordan coefficient, along with some prefactor
that will depend on the tensorial nature of the waves. This
will be presented in Ref. [27].
The development of the TAM-wave formalism requires

considerable technical detail. However, once completed,
understood, and mastered, it may facilitate the calculation
of many cosmological observables.
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APPENDIX A: DIVERGENCE OF THE
VECTOR HARMONICS

1. Gradient of scalar TAM waves

First, we calculate the gradient,

ra�
k
ðJMÞðxÞ ¼ rajJðkrÞYðJMÞðn̂Þ; (A1)

of scalar TAM waves. Our derivation is based on
the Fourier transform. From Rayleigh’s formula [Eq. (5)],
we find the Fourier transform of scalar harmonics
jJðkrÞYðJMÞðn̂Þ asZ

d3xjJðkrÞYðJMÞðn̂Þe�iq�x

¼ 2�2ð�iÞJ �Dðq� kÞ
q2

YðJMÞðq̂Þ; (A2)

and rewrite the gradient as an inverse Fourier transform:

ra�
k
ðJMÞðxÞ ¼ ra

Z d3q

ð2�3Þ
�
�
2�2ð�iÞJ �Dðq� kÞ

q2
YðJMÞðq̂Þ

�
eiq�x

¼ X
lm

il�Jþ1

�Z
q2dq

q

q2
jlðqrÞ�Dðq� kÞ

�

�
�Z

d2q̂q̂aYðJMÞðq̂ÞY�
ðlmÞðq̂Þ

�
YðlmÞðn̂Þ:

(A3)

The radial integral trivially readsZ
q2dq

q

q2
jlðqrÞ�Dðq� kÞ ¼ kjlðkrÞ; (A4)

and the angular integral can be written as a Gaunt integral
by decomposing
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n̂ a ¼
ffiffiffiffiffiffiffi
4�

3

s X
�m

Yð1 �mÞðn̂Þð�1Þ �me� �m
a : (A5)

Then,

Z
d2q̂q̂aYðJMÞðq̂ÞY�

ðlmÞðq̂Þ ¼
ffiffiffiffiffiffiffi
4�

3

s X
�m

ð�1Þ �me� �m
a

Z
d2q̂Yð1 �mÞðq̂ÞYðJMÞðq̂ÞY�

ðlmÞðq̂Þ

¼
ffiffiffiffiffiffiffi
4�

3

s X
�m

ð�1Þ �mþme� �m
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2J þ 1Þð2lþ 1Þ

4�

s
1 J l
0 0 0

� �
1 J l
�m M �m

� �

¼
ffiffiffiffiffiffiffi
4�

3

s X
�m

ð�1ÞMe� �m
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2J þ 1Þð2lþ 1Þ

4�

s
1 J l
0 0 0

� �
1 l J

� �m m �M

� �
: (A6)

Here,

l1 l2 l3

m1 m2 �m3

 !
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2l3 þ 1
p ð�1Þl1�l2þm3hl1m1l2m2jl3m3i; (A7)

is the Wigner-3j symbol. Combining all, we find the gradient of the scalar TAM wave to be

ra�
k
ðJMÞðxÞ ¼ k

X
lm

il�Jþ1jlðkrÞ
X
�m

ð�1ÞMe� �m
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2J þ 1Þð2lþ 1Þp l 1 J

0 0 0

 !
1 l J

� �m m �M

 !
YðlmÞðn̂Þ

¼ k
X
l

il�Jþ1jlðkrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

2J þ 1

s
hl010jJ0iX

m �m

e� �m
a h1� �mlmjJMiYðlmÞðn̂Þ

¼ k

2
4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J

2J þ 1

s
�J�1

ðJMÞaðxÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

s
�Jþ1

ðJMÞaðxÞ
3
5; (A8)

where we have used that the relevant Clebsch-Gordan coefficient is nonzero only for

hl010jJ0i ¼
8><
>:

ffiffiffiffiffiffiffiffi
lþ1
2lþ1

q
; l ¼ J � 1;

�
ffiffiffiffiffiffiffiffi
l

2lþ1

q
; l ¼ J þ 1:

(A9)

2. Divergence of vector TAM waves

We can now derive the divergence, given in Eq. (27), of the vector TAM waves. We start with

rra�l;k
ðJMÞaðxÞ ¼ rra

�
jlðkrÞ

X
m; �m

h1 �mlmjJMiYðlmÞðn̂Þe �m
a

�
¼ X

m; �m

h1 �mlmjJMire �m
arajlðkrÞYðlmÞðn̂Þ; (A10)

and then from Eq. (A8), we have

rra�l;k
ðJMÞaðxÞ ¼ kr

X
m; �m

h1 �mlmjJMie �m
a

2
4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l

2lþ 1

s
�l�1

ðlmÞaðxÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ 1

2lþ 1

s
�lþ1

ðlmÞaðxÞ
3
5: (A11)

The sum can be simplified as
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X
m; �m

h1 �mlmjJMie �m
a�

l�1
ðlmÞaðxÞ ¼ jl�1ðkrÞ

X
m; �m

h1 �mlmjJMie �m
a

X
m0; �m0

h1; l� 1; �m0m0jlmiYðl�1;m0Þðn̂Þe �m0
a

¼ jl�1ðkrÞ
X
m; �m

X
m0; �m0

h1 �mlmjJMih1; l� 1; �m0m0jlmiYðl�1;m0Þðn̂Þð�1Þ �m� �m;� �m0

¼ jl�1ðkrÞ
X
m; �m

X
m0
ð�1Þ �mh1 �mlmjJMih1; l� 1;� �mm0jlmiYðl�1;m0Þðn̂Þ

¼ jl�1ðkrÞ
X
m; �m

X
m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2J þ 1Þð2lþ 1Þ

p
ð�1Þ �mþMþm�1 1 l J

�m m �M

� �

� 1 l� 1 l
� �m m0 �m

� �
Yðl�1;m0Þðn̂Þ

¼ jl�1ðkrÞ
X
m; �m

X
m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2J þ 1Þð2lþ 1Þp ð�1Þ �m�1þMþm 1 l J
�m m �M

� �

� 1 l l� 1
�m m �m0

� �
Yðl�1;m0Þðn̂Þ

¼ �jl�1ðkrÞ
X
m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p �X
m; �m

1 l J
�m m �M

� �
1 l l� 1
�m m �m0

� ��
Yðl�1;m0Þðn̂Þ

¼ �jl�1ðkrÞ
X
m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p �J;l�1�Mm0

2J þ 1
Yðl�1;m0Þðn̂Þ

¼ �jl�1ðkrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

2J þ 1

s
�J;l�1Yðl�1;MÞðn̂Þ;

(A12)

from which follows Eq. (27).

APPENDIX B: DIVERGENCE OF TENSOR HARMONICS

In this Appendix we return to the use of our usual index notation for vectors and tensors so that vectors and tensors can
be distinguished by the number of indices. The divergence of the tensor TAM waves is

1

k
ra�l

ðJMÞabðxÞ ¼
X
~mm

h2 ~mlmjJMi 1
k
ðrajlðkrÞYðlmÞðx̂ÞÞt ~mab ¼ X

~mm

h2 ~mlmjJMi�L a
ðlmÞðxÞt ~mab: (B1)

From Eq. (A8), we calculate

�l0
ðlmÞ

at ~mab ¼ X
m0 �m

X
�m1 �m2

h1 �ml0m0jlmi�ðl0m0ÞðxÞh1 �m11 �m2j2 ~mie �m aðe �m1
a e �m2

b Þ

¼ X
�m2

X
m0 �m

ð�1Þ �mh1;� �m; 1 �m2j2 ~mih1 �ml0m0jlmi�ðl0m0ÞðxÞe �m2

b : (B2)

We first work out the sums over m, �m, and ~m. We trade Clebsch-Gordan coefficients for Wigner-3j symbols,X
m �m ~m

ð�1Þ �mh2 ~mlmjJMih1;� �m; 1 �m2j2 ~mih1 �ml0m0jlmi

¼ X
m �m ~m

ð�1Þ1þlþl0þMþ �mþmþ ~m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ð2lþ 1Þð2J þ 1Þ

p 2 l J

~m m �M

 !
1 1 2

� �m �m2 � ~m

 !
1 l0 l

�m m0 �m

 !

¼ ð�1ÞMþJþ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ð2lþ 1Þð2J þ 1Þp X

m �m ~m

ð�1Þlþmþ1þ �mþ2þ ~m
1 2 1

�m2 � ~m � �m

 !
l l0 1

�m m0 �m

 !
l 2 J

m ~m �M

 !

¼ ð�1ÞMþJþ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ð2lþ 1Þð2J þ 1Þp �

1 l0 J

l 2 1

�
1 l0 J

�m2 m0 �M

 !
; (B3)
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where we have used the definition,8<
:L1 L2 L3

l1 l2 l3

9=
; L1 L2 L3

M1 M2 M3

 !
� X

m1m2m3

ð�1Þl1þl2þl3þm1þm2þm3
L1 l2 l3

M1 m2 �m3

 !

� l1 L2 l3

�m1 M2 m3

 !
l1 l2 L3

m1 �m2 M3

 !
; (B4)

for the Wigner-6j symbol. We are then left with

X
�m2m

0
ð�1ÞMþJþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ð2lþ 1Þð2J þ 1Þp (

1 l0 J

l 2 1

)
1 l0 J

�m2 m0 �M

 !
�ðl0m0ÞðxÞe �m2

a

¼ �ð�1ÞJþl0þ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ð2lþ 1Þ

p (
1 l0 J

l 2 1

)X
�m2m

0
h1 �m2l

0m0jJMi�ðl0m0ÞðxÞe �m2
a

¼ �ð�1ÞJþl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ð2lþ 1Þp (

1 l0 J

l 2 1

)
�l0

ðJMÞaðxÞ: (B5)

We evaluate the 6j-symbols explicitly and find

1

k
ra�l

ðJMÞabðxÞ ¼ � ffiffiffi
5

p ð�1ÞJþl

��
1 l� 1 J

l 2 1

� ffiffi
l

p
�l�1

ðJMÞbðxÞ þ
�
1 lþ 1 J

l 2 1

� ffiffiffiffiffiffiffiffiffiffiffi
lþ 1

p
�lþ1

ðJMÞbðxÞ
�

¼ �

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ffiffiffiffiffiffiffiffiffi
J�1
2J�1

q
�J�1

ðJMÞbðxÞ; l ¼ J � 2;ffiffiffiffiffiffiffiffiffiffiffiffiffi
J�1

2ð2Jþ1Þ
q

�J
ðJMÞbðxÞ; l ¼ J � 1;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJþ1Þð2Jþ3Þ

6ð2J�1Þð2Jþ1Þ
q

�J�1
ðJMÞbðxÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Jð2J�1Þ

6ð2Jþ1Þð2Jþ3Þ
q

�Jþ1
ðJMÞbðxÞ; l ¼ J;ffiffiffiffiffiffiffiffiffiffiffiffiffi

Jþ2
2ð2Jþ1Þ

q
�J

ðJMÞbðxÞ; l ¼ J þ 1;ffiffiffiffiffiffiffiffiffi
Jþ2
2Jþ3

q
�Jþ1

ðJMÞbðxÞ; l ¼ J þ 2:

(B6)

Note that we automatically obtain eigenfunctions of total
angular momentum as a consequence of acting withra, an
irreducible-vector operator, on a tensor eigenfunction of
total angular momentum.

APPENDIX C: IRREDUCIBLE TENSORS

In this Appendix, we show that irreducible-tensor op-
erators, when acting on a wave function, conserve the total
angular momentum, even though the spin might change. To
be more precise, let us consider the spherical harmonics
YðJMÞðn̂Þ, which are eigenfunctions of orbital angular mo-

mentum L2 and Lz, for given JM; i.e.,

L2YðJMÞ ¼ JðJ þ 1ÞYðJMÞ; LzYðJMÞ ¼ MYðJMÞ: (C1)

Assume we have a group of irreducible-tensor operators
Ol

m, for m ¼ �l;�lþ 1; . . . ; l� 1; l, that transform as a
representation of order l under rotations. There are 2lþ 1
such operators, and Ol

mYðJMÞ is a spin-l object, a tensor

wave function of higher rank. There will be spin operators
Sa, for a ¼ x, y, z, that act on such spin-l objects. The total
angular momentum Ja ¼ La þ Sa is then defined as the

sum of the orbital angular momentum and the spin. We
would like to prove that

J2Ol
mYðJMÞ ¼ JðJ þ 1ÞOl

mYðJMÞ;

JzOl
mYðJMÞ ¼ MOl

mYðJMÞ:
(C2)

Consider a rotation R ¼ ei�
aJa acting on the Hilbert

space of spin-l wave functions, where �a parametrize
rotation angles. The orbital angular momentum La gener-
ates rotations of configuration space, and the spin Sa gen-
erates rotations of the internal tensor space; i.e., mixing of
the tensor components. Using the fact that La and Sa
commute, we have

ei�
aJaOl

mYðJMÞ ¼ ei�
aLaðei�bSbOl

mÞe�i�cLcei�
dLdYðJMÞ:

(C3)

First we note that spin operators rotate Ol
m contravariantly

by acting on the tensor index m (if the tensor basis trans-
forms covariantly),

ei�
aSaOl

m ¼ X
m1

Ol
m1
Dl�

mm1
ðRÞ; (C4)
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where we have introduced the WignerD rotation matrices
Dl

m1m2
ðRÞ. Meanwhile, the orbital angular momentum

rotates YðJMÞ covariantly,

ei�
aLaYðJMÞ ¼

X
M1

YðJM1ÞD
J
M1M

ðRÞ: (C5)

Finally,Ol
m, being irreducible-tensor operators, are rotated

by the orbital-angular-momentum operators according to,

ei�
aLaOl

m1
e�i�bLb ¼ X

m2

Ol
m2
Dl

m2m1
ðRÞ: (C6)

From the above three equations, plus the unitarity of
Wigner D-matrices,X

m1

Dl�
mm1

ðRÞDl
m2m1

ðRÞ ¼ �mm2
; (C7)

we find

ei�
aJaOl

mYðJMÞ ¼
X
M1

Ol
mYðJM1ÞD

J
M1M

ðRÞ: (C8)

The derivation holds for any rotation R, so we conclude
that spin-l objectsOl

mYðJMÞ transform as a representation of

order J under rotations, and hence must be eigenfunctions
of total angular momentum, as described in Eq. (C2).
The proof is easily generalized if the YðJMÞ are replaced

by spherical harmonics of higher spin. Then the orbital
angular momentum La is replaced by total angular mo-
mentum, while Ja will be the new total angular momentum
which is obtained by adding the additional spin carried by
irreducible-tensor operators Ol

m.
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