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We calculate the hadronic production of three heaviest bound baryons �bbb, �
�
bbc, and �bbc at hadron

colliders at tree level. We present the integrated cross section and differential cross section distributions in

this paper.
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I. INTRODUCTION

There are six flavors of quarks, u, d, s, c, b, and t, in the
Standard Model. The lifetime of t quark is so short that t
quark could not become a constituent quark in a bound
state. As a result, the heaviest baryon in the ground state
must be made up of three b quarks named �bbb, and the
next one must be made up of two b quarks and one c quark
named ��

bbc and �bbc, according to the spins of the

baryons. As an analogue of the heavy quarkonium, these
baryons are an important probe of QCD and an ideal place
for studying the interaction among three heavy quarks. As
the Bc meson, these baryons can decay only by weak
interactions. So, they also provide a clean environment
for studying the weak interactions.

The triply heavy barons have been studied in theory for a
long time. And the mass spectra of these three baryons
have been calculated in different models [1–4]. In most of
them, the masses of �bbb, ��

bbc, and �bbc are about

14.2–14.8, 11.2–11.5, and 11.1–11.5 GeV, respectively.
The masses of these baryons are so large that it is hard to
produce them in normal colliders. There is not yet any
information available from experiments on the triply heavy
baryons. The Large Hadron Collider (LHC) provides a
good chance to detect these triply heavy baryons because
of its high colliding energy and high luminosity. In the past
years, the production of these baryons has been calculated
in kinds of colliders [5–7]. In Ref. [6], the production of
these three triply heavy baryons at the LHC has been
calculated by the fragmentation method. But there are
two obvious mistakes. In that paper, the fragmentation
function is given in the perturbative theory in Feynman
gauge, although, as pointed out in Ref. [8], the fragmenta-
tion function can be correct only when it is calculated
in axial gauge. Also, in Ref. [6], the authors do the calcu-
lation using two Feynman diagrams. Actually, there are
seven basic Feynman diagrams that are shown in Fig. 1 in

Sec. II of this paper, thus the results in that paper
are suspect. Here, we calculate the direct hadronic produc-
tion of these three heaviest baryons in the leading order
at the LHC.
These baryons can be described by the nonrelativistic

QCD (NRQCD) as a result of the large mass of the heavy
quark, which is much larger than �QCD. In the leading

order, the direct production of the triply heavy baryon can
be factorized into two parts, the short-distance coefficient
corresponding to the production of three pairs of heavy
quarks and the long-distance matrix corresponding to the
coupling of three heavy quarks to the baryon. In the
following, we will show how to calculate these two
parts explicitly.
The rest of the paper is organized as follows: In Sec. II,

we present the calculation of the production of the heaviest
baryons; numerical results and conclusions are given
in Sec. III.

II. CALCULATION OF PRODUCTION OF THE
HEAVIEST BARYONS

A baryon must be in the color singlet. This means its
color wave function must be 1ffiffi

6
p "�1�2�3Q1�1Q2�2

Q3�3
,

which is antisymmetric.1 For a ground baryon, its spin
can only be 3

2 or
1
2 . Because of the statistical antisymmetry

of the fermion system, the symmetry of the orbital angular
momentum wave function, and the antisymmetry of the
color wave function, the spin wave function of the ground
baryon made up of three b quarks must be symmetric. This
means the spin of�bbb must be 3

2 . For the same reason, the

spin of the two b quarks’ subsystem in the baryon made up
of two b quarks and one c quark must be 1. As a result, the
spin of the baryon made up of two b quarks and one c quark
could be 3

2 or
1
2 . And, we use�

�
bbc standing for the one with

*zzswu@mail.itp.ac.cn 1�i (i ¼ 1, 2, 3) is the color index of the heavy quark Qi.
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spin 3
2 and �bbc standing for the one with spin 1

2 ,

respectively.
Because the mass of the heavy quark is much larger than

�QCD, the relative motion of the heavy quarks in the triply

heavy baryon is nonrelativistic, and the typical velocity, v,
of the heavy quark is much smaller than 1 at the rest frame
of the baryon. With v � 1, the mass m, the typical mo-
mentum mv, and the typical off-shell energy mv2 of the
heavy quark are hierachical, namely m � mv � mv2.
Then NRQCD [9] can be used to describe the triply heavy
baryon conveniently. In NRQCD, we can describe the
normalized wave function of the triply heavy baryon in
the ground state as

j�Q1Q2Q3
; S; SZi ¼

ffiffiffiffiffiffiffiffi
2M

p Z d3 ~q1
ð2�Þ3

d3 ~q2
ð2�Þ3

X
�1;�2;�3

X
�1;�2;�3

"�1�2�3ffiffiffi
6

p hS; SZj�1; �2; �3i 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E12E22E3

p 1ffiffiffiffiffi
d!

p c ð ~q1; ~q2Þ

� jQ1; �1; �1; ~q1ijQ2; �2; �2; ~q2i � jQ3; �3; �3; ~q3 ¼ � ~q1 � ~q2i; (1)

where

hQi; �i; �i; ~qijQj; �j; �j; ~qji
¼ �QiQj

��i�j
��i�j

ð2�Þ32Ef�
ð3Þð ~qi � ~qjÞ;

with �i and ðEi; ~qiÞ (i ¼ 1, 2, 3) as the spin and the four-
momentum of the Qi heavy quark; M is the mass of the
baryon; hS; SZj�1; �2; �3i is the Clebsch-Gordan (C-G)
coefficient; S, SZ are the spin of the baryon and its third
component2; d equals 2 for�bbc and�

�
bbc and 3 for�bbb,

and c ð ~q1; ~q2Þ is the wave function of the baryon in the
momentum space which is normalized as follows

Z d3 ~q1
ð2�Þ3

d3 ~q2
ð2�Þ3 c

�ð ~q1; ~q2Þc ð ~q1; ~q2Þ ¼ 1:

The mass of the triply heavy baryon including two or
there b quarks is too large to produce in normal high-
energy particle colliders. With high luminosity and high
energy, the LHC provides a good experimental environ-
ment to produce and detect these baryons. In the LHC, they
can be produced directly by gg fusion and q �q annihilation
subprocesses. In the heavy quark limit, v � 1, the direct
production process can be factorized into two parts—the
hard production of three pairs of heavy quarks and the
coupling of the three heavy quarks to the heavy baryon.

In the leading order (expansion in v), the dependence
of the short distance on the q1 and q2 can be neglected and
the momentum of the produced three heavy quarks have
the relation of p1:p2:p3 ¼ m1:m2:m3. Because of the

independence of the short-distance coefficient on the qi,
the long-distance matrix will be proportional to the wave
function of the baryon at the origin,

�ð0; 0Þ ¼
Z d3 ~q1

ð2�Þ3
d3 ~q2
ð2�Þ3 c ð ~q1; ~q2Þ;

which we have evaluated using the model given in Ref. [3]
and taken �2ð0; 0Þ to be 0:189 for �bbb and 0:0146 GeV6

for �bbc and ��
bbc.

A. Calculation of gg ! ðQ1Q2Q3ÞS;SZ

1
�Q1

�Q2
�Q3

Now, let us consider the short-distance coefficient. There
are two subprocesses for the production of three pairs of
heavy quarks—gluon-gluon fusion and quark-antiquark
annihilation. Our numerical results show that the contribu-
tion of quark-antiquark annihilation subprocesses is much
less than the contribution of the gluon-gluon fusion sub-
process. Here we just show the calculation of the gluon-
gluon fusion subprocess.
Coupling to a baryon, there are some constraints on the

three heavy quarks. First of all, the three heavy quarks must
couple to the color singlet and have the antisymmetric
color configuration 1ffiffi

6
p "�1�2�3Q1�1

Q2�2
Q3�3

. The spin

wave function must be the same as the one of the baryon to
which the three heavy quarks couple. Besides, the veloc-
ities of the heavy quarks are approximately the same. We

use ðQ1Q2Q3ÞS;SZ1 , standing for the three heavy quarks
satisfying these three conditions.
As pointed out in Ref. [7], when the three heavy quarks

have different flavors, there are 727 Feynman diagrams

for gg ! ðQ1Q2Q3ÞS;SZ1
�Q1

�Q2
�Q3, which can be given by

inserting two initial gluons into the seven basic topology

FIG. 1. Seven basic topology structures of three pairs of heavy
quarks with different flavors.

2S equals to 1
2 for the production of �bbc, and 3

2 for the
production of ��

bbc and �bbb. SZ equals �S;�Sþ 1; . . . ; S.
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structures given in Fig. 1 in all allowed positions.3 For

the subprocess of gg ! ðbbcÞS;SZ1
�b �b �c , the produced par-

ticles have two fermion permutations, ðb1 �b1b2 �b2c �cÞ and
ðb1 �b2b2 �b1c �cÞ.4 And for the subprocess of gg ! ðbbbÞ32;SZ1
�b �b �b , there are six fermion permutations for the produced
three pairs of b quarks, which are ðb1 �b1b2 �b2b3 �b3Þ,
ðb1 �b2b2 �b3b3 �b1Þ, ðb1 �b3b2 �b1b3 �b2Þ, ðb1 �b2b2 �b1b3 �b3Þ,
ðb1 �b3b2 �b2b3 �b1Þ; and ðb1 �b1b2 �b3b3 �b2Þ. For each of these
two/six fermion permutations, there are seven topology

structures, and 727 Feynman diagrams. For gg !
ðbbcÞS;SZ1

�b �b �c subprocess, there are 727� 2 ¼ 1454
Feynman diagrams, and each of the 727 Feynman
diagrams, given by inserting the initial gluons into the
seven topology structures of the produced heavy
quarks corresponding to the second fermion permutation,
have an additional minus sign. For the subprocess of

gg ! ðbbbÞ32;SZ1
�b �b �b , there are 727� 6 ¼ 4362 Feynman

diagrams, and each of the 727� 3 ¼ 2181 Feynman
diagrams, given by inserting the two initial gluons into
the 21 topology structures of the three heavy quarks of
the last three fermion permutations, has an additional
minus sign.

It is a hard work to calculate so many Feynman dia-
grams. In the calculation, we take advantage of the features
of the three produced heavy quarks to simplify the calcu-
lation. We can see that the momenta of the identical

produced heavy quarks can be considered as equal in the
calculation. And the spin wave function of the identical
heavy quark system is symmetric with the color wave
function of the system being antisymmetric. As a result,
when we exchange two identical heavy quarks in the
Feynman diagrams, the amplitudes without the color parts
do not change, and each of the corresponding color factors
gets an additional minus sign. Then we get that the
Feynman diagrams given by inserting initial gluons into
the heavy quark topology structure of different fermion
permutations give the same contributions. This means that
we just need to calculate the 727 Feynman diagrams cor-
responding to the first permutation of the two/six permu-
tations of the produced heavy quarks.
In the calculation of the amplitudes of the basic 727

Feynman diagrams, we calculate the color factors and
matrixes without color parts separately. For a Feynman
diagram with a four-gluon vertex, there are three different
color factors and three corresponding matrixes. Then, for
the basic 727 Feynman diagrams, we have to calculate
727þ 2� 34 ¼ 795 color factors and matrixes. As men-
tioned above, the color configuration of the produced
heavy quarks is 1ffiffi

6
p "�1�2�3Q1�1

Q2�2
Q3�3

. Using the color-

flow method in Ref. [10], we get twelve different color

structures Ci (i ¼ 1; 2; . . . ; 12) for the subprocess of gg !
ðQ1Q2Q3ÞS;SZ1

�Q1
�Q2

�Q3, which are listed in the following:

C1 ¼"�1�2�3ffiffiffi
6

p ð�a�bÞ�1�2
��2�1

��3�3
; C2 ¼"�1�2�3ffiffiffi

6
p ð�b�aÞ�1�2

��2�1
��3�3

; C3 ¼"�1�2�3ffiffiffi
6

p ð�a�bÞ�1�1
��2�2

��3�3
;

C4 ¼"�1�2�3ffiffiffi
6

p ð�b�aÞ�1�1
��2�2

��3�3
; C5 ¼"�1�2�3ffiffiffi

6
p ð�a�bÞ�1�3

��2�1
��3�2

; C6 ¼"�1�2�3ffiffiffi
6

p ð�b�aÞ�1�3
��2�1

��3�2
;

C7 ¼"�1�2�3ffiffiffi
6

p ð�aÞ�1�1
ð�bÞ�2�2

��3�3
; C8 ¼"�1�2�3ffiffiffi

6
p ð�aÞ�1�2

ð�bÞ�2�1
��3�3

; C9 ¼"�1�2�3ffiffiffi
6

p ð�aÞ�1�2
ð�bÞ�2�3

��3�1
;

C10 ¼"�1�2�3ffiffiffi
6

p ð�aÞ�1�3
ð�bÞ�2�2

��3�1
; C11¼"�1�2�3ffiffiffi

6
p ð�aÞ�1�3

ð�bÞ�2�1
��3�2

; C12¼ "�1�2�3ffiffiffi
6

p ð�aÞ�1�1
ð�bÞ�2�3

��3�2
;

(2)

where �i ¼ 1, 2, 3 (i ¼ 1, 2, 3) and a, b ¼ 1; 2; . . . ; 8 are
the color indices of the produced heavy antiquarks and
two initial gluons, respectively. All the 795 color factors
can be expressed with these twelve color structures. The

total amplitude for the subprocess gg ! ðQ1Q2Q3ÞS;SZ1
�Q1

�Q2
�Q3 is

Mðgg ! ðQ1Q2Q3ÞðS;SZÞ1
�Q1

�Q2
�Q3Þ

¼ d!
X795
k¼1

CFkMk ¼ d!
X12
k¼1

Ck�k; (3)

where CFk (k ¼ 1; 2; . . . ; 795) are the color factors of the
Feynman diagrams and Mk are the corresponding ma-
trixes; �k (k ¼ 1; 2; . . . ; 12) are the combinations of the
amplitudes of the basic Feynman diagrams related to the 12
color structures Ck.
We see that the former six topology structures in Fig. 1

are similar. As a result, we just need to calculate the color
factors of the Feynman diagrams given by inserting initial

3Considering Feynman diagrams without the four-gluon ver-
tex, there are 9 ways to insert the first gluon and 11 ways to insert
the second gluon for each topology structure. Considering the
Feynman diagrams with one four-gluon vertex, there are 2 ways
to insert the two initial gluons for each of the first six topology
structures shown in Fig. 1 and 22 ways to insert the initial gluons
into the seventh topology structure. So, there are in total 9�
11� 7þ 2� 6þ 22 ¼ 727 Feynman diagrams.

4ðQ1
�QiQ2

�QjQ3
�QkÞ (i, j, k ¼ 1, 2, 3 and i � j � k) means Q1

in the same fermion line with �Qi, Q2 in the same fermion line
with �Qj and Q3 in the same fermion line with �Qk.
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gluons into the first topology structure and reexpress them
with the 12 color structures listed in Eq. (2) as a base. Then
we can calculate and express the color factors of Feynman
diagrams given by inserting the initial gluons into the
second, third, fourth, fifth, and sixth topology structures
by a simple transformation code using the color factors of
the Feynman corresponding to the first topology structure,
which we have calculated and expressed. Also, by a simple
substraction code, we can calculate and express the color
factors of the Feynman diagrams given by inserting the
initial gluons into the seventh topology structure. To cal-
culate the amplitudes without color parts, we make a
program in FORTRAN. The code is made up of one main

routine and many subroutines. The subroutines are used to
calculate the spinors and polarization vectors of the exter-
nal legs and the types of vertices and propagators. Calling
the subroutines in different orders in the main routine, the
795 amplitudes without color parts are calculated. To
ensure the correctness of the code, we have tested the
gauge invariance for each of the invariant amplitudes �k

(k ¼ 1; 2; . . . ; 12) corresponding to the 12 color structures.

III. NUMERICAL RESULTS AND CONCLUSIONS

Intersecting with the parton model, the cross sections of
the pp ! Q1

�Q1Q2
�Q2Q3

�Q3X progress are

� ¼ 1

d!

Z
dx1dx2fg1ðx1; �FÞfg2ðx2; �FÞ

Z
d�̂ðgg ! �Q1Q2Q3

�Q1
�Q2

�Q3; �FÞ; with

d�̂ ¼ X
SZ;&i

ð2�Þ4
2ŝ

�4ðk1 þ k2 � P� v1 � v2 � v3Þd�4

1

N

X
a;b;�i

jAðgg ! �Q1Q2Q3
�Q1

�Q2
�Q3Þj2;

where d�4 ¼ d3P

ð2�Þ32E
d3v1

ð2�Þ32Ev1

d3v2

ð2�Þ32Ev2

d3v3

ð2�Þ32Ev3

and

Aðgg ! �Q1Q2Q3
�Q1

�Q2
�Q3Þ ¼

ffiffiffiffiffiffiffiffi
2M

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m1 � 2m2 � 2m3

p �ð0; 0Þffiffiffiffiffi
d!

p Mðgg ! ðQ1Q2Q3ÞðS;SZÞ1
�Q1

�Q2
�Q3Þ; (4)

where &i and vi (i ¼ 1, 2, 3) are the spin and four-
momentum of the antiquarks �Qi; fgðx;�FÞ is the parton
distribution function of the gluon in the proton, for which
we take Cteq6l [11]; �F is the factorization energy scale;
and N equals 64 for the color average of the initial gluons.
There are uncertainties arising from the choice of �F and
the running coupling constant 	s for strong interaction. We
do the calculation using 	s at the one-loop order given in
Ref. [12] and with the choice of �F ¼ �R=2, where �R is

the transverse mass of the produced baryon, namely
�2

R ¼ p2
T þM2.5 Taking mc ¼ 1:5 and mb ¼ 4:9 GeV,

we listed the numerical cross sections with the types of
pT cuts on the produced heavy baryons in Table I. The
differential cross section distributions versus the transverse
momentum and rapidity of the produced baryon are given

TABLE I. Production cross sections (in unit pb) of the triply heavy baryons at the LHC with various pT cuts (pT > pTcut) and
different collision energy

ffiffiffi
S

p
. We take pseudorapidity cuts j�j< 2:5 for CMS and ATLAS and 1:9<�< 4:9 for the LHCb. The

number in parenthesis shows the Monte Carlo uncertainty in the last digit.

� � � ffiffiffi
S

p
7 TeV 14 TeV

� � � � � � CMS and ATLAS LHCb CMS and ATLAS LHCb

� � � j�j< 2:5 1:9<�< 4:9 j�j< 2:5 1:9<�< 4:9

�bbc 0 GeV 0.0444(4) 0.0183(2) 0.0961(5) 0.0467(4)

� � � 5 GeV 0.0309(3) 0.00913(6) 0.0687(5) 0.0256(3)

� � � 10 GeV 0.0101(2) 0.00211(2) 0.0240(4) 0.00656(8)

��
bbc 0 GeV 0.117(1) 0.0519(6) 0.249(3) 0.129(2)

� � � 5 GeV 0.0767(5) 0.0233(3) 0.167(2) 0.0648(6)

� � � 10 GeV 0.0218(2) 0.00468(8) 0.0511(6) 0.0145(2)

�bbb 0 GeV 0.0201(1) 0.00850(3) 0.0468(2) 0.0234(1)

� � � 5 GeV 0.0155(1) 0.00490(2) 0.0369(2) 0.0145(1)

� � � 10 GeV 0.00618(3) 0.00137(1) 0.0155(1) 0.00451(3)

5In this paper, pT means the transverse momentum of the
produced triply heavy baryon.
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FIG. 3. Distributions versus the rapidity of the triply heavy
baryons produced in pp ! �bbb

�b �b �bX, �bbc
�b �b �cX, and

��
bbc

�b �b �cX channels at the LHC with
ffiffiffi
S

p ¼ 7 TeV.

FIG. 2. Distributions of the differential production cross sec-
tions versus the transverse momentum of the triply heavy baryons
produced at the LHCb and CMS (ATLAS) with

ffiffiffi
S

p ¼ 7 TeV.

FIG. 4. Distributions of the differential production cross sec-
tions versus the transverse momentum of the triply heavy baryons
produced at the LHCb and CMS (ATLAS) with

ffiffiffi
S

p ¼ 14 TeV.

FIG. 5. Distributions versus the rapidity of the triply heavy
baryons produced in pp ! �bbb

�b �b �bX, �bbc
�b �b �cX, and

��
bbc

�b �b �cX channels at the LHC with
ffiffiffi
S

p ¼ 14 TeV.
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in Figs. 2–5. Some parts in the PT distributions are not
smooth due to a Vegas simulation error.

We see that both the integrated cross sections and dif-
ferential cross sections are proportional to �2ð0; 0Þ and
	6
sð�FÞ. Then the numerical results can be changed by one

or even two orders, using different wave functions at the
origin of the triply heavy baryons, different running cou-
pling constants, and different energy scale choices.

To reconstruct these heaviest baryons, their particular
signatures need to be studied. We see that these baryons
can decay only through weak interactions. Now let us give
a brief analysis on the two kinds of cascade decay
models—nonleptonic decay and semileptonic decay. For
�bbc (��

bbc), an interesting cascade nonleptonic decay is

�bbcð��
bbcÞ ! �ð�Þ

ccb þ ��ð
�Þ with �ð�Þ
ccb decaying in the

nonleptonic model to�sss þ 3�þð
þÞ þ ��ð
�Þ [7]. The
corresponding semileptonic decay model for �bbc (�

�
bbc)

is �bbcð��
bbcÞ ! �ð�Þ

ccb þ l� þ ��l with �ð�Þ
ccb decaying in a

cascade nonleptonic model, which has been studied in a
Y-shaped confinement potential in Ref. [13].
For �bbb, one interesting cascade nonleptonic decay is

�bbb ! �ð�Þ
bbc þ ��ð
�Þ with �ð�Þ

bbc decaying by the non-

leptonic model given above. The corresponding semilep-

tonic decay model is �bbb ! �ð�Þ
bbc þ l�þ ��l with �ð�Þ

bbc

decaying by a cascade semileptonic model, which has also
been studied in Ref. [13].
These heaviest baryons are very interesting hadrons to

explore, for they provide particular information about
strong interactions, hadron structure, and weak decay.
Our results show that it is possible to detect them at the
LHC when both the integrated luminosity and collision
energy are proved.
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