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In this paper we first calculate the form factors of B ! ð�;KÞ and Bs ! K transitions by employing the

perturbative QCD (pQCD) factorization approach with the inclusion of the next-to-leading-order (NLO)

corrections, and then we calculate the branching ratios of the corresponding semileptonic decays B=Bs !
ð�;KÞðlþl�; l�; � ��Þ (here l denotes e, �, and �). Based on the numerical calculations and phenomeno-

logical analysis, we find the following results: (a) For B ! ð�;KÞ and Bs ! K transition form factors

F0;þ;Tðq2Þ, the NLO pQCD predictions for the values of F0;þ;Tð0Þ and their q2 dependence agree well with
those obtained from other methods; (b) for �B0 ! �þl� ��l, �K0lþl� and B� ! �0l� ��l, K

�lþl� decay

modes, the NLO pQCD predictions for their branching ratios agree very well with the measured values;

(c) by comparing the pQCD predictions for Brð �B0 ! �þl� ��lÞ with the measured decay rate, we extract

out the magnitude of Vub: jVubj ¼ ð3:80þ0:66
�0:60ðtheorÞ � 0:13Þ � 10�3; (d) we also define several ratios of

the branching ratios, R�, RC and RN1;N2;N3, and present the corresponding pQCD predictions, which will

be tested by LHCb and the forthcoming Super-B experiments.
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I. INTRODUCTION

The semileptonic decays B ! ð�;KÞðlþl�; l ��; � ��Þ and
Bs ! Kðlþl�; l ��; � ��Þ with l ¼ ðe;�; �Þ are very interest-
ing B=Bs decays modes and play an important role in
testing the standard model (SM) and in searching for the
new physics (NP) beyond the SM, such as the determina-
tion of jVubj and the extractions of the transition form
factors F0;þ;Tðq2Þ of B=Bs meson to pion and/or kaon.

For the charged current B=Bs ! Pl �� decays, the ‘‘tree’’
diagrams provide the leading-order contribution. For the
neutral current B=Bs ! Plþl� and P� �� decays, however,
the leading-order SM contributions come from the photon
penguin, the Z penguin, and the WþW� box diagrams, as
shown in Fig. 1, where the symbol � denotes the corre-
sponding one-loop SM contributions.

On the experiment side, some decay modes among all
the considered B ! Pðlþl�; l�; � ��Þ decays have been
measured by CLEO, BABAR, Belle, and LHCb experi-
ments [1–5]. The Bs ! Kðlþl�; l�; � ��Þ decays are now
under study and will be measured by the LHCb and the
forthcoming Super-B experiments [6,7].

On the theory side, the considered semileptonic decays
strongly depend on the values and the shape of the B=Bs !
P form factors. At present, there are various approaches to
calculate the B=Bs ! ð�;KÞ transition form factors, such
as the lattice QCD technique [8], the light-cone QCD sum
rules (LCSRs) [9–12], as well as the perturbative QCD
(pQCD) factorization approach [13–17]. The direct pertur-
bative calculations of the one-gluon exchange diagram
for the BðsÞ meson transition form factors suffer from the

end-point singularities. Because of these end-point singu-
larities, it was claimed that the B ! P transition form
factors are not calculable perturbatively in QCD [18].
In the pQCD factorization approach [19], however, a

form factor is generally written as the convolution of a hard
amplitude with initial-state and final-state hadron distribu-
tion amplitudes. In fact, in the end-point region, the parton
transverse momenta kT is not negligible. If the large double
logarithmic term �sln

2ðkTÞ and large logarithms �sln
2ðxÞ

are resummed to all orders, the relevant Sudakov form
factors from both the kT resummation and the threshold
resummation [20,21] can cure the end-point singularity
which makes the perturbative calculation of the hard
amplitudes infrared safe, and then the main contribution
comes from the perturbative regions.
In Refs. [13,16], for example, the authors calculated the

B ! �, � [13] and B ! S form factors [16] at the leading
order by employing the pQCD factorization approach and
found that the values of the corresponding form factors
coming from the pQCD factorization approach agree well
with those obtained by using other methods [9–12]. In a
recent paper [22], Li, Shen, and Wang calculated the next-
to-leading-order (NLO) corrections to the B ! � transition
form factors at leading twist in the kT factorization theorem.
They found that the NLO corrections amount up to only
30% of the form factors at the large recoil region of the pion.
In this paper, based on the assumption of the SUð3Þ

flavor symmetry, we first extend the NLO results about
the B ! � form factors as presented in Ref. [22] to the
cases of B ! K and Bs ! K directly and then calculate
the q2 dependence of the differential decay rates and the
branching ratios of the considered B=Bs semileptonic
decay modes and extract jVubj based on our calculations.*xiaozhenjun@njnu.edu.cn

PHYSICAL REVIEW D 86, 114025 (2012)

1550-7998=2012=86(11)=114025(14) 114025-1 � 2012 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.86.114025


This paper is organized as follows. In Sec. II, we collect
the distribution amplitudes of the B=Bs mesons and the �,
K mesons being used in the calculation and give the
kT-dependent NLO expressions of the corresponding tran-
sition form factors. In Sec. III, based on the kT factorization
theorem, we calculate and present the expressions for the
B=Bs ! �, K transition form factors in the large recoil
regions. The numerical results and relevant discussions are
given in Secs. IV and V, contains the conclusions and a
short summary.

II. THE THEORETICAL FRAMEWORK
AND NLO CORRECTIONS

For the sake of simplicity, we use B to denote both the B
and Bs meson, and P denotes final meson � or K from now
on. As usual, we treat the Bmeson as a heavy-light system.
In the B meson rest frame, the mB stands for the mass of B
meson, and we define the B meson momentum p1 and the
final meson P (say � or K meson) momentum p2 in the
light-cone coordinates

p1 ¼ mBffiffiffi
2

p ð1; 1; 0TÞ; p2 ¼ mBffiffiffi
2

p �ð0; 1; 0TÞ; (1)

with the energy fraction � ¼ 1� q2=m2
B carried by the

final meson (here q ¼ p1 � p2). The light spectator
momenta k1 in the B meson and k2 in the final meson are
parametrized as

k1 ¼
�
x1

mBffiffiffi
2

p ; 0; k1T

�
; k2 ¼

�
0; x2�

mBffiffiffi
2

p ; k2T

�
: (2)

Because of the final pseudoscalar meson moving along the
minus direction with large momentum, the plus component

of its partons momentum should be very small, so it’s
dropped in the expression of k2. But the four components

of k1 should be of the same order, i.e., Oð ��Þ, with �� �
mB �mb,mb being the b quark mass. However, since k2 is
mainly in the minus direction with k�2 �OðmBÞ, the hard
amplitudes will not depend on the minus component k1 as
explained below. This is the reason why we do not give k�1
in Eq. (2) explicitly.
In Ref. [22], the authors derived the kT-dependent NLO

hard kernel for the B ! � transition form factor. We here
use their results directly for B ! � transition processes
and extend the expressions of B ! � form factors to the
ones for both B ! K and Bs ! K transitions, under the
assumption of SUð3Þ flavor symmetry. As given in Eq. 56

of Ref. [22], the NLO hard kernel Hð1Þ can be written as

Hð1Þ ¼ Fðx1; x2; �;�f;�; �1ÞHð0Þ

¼ �sð�fÞCF
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where �1 ¼ 25mB [22], �f is the factorization scale and

set to the hard scales t1 or t2 as defined in the Appendix,

FIG. 1 (color online). The typical Feynman diagrams for the semileptonic decays B=Bs ! ð�;KÞðlþl�; l ��; � ��Þ, where the symbol �
in (b) and (e) denotes the flavor-changing neutral current vertex with V ¼ 	 and/or Z boson.

WEN-FEI WANG AND ZHEN-JUN XIAO PHYSICAL REVIEW D 86, 114025 (2012)

114025-2



� ¼ 1� ðp1 � p2Þ2=m2
B is the energy fraction carried by

the final meson, and finally the renormalization scale � is
defined as [22]

tsð�fÞ ¼
�
Exp

�
c1 þ

�
ln
m2

B

�21
þ 5

4

�
ln
�2

f

m2
B

�
xc21 x

c3
2

�
2=21

�f ;

(4)

with the coefficients

c1 ¼ �
�
15

4
� 7

16
ln�

�
ln�þ 1

2
ln
m2

B

�21

�
3 ln

m2
B

�21
þ 2

�

� 101

48
�2 � 219

16
;

c2 ¼ �
�
2 ln

m2
B

�21
þ 7

8
ln�� 1

4

�
;

c3 ¼ � 7

8
ln�þ 3

2
: (5)

In this paper, we use the distribution amplitudes (DAs)
of B=Bs meson as those widely adopted in the pQCD
analysis, for example, in Refs. [23–27],


Bðx; bÞ ¼ NBx
2ð1� xÞ2 exp

�
� 1

2

�
xmB

!b

�
2 �!2

bb
2

2

�
;

(6)

and


Bs
ðx; bÞ ¼ NBs

x2ð1� xÞ2 exp
�
� 1

2

�
xmBs

!Bs

�
2 �!2

Bs
b2

2

�
;

(7)

where the normalization factors NBðsÞ are related to the

decay constants fBðsÞ throughZ 1

0
dx
BðsÞ ðx; b ¼ 0Þ ¼ fBðsÞ

2
ffiffiffi
6

p : (8)

Here the shape parameter!b has been fixed at 0.40 GeV by
using the rich experimental data on the B mesons with
fB ¼ 0:21 GeV. Correspondingly, the normalization con-
stant NB is 101.4. For the Bs meson, we adopt the shape
parameter!Bs

¼ 0:50 GeVwith fBs
¼ 0:23 GeV, then the

corresponding normalization constant is NBs
¼ 63:67. In

order to analyze the uncertainties of theoretical predictions
induced by the inputs, we will vary the shape parameters!b

and !Bs
by 10%, i.e., setting !b ¼ 0:40� 0:04 GeV and

!Bs
¼ 0:50� 0:05 GeV, respectively.

In Ref. [22], the authors used another form of
Bðx; bÞ as
given in Eq. 56 of Ref. [22] to calculate the relevant form
factors, and they also investigated the effects if the popular
form of 
Bðx; bÞ as given here in Eq. (6), i.e., the 
Bðx; bÞ
as given in Eq. 62 of Ref. [22], was used.

For the � and K mesons, we adopt the same set of
distribution amplitudes 
A

i ðxÞ (the leading twist-2) and


P;T
i ðxÞ with i ¼ ð�;KÞ as defined in Refs. [10,28,29]),


A
i ðxÞ ¼

3fiffiffiffi
6

p xð1� xÞ½1þ a1C
3=2
1 ðtÞ þ a2C

3=2
2 ðtÞ

þ a4C
3=2
4 ðtÞ�; (9)


P
i ðxÞ ¼

fi

2
ffiffiffi
6

p
�
1þ

�
30�3 � 5

2
�2
i

�
C1=2
2 ðtÞ

� 3

�
�3!3 þ 9

20
�2
i ð1þ 6a2Þ

�
C1=2
4 ðtÞ

�
; (10)


�
i ðxÞ ¼

fi

2
ffiffiffi
6

p xð1� xÞ
�
1þ

�
5�3 � 1

2
�3!3

� 7

20
�2
i �

3

5
�2
i a2

�
C3=2
2 ðtÞ

�
; (11)

where t ¼ 2x� 1, ��ðKÞ ¼ m�ðKÞ=m
�ðKÞ
0 are the mass

ratios (here m�
0 ¼ m2

�=ðmu þmdÞ ¼ 1:4� 0:1 GeV and

mK
0 ¼ m2

K=ðms þmdÞ ¼ 1:6� 0:1 GeV are the chiral

mass of pion and kaon), a�;Ki are the Gegenbauer moments,
and C�

nðtÞ are the Gegenbauer polynomials

C3=2
1 ðtÞ ¼ 3t; C1=2

2 ðtÞ ¼ 1

2
ð3t2 � 1Þ;

C3=2
2 ðtÞ ¼ 3

2
ð5t2 � 1Þ; C1=2

4 ðtÞ ¼ 1

8
ð3� 30t2 þ 35t4Þ;

C3=2
4 ðtÞ ¼ 15

8
ð1� 14t2 þ 21t4Þ: (12)

The Gegenbauer moments appearing in Eqs. (9)–(11) are
the following [10,28]:

a�1 ¼ 0; aK1 ¼ 0:06� 0:03;

a�;K2 ¼ 0:25� 0:15; a�4 ¼ �0:015;

��;K
3 ¼ 0:015; !�;K

3 ¼ �3:

(13)

III. FORM FACTORS AND
SEMILEPTONIC DECAYS

A. BðsÞ ! �, K form factors

The form factors for B ! P transition are defined
by [30]

hPðp2Þj �bð0Þ	�qð0ÞjBðp1Þi

¼
�
ðp1 þ p2Þ� �m2

B �m2
P

q2
q�

�
Fþðq2Þ

þm2
B �m2

P

q2
q�F0ðq2Þ; (14)

where q ¼ p1 � p2 is the momentum transfer to the lepton
pairs. In order to cancel the poles at q2 ¼ 0, Fþð0Þ should
be equal to F0ð0Þ. For the sake of the calculation, it is

SEMILEPTONIC DECAYS B=Bs ! ð�; kÞðlþl�; l�; � ��Þ . . . PHYSICAL REVIEW D 86, 114025 (2012)

114025-3



convenient to define the auxiliary form factors f1ðq2Þ and
f2ðq2Þ,
hPðp2Þj �bð0Þ	�qð0ÞjBðp1Þi ¼ f1ðq2Þp1� þ f2ðq2Þp2�:

(15)

in terms of f1ðq2Þ and f2ðq2Þ, the form factors Fþðq2Þ and
F0ðq2Þ are defined as

Fþðq2Þ ¼ 1

2
½f1ðq2Þ þ f2ðq2Þ�;

F0ðq2Þ ¼ 1

2
f1ðq2Þ

�
1þ q2

m2
B �m2

P

�

þ 1

2
f2ðq2Þ

�
1� q2

m2
B �m2

P

�
: (16)

As for the tensor operator, there is only one independent
form factor, which is important for the semileptonic decay,

hPðp2Þj �bð0Þ���qð0ÞjBðp1Þi ¼ i½p2�q� � q�p2��

� 2FTðq2Þ
mB þmP

;

hPðp2Þj �bð0Þ���	5qð0ÞjBðp1Þi ¼ ����
p
�
2 q


 2FTðq2Þ
mB þmP

:

(17)

The above form factors are dominated by a single gluon
exchange in the lowest order and in the large recoil regions.
The factorization formula for the B ! P form factors is
written as [13,15]

hPðp2Þj �bð0Þ	�qð0ÞjBðp1Þi ¼ g2sCFNc

Z
dx1dx2d

2k1Td
2k2T

dzþd2zT
ð2�Þ3

dy�d2yT
ð2�Þ3

� e�ik2�yhPðp2Þj �q0	ðyÞq
ð0Þj0ieik1�zh0j �b�ð0Þq0�ðzÞjBðp1ÞiT	
;��
H� : (18)

In the hard-scattering kernel, the transverse momentum in the denominators is retained to regulate the end-point

singularity. The masses of the light quarks and the mass difference ð ��Þ between the b quark and the Bmeson are neglected.
The terms proportional to k21T, k

2
2T in the numerator are dropped, because they are power suppressed compared to other

terms. In the transverse configuration b-space, and by including the Sudakov form factors and the threshold resummation
effects, we obtain the B ! P form factors as following:

f1ðq2Þ ¼ 16�CFm
2
B

Z
dx1dx2

Z
b1db1b2db2c Bðx1; b1Þf½r0ð
pðx2Þ �
tðx2ÞÞ � h1ðx1; x2; b1; b2Þ

� r0x1�m
2
B


�ðx2Þ � h2ðx1; x2; b1; b2Þ� � �sðt1Þ exp½�Sabðt1Þ� þ ½x1ð�
aðx2Þ � 2r0

pðx2ÞÞ

þ 4r0x1

pðx2Þ� � h1ðx2; x1; b2; b1Þ � �sðt2Þ exp½�Sabðt2Þ�g; (19)

f2ðq2Þ ¼ 16�CFm
2
B

Z
dx1dx2

Z
b1db1b2db2c Bðx1; b1Þ

���
ðx2�þ 1Þ
aðx2Þ þ 2r0

��
1

�
� x2

�

tðx2Þ � x2


pðx2Þ

þ 3
�ðx2Þ
��

� h1ðx1; x2; b1; b2Þ � r0x1m
2
Bð1þ x2�Þ
�ðx2Þ � h2ðx1; x2; b1; b2Þ

�
� �sðt1Þ exp½�Sabðt1Þ�

þ 2r0

�
x1
�

þ 1

�

pðx2Þ � h1ðx2; x1; b2; b1Þ � �sðt2Þ exp½�Sabðt2Þ�

�
; (20)

FTðq2Þ ¼ 8�CFm
2
B

Z
dx1dx2

Z
b1db1b2db2ð1þ rPÞc Bðx1; b1Þ

��
r0x1m

2
B


�ðx2Þ � h2ðx1; x2; b1; b2Þ

þ
�

aðx2Þ � r0x2


pðx2Þ þ r0

�
2

�
þ x2

�

tðx2Þ þ r0


�ðx2Þ
�
� h1ðx1; x2; b1; b2Þ

�
� �sðt1Þ

� exp½�Sabðt1Þ� þ 2r0

pðx2Þ

�
1þ x1

�

�
� h1ðx2; x1; b2; b1Þ � �sðt2Þ exp½�Sabðt2Þ�

�
; (21)

where CF ¼ 4=3 is a color factor, r0 ¼ mP
0 =mB ¼ m2

P=½mBðmq þmq0 Þ�, rP ¼ mP=mB, and mP is the mass of the final
pseudoscalar meson, and mq and m0

q is the mass of the quarks involved in the final meson. The functions h1 and h2, the
scales t1, t2, and the Sudakov factors Sab are given in Appendix of this paper. One should note that f1ðq2Þ, f2ðq2Þ and
FTðq2Þ as given in Eqs. (19)–(21) do not include the NLO corrections. In order to include the NLO corrections, the �s in
Eqs. (19)–(21) should be changed into �s �Fðx1;x2;�;�f;�;�1Þ, where the NLO factor Fðx1; x2; �;�f;�; �1Þ has been
defined in Eq. (3).
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B. Semileptonic B and Bs meson decays

For the charged current B ! �l� ��l and �B0
s ! Kþl� ��l

decays, as illustrated in Figs. 1(a) and 1(d) the quark-level
transitions are the b ! ul� ��l transitions with l� ¼
ðe�; ��; ��Þ. The effective Hamiltonian for such transi-
tions is [31]

H effðb ! ul ��lÞ
¼ GFffiffiffi

2
p Vub �u	�ð1� 	5Þb � �l	�ð1� 	5Þ�l; (22)

where GF ¼ 1:16637� 10�5 GeV�2 is the Fermi-
coupling constant and Vub is one of the Cabbibo-
Kobayashi-Maskawa (CKM) matrix elements. The
corresponding differential decay widths can be written
as [16,32]

d�ðb ! ul ��lÞ
dq2

¼ G2
FjVubj2

192�3m3
B

q2 �m2
l

ðq2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq2 �m2

l Þ2
q2

s

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

B �m2
P � q2Þ2

4q2
�m2

P

s
fðm2

l þ 2q2Þ

� ½q2 � ðmB �mPÞ2�½q2 � ðmB þmPÞ2�
� F2þðq2Þ þ 3m2

l ðm2
B �m2

PÞ2F2
0ðq2Þg;

(23)

where ml is the mass of the lepton. If the produced lepton
is e� or ��, the corresponding mass terms could be
neglected, and the above expression then becomes

d�ðb ! ul ��lÞ
dq2

¼ G2
F

192�3m3
B

�3=2ðq2ÞjVubj2jFþðq2Þj2; (24)

where �ðq2Þ ¼ ðm2
B þm2

P � q2Þ2 � 4m2
Bm

2
P is the phase-

space factor.
For those flavor-changing neutral current one-loop

decay modes, such as B ! Pl�lþ with P ¼ ð�;KÞ and
�B0
s ! �K0l�lþ decays, as illustrated in Fig. 1, the quark-

level transitions are the b ! ðs; dÞl�lþ transitions, and the
corresponding effective Hamiltonian for such transitions is

H eff ¼ �GFffiffiffi
2

p VtbV
	
tq

X10
i¼1

Cið�ÞOið�Þ; (25)

where q ¼ ðd; sÞ, Cið�Þ are the Wilson coefficients and the
local operators Oið�Þ are given by [31]

O1 ¼ ð �q�c�ÞV�Að �c
b
ÞV�A;

O2 ¼ ð �q�c
ÞV�Að �c
b�ÞV�A;

O3 ¼ ð �q�b�ÞV�A

X
q0
ð �q0
q0
ÞV�A;

O4 ¼ ð �q�b
ÞV�A

X
q0
ð �q0
q0�ÞV�A;

O5 ¼ ð �q�b�ÞV�A

X
q0
ð �q0
q0
ÞVþA;

O6 ¼ ð �q�b
ÞV�A

X
q0
ð �q0
q0�ÞVþA;

O7 ¼ emb

8�2
�q���ð1þ 	5ÞbF��;

O9 ¼ �em

8�
ð�l	�lÞ½ �q	�ð1� 	5Þb�;

O10 ¼ �em

8�
ð�l	�	5lÞ½ �q	�ð1� 	5Þb�;

(26)

where q ¼ ðd; sÞ, q0 ¼ ðu; d; c; s; bÞ.
For the decays with b ! slþl� transition, for example,

the decay amplitude can be written as [31]

Aðb ! slþl�Þ
¼ GF

2
ffiffiffi
2

p �em

�
V	
tsVtb

�
C10½ �s	�ð1� 	5Þb�½�l	�	5l�

þ Ceff
9 ð�Þ½�s	�ð1� 	5Þb�½�l	�l�

� 2mbC
eff
7 ð�Þ

�
�si���

q�

q2
ð1þ 	5Þb

�
½�l	�l�

�
; (27)

where Ceff
7 ð�Þ and Ceff

9 ð�Þ are the effective Wilson coef-

ficients, defined as

Ceff
7 ð�Þ ¼ C7ð�Þ þ C0

b!s	ð�Þ; (28)

Ceff
9 ð�Þ ¼ C9ð�Þ þ YpertðŝÞ þ YLDðŝÞ: (29)

Here the term Ypert represents the short-distance perturba-

tive contributions and has been given in Ref. [33],

YpertðŝÞ ¼ hðm̂c; ŝÞC0 � 1

2
hð1; ŝÞð4C3 þ 4C4 þ 3C5 þ C6Þ

� 1

2
hð0; ŝÞðC3 þ 3C4Þ

þ 2

9
ð3C3 þ C4 þ 3C5 þ C6Þ; (30)

with C0 ¼ C1 þ 3C2 þ 3C3 þ C4 þ 3C5 þ C6, ŝ ¼
q2=m2

B, m̂c ¼ mc=mb and m̂b ¼ mb=mB, while the
functions hðz; ŝÞ and hð0; ŝÞ in the above equation are of
the form
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hðz; ŝÞ ¼ �8

9
ln
mb

�
� 8

9
lnzþ 8

27
þ 4

9
x� 2

9
ð2þ xÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1� xj

p

�

8>>>><
>>>>:

�
lnj

ffiffiffiffiffiffiffi
1�x

p þ1ffiffiffiffiffiffiffi
1�x

p �1
j � i�

�
;

�
x� 4z2

ŝ < 1

�
;

2arctan 1ffiffiffiffiffiffiffi
x�1

p ;

�
x� 4z2

ŝ > 1

�
;

(31)

hð0; ŝÞ ¼ 8

27
� 8

9
ln
mb

�
� 4

9
lnŝþ 4

9
i�: (32)

The term YLDðŝÞ in Eq. (29) refers to the long-distance
contributions from the resonant states and will be neglected
because they could be excluded by experimental analysis
[34,35]. The term C0

b!s	 in Eq. (28) is the absorptive part

of b ! s	 and is given by [36]

C0
b!s	ð�Þ ¼ i�s

�
2

9
�14=23½GIðxtÞ � 0:1687� � 0:03C2ð�Þ

�
;

(33)

with

GIðxtÞ ¼ xtðx2t � 5xt � 2Þ
8ðxt � 1Þ3 þ 3x2t lnxt

4ðxt � 1Þ4 ; (34)

where � ¼ �sðmWÞ=�sð�Þ and xt ¼ m2
t =m

2
W .

The differential decay width of b ! slþl� is given by
[16,37]

d�ðb! slþl�Þ
dq2

¼G2
F�

2
emjVtbj2jV	

tsj2
ffiffiffiffiffiffiffiffiffiffiffiffi
�ðq2Þp

512m3
B�

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � 4m2

l

q2

s
1

3q2

�
�
6m2

l jC10j2ðm2
B �m2

PÞ2F2
0ðq2Þ þ ðq2 þ 2m2

l Þ�ðq2Þ

�
��������Ceff

9 Fþðq2Þ þ 2Ceff
7 ðmb �msÞFTðq2Þ

mB þmP

��������2

þ jC10j2ðq2 � 4m2
l Þ�ðq2ÞF2þðq2Þ

�
; (35)

where �em ¼ 1=137 is the fine structure constant. For b !
dlþl� decays, it is easy to derive the differential decay
width from the above equation by a simple replacement,
Vts ! Vtd and ms ! md.

Finally, the effective Hamiltonian for b ! s� ��
transition is

Hb!s� �� ¼ GFffiffiffi
2

p �em

2�sin2ð�WÞ
VtbV

	
ts�XXðxtÞ½�s	�ð1� 	5Þb�

� ½ ��	�ð1� 	5Þ��
¼ Cb!s

L Ob!s
L ; (36)

where �W is the Weinberg angle with sin2ð�WÞ ¼ 0:231,
the function XðxtÞ can be found in Ref. [31], while �X 
 1

is the QCD factor [31]. The corresponding differential
decay width can be written as

d�ðb ! s� ��Þ
dq2

¼ 3
jCb!s

L j2�3=2ðm2
B;m

2
P; q

2Þ
96m3

B�
3

jFþðq2Þj2:

(37)

The factor 3 in the above equation arises form the summa-
tion over the three neutrino generations. For b ! d� ��
transition, we can obtain the differential decay widths
easily also by the simple replacements, jV	

tsj ! jV	
tdj and

ms ! md.

IV. NUMERICAL RESULTS AND DISCUSSIONS

In the numerical calculations we use the following input
parameters (the masses and decay constants are all in units
of GeV) [38]:

�ðf¼4Þ
�MS

¼ 0:287; f� ¼ 0:13; fK ¼ 0:16;

fB ¼ 0:21� 0:02; fBs
¼ 0:23� 0:03;

mB� ¼ 5:2792; mB0 ¼ 5:2795; mB0
s
¼ 5:3663;

�B� ¼ 1:638 ps; �B0 ¼ 1:525 ps; �B0
s
¼ 1:472 ps;

m�� ¼ 0:1396; m�0 ¼ 0:135; mK� ¼ 0:4937;

mK0 ¼ 0:4976; m� ¼ 1:777; mb ¼ 4:8;

mW ¼ 80:4; mt ¼ 172: (38)

For relevant CKM matrix elements we use jVtbj ¼ 0:999,
jVtsj ¼ 0:0403þ0:0011

�0:0007, jVtd=Vtsj ¼ 0:211� 0:001� 0:005
[38].

A. Form factors in the pQCD factorization approach

By using the definitions in Eqs. (16) and (17), and the
expressions in Eqs. (19)–(21), we can calculate the values
of the form factors F0ðq2Þ, Fþðq2Þ, and FTðq2Þ for given
values of q2 in the region of 0 � q2 � ðMB �mPÞ2. But
one should note that the pQCD predictions for the consid-
ered form factors are reliable only for small or moderate
values of q2: say 0 � q2 � 12 GeV2. For the form factors
in the larger q2 region, one has to make an extrapolation for
them from the lower q2 region to the larger q2 region.
For the form factor F0ðq2Þ of B=Bs ! ð�;KÞ transition,

we make the extrapolation by using the pole model
parametrization

F0ðq2Þ ¼ F0ð0Þ
1� aðq2=m2

BÞ þ bðq2=m2
BÞ2

; (39)

where a, b are the constants to be determined by the fitting
procedure. In Table I, we list the LO and NLO pQCD
predictions for the form factors F0ð0Þ and the correspond-
ing parametrization constant a and b for B ! ð�;KÞ and
Bs ! K transitions, extracted through the fitting. The first
error of F0ð0Þ in Table I comes from the uncertainty of
!B ¼ 0:40� 0:04 GeV or !Bs

¼ 0:50� 0:05 GeV, the
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second error comes from the uncertainty of fB ¼ 0:21�
0:02 GeV or fBs ¼ 0:23� 0:03 GeV, and the third one is

induced by aK1 ¼ 0:06� 0:03 and/or a�;K2 ¼ 0:25� 0:15.
The errors from the uncertainties of m�

0 ¼ 1:4� 0:1 GeV,
mK

0 ¼1:6�0:1GeV, jVtsj¼0:0403þ0:0011
�0:0007, and jVtd=Vtsj¼

0:211�0:001�0:005 are very small and have been
neglected.

For the form factors Fþðq2Þ and FTðq2Þ, the pole model
parametrization as given in Eq. (39) does not work, and we
have to use another proper parametrization method. In this
paper, we use the Ball/Zwicky (BZ) parametrization
method [10,39,40]. It includes the essential feature that
Fþðq2Þ and FTðq2Þ have a pole at q2 ¼ m2

B	 , with B	ð1�Þ is
a narrow resonance with mB	 ¼ 5:325 GeV and mB	

s
¼

5:415 GeV, which are expected to have a distinctive
impact on the form factor.

For the form factors Fþðq2Þ and FTðq2Þ of B=Bs !
ð�;KÞ transition, we make the extrapolation by using the
BZ parametrization

Fiðq2Þ ¼ Fið0Þ
�

1

1� q2=m2
B	
ðsÞ

þ
rq2=m2

B	
ðsÞ

ð1� q2=m2
B	
ðsÞ
Þð1� �q2=m2

BðsÞ Þ
�
; (40)

where � and r are the shape parameters to be determined
by the fitting procedure, the same as for the case of
F0ðq2Þ. In Table II, we list the pQCD predictions for the
form factors Fþð0Þ, FTð0Þ and the corresponding shape
parameters ð�; rÞ for B ! ð�;KÞ and Bs ! K transitions
at the LO and NLO level. In Fig. 2, we show the pQCD
predictions for the form factors FTðq2Þ for B ! � tran-
sition, where the dots refer to the pQCD predictions for
each given value of q2 in the large-recoil range of 0 �
q2 � 12 GeV2, while the solid curve stands for the fitted
curve at the NLO level, obtained through fitting by using
Eq. (40).

TABLE I. The pQCD predictions for form factors F0ð0Þ and the parametrization constant a
and b for B ! ð�;KÞ and Bs ! K transitions at the LO and NLO level, respectively.

F0ð0ÞLO aLO bLO

B ! � 0:22þ0:03
�0:02 � 0:03� 0:01 0:58� 0:01� 0:03 �0:15� 0:01� 0:01

B ! K 0:27þ0:04
�0:03 � 0:03� 0:01 0:60� 0:01� 0:03 �0:15þ0:01þ0:01

�0:00�0:02

Bs ! K 0:22� 0:03� 0:03� 0:01 0:61� 0:01þ0:04
�0:03 �0:16� 0:00þ0:02

�0:01

F0ð0ÞNLO aNLO bNLO
B ! � 0:26þ0:04

�0:03 � 0:03� 0:02 0:50� 0:01þ0:05
�0:04 �0:13� 0:01� 0:01

B ! K 0:31� 0:04� 0:03� 0:02 0:53� 0:01þ0:05
�0:04 �0:13� 0:01þ0:02

�0:01

Bs ! K 0:26þ0:04
�0:03 � 0:03� 0:02 0:54� 0:00� 0:05 �0:15� 0:01� 0:01

TABLE II. The same as in Table I, but for the pQCD predictions for the form factors Fþð0Þ,
FTð0Þ and the corresponding shape parameters � and r at the LO and the NLO level.

Fþð0ÞLO �LO rLO

B ! � 0:22þ0:03
�0:02 � 0:03� 0:01 0:61þ0:00

�0:01 � 0:01 0:51� 0:00� 0:03

B ! K 0:27þ0:04
�0:03 � 0:03� 0:01 0:62þ0:00

�0:01 � 0:01 0:58� 0:00� 0:03

Bs ! K 0:22� 0:03� 0:03� 0:01 0:64� 0:00� 0:01 0:56� 0:00�þ0:04
�0:03

FTð0ÞLO �LO rLO
B ! � 0:23� 0:03� 0:03� 0:01 0:69þ0:00

�0:01 � 0:01 0:55� 0:01� 0:03

B ! K 0:30þ0:04
�0:03 � 0:03� 0:01 0:71þ0:00

�0:01 � 0:01 0:58� 0:01� 0:03

Bs ! K 0:25þ0:04
�0:03 � 0:03� 0:01 0:71þ0:01

�0:00 � 0:01 0:59� 0:00� 0:03

Fþð0ÞNLO �NLO rNLO
B ! � 0:26þ0:04

�0:03 � 0:03� 0:02 0:52� 0:01� 0:03 0:45� 0:00þ0:05
�0:04

B ! K 0:31� 0:04� 0:03� 0:02 0:54� 0:01þ0:02
�0:03 0:50� 0:00� 0:05

Bs ! K 0:26þ0:04
�0:03 � 0:03� 0:02 0:57� 0:01� 0:02 0:50� 0:01� 0:05

FTð0ÞNLO �NLO rNLO
B ! � 0:26þ0:04

�0:03 � 0:03� 0:02 0:65þ0:01
�0:02 � 0:01 0:50� 0:00� 0:00

B ! K 0:34þ0:05
�0:04 � 0:03� 0:02 0:67� 0:01� 0:01 0:53� 0:00þ0:05

�0:04

Bs ! K 0:28� 0:04� 0:04� 0:02 0:69� 0:01� 0:01 0:53þ0:01þ0:04
�0:00�0:02
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In Figs. 3–5, we show the pQCD predictions for the q2

dependence of the form factors F0;þ;Tðq2Þ at the leading

order (dots curves) and the next-to-leading-order (solid
curve) for the considered B ! ð�;KÞ and Bs ! K tran-
sitions, respectively. The shaded band shows the total
theoretical error of the pQCD predictions, which is
obtained by adding the individual theoretical errors in
quadrature.

From the numerical results as listed in Table I and II and
the q2 dependence as illustrated in Figs. 3–5, one can see
that

(i) For the considered B ! ð�;KÞ and Bs ! K transi-
tions, the NLO pQCD predictions for the form

factors F0;þ;Tð0Þ agree well with the values estimated

from the LCSR or other methods [10].
(ii) F0ð0Þ equals to Fþð0Þ by definition, but they have

different q2 dependence, as illustrated by Figs. 3–5.
We also observe the pattern of the relative strength
of the form factors,

FB!�
0;þ ð0Þ ¼ F

Bs!K
0;þ ð0Þ & FB!K

0;þ ð0Þ; (41)

FB!�
T ð0Þ & FBs!K

T ð0Þ & FB!K
T ð0Þ; (42)

which is consistent with the general expectation.
(iii) The LO part of the form factors dominates the total

contribution, while the NLO part is only around
20%. The form factor F0ðq2Þ has a relatively
weak q2 dependence, but Fþðq2Þ and FTðq2Þ
show a little stronger q2 dependence when com-
pared with F0ðq2Þ.

As listed in Table I, our LO pQCD prediction for
FB!�
0 ð0Þ is

FB!�
0 ð0Þ ¼ 0:22þ0:03

�0:02 � 0:03� 0:01: (43)

Its central value is smaller than some previous LO pQCD
predictions for FB!�

0 ð0Þ, for example FB!�
0 ð0Þ ¼

0:29þ0:07þ0:00
�0:05�0:01 as given in Ref. [41]. We checked and found

the following two major reasons for this difference:
(i) We considered the contribution of the term 
�

�,
which was neglected by most earlier works. At the
leading order, if we neglect 
�

� term, the pQCD

0 2 4 6 8 10 12 14
q2 GeV 2 B π

0.2

0.4

0.6

0.8

F T
q

2

FIG. 2 (color online). The pQCD predictions for the form
factors FTðq2Þ for B ! � transition, where the dots refer to
the pQCD predictions for the given points of q2 in the range of
0 � q2 � 12 GeV2, while the solid curve stands for the fitted
curve at the NLO level.

FIG. 3 (color online). The pQCD predictions for the q2 dependence of F0;þ;Tðq2Þ for B ! � transition, where the dots curve and dot-
dashed curve show the LO and NLO parts, respectively, and the solid curve stands for the total value at the NLO level, while the shaded
band shows the total theoretical uncertainty.

FIG. 4 (color online). The same as in Fig. 3 but for B ! K transition.
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prediction for the central value of FB!�
0 ð0Þ will be

changed from 0.22 to 0.26.
(ii) Besides the effect of the term 
�

�, if we change the
value of the parameter C in the threshold resumma-
tion factor StðxÞ, as given in Eq. (A1), from 0.4 to
0.3 (most earlier works used C ¼ 0:3), the pQCD
prediction for the central value of FB!�

0 ð0Þ will be
changed further from 0.26 to 0.29, which is the value
as given in Ref. [41].

(iii) The theoretical error in our predictions is a little
smaller but close to the ones given in previous
works. As is well known, the estimation of the
theoretical errors strongly depends on the choices
of the uncertainties of relevant input parameters.

B. Decay widths and branching ratios

By using the relevant formula and the input para-
meters as defined or given in previous sections, it is

FIG. 5 (color online). The same as in Fig. 3 but for Bs ! K transition.

FIG. 6. The q2 dependence of the differential decay rates d�=dq2 for the decay processes with the B ! � and B ! K transitions.
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straightforward to calculate the branching ratios for all the
considered decays.

First, in Figs. 6 and 7, we show the differential decay
rates d�=dq2 for the decay modes corresponding to the
B ! ð�;KÞ and Bs ! K transitions.

By making the numerical integrations over the
whole range of q2, we find the numerical results for the
branching ratios. For the b ! u charged current pro-
cesses, the NLO pQCD predictions for the decay rates
are the following:

Brð �B0 ! �þl� ��lÞ ¼ ð1:42þ0:40
�0:30ð!bÞþ0:28

�0:26ðfBÞ � 0:15ða�2 Þ

� 0:12ðm�
0 ÞÞ �

jVubj2
j0:0038j2 � 10�4;

(44)

Brð �B0 ! �þ�� ���Þ ¼ ð0:90þ0:25
�0:19ð!bÞþ0:18

�0:16ðfBÞþ0:09
�0:08ða�2 Þ

� 0:08ðm�
0 ÞÞ �

jVubj2
j0:0038j2 � 10�4;

(45)

BrðB� ! �0l� ��lÞ ¼ ð7:63þ2:16
�1:61ð!bÞþ1:52

�1:38ðfBÞþ0:82
�0:78

� ða�2 Þþ0:66
�0:63ðm�

0 ÞÞ �
jVubj2

j0:0038j2 � 10�5;

(46)

BrðB� !�0�� ���Þ ¼ ð4:85þ1:34
�1:01ð!bÞþ0:97

�0:88ðfBÞþ0:47
�0:41

�ða�2 Þþ0:45
�0:43ðm�

0 ÞÞ �
jVubj2

j0:0038j2 � 10�5;

(47)

Brð �B0
s !Kþl� ��lÞ ¼ ð1:27þ0:46

�0:26ð!Bs
Þþ0:34
�0:30ðfBsÞþ0:14

�0:13

�ðaKi Þþ0:10
�0:09ðmK

0 ÞÞ �
jVubj2

j0:0038j2 � 10�4;

(48)

Brð �B0
s !Kþ�� ���Þ ¼ ð7:78þ2:51

�1:81ð!Bs
Þþ2:10
�1:85ðfBsÞþ0:69

�0:66

�ðaKi Þþ0:62
�0:59ðmK

0 ÞÞ �
jVubj2

j0:0038j2 � 10�5;

(49)

where the first error comes from the uncertainties of
!b ¼ 0:40� 0:04 or !Bs

¼ 0:50� 0:05, the second error

is induced by the uncertainties of fB ¼ 0:21� 0:02 or
fBs ¼ 0:23� 0:03, the third one comes from aK1 ¼
0:06� 0:03 or a�;K2 ¼ 0:25� 0:15, while the fourth one

corresponds to the uncertainties of m�
0 ¼ 1:4� 0:1 GeV

or mK
0 ¼ 1:6� 0:1 GeV.

For �B0 ! �þl� ��l and B� ! �0l� ��l decay mode, their
branching ratios have been well measured by BABAR, Belle,
and CLEO Collaborations [1–3]. The new BABARmeasure-
ment [1] and the new world average [42] are the following:

Brð �B0 ! �þl� ��lÞ ¼
8<
: ð1:41� 0:05ðsystÞ � 0:07ðstatÞÞ � 10�4; BABAR½1�;
ð1:44� 0:05Þ � 10�4; PDG2012½37�; (50)

FIG. 7. The q2 dependence of the differential decay rates d�=dq2 for the decay processes with the Bs ! K transitions.
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BrðB�!�0l� ��lÞ¼ ð7:78�0:28Þ�10�5; PDG2012½37�:
(51)

On the other hand, we know that one can extract out the
magnitude of the CKM matrix element Vub by comparing
the theoretical prediction for BrðB ! �l�Þ with the data.

Based on the measured partial branching fraction for
B ! �l� in the range of 0 � q2 < 12 GeV2 and the
most recent QCD light-cone sum-rule calculation of the
form factor Fþðq2Þ [43], BABAR Collaboration found
the result [1]

jVubj ¼ ð3:78� 0:13ðexpÞþ0:55
�0:40ðtheorÞÞ � 10�3; (52)

where the two errors refer to the experimental and theo-
retical uncertainties.

From the differential decay rate as given in Eq. (24)
and the pQCD calculation of the form factor Fþðq2Þ at
the NLO level, we make the numerical integration over
the whole range of 0 � q2 � ðMB �m�Þ2, compare the
obtained branching ratio for �B0 ! �þl� ��l with the new
BABAR measurement as given in Eq. (50) and derive our
estimation for the magnitude of Vub,

jVubj ¼ ð3:80þ0:50
�0:43ð!bÞþ0:35

�0:33ðfBÞ � 0:20ða�2 Þþ0:16
�0:15ðm�

0 Þ
� 0:13ðexpÞÞ � 10�3

¼ ð3:80þ0:66
�0:60ðtheorÞ � 0:13ðexpÞÞ � 10�3: (53)

The above estimation for jVubj agrees well with the BABAR
result as given in Eq. (52) [1].

Our estimation for jVubj as given in Eq. (53), however, is
much larger than jVubj ¼ ð2:90þ0:77

�0:80ðthÞþ0:13
�0:14ðexpÞÞ � 10�3

extracted in Ref. [22], where the form factors were also
computed in the pQCD approach, but the B-meson distri-
bution amplitudes as given in Eq. (59) instead of Eq. (62)
(the same one as used in this paper) in Ref. [22] were used
in their analysis. The major reason for the difference
between the two extracted values of jVubj is that different
B-meson DAs were used in Ref. [22] and in our paper.

For the B ! �l ��l decay with l ¼ ðe;�Þ, as shown in
Eq. (24), its differential decay rate is proportional to the
product of the jVubj2 and jFþðq2Þj2, i.e., d�ðb ! ul ��lÞ=
dq2 / jVubj2jFþðq2Þj2. As indicated also in Ref. [22], the
value of the form factor Fþðq2Þ with the B-meson DAs in
Eq. (62) of Ref. [22], which is the same one as the model in
Eq. (6) of this paper, is approximately 25% smaller than
those with the model in Eq. (59) of Ref. [22]. Since we use
the same measured branching ratios BrðB ! �l ��lÞ as ex-
perimental input, a smaller form factor Fþðq2Þ indeed
leads to a larger jVubj and vice versa.

For other neutral current processes, after making the
numerical integration over the whole range of 0 � q2 �
ðMB �m�Þ2, we find the NLO pQCD predictions for the
branching ratios. The pQCD predictions at the NLO level
and currently available data are all listed in Table III. The
first error of the pQCD predictions comes from the

uncertainties of !b or !Bs
, the second error comes from

the uncertainties of the fB of fBs
, the third one from aK1

and/or a�;K2 , and the fourth one is induced by the uncer-

tainties of the chiral mass m�;K
0 .

From the NLO pQCD predictions for the branching
ratios of all considered semileptonic decays of B and Bs

meson, as listed in Eqs. (45)–(48) and Table III, we have
the following points:
(i) The branching ratios of the charged current pro-

cesses B ! �l� and Bs ! Kl� are all at the order
of 10�4. For �B0 ! �þl� ��l and B

� ! �0l� ��l decay
modes, the pQCD predictions for its branching ratios
as shown in Eqs. (44) and (46) agree very well with
the data as given in Eqs. (50) and (51). For other
charged current decay modes, the pQCD predictions
as given in Eqs. (45) and (47)–(49) will be tested by
the LHCb and the forthcoming Super-B experiments.

(ii) For the neutral current �B0 ! �K0lþl� and B� !
K�lþl� decays, the NLO pQCD predictions for
their branching ratios agree very well with currently
available experimental measurements. For other
neutral current decays, the NLO pQCD predictions
are all consistent with currently available experi-
mental upper limits and will be tested by LHCb and
the forthcoming Super-B experiments.

(iii) Because of the strong suppression of the CKM
factor jVtd=Vtsj2 ¼ 0:2112 [38], the branching
ratios for the decays with b ! d transitions are
much smaller than those decays with the b ! s
transitions. Furthermore, the branching ratios of
BðsÞ ! P� �� are almost an order larger than their

corresponding decay modes BðsÞ ! Plþl�, par-

tially due to the generation factor Ng ¼ 3. In order

to reduce the theoretical uncertainty of the pQCD
predictions, we defined several ratios R�, RC, and
RN1;N2;N3 among the branching ratios of the con-

sidered decay modes.
The NLO pQCD prediction for the ratio R� is of the
form

R� ¼ Brð �B0 ! �0� ��Þ
Brð �B0 ! �0lþl�Þ 


Brð �B0 ! �K0� ��Þ
Brð �B0 ! �K0lþl�Þ


 BrðB� ! ��� ��Þ
BrðB� ! ��lþl�Þ 


BrðB� ! K�� ��Þ
BrðB� ! K�lþl�Þ


 Brð �B0
s ! K0� ��Þ

Brð �B0
s ! K0lþl�Þ 
 8; (54)

for l ¼ ðe; �Þ. These relations will be tested by
experiments.

(iv) Because of the large mass of � lepton, we found that
the consideredB=Bs decays involving one or two �’s
in the final state have a smaller decay rate than those
without �. The pQCD predictions for the ratios RC

and RN1;N2;N3 of the corresponding branching ratios

of relevant decays are the following:
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RC ¼ Brð �B0
s ! Pþl� ��lÞ

Brð �B0
s ! Pþ�� ���Þ


 1:5; (55)

RN1 ¼ Brð �B0 ! �0lþl�Þ
Brð �B0 ! �0�þ��Þ 


BrðB� ! ��lþl�Þ
BrðB� ! ���þ��Þ


 3:3; (56)

RN2 ¼ Brð �B0 ! �K0lþl�Þ
Brð �B0 ! �K0�þ��Þ 


BrðB� ! K�lþl�Þ
BrðB� ! K��þ��Þ


 4:3; (57)

RN3 ¼ Brð �B0
s ! K0lþl�Þ

Brð �B0
s ! K0�þ��Þ 
 3:8; (58)

for l ¼ ðe; �Þ. These relations will be tested by
LHCb and the forthcoming Super-B experiments.

V. SUMMARYAND CONCLUSIONS

In this paper we calculated the branching ratios of the
semileptonic decays B ! ð�;KÞðlþl�; l�; � ��Þ and Bs !
Kðlþl�; l�; � ��Þ in the pQCD factorization approach.We first
evaluate the B ! ð�;KÞ and Bs ! K transition form factors
F0;þ;Tðq2Þ by employing the pQCD factorization approach

with the inclusion of the next-to-leading-order corrections,
and then we calculate the branching ratios for all considered
semileptonic decays. Based on the numerical results and the
phenomenological analysis, we find the following points:

(i) For the B ! ð�;KÞ and Bs ! K transition form
factors F0;þ;Tðq2Þ, the NLO pQCD predictions for

the values of F0;þ;Tð0Þ and their q2 dependence agree

well with those obtained from the LCSR or other
methods [9–12]. The NLO part of the form factors in
the pQCD factorization approach is only around
20% of the total value.

(ii) For the charged current �B0 ! �þl� ��l and B� !
�0l� ��l decays and the neutral current �B0 !
�K0lþl� and B� ! K�lþl� decays, the NLO
pQCD predictions for their branching ratios agree
very well with the measured values.

(iii) By comparing the pQCD predictions for Brð �B0 !
�þl� ��lÞ with the measured decay rate, we extract
out the magnitude of the CKM element Vub:
jVubj ¼ ð3:80þ0:66

�0:60ðtheorÞ � 0:13Þ � 10�3.

(iv) We also define several ratios of the branching ratios
R�, RC, and RN1;N2;N3, and presented the corre-

sponding pQCD predictions, which will be tested
by LHCb and the forthcoming Super-B experiments.
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APPENDIX A: RELATED FUNCTIONS DEFINED
IN THE TEXT

In this appendix, we present the functions needed in the
pQCD calculation. The threshold resummation factors
StðxÞ are adopted from Ref. [13],

TABLE III. The NLO pQCD predictions for the branching ratios of the considered decays
with l ¼ ðe;�Þ and currently available experimental measurements [1–5,44] and the world
averages [42]. The upper limits are all given at the 90% C.L.

Decay modes NLO pQCD predictions Data

Brð �B0 ! �0lþl�Þ ð0:91þ0:26þ0:18
�0:19�0:17 � 0:10� 0:08Þ � 10�8 <1:2� 10�7

Brð �B0 ! �0�þ��Þ ð0:28þ0:07þ0:06
�0:06�0:05 � 0:02� 0:03Þ � 10�8

Brð �B0 ! �0� ��Þ ð7:30þ2:07þ1:45þ0:79þ0:63
�1:54�1:32�0:74�0:61Þ � 10�8 <2:2� 10�4

BrðB� ! ��lþl�Þ ð1:95þ0:55þ0:39þ0:21þ0:17
�0:41�0:35�0:20�0:16Þ � 10�8 ð2:3� 0:6� 0:1Þ � 10�8

BrðB� ! ���þ��Þ ð0:60þ0:16þ0:12þ0:04
�0:12�0:11�0:03 � 0:06Þ � 10�8

BrðB� ! ��� ��Þ ð1:57þ0:44þ0:31þ0:17þ0:14
�0:33�0:28�0:16�0:13Þ � 10�7 <1:0� 10�4

Brð �B0 ! �K0lþl�Þ ð5:12þ1:48þ1:02þ0:53þ0:39
�1:10�0:93�0:51�0:38Þ � 10�7 ð4:7þ0:6

�0:2Þ � 10�7

Brð �B0 ! �K0�þ��Þ ð1:20þ0:32þ0:24þ0:07þ0:11
�0:25�0:22�0:07�0:10Þ � 10�7

Brð �B0 ! �K0� ��Þ ð4:11þ1:19þ0:82þ0:42þ0:32
�0:88�0:74�0:41�0:31Þ � 10�6 <5:6� 10�5

BrðB� ! K�lþl�Þ ð5:50þ1:59þ1:10þ0:57þ0:42
�1:18�1:00�0:55�0:41Þ � 10�7 ð5:1� 0:5Þ � 10�7

BrðB� ! K��þ��Þ ð1:29þ0:35þ0:26
�0:26�0:23 � 0:08� 0:11Þ � 10�7

BrðB� ! K�� ��Þ ð4:42þ1:28þ0:88þ0:46þ0:34
�0:95�0:80�0:44�0:33Þ � 10�6 <1:3� 10�5

Brð �B0
s ! K0lþl�Þ ð1:63þ0:54þ0:44þ0:18þ0:12

�0:38�0:39�0:17�0:12Þ � 10�8

Brð �B0
s ! K0�þ��Þ ð0:43þ0:13þ0:12þ0:03þ0:04

�0:10�0:10�0:03�0:04Þ � 10�8

Brð �B0
s ! K0� ��Þ ð1:31þ0:43þ0:35þ0:14þ0:10

�0:31�0:31�0:13�0:10Þ � 10�7
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St ¼ 21þ2c�ð3=2þ cÞffiffiffiffi
�

p
�ð1þ cÞ ½xð1� xÞ�c; (A1)

and we here set the parameter c ¼ 0:4. The hard functions
h1 and h2 come form the Fourier transform and can be
written as [45]

h1ðx1; x2; b1; b2Þ ¼ K0ð ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x2�

p
mBb1Þ½�ðb1 � b2Þ

� I0ð ffiffiffiffiffiffiffiffi
x2�

p
mBb2ÞK0ð ffiffiffiffiffiffiffiffi

x2�
p

mBb1Þ
þ �ðb2 � b1ÞI0ð ffiffiffiffiffiffiffiffi

x2�
p

mBb1Þ
� K0ð ffiffiffiffiffiffiffiffi

x2�
p

mBb2Þ�Stðx2Þ; (A2)

h2ðx1; x2; b1; b2Þ ¼
b1K1ð ffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2�
p

mBb1Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x2�

p
mB

½�ðb1 � b2Þ

� I0ð ffiffiffiffiffiffiffiffi
x2�

p
mBb2ÞK0ð ffiffiffiffiffiffiffiffi

x2�
p

mBb1Þ
þ �ðb2 � b1ÞI0ð ffiffiffiffiffiffiffiffi

x2�
p

mBb1Þ
� K0ð ffiffiffiffiffiffiffiffi

x2�
p

mBb2Þ�Stðx2Þ; (A3)

where J0 is the Bessel function and K0, K1, I0 are modified
Bessel functions.

The factor exp½�SabðtÞ� contains the Sudakov logarith-
mic corrections and the renormalization group evolution
effects of both the wave functions and the hard-scattering
amplitude with SabðtÞ ¼ SBðtÞ þ SPðtÞ, where

SBðtÞ ¼ s

�
x1

mBffiffiffi
2

p ; b1

�
þ 5

3

Z t

1=b1

d ��

��
	qð�sð ��ÞÞ; (A4)

SPðtÞ ¼ s

�
x2

mBffiffiffi
2

p ; b2

�
þ s

�
ð1� x2ÞmBffiffiffi

2
p ; b2

�

þ 2
Z t

1=b2

d ��

��
	qð�sð ��ÞÞ; (A5)

with the quark anomalous dimension 	q ¼ ��s=�. The

functions sðQ; bÞ are defined by [13]

sðQ; bÞ ¼ Að1Þ

2
1

q̂ ln

�
q̂

b̂

�
� Að1Þ

2
1

ðq̂� b̂Þ þ Að2Þ

4
2
1

�
q̂

b̂
� 1

�

�
�
Að2Þ

4
2
1

� Að1Þ

4
1

ln

�
e2	E � 1

2

��
ln

�
q̂

b̂

�

þ Að1Þ
2

4
3
1

q̂

�
lnð2q̂Þ þ 1

q̂
� lnð2b̂Þ þ 1

b̂

�

þ Að1Þ
2

8
3
1

½ln2ð2q̂Þ � ln2ð2b̂Þ�; (A6)

where the variables are defined by q̂ ¼ ln½Q=ð ffiffiffi
2

p
�Þ�, b̂ ¼

ln½1=ðb�Þ�, and the coefficients AðiÞ and 
i are


1 ¼
33� 2nf

12
; 
2 ¼

153� 19nf
24

; Að1Þ ¼ 4

3
;

Að2Þ ¼ 67

9
� �2

3
� 10nf

27
þ 8

3

1 lnðe	E=2Þ: (A7)

Here, nf is the number of the quark flavors, and the 	E is

the Euler constant. The hard scales ti in the equations of
this work are chosen as the largest scale of the virtuality of
the internal particles in the hard b-quark decay diagram,

t1 ¼ maxf ffiffiffiffiffiffiffiffi
x2�

p
mB; 1=b1; 1=b2g;

t2 ¼ maxf ffiffiffiffiffiffiffiffi
x1�

p
mB; 1=b1; 1=b2g:

(A8)
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