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In the present paper we describe the set of form factors for hadronic � decays based on Resonance

Chiral Theory. The technical implementation of the form factors in FORTRAN code is also explained. It is

shown how it can be installed into the TAUOLA Monte Carlo program. Then it is rather easy to implement

into software environments of not only Belle and BABAR collaborations but also for FORTRAN and Cþþ
applications of LHC. The description of the current for each � decay mode is complemented with

technical numerical tests. The set is ready for fits, paramxers to be used in fits are explained.

Arrangements to work with the experimental data not requiring unfolding are prepared. Hadronic currents,

ready for confrontation with the � decay data, but not yet ready for the general use, cover more than 88%

of hadronic � decay width.
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I. INTRODUCTION

Measurements of � lepton, because of its long lifetime,
large mass and parity sensitive couplings, lead to broad
physics interest. From the perspective of high-energy
experiments such as at LHC, knowledge of � lepton prop-
erties offers an important ingredient of new physics sig-
natures. From the perspective of lower energies, � lepton
decays constitute an excellent laboratory for hadronic
interactions. At present, hundreds of millions of � decays
have been amassed by both Belle and BABAR experiments.
It is of utmost importance to represent such data in a form
as useful for general applications as possible. In itself,
the � lepton decays constitute an excellent laboratory for
studies of hadronic interactions at the energy scale of about
1 GeV, where neither perturbative QCD methods nor chiral
Lagrangians are expected to work to a good precision
[1–5]. At present, hundreds of millions of � decays are
amassed by both Belle and BABAR experiments. It is of
utmost importance to represent such data in a form as
useful for general applications as possible.

Most of these data samples are not yet analyzed. For
example, in Ref. [6] only 10% of the collected sample,
which means 5.4 M events for �� ! ���

��0, was used.
Future samples at the Belle II or Frascati Super B facilities
will be even larger [7,8]. That means that already now the
statistical error for the collected samples of � ! 3��� is of

the order of 0.03%. For � ! K���� it is about 0.1% and
for � ! KK��� at the level of 0.2%. To exploit such
valuable data sets, theoretical predictions need to be prop-
erly prepared. As typically several millions of events per
channel are collected, that means that the statistical error
can reach �0:03%. To match it, parametrizations of had-
ronic currents resulting from theoretical models must be
controlled to technical precision better than 0.03% in
Monte Carlo, combining theoretical aspects and full detec-
tor response. Only then, one can be sure that the compari-
son of the data with theoretical predictions exploits in full
the statistical impact of the data, and one can concentrate
on systematic effects both for theory and experiment. One
should stress that the above technical precision is required
not only for signal distribution, but for background as well.
Sophisticated techniques allowing proper comparisons of
the data and models are also needed.
A review of the status of available tools for such studies

of � decays can be found in Ref. [9]. It was concluded in
Ref. [9] that the appropriate choice of hadronic current
parametrization was the most essential missing step to
perform. It was also found that, for the decays involving
more than two pseudoscalars in the final state, the appro-
priate use of hadronic currents in fits is important too.
At present, standards of precision are at 2% level. This
is a factor of 100 less than what is required. For many �
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decay modes even this 2% precision level is far to be
reached [10].

The original version of TAUOLA [11] uses the results of
Refs. [12,13] and their extensions to other decay channels.1

In that model each three-pseudoscalar current is con-
structed as a weighted sum of products of Breit-Wigner
functions [5,12,15,16]. This approach was contested in
Ref. [17] where it was demonstrated that the corresponding
hadronic form factors, which were written to reproduce the
leading-order (LO) �PT result [18], fail to reproduce the
next-to-leading-order one (NLO) [19,20]. The correspond-
ing parametrization based on Breit-Wigner functions was
not able to reproduce CLEO �� ! ðKK�Þ��� decays data
[21]. This resulted in the CLEO collaboration reshaping
the model by the introduction of two ad hoc paremeters
that spoilt the QCD normalization of the Wess-Zumino
part. This shows that, although the approach of weighted
products of Breit-Wigner functions was sufficient and very
successful twenty years ago now, with the massively
increased experimental data samples, it is pressing to
upgrade. As an alternative, an approach based on the
Resonance Chiral Theory [22,23] was proposed. Its appli-
cation to hadronic tau decays is supposed to be consistent
and theoretically well founded (see Sec. VII for the related
discussion). However, its results have to be confronted with
the experimental data before actual improvement will be
confirmed. The hadronic currents for the two and three
pseudoscalar final states that we consider here have been
calculated in the framework of R�T [17,24–27] and have
been prepared for TAUOLA.

Section II is devoted to a general presentation of the
form hadronic currents must fulfill to be installed into the
TAUOLA generator [11]. In each subsection analytic forms

of currents calculated within Resonance Chiral Theory are
given channel by channel. In Sec. III energy-dependent
widths as used in the parametrization of intermediate reso-
nances are presented. Section IV is dedicated to technical
tests of the channel � ! 3���. For channels involving
kaons, only overall benchmark distributions are collected.
The details of technical tests are left to the project Web
page [28]. For all decay channels numerical results, which
are of more physical interest, are collected in Sec. V.
Within it, the three-meson channels, which have been
worked out in more depth, are first presented and then,
the two meson channels are discussed. In both cases tech-
nical aspects are worked out to precision better than 0.1%.

The organization of the hadronic currents and how they
can be integrated into the TAUOLA library is explained in
Sec. VI and in Appendix B. Section VII is prepared for a
reader who is oriented towards the theoretical details of

calculation and estimation of theoretical uncertainties of
the approach. It provides arguments necessary for discus-
sion of the range of parameters allowed for fits. The
summary in Sec. VIII closes the paper. Further technical
appendices are also given. Appendix A lists analytic func-
tions used in the parametrization of hadronic currents.
Appendix C provides numerical values of the model
parameters used all over the paper. It is explained which
parameters and in which range can be modified without
breaking assumptions of the model and where in the code
they are defined. Appendix D collects branching ratios of
the newly prepared � decay channels as calculated by
Monte Carlo simulation. It contains explicit references to
the definition of the hadronic current in each decay chan-
nel, which are spread all over the paper. In the future,
however, these definitions can be replaced by the new
references.
The implementation of final state interactions (FSI) in

the two-meson � decay modes is discussed in Appendix E.
An improvement of the latter and the scalar form factor in
� ! K��� decays will be addressed in a forthcoming
publication [29].
Finally, let us stress that our paper aims at explaining

how this new set of hadronic currents can be installed
in TAUOLA, independently of whether it is a standalone
version, part of Belle/BABAR software, or a different con-
figuration, which is another purpose of Appendix B.

II. HADRONIC CURRENT FOR
TWO AND THREE HADRONS

Before discussing in detail the implementation of the
currents into the program and resulting distributions, let us
first collect here all necessary formulas. In general we
will follow conventions for normalizations as used in
Ref. [11]. We will not recall here relations between had-
ronic distributions and decay product distributions though.
They are rather simple and we assume that the reader
is familiar with the necessary parts of Ref. [11]. Let us
recall the matrix element M for the � decay into hadronic

state X and a neutrino: �ðPÞ ! X��ðNÞ. It reads M ¼
GFffiffi
2

p �uðNÞ��ð1� �5ÞuðPÞJ�. All dynamics of hadronic

interactions is encapsulated in a current J�, which is a

function of hadronic � decay products only.
Contrary to TAUOLA, as documented in Ref. [11] or [14],

now hadronic currents for all two-pseudoscalar final states
are defined in separate routines and the constraint that the
scalar form factor must be set to 0 is removed.
For � decay channels with two mesons [h1ðp1Þ and

h2ðp2Þ], the hadronic current reads

J� ¼ N

��
p1 � p2 ��12

s
ðp1 þ p2Þ

�
�
FVðsÞ

þ �12

s
ðp1 þ p2Þ�FPðsÞ

�
; (1)

1With time, due to pressure from the experimental community,
many other parametrizations were introduced, but not in a
systematic way. Some of those found its way to TAUOLA later,
Ref. [14], and are used as a starting reference point for our
present project as seen from the computing side.
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where s ¼ ðp1 þ p2Þ2 and �12 ¼ m2
1 �m2

2. The formulas
for vector, FVðsÞ, and pseudoscalar, FPðsÞ, form factors
depend on the particular decay channel2 and are given,
respectively, for the���0, ðK�Þ� andK�K0 decay modes
in Sec. II D and the following ones.3 SUð3Þ symmetry
relates all four normalization factors by the appropriate
Clebsch-Gordan coefficient:

N���0 ¼ 1; NK�K0 ¼ 1ffiffiffi
2

p ;

N�� �K0 ¼ 1ffiffiffi
2

p ; N�0K� ¼ 1

2
:

(2)

For the final state of three pseudoscalars, with momenta
p1, p2, and p3, Lorentz invariance determines the decom-
position of the hadronic current to be

J� ¼ N

�
T�
� ½c1ðp2 � p3Þ�F1 þ c2ðp3 � p1Þ�F2

þ c3ðp1 � p2Þ�F3� þ c4q
�F4

� i

4�2F2
c5�

�
: ��	p

�
1p

�
2p

	
3F5

�
; (3)

where T�� ¼ g�� � q�q�=q
2 denotes the transverse pro-

jector, and q� ¼ ðp1 þ p2 þ p3Þ� is the momentum of the
hadronic system. The decay products are ordered and their
four-momenta are denoted, respectively, as p1, p2, and p3.
Here and afterward in the paper, F stands for the pion
decay constant in the chiral limit.

Functions Fi (hadronic form factors) depend in general
on three independent invariant masses that can be con-
structed from the three meson four-vectors. We chose
q2 ¼ ðp1 þ p2 þ p3Þ2 and two invariant masses s1 ¼
ðp2 þ p3Þ2, s2 ¼ ðp1 þ p3Þ2 built from pairs of momenta.
Then s3 ¼ ðp1 þ p2Þ2 can be calculated from the other
three invariants, s3 ¼ q2 � s1 � s2 þm2

1 þm2
2 þm2

3,

and Fi written explicitly with its dependencies reads
as Fiðq2; s1; s2Þ. This form of the hadronic current is the
most general one and constrained only by Lorentz invari-
ance. For modes with an even number of kaons the nor-
malization factor reads as N ¼ cos
Cabibbo=F, otherwise
N ¼ sin
Cabibbo=F.

We leave the F4 contribution in the basis, even though
it is of the order �m2

�=q
2 [15,17,25] for the three-

pseudoscalar channels that we consider in this work. It
plays a role in the low q2 region for the three-pion modes.
We will neglect the corresponding contribution for the

modes with kaons, i.e., c4 ¼ 0. Among the three hadronic
form factors which correspond to the axial-vector part of
the hadronic tensor, ðF1; F2; F3Þ, only two are independent.
We will keep the definition of F1, F2, or F3 exactly as
shown in Eq. (4), which is the form used in TAUOLA since
the beginning. However, linear combinations constructed
from only two of these functions are in principle equally
good. The decay channel dependent constants ci are given
in Table I.
The theoretical assumptions behind the hadronic cur-

rents that we use are discussed in Sec. VII. In the model
the results for all hadronic currents, with the exception of
two-pion and two-kaon modes, are calculated in the isospin
limit, therefore the corresponding hadronic form factors
depend only on the average pion [m�¼ðm�0 þ2 �m�þÞ=3]
and kaon [mK ¼ ðmK0 þmKþÞ=2] masses, we relax the
assumption later.4 For the three-pseudoscalar modes every
hadronic form factor consists of 3 parts: a chiral contribu-
tion (direct decay, without production of any intermediate
resonance), one-resonance, and double-resonance medi-
ated processes. The results for the hadronic form factors
are taken from Refs. [24,25].
The channels we will present (together with the trivial

decay—from the Monte Carlo point of view—into
��� and K��) represent more than 88% of the hadronic
width of � [31]. The dominant missing channels � !
�þ�����0�� and � ! ���0�0�0��, which are
together about 9.7% of the hadronic width of �, are more
difficult to control theoretically.5 Also attempts to describe
� ! �þ�����0�� are relatively recent. They are techni-
cally compatible with our solution for TAUOLA currents
and can be used simultaneously. It is documented in
Ref. [33].
Let us now describe hadronic currents for each particular

channel.

TABLE I. Coefficients for formula (4) in the isospin symmetry
limit. Note that in Ref. [11] different conventions were used and
coefficients were affecting normalization too.

Decay mode ðp1; p2; p3Þ c1 c2 c3 c4 c5

�����þ 1 �1 0 1 0

�0�0�� 1 �1 0 1 0

K���Kþ 1 �1 0 0 1

K0�� �K0 1 �1 0 0 1

K��0K0 0 1 �1 0 �1

2The vector form factor of both two pions and two kaons is
expected to be fixed at zero momentum transfer by gauge
invariance in the SUð2Þ symmetry limit [30]: FVð0Þ ¼ 1, see
Sec. II D.

3Two-meson � decays involving an � meson, � ! �ð0ÞP���,
P ¼ �, K have a negligible branching fraction [31,32].

4At first step we will take such an assumption for our phase
space generator as well. Later in the paper we will nonetheless
return to proper masses, distinct for charged and neutral pseu-
doscalars. We will evaluate the numerical consequences, see
Table II.

5Several older options developed for these channels are pro-
vided for user convenience, but they will not be documented
here. Please see the README files stored in directory
NEW-CURRENTS/OTHER-CURRENTS for details.
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A. �����þ�� and �0�0����

Hadronic form factors for the three-pion modes have
been calculated assuming the isospin symmetry,6 as a
consequence, m�� ¼ m�0 . The code for the current is
given in NEW-CURRENTS/RCHL-CURRENTS/F3PI_RCHT.F.

The independent set of hadronic form factors Fi, i ¼
1; . . . ; 5 is chosen as F1, F2, and F4 (F3 ¼ 0 then). The
vector form factor vanishes for the three-pion modes due to
the G-parity conservation [16,43]: F5 ¼ 0. It is convenient
to present the functions as

Fi ¼ ðF�
i þ FR

i þ FRR
i Þ � R3�; i ¼ 1; 2; 4; (4)

where F
�
i is the chiral contribution, FR

i is the one reso-
nance contribution, and FRR

i is the double-resonance part.
The R3� constant equals �1 for �0�0�� and 1 for
�����þ.
For the convention defined by Eq. (4), the form factors

Fi can be obtained from Ref. [24] with the replacements:

FiðQ2; s; tÞ ! Fiðq2; s1; s2Þ=F; i ¼ 1; 2; 4; (5)

where F was defined after Eq. (4). The form factors read

F�
1 ðq2; s1; s2Þ ¼ � 2

ffiffiffi
2

p
3

;

FR
1 ðq2; s1; s2Þ ¼

ffiffiffi
2

p
FVGV

3F2

"
3s1

s1 �M2
� � iM���ðs1Þ

�
 
2GV

FV

� 1

! 
2q2 � 2s1 � s3

s1 �M2
� � iM���ðs1Þ

þ s3 � s1
s2 �M2

� � iM���ðs2Þ
!#

;

FRR
1 ðq2; s1; s2Þ ¼ 4FAGV

3F2

q2

q2 �M2
A � iMA�Aðq2Þ

"
�ð�0 þ �00Þ 3s1

s1 �M2
� � iM���ðs1Þ

þH

 
s1
q2

;
m2

�

q2

!
2q2 þ s1 � s3

s1 �M2
� � iM���ðs1Þ

þH

 
s2
q2

;
m2

�

q2

!
s3 � s1

s2 �M2
� � iM���ðs2Þ

#
; (6)

where

Hðx; yÞ ¼ ��0yþ �0xþ �00; (7)

and

�0 ¼ F2

2
ffiffiffi
2

p
FAGV

;

�00 ¼ �
�
1� 2

G2
V

F2

�
�0;

4�0 ¼ �0 þ �00:

(8)

Bose symmetry implies that the form factors F1 and F2

are related F2ðq2; s2; s1Þ ¼ F1ðq2; s1; s2Þ [the minus sign
that comes from the definition of the hadronic current,
Eq. (4), is included in c2].

The pseudoscalar form factor, F4 ¼ F
�
4 þ FR

4 , carries
the contribution from both the direct vertex and the one-
resonance mechanism of production:

F
�
4 ðq2;s1;s2Þ¼

2
ffiffiffi
2

p
3

m2
�½3ðs3�m2

�Þ�q2ð1þ2
R3�Þ�
2q2ðq2�m2

�Þ
;

FR
4 ðq2;s1;s2Þ¼�

ffiffiffi
2

p
FVGV

3F2
½�2ðq2;s2;s1Þþ�2ðq2;s1;s2Þ�;

(9)

where 
 ¼ 1 for �� ! �����þ��, 
 ¼ 1=2 for �� !
�0�0����, and

�2ðq2; s1; s2Þ ¼ 3GV

FV

s1
q2

m2
�

q2 �m2
�

s3 � s2
s1 �M2

� � iM���ðs1Þ
:

(10)

The pseudoscalar form factor F4 is proportional to m2
�=q

2

[24], thus it is suppressed with respect to F1 and F2.
However, the pseudoscalar contribution can affect the q2

spectrum near the threshold.7

Besides the pion decay constant F, the results for the
form factors Fi depend on some coupling constants of the
model: FV (we impose GV ¼ F2=FV), FA and the masses
of the nonets of vector and axial-vector resonances (MV

and MA) in the chiral and large-NC limits. We follow
Refs. [24,25] and replace the masses used in the resonance

6The inclusion of the complete first-order corrections to SUð2Þ
symmetry is beyond our present scope. In particular, electro-
magnetic corrections arising at this order are neglected. We
restrict ourselves, for the moment, to the ones given by the
mass splittings between members of the same SUð2Þ multiplet.
These enter the kinematical factors and phase-space integrals.
The model-independent electromagnetic corrections can be
handled with PHOTOS [34,35], while the structure-dependent
corrections have been computed only for the one- and two-
meson � decay modes (with only pions and kaons) in
Refs. [36–39]. Its implementation in generation with PHOTOS

will follow the work of Refs. [40–42].

7Numerical results with and without F4 are presented in
Sec. IVB.
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Lagrangian with the masses of the corresponding physical
states: MV ! M� and8 MA ! Ma1 .

To include the �0 meson we follow Ref. [24], its
Eq. (32). We insert Eq. (11) of the combined � and �0
propagators into our Eqs. (6) and (10):

1

M2
� � q2 � iM���ðq2Þ
! 1

1þ ��0

�
1

M2
� � q2 � iM���ðq2Þ

þ ��0

M2
�0 � q2 � iM�0��0 ðq2Þ

�
: (11)

Impact9 of the �0 meson on the d�=dq2 spectrum can be
seen from Fig. 3 of Ref. [24].

In the file NEW-CURRENTS/RCHL-CURRENTS/F3PI_RCHT.F

the form factors F1, F2, F4 given by Eqs. (6)–(9) and with
substitution (11) are coded. For completeness, let us
remember that form factors F3 and F5 are equal to zero.

The only eventual isospin breaking will result from
m�� � m�0 used in the phase space generator embedded
in TAUOLA.F.

B. K���Kþ�� and K0�� �K0��

Again isospin symmetry is assumed, therefore m�� ¼
m�0 and mK0 ¼ mK� . The code for the currents is given in
NEW-CURRENTS/RCHL-CURRENTS/FKKPI.F.

We will neglect the contribution from the pseudoscalar
form factor F4 as it is proportional again to m2

�=q
2 [25].

We present the result for the nonzero form factors Fi in the
same way as before:

Fi ¼ F
�
i þ FR

i þ FRR
i ; i ¼ 1; 2; 5: (12)

Taking into account the convention for the current, Eq. (4),
and the values of the ci coefficients in Table I, the result for
the form factor can be obtained from Ref. [25] with the
replacements: F1ðQ2;s;tÞ!F2ðq2;s2;s1Þ=F, F2ðQ2;s;tÞ!
F1ðq2;s2;s1Þ=F. Therefore, the form factor F1 reads

F�
1 ðq2;s2;s1Þ¼�

ffiffiffi
2

p
3
; FR

1 ðq2;s2;s1Þ¼�
ffiffiffi
2

p
6

FVGV

F2

"
BRðs1;s3;m2

K;m
2
KÞ

M2
��s2� iM���ðs2Þ

þARðq2;s1;s3;m2
K;m

2
K;m

2
�Þ

M2
K� �s1� iMK��K� ðs1Þ

#
;

FRR
1 ðq2;s2;s1Þ¼2

3

FAGV

F2

q2

M2
A�q2� iMA�Aðq2Þ

"
BRRðq2;s1;s3;s2;m2

K;m
2
K;m

2
�Þ

M2
��s2� iM���ðs2Þ

þARRðq2;s1;s3;m2
K;m

2
K;m

2
�Þ

M2
K� �s1� iMK��K� ðs1Þ

#
;

(13)

where the functions AR, BR, ARR, and BRR are defined in Appendix A and s3 is calculated from q2, s1, s2 and masses.
The form factor F2 is given by

F
�
2 ðq2;s2;s1Þ¼F

�
1 ; FR

2 ðq2;s2;s1Þ¼�
ffiffiffi
2

p
6

FVGV

F2

"
ARðq2;s2;s3;m2

K;m
2
�;m

2
KÞ

M2
��s2� iM���ðs2Þ

þ BRðs2;s3;m2
K;m

2
�Þ

M2
K� �s1� iMK��K� ðs1Þ

#
;

FRR
2 ðq2;s2;s1Þ¼2

3

FAGV

F2

q2

M2
A�q2� iMA�Aðq2Þ

"
ARRðq2;s2;s3;m2

K;m
2
�;m

2
KÞ

M2
��s2� iM���ðs2Þ

þBRRðq2;s2;s3;s1;m2
K;m

2
�;m

2
KÞ

M2
K� �s1� iMK��K� ðs1Þ

#
:

(14)

The vector form factor, F5, arises from the chiral anomaly [44,45] and the nonanomalous odd-intrinsic-parity amplitude
[46]. It is obtained from Ref. [25] with the replacement F3ðQ2; s; tÞ ! �F5ðq2; s2; s1Þ=ð4�2F3Þ. It reads
F�
5 ðq2; s2; s1Þ ¼

ffiffiffi
2

p
;

FR
5 ðq2; s2; s1Þ ¼

16�2GV

MV

�
CRðq2; s2; m2

K;m
2
K;m

2
�Þ
�
sin2
V

1þ ffiffiffi
2

p
cot
V

M2
! � s2 � iM!�!

þ cos2
V
1� ffiffiffi

2
p

tan
V
M2

� � s2 � iM���

�

þ CRðq2; s1; m2
K;m

2
�;m

2
KÞ

M2
K� � s1 � iMK��K� ðs1Þ

� 2FV

GV

DRðq2; s2; s1Þ
M2

� � q2 � iM���ðq2Þ
�
;

FRR
5 ðq2; s2; s1Þ ¼ � 16

ffiffiffi
2

p
�2FVGV

M2
� � q2 � iM���ðq2Þ

�
CRRðq2; s1; m2

KÞ
M2

K� � s1 � iMK��K� ðs1Þ

þ CRRðq2; s2; m2
�Þ
�
sin2
V

1þ ffiffiffi
2

p
cot
V

M2
! � s2 � iM!�!

þ cos2
V
1� ffiffiffi

2
p

tan
V
M2

� � s2 � iM���

��
;

(15)

8In footnote 56 of Appendix C 2 we explain; the parameter MA of the short-distance QCD constraints should not be identified with
Ma1 . Our choice MA ! Ma1 is not well founded, but can be easily changed at the time of fits to experimental data.

9A discussion on the implementation of the second (third) resonance octet to the model can be found in Sec. VII.
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where CR, DR, and CRR are defined in Appendix A.
For the widths of the narrow resonances ! and � the

PDG [31] values are taken and the constant width approxi-
mation is followed. The parameter 
V defines the mass
eigenstates !ð782Þ and �ð1020Þ [25] and is the mixing
angle between the octet and singlet vector states !8 and
!0. In our numerical calculation we take the ideal mixing

[
V ¼ tan�1ð1= ffiffiffi
2

p Þ]. In this limit, the contribution of the
�ð1020Þ meson in Eq. (15) vanishes.10 This will be
changed in the future with fits to the data.

The file NEW-CURRENTS/RCHL-CURRENTS/FKKPI.F con-
tains the form factors F1, F2, and F5. The form of
Eqs. (13)–(15) is used. As one can see, the contribution
from the excited states, e.g., �0, �00, is not included in the
KK� case, contrary to the three-pion one. The only even-
tual isospin breaking assumed will result from m�� � m�0

and mK� � mK0 used in the phase space generator
embedded in TAUOLA.F.

C. K��0K0��

The hadronic current of the K��0K0�� decay mode is
again obtained with isospin symmetry; m�� ¼ m�0 and

mK0 ¼ mK� . The code for the currents is given in the file
NEW-CURRENTS/RCHL-CURRENTS/FKK0PI0.F.

If the momenta of the pseudoscalars are attributed as in
Table I, that is K�ðp1Þ�0ðp2ÞK0ðp3Þ, then it is convenient
to choose the independent set of hadronic form factors for
the axial-vector part as F2ðq2; s2; s3Þ and F3ðq2; s2; s3Þ. We
will neglect the contribution due to the pseudoscalar form
factor F4 as it is again proportional to the square of pion
mass over q2 [25]. Taking into account the constants ci of
Table I and Eq. (4), the result of Ref. [25] needs the
replacements

F2ðQ2; s; tÞ ! F3ðq2; s2; s3Þ=F;
F1ðQ2; s; tÞ ! F2ðq2; s2; s3Þ=F;
F3ðQ2; s; tÞ ! �F5ðq2; s2; s3Þ=ð4�2F3Þ:

(16)

As before,

Fi ¼ F
�
i þ FR

i þ FRR
i ; i ¼ 2; 3; 5 (17)

and

F�
2 ðq2; s2; s3Þ ¼ �1;

FR
2 ðq2; s2; s3Þ ¼ � 1

6

FVGV

F2

�
BRðs2; s1; m2

K;m
2
�Þ

M2
K� � s3 � iMK��K� ðs3Þ

þ 2
ARðq2; s2; s1; m2

K;m
2
�;m

2
KÞ

M2
� � s2 � iM���ðs2Þ

þ ARðq2; s1; s2; m2
�;m

2
K;m

2
KÞ

M2
K� � s1 � iMK��K� ðs1Þ

�
;

FRR
2 ðq2; s2; s3Þ ¼

ffiffiffi
2

p
3

FAGV

F2

q2

M2
A � q2 � iMA�Aðq2Þ

�
BRRðq2; s2; s1; s3; m2

K;m
2
�;m

2
KÞ

M2
K� � s3 � iMK��K� ðs3Þ

þ 2
ARRðq2; s2; s1; m2

K;m
2
�;m

2
KÞ

M2
� � s2 � iM���ðs2Þ

þ ARRðq2; s1; s2; m2
�;m

2
K;m

2
KÞ

M2
K� � s1 � iMK��K� ðs1Þ

�
; (18)

s3 is calculated from q2, s1, s2 and masses. The contributions to F3 read

F
�
3 ðq2; s2; s3Þ ¼ 0;

FR
3 ðq2; s2; s3Þ ¼ � 1

6

FVGV

F2

�
ARðq2; s3; s1; m2

K;m
2
K;m

2
�Þ

M2
K� � s3 � iMK��K� ðs3Þ

þ 2
BRðs3; s1; m2

K;m
2
KÞ

M2
� � s2 � iM���ðs2Þ

� ARðq2; s1; s3; m2
K;m

2
K;m

2
�Þ

M2
K� � s1 � iMK��K� ðs1Þ

�
;

FRR
3 ðq2; s2; s3Þ ¼

ffiffiffi
2

p
3

FAGV

F2

q2

M2
A � q2 � iMA�Aðq2Þ

�
ARRðq2; s3; s1; m2

K;m
2
K;m

2
�Þ

M2
K� � s3 � iMK��K� ðs3Þ

þ 2
BRRðq2; s3; s1; s2; m2

K;m
2
K;m

2
�Þ

M2
� � s2 � iM���ðs2Þ

� ARRðq2; s1; s3; m2
K;m

2
K;m

2
�Þ

M2
K� � s1 � iMK��K� ðs1Þ

�
: (19)

The form factor F5 driven by the vector current is given by the sum of

10On the other hand, one should keep in mind that the decay channel �� ! ����� was observed by BABAR [47] and �� ! �K���
by Belle [48].
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F
�
5 ðq2; s2; s3Þ ¼ 0;

FR
5 ðq2; s2; s3Þ ¼

8
ffiffiffi
2

p
�2GV

MV

�
CRðq2; s3; m2

K;m
2
�;m

2
KÞ

M2
K� � s3 � iMK��K� ðs3Þ

� CRðq2; s1; m2
K;m

2
�;m

2
KÞ

M2
K� � s1 � iMK��K� ðs1Þ

� 2FV

GV

ERðs3; s1Þ
M2

� � q2 � iM���ðq2Þ
�
;

FRR
5 ðq2; s2; s3Þ ¼ � 16�2FVGV

M2
� � q2

�
CRRðq2; s3; m2

KÞ
M2

K� � s3 � iMK��K� ðs3Þ
� CRRðq2; s1; m2

KÞ
M2

K� � s1 � iMK��K� ðs1Þ
�
; (20)

where the new function ER, as the previous ones, is defined
in Appendix A.

The file NEW-CURRENTS/RCHL-CURRENTS/FKK0PI0.F con-
tains the form factors F2, F3, and F5. Equations (18)–(20)
are used. As one can see, the contributions from the excited
states, e.g., �0, K�0, are not included in the form factors of
the � ! KK��� decay channels. This shall be an obvious
future improvement resulting from the confrontation with
the data.

The assumption that the eventual isospin breaking will
result only from m�� � m�0 and mK� � mK0 as used in
the phase space generator embedded in TAUOLA.F is taken.

D. ���0�� , �
0K��� , �

� �K0�� and K�K0��

The two-pseudoscalar final states are simpler. They can
be presented together in one subsection. The code for the
hadronic currents of the ���0��, K

�K0��, and ðK�Þ���

modes is given, respectively, in files

new� currents=RChL� currents=frhopi:f;

new� currents=RChL� currents=fk0k:f;

new� currents=RChL� currents=fkpipl:f:

In the general case there are both vector and scalar form
factors. In the isospin symmetry limit,m�� ¼ m�0 ,mK� ¼
mK0 , for both two-pion and two-kaon modes the scalar
form factor vanishes and the corresponding channel is
described by the vector form factor only.11 Also for the
K� mode we restrict ourselves at first to the vector form
factor only, the scalar form factor will be properly included
in Ref. [29].

For all three channels we use a parametrization for the
vector form factor which is developed starting from the
lowest-lying resonance contribution:

FV
PQðsÞ ¼ FVMDðsÞ exp

�X
P;Q

NPQ
loop

�s

96�2F2
ReAPQðsÞ

�
;

(21)

where FVMD is the contribution from the lightest vector
resonance that can be exchanged in the process, and the
exponentiation resums FSI effects (see Appendix E for a
related discussion). The function APQðsÞ is a loop function

for two pseudoscalars with masses mP and mQ, and is

presented in Appendix A. NPQ
loop is a constant dictated by

chiral symmetry for the different decay channels:

N���0

loop ¼1; NK�K0

loop ¼1

2
; NK�

loop¼N
K�
loop¼

3

4
: (22)

In the case of the two-pion mode, the theoretical calcu-
lation performed in the framework of R�T [49] gives the
following result for the form factor:

FV
��ðsÞ¼

M2
�

M2
��s� iM���ðsÞ

�exp

� �s

96�2F2

�
ReA���0ðsÞþ1

2
ReAK�K0ðsÞ

��
;

(23)

if only � resonance is taken into account. The contribution
of the excited resonances (both �0 and �00) modify the form
factor of formula (23). Following Ref. [49] it takes the
form

FV
��ðsÞ ¼

M2
� þ sð�ei�1 þ �ei�2Þ
M2

� � s� iM���ðsÞ
exp

� �s

96�2F2

�
ReA���0ðsÞ þ 1

2
ReAK�K0ðsÞ

��
� s�ei�1

M2
�0 � s� iM�0��0 ðsÞ

� exp

� �s��0

�M3
�0	3

�ðM2
�0 Þ ½ReA�ðsÞ�

�
� s�ei�2

M2
�00 � s� iM�00��00 ðsÞ exp

� �s��00

�M3
�00	3

�ðM2
�00 Þ ½ReA�ðsÞ�

�
; (24)

where the phase-space factor

	Pðq2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

P=q
2

q
(25)

11The scalar form factor appears only at next-to-leading order in SUð2Þ breaking and it can be safely neglected (see Ref. [36] for
details).
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is used. The function AP is the same loop function APQ

defined in (A3), but in the limit of equal masses. It is
given in Appendix A. In our file NEW-CURRENTS/RCHL-

CURRENTS/FRHO_PI.F the form factor of formula (24) is
used.

The two-kaon vector form factor is written following
Ref. [26] as

FV
KKðsÞ¼

M2
�

M2
��s� iM���ðsÞ

�exp

� �s

96�2F2

�
ReA���0ðsÞþ1

2
ReAK�K0ðsÞ

��
:

(26)

One can see the expression for the kaon vector form factors
coincides with the pion form factor from Eq. (23).

The excited resonances have not been taken into account
in Eq. (26) following Ref. [26]. However, their imple-
mentation along the lines of Eq. (24) is simple. The file
NEW-CURRENTS/RCHL-CURRENTS/FK0K.F contains both12

forms of the two-kaon form factor (24) and (26).
For the K� mode we applied the result of Eq. (5) in

Ref. [18], which reads13

FV
K�ðsÞ¼

�
M2

K� þs�K�

M2
K� �s� iMK��K� ðsÞ

� s�K�

M2
K�0 �s� iMK�0�K�0 ðsÞ

�

�exp

� �s

128�2F2
½ReAK�ðsÞþReAK�ðsÞ�

�
: (27)

Note that due to the FSI effects, the form factor
FV
K�ð0Þ � 1.
The m�� � m�0 and mK� � mK0 used in the phase

space Monte Carlo generator, and discussed numerically
later in the paper, will be the only isospin breaking
assumed. However, we plan to include electromagnetic
corrections to � ! ���0�� decays in the future (see
footnote 6).

III. ENERGY-DEPENDENT WIDTHS
OF RESONANCES

In this section we collect the formulas to calculate the
energy-dependent width of the resonances �, �0, �00, K�,

K�0, and a1. They were used in the previous section as
ingredients for the construction of hadronic currents. From
the technical side their calculation requires integration of
the appropriate matrix elements over the phase space. In
this way, for example, unitarity constraints are taken into
account [24,51,52].
The energy-dependent width of �ð770Þ resonance, cal-

culated in the SUð2Þ limit (m�� ¼ m�0 , mK� ¼ mK0), is
given [51] as

��ðq2Þ ¼
M�q

2

96�F2

�
	3

�ðq2Þ
ðq2 � 4m2
�Þ

þ 1

2
	3

Kðq2Þ
ðq2 � 4m2
KÞ
�
: (28)

The phase-space factor 	� is defined in Eq. (25), the 2�
and 2K loops are included. This form of the �width is used
in modes of three pseudoscalars.
In the two-pion and two-kaon modes SUð2Þ breaking

effects were taken into account in the � off-shell width,

��ðq2Þ ¼
M�q

2

96�F2

�

ðq2 � thr��Þ�3=2

�
1;
m2

�þ

q2
;
m2

�0

q2

�

þ 1

2

ðq2 � thrKKÞ�3=2

�
1;
m2

Kþ

q2
;
m2

K0

q2

��
; (29)

where �ðx;y;zÞ¼ðx�y�zÞ2�4yz, thr��¼ðm�þþm�0Þ2,
and thrKK ¼ ðmKþ þmK0Þ2.
At this stage the widths of the �0ð1465Þ and �00ð1700Þ

mesons are modeled as decays to two pions,

��0 ðq2Þ ¼ ��0
q2

M2
�0

	3
�ðq2Þ

	3
�ðM2

�0 Þ
ðq
2 � 4m2

�Þ; (30)

with ��0 � ��0 ðM2
�0 Þ.

The energy-dependent width of theK�ð892Þ resonance is
given, in the SUð2Þ limit (m�� ¼ m�0 , mK� ¼ mK0), in
Ref. [53]. It is related to ��ðq2Þ by chiral symmetry. It

reads

�K� ðq2Þ ¼ MK�q2

128�F2

�
�3=2

�
1;
m2

K

q2
;
m2

�

q2

�

ðq2 � thrK�Þ

þ �3=2

�
1;
m2

K

q2
;
m2

�

q2

�

ðq2 � thrK�Þ

�
; (31)

with thrK� ¼ ðmK þm�Þ2 and thrK� ¼ ðmK þm�Þ2.
Formula (31) is used for theKK�modes whereas for the

K� modes we use the following result [Eq. (4) from
Ref. [27]]:

12By default, our program runs with the K0K� vector form
factor of Eq. (26). However, changing the value of the parameter
FFKKVEC ¼ 0 to FFKKVEC ¼ 1 in VALUE_PARAMETER.F allows one
to run the code with the form factor of Eq. (24). Numerical
effects due to the inclusion of the excited resonances are given in
Sec. VD.
13By default, our program runs with the K� vector form factor
of Eq. (27). However, changing the value of the parameter
FFKPIVEC ¼ 1 to FFKPIVEC ¼ 0 the code will run with the form
factor given in Eqs. (17) and (18) of Ref. [50]. For discussion,
see Sec. VD.
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�K� ðq2Þ ¼ �K�
q2

M2
K�

�3=2
�
1;

m2
K

q2
; m

2
�

q2

	

ðq2 � thrK�Þ þ �3=2

�
1;

m2
K

q2
;
m2

�

q2

	

ðq2 � thrK�Þ

�3=2

�
1;

m2
K

M2
K�
; m2

�

M2
K�

�
þ �3=2

�
1;

m2
K

M2
K�
;
m2

�

M2
K�

� : (32)

From Eq. (4) of Ref. [27] we have

�K� ��K� ðM2
K� Þ

¼G2
VM

3
K�

64�F4

�
�3=2

�
1;

m2
K

M2
K�
;
m2

�

M2
K�

�
þ�3=2

�
1;

m2
K

M2
K�
;
m2

�

M2
K�

��
;

(33)

however, we prefer to write down Eq. (32) in terms of the
width (�K�), see discussion after Eq. (17) in Ref. [27]. The
width of K�0ð1410Þ is modeled as a decay to K� and reads

�K�0 ðq2Þ ¼ �K�0
q2

M2
K�0

�3=2
�
1;

m2
K

q2
; m

2
�

q2

	
�3=2

�
1;

m2
K

M2

K�0
; m2

�

M2

K�0

	 
ðq2 � thrK�Þ:

(34)

For the energy dependence of the a1 resonance width
14

we use15 [24]

�a1ðq2Þ ¼ 2��
a1ðq2Þ
ðq2 � 9m2

�Þ
þ 2�K�

a1 ðq2Þ
ðq2 � ðm� þ 2mKÞ2Þ
þ �K0

a1 ðq2Þ
ðq2 � ðm� þ 2mKÞ2Þ; (35)

where

��;K
a1 ðq2Þ ¼ �S

192ð2�Þ3F2
AF

2Ma1

�
M2

a1

q2
� 1

�
2

�
Z

dsdtðV�
1 F1 þ V

�
2 F2 þ V

�
3 F3Þ�;K

� ððV1�F1 þ V2�F2 þ V3�F3Þ�;KÞ�

stands for the contribution from the individual three-pion
and (two kaons-one pion) absorptive cuts. Here

V�
i ¼ ciT

��ðpj � pkÞ�; i � j � k ¼ 1; 2; 3; (36)

with the coefficients ci appearing in Table I.
In summary, ��

a1ðq2Þ is the contribution of the �����0

and �0�0�� cuts, �K�
a1 ðq2Þ of the K���Kþ and K0�� �K0

cuts, and finally the K��0K0 contribution gives rise to the

term �K0

a1 ðq2Þ. The form factors Fi are presented in

Secs. II A, II B, and II C. The symmetry factor is defined

as S ¼ 1=n!, where n denotes the number of identical
particles in the final state.
For reference, we include the formula for the spectral

function, the q2 spectrum for the processes � ! 3 pseudo-
scalars �� of this work

16

d�

dq2
¼ G2

FjVudj2
128ð2�Þ5M�F

2

�
M2

�

q2
�1

�
2

�
Z
dsdt

�
WSAþ1

3

�
1þ2

q2

M2
�

�
ðWAþWBÞ

�
; (37)

where

WA ¼ �ðV�
1 F1 þ V�

2 F2 þ V�
3 F3Þ

� ðV1�F1 þ V2�F2 þ V3�F3Þ�;
WB ¼ 1

64�4F4
½stuþ ðm2

K;� �m2
�Þðq2 �m2

K;�Þs
þm2

K;�ð2m2
� � q2Þq2 �m2

K;�m
4
��jF5j2;

WSA ¼ q2jF4j2: (38)

The following phase space integration limits have to be
used:

Z
dsdt ¼

Z ð
ffiffiffiffi
q2

p
�m�Þ2

4m2
K;�

ds
Z tþðsÞ

t�ðsÞ
dt; (39)

where

t�ðsÞ ¼ 1

4s
fðq2 �m2

�Þ2 � ½�1=2ðq2; s; m2
�Þ

	 �1=2ðm2
K;�; m

2
K;�; sÞ�2g: (40)

The necessary functions are located in files
NEW-CURRENTS/RCHL-CURRENTS/FUNCT_RPT.F and NEW-

CURRENTS/RCHL-CURRENTS/WID_A1_FIT.F.

IV. BENCHMARK CALCULATIONS
FOR THREE-PION MODE

Since Ref. [11] has been published, numerical tests of
TAUOLAMonte Carlo functioning have not been repeated in

a systematic way, despite the technical precision require-
ments are much higher now and reach sub-per mil level.
Prior to physics oriented comparisons between analytical

14Calculation of a1 width from Fi was already used in
Refs. [5,12,54].
15There is an additional factor 1=F2 here and in Eq. (37)
compared with the definition, e.g., in Refs. [24,25]. This is
related to the normalization of our form factors F1, F2, and
F3. See the explanation prior to Eqs. (6), (13), and (18).

16Our testing programs feature a calculation of spectral func-
tions, including those of formula (38). However, we will not
elaborate on this point here, even though it is important for future
data analysis [9], where results of Ref. [13] are proposed to be
used. We expect that a Monte Carlo sample will be used instead
of semianalytical Eq. (37).
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(numerical integration) and Monte Carlo calculations, we
need to revisit numerical stability of the generator and of
multiple numerical integration, used in semianalytical cal-
culations accompanying generation and its tests as well.

We will use the decay channel � ! �����þ�� to
demonstrate our tests of Monte Carlo. For other channels,
technical tests will be skipped from documentation17 even
though new issues absent in the � ! �����þ�� case can
appear. A good example is numerical stability at phase
space edges of presamplers for relatively narrow reso-
nances such as K� in � ! K��� decay. In this case, for
long runs, the square root of the negative number may have
appeared because of rounding errors; an appropriate cor-
rection to the code was introduced. Such long runs were
never performed in the past for this channel. Our tests were
indeed long. In some cases, for variables counting crude
events we have even run over the allowed maximum
(� 2� 109) for FORTRAN INTEGER type.

To avoid problems with multidimensional integration of
the a1-meson propagator which is rapidly changing as a
function of its arguments, we first tabulated the �a1ðq2Þ of
Eq. (35). The code for tabulation is located in NEW-

CURRENTS/RCHL-CURRENTS/TABLER.18 Then we use linear

interpolation to get the value of the a1 width at required q
2.

To integrate over s and t variables the Gauss integration
method has been used. The produced distribution has been
checked to be numerically stable.19

A. Technical test

Before we can go to the presentation of simulation
results, where physical currents are used, let us start with
the simplified cases. We will begin with the calculation for
� ! �����þ�� where F1 ¼ F ¼ 0:0924 GeV, other
form factors are set to zero (F2 ¼ 0, F4 ¼ 0) and m�� ¼
m�0 ¼ 0:13804 GeV. It is an important starting point, it
helps to adjust conventions of normalization constants in
TAUOLA Monte Carlo and analytical calculations. Phase

space integration is free from singularities resulting from
the matrix elements. Nonetheless, corresponding presam-
plers can be verified. Numerical integration is rather quick
as there is no need of invoking time consuming functions.
That is why it is important to perform this check with a
precision higher than for later tests.

The total rate we obtained from a Monte Carlo run
of 6� 106 events was ð2:7414� 0:01%Þ � 10�17 GeV.
For semianalytical numerical integration, we obtain
ð2:7410� 0:02%Þ � 10�17 GeV (with 2� 10�4 precision
tag). A difference of 0.015% was found. This technical test
performs better than could be achieved at the time of work
for Ref. [11]. Statistical samples are larger by 3 orders of
magnitude than what could have been used at that time.

For completeness, let us provide a plot of d�
dq2

generated

from Monte Carlo divided by the semianalytical (numeri-
cal integration was used) result for this spectrum.
Reasonable agreement is found; see Fig. 1.
Triple Gaussian integration is used for the analytical

calculation and double Gaussian integration enters as well
into the current calculation to be used in matrix elements of
Monte Carlo generation. That is why pretabulation for the
a1 width, �a1ðq2Þ, is convenient as it speeds generation

enormously. This represents another technical feature being
tested by normalization study and figures like Fig. 1.
Technical tests, as the one we discuss now, belong to

the group of comparison booklets collected in the Web
page [28].

B. Test with semirealistic parameters

Let us now introduce the physical content of the current,
keeping at first m�� ¼ m�0 ¼ 0:13804 GeV and dropping
out statistical factor 1

2 of two identical �’s. Agreement

FIG. 1. An example of a figure included in tests collected in
the project Web page [28]. The ratio of the histogram and
analytical formula is shown for the d�

dq2
in � ! �����þ��

decay mode. Only F1 ¼ F is nonzero. Normalization is not
adjusted. A statistical sample of 6� 106 events was used and
semirealistic initialization as explained in this section.
Agreement within statistical errors is found. Fluctuations at the
ends of the spectra are due to substantially less populated bins of
that region. These tests represent a technical test not only of
Monte Carlo generation but also for semianalytical numerical
integration.

17Directory NEW-CURRENTS/RCHL-CURRENTS/CROSS-CHECK is
devoted to such tests. The README file explains technical details.
18Technical details of the calculations, which are quite inde-
pendent from parts of the code loaded with TAUOLA, are ex-
plained in README files of this directory and its subdirectories.
19The source code of the integration routine GAUSS has been
taken from the CERN program library [55]. Tests are provided in
NEW-CURRENTS/RCHL-CURRENTS/CROSS-CHECKS. Cross-check by
linear interpolation of the q2 distribution from the neighboring
points demonstrates that the fluctuations due to numerical prob-
lems of integration are absent, the results are continuous,
whereas the result produced with the integration method
VEGAS [56] had a tendency to fluctuate.
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between Monte Carlo and semianalytical calculation
should be �0:01% again.

We take F1 as given by Eq. (6), but all other currents are
set to 0. Our numerical results for the rate from numerical
integration, ð1:8721� 0:02%Þ � 10�13 GeV, and from
Monte Carlo generation, ð1:8722� 0:01%Þ � 10�13 GeV
(run with 6� 106 events), agree well. The difference is
only 0.005% thus compatible with statistical error of
the generated sample. Comparison of differential distribu-
tions, analogue to Fig. 1, is available from the Web page
[28]. For the next step we choose the F1 and F2 form
factors according to Eq. (6), F4 ¼ 0. Numerical results
are ð4:2015� 0:02%Þ � 10�13 GeV for semianalytical
calculation and ð4:2023� 0:01%Þ � 10�13 GeV for
Monte Carlo generation. The difference is 0.03%, as
expected. The figures are again available from Ref. [28].

Finally, we consider the result for the total width pre-
dicted by Resonance Chiral Theory, given by the F1, F2,
and F4 contributions in Eqs. (6) and (9). The F4 form factor
does not affect the value of the width at our precision and in
this case it is ð4:2025� 0:01%Þ � 10�13 GeV (run with
6� 106 events).

The above comparisons check also that the differential
distribution d�=dq2 in � ! 3��� is numerically stable
and it is not affected by numerical problems due to double
Gaussian integration. We have also checked that, if the
function value has been obtained from interpolation of
neighboring q2’s, the difference with the value calculated
directly was appropriately small as should be expected.20

V. NUMERICAL RESULTS FOR TWO-AND
THREE-PSEUDOSCALAR CHANNELS

In the previous section we have presented examples of
technical tests. Let us now concentrate on numerical

results, corresponding to the most refined options of the
currents included in our distribution tar-ball21 which are of
physics interest.
In the phase space generation, we will take into account

the differences between neutral and charged pion and kaon
masses, physical values will be taken. This has to be done
to obtain proper kinematic configurations. On the other
hand, this choice breaks constraints resulting from isospin
symmetry (see footnote 6) in a potentially uncontrolled
way. That is why we collect numerical results from
Monte Carlo calculation in the form of Table II, where
the partial widths from Particle Data Group compilation
[31] are compared with our results obtained with isospin-
averaged pseudoscalar masses and with the physical ones.

A. �����þ�� and �0�0����

Let us now turn to numerical results for the � ! 3���

decays obtained with our currents of Sec. II A. From the
semianalytical calculation of partial width we get
ð2:10073� 0:02%Þ � 10�13 GeV for � ! �����þ��

decay, and ð2:10072� 0:02%Þ � 10�13 GeV for � !
�0�0����, practically the same value. The approximation
of the equal masses for �� and �0 has been taken. In
this case the Monte Carlo results are identical for
�����þ and �0�0�� final states22; we have obtained
ð2:1013� 0:016%Þ � 10�13 GeV.
For the physical, i.e., distinct m�� and m�0 , masses

we have obtained ð2:0800� 0:017%Þ � 10�13 GeV
for �����þ and ð2:1256� 0:017%Þ � 10�13 GeV for
�0�0�� mode. The difference for the distributions is too

TABLE II. The � decay partial widths. For each channel, the PDG value [31] is compared with numerical results of Monte Carlo
integration of our currents. The third column includes results with isospin averaged masses, whereas for the last column physical
masses were used. Comparison of the last two columns enumerates the numerical effect of physical masses, breaking the assumption of
isospin symmetry in a potentially uncontrolled way. Further results for individual decay channels are given in subsections of Sec. V.

Width, [GeV]

Channel PDG Equal masses Phase space with masses

���0 ð5:778� 0:35%Þ � 10�13 ð5:2283� 0:005%Þ � 10�13 ð5:2441� 0:005%Þ � 10�13

�0K� ð9:72� 3:5%Þ � 10�15 ð8:3981� 0:005%Þ � 10�15 ð8:5810� 0:005%Þ � 10�15

�� �K0 ð1:9� 5%Þ � 10�14 ð1:6798� 0:006%Þ � 10�14 ð1:6512� 0:006%Þ � 10�14

K�K0 ð3:60� 10%Þ � 10�15 ð2:0864� 0:007%Þ � 10�15 ð2:0864� 0:007%Þ � 10�15

�����þ ð2:11� 0:8%Þ � 10�13 ð2:1013� 0:016%Þ � 10�13 ð2:0800� 0:017%Þ � 10�13

�0�0�� ð2:10� 1:2%Þ � 10�13 ð2:1013� 0:016%Þ � 10�13 ð2:1256� 0:017%Þ � 10�13

K���Kþ ð3:17� 4%Þ � 10�15 ð3:7379� 0:024%Þ � 10�15 ð3:8460� 0:024%Þ � 10�15

K0�� �K0 ð3:9� 24%Þ � 10�15 ð3:7385� 0:024%Þ � 10�15 ð3:5917� 0:024%Þ � 10�15

K��0K0 ð3:60� 12:6%Þ � 10�15 ð2:7367� 0:025%Þ � 10�15 ð2:7711� 0:024%Þ � 10�15

20The appropriate program for a test is available in the
directory NEW-CURRENTS/RCHL-CURRENTS/CROSS-CHECK/CHECK_

ANALYTICITY /CHECK_ANALYT_3PI.

21For the convenience of updates, we have prepared
Appendix D, to be modified in the versions of the present paper
to be included in the tar-ball. It summarizes elementary installa-
tion benchmark results, that is the branching ratios calculated by
the Monte Carlo.
22The chiral contribution F

�
4 ðq2; s1; s2Þ, Eq. (9), differs for

�����þ and �0�0��. However, F4ðq2; s2; s1Þ does not affect
sizably the width.
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small to be seen and we present plots for the�0�0�� case.
Only two example plots are given in Fig. 2. We point the
reader to theWeb page [28], for the booklet of comparisons
obtained with MC-TESTER [57]. The figures for d�=dq2

spectrum from Monte Carlo and analytical calculations
are also available from the plots of the Web page [28].

From the technical point of view to separate generation
of the two 3� subchannels one has to set the BRA1 ¼ 0 for
the �0�0�� mode, and BRA1 ¼ 1 for the �����þ, (e.g.,
in routine INITDK, which is defined in our demonstration
program NEW-CURRENTS/INSTALLATION/DEMO-STANDALONE/

TAUMAIN.F).

An attempt on comparisons of the new model distribu-
tions and experimental data is also given later in the paper,
in Sec. VE.

B. K���Kþ�� and K0�� �K0��

As in the case of 3� decay modes, the Monte Carlo
generated distributions are relegated to the project Web
page [28]. In particular successful checks with the analytic
function for d�=dq2 taken from Ref. [25] are shown there.
In the following, we present Figs. 3 and 4 comparing the
two histograms obtained with our new and CLEO versions
of TAUOLA currents. The differences are substantial. CLEO

Collaboration [21,58] introduced an ad hoc parameter
violating a property stemming directly from QCD, the
normalization of the vector form factor given by the chiral
anomaly [59]. Of course, in our new current we are not
taking into account excited resonances. In the past, two
couplings could only be estimated because of unavailabil-
ity of data to determine them from a fit. These aspects can
(and should) be improved at the time of confronting with
the data.23

Let us now turn to the decay widths. The result for
SUð2Þ symmetric masses from TAUOLA with a sample of
2� 106 events is � ¼ ð3:7379� 0:024%Þ � 10�15 GeV for
K���Kþ and � ¼ ð3:7385� 0:024%Þ � 10�15 GeV for
K0�� �K0. The difference for the partial width of the two
channels is within statistical error. The analytical result
is the same for both channels and was found to be
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FIG. 3 (color online). The � ! K���Kþ�� decay: comparison of distributions for TAUOLA CLEO current [14] and for our new
current. On the left-hand side, the plot of K���Kþ invariant mass is shown and on the right-hand side Kþ�� invariant mass is given.
Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO.
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FIG. 2 (color online). The � ! �����þ�� decay: comparison of distributions for TAUOLA CLEO current [14] and for our new
current. On the left-hand side, the plot of �����þ invariant mass is shown and on the right-hand side �þ�� invariant mass is given.
Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO. Distributions for the � ! �0�0����

decay coincide with the ones for � ! �����þ��.

23Whenever possible, the agreement with the data should not be
achieved by straightforward violation of the theoretical assump-
tions. Discrepancies may point to faulty background subtraction,
or call for improvements or replacement of the model used in
currents calculation. In practice, this may be difficult and require
significant and simultaneous effort on both theoretical and
experimental sides. That is why one may have to accept tempo-
rary introduction of ad hoc factors into the currents now as well.
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ð3:7383� 0:02%Þ � 10�15 GeV. It agrees with the ones of
Monte Carlo.

For physical masses of the pseudoscalars, the
Monte Carlo results for K���Kþ and K0�� �K0 are,
respectively, � ¼ ð3:8460� 0:024%Þ � 10�15 GeV and
� ¼ ð3:5917� 0:024%Þ � 10�15 GeV. The effect of the
mass adjustment in phase space gives an effect of the order
of 3%. Agreement with PDG results (see Table II) is
acceptable, but improvements from fits are envisaged.

C. K��0K0��

Again, Monte Carlo generated distributions are rele-
gated to the project Web page [28]. In particular, successful
checks with analytic function for d�=dq2 taken from
Ref. [25] are shown there. Figure 5 presents comparison
between histograms obtained with present and CLEO ver-
sions of TAUOLA initialization. As we can see, the differ-
ences are substantial. Explanations of the previous
subsection for the K���Kþ case apply.

Let us now turn our attention to the partial width for
K��0K0. The SUð2Þ symmetric result from TAUOLA

and a sample of 2� 106 events, ð2:7367� 0:025%Þ �
10�15 GeV, agrees well with the analytical result
ð2:7370� 0:02%Þ � 10�15 GeV. The effects of realistic

masses in phase space are of the order of 1% and the
Monte Carlo result is ð2:7711� 0:024%Þ � 10�15 GeV.
Agreement with the PDG result (Table II) is not good.
Analytical results for K���Kþ and K��0K0, which

are obtained in the SUð2Þ limit �ð��!K���Kþ�Þ=
�ð��!K��0K0�Þ¼3:7383=2:7370’1:366’4=3, com-
pare well with the result of Ref. [25].
With this subsection, we complete a presentation of

results for � decays into three pseudoscalars. Let us now
turn to the case of the decays into two pseudoscalars, which
are simpler from a technical point of view.

D. ���0�� , �
0K��� , �

� �K0�� , and K�K0��

In this case, there is only one nontrivial invariant mass
distribution, d�=ds, which can be constructed from the
decay products. This distribution and its ratio to semian-
alytical result is given for all two pseudoscalar final states
in the Web page [28]. For all two-pseudoscalar modes we
use samples of 2� 107 events.24
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FIG. 4 (color online). The � ! K0�� �K0�� decay: comparison of distributions for TAUOLA CLEO current [14] and for our new
current. On the left-hand side, the plot of K0

SK
0
S�

� invariant mass is shown and on the right-hand side K0
S�

� invariant mass is given.

Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO.
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FIG. 5 (color online). The � ! K��0K0�� decay: comparison of distributions for TAUOLA CLEO current [14] and for our new
current. On the left-hand side, plot of K��0K0

L invariant mass is shown and on the right-hand side K��0 invariant mass is given.

Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO.

24By default, we include the FSI effects, the parameter
FFVEC ¼ 1. FSI can be switched off if FFVEC ¼ 0 is set in the
file NEW-CURRENTS/RCHL-CURRENTS/VALUE_PARAMETER.F.
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The analytical result for �� ! ���
��0 equals

ð5:2431� 0:02%Þ � 10�13 GeV, and for �� ! ��K
�K0

is ð2:0863� 0:02%Þ � 10�15 GeV. The Monte Carlo
results are respectively ð5:2441�0:005%Þ�10�13GeV
and ð2:0864� 0:007%Þ � 10�15 GeV. In both channels
the physical values of pion and kaon masses are used. As
one can see, the obtained K�K0 width is only �58% of
the PDG value. Since the mass of the � resonance is less
than the two-kaon threshold, a significant contribution
has to be expected from both �0 and �00. To check this
assumption, we used the parametrization (24) for the
two-kaon form factor FV

KK. For the moment, we use
the same numerical value of the parameters � and �
as in the two-pion case, an assumption which holds in
the SUð3Þ symmetry limit.25 The result for the partial
width of �� ! ��K

�K0 is ð2:6502� 0:008%Þ �
10�15 GeV. However, in the real world the parameters
for pion and kaon modes are likely not to coincide and
have to be fitted by the experiments. Corrections of
order �30% due to SUð3Þ breaking are expected.26

The Monte Carlo result for the sum of the two chan-
nels �0K��� and �� �K0�� is ð2:5197� 0:008%Þ �
10�14 GeV if the SUð2Þ symmetric masses are used
and a sample of 2� 107 events is generated with
TAUOLA and new currents. A corresponding analytical

result is ð2:5193� 0:02%Þ � 10�14 GeV. The TAUOLA

run with physical pion and kaon masses gives ð2:5092�
0:008%Þ � 10�14 GeV. Separate partial widths for
�0K��� and �� �K0�� channels calculated from the
Monte Carlo are given 27 in Table II. This can be
compared28 with the result 2:1829� 10�14 GeV for the
K��� partial width based on Eqs. (17) and (18) of
Ref. [50]. The numerical values for parameters of our
model are taken from Ref. [50], Table 4, second column.
The difference29 between ours and Ref. [50] is about30

15% for the K� partial width.

In order to test our improvement in the treatment of
FSI,31 we have run the program with the FFVEC ¼ 0.
It corresponds to neglecting the real part of the loop
contributions in FV

��ðsÞ, FV
KKðsÞ, and FV

K�ðsÞ, namely
ReAPQðsÞ ¼ 0, ReAPðsÞ ¼ 0 in Eqs. (24)–(27). In this

case, the results for the partial widths are �ð�� !
���

��0Þ ¼ ð4:0642� 0:005%Þ � 10�13 GeV, �ð�� !
��K

�K0Þ ¼ ð1:2201� 0:007%Þ � 10�15 GeV (note that
only the � meson exchange is included, namely
FFKKVEC ¼ 0), �ð�� ! ���

0K�Þ ¼ ð7:4275� 0:004%Þ�
10�15 GeV, �ð�� ! ���

� �K0Þ ¼ ð1:4276� 0:006%Þ�
10�14 GeV.
Comparison with the data is technically simpler and

further phenomenological efforts should be delegated to
that stage of the work. In fits, one has to work with the
single one-dimensional d�=ds spectrum and current as a
function of single argument s as well. We present
comparisons of d�=ds spectra from CLEO current and the
present parametrization of TAUOLA, for ���0��, K

�K0
S��

in Fig. 6, and for �0K��� and ��K0
S�� in Fig. 7,

respectively.

E. Attempt at comparison with the data

Let us stress once again that our parametrization for all
new currents is based on Resonance Chiral Theory and is
thus self-consistent. However, only minimal attempts on
adjusting to the data have been performed. Only one-
dimensional q2 distributions have been used in case of
3� [24] and KK� [25] decays, to fit parameters such as
FV , FA, etc. For the 3� channel, relatively good agreement
with ALEPH data is shown in Fig. 3 of Ref. [24], but it
represents a consistency check of the input. The proper
work on fits is only to start now. The computing and
theoretical framework is ready. It is not surprising that,
for example, agreement with the unfolded BABAR data, see
Fig. 8 of Ref. [61], is not satisfactory.

VI. PROGRAM ORGANIZATION

The reference version of the TAUOLA library that we used
as a starting point for the present work is the TAUOLA CLEO

documented in Ref. [14]. The choice is not accidental. This
version is used as a starting point for Belle and BABAR
software as well. Also Cþþ implementation of TAUOLA

[62], installed in the library of Ref. [63], uses this initial-
ization. Porting into collaboration software is thus techni-
cally prepared. This means the solution will be convenient
for many users.
Hadronic current represents a rather compact segment of

the simulation package. That is why, only minor changes
need to be introduced to TAUOLA CLEO code and the make-
file. Only several lines will be necessary to modify in the

25The parameters�1 and�2 are subleading and their values are
unsubstantial for this check.
26For the two-kaon mode one can include a contribution from
excited resonances by setting FFKKVEC ¼ 1. To run with only
�ð770Þ exchange, Eq. (26), set FFKKVEC ¼ 0. Our default is
FFKKVEC ¼ 0 and FFVEC ¼ 1.
27To separate submodes one has to set BRKS ¼ 0 for �0K� or

BRKS ¼ 1 for �� �K0 in routine INITDK residing, e.g., in our
example NEW-CURRENTS/INSTALLATION/DEMO-STANDALONE/

TAUMAIN.F.
28To run the K� mode with the vector form factor of Eq. (27),

FFKPIVEC ¼ 1 should be set in NEW-CURRENTS/RCHL-CURRENTS/

VALUE_PARAMETER.F. To use Eqs. (17) and (18) of Ref. [50]
FFKPIVEC has to be set to 0. For the default we take
FFKPIVEC ¼ 1.
29We are thankful to Jorge Portolés for the discussion on the
differences between the models.
30The reason for this difference of 15% is because we are
not using Eq. (19) of Ref. [50]. The difference between the
results of Refs. [27,50] for the vector form factor contribution
is only �4%. See Sec. VII and Appendix E for a related
discussion.

31Even a simple Breit-Wigner includes a crude description of
FSI [60], where, e.g., off-shell effects are neglected in the
resummation of loops.
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FIG. 6 (color online). � ! ���0�� and � ! K�K0�� decays: Comparison of distributions for TAUOLA current [14] and for our new
current. On the left-hand side, the plot of ���0 invariant mass is shown and on the right-hand side K�K0

S are for new current, red

(darker grey) are for TAUOLA CLEO.
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FIG. 7 (color online). � ! �0K��� and � ! �� �K0�� decays: Comparison of distributions for TAUOLA CLEO current [14] and for
our new current. On the left-hand side, the plot of �0K� invariant mass is shown and on the right-hand side ��K0

S invariant mass is

given. Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO.
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FIG. 8 (color online). Invariant mass distribution of the �þ�� pair in � ! �����þ�� decay. The lighter grey histogram is from
our model, darker grey is from default parametrization of TAUOLA CLEO. The unfolded BABAR data are taken from Ref. [61]. The plot
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Monte Carlo results and data. Courtesy of Ian Nugent.
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collaboration software. All the rest is included in TAR-BALL

to be expanded in the TAUOLA directory. See Appendix B
for details.

The user will be able to switch to the new current
invoking simply CALL INIRCHL(1) prior to TAUOLA initial-
ization, still retaining the possibility to use the old ones
with CALL INIRCHL(0) as well.

An algorithm for working with auxiliary weights to
implement simultaneously several models of � decays is
a straightforward extension.

A. Weight recalculation

Present day experimental data feature very high preci-
sion over all directions of multidimensional phase space.
Nonetheless cross contamination between different chan-
nels takes place. This is the case, for example, if particular
decay channels differ by the presence or absence of �0’s.
Figure 6 of Ref. [6] represents such folded comparison
between data and Monte Carlo for the �þ ! �þ�0 ���

decay channel. This result cannot be used, without addi-
tional information on other decay channels, for fits of
hadronic current. This takes place even for this seemingly
simple case where hadronic current can be directly deci-
phered from a one-dimensional distribution.

In general, for the precision matching of data and mod-
els, it is convenient to simultaneously confront several
models and take into consideration all decay channels
simultaneously. Such a solution may be a necessary tech-
nical step if fits for unfolded data are envisaged at the
precision level better than few percents.

To facilitate technical tasks, a weight recalculation
method is prepared, following discussions and recommen-
dations given in Ref. [9]. It was agreed that organization of
the programs should enable simulation following the
scheme of Fig. 9. For the single generated Monte Carlo

sample (when all detector and experimental acceptance
effects are taken into account), one can calculate weights
enumerating change of matrix element. The procedure can
be repeated as many times as needed. In this way the
optimal choice is met when all experimental and theoreti-
cal effects can be taken into account. With this, the fit to
multidimensional distribution of measured data can be
determined.
We have prepared the necessary changes for TAUOLA.

The following algorithm was checked to work (its techni-
cal details are given in Appendix B 4):
(1) For each generated � stored in a datafile, the user

program reads flavors and 4-vectors of � and its
decay products.

(2) Appropriate kinematic transformation is performed
enabling a recalculation of the matrix element,
exactly as at the generation step.

(3) An appropriate routine of TAUOLA is chosen and the
matrix element is calculated.

(4) Another instance of TAUOLA initialization can be
activated and the matrix element recalculated using
a different physics model.

(5) If one of the two models was used in the generation
of the user sample, then the weight for the model
replacement can be calculated as a simple ratio of
the two.

Usage of this method of weight recalculation does not
require any changes to TAUOLA code except those related to
installation of the presented upgrade, aiming at installation
of our new RCHL currents. Needless to say, the method
can be used several times for user variants of RCHL and
interpolation of weights can be used in fits. In our ex-
ample, given in directory NEW-CURRENTS/INSTALLATION-

REWEIGHT we provide a simple method to read generated

events from the file, but it can be easily adapted to
any other one. Linking libraries of MC-TESTER, ROOT, or
HEPMC is an option convenient also for an interpretation/

verification of results.
Basic features which are necessary for our solution have

already been tested for Belle and BABAR software environ-
ments. Changes presented in Appendix B are from that
perspective rather straightforward.

VII. THEORETICAL BASIS OF THE CURRENTS

A. Resonance Chiral Theory framework

The Lorentz structures of currents are universal and a
proper minimal set of form factors only needs to be chosen
for a particular decay mode. One can recall the QCD
symmetries to gain some insight in the form factors. It is
particularly useful that the chiral symmetry of massless
QCD allows one to develop an effective field theory
description, �PT, valid for momenta much smaller than
the � mass [19,20]. However, �PT cannot provide predic-
tions valid all over the � decay phase space [64], it

FIG. 9 (color online). Weight recalculation model, as dis-
cussed in Ref. [125].
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constrains nonetheless the form and normalization of the
form factors in such a limit.32

The computations done within Resonance Chiral Theory
(R�T [22,23]) are able to reproduce the low-energy limit
of �PT up to NLO33 and demonstrate the right falloff
[66,67] in the high energy region. The current state-of-
the-art for the hadronic � decays form factors (Fi) is
described in Refs. [49,68].

The description provided by R�T complies with the
low-energy properties of the underlying theory, at least
up to next-to-leading order.34 Nonetheless it is necessary
to extend �PT to the intermediate energy region, which is
probed through hadronic � decays. In order to do this, one
relies on the large-NC expansion of QCD [72–74] which
predicts that in the NC ! 1 limit there is an infinite tower
of zero-width resonances experiencing among them local
effective interactions taken at tree level. We model this
setting with a spectrum that resembles the measured one.35

We introduce a NLO effect (whose impact is, however,
quite sizable in phenomenological applications) in that
counting, providing the resonances with an energy-
dependent width computed36 within R�T (see Sec. III).

The appropriate falloff at large energies [66,67] is
imposed to the form factors, vector-vector and axial-
vector-axial-vector correlators [46,75–78]. This results in
a set of relations among the coupling constants of the
theory, which are obtained working in the single resonance
approximation (only the lightest multiplet of resonances is
included per given set of quantum numbers) and in the
NC ! 1 limit. Upon integration of the resonances, this
procedure allows the saturation of the values of the �PT
low-energy constants atOðp4Þ andOðp6Þ, both in the even-
and odd-intrinsic parity sectors.

The results for all hadronic currents have been calcu-
lated within R�T working, with the exception of both two-
pion and two-kaon modes, in the isospin limit. Therefore
the corresponding hadronic form factors depend only on
the average pion and kaon masses:

m� ¼ ðm�0 þ 2 �m�þÞ=3; mK ¼ ðmK0 þmKþÞ=2:
(41)

For the three-pseudoscalar modes every hadronic form
factor consists of 3 parts: a chiral contribution (direct
decay, without production of any intermediate resonance),
one-resonance and double-resonance mediated processes.
The precise form of the form factors for three-pion and
(two pions-one kaon) modes is presented in Secs. II A, II B,
and II C. For the two-meson modes the corresponding
vector form factors are built from the lightest resonance
contribution in R�T [52]. FSI are resummed by means of
an Omnès function [52], see Sec. II D. Both two-and three-
meson � decays are sensitive to the exchange of excited
resonances, whose contribution we have to account for.
The exchange of heavier resonances could be computed in
the same fashion as for the lightest multiplet, giving rise to
new unknown couplings.37 This possibility has been post-
poned for the moment to prevent the increase in the number
of free parameters. We believe that it is sensible to tackle
this task once more knowledge on the couplings of the
R�T is achieved. In the three-meson decays, the excited
resonances have been included phenomenologically, intro-
ducing an additional parameter, ��0 , in Eq. (11). This has

been done in such a way to keep the chiral limit result and
the QCD-ruled short-distance behavior. For the two-meson
processes, they have been included analogously as the
lightest resonance contribution, making sure that the
appropriate low- and high-energy limits are not spoiled
and that unitarity and analyticity hold perturbatively.38

Following the approximation proposed in Ref. [53],
three new parameters, related with the �ð1450Þ, �ð1700Þ,
and K�0ð1410Þ couplings, appear: � � �F0

VG
0
V=F

2 [for
�ð1450Þ], � � �F00

VG
00
V=F

2 [for �ð1700Þ], and �K� �
�F0

VG
0
V=ðFFKÞ [for K�0ð1410Þ] 39 in Eqs. (24) and (27).

The short-distance QCD constraint for the vector
form factor will require the relation FVGV þ F0

VG
0
V þ

F00
VG

00
V þ � � � ¼ F2 to hold.

B. The error associated to the 1=NC expansion

Any model based on the 1=NC expansion will naturally
raise the question of the error associated to that expansion,
which can be naively estimated as 1=NC � 30%. It is
natural to object to the convergence of a series in 1=NC

that ends up being 1=3 in the real world. The associated
error of the size of the expansion parameter would be much
larger than the statistical error of experimental measure-
ments or even of our precision target of a few percent.
Just to give a counterexample, a look at the results
of Ref. [52] will quickly suggest that the actual error
can be much smaller, which is noteworthy, especially
taking into account that in the quoted reference, an impres-
sive agreement with data in eþe� ! �þ�� up to

32One should keep in mind that the effect due to different and
nonzero masses of u and d quarks already now seems to be
necessary to explain some of aspects of � data.
33The improvement obtained when doing this can be appreci-
ated in Fig. 1 of Ref. [65].
34Also the leading next-to-next-to-leading order terms [69,70]
are reproduced [52,71].
35In R�T all nine mesons ½�;K�; !; ð�Þ� have the same mass in
the NC ! 1 limit without taking into account SUð3Þ breaking.
The 1=NC corrections make the � heavier [through the axial
anomaly that breaks Uð3Þ down to SUð3Þ]. SUð3Þ breaking
makes M� � MK� � M!.
36The width of a spin-one resonance is defined [51] as the
imaginary part of the pole generated by resumming those dia-
grams, with an absorptive part in the s channel, that contribute to
the two-point function of the corresponding vector current.

37See, for instance, Refs. [79,80].
38See Sec. VII C points 1 and 3 and Appendix E for an im-
proved treatment.
39Because of SUð3Þ breaking effects � � �K�.
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s ¼ 1 GeV2 was obtained in terms of just one para-
meter, M�.

Let us recall how this can be possible. First, the large-NC

expansion of QCD is not an expansion in the usual pertur-
bative sense. For instance, in QED, the perturbative expan-
sion means, firstly, that the diagrams with less photon
couplings to fermionic lines dominate. After that, when
we compute diagrams both at tree level, and including
loops, we realize that the expansion parameter is � ¼
e2=ð4�Þ2 and the coefficients of the series are small com-
pared to �: every order we go further in the expansion the
error reduces by �1=� ’ 137. In the large-NC expansion
of QCD, we know first, which diagrams are leading order
(planar diagrams with gluon exchanges) and which ones
are suppressed. Unfortunately, the expansion has a funda-
mental subtlety that prevents one from determining the
expansion parameter after that: there are infinite diagrams
at any given order in the expansion, so that one cannot
perform a calculation at both LO and NLO and compare
them to know what is the expansion parameter. It is known,
however, that diagrams with internal quark loops are
suppressed as 1=NC and that nonplanar diagrams are sup-
pressed as 1=N2

C. Moreover, if the number of quark flavors,

nf, is not considered to be smaller than NC the former

diagrams can even scale as nf=NC. These kind of contri-

butions would be responsible for the mixing of q �q and
q �qq �q states. The fact that this effect is not observed in
Nature and the success of the quark model classification of
mesons in q �q multiplets suggests that the coefficients of
these diagrams with internal quark loops are tiny, in such a
way that the first non-negligible correction would come
from the nonplanar diagrams, suppressed as 1=N2

C � 10%.

This reasoning may explain why the large-NC expansion is
such a good approximation for low and intermediate-
energy QCD, given the phenomenological successes of
its applications in meson effective field theories [81] and
the corroborated predictions given by the large-NC limit
both for �PT [82,83] and for R�T [23] coupling constants.
All these reasons seem to suggest that, quite generally,
some factor comes to complement 1=NC for the value of
the expansion parameter to be reduced and the relative
accuracy to be increased.

This conclusion is supported by the investigation of
some Oðp4Þ and Oðp6Þ couplings of �PT, which are
done modeling the NLO expansion in 1=NC of R�T
[84–88]. According to the size of the corrections, we judge
that 15% can be a reasonable general estimate (see, however,
our discussion in Appendix C on the possible variations on
the predictions of the couplings obtained in the NC ! 1
limit). Noticeably, the actual expansion parameter can be
computed for R�T in the study of the vector form factor of
the pion at NLO in the 1=NC expansion [89], yielding

�V ¼ nf
2

2G2
V

F2

M2
V

96�F2
; (42)

which, at lowest order, is the ratio of the vector width and
mass, �V � 0:2, agreeing with the previous discussion.
Moreover, we should emphasize that our approach goes

beyond the Nc ! 1 limit. We supplement the lowest order
in the 1=NC expansion for the theory in terms of mesons by
the leading higher-order correction, namely by including
the resonance (off-shell) widths for the wide states �, K?,
and a1. This seems to point to smaller errors than those
characteristic of the LO contribution in the 1=NC expan-
sion and may be able to explain, altogether, an eventual
fine agreement with data.

C. Other sources of error

Once this major concern on the reliability of the R�T
hadronic currents has been discussed, let us consider in
turn other possible sources of error in the different had-
ronic � decay modes considered.
(1) In the two-meson � decay modes an Omnès type of

resummation is employed for the FSI. The proposed
expressions, Eqs. (27) to (30), respect unitarity and
analyticity only in a perturbative sense (this will be
improved along the lines discussed in Appendix E).
The effect of these violations is, however, pretty
small, as one can see comparing the results of
Refs. [27,50] for the � ! K��� decays. That is
why we consider our current parametrizations for
these decay channels a reasonable temporary
approach. For a future update of the program we
recall that Eqs. (27) to (30) should be replaced,
using the procedure described in Appendix E. For
the K� vector form factor we are going to use40 the
parametrization of Ref. [50] in a future upgrade of
the program. Analogous works for the ���0 and
K�K0 vector form factors are under way.

(2) In the three-meson modes, scalar and pseudoscalar
resonance exchange has been neglected. The spin-
one character of the SM couplings of the hadron
matrix elements in the � decays implies that the
form factors for these processes are ruled by vector
and axial-vector resonances. Their contribution
should be minor in � ! KK��� decays (see the
related discussion in Sec. 2 of Ref. [25]) while that
of the scalar resonances can be a bit more important
in � ! 3��� decays. The lightest scalars are sup-
pressed in the large-NC limit (see, however,
Ref. [91]). In these decays, we have also neglected
systematically three-body FSI for the moment. They
may be important in the available phase space and
at the required precision [92,93], thus, should be

40We note that another interesting approach, based on Omnès
integral equations incorporating both chiral constraints at low
energies and QCD short-distance relations at high energies, was
performed in Ref. [90]; isospin-violating corrections were also
studied.
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investigated at a time of comparison to experimental
data. The present step of our work is devoted
predominantly to establish a technical environment,
effort was concentrated on those theoretical aspects
which bring difficulties in program design; careful
discussion of potentially less important effects
is delegated to the future work. Finally, the compu-
tation of �a1ðq2Þ through the optical theorem [24]

does not give the corresponding real part of the loop
function, which we have disregarded. Although this
approximation might be supported numerically it
induces a violation of analyticity.

(3) In the � ! KK��� decays, for the moment, we
have not included the contribution of excited reso-
nances. We expect that their influence is bigger in
this case than in the three-pion channels, since the
mass of the hadronic system is larger. The impact of
this error can be as large as the one coming from the
1=NC expansion.

D. Numerical estimates of the errors in the different
decay channels and distributions

What is the numerical precision we should expect in
confrontation of our currents with the data? As already
mentioned, a first crude estimation gave us an error of the
order of the expansion parameter, 1=NC, thus 30% preci-
sion tag for our results, but we already accumulated, during
the preceding discussion, a number of indications pointing
to better accuracy of the results obtained within this
approach. It is thus of importance [94] to evaluate solely
on the basis of theoretical considerations, for which decay
channels we expect precision to be better or worse and in
which regions of the phase space. This is of course a must
for scientific theory as Resonance Chiral Theory is sup-
posed to be.

The answer, if scientific theory holds, always comes
from the confrontation with the data. Results from theory
have to be prepared in such a manner that agreement
confirms and discrepancy invalidates the theory under
consideration. Theoretical results have to include estima-
tion of their errors from within theory itself. That is the
basic principle of science methodology and our work has to
keep this aspect in mind too. We have to address what is
input and where such confrontation may take place.

Until now we see that the precision can be at the
level of a few percent41 for the two-meson modes
[6,27,49,50,53,95]. Despite the accuracy is at a comparable
level for the d�=dq2 distributions in the three-pion decays,
the error on the distribution in the �þ�� invariant mass
is at the level of �20%. We expect to improve it to a
few percent level once FSI are accounted for. In the
� ! KK��� decays the situation is, somehow, reversed.

The largest error (� 30%) comes on the d�=dq2

distribution, while the accuracy is much better in the
Kþ�� (� 10%) and KþK� (� 5%) distributions. We
expect that the errors on the KK� modes are reduced a
factor of 2 when the excited resonances contributions will
be taken into account.
To get form factors with substantially better agreement

with the data, one may need to introduce ad hoc factors,
hopefully close to unity and hopefully based on educated
guesses. This may provide a valuable hint for future theo-
retical work.

VIII. SUMMARY

In this paper we have documented a set of currents based
on Resonance Chiral Theory for use in hadronic � decays
into either two (���0, �0K�, �� �K0, and K�K0) or three
(�����þ, �0�0��, K���Kþ, K0�� �K0, and K��0K0)
pseudoscalars. The set covers more than 88% of total
hadronic � width. Technical tests of the installation into
the FORTRAN program have been documented. The set can
be used as an upgrade easy to install into any version of the
TAUOLA � decay library. In this way currents are ready for

confronting the � decay data (unfolded or not). Precision
fits can be performed and arrangements for use of model-
dependent weights are ready for that purpose.
On the technical side, the � decay algorithms themselves

have been checked down to 0.05% precision level. To
this end, a detailed comparison between analytic and
Monte Carlo results has been provided. Statistical samples,
2 (3) orders of magnitude larger than at the time of refer-
ence [14] (Ref. [11]) were used. This technical precision of
0.05% is substantially better than physics precision of our
currents which we estimate at the 5%–30% level, depend-
ing on the channel. The software environment for further
phenomenological work is prepared.
In the present work, we have concentrated on decay

modes contributing to 88% of the � hadronic decay width.
In particular, the decay modes of � into 4�’s have not been
updated in our work. The currents for these decays, con-
structed on the basis of low-energy eþe� ! hadrons data
have been available since Ref. [33]. For the time being this
can be used as an alternative to TAUOLA CLEO default of
Ref. [14] in discussion of the systematic error for back-
ground modeling. In these decay modes theoretical foun-
dations are less profound, but we hope that the presented
solution will not jeopardize analysis of other channels due
to lesser control of cross contaminating channels. Together
with 4�’s currents described in Ref. [33] our system covers
now 97% of the total hadronic � width.
It is straightforward to extend our work to more elabo-

rated currents including, e.g., scalar form factors. Because
of the different nature of benchmark distributions, techni-
cal aspects and different physics assumptions we leave this
task to the forthcoming work [29].

41Once the parameters entering Eq. (26) are fitted, we expect
similar accuracy for the KK modes as in the �� and K� cases.
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As a consequence of comparisons with the data, some of
the theoretical assumptions may need to be reconsidered
too. We start from a theoretical approach common for all
channels. Empiric form factors may need to be added later
though. In this way not only agreement with the data will
be established, but eventual inefficiencies of our starting
approach will be numerically evaluated. That is why, it is
important to ensure that model-dependent weights can be
calculated after (and independently of) the detector effects.
There are several assumptions which lie behind our calcu-
lations and in case of discrepancy with the data they may
need to be revisited. Let us list them in descending order of
their theoretical foundation:

(1) We assume that Lorentz invariance will not need to
be reconsidered at any step of our project.

(2) With respect to the separation of the matrix element
into leptonic and hadronic parts, we assume that
electroweak corrections will not affect such separa-
tion beyond precision level of several per mill at
most, the question of an overall normalization factor
for all hadronic channel, see e.g., Refs. [96–98], is
of no practical importance for Monte Carlo.

(3) We assume that isospin symmetry should be a good
guiding principle. We suppose that it should hold
more accurately for distributions than for amplitude
phases, but we do not expect large effects.

(4) Some of the effective couplings can be predicted by
considering the asymptotic behavior of Green func-
tions and form factors both in the effective theory
(R�T) and in the operator product expansion of
QCD [23]. However, these predictions are affected
by different sources of errors, most importantly the
model dependence on the realization of the large-NC

limit of QCD [99–106] (mainly the choice of the
resonance spectra, but not only). Special care should
be taken when relating different channels, especially
if the statistics in both of them is very different and
in one decay channel only a subset of resonance
parameters is used. One should not forget that the
(formal or not) integration of heavy degrees of free-
dom out of the action affects the values of the
parameters in the remaining lower-energy theory.
Results for the individual modes should be analyzed
consequently.

(5) Our effective couplings and interactions are based
on the low-energy effective field theory of QCD
(�PT), whose results are reproduced at NLO in
the corresponding limit by R�T. Although the latter
being formally sound, there is model dependence
in any realization of the large-NC limit of QCD
for mesons and, moreover, we are introducing the
contribution of excited resonances only at a phe-
nomenological level, see Eq. (11) and the related
discussion in Sec. VII, a feature that can be
improved in the future. We may need to explore

the limits of such an approach and take feedback
from experiments.

(6) Different solutions have been advocated for taking
unitarity properties, via the propagator widths, into
account. In particular, there is no consensus that the
exponentiation of the real part of the resonance
width is always the best solution. This point must
be investigated further, especially in light of preci-
sion fits to high-statistics data.

At the same time, the seeming violation of these
principles may be a consequence of some experimental
problems. That is why such discussion requires simulta-
neous participation of theorists and experimental physi-
cists and the proper software environment.
Such fine-tunings took place for the TAUOLA version of

Ref. [11]. The improved agreement with the data of CLEO

and ALEPH has been achieved thanks to the effort of these
collaborations resulting with TAUOLA CLEO and TAUOLA

ALEPH initializations. The code is available from Ref. [14].

We should expect similar work with our present parametri-
zations. We hope that, in this way, theoretical and experi-
mental constraintswill be appropriatelymatched leading to a
representation of experimental and theoretical achievements
in common language of value for future research. Once such
confrontation with the Belle or BABAR data is completed,
one will profit from the technical precision of the simulation
established here and thanks to prepared flexibility for
FORTRAN [14] and Cþþ [62] users of high-energy experi-

ments such as at LHC or for LC will benefit as well. If an
analytic form of the form factors will be attained, it may help
start future work for such research as lattice calculations.
We consider this work as a step towards a theoretically

rigorous description of hadronic tau decay data but, at this
moment, we can still not be sure that the currents for all
channels will be able, after fits, to describe all data well. In
this case, detailed numerical information on the offending
distributions will be provided. Further theoretical work is
stimulated. Some intermediate results are presented in
Refs. [107–109].
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APPENDIX A: USEFUL FUNCTIONS
AND NOTATIONS

To minimize repetition and to reduce the size of formu-
las in Sec. II the lengthy ones were moved to this
Appendix.
In the description of the three-hadron currents the fol-

lowing functions were used:

ARðq2; x; y; m2
1; m

2
2; m

2
3Þ ¼ 3xþm2

1 �m2
3 þ

�
1� 2GV

FV

�
½2q2 � 2x� yþm2

3 �m2
2�;

BRðx; y;m2
1; m

2
2Þ ¼ 2ðm2

2 �m2
1Þ þ

�
1� 2GV

FV

�
½y� xþm2

1 �m2
2�;

(A1)

ARRðq2;x;y;m2
1;m

2
2;m

2
3Þ¼ ð�0 þ�00Þð�3xþm2

3�m2
1Þþð2q2þx�yþm2

1�m2
2ÞH

�
x

q2
;
m2

2

q2

�
;

BRRðq2;x;y;z;m2
1;m

2
2;m

2
3Þ¼2ð�0 þ�00Þðm2

1�m2
2Þþðy�xþm2

2�m2
1ÞH

�
z

q2
;
m2

3

q2

�
;

CRðq2;x;m2
1;m

2
2;m

2
3Þ¼ ðc1�c2þc5Þq2�ðc1�c2�c5þ2c6Þxþðc1þc2þ8c3�c5Þm2

3þ8c4ðm2
1�m2

2Þ;
CRRðq2;x;m2Þ¼d3ðq2þxÞþðd1þ8d2�d3Þm2;

DRðq2;x;yÞ¼ ðg1þ2g2�g3ÞðxþyÞ�2g2ðq2þm2
KÞ�ðg1�g3Þð3m2

Kþm2
�Þþ2g4ðm2

Kþm2
�Þþ2g5m

2
K;

ERðx;yÞ¼ ðg1þ2g2�g3Þðx�yÞ: (A2)

They follow conventions of Ref. [25]. Function Hðx; yÞ is
defined in Sec. II A, formula (7). In the description of the
two pseudoscalar form factors, following Refs. [19,20], the
function APQðsÞ was used to describe loops involving
pions, kaons, and � mesons,

APQðsÞ ¼ � 192�2½sMPQðsÞ � LPQðsÞ�
s

; (A3)

where

MPQðsÞ ¼ 1

12s
ðs� 2�PQÞ �JPQðsÞ þ

�2
PQ

3s2
~JPQðsÞ

� 1

6
kPQ þ 1

288�2
; (A4)

�PQ ¼ m2
P þm2

Q; �PQ ¼ m2
P �m2

Q;

kPQ ¼ F2

�PQ

ð�P ��QÞ
(A5)

and

LPQðsÞ ¼
�2

PQðsÞ
4s

�JPQðsÞ: (A6)

The�P ¼ m2
P

32�2F2 lnðm
2
P

�2Þ (at present we take� ¼ M� for all
2 pseudoscalar modes42).
Finally,

�JPQðsÞ ¼ 1

32�2

�
2þ

�
�PQ

s
��PQðsÞ

�PQ

�
ln
m2

Q

m2
P

� �

s
ln
ðsþ �Þ2 ��2

PQ

ðs� �Þ2 ��2
PQ

�
;

~JPQðsÞ ¼ �JPQðsÞ � s �J0ð0Þ;

(A7)

where �2 ¼ �ðs; m2
P;m

2
QÞ. Care has to be taken to keep the

imaginary part of �2 in the phase-space regions where

42Alternatively, for � we may take M� for PQ ¼ ��, KK and
MK� for PQ ¼ K� in Ref. [29].
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�2 < 0, and where Im� must not be set to zero, see the
function JPQ1_FUNCT in the file FUNCT_RPT.F. In the vector
form factor for two pions, this effect shows up in the KK
contribution to the loop function from below the threshold
of KK production.

For the �0 and �00 mesons the loop function A�ðsÞ taken
from Ref. [52] reads

A�ðsÞ ¼ ln

�
m2

�

�2

�
þ 8

m2
�

s
� 5

3
þ 	3

� ln

�
	� þ 1

	� � 1

�
: (A8)

In the last formulas the SUð2Þ limit is taken and
m�� ¼ m�0 ¼ 0:13804 GeV.

All functions in this Appendix are coded in file
NEW-CURRENTS/RCHL-CURRENTS/FUNCT_RPT.F.

APPENDIX B: INSTALLATION

Our project tar-ball, even though resulting from a rather
large effort, is not designed for independent installation.
This would be of course straightforward and we will
return to that solution in the future, once the currents are
optimized to improve agreement with the data. The
parametrization will become an integrated part of the
TAUOLA distribution; for FORTRAN or for Cþþ use, like

in Refs. [14,62]. At present we concentrate on a solution
which is most convenient for the experimental user,
e.g., from Belle or BABAR collaboration aiming at combin-
ing the code with the version of TAUOLA which is already
being used as part of the simulation setup. We aim
at preparing an add-up43 for already existing setup. The
tar-ball can be downloaded from the Web page [28] of
our project.

Once tar-ball is unpacked inside TAUOLA-FORTRAN/

TAUOLA subdirectory (of user environment), the directory

TAUOLA/NEW-CURRENTS will be created, all necessary

FORTRAN files will be found there. For convenience, later

on, we will use the following aliases:
(i) ${RCHLCURRENTS} instead of TAUOLA/NEW-

CURRENTS/RCHL-CURRENTS.

(ii) ${OTHERCURRENTS} instead of TAUOLA/NEW-

CURRENTS/OTHER-CURRENTS.

(iii) ${INSTALLATION} instead of TAUOLA/NEW-CURRENTS/

INSTALLATION.

In TAUOLA/NEW-CURRENTS further subdirectories for
more advanced use or for documentation will be found:

(i) ${RCHLCURRENTS}/TABLER/A1—programs for preta-
bulations in particular of q2-dependent a1 width.

44

(ii) ${RCHLCURRENTS}/CROSS-CHECK—code for techni-
cal and numerical tests.

(iii) NEW-CURRENTS/PAPER—present paper.
(iv) ${INSTALLATION}—instructions for modifications to

be introduced in FORTRAN files and MAKEFILE resid-
ing in directory TAUOLA.

(v) NEW-CURRENTS/INSTALLATION-REWEIGHT—
instruction and example of using reweighting
algorithm.

None of the directories listed above contain code
which is to be loaded together with the TAUOLA library.
Code loaded with the library is located only in the main
folder of ${RCHLCURRENTS} and TAUOLA/NEW-CURRENTS/

OTHER-CURRENTS. Programs in ${RCHLCURRENTS}/

TABLER/A1 can update the FORTRAN code located in file

${RCHLCURRENTS}/INITA1TAB.F.

Once installation is completed, to invoke the calculation
of our new currents the CALL INIRCHL(1) has to be invoked45

by a user main program prior to call on TAUOLA initialization.
If instead CALL INIRCHL(0) is executed prior46 to initialization,
old currents—as in Ref. [14]—will be used in generation.
The CALL INIRCHL(1) may activate also new currents,47

e.g., for ��� or 4� decay channels. At present only
wrappers of currents of Refs. [14,33] are prepared in the
directory ${OTHERCURRENTS} for convenience of users and
our future work. These currents lead to substantially differ-
ent distributions, which is why one may require adjustment
of a phase space presampler used to optimize speed of
generation. Anyway, as a default, they are turned off. For
INIRCHL(1) the same TAUOLA CLEO currents as for INIRCHL

(1) are used. To turn other options, ISWITCH located in the

file ${OTHERCURRENTS}/FFOURPI.F has to be changed from
its default value 0 to 1, 2, 3, or 4.

1. Changes for host TAUOLA version

In order to use new currents, changes have to be made to
the host TAUOLA installation. Let us document here in great
detail changes to be introduced in the TAUOLA CLEO ver-
sion. If some modifications were introduced and user’s host
TAUOLA installation differs from TAUOLA CLEO of Ref. [14],

then modifications prepared in the ${INSTALLATION} direc-
tory cannot be used directly and some adaptation may be
necessary. In either case we advise to check if at least some
of the numerical results from Ref. [28] are correctly repro-
duced after installation.
Let us list now changes which have to be introduced to

files residing in the TAUOLA/TAUOLA directory of the user
installation.

43As the project is developed under Apache subversion (svn),
the tar-ball is accompanied with svn label and it should be kept
for reference.
44In the directory ${RCHLCURRENTS}/TABLER the place to cal-
culate other pretabulated functions (as possibly the scalar form
factor for K� channel) is reserved.

45For a Cþþ user, examples of use of INIRCHL_(1) are given in
NEW-CURRENTS/INSTALLATION-REWEIGHT/ directory.
46This can be done also after initialization as no initialization of
tables is needed. Then one can revert the change again with CALL

INIRCHL(0).
47Although the � ! �ð0Þ���0�� decays have been worked out
within Resonance Chiral Theory [110], the corresponding ex-
pressions for the currents have not been incorporated yet to the
program.
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(i) TAUOLA/TAUOLA/MAKEFILE

The list of LIB_OBJECTS must be extended and addi-
tional objects added:
${RCHLCURRENTS}/F3PI_RCHT.O,

${RCHLCURRENTS}/FKKPI.O,

${RCHLCURRENTS}/FKK0PI0.O,

${RCHLCURRENTS}/WID_A1_FIT.O,

${RCHLCURRENTS}/FRHO_PI.O,

${RCHLCURRENTS}/FUNCT_RPT.O,

${RCHLCURRENTS}/VALUE_PARAMETER.O,

${RCHLCURRENTS}/INITA1TAB.O,

${RCHLCURRENTS}/FKPIPL.O,

${RCHLCURRENTS}/FK0K.O,

${OTHERCURRENTS}/FETAPIPI.O,

${OTHERCURRENTS}/FFOURPI.O,

${OTHERCURRENTS}/BINP.O,

${OTHERCURRENTS}/CURR_KARLS.O,

${OTHERCURRENTS}/CURR_KARLS_EXTRACTED.O;

if there are no additional dependencies the
${INSTALLATION}/MAKEFILE-TAUOLA file can be sim-

ply copied into TAUOLA/MAKEFILE.
(ii) TAUOLA/TAUOLA/TAUOLA.F

If the file in user’s version coincides with the one of
TAUOLA CLEO distribution, the ${INSTALLATION}/

TAUOLA.F-NEW file can be simply copied into

TAUOLA/TAUOLA.F. To verify this, the diff file

${INSTALLATION}/TAUOLA.F-OLDDIFFUPDATED may

be inspected.
(iii) TAUOLA/TAUOLA/FORMF.F

If the file in user’s version coincides with the one of
TAUOLA CLEO distribution, the ${INSTALLATION}/

FORMF.F-NEW file can be simply copied into

TAUOLA/FORMF.F. To verify this, the diff file

${INSTALLATION}/FORMF.F-OLDDIFFUPDATED may

be inspected.
Once changes are introduced the new currents will be

activated and the old ones will be overruled once call to
routine INIRCHL(1) is invoked. Otherwise, or if CALL INIRCHL

(0) is invoked (at any time), old currentswill be then switched

back on. The routine INIRCHL(1) has to be invoked by the user
program at the initialization step. For the Cþþ user, a
definition of EXTERN ‘‘C’’ VOID INIRCHL_(INT I); has to be
included and execution of INIRCHL_(&I); performed.

An example has been provided in ${INSTALLATION}/

DEMO-STANDALONE. It is based on the default TAUOLA

CLEO example with the only modification being the call

to INIRCHL(1) before default TAUOLA initialization.

2. Calculating numerical tables used by form factors

The directory ${RCHLCURRENTS}/TABLER/A1 contains
the program DA1WID_TOT_RHO1_GAUSS.F; it creates a table
of �a1ðq2Þ according to Eq. (35). The system does not use

any information from TAUOLA initialization except the pion
and kaon masses.

We have also prepared a place to add tables for other
function; in the near future it will be done for the scalar
form factor of the K� mode.

a. Executing the code

The program DA1WID_TOT_RHO1_GAUSS.F produces the
q2 distribution of the a1 off-shell width.
To compile, type MAKE in ${RCHLCURRENTS}/TABLER/A1

directory. To run, type MAKE RUN. Each line of the pro-
duced output includes the value of q2½GeV2�, and the value
of d�=dq2½GeV�1�. This table is written into the file
INITA1TAB.F which is the FORTRAN code ready to use.

One can shift it to ${RCHLCURRENTS} directory by MAKE

MOVE command. Text format table is written into file

WIDA1_QQ_TOT_2E5.OUT.

b. Setup

Input parameters and common blocks are located in
${RCHLCURRENTS}/PARAMETER.INC. Other parameters are

defined in ${RCHLCURRENTS}/VALUE_PARAMETER.F. These
parameters may be changed by the user. If the parameters
affect the q2-dependent a1 width (or other pretabulated func-
tions), the tables need to be generated anew with the help of
programs residing in the directory ${RCHLCURRENTS}/

TABLER. A list of the parameters that affect generated tables

(and thus require tables to be generated again) is in
${RCHLCURRENTS}/VALUE_PARAMETER.F. Some of the varia-

bles used in functions from ${RCHLCURRENTS}/FUNCT_RPT.F

are declared in ${RCHLCURRENTS}/FUNCT_DECLAR.INC.

3 Tests

Directory ${RCHLCURRENTS}/CROSS-CHECK contains
three subdirectories:
(i) CHECK_ANALYTICITY_AND_NUMER_INTEGR, it includes:
(a) test of numerical stability in calculations of �a1ðq2Þ

and for the whole � hadronic decays as described
in Sec. II. For that purpose it is checked if continuity
of results as a function of the invariant mass
holds.

(b) the result for the integrated width of the � ! 2���,
� ! K���, �!K�K0��, �!3���, �!K��K��,
and � ! K��0K0��. These results can be con-
fronted with the result of Monte Carlo simulation
collected in subdirectory TAUOLA_RESULT_MODES.

(ii) RESULTS_NUMER_INTEGR_3PION presents the results
for the width of � ! 3��� as a function of the 3
pion invariant mass. It is calculated by numerical
integration of the analytical formula for different
choices of hadronic form factors as it is described in
Sec. IV.

(iii) TAUOLA_RESULT_MODES contains Monte Carlo
results for both differential and total width for the
processes � ! 2���, � ! K���, � ! K�K0��,
� ! 3���, � ! K��K��, and � ! K��0K0��.
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a. Numerical stability tests

The directory ${RCHLCURRENTS}/CROSS-CHECK/CHECK_

ANALYTICITY_AND_NUMER_INTEGR contains six subdirec-

tories with tests of numerical stability for hadronic �
decay modes and a subdirectory with the test for the
a1 width. Each decay channel is located in a separate
directory. Details regarding each of these tests are
described in README files of the directory and every
subdirectory as well. That is why only the basic infor-
mation is provided in our paper. We have checked using
interpolation from neighboring values that the value of
d�=dq2 is continuous and is not contaminated by nu-
merical instability of multidimensional Gaussian integra-
tion. Also we present the analytical results for the partial
width of every channel to be compared with the
Monte Carlo ones.

Content of the directory:
(i) CHECK_ANALYT_3PIWIDTH—test of numerical stabil-

ity of the distribution d�ð� ! �����Þ=dq2. Results
are presented for separate modes: d�ð� !
���

0�0��Þ=dq2 and d�ð� ! ���
����þÞ=dq2.

Also the value of the partial widths for the channels
is provided for the comparison with the TAUOLA

results.
(ii) CHECK_ANALYT_KKPI—test of numerical stability

for d�ð� ! ��KK�Þ=dq2. Results are presented
for separate modes: d�ð� ! ��K

���KþÞ=dq2
and d�ð� ! ��K

0�� �K0Þ=dq2. The value of the
partial widths for both channels are provided.

(iii) CHECK_ANALYT_KK0PI0—tests of numerical
stability for � ! ��K

��0K0: both the spectrum
d�ð� ! ��K

��0K0Þ=dq2 and the partial width
are provided.

(iv) CHECK_ANALYT_2PI—tests of numerical stability
for � ! ���

��0: both the spectrum d�ð� !
���

��0Þ=dq2 and the partial width are provided.
(v) CHECK_ANALYT_KPI—tests of numerical stability

for � ! ��K�: both the spectrum for the total width
d�ð� ! ��K�Þ=dq2 and the partial width for chan-
nels �� �K0 and �0K� are provided. The partial
widths for the individual decays are checked to be
2=3 and 1=3 of the total K� width, mass effects are
negligible in this case.

(vi) CHECK_ANALYT_K0K—tests of numerical stability
for � ! ��K

�K0; both the differential distribution
d�ð� ! ��K

�K0Þ=dq2 and the partial width are
provided.

(vii) CHECK_ANALYT_A1TABLE—tests of numerical
stability of �a1ðq2Þ produced by program des-

cribed in Appendix B 2.

b. Analytic integration test

The results of the analytical integration test in the three-
pion case are presented in the directory ${RCHLCURRENTS}/

CROSS-CHECK/RESULTS_NUMER_INTEGR _3PION.

They are produced by the program TOTWID3PI_

QQ_TABLE.F in the directory ${RCHLCURRENTS}/CROSS-

CHECK/CHECK_ANALYTICITY_AND_NUMER_INTEGR/CHECK_

ANALYT_3PI.

The program can be compiled by command MAKE and
run with MAKE totwid3pirun > output:txt.
The setup file INPUT_F1F2F4.DAT, in ${RCHLCURRENTS}/

CROSS-CHECK/CHECK_ANALYTICITY_AND _NUMER_INTEGR/

CHECK_ANALYT_3PI contains:

(i) EPS—defines (relative) precision of the Gaussian
integration.

(ii) KF1—flag for form factor F1. For kf1 ¼ 0, 1 or 2 F1

will be set respectively to 0, 1 or to its functional
form.

(iii) KF2—flag for form factor F2. For kf2 ¼ 0, 1 or 2 F2

will be set respectively to 0, 1 or to its functional
form.

(iv) KF4—flag for form factor F4. For kf4 ¼ 0, 1 or 2 F4

will be set respectively to 0, 1 or to its functional
form.

(v) CHAN—flag to choose the 3 pion mode. chan ¼ 1 for
�0�0�� and chan ¼ 2 for �����þ.

If the functional form of the form factors is used, it
will be taken from the file ${RCHLCURRENTS}/CROSS-

CHECK/CHECK_ANALYTICITY/CHECK_ANALYT_3PIWIDTH/

FUNCT_3PI.F.

If KF1 or KF2 is set to 2, pretabulated file
${RCHLCURRENTS}/INITA1TAB.F will be used for �a1 in the

propagator of the a1 meson.48

The output file contains four columns:
(i) QMIN (in [GeV2])—lower boundary for the integra-

tion over 3-pion invariant mass.
(ii) QMAX (in [GeV2])—upper boundary for the integra-

tion over 3-pion invariant mass.
(iii) EPS—estimate of the integration precision in the

result.
(iv) total width (in [GeV]).
Results for the different configurations of the form factor

are presented in TAUOLA/RCHL-CURRENTS/CROSS-CHECK/

RESULTS_NUMER_INTEGR_3PION.

4. TAUOLA weight recalculation mode

Let us present now the installation necessary for the
method of weighted events, which was envisaged in
Sec. . An example of such installation code is included in
our distribution tar-ball in directory NEW-CURRENTS/

INSTALLATION-REWEIGHT.

Before the reweighting method can be used, TAUOLA

needs to be adapted to new currents as explained
in Appendix B 1. Afterwards, our example program
TAU-REWEIGHT-TEST-ASCII.C, residing in the directory

NEW-CURRENTS/INSTALLATION-REWEIGHT, can be run with

48Note that the tabulated file is generated by the program
described in Appendix B 2.
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the help of the simple MAKE command.49 For more details
regarding the reweighting examples, refer to README

located in NEW-CURRENTS/INSTALLATION-REWEIGHT.
The following subsection describes the reweighting al-

gorithm as well as initialization used in the example. Note,
contrary to the rest of the project, the reweighting algo-
rithm, including examples of its usage, is written in C++.

a. Weight recalculation algorithm

In order to use recalculation mode, several steps have to
be performed from the user program:

(1) Before TAUOLA initialization, RChL currents have to
be switched on. This can be donewith the help of the
wrapper for FORTRAN function INIRCHL(IVER), by
calling INIRCHL_(&I); with i ¼ 1;. Two versions of
currents will be used, but initialization must be
done for IVER ¼ 1, for initialization of RCHL-specific
variables and tables.

(2) Initialization of TAUOLA must be called. We
are using initialization taken from the default
TAUOLA example, stored in wrapper function

F_INTERFACE_TAUOLAINITIALIZE.

(3) For each event, the information about � and its
decay products must be filled and stored in instances
of SIMPLEPARTICLE class.50

(4) Once the kinematical configuration for � decay is read
from the datafile (or fifo pipe), function: double

calculateWeightðSimpleParticle&tau; vectorhSimple
Particlei&taudaughtersÞ can be used to retrieve the
weight.

The algorithm of the function CALCULATEWEIGHT is
sketched in the following:

(1) Particles are prepared and boosted to the appropriate
frame.

(2) TAUOLA decay channel is identified.
(3) TAUOLA CLEO currents are switched on with

INIRCHL_(&I); i ¼ 0.

(4) Call to appropriate internal TAUOLA FORTRAN sub-
routine, returning weight WT1.

(5) RCHL currents are switched on with INIRCHL_(&I);

i ¼ 1.
(6) Call to the same routine as in step 4 is performed,

returning weight WT2.
(7) Ratio of weights calculated at steps 4 and 6 gives

required model replacing weight.
(8) WT ¼ WT2=WT1 is returned to the main user program.
It is rather straightforward to extend this method to the

case when more than one new version of physics initiali-
zation is to be used. Note that the examples are set up so

that the weight is calculated both for �� and �þ and stored
in variables WT_M and WT_P, respectively. In cases where
only a single � is present in the event, the weight corre-
sponding to the second � equals 1.0.
Alternatively, in cases when this approach cannot be

used or is inconvenient, variants of the method, based on
fifo pipes can be useful as well. Prototypes for such solu-
tions can be obtained from Ref. [111].
Hadronic currents for �þ and �� differ due to CP parity.

The resulting effects are taken into account in the reweight
algorithm.

5. TAUOLAþþ installation

Thanks to the modular construction of the TAUOLA

Cþþ Interface [62], new currents can be used in
Cþþ projects in a straightforward way. It is enough to
replace the previous TAUOLA-FORTRAN installation with the
new one, adjusting MAKEFILE with a list of the newly added
object files.
For step-by-step instructions, we refer to

$fINSTALLATIONg=README� TAUOLAþþ. Our package
has already been tested to work with TAUOLA Cþþ
Interface v1.0.5, but the installation procedure is similar
for all previous versions and should remain unchanged for
future versions as well.

APPENDIX C: INPUT PARAMETERS

The results collected in this paper represent a technical
test of program installation as well. Figures should be
reproduced if the input parameters collected in Tables III,
IV, and V and defined in routine TAUOLA/NEW-CURRENTS/

RCHL-CURRENTS/VALUE_PARAMETER.F remain unmodified.

In some cases the actual numerical value of parameters
depends on chosen decay channel. For the KK�modes we
useMK� ¼ ðMK�� þMK�0Þ=2. For the K�modes the value
of parameters depends on parametrization. It is distinct for
the one of Ref. [27,50]. In the second case the mass
parameters are noticeably different from the pole values.
The results for the latter are consistent in both approaches.
The choice between the two parametrizations for K�
modes (channels 2, 3 in Table VI) is controlled by
FFKPIVEC again to be set in VALUE_PARAMETER.F. The

FFKPIVEC ¼ 0 activates parametrization from Ref. [50]
and FFKPIVEC ¼ 1 the ones of Ref. [27]. Numerical values
of all parameters, not only the masses, are different for the
two cases. Variables are named with big greek letters for
FFKPIVEC ¼ 1 and with the small ones for FFKPIVEC ¼ 0.
There are two other flags FFVEC and FFKKVEC in

VALUE_PARAMETER.F. The first one fixes run with/without

FSI effects (FFVEC ¼ 1 for run with FSI effects) and the last
one chooses the parametrization for two-kaon form factor
with/without the excited � meson states (FFKKVEC ¼ 1 for
the parametrization with �0 and �00). By default FFVEC ¼ 1,
FFKPIVEC ¼ 1 and FFKKVEC ¼ 0.

49Other example, TAU-REWEIGHT-TEST-HEPMC.C, requires instal-
lation of HEPMC and optional installation of MC-TESTER, and their
paths provided in the MAKEFILE.
50Class SIMPLEPARTICLE is used only to contain four-vector and
flavor of the particle.
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On the technical side, the choice of the internal flag KAK

is made at the start of each � decay generation. It depends
on the decay channel labeled by IMODE (generated by
TAUOLA) and the flags51 FFVEC, FFKKVEC, and FFKPIVEC.

The variable KAK is then passed into routine
VALUE_PARAMETER.F and the appropriate choice for the

parameters is made. The KAK parameter coincides with
IMODE for all channels except the K� modes. For the K�
decay modes KAK ¼ 70 if FFKPIVEC ¼ 0 and KAK ¼ 71 if
FFKPIVEC ¼ 1.

For FFKPIVEC ¼ 0 (that is for KAK ¼ 70) parameters
marked in tables with † are used, otherwise defaults of
Tables IV and V are left unmodified.

For KAK ¼ 4 (i.e., for � ! ���0��) masses and widths
of �, �0, and �00 result from the adjustment to the experi-
mental data and do not coincide with PDG defaults. For
other channels we simply take the PDG values [31] for the
�ð�0Þ parameters. The PDG values are also taken for the
narrow width resonances ! and �, numerical values are
collected in Table III.

The PDG value is taken for the a1 mass.52 The parame-
ters of the Resonance Chiral Theory are given in the
Table IV as well.53

The parameters 
V and FK can be varied by the user
starting from the code version of the year 2012. We follow
Ref. [25] and the case of ideal mixing (
V ¼ 35:26
). In
this case the � contribution to � ! KK��� vanishes [25].
However, the absence of intermediate � exchange contra-
dicts the results of the BABAR Collaboration [113] for the
isospin related decay eþe� ! Kþ�0K� and for � decays
themselves (see 10). The parameter FK is not used in our
default formulas. It enters the nondefault parametrization
for K� vector form factor, i.e., for FFKPIVEC ¼ 0, KAK ¼ 70.
We follow Ref. [50] in the choice FK ¼ 1:198 � F. FK � F
is related to SUð3Þ breaking and higher-order chiral cor-
rections. The parameter Ht0 ¼ �1:24004� 10�2 does not
appear in the text either. It corresponds to the value of the
K� loop function at zero-momentum transfer, ~HK�ð0Þ, in
Eq. (11) of Ref. [50].
Let us stress that in practice the parameters may need to

be varied. The defaults and the expected variation ranges
are given in Tables IV and V.

1. Range of variation of the
nonresonance input parameters

As long as the PDG values do not change, the values
listed in Table III should remain unchanged.54

In order to account for the uncertainty given by higher-
order chiral corrections, we suggest to vary FK as indicated
in Table IV.

TABLE III. Initialization parameters defined in TAUOLA main code or in file NEW-CURRENTS/

RCHL-CURRENTS/VALUE_PARAMETER.F: constants and defaults. In this table our defaults used for

plots or parameters not requiring to be changed in fits are collected. Channel identification
numbers are defined in Table VI. Energy units are powers of GeV.

Parameter Variable name Default Used in channel

m� MTAU 1.777 all,a

m��
MNUTA 0.001 all,a

cos
Cabibbo set in TAUOLA initialization 0.975 all

GF set in TAUOLA initialization 1:166375� 10�5 all

m�� MPIC 0.13957018 all,a

m�0 MPIZ 0.1349766 all,a

m� META 0.547 2, 3, 5–9,a

mK� MKC 0.493677 all,a

mK0 MKZ 0.497648 all,a

M! MOM 0.78194 7, 8

�! GOM 0.00843 7, 8

M� MPHI 1.019 7, 8

�� GPHI 0.0042 7, 8

aVariables requiring rerun of pretabulation NEW-CURRENTS/RCHL-CURRENTS/TABLER/A1/
DA1WID_TOT_RHO1_GAUSS.F.

51At the moment KAK depends on FFKPIVEC only. However, in
the future it will depend also on FFVEC and FFKVEC.
52For discussion on the difference between the mass used in the
resonance Lagrangian and the physical one and a possibility to
substitute the first with the latter, see Ref. [25] and footnote 56 in
this paper.
53We point out that the values for the parameters ��0 ,M�00 , ��00 ,
�, �, �1, and �2 lie outside the educated guess for its range of
variation given in Table IV. This is irrelevant for the technical
check we are proposing in this section but matters for the actual
use of the program.

54The PDG limit on m��
(18.2 MeV) is not used in the

program. If one wants to play with this limit [114,115], our
test results shall change in a rather negligible way. We use
m��

¼ 0:01 GeV.
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2. Range of variation of the resonance input parameters

The resonance parameters are of different nature in this respect. Apart from the safe identificationMV � M� [116], there

is more uncertainty and model dependence on them. For the program user this is translated in a relative freedom to change
the values of M�, Ma1 , M�0 , ��0 , M�00 , ��00 , �, �, �1, �2, MK�� , MK�0 , MK� , MK�0 , mK� , mK�0 , �K� , �

K�0 , �K�0 , FV , GV ¼
F2=FV (although some deviations to this relation—below 20%—may be expected due to the effect of excited resonances),
FA, ��, and �K�. The changes of these parameters can be guided by the educated guesses on their range,55 displayed in

Table IV.

TABLE IV. Initialization parameters defined in file NEW-CURRENTS/RCHL-CURRENTS/

VALUE_PARAMETER.F: part 2, fit parameters. An educated guess for the variation of some of

the resonance parameters is given. Energy units are powers of GeV. Channel identification
numbers are defined in Table VI.

Parameter Variable name Default [Suggested range] Used in channel

M� MRO 0.77554 [0.770, 0.777] 1

M� MRO 0.775 [0.770,0.777] 4–9,a

Ma1 MMA1 1.12 [1.00, 1.24] 5–9,a

M�0 MRHO1 1.453 [1.44, 1.48] 1

M�0 MRHO1 1.465 [1.44, 1.48] 4, 5, 6,a

��0 GRHO1 0.50155 [0.32, 0.39] 1

��0 GRHO1 0.4 [0.32, 0.39] 4, 5, 6,a

M�00 MRHO2 1.8105 [1.68, 1.78] 1, 4

��00 GRHO2 0.4178 [0.08, 0.20] 1, 4

� COEF_GA 0.14199 [0.077, 0.099] 1, 4

� COEF_DE �0:12623 ½�0:035;�0:012� 1, 4

�1 PHI_1 �0:17377 [0.5, 0.7] 1, 4

�2 PHI_2 0.27632 [0.5, 1.1] 1, 4

MK�� MKSP 0.89166 [0.891, 0.892] 2, 3, 7–9,a

MK�0 MKS0 0.8961 [0.895, 0.897] 2, 3, 7–9,a

MK� MKST 0.8953 [0.8951, 0.8955] 2, 3

MK� MKST ðMK�� þMK�0 Þ=2 7–9,a

mK� MKST 0.94341 [0.9427, 0.9442] 2b, 3b

�K� GAMMA_KST 0.0475 [0.047, 0.048] 2, 3

�K� GAMMA_KST 0.06672 [0.0655, 0.0677] 2b, 3b

�K�0 GAMMA_KSTPR 0.206 [0.155, 0.255] 2, 3

�K�0 GAMMA_KSTPR 0.240 [0.120, 0.380] 2b, 3b

MK�0 MKSTPR 1.307 [1.270, 1.350] 2, 3

mK�0 MKSTPR 1.374 [1.330, 1.450] 2b, 3b

F FPI_RPT 0.0924 [0.0920, 0.0924] all,a

FK FK_RPT 1:198F ½0:94F; 1:2F� 3, 4

FV FV_RPT 0.18 [0.12, 0.24] 5–9,a

GV GV_RPT F2=FV ½0:xxF2=FV; 1:xxF
2=FV� 5–9,a

FA FA_RPT 0.149 [0.10, 0.20] 5–9,a

�� BETA_RHO �0:25 ½�0:36;�0:18� 5, 6a

�K� GAMMA_RCHT �0:043 ½�0:033;�0:053� 2, 3

�K� GAMMA_RCHT �0:039 ½�0:023;�0:055� 2b,3b


V THETA 35.26
 [15
,50
] 7, 8

aVariables requiring rerun of pretabulation NEW-CURRENTS/RCHL-CURRENTS/TABLER/A1/
DA1WID_TOT_RHO1_GAUSS.F.
bThe parameters corresponding to nondefault currents of K� modes (FFKPIVEC ¼ 0).

55Keep in mind, however, the warning concerning the relation GV ¼ F2=FV and the one affecting Eq. (C1) for the range for GV and
FA, respectively.
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The warning is that the FV and FA cannot be changed
independently since they should satisfy, to a reasonable
accuracy56 the first and second Weinberg sum rules taken
in the single resonance approximation [119]:

F2
V � F2

A ¼ F2; F2
VM

2
V ¼ F2

AM
2
A: (C1)

Violations of these relations can be due to the modelization
of the resonance spectrum in the large-NC limit but should
remain below 20%.

There is more uncertainty on the couplings belonging to
the odd-intrinsic parity sector, namely the ci, di, and gi
values and variation ranges are given in Table V. Some
remarks on the relations are in place:

(i) c1 � c2 þ c5 � 0 would violate maximally the
short-distance QCD-ruled behavior for the vector-
vector correlator �Vðq2Þ [25], this condition must
not be changed.

(ii) 2g4 þ g5 comes from �ð! ! �þ���0Þ. Both the
direct production mechanism [25] and the one-
resonance exchange [46] were taken into account
consistently and the error is under control: 2g4 þ
g5 ¼ �0:60� 0:02. If the PDG value for this decay
width does not change, the value of this combination

of couplings should be changed within the quoted
error only.

(iii) The high-energy large-NC predictions for the set
fg2; g1 � g3; c1 � c2 � c5 þ 2c6; d3g come at the
same order in the expansion of �Vðq2Þ in powers
of 1=q2 [25]. Therefore, changes on the values of
these parameters shall be expected from subleading
corrections in 1=NC and, moreover, they will be
highly correlated. Variations of 1=3 with respect to
the values of any of them, see Table V, may occur.

(iv) The predictions for d1 þ 8d2 � d3 and c1 þ c2 �
8c3 � c5 were not obtained in hadronic � decays
but in the study of the hVVPi octet [46] and singlet
[120] Green function. Therefore, an educated con-
servative guess yields a deviation up to some 50%
of the former. For the latter, a nonzero value may
arise provided it has a minor effect in the observ-
ables, since its contribution vanishes in the chiral
limit.

(v) Our current understanding seems to point to differ-
ent values of c4 and g4 than those shown in Table V.
We would suggest that they are allowed to vary
freely in the fits (keeping control on the branching
ratio if it is not included as a data point in the fit).

In addition to what is explained above, the values of the
couplings can be affected by the introduction of the second
multiplet of resonances in � ! KK��� decays.
Finally, there are parameters in VALUE_PARAMETER.F

which are already prepared for the future update, but not
yet used in the program: GRO, MF2, GF2, MF0, GF0, MSG, GSG.

APPENDIX D: BENCHMARK RESULTS

In Table VI we collect results as coming from our default
setting. It documents directly the distribution tar-ball.
Results have to be checked once tar-ball is unpacked and
installed in the particular environment. It will check if
sufficiently large samples are installed, correctness of

TABLE V. Initialization part 3: odd-intrinsic parity sector. File NEW-CURRENTS/RCHL-

CURRENTS/VALUE_PARAMETER.F. Channels identification numbers are defined in Table VI. The

defaults, which follow Refs. [25,112], are needed to reproduce our figures.

Parameter Variable name Default [Suggested range] Used in channel

c1 � c2 þ c5 C125 0.0 7–9

2g4 þ g5 G4; G5 �0:6 ½�0:64;�0:56� 7, 8

g2 G2
MV

192�2
ffiffi
2

p
FV

½�33%;þ33%� 7–9

g1–g3 G13
�2MV

192�2
ffiffi
2

p
FV

½�33%;þ33%� 7–9

c1 � c2 � c5 þ 2c6 C1256 � 3FVMV

96�2
ffiffi
2

p
F2 ½�33%;þ33%� 7–9

d3 D3 � M2
V

64�2F2 ½�33%;þ33%� 7–9

d1 þ 8d2 � d3 D123 0.05 ½�50%;þ50%� 7–9

c1 þ c2 � 8c3 � c5 C1235 0.0 ½�0:25;þ0:25� 7–9

c4 C4 �0:07 Free 7–9

g4 G4 �0:72 Free 7, 8

56Checking the first of Eqs. (C1) is straightforward; for the
second one, it should be observed that in the different relations
among couplings which can be obtained from short-distance
QCD constraints [66,67,117,118] and involving MA, the identi-
fication MA �Ma1 is not appropriate [116]. There is some
tension on the value of MA: 998(49) MeV in Ref. [80] versus
920(20) MeV in Ref. [84]. The range [900, 1050] MeV should
accommodate reasonable variations of this parameter in order to
estimate the possible violations of the second Weinberg sum
rule. The interval given for Ma1 is only marginally consistent
with the PDG value [31]. However, this is not an issue, since it
depends strongly on the precise definition of the resonance mass
used to extract it; the PDG one and the one in Ref. [24] are
different.
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coupling constant setting, etc. This table will be updated in
the future, once currents are modified, and included in the
paper version of the distribution tar-ball.

Awealth of data is available from the project Web page
[28]. Many of the results collected there were obtained
using MC-TESTER [57]. The distributions can be thus easily
used for benchmarking any other Monte Carlo program
independently if it is used for simulations coded in Cþþ
or FORTRAN, provided that event record such as HEPEVT or
HEPMC [121] is used.

APPENDIX E: FINAL STATE INTERACTIONS

Final state interactions have been taken into account
for the two-meson � decays but not for the three-meson
channels. It is of great importance to include them in the
two-meson decays, because otherwise the right normaliza-
tion at the peak is clearly lost and the curve would go
systematically below the data in the resonance region.57

This effect is certainly much smaller for the three-meson �
decays, where nonetheless it can show up in the two-
particle invariant mass distributions in particular regions
of phase space, where our calculation is particularly far
from experimental data, see Fig. 8. For the two-meson
modes (� ! PQ��), FSI are taken into account through
the Omnès resummation [122] provided by the exponents
in Eqs. (24) and (27). In this approximation [52], the

imaginary part of the loop function is kept in the denomi-
nator, providing the width of the exchanged resonance. The
real part is resummed in the exponential—while the expo-
nential is a common factor in Eq. (27), it is different in
every term in Eq. (24). If we had good theoretical knowl-
edge of the energy-dependent meson widths (also for
excited resonances) the latter procedure would be prefer-
able. For the time being, both approaches are equivalent

TABLE VI. Collection of numerical results to be obtained from the DEMO-STANDALONE. Possible future extensions going beyond the
published paper will be documented in this table in the paper version included with the distribution tar-ball. References to subsections
may be replaced in the future by references to the forthcoming papers. The last column includes references to routines of the currents
code. This table is complementary to Table II. Results for the case when FSI switched off with the help of FFVEC ¼ 0 in file NEW-

CURRENTS/RCHL-CURRENTS/VALUE_PARAMETER.F are also given, then FFKKVEC ¼ 1 was used.

No. Channel Width [GeV] Reference

In NEW-CURRENTS/RCHL-CURRENTS

directory channel’s current:file ! routine

1. ���0 5:2441� 10�13 � 0:005% Sec. II D frhopi:f ! CURRPIPI0

2. �0K� 8:5810� 10�15 � 0:005% Sec. II D fkpipl:f ! CURRKPI0

3. �� �K0 1:6512� 10�14 � 0:006% Sec. II D fkpipl:f ! CURRPIK0

4. K�K0 2:0864� 10�15 � 0:007% Sec. II D fk0k:f ! CURRKK0

5. �����þ 2:0800� 10�13 � 0:017% Sec. II A f3pircht:f ! F3PIRCHT
a

6. �0�0�� 2:1256� 10�13 � 0:017% Sec. II A f3pircht:f ! F3PIRCHT
a

7. K���Kþ 3:8460� 10�15 � 0:024% Sec. II B fkkpi:f ! FKKPI
a

8. K0�� �K0 3:5917� 10�15 � 0:024% Sec. II B fkkpi:f ! FKKPI
a

9. K��0K0 2:7711� 10�15 � 0:024% Sec. II C fkk0pi0:f ! FKK0PI0
a

1. ���0 4:0642� 10�13 � 0:005% Sec. II D frhopi:f ! CURRPIPI0
b

2. �0K� 7:4275� 10�15 � 0:005% Sec. II D fkpipl:f ! CURRKPI0
b

3. �� �K0 1:4276� 10�14 � 0:006% Sec. II D fkpipl:f ! CURRPIK0
b

4. K�K0 1:2201� 10�15 � 0:007% Sec. II D fkpipl:f ! CURRKK0
b

aThe Fi of formula (4).
bFSI off.
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FIG. 10 (color online). Normalized events distribution versus
invariant mass of �0K� pair: no FSI case corresponds to the red
(darker grey) line, for FSI the green (lighter grey) line was used.
Adjustment of numerical parameters is taken into account (shift
of K� mass, etc.). The ratio of the two histograms is given by the
black one (only in this case the left side scale should be used).
We have used MC-TESTER, Ref. [57], for preparation of the plot.
Some of the automatically generated markings are explicitly left
on the plot in this case. The program, MC-TESTER, is used also for
plots of our Web page [28].

57This reduction of the jFPQ
V ðsÞj2 peak value amounts to

13% $ 30% for PQ ¼ ��, KK, and K�, depending on the
decay channel and the exchanged resonances accounted for. See
also the analogue comparison for the decay width in Sec. VD.
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within the theoretical uncertainties. This resummation
respects analyticity and unitarity only in a perturbative
sense, a feature that can be improved [50] to hold to all
orders as follows:

(1) The relevant phase shift is obtained as the ratio
between the imaginary and real parts of the vector

form factor �PQðsÞ ¼ Im½FPQ
V ðsÞ�=Re½FPQ

V ðsÞ�.
FPQ
V ðsÞ stands for a form factor which can be

obtained from Eqs. (24), (26), and (27) by taking
out the exponentials and placing back the real part of
the relevant loop functions in the denominator (see
Refs. [29,51] for details).

(2) A three-times subtracted dispersion relation is used
to resum FSI effects and the final form factor reads

FPQ
V ðsÞ ¼ exp

�
�1sþ �2s

2

þ s3

�

Z scut

sthr

ds0
�PQðs0Þ

s03ðs0 � s� i�Þ
�
; (E1)

with scut � 4 GeV2 [50,123,124] and sthr ¼
ðmP þmQÞ2. The subtraction constants �1 and �2

are to be fitted to data.
This procedure will be followed in a future update of the

program. Technically the method requires calculation of
Cauchy Principal Value integrations which can be rather
time consuming and necessitates numerical stability
checks.
For the moment we consider FSI effects as they are

given in Sec. II D, Eqs. (22) and (24)–(27). To run the
code with the FSI effects one has to fix FFVEC ¼ 1 in
VALUE_PARAMETER.F. Effects of FSI are presented in

Table VI, the last four lines are provided for comparison,
and in Fig. 10, they change by 14%–32% the decay width,
depending on the channel. Further results are collected in
our Web page [28].
In the three-meson modes these interactions are

neglected at the moment. We plan to include them in the
future, at least for the � ! ����� decays.
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