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In this article we considered models of particles living in a three-dimensional space-time with a

nonstandard noncommutativity induced by shifting canonical coordinates and momenta with generators of

a unitary irreducible representation of the Lorentz group. The Hilbert space gets the structure of a direct

product with the representation space, where we are able to construct operators which realize the algebra

of Lorentz transformations. We study the modified Landau problem for both Schrödinger and Dirac

particles, whose Hamiltonians are obtained through a kind of non-Abelian Bopp’s shift of the dynamical

variables from the ones of the usual problem in the normal space. The spectrum of these models are

considered in perturbation theory, both for small and large noncommutativity parameters. We find no

constraint between the parameters referring to noncommutativity in coordinates and momenta but they

rather play similar roles. Since the representation space of the unitary irreducible representations SLð2;RÞ
can be realized in terms of spaces of square-integrable functions, we conclude that these models are

equivalent to quantum mechanical models of particles living in a space with an additional compact

dimension.
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I. INTRODUCTION

Space-time noncommutativity is an old idea [1,2] which
has been revived in recent years within the context of string
theory [3] and has attracted much attention in diverse
areas such as mathematics [4,5], theoretical physics [6,7],
phenomenology [8], or condensed matter [9,10].

In the conventional version of noncommutative (NC)
space-time, the coordinate operators satisfy the algebra

½x�; x�� ¼ {���; (1)

where ��� is a real constant antisymmetric matrix, not a
tensor. This is the situation realized in string theory in the
presence of a background antisymmetric tensor field [6].
But, clearly, such ��� define preferred directions in a given
Lorentz frame and, thus, the assumption in Eq. (1) pro-
duces a violation of Lorentz invariance [2,11–14].

In Ref. [15], a different class of noncommutative theo-
ries have been considered in order to recover Lorentz
invariance. In these models, the parameter ��� in the

right-hand side of Eq. (1) is promoted to an operator that
transforms as a Lorentz tensor. This algebra can be inter-
preted as a contraction of the Lorentz-invariant algebra due
to Snyder [1], taking ��� as proportional to the generators
of the Lorentz group.
These ideas have been put in practice in a series of

papers [16], employing in particular the Doplicher et al.
algebra [17], in which the operators ��� are considered
as part of the ordinary coordinates of an enlarged ten-
dimensional space-time, with the assumptions that the
triple commutator of coordinate operators x� vanishes.
This algebra was later extended by Amorim [18] through
the introduction of momenta canonically conjugate to
these new coordinates.
Noncommutative quantum mechanics [19] is a simple

scenario to explore the properties of NC spaces. In addition
to the noncommutativity of the position operators previ-
ously referred to and the study of representations of the
algebra of the NC space-time coordinates [17,20], non-
commutativity in the momenta commutators algebra have
also been considered, in relation with the deformation
quantization of Poissonian structures [21] and as a kind
of magnetic quantization [22,23].
These researches have stimulated the construction of

new models in quantum mechanics [19], allowing to
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explore new ideas in several situations of interest. For
example, some models based on a kind of nonstandard
deformation of the Heisenberg algebra, which can be
realized by shifting the dynamical variables with spin
variables, have been studied in Refs. [24,25]. A similar
deformation in the commutators among momenta can be
interpreted as the introduction of constant non-Abelian
magnetic fields [26].

This kind of noncommutativity in the phase space,
where the number of degrees of freedom is enlarged by
shifting the usual dynamical variables by adding them
a generator in the Lie algebra of a non-Abelian group
[24,25], have been employed in the formulation of some
interesting quantum-mechanical models. For example,
these ideas have even found application in the description
of graphene, a new material recently experimentally
obtained which behaves as a two-dimensional system. In
Ref. [27] it has been studied a two-dimensional continuous
model which takes some elements of the tight-binding
model for this material and reproduces the anomalous
integer quantum Hall effect characteristic of graphene.

In the following we consider a model with this kind of
nonstandard noncommutativity, where both coordinates
and momenta get deformed commutators. These deforma-
tions are taken as proportional to the generators of the
Lorentz group in some irreducible representation (irrep)
rather than proportional to the generators of this group on
the space-time themselves, as in Ref. [15]. As we will see,
under these conditions total generators of the Lorentz
transformations can be constructed which correctly trans-
form all the operators, giving thus a realization of the Lie
algebra of this group on the Hilbert space of the quantum-
mechanical system.

These deformations of the Heisenberg algebra can be
effectively realized in a NC three-dimensional space-time
by simply shifting the ordinary (commutative) dynamical
variables by terms proportional to the generators in an irrep
of the Lorentz group on the 2þ 1-Minkowski space, iso-
morphic to SLð2;RÞ=Z, since in this case the dimension of
the group coincides with the dimension of the space-time.
A similar idea has recently been developed in a four-
dimensional NC space through shifts in the coordinates
proportional to the Pauli-Lubanski vector [28].

Let us mention that three-dimensional theories have
regained interest in recent years since it was found that
this is the only noncritical dimension where strings can be
quantized consistently [29–32]. Indeed, it was shown that
light-cone gauge quantization in the three-dimensional
space preserves Lorentz invariance without the need for
any longitudinal modes [29]. It was also found that some
states necessarily have irrational spin, i.e., the spectrum
contains anyons. This led to the consideration of infinite-
dimensional irreducible representations of the universal
cover of the Lorentz group on the three-dimensional
Minkowski space [31].

In this article we consider the behavior of Schrödinger
and Dirac particles in a NC (2þ 1)-dimensional space, in
which the phase-space noncommutativity is induced by
shifting the usual dynamical variables by generators in an
irreducible representation of the (noncompact) Lie group
SLð2;RÞ [33–35]. This means that the Hilbert space has the
structure of a direct product, where one factor corresponds
to the component of the state vectors in the representation
space of the irrep considered.
Notice that if we demand the noncommuting phase

space variables to be Hermitian operators, we are con-
strained to consider unitary irrep’s of this group, which
are not of finite dimension. Moreover, since the represen-
tation space of the unitary irrep’s of SLð2;RÞ can be
explicitly realized in terms of spaces of functions defined
on the unit circle or analytic functions on the unit open
disk, as discussed in the Appendix (see Ref. [33]), the
models to be considered turn out to be equivalent to
quantum mechanical systems living in a space with an
additional (compact) dimension.
The structure of the paper is as follows. In Sec. II we

set up the noncommutativity properties of the three-
dimensional space, realize the deformed Heisenberg
algebra though a kind of non-Abelian Bopp’s shift in the
dynamical variables and discuss the construction of the
generators of the Lorentz group on the Hilbert space. In
Sec. III we consider the Hamiltonian of a Schrödinger
particle in the presence of an external (Uð1Þ) magnetic
field, both in the normal and the NC space. We explain
the characteristics of the spectrum in both the small and
large NC parameters limits and discuss the relation with a
system in a space-time with an additional dimension. In
Sec. IV we make the same analysis for the Hamiltonian of
a Dirac particle. In Sec. V we state our conclusions and, for
completeness, in the Appendix we briefly review the
Lorentz group in 2þ 1-dimensions and the unitary irrep’s
of SLð2;RÞ.

II. SETTING OF THE PROBLEM

According to the ideas previously exposed, we consider
the modified Heisenberg algebra of the (Hermitian) dy-
namical variables given by

½x̂�;x̂��¼�i�2����s
�; ½p̂�;p̂��¼�i�2����s

�;

½x̂�;p̂��¼ ið����������s
�Þ; ½x̂�;s��¼�i�����s

�;

½p̂�;s��¼�i�����s
�; ½s�;s��¼�i����s

�;

(2)

where s�, � ¼ 0, 1, 2 are the generators of an irrep of

SLð2;RÞ (see the Appendix) and � and � play the role of
ultraviolet and infrared scales, respectively.
This deformation can be realized through a kind of

non-Abelian Bopp’s shift given by
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x̂ � ! x� þ �s�; p̂� ! p� þ �s�; (3)

in terms of dynamical variables satisfying the usual
Heisenberg algebra and the generators of a unitary irrep
of SLð2;RÞ, which satisfy the commutation relations

½x�; x�� ¼ 0; ½x�; p�� ¼ {��
� ;

½p�; p�� ¼ 0; ½x�; s�� ¼ 0;

½p�; s�� ¼ 0; ½s�; s�� ¼ �{���	s
	:

(4)

Here, a	 ¼ �	
a

, with � :¼ diagð1;�1;�1Þ, the metric

tensor in the (2þ 1)-dimensional Minkowski space.
Notice that we must consider a unitary representation of

SLð2;RÞ [non-Abelian Lie group isomorphic to SUð1; 1Þ],
in order to have Hermitian operators x̂� and p̂� represent-

ing coordinates and momenta in the noncommutative
phase space. Since this is a noncompact Lie group, its
irreducible unitary representations are not of finite dimen-
sion. The irreducible representations of SLð2;RÞ are briefly
reviewed in the Appendix.

If we define L�� :¼ x�p� � x�p� and L� :¼
1
2 �

��	L�	, we get

½L�; x�� ¼ �{���	x
	; ½L�; p�� ¼ �{���	p

	;

½L�; L�� ¼ �{���	L
	; ½L�; s�� ¼ 0:

(5)

Since the operators L� satisfy the same commutation

relations as the s�, we can define new generators of slð2;RÞ,
M� :¼¼ L� þ s�, for which we get [see Eq. (A7)]

½M�;x��¼�{���	x
	; ½M�;p��¼�{���	p

	;

½M�;s��¼�{���	s
	; ½M�;M��¼�{���	M

	:
(6)

Then, these operators are a realization on the Hilbert
space of the system of the generators of the Lorentz trans-
formations in the (2þ 1)-dimensional noncommutative
space we are considering. Indeed, it is easy to see that

½M�;x̂��¼�{���	x̂
	; ½M�;p̂��¼�{���	p̂

	: (7)

Now, our strategy to formulate a model in the noncom-
mutative space will be, given a Hamiltonian Hðp;xÞ in the
usual (commutative) Minkowski space, to generalize it by
takingHðp̂; x̂Þ. This problemwill then be analyzed through
the replacements in Eq. (3).

Notice that the second commutator in Eq. (2) for the
two spatial momenta, which maps onto ½p1 þ �s1;
p2 þ �s2� ¼ �{�2s0 where s0 is the generator of rotations
on the (spatial) plane in the irrep considered, can equiv-
alently be interpreted as a consequence of the presence
of a constant and uniform non-Abelian magnetic field.
Therefore, the models to be studied in the following are a
kind of generalizations of the non-Abelian Landau prob-
lem [26]. This point of view was employed in Ref. [27] to
construct a continuous model which incorporates next-to-
leading contributions from the dispersion relation of the

tight-binding model for graphene. In the present approach
we also incorporate noncommutativity in the temporal
momentum component.
On the other hand, a commutation relation like the first

one in Eq. (2) among coordinate operators in the three-
dimensional Euclidean space, but with generators of SUð2Þ
in the right hand side, allows to simulate dipolar interac-
tions and lead to models with infinitely degenerate ground
state and spontaneous symmetry breaking [24] and find
application, for example, in the description of triplet super-
conductivity [36]. Contrary to that case, in the present
article we need to consider infinite-dimensional unitary
irrep’s of a noncompact group.
As previously mentioned, in the following we construct

models of Schrödinger and Dirac particles in the NC
extension of the (2þ 1)-dimensional Minkowski phase
space described by Eq. (2), and study the implications
this generalization may have. In particular, we will get a
space of state vectors which is the direct product of the
Hilbert space for the systems in the usual commutative
space with the representation space of a unitary irrep of
SLð2;RÞ. Since these representation spaces can be realized
as spaces of square-integrable functions (functions on the
unit circle or analytic functions on the open unit disk
according to the particular irrep considered, as discussed
in the Appendix), these models can also be interpreted as
describing particles living in spaces with an additional
(compact) spatial dimension.

III. SCHRÖDINGER PARTICLES

To establish our notation, let us first consider the
Schrödinger Hamiltonian for the Landau problem. We
take the external electromagnetic field as given by
A0 ¼ 0 and AiðxÞ ¼ � B

2 �ijx
j. Then, we have for a particle

of mass M

2MH :¼ ðpi � eAiðxÞÞ2 ¼
�
pi � eB

2
�ijxj

�
2
; (8)

operator which commutes with the generator of rotations
on the plane, L0 ¼ L12 [see Eq. (5)].
As is known, this operator can be given the form of the

Hamiltonian of a harmonic oscillator through the canonical
transformation of variables

q :¼ p1ffiffiffiffiffiffi
eB

p þ
ffiffiffiffiffiffi
eB

p
2

x2; p :¼ p2ffiffiffiffiffiffi
eB

p �
ffiffiffiffiffiffi
eB

p
2

x1; (9)

for which we have

½q; p� ¼
�
p1ffiffiffiffiffiffi
eB

p þ
ffiffiffiffiffiffi
eB

p
2

x2;
p2ffiffiffiffiffiffi
eB

p �
ffiffiffiffiffiffi
eB

p
2

x1
�
¼ {: (10)

Indeed, we get

H ¼
�
eB

M

� ðp2 þ q2Þ
2

¼
�
eB

M

��
ayaþ 1

2

�
; (11)
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where, as usual,

a¼qþ {pffiffiffi
2

p ; ay¼q� {pffiffiffi
2

p ; ½a;ay�¼1: (12)

We also introduce the independent set of canonical
variables

Q :¼ p2ffiffiffiffiffiffi
eB

p þ
ffiffiffiffiffiffi
eB

p
2

x1; P :¼ p1ffiffiffiffiffiffi
eB

p �
ffiffiffiffiffiffi
eB

p
2

x2; (13)

which satisfy

½P;Q� ¼ �{; ½P; p� ¼ 0; ½P; q� ¼ 0;

½Q;p� ¼ 0; ½Q; q� ¼ 0:
(14)

Similarly, we define creation and destruction operators
as

b ¼ Qþ {Pffiffiffi
2

p ; by ¼ Q� {Pffiffiffi
2

p ; (15)

which satisfy

½b; by� ¼ 1; ½b; a� ¼ 0; ½b; ay� ¼ 0: (16)

The Hamiltonian eigenvectors are then given by

jn; nbi ¼ ðayÞnffiffiffiffiffi
n!

p ðbyÞnbffiffiffiffiffiffiffi
nb!

p j0; 0i; (17)

with n, nb ¼ 0; 1; 2; � � � , and the corresponding eigen-
values by

En ¼
�
eB

M

��
nþ 1

2

�
; (18)

degenerate in the index nb. Here, j0; 0i $ c 0ðq;QÞ ¼
��1

2e�
q2þQ2

2 and hn0; n0bjn; nbi ¼ �n0;n�n0
b
;nb .

For L0 we get

L0 ¼ x1p2 � x2p1

¼ � 1

2
ðp2 þ q2Þ þ 1

2
ðP2 þQ2Þ

¼ byb� aya; (19)

and for its eigenvalues the difference l ¼ nb � n 2 Z.

A. Extension to the noncommutative space

The generalization of this system to the noncommutative
space defined by Eq. (2) is

2MĤ :¼
�
p̂i � eB

2
�ijx̂j

�
2 þ 2M�s0

¼
�
pi þ �si � eB

2
�ijðxj þ �sjÞ

�
2 þ 2M�s0; (20)

[where the last term in the right-hand side comes from
the shift applied to p0 in Eq. (3)], which commutes with
M0 ¼ L0 þ s0 as follows from Eq. (7).

If we define �̂i :¼ p̂i � eB
2 �ijx̂j, we get from (2)

½�̂1; �̂2� ¼ �{eB� {

�
�2 þ

�
�
eB

2

�
2
�
s0; (21)

which shows that the model we are considering can also be
interpreted as the introduction, besides the Uð1Þ magnetic
field, of another constant non-Abelian magnetic field in the
time direction (spatial rotations) of the Lie algebra slð2;RÞ.
In terms of ay and a in Eq. (12) and the Hermitian

generators s� in Eq. (4), this Hamiltonian reads as

2MĤ¼2MHþ2M�s0þ
ffiffiffiffiffiffiffiffiffi
2eB

p ��
�þ {�

eB

2

�
aysþ

þ
�
�� {�

eB

2

�
as�

�
þ
�
�2þ

�
�
eB

2

�
2
�
ðs02�s2Þ;

(22)

where

s� :¼ s1 � {s2; s2 :¼ s0
2 � s1

2 � s2
2: (23)

Notice that the parameter � appears as an energy scale
for the internal degrees of freedom while the pure number
�eB
2� (for � � 0) is a measure of the relative strength of

noncommutativity in coordinates and momenta with
respect to the applied external magnetic field.
In the Appendix we give a brief review of the unitary

irreducible representations of slð2;RÞ. For a given unitary
irrep, the representation space is subtended by the basis of
eigenvectors of s0 and s2,

s 2j	;mi ¼ 	j	;mi; s0j	;mi ¼ mj	;mi; (24)

where 	 and m are real numbers.
The Hilbert space is then the linear span of the vectors of

the form

jn; nb;	;mi :¼ jn; nbi � j	;mi; (25)

which are simultaneously eigenvectors of H, L0, s
2 and s0,

normalized so as to satisfy

hn; nb;	;mjn0; n0b;	;m0i ¼ �n;n0�nb;n
0
b
�m;m0 : (26)

Let us recall that

ayjn; nbi ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p jnþ 1; nbi;
ajn; nbi ¼

ffiffiffi
n

p jn� 1; nbi;
(27)

and [see Eq. (A14)]

s�j	;mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm� 1Þ � 	

p
j	;m� 1i: (28)

We also have that ½Ĥ;M0� ¼ 0, where M0 ¼ L0 þ s0
has eigenvalues j ¼ lþm ¼ nb � nþm, integer or half-
integer according to the irrep of SLð2;RÞ considered [33].
Indeed, let us call z :¼ �þ {� eB

2 ; then, it is straight-

forward to get
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½2MĤ; L0� ¼
ffiffiffiffiffiffiffiffiffi
2eB

p ½ðzaysþ þ �zas�Þ;�aya�
¼ ffiffiffiffiffiffiffiffiffi

2eB
p fzaysþ � �zas�g; (29)

and

½2MĤ; s0� ¼
ffiffiffiffiffiffiffiffiffi
2eB

p ½ðzaysþ þ �zas�Þ; s0�
¼ ffiffiffiffiffiffiffiffiffi

2eB
p f�zaysþ þ �zas�g: (30)

Moreover, ½Ĥ; byb� ¼ 0. Then, for given values of 	, j

and nb, we can give the following development for the Ĥ’s
eigenvectors,

jc E;j;nbi ¼
X

n�m¼nb�j

Cn;mjn; nb;	;mi: (31)

From Eq. (22), one straightforwardly gets the recursion
relation for the coefficients

hn; nb;	;mj2MðĤ� EÞjc E;j;nbi
¼ f2eBðnþ 1=2Þ � 2MðE� �mÞ þ �zzðm2 � 	ÞgCn;m

þ z
ffiffiffiffiffiffiffiffiffi
2eB

p ffiffiffi
n

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm� 1Þ � 	

p
Cn�1;m�1

þ �z
ffiffiffiffiffiffiffiffiffi
2eB

p ffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðmþ 1Þm� 	
p

Cnþ1;mþ1

¼ 0; (32)

where m ¼ j� nb þ n.
Notice that, for z ¼ 0, this recurrence gives immediately

the usual Landau levels,

Cn;m½eBðnþ1=2Þ�ME�¼0)E¼eB

M

�
nþ1

2

�
: (33)

It is not evident how to solve the recurrence in Eq. (32)
in the general case. This problem simplifies, for example,
for the case of a unitary irrep in the discrete series (see the
Appendix), with 	 ¼ kðk� 1Þ and m � �k, where k is a
positive integer or half-integer, since in this case the right-
hand side of Eq. (31) reduces to a finite sum. Indeed,

m¼ j�nbþn��k)0�n�nb�j�k; (34)

which requires that j� nb � �k in order to have a non-
trivial solution.

In this case we have

jc E;j;nbi ¼
Xnb�k�j

n¼0

Cn;j�nbþnjn; nb; kðk� 1Þ; j� nb þ ni;

(35)

and the eigenvalues problem reduces to a matricial one.
Notice that the eigenvalues depend on j and nb only
through the difference J :¼ j� nb, which gives rise to
the infinite degeneracy characteristic of the Landau
problem.

On the contrary, for an irrep of the discrete series with
m ¼ j� nb þ n � k, then n � k� jþ nb and one must
determine a whole series.

If, for example, we take j� nb ¼ �1=2 and m � �k
for the irrep with k ¼ 1=2, we have a unique nontrivial
solution with n ¼ 0 and m ¼ � 1

2 ,

jc E0;nb�1
2;nb

i ¼ C0;�1
2

��������0; nb;� 1

4
;� 1

2

	
; with

E0 ¼ eB

M

�
1

2

�
� �

2
� �zz

4M
;

(36)

with an infinite degeneracy in the index nb ¼ 0; 1; 2; . . . In
this case, the noncommutativity of the phase space pro-
duces a negative shift in the energy of the fundamental
Landau level.
For the same irrep and with j� nb ¼ � 3

2 , the solutions

belong to a two-dimensional subspace (for each nb) con-
taining the independent eigenvectors

jc E1;nb�3
2;nb

i ¼
�
1þM�

eB
þOðz2Þ

���������0; nb;� 1

4
;� 3

2

	

�
�

zffiffiffiffiffiffiffiffiffi
2eB

p þOðz2Þ
���������1; nb;� 1

4
;� 1

2

	

jc E0
1
;nb�3

2;nb
i ¼

�
�zffiffiffiffiffiffiffiffiffi
2eB

p þOðz2Þ
���������0; nb;� 1

4
;� 3

2

	

þ ð1þOðz2ÞÞ
��������1; nb;� 1

4
;� 1

2

	
(37)

corresponding to eigenvalues which are more involved
functions of the noncommutativity parameters and up to
quadratic order in jzj reduce to

E1 ¼ Be

M

�
1

2

�
� 3�

2
þ 3�zz

4M
þOðz3Þ;

E0
1 ¼

Be

M

�
1þ 1

2

�
� �

2
þ 3�zz

4M
þOðz3Þ;

(38)

again degenerated in the index nb. Then, here we also find
an Oðz2Þ shift from the first Landau levels in the normal
commutative plane.
Similarly, for j� nb ¼ � 5

2 the eigenvalues (degenerate

in nb) up to quadratic order in jzj are

E2 ¼ Be

M

�
1

2

�
� 5�

2
þ 5�zz

4M
þOðz3Þ;

E0
2 ¼

Be

M

�
1þ 1

2

�
� 3�

2
þ 9�zz

4M
þOðz3Þ;

E00
2 ¼ Be

M

�
2þ 1

2

�
� �

2
þ 5�zz

4M
þOðz3Þ:

(39)

B. The spectrum in perturbation theory

1. Small jzj
In order to explain the structure of this spectrum we will

use perturbation theory for small values of the noncommu-
tativity parameters. For convenience, we take as unper-
turbed Hamiltonian H0 and perturbation V the operators
given by
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2MH0 ¼ 2eB

�
ayaþ 1

2

�
þ 2M�s0 þ �zzðs02 � s2Þ;

2MV ¼ ffiffiffiffiffiffiffiffiffi
2eB

p fzaysþ þ �zas�g:
(40)

Since H0 commutes with L0, s0 and byb, the unper-
turbed eigenvectors and eigenvalues are given by

�n;nb;m ¼ jn; nbi � j	;mi; H0�n;nb;m ¼ Eð0Þ
n;m�n;nb;m;

Eð0Þ
n;m ¼ 1

2M

�
2eB

�
nþ 1

2

�
þ 2M�mþ �zzðm2 � 	Þ

�
;

(41)

degenerated in the index nb.
Since V commutes with byb, the first order corrections

to the eigenvalues in perturbation theory are simply
given by

Eð1Þ
n;m ¼ ð�n;nb;m; V�n;nb;mÞ ¼ 0; (42)

and are all vanishing.
The second order corrections are given by

Eð2Þ
n;m ¼ X0

n0;m0

jð�n0;m0;nb ; V�n;m;nbÞj2
Eð0Þ
n;m � Eð0Þ

n0;m0
; (43)

where the term with n0 ¼ n ym0 ¼ m is excluded from the
series. From (40), we get

ð�n0;nb;m0 ;2MV�n;nb;mÞ
¼ ffiffiffiffiffiffiffiffiffi

2eB
p

z
ffiffiffiffiffiffiffiffiffiffiffi
nþ1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðmþ1Þ�	

p
�n0;nþ1�m0;mþ1

þ ffiffiffiffiffiffiffiffiffi
2eB

p
�z
ffiffiffi
n

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm�1Þ�	

p
�n0;n�1�m0;m�1; (44)

from which it follows that

Eð2Þ
n;m¼�1

2M

jzj2ðnþ1Þ½mðmþ1Þ�	�
1þM�

eB þ jzj2
2eBð2mþ1Þ

þ 1

2M

jzj2n½mðm�1Þ�	�
1þM�

eB þ jzj2
2eBð2m�1Þ

¼�jzj2
2M

f2nmþ½mðmþ1Þ�	�gþOðjzj3Þ: (45)

Then, up to second order in jzj, we get for the
eigenvalues

En;m ¼ eB

M

�
nþ 1

2

�
þ �mþ jzj2

2M
ðm2 � 	Þ

� jzj2
2M

f2nmþ ½mðmþ 1Þ � 	�g þOðjzj3Þ

¼ eB� jzj2m
M

�
nþ 1

2

�
þ �mþOðjzj3Þ; (46)

for any unitary irrep of SLð2;RÞ. Notice that, at this
order and for each m, these are the Landau levels for an
effective magnetic field linearly dependent on m, rigidly

shifted by the �m term. Notice also that the dominant
term in the � parameter is quadratic.
For example, considering again the unitary irrep of the

discrete series with k ¼ 1
2 and m � �k we get (up to

Oðjzj3Þ terms)

E0;�1
2
¼ eBþ jzj2

2

M

�
1

2

�
� �

2
;

E0;�3
2
¼ eBþ 3jzj2

2

M

�
1

2

�
� 3�

2
;

E0;�5
2
¼ eBþ 5jzj2

2

M

�
1

2

�
� 5�

2
; � � �

E1;�1
2
¼ eBþ jzj2

2

M

�
1þ 1

2

�
� �

2
;

E1;�3
2
¼ eBþ 3jzj2

2

M

�
1þ 1

2

�
� 3�

2
;

E1;�5
2
¼ eBþ 5jzj2

2

M

�
1þ 1

2

�
� 5�

2
; � � �

E2;�1
2
¼ eBþ jzj2

2

M

�
2þ 1

2

�
� �

2
;

E2;�3
2
¼ eBþ 3jzj2

2

M

�
2þ 1

2

�
� 3�

2
;

E2;�5
2
¼ eBþ 5jzj2

2

M

�
2þ 1

2

�
� 5�

2
; � � �

(47)

in complete agreement with Eqs. (38) and (39).

2. Large jzj
We will also consider the large NC parameters limit in

perturbation theory. So, we now take as unperturbed
Hamiltonian the operator

H 0 :¼ �zz

2M
ðs02 � s2Þ (48)

and as perturbation

V :¼ �s0 þ
ffiffiffiffiffiffiffiffiffi
2eB

p
2M

ðzaysþ �zas�Þ þ eB

M

�
ayaþ 1

2

�
: (49)

The eigenvectors and eigenfunctions of H 0 are given by

�n;nb;m
:¼ jn; nbi � j	;mi; Eð0Þ

n;m ¼ �zz

2M
ðm2 � 	Þ;

(50)

which depend only on m and are degenerate in n and nb.
Since bothH 0 andV commute with byb, we can refer

to the subspace with definite nb, and consider only the
degeneracy in n. The first order correction to the eigenval-
ues in perturbation theory are given by the matrix elements
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ð�n0;nb;m;V�n;nb;mÞ ¼ �n0;n

�
�mþ eB

M

�
nþ 1

2

��
; (51)

which are already diagonal in n.
The (OðjzjÞ) second term in the right-hand side of

Eq. (49) contributes at second order of perturbation theory
with an OðeBMÞ correction. Then,

E n;m ¼ �zz

2M
ðm2 � 	Þ þ �mþO

�
eB

M

�
: (52)

Then, one sees that the noncommutativity parameters
appear as a typical energy scale for the separation of
successive series of Landau levels. For jzj=M � 1, only
the states with the minimum value of m2 will manifest at
low energies.

IV. DIRAC PARTICLES

The Dirac equation in 2þ 1-dimensions is

ð{
�@� �MÞ� ¼ 0; (53)

where we take


0 ¼ 3; 
1 ¼ �{2; 
2 ¼ {1; (54)

which satisfy ½
�; 
�� ¼ 2g�� with ðg��Þ ¼
diagð1;�1;�1Þ. From (53) we get the Hamiltonian H ¼
�ipi þM�, where �1 ¼ �1, �2 ¼ �2 and � ¼ 3.

In the presence of an external electromagnetic field,
minimal coupling requires to change p� ! p� � eA�.

So, the Hamiltonian becomes

H ¼ �iðpi � eAiÞ � eA0 þM�: (55)

We consider again a constant magnetic field perpendicu-
lar to the plane of the system. Then, we take again A0 ¼ 0
and AiðxÞ ¼ � B

2 �ijx
j, obtaining

H ¼ �1

ffiffiffiffiffiffi
eB

p
qþ �2

ffiffiffiffiffiffi
eB

p
pþM�

¼ M � ffiffiffiffiffiffiffiffiffi
2eB

p
ay

� ffiffiffiffiffiffiffiffiffi
2eB

p
a �M

 !
; (56)

in terms of the operators defined in Eqs. (9) and (12).
Taking into account that

½H;L0� ¼ ½H; byb� aya� ¼ ffiffiffiffiffiffiffiffiffi
2eB

p 0 �ay

a 0

 !
(57)

and

½H;3� ¼ � ffiffiffiffiffiffiffiffiffi
2eB

p ½ayþ þ a�; 3�

¼ 2
ffiffiffiffiffiffiffiffiffi
2eB

p 0 ay
�a 0

� �
; (58)

we conclude that H commutes with J0 :¼ L0 þ 3

2 .

Consequently, we can write the eigenvectors ofH and J0 as

c n;nb ¼
C1jn; nbi

C2jn� 1; nbi

 !
; (59)

with n � 1. Indeed, we have

J0c n;nb ¼
C1

�
L0 þ 1

2

�
jn; nbi

C2

�
L0 � 1

2

�
jn� 1; nbi

0
BBB@

1
CCCA ¼ j0c n;nb ; (60)

with eigenvalue j0 ¼ nb � nþ 1
2 .

On the other hand, ðH � EÞc n;nb ¼ 0 implies that

M� E � ffiffiffiffiffiffiffiffiffiffiffiffi
2eBn

p

� ffiffiffiffiffiffiffiffiffiffiffiffi
2eBn

p �ðMþ EÞ

 !
C1

C2

 !
¼ 0

0

 !
: (61)

Nontrivial solutions require that

E2 �M2 � 2eBn ¼ 0 ) E�;n ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 2eBn

p
; (62)

and

C2 ¼ E�;n �Mffiffiffiffiffiffiffiffiffiffiffiffi
2eBn

p C1; (63)

both independent of nb. Then, the eigenvectors are

c�;n;nb ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2eBn

p jn; nbi
½�M�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 2eBn

p
�jn� 1; nbi

 !
; (64)

with n � 1, degenerate in the index nb.
There is another solution for n ¼ 0, given by

c 0;nb ¼
j0; nbi

0

 !
; (65)

with j0 ¼ nb þ 1=2 and E0 ¼ M, also degenerate in nb.

A. Extension to the noncommutative space

We adopt as Hamiltonian of this system the Hermitian
operator

Ĥ ¼ �iðp̂i � eAiðx̂ÞÞ þ �s0 þM�

¼ H � 1þ �ð�i � si þ 12 � s0Þ � �
eB

2
�ij�i � sj;

(66)

where the term ð�12 � s0Þ comes from the shift of p0 in
Eq. (3). This Hamiltonian can also be written as

Ĥ¼H�1þ�1�s0�z��sþ� �zþ�s�; (67)

where � ¼ 1�{2

2 , s� :¼ s1 � {s2 [see Eq. (A10)].

This Hamiltonian has a symmetry generated by

J :¼
�
L0 þ 1

2
3

�
� 1þ 12 � s0: (68)

Indeed [see Eq. (A11)],
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½J; Ĥ� ¼ � z

2
½3; �� � sþ � �z

2
½3; þ� � s�

� z� � ½s0; sþ� � �zþ � ½s0; s�� ¼ 0: (69)

Moreover, ½byb; Ĥ� ¼ 0. Then, the energy eigenvalues
are also degenerate in nb.

Given a unitary irrep of SLð2;RÞ, we can choose a
complete system of orthogonal vectors in the subspace of
the Hilbert space characterized by given values of nb y j
(the eigenvalue of J) as8>>>><

>>>>:
c n;" ¼

jn; nbi
0

 !
�
��������	; j� nb � 1

2 þ n

	
;

c n;# ¼
0

jn; nbi

 !
�
��������	; j� nb þ 1

2 þ n

	
:

(70)

Indeed, in both cases, the eigenvalue of J is
ðnb � n� 1

2Þ þ ðj� nb 	 1
2 þ nÞ ¼ j.

Let us point out that

½ðH � EÞ � 1þ �12 � s0�c n;"

¼
�
M� Eþ �

�
j� nb � 1

2
þ n

��
c n;"

� ffiffiffiffiffiffiffiffiffiffiffiffi
2eBn

p
c n�1;#; (71)

and

½ðH � EÞ � 1þ �12 � s0�c n;#

¼
�
�M� Eþ �

�
j� nb þ 1

2
þ n

��
c n;#

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eBðnþ 1Þp

c nþ1;": (72)

Moreover,

� � sþc n;" ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj� nb þ nÞ2 �

�
	þ 1

4

�s
c n;#; (73)

and

þ � s�c n;# ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj� nb þ nÞ2 �

�
	þ 1

4

�s
c n;"; (74)

while

þ � s�c n;" ¼ 0 ¼ � � sþc n;#: (75)

If we propose the following development for the
Hamiltonian eigenvectors,

� ¼ X1
n¼0

ðCnc n;" þDnc n;#Þ

¼ X1
n¼0

Cnjn; nbi � j	; j� nb � 1
2 þ ni

Dnjn; nbi � j	; j� nb þ 1
2 þ ni

 !
; (76)

the condition ðĤ� EÞ� ¼ 0 straightforwardly leads to the
recurrence relations

8>>>><
>>>>:
Cn

�
M� Eþ �

�
j� nb � 1

2 þ n

��
�Dn�1

ffiffiffiffiffiffiffiffiffiffiffiffi
2eBn

p �Dn �z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj� nb þ nÞ2 �

�
	þ 1

4

�s
¼ 0;

Dn

�
�M� Eþ �

�
j� nb þ 1

2 þ n

��
� Cnþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eBðnþ 1Þp � Cnz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj� nb þ nÞ2 �

�
	þ 1

4

�s
¼ 0;

(77)

for n � 0 and where D�1 :¼ 0. Notice that the solution

depends on j and nb only through the difference j� nb.
It is easy to verify that the limit �, � ! 0 reproduces the

results in Eqs. (62), (64), and (65).
The problem of getting the Hamiltonian eigenvectors

appears to be more difficult than in the case of Schrödinger

particles. But, as before, for certain unitary irrep’s of

SLð2;RÞ it reduces to a matricial eigenvalue problem.
Indeed, if we consider again an irrep of SLð2;RÞ in

the discrete series, characterized by 	 ¼ kðk� 1Þ and
m � �k, one can see that m ¼ j� nb þ n� 1

2 � �k )
0 � n � nb � j� kþ 1

2 .

For example, taking k ¼ 1
2 with j� nb ¼ 0 we simply

get

C0

�
�E� �

2
þM

�
¼ 0: (78)

Then, E ¼ M� �
2 and �
 c 0;".

For j� nb ¼ �1, the eigenvalues are the zeroes of the
determinant����������������
� 3�

2 þM� E 0 ��z

0 � �
2 þM� E � ffiffiffiffiffiffiffiffiffi

2Be
p

�z � ffiffiffiffiffiffiffiffiffi
2Be

p � �
2 �M� E

����������������
¼ 0;

(79)

which have a rather involved expression as roots of a
polynomial of degree 3.
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B. The spectrum in perturbation theory

1. Small jzj
In order to explain the structure of the spectrum for

small noncommutative parameters we will use again per-
turbation theory. We take H0 :¼ H � 1þ �1 � s0 as the
unperturbed Hamiltonian and V :¼�z��sþ� �zþ�s�
as the perturbation.

Since H0 commutes with ðL0 þ 1
23Þ and with s0, we

can take as unperturbed normalized eigenvectors and
eigenvalues

�0;nb;m¼ j0;nbi
0

 !
�j	;mi; Eð0Þ

0;m¼Mþ�m;

��;n;nb;m¼C�;n

ffiffiffiffiffiffiffiffiffiffiffiffi
2eBn

p jn;nbi
½M	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2þ2eBn

p
�jn�1;nbi

 !
�j	;mi;

Eð0Þ
�;n;m¼�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2þ2eBn

p
þ�m; (80)

degenerate in nb 2 N [ f0g, with

C�;n ¼ f2ðM2 þ 2eBnÞ 	 2M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 2eBn

p
g�1

2: (81)

Since ½byb; V� ¼ 0, we can refer to the subspace with a
given nb. Then, the first order corrections to the energies in
perturbation theory are all vanishing. Indeed, they are
simply given by

ð�0;nb;m; V�0;nb;mÞ ¼ 0 ¼ ð��;n;nb;m; V��;n;nb;mÞ: (82)

On the other hand,

ð�s0;n0;nb;m0 ;V�0;nb;mÞ¼��n0;1�m0;mþ1zCs0;n0

�
h
M�s0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2þ2eB

p i
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðmþ1Þ�	

p
;

Eð0Þ
0;m�Eð0Þ

s0;n0;m0 ¼M�s0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2þ2eBn0

p
þ�ðm�m0Þ

(83)

and

ð�s0;n0;nb;m0 ; V�s;n;nb;mÞ ¼ �Cs0;n0Cs;nf�n0;nþ1�m0;mþ1z½M� s0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 2eBðnþ 1Þ

q
� ffiffiffiffiffiffiffiffiffiffiffiffi

2eBn
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mðmþ 1Þ � 	
p

þ �n0;n�1�m0;m�1 �z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eBðn� 1Þ

p
½M� s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 2eBn

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm� 1Þ � 	

p
g;

Eð0Þ
s;n;m � Eð0Þ

s0;n0;m0 ¼ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 2eBn

p
� s0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 2eBn0

p
þ �ðm�m0Þ: (84)

From Eqs. (83) and (84) one can easily compute the (Oðjzj2Þ) second order corrections to the energies.
Therefore, for any irrep of SLð2;RÞ and to first order in jzj, the energy eigenvalues are given in Eq. (80). Notice that, as

in the the case of Schrödinger particles, they show a shift linear inm and they do not depend on � at first order. This is also
in agreement with Eqs. (78) and (79), up to Oðjzj2Þ terms.

2. Large jzj
In the large jzj limit, we take as unperturbed Hamiltonian the operator

H 0 :¼ �1 � s0 � z� � sþ � �zþ � s� (85)

and as the perturbation

V :¼ H � 1 ¼ M3 � 1� ffiffiffiffiffiffiffiffiffi
2eB

p ½ayþ þ a�� � 1: (86)

Since ½H 0;
1
23 þ s0� ¼ 0, one can see that the normalized eigenvectors of H 0 are given by

�n;nb;j;� ¼ jn; nbi �
c1ðj;�Þ

��������	; j� 1
2

	
c2ðj;�Þ

��������	; jþ 1
2

	
0
BB@

1
CCA; (87)

where j is the eigenvalue of ð123 þ s0Þ and

c1ðj;�Þ ¼ �
ffiffiffi
2

p
�z

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½j2 � ð	þ 1

4Þ�
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4
½j2 � ð	þ 1

4Þ� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4
½j2 � ð	þ 1

4Þ�
qr ;

c2ðj;�Þ ¼ 2Eð0Þ
j;� þ �ð1� 2jÞ

ffiffiffi
2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4
½j2 � ð	þ 1

4Þ� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4
½j2 � ð	þ 1

4Þ�
qr ;

(88)
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with 
 :¼ �zz=�2 and Eð0Þ
j;� the corresponding eigenvalues,

Eð0Þ
j;� :¼�

0
@j� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4


�
j2 �

�
	þ 1

4

��s 1
A; (89)

degenerate in the indices n and nb.
The corrections to the energies at first order in perturba-

tion theory get contributions from the first term in the right-
hand side of Eq. (86) only and are determined by the matrix
elements

E ð1Þ
j;� ¼ ð�n0;n0

b
;j;�;V�n;nb;j;�Þ

¼ M�n0;n�n0
b
;nbfjc1ðj;�Þj2 � jc2ðj;�Þj2g

¼ 	Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4
½j2 � ð	þ 1

4Þ�
q �n0;n�n0

b
;nb ; (90)

which are already diagonal.
It can be easily seen that the the second order corrections

in perturbation theory get an OðM2=jzjÞ contribution from
the first term in the right-hand side of Eq. (86) and
OðeB=jzjÞ contributions from the second term in the right
hand side of that equation.

Then, also in this model the noncommutativity parame-
ters appear as a typical energy scale for the separation of
successive series of Landau levels and, at low energies, only
the states with the minimum value of j would manifest.

V. CONCLUSIONS

In this article we have considered models of Schrödinger
and Dirac particles living in a space-time with a nonstan-
dard noncommutativity, both in coordinates and momenta.
This noncommutativity was induced by deforming the
canonical commutators by terms proportional to the gen-
erators in a unitary irreducible representation of the
Lorentz group in the (2þ 1)-dimensional Minkowski
space, isomorphic to SLð2;RÞ=Z2. Since this is a non-
compact Lie group, its unitary irrep’s are not of finite
dimension.

Taking into account that SLð2;RÞ is a three-dimensional
Lie group, we have realized this deformation of the
Heisenberg algebra by shifting canonical coordinates and
momenta with terms proportional to the generators in the
unitary irrep considered, a kind of non-Abelian Bopp’s
shift. In particular, the shift in momenta can also be inter-
preted as the introduction of a non-Abelian magnetic field.

Consequently, the number of dynamical variables is
enlarged and the Hilbert space gets the structure of a direct
product, one factor for the state vectors of the ordinary
system in the normal space and the other for the component
of the state vectors in the representation space of this irrep
of SLð2;RÞ.

We have shown that total generators of the Lorentz
transformations can be constructed which correctly trans-
form all the operators, thus realizing the Lie algebra

slð2;RÞ on the Hilbert space of the quantum-mechanical
system.
In this framework, we have considered modified

Hamiltonians obtained through this non-Abelian Bopp’s
shift of the dynamical variables from the Hamiltonians of
the Landau problem for both Schrödinger and Dirac parti-
cles. We have analyzed these models for both discrete and
continuous classes of irrep’s of slð2;RÞ. In general, the
eigenvalue problem leads to an infinite recursion relation
for the coefficients in the development of the eigenvectors
in terms of a conveniently chosen bases of the Hilbert
space, although for certain irrep’s it reduces to a matricial
problem. The spectrum of these models have been studied
also in perturbation theory, both for small and large non-
commutativity parameters z ¼ �þ {� eB

2 .

In the case of a Schrödinger particle, Eq. (46) shows that
for small jzj and for any irrep of SLð2;RÞ there is a series
of Landau levels, one for each eigenvalue m of s0, rigidly
shifted by a term proportional tom and with a second order
correction to the effective magnetic field. On the other
hand, in the limit of large jzj Eqs. (52) and (51) show
that the noncommutativity parameters appear as a typical
energy scale for the separation of successive series of
Landau levels and that, at low energies, only the Landau
levels with the minimum value of m2 manifest. Similar
conclusions have been obtained for the model of a Dirac
particle.
Let us mention that, contrary to the case of conventional

NC quantum mechanics, we have found no constraint
between the parameters referring to noncommutativity in
coordinates and momenta. Rather, with a nonvanishing
magnetic field B, both � and � play a similar role (although
there are no linear in � contributions to the eigenvalues).
Notice that the structure of the Hilbert space as a direct

product leads, in the jzj ! 0 limit, to an infinite degeneracy
additional to the usual degeneracy of the Landau problem.
In this sense, the noncommutative models here considered
do not reduce to the original ones in this limit. Indeed, the

modified Hamiltonian Ĥ takes the form H � 1irrep in this

limit, being then diagonal in the factor space of the repre-
sentation of the group. Therefore, these models do not
correspond to just a smooth deformation of the commuta-
tive ones. On the other hand, as previously mentioned, in
the jzj ! 1 limit only the lowest excitations in this addi-
tional factor of the Hilbert space would be detected in the
low energy limit, with no evidence of the higher levels.
It is worthwhile to remark that the representation space

of the unitary irrep’s of SLð2;RÞ can be explicitly realized
in terms of spaces of square-integrable functions: functions
defined on the unit circle for the continuous classes of
irrep’s and analytic functions on the unit open disk for
the discrete classes of irrep’s, as discussed in the
Appendix. Therefore, the examples studied in this article
can also be considered as equivalent to models of quantum
mechanical particles living in a space with an additional
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compact dimension, with the parameter � playing the role
of the inverse of a typical length. Indeed, the non-Abelian
Bopp’s shift in Eq. (3) leads to a description of these
systems in terms of the usual phase-space variables of a
(commutative) (2þ 1)-dimensional space plus the gener-
ators of an irrep of SLð2;RÞ, which are the dynamical
variables adequate to describe its behavior in this addi-
tional dimension.
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APPENDIX: THE LORENTZ GROUP
IN 1þ 2-DIMENSIONS

The Lorentz group in (1þ 2)-dimensional Minkowski
space [33–35], M3, can be defined as the set of real linear
transformations of x ¼ ðx0; x1; x2Þ, x0 ¼ Lx, which leaves
invariant the interval

s2 ¼ xt�x ¼ xtLt�Lx; (A1)

for all x, where the metric ð���Þ ¼ diagðþ1;�1;�1Þ.
This means that

Lt�L ¼ � ) ðdetLÞ2 ¼ 1 and ���L
�
�L

�
� ¼ ���:

(A2)

Then,

detL ¼ �1 and L0
0 � 1 or L0

0 � �1: (A3)

The connected part of the Lorentz group (the one

containing the identity 13), L
"
þ, corresponds to the sub-

group of transformations with detL ¼ 1 and L0
0 � 1. The

other cosets of the group are obtained fromL"
þ through the

multiplication by the parity (P :¼ diagðþ1; �1; þ1Þ)
and/or t ime-reversal (T :¼ diagð�1; þ1; þ1Þ)
transformations.

It is easy to see thatL"
þ � SLð2;RÞ=Z2. Indeed, one can

establish a one-to-one correspondence between M3 and
the space of real symmetric 2� 2 matrices through the
relation

ðxÞ :¼x012 þ x13 þ x21

¼ x0 þ x1 x2

x2 x0 � x1

 !

¼ðxÞt; (A4)

where 1 and 3 are the two real Pauli matrices.
Within this representation of Minkowski space, the in-

terval is expressed as detðxÞ¼ ðx0Þ2�ðx1Þ2�ðx2Þ2¼ s2.
Then, the Lorentz transformations are realized as ðxÞ !
�ðxÞ�t with real matrices � such that det� ¼ �1.
These conditions define a Lie group whose connected
part containing the identity 12 is SLð2;RÞ [isomorphic to
SUð1; 1Þ].
Moreover, since the elements in the center of the group,

f12;�12g � Z2, correspond to the same Lorentz transfor-
mation, we conclude that there exists a homomorphism

�: SLð2;RÞ ! L"
þ which apply fþU;�Ug ! L.

The elements in SLð2;RÞ can be written as

� ¼ aþ c bþ d

�bþ d a� c

 !
; with

a2 þ b2 ¼ 1þ c2 þ d2 � 1:

(A5)

These elements can be parametrized as

c ¼ sinh� cos�; d ¼ sinh� sin�;

a ¼ cosh� cos
; b ¼ cosh� sin
;
(A6)

with � 2 R and �, 
 2 ½0; 2�Þ. Therefore, SLð2;RÞ is a
noncompact multiply connected three-dimensional Lie
group. As a consequence, the unitary irreducible represen-
tations of SLð2;RÞ are not of finite dimension.
Writing the elements of SLð2;RÞ as � ¼ e{A, one can

see that a basis of the Lie algebra slð2;RÞ can be chosen as
the set of matrices fX0 :¼ � 1

22; X1 :¼ {
21; X2 :¼ {

23g,
which satisfy the commutation relations

½X�; X�� ¼ �{���	X
	; (A7)

where X� ¼ ���X� and ���	 totally antisymmetric with

�012 ¼ 1. X0 generates the rotations on the plane while X1;2

correspond to the boosts in the spatial axis. The quadratic
Casimir invariant is given by

X 2 :¼ ���X�X� ¼ X0
2 � X1

2 � X2
2; (A8)

which commutes with the generators X�.

1. Finite dimensional irrep’s of slð2;RÞ
Since SLð2;RÞ is noncompact, its finite dimensional

irrep’s are not unitary. They can be constructed from the
unitary irrep’s of SUð2Þ in the following way. The genera-
tor of rotations, X0, is Hermitian in any irrep and can be
chosen as X0 ! J3. Then, the other two generators are anti-
Hermitian and can be taken as X1 ! �{J2 y X2 ! {J1,
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where the Ji, i ¼ 1, 2, 3 are the generators of the unitary
j-irrep of suð2Þ.

The (2jþ 1)-dimensional space representation is
generated by the basis of vectors fjj;mi; m ¼ �j;
�jþ 1; � � � ; j� 1; jg, and the Casimir operator reduces
to X2 ¼ J3

2 � ð�{J2Þ2 � ð{J1Þ2 ¼ J2 ¼ jðjþ 1Þ1, where
jðjþ 1Þ � 0.

But, as previously discussed, we need the unitary repre-
sentations of SLð2;RÞ, which are considered in the next
section.

2. Unitary irrep’s of slð2;RÞ
The unitary irrep’s of slð2;RÞ are infinite-dimensional

[33]. They are generated by Hermitian operators X�¼X�
y

satisfying the commutation relations in Eq. (A7). In this
case, the Casimir invariant can also take negative values.

Since ½X�;X
2� ¼ 0, let us consider a simultaneous nor-

malized eigenvector of X2 and X0,

X 2j	;mi ¼ 	j	;mi; X0j	;mi ¼ mj	;mi; (A9)

where 	 2 R and m takes integer or half-integer values.
If we define

X� :¼ X1 � {X2; with X�y ¼ X	; (A10)

we get

½X0; X�� ¼ �X�; ½Xþ; X�� ¼ �2X0: (A11)

Then,

X0ðX�j	;miÞ ¼ X�ðX0 � 1Þj	;mi ¼ ðm� 1ÞðX�j	;miÞ;
X2ðX�j	;miÞ ¼ 	ðX�j	;miÞ: (A12)

Taking into account that

X�X	 ¼ X0ðX0 	 1Þ �X2; (A13)

we conclude that

kX	j	;mi k2¼h	;mjX�X	j	;mi¼mðm	1Þ�	�0:

(A14)

Therefore, ðm	 1
2Þ2 � 	þ 1

4 . Two cases should be con-

sidered [33]: 	þ 1
4 � 0 and 	þ 1

4 < 0, which give rise to

the so-called discrete and continuous classes of unitary
irrep’s, respectively.

a. Discrete classes: 	þ 1
4 �0

Let us write 	 ¼ kðk� 1Þ with1 k � 1
2 . Then, 	þ 1

4 ¼ðk� 1
2Þ2 � 0. Then, we have either m � k or m � �k.

From (A14) it follows that the existence of a vector with,
respectively, a minimum or a maximum eigenvalue m0

requires that

m0ðm0 	 1Þ � kðk� 1Þ ¼ ðm0 	 kÞðm0 � ðk� 1ÞÞ ¼ 0

) m0 ¼ �k; respectively: (A15)

Therefore, in these irrep’s also k takes integer or half-
integer values, k ¼ 1

2 ; 1;
3
2 ; � � � (which justifies the name

of discrete assigned to these two classes).
The subsequent application on these vectors of Xþ and

X�, respectively, generates an infinite sequence of eigen-
vectors of X0 corresponding to the eigenvalues m ¼ kþ n
or m ¼ �k� n, respectively, with n 2 N [ f0g.
These irrep’s can be explicitly realized on a space of

analytic functions of a complex variable which are regular
on the open unit circle [33,35]. Indeed, let us consider the
Hilbert space defined by the set of functions fðzÞ analytic
on the open disk M :¼ fz 2 C: jzj< 1g with the scalar
product

ðfðzÞ; gðzÞÞk :¼ 2k� 1

�

Z
M

dzd�z

2{
½1� �zz�2ðk�1ÞfðzÞgðzÞ

¼ 2k� 1

2�

Z 2�

0
d�

Z 1

0
dr2½1� r2�2ðk�1Þ

� fðre{�Þgðre{�Þ; (A16)

with k > 1
2 . This definition can be extended to k ¼ 1

2 as [33]

ðfðzÞ; gðzÞÞ1=2 :¼ lim
k!1

2þ
2k� 1

�

Z
M

dzd�z

2{

� ½1� �zz�2ðk�1ÞfðzÞgðzÞ: (A17)

An orthonormal and complete basis of this space can be
constructed as�

hlðzÞ :¼
�

�ð2kþ lÞ
�ð2kÞ�ðlþ 1Þ

�1
2
zl; l ¼ 0; 1; 2; . . .

�
(A18)

and it can be shown that, for any square-integrable function
in this space, the series fðzÞ ¼ P1

l¼0 clhlðzÞ also con-

verges in a pointwise sense and fðzÞ is regular on the
open disk M [33].
It can be straightforwardly verified that the differential

operators [33]

X0 :¼ z@zþk; Xþ :¼�z2@z�2kz; X� :¼�@z

(A19)

are a realization of the generators of slð2;RÞ in Eq. (A11)
and their Hermitian conjugates in this space satisfy

Xy
0 ¼ X0 and Xy

� ¼ X	.
Moreover,

X0hlðzÞ ¼ mhlðzÞ with m ¼ lþ k; l ¼ 0; 1; 2; . . .

(A20)

and

X 2 ¼ 	1; with 	 ¼ kðk� 1Þ; (A21)

which corresponds to a unitary irrep with a minimal
eigenvalue for X0, m0 ¼ k, with k ¼ 1

2 ; 1;
3
2 ; . . .

1The case 0 � k < 1
2 can be mapped onto the one considered

through the change k0 ¼ 1� k > 1
2 , since k

0ðk0 � 1Þ ¼ kðk� 1Þ.
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A unitary irrep with a maximal eigenvalue for the
rotations generator is obtained by taking on the same
space [33]

X0
0
:¼� X0 ¼ �z@z � k; X0þ :¼ �X� ¼ @z;

X0� :¼ �Xþ ¼ z2@z þ 2kz;
(A22)

with 	 ¼ kðk� 1Þ and m ¼ �k;�k� 1;�k� 2; . . .

b. Continuous classes: 	þ 1
4 < 0

In this case we write 	 ¼ kðk� 1Þ with k ¼ 1
2 þ {
 and


 2 R. Then, 	þ 1
4 ¼ �
2 < 0 and the condition in

Eq. (A14) reduces to ðm	 1
2Þ2 � 0>�
2, satisfied for

any integer or half-integer value of m. We take 
 > 0,
which justifies the name of continuous given to these
classes of irrep’s.

In such a way, m is not bounded and takes either all the
integer or all the half-integer values. Moreover, in these
irrep’s the Casimir invariant takes only negative values,
X2 ¼ �ð
2 þ 1

4Þ1.
The unitary representations corresponding to these two

continuous classes can be explicitly realized as a function
space over the unit circle, as discussed in Ref. [33]. Indeed,
let us consider the Hilbert space of function fð�Þ defined
on the closed interval ½0; 2�� with the scalar product
defined with the usual Lebesgue measure

ðfð�Þ; gð�ÞÞ :¼
Z 2�

0
d�fð�Þgð�Þ: (A23)

On this space we define [33]

X0 :¼� {@�; Xþ :¼ e{�
�
{@� � 1

2
� {


�
;

X� :¼ e�{�

�
{@� þ 1

2
þ {


�
;

(A24)

with real 
. It is a straightforward exercise to verify that
these operators satisfy the commutation relations in
Eq. (A11) and its Hermitian conjugate are given by

Xy
0 ¼ X0 and Xy

� ¼ X	 if defined on a domain of

periodic or antiperiodic functions on the interval ½0; 2��.
Moreover,

X 2 ¼ �
�
1

4
þ 
2

�
1: (A25)

Therefore, for any 
 > 0 and adopting periodic bound-
ary conditions, fð2�Þ ¼ fð0Þ, we can take the complete
orthonormal basis�

hmð�Þ :¼ 1ffiffiffiffiffiffiffi
2�

p e{m�;m 2 Z
�

(A26)

and have for these vectors

X0hmð�Þ ¼ mhmð�Þ; with m ¼ 0;�1;�2; . . .

(A27)

On the other hand, if we adopt antiperiodic boundary
conditions, fð2�Þ ¼ �fð0Þ, we can take the complete
orthonormal basis

�
h0mð�Þ :¼ 1ffiffiffiffiffiffiffi

2�
p e{m�;m 2 Zþ 1

2

�
(A28)

having for these vectors

X0h
0
mð�Þ ¼ mh0mð�Þ; with m ¼ � 1

2
;� 3

2
;� 5

2
; . . .

(A29)

[1] H. S. Snyder, Phys. Rev. 71, 38 (1947); 72, 68

(1947).
[2] C. N. Yang, Phys. Rev. 72, 874 (1947).
[3] The literature is vast in this field;for a general review, see

M.R. Douglas and N.A. Nekrasov, Rev. Mod. Phys. 73,
977 (2001).

[4] A. Connes, Noncommutative Geometry (Academic Press,

London, 1994).
[5] A. Connes and M. Marcolli, Colloquium Publications

(American Mathematical Society, Providence, 2008),

Vol. 55.
[6] N. Seiberg and E. Witten, J. High Energy Phys. 09 (1999)

032.
[7] E. Witten, Nucl. Phys. B268, 253 (1986).
[8] I. Hinchliffe, N. Kersting, and Y. L. Ma, Int. J. Mod. Phys.

A 19, 179 (2004).

[9] See, e.g., O. F. Dayi and A. Jellal, J. Math. Phys. (N.Y.) 51,
063522 (2010); C. Bastos, O. Bertolami, N. C. Dias, and

J. N. Prata, arXiv:1207.5820.
[10] J. Bellissard, A. van Elst, and H. Schulz-Baldes, J. Math.

Phys. (N.Y.) 35, 5373 (1994).
[11] M. Green, J. H. Schwarz, and E. Witten, Superstring

Theory (Cambridge University Press, Cambridge, UK,

1987).
[12] J. Polchinski, String Theory (Cambridge University Press,

Cambridge, UK, 1998), Vol. 1–2.
[13] R. J. Szabo, An Introduction to String Theory andD-Brane

Dynamics (Imperial College Press, London, 2004).
[14] A. A. Deriglazov, Phys. Lett. B 530, 235 (2002); 555, 83

(2003); J. High Energy Phys. 03 (2003), 021; B.

Chakraborty, S. Gangopadhyay, and A. Saha, Phys. Rev.

D 70, 107707 (2004); F. G. Scholtz, B. Chakraborty, S.

NONCOMMUTATIVITY IN (2þ 1)-DIMENSIONS AND THE . . . PHYSICAL REVIEW D 86, 105035 (2012)

105035-13

http://dx.doi.org/10.1103/PhysRev.71.38
http://dx.doi.org/10.1103/PhysRev.72.68
http://dx.doi.org/10.1103/PhysRev.72.68
http://dx.doi.org/10.1103/PhysRev.72.874
http://dx.doi.org/10.1103/RevModPhys.73.977
http://dx.doi.org/10.1103/RevModPhys.73.977
http://dx.doi.org/10.1088/1126-6708/1999/09/032
http://dx.doi.org/10.1088/1126-6708/1999/09/032
http://dx.doi.org/10.1016/0550-3213(86)90155-0
http://dx.doi.org/10.1142/S0217751X04017094
http://dx.doi.org/10.1142/S0217751X04017094
http://dx.doi.org/10.1063/1.3442719
http://dx.doi.org/10.1063/1.3442719
http://arXiv.org/abs/1207.5820
http://dx.doi.org/10.1063/1.530758
http://dx.doi.org/10.1063/1.530758
http://dx.doi.org/10.1016/S0370-2693(02)01262-5
http://dx.doi.org/10.1016/S0370-2693(03)00061-3
http://dx.doi.org/10.1016/S0370-2693(03)00061-3
http://dx.doi.org/10.1088/1126-6708/2003/03/021
http://dx.doi.org/10.1103/PhysRevD.70.107707
http://dx.doi.org/10.1103/PhysRevD.70.107707


Gangopadhyay, and A.G. Hazra, Phys. Rev. D 71, 085005
(2005); S. Gangopadhyay and F.G. Scholtz, Phys. Rev.
Lett. 102, 241602 (2009); R. Banerjee, C. Lee, and H. S.
Yang, Phys. Rev. D 70, 065015 (2004); R. Banerjee and
K. Kumar, Phys. Rev. D 72, 085012 (2005); R. Banerjee,
B. Chakraborty, S. Ghosh, P. Mukherjee, and S. Samanta,
Found. Phys. 39, 1297 (2009).

[15] C. E. Carlson and C.D. Carone, Phys. Rev. D 66, 075001
(2002).

[16] R. Banerjee, B. Chakraborty, and K. Kumar, Phys. Rev. D
70, 125004 (2004); A. Iorio, Phys. Rev. D 77, 048701
(2008); R. Banerjee, B. Chakraborty, and K. Kumar, Phys.
Rev. D 77, 048702 (2008); H. Kase, K. Morita, Y.
Okumura, and E. Umezawa, Prog. Theor. Phys. 109, 663
(2003); K. Morita, Y. Okumura, and E. Umezawa, Prog.
Theor. Phys. 110, 989 (2003); C.D. Carone and H. J.
Kwee, Phys. Rev. D 73, 096005 (2006); M.M. Ettefaghi
and M. Haghighat, Phys. Rev. D 75, 125002 (2007); S.
Saxell, Phys. Lett. B 666, 486 (2008).

[17] S. Doplicher, K. Fredenhagen, and J. E. Roberts, Phys.
Lett. B 331, 39 (1994); , Commun. Math. Phys. 172, 187
(1995).

[18] R. Amorim, Phys. Rev. Lett. 101, 081602 (2008); Phys.
Rev. D 78, 105003 (2008); J. Math. Phys. (N.Y.) 50,
022303 (2009);

[19] The literature on deformations of the canonical commu-
tators and its applications is very extensive. Some of the
articles which can be mentioned are G.V. Dunne, J.
Jackiw, and C. Trugenberger, Phys. Rev. D 41, 661
(1990); J. Gamboa, M. Loewe, and J. C. Rojas, Phys.
Rev. D 64, 067901 (2001); V. P. Nair and A. P.
Polychronakos, Phys. Lett. B 505, 267 (2001); M.
Chaichian, M.M. Sheikh-Jabbari, and A. Tureanu, Phys.
Rev. Lett. 86, 2716 (2001); C. Duval and P.A. Horváthy,
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