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Particle creation due to tachyonic instability in relativistic stars

A.G.S. Lzamdulfo,l’>k W.C.C. Lima,l’T G.E.A. Matsas,z’i and D. A. T. Vanzella'*

Unstituto de Fisica de Sdo Carlos, Universidade de Sdo Paulo, Caixa Postal 369, 13560-970 Sdo Carlos, Sdo Paulo, Brazil
2Instituto de Fisica Tedrica, Universidade Estadual Paulista, Rua Dr. Bento Teobaldo Ferraz, 271 - Bloco I,
01140-070 Sdo Paulo, Sdo Paulo, Brazil
(Received 6 August 2012; published 7 November 2012)

Dense enough compact objects were recently shown to lead to an exponentially fast increase of the
vacuum energy density for some free scalar fields properly coupled to the spacetime curvature as a
consequence of a tachyonic-like instability. Once the effect is triggered, the star energy density would be
overwhelmed by the vacuum energy density in a few milliseconds. This demands that eventually geometry
and field evolve to a new configuration to bring the vacuum back to a stationary regime. Here, we show
that the vacuum fluctuations built up during the unstable epoch lead to particle creation in the final
stationary state when the tachyonic instability ceases. The amount of created particles depends mostly on
the duration of the unstable epoch and final stationary configuration, which are open issues at this point.
We emphasize that the particle creation coming from the tachyonic instability will occur even in the
adiabatic limit, where the spacetime geometry changes arbitrarily slowly, and therefore is quite distinct
from the usual particle creation due to the change in the background geometry.
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I. INTRODUCTION

It was recently shown that relativistic stars may become
unstable due to quantum-field effects [1,2]. The so-called
vacuum awakening effect occurs for a free scalar field
@ properly coupled to the spacetime curvature [1]. This
effect is characterized by an exponential point-dependent
increase and decrease of the vacuum expectation value of
the stress-energy-momentum tensor (7',,). This is caused
by a tachyonic-like instability, which induces an exponen-
tial growth of (®%). Once the effect is triggered and the
scalar field exits its initial quiescent regime, few milli-
seconds would be enough for the vacuum to overwhelm
the energy density of the compact object. The star destiny
is presently uncertain because it depends on how scalar
field and spacetime geometry evolve in the unstable phase
to reach a final stable configuration. As recently argued in
Ref. [3], in some cases the appearance of a proper scalar
field could restabilize the star, a phenomenon usually
called spontaneous scalarization [4]. This would typically
change the star gravitational mass by a few percent.
However, depending on how the star enters the unstable
phase, it seems possible that the scalar field does not react
fast enough, leading to some dramatic implosion/explosion
event. Whatever turns out to be the final configuration,
being the star somehow rebalanced or destroyed, the un-
stable phase must be detained and the vacuum must evolve
to some new stationary regime. This observation alone
allows us to extract quite important information about the
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final state of the scalar field as the vacuum “falls asleep™
again. In particular, we show that the vacuum fluctuation
built up during the unstable epoch leads to particle creation
in the final stationary state. The amount of created particles
will depend mostly on the duration of the unstable epoch
and final stationary configuration.

The paper is organized as follows. In Sec. II, we discuss
the quantization procedure for a free scalar field in a curved
spacetime in the presence of tachyonic-like modes. In
Sec. III, we apply the previous-section results to review
the vacuum awakening effect in relativistic stars. In
Sec. IV, we probe the unstable phase using Unruh-DeWitt
detectors. In this period, no natural particle content can be
ascribed to the scalar field and the use of detectors is
particularly useful to investigate the behavior of the vacuum
fluctuation. We show in this section that even assuming a
static spacetime in the unstable phase when the vacuum is
“awake,” particle detectors following orbits of the time-like
isometry will copiously excite. This is possible according to
co-static observers because each detector excitation is
accompanied by a corresponding decrease in the energy
stored in the field due to the excitation of a nonstationary
(tachyonic) mode which contributes with negative energy.
Then, in Sec. V, we show that at least part of the quantum
fluctuations built up in the awaken phase eventually draws to
particle creation as the unstable period ends and the vacuum
falls dormant again. We emphasize that the particle creation
occurs even assuming that the spacetime change is arbi-
trarily slow and, thus, differs, e.g., from the well-known
phenomenon of particle creation in evolving universes in-
duced by the change of the background geometry [5-7].
A toy model is also offered to illustrate in a concrete
scenario the conclusions above. We close the paper with
our final remarks in Sec. VL.

© 2012 American Physical Society
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II. PRELIMINARIES: FREE SCALAR
FIELD QUANTIZATION WITH
TACHYONIC-LIKE MODES

A. Standard field quantization in globally
hyperbolic spacetimes

In this section, we review the standard quantization of
free scalar fields in curved spaces [8,9] giving particular
attention to the case of static spacetimes with tachyonic-
like modes. Let us begin by considering a globally hyper-
bolic spacetime (M, g,;,) foliated with Cauchy surfaces
3., labeled with a parameter t. Now, let us cover the 3,
surfaces with x' (i =1, 2, 3) coordinates satisfying
n“V,x' = 0, where n® is the future-directed unit vector
field normal to X,. In terms of coordinates x = (t, x), we
can write the spacetime line element as

ds? = N*(=di® + h;;(x)dx'dx), (D

where N = N(x) >0 is the lapse function and (3)gi ;=
Nzhij is the three-dimensional spatial metric induced on
each Cauchy surface 3,,.

We define the dynamics of a real scalar field ® with
mass m in (M, g,;,) through the action

S = —% / d*x /=g(V, VD + m>®? + £RD?), (2)
M

where g = det(g,;,) and £ € R determines the nonminimal
coupling between the scalar field and the scalar curvature
R. This leads to the following Klein-Gordon equation:

—V, VD + m>® + ¢RD = 0. 3)

Next, we define the Klein-Gordon inner product between
any two solutions u and v of Eq. (3) as

(, v)gg = i[z d2n[u*V, v — vV, u*], 4

where d2, is the proper-volume element on 3,, and we
recall that Eq. (4) does not depend on the choice of 3,,.
The conjugate-momentum density II(x) is defined as

II1=65/6d= \/<3>gnavaq>, (5)

where “"” = 9, and @ g = det(®g;,). The canonical quan-
tization procedure consists of promotmg field and momen-

tum density to operators & and 11, respectively, satisfying
canonical commutation relations:

(D, x), D, x)]s, = [, %), 1, x)]s, =0, (6)

[D(, %), T1(z, x)]5, = i83(x, x'), @)

where x = (x!, x2, x3).
In order to realize a representation of these commutation
relations, consider positive- and negative-norm solutions
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of Eq. (3), W) and W) = (u(+)) , respectively, which
together form a complete set of normal modes satisfying

- Mf(;))KG =0(a, B), (8

(MH) (/3+))KG = _(ng s

(u”, ulg kg ©)

Here, 6(a, B) is the delta function associated with the
quantum numbers formally described by a, B. Then, we

construct the field operator using {u(, , u(, )} as
b= f du(a)a usy + abul)], (10)

where w is a measure defined on the set of quantum
numbers and in order to satisfy Eqs. (6) and (7), the
annihilation 4, and creation a4 operators must satisfy
the usual commutation relations [d,, &;] = 6(a, B),
[@4, @g] = 0. The vacuum state |0) of this representation

is defined by requiring d,,|0) = 0 for all o.

B. Quantum fields in static spacetimes

Now, we restrict our analysis to static spacetimes in
which case the line element (1) is cast as

ds? = N*(—d* + h;;(x)dx'dx’), (11)

where N = N(x) > 0. Under this condition, we write the
field equation (3) in the form

FRLG) .

BT [—A + Ve (x)]D, (12)
where & = N®, A is the Laplace operator associated with
h; s and

Veff(X) = N_IAN + ]\72(7712 + tfR)

= (1 — 6ENT'AN + N>m? + €K (13)

is the effective potential with K = K(x) being the scalar
curvature associated with h;;.

The existence of a time-like Killing field «” = (9,)®
associated with spacetime (11) suggests that we look for
i) o F,(x)exp(—iw,t)
corresponding to solutions u' o« N™'F,(x) exp(—iw,1)
for Eq. (3). In this case, F,(x) will satisfy

[—A + Ver(X)IF,(x) = A F, (%), Ay, = w5, (14)

solutions of Eq. (12) in the form i

with proper boundary conditions. At this point, the only
restriction on A, is the one imposed by Hermiticity of the
operator —A + V g(x), which demands A, € R.

Let us consider first solutions of Eq. (14) with positive
eigenvalues: A, = w2 >0. Then, the corresponding
positive-norm solutions satisfying Eq. (3) will be the usual
oscillatory modes:

" _ e~ @t

Ve \/HN(X) F,(x), w, >0, (15)
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where we demand
/E @ xNVIF o (x)*Fg(x) = 8(a, B) (16)

in order to guarantee that modes (15) are properly normal-
ized according to Egs. (8) and (9).

Now, we note that in some cases Eq. (14) also allows for
solutions with negative eigenvalues: A, = —Q2 <0.
These solutions are associated with solutions of Eq. (12)
with exponentially increasing and decreasing exp(={)1)

time dependence. Under such circumstances, {v(;), vﬁ,”}

must be supplemented by an extra set of modes

{wﬁf), We )} in order to generate a basis for the solution

space of Eq. (3). Normalized positive-norm modes w(+)

can be found and read
Q, t—ia —Q,t+ia,
(etto?™1% + ¢
wih) = ¢iBs

V4Q, sinQa,)N(x) Folx)

Q, >0,

a7

where a, €]0, Z] and, for the sake of convenience, we
did not vanish the arbitrary global phase B, yet. By
choosing, e.g., o, = B, = m/4, Eq. (17) would assume
the simple form

+) _ (eﬂ,,t + ie—ﬂ{,t)

N T TN

but we shall adopt here the same choice as in Ref. [1],
where 8, = 0 and o, = 7/12:

(eQ,,tfiﬂ'/lZ + e*ﬂ(,t+i7r/12)

V2O, N(x)

F,(x), Q,>0 (I8

wit) = F,(x), Q,>0,

(19)

in order to make wi,*) look ““as similar as possible” to v£,+).

Because wl and w'’ grow exponentially in time, we
borrow from cosmology the ‘“‘tachyonic” term (see, e.g.,
Ref. [10]) and refer to these modes accordingly. (It should
be noted, however, that in the cosmological context the
scalar field is self-interacting, as ruled by some interacting
potential, in contrast to our present case where it is free.)

As a result the field operator (iD(x) can be constructed

using 57, w5 and (Wi, wi) as

b= [d,(L(U’)[EU_UE:—) + bAf,vfr_)]

+ Z[c wi + alwi)], (20)

where [b,, bt] = 8(a, B), [¢4. 5] = 8(a, B) (with the
other commutators vanishing), and we have used the sum-
mation symbol in the right-hand side of Eq. (20) because
the tachyonic modes will be labeled later with quantum
numbers assuming discrete values. We recall that the
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AU|0> = O for all o.
(+)

vacuum state |0) satisfies b -0 =

(+)

We note that in contrast to the v, modes Weo

and w') are not frequency eigenstates of id/dr. As a
result, the vacuum |0) and the other Fock states do not
have in general any natural particle-content interpretation
(see Refs. [11,12] for a field-theoretic discussion on the
Fock space in the presence of tachyonic modes). This
feature will lead us to use Unruh-DeWitt detectors to probe
vacuum fluctuations of the scalar field in Sec. IV.

Nevertheless, important pieces of information are
directly provided through the (formal) stress-energy tensor
operator:

and vg

T.=1-28V, OV, &+ ¢R,,&* — 26DV, V,d
+(26-1/2)g,,[V. VD + (m2 + ER)DY]  (21)

and the corresponding Hamiltonian:

AE[d%@W=[dM, (22)
3, 3,
where d3, = d3n,, k, = (9,)p,

b= n,r, T 23)

is the energy-density operator in 2, associated with the
time-like isometry, and we recall that Eq. (22) does not
depend on the 3, choice because V,(k,7") = 0. Thus,
the total energy is conserved. By using Eq. (20) in the
Hamiltonian operator (22), we obtain

I:I Ej. dEN_lfOO
3
=3 [an@)6lb, + b,8)m, + T, @

where

= —[\B/20he, +e,eh) +e, e, +ekell0,. @5
In contrast to the first term in the right-hand side of Eq. (24),
associated with the oscillatory v modes, which always
gives a positive-definite contribution to the energy expecta-
tion value for every state choice, the second term, associated
with the tachyonic modes wi , gives a negative contribu-
tion to the energy expectation Value for some states. This can
be easily seen by rewriting Eq. (25) as

where we have defined the position- and momentum-like
operators

—(1++3/2)0242,  (26)

4o = (¢, + e, 27)
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L _ . |Q .
Pe =1 \/;(c,, Co), (28)

respectively, satisfying [, ] = il with I being the iden-
tity operator. Equation (26) is formally identical to the
Hamiltonian of a nonrelativistic particle in a harmonic
potential turned upside down [13]. It is clear, then, that the
“potential” term gives a negative contribution to the energy
expectation value. In particular, for states | V) satisfying
ele |y = B|W), 5 eN, (29)

which include the vacuum state, it is easy to see that
(Wle, e, + ehel| W) = 0 and, thus,

(W H V) = —3(1/2+ E)Q, <0.  (30)
Hence, for these states the negative contribution coming
from the “potential” in Eq. (26) dominates over the corre-
sponding positive one coming from the “kinetic” term. (We
shall return to this point when we discuss the excitation
of Unruh-DeWitt detectors in Sec. IV.) The fact that the
right-hand side of Eq. (30) may be arbitrarily negative for
sufficiently large = reflects the fact that H , is unbounded
from below.

III. AWAKING THE VACUUM IN RELATIVISTIC
STARS DUE TO TACHYONIC INSTABILITY

Now, we shall see how tachyonic modes can appear in
neutron-like stars and discuss their consequences [1,2]. Let
us assume the case in which (A) classical matter initially
scattered throughout space with very low density eventu-
ally collapses to form (B) a static and stable star according
to general relativity. Spacetimes associated with situations
A-B are well described by the line elements [see Eq. (11)]

ds2={

We note that for the time being we will restrict our inves-
tigation to the static regions A and B of the spacetime.
Comments about how our present analysis can be com-
pleted as one takes into account the time evolution between
the static eras are made along the text. For the sake of
obtaining explicit results, we make an extra simplification
in this section and consider spherically symmetric stars in
which case Eq. (31) is replaced by
—df? + dx> (A)

ds>= ,
’ {—f(dt2 —dx?) + r*(d#? + sin*0d ¢*) (B)
where f = f(x) >0 and r = r(x) = 0 satisfy f(y) — 1

and r(y)/x — 1 for y — oo, and dr/dy >0 so that no
trapped light-like surface is present.

—dr* + dx? (A)

31
N2 (=d? + Y dxidx)) (B)' GD

(32)
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We construct the field operator similarly as in Eq. (10):
b = f Prlaul” + aful] (33)
where we choose here uf) such that they assume the

usual flat-space stationary form in the asymptotic past
(region A):

WD P6m ) 2 explFilwy — k- x)] (34)

with k € R3 and wy, = vk?* + m?. This choice is moti-
vated by the fact that we shall assume hereafter the scalar
field to be in the no-particle state |0);, as described by static
observers in the asymptotic past: ay[0), = 0.

Now, let us represent ® in terms of positive- and
negative-norm modes in region B, when the star has settled
down, as [see Eq. (20)]

[dw[bwl,u gzii + b;z# wl,u]
+ Z[éﬂlﬂwglit + c;r)mwm#] (35)
Qlp
where [14]
0 ® i Fotl) g 4y mm0 (36)

Voln Saro) "

e (B)( Qi=im/12 4 p=Quitin/12)

QI,LL
Fo,(x)

i e P

Q>0. 37

Here, Y,,(, ¢) are the usual spherical harmonics
l=012,... and M= —L—-1+1,...,0), le()() and
Fq,(x) satisfy
d2
_WFWI fole =@ Fyy (38)
and
& )
_d—XZF a + VegFar = —Q%Fq, (39)
respectively, and
+1) 1 d*r
() —
Vet = f<m2 tER+—3 ) +— e (40)

is the effective potential. For perfect-fluid stars, the effec-
tive potential (40) can be cast as

o+ 0 (- e

where p = p(y) is the mass-energy density of the stellar
fluid and

87G
R+27C(p - p)] @1)
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3M(x)
4alr(x)P?

is the corresponding average density up to the radius coor-
dinate r(y), which encompasses a mass M(y). We remind
that according to general relativity R=87G(p —3p),
where p is the hydrostatic pressure which bears the star up
against its weight.

As discussed in Sec. II B, the appearance of tachyonic
modes in the present context will depend on the existence
of nontrivial solutions for Eq. (39). They are expected to
exist for negative enough effective potentials satisfying

px) = (42)

VAR = 1, (43)

where » = R, is the star radius. Because the centrifugal
barrier in Eq. (41) is positive, we look for tachyonic
solutions of Eq. (39) with / = 0 which are the most likely
ones to exist (if any). By taking f ~ 1 and assuming p ~ p,
we obtain from Eq. (41) that

VO ~m? + (£ - 1/6)R.

Clearly, only the second term in the right-hand side can be
negative. Then, Eq. (43) implies that a necessary condition
for the existence of tachyonic modes with ¢ = 1 is

p R, Y2
105 g/cm? (m) =1 (44)

and

m2/(3.5 X 1071 eV)?
p/(10" g/cm?)

where we have set p ~ p. Equations (44) and (45) show
that the appearance of tachyonic modes for small ¢ values
in the spacetime of typical neutron stars requires the scalar
field to be light: m < 107! eV.

Although light scalars are widely considered in astro-
physics and cosmology, there is the issue about how much
extra mass they could acquire from Planck-scale radiative
corrections. For axions, e.g., a general expression for the
mass shift can be cast as dm? ~ K, f772/M?%, where K,, is
some unknown coupling constant, f, ~ 10'> GeV is the
energy scale of the Peccei-Quinn symmetry breaking,
Mp ~ 10" GeV is the Planck energy, and 7 is a model-
dependent positive integer (associated with the dimension
of the symmetry-breaking operators appearing in the ef-
fective Lagrangian) [15]. We see, then, that 6m,, can easily
exceed, e.g., 107> eV (ruling out axions as a dark matter
candidate) unless K, and »n turn out to be small and large
enough, respectively (see Ref. [16] and references therein).
Fortunately, explicit models showing how scalar fields can
be protected from acquiring large mass due to quantum
gravity effects have already been worked out (see, e.g.,
Ref. [17]). In our context, assuming the electroweak sym-
metry breaking of the standard model which has an energy
scale of Aggy ~ 100 GeV, the corresponding mass shift

<1, (45)
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would be dm? ~ KALZ/M?, where again K and n are
unknown. Here, we pragmatically assume that Planck-
scale effects will not shift the mass of our scalar field
beyond 107'2 eV. At this point, it is difficult to say how
strong this assumption is because of our lack of under-
standing of the Planck-scale physics. Still, this is much less
demanding than what is usually required for quintessence
fields where the mass shift cannot typically exceed the
mass scale defined by the Hubble constant 10733 eV
[18]. A detailed analysis of this issue would be welcome
but goes far beyond the scope of this paper. For computa-
tional purposes, we take our scalar field to be massless.
By assuming stars with uniform and parabolic density
profiles and suitable & values (typically & >1/6 and
& < —2), it was shown in Ref. [2] that tachyonic modes do
appear for M /R, ratios compatible with neutron-like stars.
Now, let us proceed by recalling that the positive-norm
in-modes uﬁj) , which in region A look like as exhibited in
Eq. (34), will emerge, in general, as a combination of

positive- and negative-norm modes {vglL, vE;Z)M} and

{wg,)ﬂ W((;l?u} in region B [see Egs. (36) and (37)].
Hence, not only the in-vacuum will not coincide in general
with the out-vacuum but also at least some of the in-modes
will certainly go through a phase of exponential growth

provided, of course, the existence of tachyonic modes
WSZ)M This leads to what was denominated vacuum awak-
ening effect in relativistic stars, i.e., an exponential ampli-
fication of the vacuum fluctuations [1,2]. In order to see
this, we use Eq. (35) to calculate

201 _
in<0|q)2|0>in R (FQO(X)
87O\ r(x)

where Fg,(x) denotes the solution of Eq. (39) with the
most negative eigenvalue, —)? (taking / = 0, which is the
most favorable case), € = const > 0, and « is a constant of
order unity whose value depends on (i) projections of
(*) (=)

modes u,’ on Woiu

here to be the in-vacuum |0);,. It is worthwhile to empha-
size that ultraviolet divergences, which should be renor-
malized to obtain (®?), are associated with the @ — oo
sector of the oscillatory modes [see Eq. (35)] and does not
concern the tachyonic modes (2 = 0? < ), which are
the ones giving the dominant contribution in Eq. (46)
(because of the exp(2€27) term). Accordingly, the expecta-
tion value of the vacuum energy density (23), namely,

in<0|ﬁ |0>in = n‘ Kbin<0| Tab |O>in’

)2[1 + O] 46)

and (ii) the quantum state, assumed

experiences an exponential amplification:
02 [1-4¢ d [, d (Fo)
019103, 12 [ SE (2 (L))
1677\/]_‘ 2r dxy\ dx\Qr
¢ d (F%m df
erz d)( f d/\/

)}[1 O] @47)

104025-5



LANDULFO, et al.

The time scale which rules how fast the vacuum energy
density increases is given by Q™' ~ [VW|71/2 ~ R [see
Eq. (43)]. By using this, we rewrite Eq. (47) as
01910}, QR0 /RS2 h(7)
« I: t/(1073 ) :IlO62 g/cm?
R,/(10 km) | R*/(10 km)*’

(48)

where h(F) is a dimensionless function of 7 = r/R, (which
vanishes asymptotically and is of order unity for 7 ~ 1). We
see from Eq. (48) that once the effect is triggered by a
neutron-like star with R; = 10 km, few milliseconds would
be enough for the vacuum energy density to become domi-
nant over the star classical mass-energy density (which can
be as high as 10'*-10'7 g/cm?). We must emphasize that
at some point the spacetime must backreact against the
growth of the vacuum energy density, affecting the field
and ceasing the instability by taming the tachyonic modes.
Eventually, field and spacetime must reach a new stable
configuration. As argued in Ref. [3], one possibility would
be that for some values of ¢ the spontaneous scalarization
mechanism [4] could restabilize the star. In our context,
this would correspond to a symmetry breaking which would
lead (®), which is null as calculated in the |0);,, vacuum
state, to acquire a nonzero large value compatible with the
exponentially amplified (®?) [see Eq. (46)]. Whether the
star will end up destroyed or somehow rebalanced is
unknown at this point.

We close this section explaining how the vacuum energy
density amplification is consistent with energy conserva-
tion discussed below Eq. (23). For this purpose, let us note
that V,(k,7%) = 0 can be rewritten as

1 ~
0 +——=o,({P ') =0 (49)
(3)g

where j = —./f T{) is the energy-current density. The
corresponding vacuum expectation value can be calculated
and reads

A0y, B @ vi(R) 201 / p]
in{01710), ~ —QVI(F)e* /R3, (50)

where OV, Vi= (Pg)71/29,(4/PgV) = 2Qh(F). Thus,
the total energy is conserved because the gravitational field
redistributes the vacuum energy density in such a way that
an amplification of ; (0|p|0);, somewhere with positive
magnitude must be compensated elsewhere by a corre-
sponding amplification with negative magnitude.

IV. PROBING THE AWOKEN PHASE
USING DETECTORS

Now, in order to probe the building up of the vacuum
energy density in region B, where the vacuum is awake by
the presence of tachyonic modes, we will look directly at
the response of Unruh-DeWitt detectors. We shall do so
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because, as discussed in Sec. II B, the Fock-space states
have no natural particle-content interpretation [see discus-
sion below Eq. (20)]. Here, we relax the spherical symme-
try assumption of the previous section and consider regions
A and B as described by the line elements (31). Because we
want to avoid any contributions in the response coming
from the motion of the apparatus, the detector (with proper
time 7) is made to lie static following an integral curve
x = x(7) of the time-like isometry.

We consider here a two-level Unruh-DeWitt detector
represented by a Hermitian operator 7, acting in a
Hilbert space spanned by unexcited and excited energy
eigenstates |E,) and |E) (E > E,), respectively. The detec-
tor is prepared to be initially unexcited. For our purposes, it
is convenient to switch it on in the very beginning of region
B, where we set 7 = 0. At the tree level, the excitation
probability as a function of the proper-time interval T is
given by [7]

Pexc = |<E|ﬁ10|EO>|2.T(AE): (51)

where AE = E — E, and the response function is

F(AE) = L " ar /0 " i e B GE [x(m), x(7)] (52)
with
GHx(7), x(7)] = , O|D[x(7)]D[x(7)]I0);.

The two-point function is written throughout the spacetime
in terms of the in-modes as

Gilx x'] = [ P hul” (ul (x), (53)

where we recall that in the asymptotic past uf)(x) take the

simple form given in Eq. (34). Next, we suitably decom-

(+)

pose uy in terms of {5} and {w(Qi)} as

(+) _ =
U = agw

" f AN ol = Bt (54)

3~ Bty

where, for the sake of simplicity, we have assumed that the
scalar field is made unstable in region B by the existence of
a single tachyonic mode [see Eq. (19)]:

W(+) @ (em—m/lz + e*()t+i77/12)

o \/EEN(B)(X)

The tachyonic mode above will be labeled by () (with the
other quantum numbers being omitted to simplify notation),
while the oscillatory modes are cast here as [see Eq. (15)]

FPx), Q>0 (55)

e—iw(,t

(+) ®)

Vo = ———
«IZW{TN(B)(X)
The Bogoliubov coefficients in Eq. (54) are

FPx), w@,>0. (56)
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Aok = (Lti:—), Vo ))KG’ B(rk = _(’45(_)’ UET+))KG’

ok = (Mi( ), Wq ))KG’ kK — _(uf(_), W(g;))KG
as calculated in any Cauchy surface.

Now, we must proceed and evaluate the response
function (52). For this purpose, it is convenient to use
Egs. (54)-(56) to calculate

T A
ﬁ dTe*’AETufj)[x(T)]

(B) (B)*
Fy FY*
= [anto @y~ By |
(B) X=Xg
(B) (B)*
F F
+[a* LW, — Boy qf*] : (57)
KN " “ Ny x=x,

where we have defined

T eIiAET(EQT/N(B)*iW/12 + e*QT/N(B)‘Fi’?T/lz)
v, E[ dr

V20

1 I:em/lz(] — ¢~ (/N =IAE)T)

V20 QO/Ng) * iAE
—im/12( ,(Q/Ng) FIAE)T _ 1
e e T )], (58)
Q/N(B) ¥ IAE

Vos f dre” (@s/Nw *AE)T

\/2?
_ 2e @ /Nw=ART/2 in (w5, /N(g) = AE)T/2]
2w, w,/Ng) £ AE ’

(59)

and x = x; is the detector’s spatial position. Then, we
write the detector response function (52) with the help of
Eq. (57) as

FAE)=[Fo+ Fi+ f2]x=xd’ (60)
where
F(B) F(B)* 2
Fo= [k S e R

Fi= [ @ [auo)

F(B) F(B)*
X 2Re[<anN ~ Box 0 ‘P)
®) N
F(B)* F(B)
o S S 2 | B

(B)*

/ du(a)( £ A

Fo= [k

(63)

“ )

PHYSICAL REVIEW D 86, 104025 (2012)

The physical meaning of the response F(AE) is more
easily grasped in the case where the proper time interval
T is “large”, i.e., T> AE™! (in addition to T > Q!
whenever the tachyonic mode is present) and we will
assume this hereafter up to the end of this section. In this
case, Egs. (58) and (59) can be written as

o~ i(m/12XAE)T ,TQ /Ny

V. ~ 64
~ V20(Q/Ng, ¥ iAE) ©9
and
s 277 —i(w, /N £AE)T/2 +
dlu'i = J|J———¢ o/ IV (B)— 6(WU/N(B) — AE)’ (65)

W,

respectively. For the sake of comparison, we shall discuss
separately the situations where the tachyonic mode wg) is
present from the one where it is absent.

In the case where the tachyonic mode wg) is absent,

F 83) = 0 and, thus, the detector response becomes simply
T(AE) = f2|x=xd-

This is the usual result whose interpretation is straightfor-
ward: assuming that the detector stays switched on for an
arbitrarily long time 7', we have from Eq. (65) that ¢, = 0
and according to Eq. (63) the detector excites by the ab-
sorption of particles created due to the spacetime transition
from regions A to B (B8, # 0). [Note that when no restric-
tion is posed on 7, the detector excitation will also have a
contribution coming from the process of switching it on and
off (54 # 0) [19].]

It is also interesting to note that in the absence of the
tachyonic mode, the response will not grow faster than 7.
By recalling from Eq. (65) that ¢, = 0, we write the
response as [see Eq. (63)]

Fap=~[ak| [ (o)’ Fo” .
= [ax( [ dM(U)IngP)
<([an@v, - |2'F(B)'2) , (66)

(B)

where we have used above the Cauchy-Schwarz inequality.
Now, by using Eq. (59) [or directly Eq. (65)] in conjunction
with the identity lim,_sin’>(wA)/w’A = 78(w), we
obtain

|'300'*|2 = (WT/WO')B(WO'/N(B) - AE) (67)

This is used in Eq. (66) to conclude indeed that the
response will not grow faster than 7"

F(AE) = C,T (68)

with
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¢ = [k [anolpol)
(AEfd (@) l (Z)

On the other hand, assuming that the tachyonic mode
wg) is present, the detector response will be dominated
by Eq. (61) and, thus, F(AE) = Fylx—,. Thus, we use

Eq. (64) in Eq. (61) to obtain

F(AE)
~ Zexp[ZTQ/N(B) (Xd)]

5(@' - N(B)AE)>

X=X,

(69)

F® B)
fd'i an 7177'/12 — Box NQ em’/lZ ,
(B) X=Xy
(70)
where
. 1
20[AE + /NG (3]

The exponential increase in the detector response reflects
the growth of the vacuum fluctuations and will continue as
long as the unstable phase is not forced to terminate. This is
possible because each excitation of the detector is accom-
panied by a corresponding decrease of the energy stored in
the field due to the excitation of a tachyonic mode 65 [0);,
with negative energy expectation value [see Eq. (30) and
corresponding discussion]. The copious excitation of the
detector realizes the fact that in the unstable phase the
scalar field functions as an energy reservoir only limited
by backreaction effects.

V. FALLING ASLEEP OF THE VACUUM AND
PARTICLE CREATION

A. General discussion

As already mentioned, at some point the unstable phase
must cease, leading the system back to some stationary
configuration. This will be represented by the static region
C in Eq. (71), which completes the scenario presented by
Eq. 31):

—df* + dx? (A)
ds? = | NE(=d? + WP dxidx)) (B).  (71)
N2 (=dP? + W dxidx))  (C)
Here, N(;) = N;(x) >0, J € {B,C}, are smooth func-

tions and hﬁ.j.) = hgjj-)(x) (i, j =1, 2, 3). We note that for
the sake of simplicity we are using the same coordinate
notation (z, x) for the three epochs.

PHYSICAL REVIEW D 86, 104025 (2012)

Because the field is assumed to be deprived of tachyonic
modes in region C, we expand ® as

@:[mwmﬂ9+ﬂﬁd (72)

where {VS,H, VE;)} are normal modes which in region C
satisfy

—iw,t

HQ_ ¢

v =
7 \IZUUN(C)(X)

and analogously for || symbols in Eq. (73) can be
inferred from Eq. (56) by replacing “B” by “C.”
Moreover, because region C is also static, we may wonder
what will be the particle content of the scalar field in this
region. The key point consists in realizing that the in-
vacuum fluctuations which were exponentially amplified
during the unstable phase cannot, in general, be accom-
modated as mere fluctuations of the out-vacuum state (the
one defined by d;|0),,, = 0 for all o and which represents
absence of particles according to static observers in region
C). In conclusion, a burst of particles is expected as the
field exits the unstable phase B.

Let us estimate the expectation number of created par-
ticles in the simplified case where the spacetime is sym-
metric by time reflection with respect to some Cauchy
surface Ets in region B. Hence, we consider a particular
case of Eq. (71), namely,

FY(x), w@,>0, (73)

—dr?* + dx* (A)
i = | Wiy = Wasa) @, o
—df* + dx? ©)

although we emphasize that we have chosen regions A
and C to be flat only for the sake of simplicity; the same
reasoning presented below may be straightforwardly
applied to other static spacetimes. Now, we focus on the
normal modes uf) and vf) with respect to which asymp-
totic observers in regions A and C define their no-particle
states, respectively. In the past and future regions, they
assume the following forms:

(ﬂ (A)(167T i)~ 172 exp[+i(wxt — k- x)],  (75)

(+)( )(1677' wy) P exp[Fi(wgt — k - x)]. (76)

. . + +
We are interested in uf(‘ and vk_ evolved forward and

backward to the beginning and end of region B, namely,
uf)(to, x) and vf)(to + T, x), respectively. Here, t = 1, =

— T/2 determines the beginning of the unstable phase B
and T represents its coordinate-time duration. Because of
our assumption that the spacetime is symmetric by time
reflection with respect to 2 +s» We have (up to global phases)

)(ts—tx)—v (IS+IX)
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In particular, for t = T/2:

(fo + T, ) = Mk )(foy X).

(+)

Then, we use Eq. (54) to decompose u, )

in terms of v,
and w(ﬂi), obtaining

Barw, (10, X)

+ [dnolagol %)

— Bovy (1, %)), (77)

where we assume again the existence of a single tachyonic
mode for the sake of simplicity.
In order to investigate particle creation in region C, we

(to + T X) = anWQ (t(), X)

must, e.g., project uk Nty + T,x) into vf( Yty + T, x),
where [see Eq. (54)]:

uf)(to +7T,x)= a;‘)kw(ﬂ(to +7,x)— ngwg)(to +T,x)
[d,u((f)[agkv,, )(to +7,x)
— Bol (tg + T.%)]. (78)
It is easy to see that
v5 (t + T, x) = exp(Fiw,Dv5 (1, x),  (79)
while we obtain from Eq. (55) that
w(ﬂt)(to + T,x) = *2isinh(QT F i7T/6)W§)i)(t0, X)
=+ 2isinh(QT)w') (1, x). (80)

Then, by using Egs. (77) and (78), we obtain for large
enough QT that

eQTfkkh

where the Klein-Gordon inner product was realized on the
3+ Cauchy surface and

Gae = i[(@fy e ™ — Baxag_k
Bﬂkeiﬁ/6)B?27k/:].

This leads to an expectation number of created particles
with quantum numbers k' given by

<Nk’> ~ €2QT[d3k|§kk’|2,

v, uy ke

_(a?‘)k_

which grows exponentially as scaled by the product Q7. In
particular, even if the transitions from regions A to B and
from regions B to C were made arbitrarily slow in order to
minimize any particle creation due to background change
(Bsk = 0), this would not alter the fact that a large amount
of particles would be eventually created as the vacuum falls
asleep (at least in the present scenario; see additional com-
ments at the end of Sec. VB).

PHYSICAL REVIEW D 86, 104025 (2012)

Next, we shall show that the burst of particles calculated
above does not rely on phase B being static; it will occur as
long as the in-vacuum fluctuations get significantly
amplified.

B. A toy model

In order to illustrate our general conclusion above,
let us make an explicit calculation assuming a concrete
scenario complying with the asymptotic static regions A
and C considered in Eq. (74) but assuming some time
evolution in the intermediate region B. This is in agree-
ment with the idealized situation where initially spread
out matter collapses to form a compact object and even-
tually disperses back to infinity. Instead of calculating
the particle production over the whole space, we shall
restrict attention to the interior of a small cubical box
with coordinate volume L3 (oblivious to the matter form-
ing the star), initially empty (of @ particles), placed in
the very beginning at the spatial position where the star
core will form. The convenience of introducing a small
box is that we can cover its interior with approximately
Cartesian spatial coordinates X (in which first-order spa-
tial derivatives of the metric are negligible), writing the
line element as

ds? = g*(—df* + dx?). (81)

Here, a = a(r) > 0 is introduced to reflect the background
time evolution at the star’s center (¢ = 1 in regions A and
C) and we have omitted the second-order spatial depen-
dence of the metric (which, nevertheless, contribute to the
scalar-curvature term). The background evolution is chosen
such that at some point the vacuum in the box is awaken
by the presence of (sixfold degenerate) tachyonic modes
[20]. After the unstable phase is terminated, we calculate
the number of massless scalar particles which were created
inside the box.
Using Eq. (81), we write Eq. (3) as

1 0 2(9(1) 1
— — )| = = V2D + £RD = 2
at at(a ()t) a? ¢ 0 (82)

where V2 =3 0%/ 9%/ is the usual Laplace operator.

Assuming, for the sake of simpilicity, periodic boundary
conditions, we look for solutions of Eq. (82) in the form

¢i (1, X) = #5—2—3 e, (83)

where k =27n/L with n € 7Z° (n # 0). By using
Eq. (83) in Eq. (82) we find that

d2
[~

V(1) = a?£R — a™ 'd?a/dr’. (85)

Veff(t)]/\/k = k% xx., (84)

where
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Equation (83) makes explicit another neat feature of intro-
ducing the small box: the boundary condition which it
imposes locks the spatial dependence of the modes so that
the time evolution can only mix modes with the same X
dependence. This property will be used later to simplify the
Bogoliubov-coefficient calculation.

Now, we assume that energy density and pressure
of ordinary matter at the center of the star drives R in
Eq. (85) to induce the following simple form for the
effective potential:

0 for t=0 and t= 7,
4V (t/mo)(t/mo — 1) for 0<r<my

where 74, V, = const >0. We see that V.(r) has a
parabolic form in the region 0 <t <7, and reaches its
minimum, —V,, at t = 1,/2 (see Fig. 1).

Convenient sets of in-modes {Uf)} for t =0 and
out-modes {Vl((i)} for r = n, are exhibited below:

Vegr (1) = { ,  (86)

Fi(wgt—Kk %) Fi(wgt—k-X)

=2 Loyl (8)
2L3wk 2L3wk
where wy =|| k || The general expression of Uf(i) which

complies with Eq. (83) and fits with its form (87) in region
Ais

Xf(i)(t) +ik-%

U (%) =2k L, (88)
g a()VIL?
120 IR BT e e T e e e e e ST o
100 f y
80 o 1
I — Vg 7
60j
40 5----- ———— ------ ------------------------------
: (wkmm)ZLZ
20:
e e
0.0 0.5 1.0

/1o

FIG. 1 (color online). We plot — V¢ as a function of ¢ for V, =
1.6/(L/27r)? with the three smallest w, = 27 || n || /L possible
values (see horizontal dashed lines). We also plot | Xfr)lz for
| k [|= wPi® assuming ny = 5L/27. Initially |X{:)|2 equals
L/44r, then grows exponentially in the unstable region, where
— Ve — (0?2 > 0, and eventually oscillates around (| By |> +
1/2)(L/2). The large amplitude which characterizes | )(::’)IZ at
the end of the unstable phase reflects the fact that the in-vacuum
fluctuations do not evolve into mere fluctuations of the out-
vacuum state.

PHYSICAL REVIEW D 86, 104025 (2012)

with Xf)(t = 0) = e*x' /2. From the spatial depen-
dence of the modes, we readily see that [recall the discussion
below Eq. (85)]

UM (6,%) = a VIV %) + B V)1 R),  (89)

where the Bogoliubov coefficients between the bases {U, f)}
and {Vl((,i)} are

agy = ay gk, Bk = B Ok k-

For X£(+) in region C, Egs. (87)—(89), imply

=y e—ia)kl
PEARI() B p—

+ — s
\/Zwk IB k w/Zwk

from where ay and B = B_k can be easily obtained in

eiwkt

terms of )(5:) and /\'/5:) =d )(5:) /dt evolved into region C:

ay = [ ™ X(“H)'(”)]
N I

eI ) )

,Bkz[ —(ox —ix )] .
2w « k =g

[It can be easily verified using Egs. (84) and (86) that the

expressions for a; and B above do not depend on the value

of t = 7,.] Therefore, assuming that the field is initially in

the no-particle state |0);,, with respect to asymptotic past

observers as defined by the in-modes U f), the expectation
value of created particles in region C [7,21]

in<O|Nom|O>in = Z | Bk 2

Kk’
is given by
in<0|]\70ut|0>in = Zlﬁklz
' (+)

()12 2
:Z[ Xl +wk|Xk | _7] . (90)
=L 2wy 2 2 li=n,

where Noy = Y d"Tdy™ with d and d2™T being the
annihilation and creation operators defined with respect to

~ (i) . . . _
the out-modes V|, respectively. This provides an expres
sion for obtaining the expectation number |8y |*> of created

particles with quantum numbers k once the oscillatory in-

mode Xi:r) is (numerically) evolved until region C.

The assumption to illustrate the appearance of tachyonic
modes consists in choosing a star which becomes dense
enough and a coupling ¢ such that — Vg — (")? > 0 for
the least energetic (sixfold degenerate) modes allowed in
the box, wﬁ‘i“ = 2q7/L, for some time interval. As a result,
the corresponding Xi:r) solutions satisfying Eq. (84) are
verified to exponentially grow for some time rather than to
oscillate, triggering the vacuum awakening effect (see
Fig. 1). In Fig. 2, we plot | B|? as a function of 7, which
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n=(1,0,0) n=(1,1,1)

---n=(L1,0 —-=-n=(2,1,1
5000 T T ( T ) T T ( l)

4000

3000

= 2000

1000

2nn/L

FIG. 2 (color online). The expectation value of created parti-
cles | B |*> with quantum numbers k = 27n/L is exhibited as a
function of ny, where we have assumed that for some time
interval the star becomes dense enough such that —V 4 —
(0mM)?2 >0, while for @, > 0" we always have —Vy —
wi <0 (see Fig. 1). Here, we have chosen Vy(L/2m)? = 1.6.

scales with the time interval during which the vacuum stays
awakened.

Clearly, the final state is dominated by modes with wm“‘ =
27r/L, which have experienced a phase of exponentlal
growth. The intensity of the particle burst is strongly influ-
enced by how long the vacuum remains awake. The inset of
Fig. 2 focuses on modes with wy > 277/L, which are not
exponentially enhanced, and stresses the usually modest
particle creation observed in time-varying spacetimes with
asymptotic flat regions [7,21]. We note that in the adiabatic
limit, where the background geometry changes arbitrarily
slowly (7q — ©00), particle creation for modes with wy >
27r/L goes to zero as expected, in contrast to the ones for
a)}?i“ = 27/L, which diverges. For a 10 m side box, an
awakening time interval corresponding to my ~ 107¢ s
would eventually lead to a massive creation of particles,
with energy 27/L, engendering densities of 10'* g/cm?,
which is the typical density for some compact stars. If
we relax our small box assumption and take L ~ 10 km,
the same density would be reached for 7, ~ 1073 s
Interestingly enough, this corresponds to the time interval
for the vacuum energy density to take control over the
evolution of the compact star once the vacuum awakening
effect is triggered [see discussion below Eq. (48)].

We stress that the conclusions above are derived by
assuming the effective potential (86), which is symmetric
by time reflection, and can change depending on the star
evolution. In order to show this, let us discuss the ener-
getics of particle creation in the context of our toy model.
For this purpose, it is useful to make the transformation
® — & = ad to write Eq. (82) for ® as

[02/92 — V2 + Vi (0)]® = 0. 91)

PHYSICAL REVIEW D 86, 104025 (2012)

Thus, we have translated the problem into the simpler one
of a scalar field ® in a flat spacetime (R?, 7,,) subject to an
external time-dependent potential Vi ().

The action which gives rise to Eq. (91) and its corre-
sponding stress-energy tensor are

_zf

Tab = a(a(i)ab)cb*

8 Dord* + Veffdxb ) (92)
and

1 s o
— 5 Ml D0°®" + Vg BP], (93)

respectively. Next, it can be shown from Eqs. (91) and (93)
that

1dV
0,(T4(3,)%) = — = —<T|®|2, 94
AT38)") = =5 ) o4
which can be rewritten as
ap .1 dVey
L +v- d2, 95
o i=5 |D 95)
where
1/0® 9D
= [ — —— _|_ +
p=5(5 5+ VOV + Vil P
and
EloN b _ -
j=—~(—Vd + —V(I)* .
] 2( at )

We see from Eq. (95) that the energy stored in the scalar
field is not locally conserved whenever dV /dt # 0. The
extra energy pumped into or out of the field is accounted by
the “‘external agent” responsible to change V. Moreover,
notice from Eq. (95) that even if V() is symmetric under
time reflection, the decrease in the field energy when it
enters the unstable phase (dV4/dt < 0 and small vacuum
fluctuations (®?)) is more than compensated by the
increase in the field energy when it exits the unstable phase
(dV/dt > 0 and large vacuum fluctuations (®?)). In fact,
the latter can be overwhelmingly larger than the former,
with the net extra energy being responsible for the particle
burst. This analysis implies that in a physical situation, the
final verdict concerning the amount of created particles
will depend on a more detailed understanding on the space-
time evolution in the unstable phase, which would inform
us about how long the vacuum would stay awake, and on
the final classical configuration reached by the gravita-
tional and scalar fields, which would tell us how much
energy would turn out available for particle creation.

A closing remark for this section is in order. In our
calculations the expectation value of the field remains
zero throughout the background evolution. However, this
field configuration (CiD) = 0 is obviously unstable during
the intermediate phase when the vacuum is awake. Thus,
one may speculate whether during the transition to the
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intermediate phase the classical field profile (®) could
continuously adjust itself to nonzero values (*‘continuous
spontaneous scalarization’) in order to stabilize the sys-
tem, in which case tachyonic-like modes would never
really be present. Unfortunately, a definite verdict to this
question is beyond the scope of semiclassical gravity since
it involves the subtleties of decoherence of a free field,
initially in a state which is symmetric by the exchange
® — —®, to a symmetry-broken phase in which (®) # 0.
Notwithstanding, a reasonable conjecture seems to be that
coherence can be sustained for as long as the background
geometry (which can be regarded as the sole classical
“apparatus” with which the field interacts) is oblivious
to ®. In other words, it seems quite possible that (&) = 0
until backreaction becomes important. But when that hap-
pens, the fluctuations (®?) will already be amplified to the
point where they cannot be accommodated as mere vac-
uum fluctuations. A burst of particles should follow,
regardless whether (Ci)> remains null or spontaneous scala-
rization takes place. Another important point is that spon-
taneous scalarization takes place only for negative values
of & [3]. Therefore, for £ > 0 the whole scenario of a
gradually changing <<i>> ensuring the stability of the system
seems even more unlikely.

VI. FINAL REMARKS

After a review of the vacuum awakening effect in rela-
tivistic stars, we have probed the exponential increase of
the quantum field fluctuations wusing Unruh-DeWitt

PHYSICAL REVIEW D 86, 104025 (2012)

detectors. The fast increase of these fluctuations may
lead eventually to an important burst of free-field particles
after the vacuum is forced to fall asleep again. This burst of
particles would draw a significant amount of energy from
the initial system. The amount of created particles will
depend on the duration of the unstable epoch and on the
final gravitational and scalar field configuration, which are
open issues at this point. A possible signal favoring the
vacuum awakening effect for a free field would be the
unveiling of astrophysical events outpouring less amounts
of visible energy than would be expected. This may also
provide an efficient way of converting energy initially
stored in the form of ordinary matter (forming the star)
into a ““dark” component which couples only to gravity.

Simultaneous to the completion of this article, it was
posted a classical analysis showing that during the scala-
rization process a strong emission of scalar radiation
should occur [22], which is in line with the conclusions
presented here, especially with the discussion at the end of
the previous section.
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