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The baryon axial vector current is computed at one-loop order in large-Nc baryon chiral perturbation

theory, where Nc is the number of colors. Loop graphs with octet and decuplet intermediate states are

systematically incorporated into the analysis and the effects of the decuplet-octet mass difference and

SU(3) flavor symmetry breaking are accounted for. As expected, large-Nc cancellations between different

one-loop graphs are observed as a consequence of the large-Nc spin-flavor symmetry of QCD baryons.

Fitting our analytical formulas against experimental data on baryon semileptonic decays and the strong

decays of decuplet baryons, a detailed numerical analysis regarding the determination of the basic

parameters of large-Nc baryon chiral perturbation theory as well as the extraction of the baryon axial

vector couplings is performed. The large-Nc baryon chiral perturbation theory predictions are in very good

agreement both with the expectations from the 1=Nc expansion and with the experimental data.
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I. INTRODUCTION

From the theoretical point of view, the analysis of
baryon semileptonic decays, Bi ! Bje

� ��e, is rather

involved due to the participation of both vector and axial
vector currents. In the past, the understanding of the con-
sequences of the weak hadronic currents relied on the
Cabibbo model [1], i.e., on an exact flavor SU(3) symme-
try. However, with the advent of high-statistics experi-
ments [2], the departure from the limit of exact
symmetry has now become more evident and one is
prompted to compute the effects of SU(3) symmetry break-
ing in the form factors.

The leading vector form factors in baryon semileptonic
decays are protected by the Ademollo-Gatto theorem [3]
against SU(3) breaking corrections to lowest order in � ¼
ms � m̂. For this reason, the theoretical framework to
compute them is under reasonable control within the limits
of experimental precision. However, in the case of the axial
vector form factors one faces larger theoretical uncertain-
ties because of the appearance of first-order SU(3) break-
ing effects.

Although one can assert that in recent years lattice QCD
calculations have demonstrated remarkable progress in
computing hadron properties from first principles with
high accuracy, analytical calculations of these properties
are not possible because QCD is strongly coupled at low
energies. Thus, a number of different methods have been
developed to understand the low-energy QCD hadron dy-
namics. In particular, SU(3) breaking corrections to baryon
semileptonic decay form factors have been analyzed within
quark and soliton models [4–11], lattice QCD [12–17],
the 1=Nc expansion [18–21], (heavy) baryon chiral

perturbation theory [22–34], as well as within the com-
bined framework of large-Nc baryon chiral perturbation
theory [35–37].
Large-Nc QCD is the generalization of QCD from three

colors Nc ¼ 3 to Nc � 3. The baryon sector in the
large-Nc limit of QCD exhibits an exact SUð2NfÞ con-

tracted spin-flavor symmetry, where Nf is the number of

light quark flavors. In the large-Nc limit, decuplet and
octet baryon states become degenerate, the difference �
between the SU(3) invariant masses of the decuplet and
octet baryons given by � � MT �MB / 1=Nc. The spin-
flavor symmetry allows one to classify large-Nc baryon
states and matrix elements and to compute static properties
of large-Nc baryons in a systematic expansion in 1=Nc

[18,19]. This formalism has been applied to a variety of
physical quantities, including the baryon axial vector cur-
rent [18–21,38,39].
Another systematic and model-independent method is

chiral perturbation theory, which is based on the sponta-
neously broken chiral symmetry SUð3ÞL � SUð3ÞR of the
QCD Lagrangian. It is the low-energy effective field theory
of QCD, formulating the dynamics in terms of the pseu-
doscalar octet of Goldstone bosons. Physical observables
can be expanded systematically, order by order, in powers
of p2=�� and m2

�=��, where p is the meson momentum,

m� is the Goldstone boson mass, and �� is the scale of

chiral symmetry breaking [40–42]. The inclusion of heavy
particles such as the proton or the neutron, whose masses
do not vanish in the chiral limit mq ! 0, can be performed

within the framework of (Lorentz invariant) baryon chiral
perturbation theory [43–46] or heavy baryon chiral pertur-
bation theory [47,48]. In this work we will use the latter
approach, which involves velocity-dependent baryon fields
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and where the expansion of the baryon chiral Lagrangian in
powers of mq and 1=MB (where MB is the baryon mass) is

manifest.
In particular, chiral logarithmic corrections due to me-

son loops were considered in Refs. [47–53]. A crucial
observation was that while these corrections are large
when only octet baryon intermediate states are kept, the
inclusion of decuplet baryon intermediate states yields
sizable cancellations between one-loop corrections. This
observation, as we will illustrate in the present work,
can be rigorously explained in the context of the 1=Nc

expansion.
A very powerful method—the one we will use in the

present work—is constituted by the combined use of the
1=Nc expansion and chiral perturbation theory [54]. It
describes the interactions between the spin- 12 baryon octet

and the spin- 32 baryon decuplet with the pseudoscalar

Goldstone boson octet augmented by the �0. Observables
that have been calculated within this combined framework
include baryon masses [54–57], baryon magnetic moments
[58–62], and the baryon axial vector current [35–39,57].
When computing the renormalization of the baryon axial
vector current at one-loop order, large-Nc cancellations
between various Feynman diagrams occur, provided that
both octet and decuplet intermediate states are considered.
While the general structure of these cancellations was
analyzed in Ref. [39], the explicit evaluation of the corre-
sponding operator expressions, which involve complicated
structures of commutators and/or anticommutators of the
SU(6) spin-flavor operators, was discussed in Ref. [35].

In the present work we go beyond the analysis of
Ref. [35] in various ways. As we will discuss in detail in
Sec. III, we extend the operator analysis by including all
effects that are suppressed by 1=N2

c relative to the tree-
level value, which includes taking into account the non-
vanishing decuplet-octet mass difference �. Moreover,
effects related to SU(3) flavor symmetry breaking are
included as follows: On the one hand, at tree level, we
include all relevant operators that explicitly break SU(3) at
leading order. On the other hand, in the one-loop correc-
tions, SU(3) symmetry breaking is accounted for implic-
itly, since the loop integrals depend on the pion, kaon, and
� masses. As an application of our formalism, given the
precision of our analytic expressions, we are then able to
perform various fits in order to determine the basic pa-
rameters of large-Nc baryon chiral perturbation theory as
well as to extract baryon axial vector couplings from
baryon semileptonic decays and from the pion decays of
decuplet baryons.

The rest of the paper is organized as follows. In Sec. II
we provide an outline of the basic ingredients of large-Nc

baryon chiral perturbation theory needed in the present
work. In Sec. III, the renormalization of the baryon axial
vector current is presented and the large-Nc cancellations
are illustrated. The incorporation of SU(3) symmetry

breaking effects into the operator analysis is performed
in Sec. IV, while Sec. V contains a detailed numerical
analysis regarding the determination of the basic parame-
ters of large-Nc baryon chiral perturbation theory and the
extraction of gA from baryon semileptonic decays and the
strong decays of decuplet baryons. Our conclusions are
presented in Sec. VI. Finally, technical details regarding
loop integrals, commutator/anticommutator operator struc-
tures, flavor 8 and 27 contributions to the baryon axial
vector couplings, as well as matrix elements of baryon
operators, are relegated to four different appendices.

II. OVERVIEW OF LARGE-Nc CHIRAL
PERTURBATION THEORY

In order to introduce our notation and conventions, in
this section we provide an overview of the chiral
Lagrangian for baryons in the 1=Nc expansion introduced
first in Ref. [54]. This Lagrangian, which incorporates
nonet symmetry and the contracted spin-flavor symmetry
for baryons in the large-Nc limit, can be written as

Lbaryon ¼ iD0 �Mhyperfine þ Tr ðAk�cÞAkc

þ 1

Nc

Tr

�
Ak 2Iffiffiffi

6
p

�
Ak þ � � � ; (1)

with

D0 ¼ @01þ Tr ðV 0�cÞTc: (2)

The ellipses in Eq. (1) denote higher partial wave pion
couplings that occur at subleading orders in the 1=Nc

expansions for Nc > 3. In the large Nc limit, all of these
higher partial waves vanish, and the pion coupling to
baryons is purely p wave. Therefore, the only terms rele-
vant for our analysis are those displayed in Eq. (1).
Meson fields enter the Lagrangian (1) through the vector

and axial vector combinations

V 0 ¼ 1

2
ð�@0�y þ �y@0�Þ;

Ak ¼ i

2
ð�rk�y � �yrk�Þ;

�ðxÞ ¼ exp½i�ðxÞ=f�;

(3)

where�ðxÞ represents the nonet of Goldstone boson fields
and f � 93 MeV=c2 is the pion decay constant.
Each of the different terms in the Lagrangian (1) con-

tains a baryon operator. While the baryon kinetic energy
term involves the spin-flavor identity,Mhyperfine represents

the hyperfine baryon mass operator that incorporates the
spin splittings of the tower of baryon states with spins
1=2; . . . ; Nc=2 in the flavor representations. The quantities
Ak and Akc stand for the flavor singlet and flavor octet
baryon axial vector currents, respectively. All these baryon
operators can be written as polynomials in the SU(6) spin-
flavor generators [19]
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Jk¼ qy
�k

2
q; Tc ¼qy

�c

2
q; Gkc ¼qy

�k

2

�c

2
q: (4)

Here qy and q are SU(6) operators that create and annihi-
late states in the fundamental representation of SU(6), and
�k and �c are the Pauli spin and Gell-Mann flavor matri-
ces, respectively. The SU(6) spin-flavor generators satisfy
the commutation relations listed in Table I.

The 1=Nc expansions of the baryon flavor singlet and
octet axial vector currents were derived in Ref. [19].
Taking into account that Ak is a spin-1 object and a singlet
under SU(3), its 1=Nc expansion amounts to

Ak ¼ XNc

n¼1;3

b1;1n
1

Nn�1
c

Dk
n; (5)

where Dk
1 ¼ Jk and Dk

2mþ1 ¼ fJ2;Dk
2m�1g for m � 1.

The superscript on the operator coefficients of Ak denotes
that they refer to the baryon singlet current. At the physical
value Nc ¼ 3, Eq. (5) reduces to

Ak ¼ b1;11 Jk þ b1;13
1

N2
c

fJ2; Jkg: (6)

The flavor octet current Akc, on the other hand, is a spin-
1 object, an octet under SU(3) and odd under time reversal.
Its 1=Nc expansion reads [18,19]

Akc¼a1G
kcþ XNc

n¼2;3

bn
1

Nn�1
c

Dkc
n þ XNc

n¼3;5

cn
1

Nn�1
c

Okc
n ; (7)

where the unknown coefficients a1, bn, and cn have expan-
sions in powers of 1=Nc and are order unity at leading order
in the 1=Nc expansion. The first few operators in expansion
(7) are

Dkc
2 ¼ JkTc; (8)

Dkc
3 ¼ fJk; fJr; Grcgg; (9)

Okc
3 ¼ fJ2; Gkcg � 1

2
fJk; fJr; Grcgg; (10)

while higher order terms can be obtained as Dkc
n ¼

fJ2;Dkc
n�2g and Okc

n ¼ fJ2;Okc
n�2g for n � 4. Notice that

Dkc
n are diagonal operators with nonzero matrix elements

only between states with the same spin, and the Okc
n are

purely off-diagonal operators with nonzero matrix ele-
ments only between states with different spin. At Nc ¼ 3
the series (7) can be truncated as

Akc ¼ a1G
kc þ b2

1

Nc

Dkc
2 þ b3

1

N2
c

Dkc
3 þ c3

1

N2
c

Okc
3 :

(11)

Let us stress the fact that at the physical value Nc ¼ 3, the
1=Nc expansion only extends up to 3-body operators, such
that there are only four terms in the expansion for the baryon
octet axial vector current Eq. (11) in the flavor SU(3) limit.
Note again that the unknown coefficients a1, b2, b3, and c3
are all of order unity for large Nc (see Ref. [20]).
The matrix elements of the space components of Akc

between SU(6) symmetric states yield the values of the
axial vector couplings. For the octet baryons, the axial
vector couplings are gA, as defined in experiments in
baryon semileptonic decays, normalized in such a way
that gA � 1:27 for neutron � decay. For decuplet baryons,
the axial vector couplings are g, which are extracted from
the widths of the strong decays of the decuplet baryons into
octet baryons and pions.
Finally, the 1=Nc expansion of the baryon mass operator

M takes the form [18,19]

M ¼ m0Nc1þ XNc�1

n¼2;4

mn

1

Nn�1
c

Jn; (12)

where mn are unknown coefficients. The first term on the
right-hand side is the overall spin-independent mass of
the baryon multiplet and is removed from the chiral
Lagrangian by the heavy baryon field redefinition [47]. The
other terms are spin-dependent and represent Mhyperfine

introduced in the chiral Lagrangian (1). For Nc ¼ 3 the
hyperfine mass expansion reduces to a single operator

M hyperfine ¼ m2

Nc

J2: (13)

Again we emphasize that at the physical value Nc ¼ 3, the
1=Nc expansion for the baryon mass operator M only
extends up to 3-body operators, such that there are only
two terms in Eq. (12).
While the above expression for the flavor octet axial

current Akc refers to the SU(3) symmetry limit, we also
want to include effects into the operator analysis that result
from explicit SU(3) flavor symmetry breaking. Indeed, as
we discuss in detail in Sec. IV, the flavor octet axial current
Akc will receive additional terms that account for SU(3)
breaking.

III. RENORMALIZATION OF THE BARYON
AXIALVECTOR CURRENT

The 1=Nc baryon chiral Lagrangian displayed in Eq. (1)
has been applied to the calculation of nonanalytic meson-
loop corrections to various static properties of baryons.
Among them, the chiral corrections to the axial vector
coupling gA have been tackled in Refs. [35,39].
The one-loop diagrams that renormalize the baryon axial

vector current Akc are displayed in Fig. 1. Previous

TABLE I. SUð2NfÞ commutation relations.

½Ji; Ta� ¼ 0,

½Ji; Jj� ¼ i�ijkJk, ½Ta; Tb� ¼ ifabcTc,

½Ji; Gja� ¼ i�ijkGka, ½Ta;Gib� ¼ ifabcGic,

½Gia; Gjb� ¼ i
4	

ijfabcTc þ i
2Nf

	ab�ijkJk þ i
2 �

ijkdabcGkc.
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analyses [18–20,35,39] have shown that these loop graphs
have a calculable dependence on the ratio m�=�, where
m� denotes the meson mass and � � MT �MB is the
decuplet-octet mass difference. However, in order for the
theory to be valid, the conditions m� 	 �� and � 	 ��

must be met, while the ratio m�=� is not constrained and
can take any value. Also, the meson-baryon vertex is
proportional to gA=f. In the large-Nc limit, gA / Nc and
f / ffiffiffiffiffiffi

Nc

p
so the pion-baryon vertex is of order Oð ffiffiffiffiffiffi

Nc

p Þ.
The meson and baryon propagators are independent of Nc

and so are the loop integrals because in the MS scheme
they are given by the pole structure of the propagators.

The loop graphs of Fig. 1 possess a rather different Nc

dependence. Because of the fact that Figs. 1(a)–1(c) can be
combined into a single structure [35,39], we first deal with
the correction arising from these diagrams and postpone
the discussion of diagram 1(d). The contribution from
Figs. 1(a)–1(c) contains the full dependence on the ratio
�=m� and can be written as [39]

	Akc ¼ 1

2
½Aja; ½Ajb; Akc���ab

ð1Þ

� 1

2
fAja; ½Akc; ½M; Ajb��g�ab

ð2Þ

þ 1

6

�
½Aja; ½½M; ½M; Ajb��; Akc��

� 1

2
½½M; Aja�; ½½M; Ajb�; Akc��

�
�ab

ð3Þ þ � � � :
(14)

Here Akc is the baryon axial vector current operator given
in Eq. (11), M is the baryon mass operator given in
Eq. (12), and �ab

ðnÞ represents a symmetric tensor that

contains meson loop integrals with the exchange of a single
meson: A meson of flavor a is emitted and a meson of
flavor b is reabsorbed. This tensor decomposes into flavor
singlet, flavor 8, and flavor 27 representations as [54]

�ab
ðnÞ ¼ FðnÞ

1 	ab þ FðnÞ
8 dab8

þ FðnÞ
27

�
	a8	b8 � 1

8
	ab � 3

5
dab8d888

�
; (15)

where

FðnÞ
1 ¼ 1

8
½3FðnÞðm
; 0; �Þ þ 4FðnÞðmK; 0; �Þ

þ FðnÞðm�; 0; �Þ�; (16)

FðnÞ
8 ¼ 2

ffiffiffi
3

p
5

�
3

2
FðnÞðm
; 0; �Þ � FðnÞðmK; 0; �Þ

� 1

2
FðnÞðm�; 0; �Þ

�
; (17)

FðnÞ
27 ¼ 1

3
FðnÞðm
; 0; �Þ � 4

3
FðnÞðmK; 0; �Þ

þ FðnÞðm�; 0; �Þ: (18)

Equations (16)–(18) are linear combinations of

FðnÞðm
; 0; �Þ, FðnÞðmK; 0; �Þ, and FðnÞðm�; 0; �Þ, which
account for the loop integrals. Indeed, FðnÞðm�; 0; �Þ rep-
resents the degeneracy limit �=m� ! 0 of the general

function FðnÞðm�;�; �Þ, defined as

FðnÞðm�;�; �Þ � @nFðm�;�; �Þ
@�n ; (19)

where � is the scale parameter of dimensional regulariza-
tion. The function Fðm�;�; �Þ along with its derivatives
are given explicitly in Appendix A. In the degeneracy limit
one finds

Fð1Þðm�; 0; �Þ ¼ � m2
�

16
2f2
ln
m2

�

�2
; (20a)

Fð2Þðm�; 0; �Þ ¼ � 1

8
f2
m�; (20b)

Fð3Þðm�; 0; �Þ ¼ 1

4
2f2
ln
m2

�

�2
: (20c)

Notice that in Eq. (20) we have kept nonanalytic terms in
the quark mass explicitly. Analytic terms are scheme de-
pendent and have the same form as higher dimension terms
in the chiral Lagrangian so they have been omitted. It is
important to note that the one-loop correction to the axial
current Eq. (14) takes into account SU(3) flavor symmetry
breaking. These leading nonanalytic corrections to the

(a) (b) (c)

(d)

FIG. 1. One-loop corrections to the baryon axial vector current.
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SU(3) symmetry limit are contained in the loop integrals
that depend on the meson masses and thus break SU(3)

symmetry implicitly through the terms m2
� ln

m2
�

�2 , m�,

and ln
m2

�

�2 .

The computation of the group theoretic structure
involved in the loop graphs of Fig. 1 is quite subtle.
Here we are interested in computing corrections of
relative order Oð1=N2

cÞ to Akc, which is order OðNcÞ. In
other words, we need to retain terms up to order Oð1=N3

cÞ
in 	Akc in Eq. (14). To facilitate the computation, we
keep in mind two things. First, we can make use of the
1=Nc power-counting scheme introduced in previous
works [35,39], which states that, for baryons with spins
of order one,

Ta 
 Nc; Gia 
 Nc; Ji 
 1: (21)

This is equivalent to state that factors of Ji=Nc are 1=Nc

suppressed relative to factors of Ta=Nc and Gia=Nc. We
can safely implement this Nc counting rule provided that
we restrict ourselves to the lowest-lying baryon states,
namely, those that constitute the 56 dimensional repre-
sentation of SU(6).

Second, we should also take into account that an odd or
an even number of insertions of the baryon mass operator
in Eq. (14) yields structures with a rather different order in
Nc. This Nc dependence was determined in Ref. [39]
throughout a detailed analysis. The basic idea is quite
simple: one needs to count powers of J because of the
1=Nc suppression the factor J=Nc introduces. For instance,
in Akc and M the spin operator J appears a minimum of 0
and 2 times, respectively. Let r be the number of J’s from
Akc and M beyond these minimum values in a given
structure. Thus, contributions with no mass insertion in
Eq. (14) are order OðN0

cÞ for r ¼ 0, 1 and OðN2�r
c Þ for

r � 2. For one mass insertion, they are order OðN0
cÞ for

r ¼ 0, 1 and OðN1�r
c Þ for r � 2. For two mass insertions,

they are order OðN�r
c Þ [39]. Let us remark that this power

counting already includes a 1=Nc suppression due to the
overall factor 1=f2 that comes along with the loop integral.

Let us analyze the implications this power counting
scheme has on the different summands in Eq. (14). The
first one is

1

2
½Aja; ½Ajb; Akc���ab

ð1Þ: (22)

It corresponds to the degeneracy limit �=m� ! 0 and has
been analyzed in Ref. [35]. Naively, one would expect the
double commutator alone in (22) to beOðN3

cÞ: one factor of
Nc from each Akc. However, there are large-Nc cancella-
tions between the Feynman diagrams of Figs. 1(a)–1(c),
provided that all baryon states in a complete multiplet of
the large-Nc SU(6) spin-flavor symmetry are included in
the sum over intermediate states and that the axial coupling

ratios predicted by this spin-flavor symmetry are used [39].
By explicit computation, it has been shown that this double
commutator is of order OðNcÞ at most [35]. Therefore,
expression (22) yields an overall correction of order
Oð1=NcÞ to the tree-level value if one takes into account
that f is of order Oð ffiffiffiffiffiffi

Nc

p Þ. By using the counting rules
discussed above, the terms with r ¼ 0, 1, 2 in the product
AAA, namely,GGG,GGD2,GD2D2,GGD3, andGGO3

are found to contribute to the same order to the double
commutator, namely, order OðNcÞ. Thus, these terms,
along with the factor 1=f2 from the loop integral, make up
the corrections of order Oð1=NcÞ to the tree-level value—
which is order OðNcÞ—discussed above. At next sublead-
ing order, the terms with r ¼ 3, i.e., D2D2D2, GD2D3,
and GD2O3 will make up corrections of orderOð1=N2

cÞ to
the tree-level value, including again the factor 1=f2.
The second summand in Eq. (14), with one mass

insertion, is

� 1

2
fAja; ½Akc; ½M; Ajb��g�ab

ð2Þ: (23)

This is one of the corrections we are concerned with in the
present work. Although the baryon mass operator M
enters explicitly in the above expression, one is left with
the hyperfine mass splitting operator Mhyperfine instead,

because the spin-independent term in M in Eq. (12) is
proportional to the identity operator and hence drops out of
the commutator. According to theNc power counting rules,
for r ¼ 0, 1 the terms in the product AAAM, namely,
GGGJ2 and GGD2J

2, produce corrections of order
Oð1=NcÞ to the tree-level value, whereas at next subleading
order, for r ¼ 2, the contributions GD2D2J

2, GGD3J
2,

and GGO3J
2 yield corrections of order Oð1=N2

cÞ relative
to the tree-level value.
Finally, for two mass insertions the expression reads

1

6

�
½Aja; ½½M; ½M; Ajb��; Akc��

� 1

2
½½M; Aja�; ½½M; Ajb�; Akc��

�
�ab

ð3Þ: (24)

By using the Nc power counting rules, we infer that in the
product AAAMM terms with r ¼ 0, i.e., GGGJ2J2, and
r ¼ 1, i.e., GGD2J

2J2, will yield corrections of orders
Oð1=NcÞ andOð1=N2

cÞ to the tree-level value, respectively.
Also, an interesting piece of information we can extract is
that the dominant 1=Nc corrections from the baryon mass
splittings are due to multiple insertions of the J2 operator
rather than contributions of powers of J2. For instance, two
insertions of J2—like in GGGJ2J2—are larger (by one
power of Nc) than one insertion of J4—like in GGGJ4.
Now that we have identified the various contributions

required to the order of approximation implemented in the
present study, we proceed to evaluate them along the lines
discussed in Ref. [35]. The structures involved contain
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n-body operators [63] with n > Nc, which are complicated
commutators and/or anticommutators of the one-body op-
erators Jk, Tc, and Gkc. All of these complicated operator
structures should be reduced and rewritten as linear
combinations of the operator basis, with n � Nc. The
reduction, although lengthy and tedious in view of the
considerable amount of group theory involved, is never-
theless doable because the operator basis is complete and
independent [18,19]. All the necessary reductions are listed
in Appendix B for the sake of completeness.

Without further ado, the one-loop correction to Akc to
relative order Oð1=N2

cÞ can be written as

	Akc ¼ 	Akc
1 þ 	Akc

8 þ 	Akc
27; (25)

where

	Akc
1 ¼ X7

i¼1

siS
kc
i ; (26)

	Akc
8 ¼ X30

i¼1

oiO
kc
i ; (27)

and

	Akc
27 ¼

X61
i¼1

tiT
kc
i : (28)

The subscript in each summand in Eq. (25) denotes the
SU(3) flavor representation it comes from.
For the singlet contribution the operator basis is

Skc1 ¼Gkc; Skc2 ¼Dkc
2 ; Skc3 ¼Dkc

3 ; Skc4 ¼Okc
3 ; Skc5 ¼Dkc

4 ; Skc6 ¼Dkc
5 ; Skc7 ¼Okc

5 ; (29)

and the various coefficients that enter Eq. (26) read

s1 ¼
�
23

24
a31 �

Nc þ 3

3Nc

a21b2 þ
N2

c þ 6Nc � 54

12N2
c

a1b
2
2 �

N2
c þ 6Nc þ 2

2N2
c

a21b3 �
N2

c þ 6Nc � 3

2N2
c

a21c3 �
6ðNc þ 3Þ

N3
c

a1b2b3

�
Fð1Þ
1

þ
�
1

4
a31 �

Nc þ 3

Nc

a21b2 �
N2

c þ 6Nc þ 6

N2
c

a21b3

�
�

Nc

Fð2Þ
1 þ 1

12
ðN2

c þ 6Nc � 3Þa31
�2

N2
c

Fð3Þ
1 ; (30)

s2 ¼
�
101

24Nc

a21b2 þ
2ðNc þ 3Þ

3N2
c

a1b
2
2 þ

N2
c þ 6Nc � 18

12N3
c

b32 �
3ðNc þ 3Þ

2N2
c

a21b3 �
Nc þ 3

4N2
c

a21c3 þ
N2

c þ 6Nc þ 2

2N3
c

a1b2b3

� 3ðN2
c þ 6Nc � 24Þ

4N3
c

a1b2c3

�
Fð1Þ
1 þ

�
�1

4
ðNc þ 3Þa31 �

N2
c þ 6Nc � 29

4Nc

a21b2 �
5ðNc þ 3Þ

N2
c

a21b3 (31)

� 3ðNc þ 3Þ
2N2

c

a21c3

�
�

Nc

Fð2Þ
1 þ

�
� 11

24
ðNc þ 3Þa31 �

3ðN2
c þ 6Nc � 16Þ

8Nc

a21b2

�
�2

N2
c

Fð3Þ
1 ; (32)

s3 ¼
�
11

8N2
c

a1b
2
2 þ

51

8N2
c

a21b3 þ
1

N2
c

a21c3 þ
17ðNc þ 3Þ

6N3
c

a1b2b3 � 9ðNc þ 3Þ
4N3

c

a1b2c3

�
Fð1Þ
1

þ
�
1

4
a31 �

Nc þ 3

4Nc

a21b2 �
2N2

c þ 12Nc � 53

4N2
c

a21b3 þ
9

4N2
c

a21c3

�
�

Nc

Fð2Þ
1 þ

�
1

2
a31 �

19ðNc þ 3Þ
24Nc

a21b2

�
�2

N2
c

Fð3Þ
1 ;

(33)

s4 ¼
�

3

4N2
c

a1b
2
2 þ

7

6N2
c

a21b3 þ
167

24N2
c

a21c3 þ
5ðNc þ 3Þ

3N3
c

a1b2b3 � Nc þ 3

3N3
c

a1b2c3

�
Fð1Þ
1

þ
�
1

2
a31 �

5

2N2
c

a1b
2
2 þ

1

N2
c

a21b3 �
2N2

c þ 12Nc � 37

4N2
c

a21c3

�
�

Nc

Fð2Þ
1

þ
�
2

3
a31 �

Nc þ 3

3Nc

a21b2

�
�2

N2
c

Fð3Þ
1 ; (34)

s5 ¼
�

5

4N3
c

b32 þ
11

6N3
c

a1b2b3 þ 19

2N3
c

a1b2c3

�
Fð1Þ
1 þ

�
1

Nc

a21b2 �
Nc þ 3

2N2
c

a21b3 �
Nc þ 3

2N2
c

a21c3

�
�

Nc

Fð2Þ
1

þ 49

12Nc

a21b2
�2

N2
c

Fð3Þ
1 ; (35)
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s6 ¼
�

3

2N2
c

a21b3 þ
1

2N2
c

a21c3

�
�

Nc

Fð2Þ
1 ; (36)

s7 ¼ 5

2N2
c

a21c3
�

Nc

Fð2Þ
1 : (37)

The 8 and 27 contributions can be found in Appendix C for
the sake of completeness.

Equations (30)–(37) and their analogues for the 8 and 27
contributions listed in Appendix C have been rearranged to
display leading and subleading terms in 1=Nc explicitly.
Although the resultant expressions are rather breathtaking,
they are indeed illustrative. It is now evident that large-Nc

cancellations occur in the evaluation of the structures
appearing in Eq. (14), both for � ¼ 0 and � � 0, such
that 	Akc is at most of order Oð1Þ, or equivalently,
Oð1=NcÞ times the tree-level value. This is consistent
with being a quantum correction. Also, in the definitions
of the coefficients si, oi, and ti we have set m2 ¼ �,
which is a consequence of the one-to-one correspondence
between the parameters of the octet and decuplet chiral
Lagrangian and the coefficients of the 1=Nc chiral
Lagrangian for Nc ¼ 3 [54], namely,

MB ¼ 3m0 þ 1

4
m2; MT ¼ 3m0 þ 5

4
m2; (38)

so � is trivially given in terms of m2 for Nc ¼ 3.
Finally, as far as the one-loop graph of Fig. 1(d) is

concerned, it does not depend on the ratio �=m�. Its
analysis has been discussed in full in Ref. [35] and will
not be repeated here. At any rate, this contribution is taken
into account in the present analysis.

IV. THE AXIAL VECTOR CURRENT WITH
PERTURBATIVE SU(3) BREAKING

One important piece of information that should be
accounted for in the present analysis is the issue of pertur-
bative SU(3) symmetry breaking for the baryon axial vec-
tor current operator Akc. Let us recall that Akc is a spin-1
object and transforms as a flavor octet under SU(3). Flavor
symmetry breaking also transforms as an octet under
SU(3).

If we neglect isospin breaking and include first-order
SU(3) symmetry breaking, then Akc has pieces transform-
ing according to all SU(3) representations contained in

the tensor product ð1; 8 � 8Þ ¼ ð1; 1Þ 
 ð1; 8SÞ 
 ð1; 8AÞ 

ð1; 10þ 10Þ 
 ð1; 27Þ, namely,

	Akc
SB ¼ 	Akc

SB;1 þ 	Akc
SB;8 þ 	Akc

SB;10þ10
þ 	Akc

SB;27: (39)

In principle, 	Akc
SB is of order Oð�NcÞ and can not be

neglected compared to the terms retained in Akc, Eq. (11).

We follow the lines of Refs. [19,20,62] in order to construct
the operators that occur in (39) to relative order 1=N2

c .

A. ð1; 1Þ
The 1=Nc expansion for the ð1; 1Þ operator, to relative

order 1=N2
c , contains two terms, namely,

	Akc
SB;1 ¼ c1;11 	c8Jk þ c1;13

1

N2
c

	c8fJ2; Jkg; (40)

where the superscripts attached to the coefficients c1;1i

indicate the representation. Higher order terms can be
obtained by anticommuting the operators retained with
J2=N2

c . The above contribution is only relevant to the
baryon magnetic moment operator [59,62].

B. ð1; 8Þ
The 1=Nc expansion for the ð1; 8Þ operator has a similar

structure as Akc in Eq. (11). Thus, the ð1; 8Þ breaking
correction reads

	Akc
SB;8 ¼ c1;81 dce8Gke þ b1;82

1

Nc

dce8Dke
2

þ b1;83

1

N2
c

dce8Dke
3 þ c1;83

1

N2
c

dce8Oke
3 : (41)

Time reversal rules out a similar series with the d symbol
replaced by the f symbol. There is another series for the
ð1; 8Þ operator; it starts with the term

c1;82

1

Nc

fce8�ijkfJi; Gjeg; (42)

and higher order terms can be constructed by anticommut-
ing the leading operator with J2=N2

c . Let us notice that

fce8�ijkfJi; Gjeg ¼ ½J2; ½T8; Gkc��: (43)

The right-hand side of Eq. (43) shows that the operator
only contributes to processes where both spin and strange-
ness are changed. These processes have not been observed,
so the series (42) will be excluded.

C. ð1; 10 þ 10Þ
To relative order 1=N2

c , the series for the ð1; 10þ 10Þ
operator contains a two- and a three-body operator,
namely,

fGkc; T8g � fGk8; Tcg; (44a)

fGkc; fJr; Gr8gg � fGk8; fJr; Grcgg; (44b)

which require subtractions of the flavor-octet operators

[19]. The series for the ð1; 10þ 10Þ symmetry breaking
term can thus be written as

RENORMALIZATION OF THE BARYON AXIAL VECTOR . . . PHYSICAL REVIEW D 86, 094041 (2012)

094041-7



	Akc
SB;10þ10

¼ c1;10þ10
2

1

Nc

�
fGkc; T8g � fGk8; Tcg � 1

3
fce8feghðfGkg; Thg � fGkh; TggÞ

�

þ c1;10þ10
3

1

N2
c

�
fGkc; fJr; Gr8gg � fGk8; fJr; Grcgg � 1

3
fce8feghðfGkg; fJr; Grhgg � fGkh; fJr; GrgggÞ

�
: (45)

Further reductions imply that

1

3
fce8feghðfGkg; Thg � fGkh; TggÞ ¼ 2

3
½J2; ½T8; Gkc��;

(46)

and

1

3
fce8feghðfGkg; fJr; Grhgg � fGkh; fJr; GrgggÞ

¼ 1

3
ðNc þ NfÞ½J2; ½T8; Gkc��; (47)

so the subtracted terms in (45) are irrelevant as they
correspond to processes where both spin and strangeness
are changed.

D. ð1; 27Þ
Finally, to relative order 1=N2

c , the series for the ð1; 27Þ
operator contains three terms: one two-body operator and
two three-body operators, which read

fGkc; T8g þ fGk8; Tcg; (48a)

fJk; fTc; T8gg; (48b)

fGkc; fJr; Gr8gg þ fGk8; fJr; Grcgg: (48c)

These operators require subtractions of the flavor-singlet
and flavor-octet pieces [19]. The ð1; 27Þ symmetry break-
ing series thus reads

	Akc
SB;27 ¼ c1;272

1

Nc

�
fGkc; T8g þ fGk8; Tcg � 2

N2
f � 1

	c8fGke; Teg � 2Nf

N2
f � 4

dce8deghfGkg; Thg
�
þ c1;273

1

N2
c

�
fJk; fTc; T8gg

� 1

N2
f � 1

	c8fJk; fTe; Tegg � Nf

N2
f � 4

dce8deghfJk; fTg; Thgg
�
þ �c1;273

1

N2
c

�
fGkc; fJr; Gr8gg þ fGk8; fJr; Grcgg

� 2

N2
f � 1

	c8fGke; fJr; Gregg � 2Nf

N2
f � 4

dce8deghfGkg; fJr; Grhgg
�
: (49)

Again, further reductions yield

2

N2
f � 1

	c8fGke; Teg þ 2Nf

N2
f � 4

dce8deghfGkg; Thg ¼ 2ðNc þ NfÞ
Nf þ 2

dc8eGke þ 2ðNc þ NfÞ
NfðNf þ 1Þ	

c8Jk þ 2

Nf þ 2
dc8eDke

2 ; (50)

1

N2
f � 1

	c8fJk; fTe; Tegg þ Nf

N2
f � 4

dce8deghfJk; fTg; Thgg

¼ NcðNc þ 2NfÞðNf � 2Þ
NfðN2

f � 1Þ 	c8Jk þ 2ðNc þ NfÞðNf � 4Þ
N2

f � 4
dc8eDke

2 þ 2Nf

N2
f � 4

dc8eDke
3 þ 2

N2
f � 1

	c8fJ2; Jkg; (51)

and

2

N2
f � 1

	c8fGke; fJr; Gregg þ 2Nf

N2
f � 4

dce8deghfGkg; fJr; Grhgg

¼ 2Nf

Nf þ 2
dc8eGke þ ðNc þ 2ÞðNc þ 2Nf � 2Þ

2ðN2
f � 1Þ 	c8Jk þ NfðNc þ NfÞ

N2
f � 4

dc8eDke
2

þ Nf � 4

N2
f � 4

dc8eDke
3 þ 2

Nf þ 2
dc8eOke

3 þ Nf � 2

NfðN2
f � 1Þ	

c8fJ2; Jkg;

(52)
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As expected, the subtraction of flavor-singlet and flavor-
octet pieces in the 1=Nc expansion (49) contains operators
already defined in the series (40) and (41), such that in the
1=Nc expansion (49) we only have to keep the terms
displayed in Eq. (48).

E. Total correction to the baryon axial vector current

The baryon axial vector current Akc, Eq. (11), gets
corrections due to one-loop and perturbative SU(3) sym-
metry breaking contributions alike. The one-loop correc-
tion, 	Akc

1L, arises from Figs. 1(a)–1(c), Eq. (25), and
Fig. 1(d), discussed in Ref. [35]. The perturbative SU(3)
breaking corrections come from Eq. (39). The overall
correction to the baryon axial vector current thus
amounts to

Akc þ 	Akc ¼ Akc þ 	Akc
1L þ 	Akc

SB: (53)

The matrix elements of the space components of Akc þ
	Akc between SU(6) symmetric states yield the values of
the axial vector couplings. Again, for the octet baryons,
the axial vector couplings are gA, as defined in baryon
semileptonic decays, normalized such that gA � 1:27 for
neutron � decay. For decuplet baryons, the axial vector
couplings correspond to the quantities g, which are
extracted from the widths of the strong decays of decuplet
baryons into octet baryons and pions. In the next section
we provide various numerical analyses in order to compare
our expressions with the experimental measurements.

V. FITTING THE DATA

In this section we perform a detailed comparison of the
cumbersome expression (53) with the available experimen-
tal data through some least-squares fits, in order to get
information about the free parameters of the theory. The
numerical analysis can be performed in several ways. We
first choose to study the effects of the one-loop corrections
only by comparing the theoretical expressions with the
available data on baryon semileptonic decays. Then we
proceed to incorporate the effects of both one-loop and
perturbative SU(3) breaking corrections into the analysis,

using the experimental data on baryon semileptonic decays
and the strong decays of the decuplet baryons.

A. Fits to the data on baryon semileptonic decays:
Effects of one-loop corrections

The available experimental data on baryon semileptonic
decays is listed in Table II in the form of the total decay
rate R, angular correlation coefficients �e�, and spin-
asymmetry coefficients �e, ��, �B, A, and B, along with
the measured gA=gV ratios. A word of caution is in order
here. Most data on angular correlation and asymmetry
coefficients are rather old, dating back from the 1980s.
We have borrowed the world averages reported in Ref. [64]
for hyperon semileptonic decays. The decay rates and
gA=gV ratios, on the other hand, are found in Ref. [2],
except for the ratio gA=gV of the�� ! �0 process, which
is also given in Ref. [64]. For the n ! p process, however,
from present experimental results [2] for the order-zero
angular coefficients B, A, and a, we have obtained the
corresponding angular coefficients ��, �e�, and �e listed
in Table II.
The theoretical expressions for the integrated observ-

ables in baryon semileptonic decays can be found in
Refs. [36,64,65]. These expressions require several inputs.
First, the hadronic matrix element is written in terms of
f1ðq2Þ and g1ðq2Þ, the vector and axial vector form factors,
f2ðq2Þ and g2ðq2Þ, the weak magnetism and electricity
form factors, and f3ðq2Þ and g3ðq2Þ, the induced scalar
and pseudoscalar form factors, respectively, where q2 is the
momentum transfer squared. Time reversal invariance
requires the form factors to be real. In the limit of
zero momentum transfer, f1ð0Þ and g1ð0Þ reduce to the
vector and axial vector coupling constants gV and gA,
respectively.
In the limit of exact SU(3) flavor symmetry, the hadron

weak vector and axial vector currents belong to SU(3)
octets, so the form factors of different baryon semileptonic
decays are related by SU(3) flavor symmetry and given in
terms of some reduced forms factors and Clebsch-Gordan
coefficients. The weak currents and the electromagnetic
current are members of the same SU(3) octet, so all the
vector form factors for baryon semileptonic decays are
related at q2 ¼ 0 to the electric charges and the anomalous

TABLE II. Experimental data on eight observed baryon semileptonic decays. The units of R are 10�3 s�1 for neutron decay and
106 s�1 for the others.

n ! pe� ��e �þ ! �eþ�e �� ! �e� ��e � ! pe� ��e �� ! ne� ��e �� ! �e� ��e �� ! �0e� ��e �0 ! �þe� ��e

R 1:1362� 0:0014 0:249� 0:062 0:387� 0:018 3:161� 0:058 6:876� 0:235 3:44� 0:19 0:53� 0:10 0:872� 0:039

�e� �0:0788� 0:0008 �0:35� 0:15 �0:404� 0:044 �0:019� 0:013 0:347� 0:024 0:53� 0:10

�e �0:0871� 0:0010 0:125� 0:066 �0:519� 0:104

�� 0:9875� 0:0044 0:821� 0:060 �0:230� 0:061

�B �0:508� 0:065 0:509� 0:102

A 0:07� 0:07 0:62� 0:10

B 0:85� 0:07

gA=gV 1:2701� 0:0025 0:718� 0:015 �0:340� 0:017 0:25� 0:05 1:287� 0:158 1:21� 0:05
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magnetic moments of the nucleons. Furthermore, f3ðq2Þ
vanishes in the SU(3) symmetry limit. In turn, the leading
axial vector form factor is given in terms of two reduced
form factors F and D. Also, in the SU(3) symmetry limit
g2 ¼ 0. Finally, g3ðq2Þ, for electron or positron emission,
has a negligible contribution to the decay rate due to the
smallness of the factor ðme=MBÞ2 that comes along with it.

Thus, only three form factors are relevant in the descrip-
tion of baryon semileptonic decays, namely, f1ðq2Þ, f2ðq2Þ,
and g1ðq2Þ. As for the q2 dependence of the form
factors, for f1ðq2Þ and g1ðq2Þ a linear expansion in q2 is
enough because higher powers amount to negligible con-
tributions to the decay rate, less than a fraction of a percent,

i.e., f1ðq2Þ ¼ f1ð0Þ þ ðq2=M2
BÞ�f

1 and g1ðq2Þ ¼ g1ð0Þþ
ðq2=M2

BÞ�g
1 , where the slope parameters �f

1 and �g
1 are

both of order unity [64]. In contrast, the q2 dependence
of f2 can be ignored because it already contributes to order
q to the transition amplitude.

Second, we also should take into account in the analysis
the issue of radiative corrections to the integrated observ-
ables. For practical purposes, we will include these correc-
tions following the lines of Refs. [64,65].

Finally, we also implement the magnitudes of the
Cabibbo-Kobayashi-Maskawa matrix elements Vud and Vus

as recommended in Ref. [2] and for definiteness we set� ¼
0:231 GeV=c2, f ¼ 93 MeV=c2, and � ¼ 1 GeV=c2.

Before we proceed with the numerical analysis, we
should recall that among the available experimental data
we can construct two different sets of observables. The first
one is constituted by the decay rates and the gA=gV ratios;
the second one is constructed with the decay rates and the
angular correlation and spin-asymmetry coefficients.
Unless noted otherwise, we do not include simultaneously
in the analysis the gA=gV ratios and the angular and asym-
metry coefficients, because the ratios are determined
from the latter ones, i.e., these measurements are not
independent.

The simplest possible fit we can perform is an SU(3)
symmetric fit that involves only two parameters, namely,
a1 and b2; this is equivalent to a fit using only F and D
because at this level they are related as

D ¼ 1

2
a1; F ¼ 1

3
a1 þ 1

6
b2: (54)

By using the decay rates and the gA=gV ratios, the best-fit
values are a1 ¼ 1:61� 0:01 and b2 ¼ �0:40� 0:06, or
equivalently, F ¼ 0:47� 0:01 and D ¼ 0:81� 0:01, with
a �2 ¼ 53:85 for 12 degrees of freedom. Before drawing
any conclusions about this rather high value of �2, let us
proceed to evaluate the effects of chiral loop corrections.

The next fit we can perform consists in neglecting the
baryon mass splitting �, which is equivalent to consider
the degeneracy limit �=m� ! 0. Actually, a fit under
these assumptions was already performed in Ref. [35].
The primary goal of that analysis was not to be definitive

about the determination of gA, but rather to test the work-
ing assumptions. In the present analysis we are interested
in quantifying the effects of a nonvanishing� on gA. Thus,
by using the decay rates and the gA=gV ratios listed in
Table II, we find a1 ¼ 0:28� 0:07, b2 ¼ �0:67� 0:04,
b3 ¼ 4:02� 0:26, and c3 ¼ �13:95� 2:92, with a �2 ¼
39:33 for 10 degrees of freedom. Hereafter, the quoted
errors of the best-fit parameters will be from the �2 fit
only and will not include any theoretical uncertainties,
unless stated otherwise. A close inspection of the output
of the fit reveals that, except for c3, the values of the
parameters obtained are as expected from the 1=Nc expan-
sion, namely, they are roughly of order 1. For c3 the
situation is radically different because it falls far away
from any coherent expectation. Surprisingly, the effects
of the loop corrections shift noticeably the values of a1
and b2 with respect to the SU(3) symmetric case previously
discussed. This should not be a cause of concern. Actually,
when loop corrections with both octet and decuplet bary-
ons are taken into account, there appear two more coef-
ficients b3 and c3, which are directly related to the
couplings C and H . For Nc ¼ 3 the relations are [54]

D ¼ 1

2
a1 þ 1

6
b3; F ¼ 1

3
a1 þ 1

6
b2 þ 1

9
b3;

C ¼ �a1 � 1

2
c3; H ¼ � 3

2
a1 � 3

2
b2 � 5

2
b3:

(55)

With the above values of the best-fit parameters, we get
F ¼ 0:43� 0:01, D ¼ 0:81� 0:01, C ¼ 6:70� 1:10, and
H ¼ �9:47� 0:50. Loop corrections thus introduce
small shifts in F and D compared to the SU(3) symmetric
fit, but the values of C and H are considerably different
from expectations: jCj ¼ 1:6 and H ¼ �1:9� 0:7, as
found in Ref. [49].
As we can observe in Table III, the different SU(3) flavor

contributions to gA follow the pattern dictated by the 1=Nc

expansion. The singlet corrections—the most significant
ones—are roughly speaking 1=Nc suppressed with respect
to the tree-level value. Subsequent suppressions of the
octet and 27 contributions are also noticeable. Hence, in
spite of the high value of �2, the fit in the degenerate case
yields predictions of gA that are in accordance with expec-
tations. However, the price we need to pay relies in the
rather high values of the parameters of the theory, which is
not completely satisfactory.
As mentioned before, an analogous fit was performed in

Ref. [35]. Our analysis here differs from the former one in
two crucial aspects. First, in Ref. [35] we used the experi-
mental information accessible at that time [66]. The values
of Vud and Vus, however, have been updated along with the
experimental information on the processes n ! p and
�0 ! �þ [2]. These improvements introduce perceptible
differences in our current analysis. Second, in Ref. [35] we
performed a constrained fit in order to get c3 from the
baryon-meson coupling jCj ¼ 1:6. Now we obtain c3 from
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the data only, on the same footing as the other parameters
a1, b2, and b3. Hence we may say that our present numeri-
cal results supersede the ones of Ref. [35].

We now proceed with the evaluation of the effects of
a nonvanishing decuplet-octet mass difference �. As in
the previous fit, we use the experimental information on the
decay rates and the gA=gV ratios in order to determine the
parameters a1, b2, b3, and c3. The best-fit values obtained
are this time a1 ¼ �0:35� 0:02, b2 ¼ �2:40� 0:16,
b3 ¼ 6:53� 0:16, and c3 ¼ 5:86� 0:29, with �2 ¼
17:80 for 10 degrees of freedom. Although the values of
b3 and c3 are slightly higher than expected, we can say
that there is a noticeable improvement of the best-fit pa-
rameters in this case with respect to the previous one.
Besides, �2 reduces its value considerably to 1:78=dof,
which indicates a much better fit. Also, F ¼ 0:21� 0:02,
D ¼ 0:91� 0:02, C ¼ �2:58� 0:14, andH ¼ �12:2�
0:16. There are some rearrangements in the values of the
parameters with respect to the previous case but still the
output is not entirely satisfactory.

Let us now turn to the baryon axial vector couplings.
The predicted values for gA are listed in Table IV. We
observe that there is an overall agreement in these predic-
tions. The 1=Nc suppressions, dictated by the 1=Nc expan-
sion, are evident in all the flavor contributions to gA. While
the singlet piece is the most significant one, the octet and
27 pieces exhibit suppressions relative to the tree-level

value as expected. Still, we need to point out that the
entries of process �� ! � show worrisome deviations
from the expected values. This behavior has been system-
atically observed in other analyses [21,35,65].
Next, we provide in Table V the observables obtained

with the best-fit parameters in order to compare them with
the experimental values displayed in Table II. The most
important deviations between theory and experiment arise
from the decay rates of the processes�� ! �,� ! p and
�0 ! �þ whose contributions to the total �2 amount to
�2
��� ¼ 5:31, �2

�p ¼ 2:37, and �2
�0�þ ¼ 1:78, respec-

tively, and the gA=gV ratio of n ! p, which contributes
with �2

np ¼ 3:87 to �2.

Now we can redo the analysis by using the other set of
experimental information discussed above, namely, the one
constituted by the decay rates and the angular correlation
and spin-asymmetry coefficients. At this stage we have at
our disposal 8 decay rates and 17 coefficients. We have two
more pieces of information available, the gA=gV ratios of
the processes �� ! �0 and �0 ! �þ; we will use them
because their coefficients have not been measured yet.
As in the previous case, we proceed to perform the

comparison between theory and experiment in the limit
of vanishing �. The fit produces a1 ¼ 0:30� 0:06, b2 ¼
�0:65� 0:03, b3 ¼ 3:92� 0:24, and c3 ¼ �13:79�
2:17, with a �2 ¼ 62:62 for 23 degrees of freedom. We
observe that the values of the best-fit parameters do not

TABLE IV. Predicted values of gA of some observed baryon semileptonic decays for nonvanishing �. Contributions from the
different SU(3) representations are listed. The decay rates and gA=gV ratios are used in the fit.

Figures 1(a)–1(c), Oð�0Þ Figures 1(a)–1(c), Oð�Þ Figures 1(a)–1(c), Oð�2Þ Figure 1(d)

Process Total Tree 1 8 27 1 8 27 1 8 27 1 8 27

np 1.275 1.121 �0:550 0.372 0.003 0.361 �0:170 �0:002 �0:041 �0:022 0.000 0.303 �0:101 0.002

��� 0.629 0.745 �0:364 0.142 �0:002 0.038 �0:040 0.001 �0:021 �0:007 0.000 0.201 �0:067 0.001

�p �0:879 �0:628 0.310 �0:121 0.003 �0:404 0.120 �0:002 0.030 0.008 0.000 �0:170 �0:028 0.004

��n 0.340 0.704 �0:341 �0:015 0.007 �0:268 0.044 �0:001 �0:010 0.002 0.000 0.190 0.032 �0:004
��� 0.361 �0:117 0.054 0.159 �0:014 0.366 �0:041 0.003 �0:009 �0:005 0.001 �0:032 �0:005 0.001

���0 0.820 0.793 �0:389 �0:132 0.012 0.255 0.060 �0:002 �0:029 0.008 �0:001 0.214 0.036 �0:005
�0�þ 1.160 1.121 �0:550 �0:186 0.017 0.361 0.085 �0:003 �0:041 0.011 �0:001 0.303 0.050 �0:007

TABLE III. Predicted values of gA of some observed baryon semileptonic decays for vanishing �. Contributions from the different
SU(3) representations are listed. The decay rates and gA=gV ratios are used in the fit.

Figures 1(a)–1(c) Figure 1(d)

Process Total Tree 1 8 27 1 8 27

np 1.275 1.238 �0:403 0.208 0.006 0.334 �0:111 0.002

��� 0.623 0.661 �0:219 0.066 �0:005 0.179 �0:059 0.001

�p �0:899 �0:855 0.274 �0:058 0.005 �0:231 �0:038 0.005

��n 0.345 0.381 �0:134 �0:024 0.004 0.103 0.017 �0:002
��� 0.225 0.194 �0:055 0.033 �0:008 0.053 0.009 �0:001
���0 0.795 0.875 �0:285 �0:073 0.007 0.236 0.039 �0:005
�0�þ 1.124 1.238 �0:403 �0:104 0.009 0.334 0.056 �0:007
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change substantially with respect to their analogues when
the decay rates and gA=gV ratios are used. Still, the differ-
ences, although small, are perceptible. The predicted gA
are listed in Table VI for the sake of completeness. The
different flavor contributions behave in the same way as in
Table III.

When a nonvanishing� is considered, the fit yields a1¼
�0:36�0:02, b2 ¼ �2:50� 0:15, b3¼6:64�0:15, and
c3 ¼ 5:81� 0:25, with a �2 ¼ 36:10 for 23 degrees of
freedom. The predicted gA are given in Table VII. There
are small but perceptible differences between the entries of
this Table VII and those of Table IV.

We conclude this stage of the comparison by providing in
Table VIII the observables obtained with the best-fit pa-
rameters in this last case in order to compare them with the
experimental values given in Table II. The highest devia-
tions between theory and experiment come from R from
�� ! � (�2

��� ¼ 5:71), �� from � ! p (�2
�p¼6:68)

and �� ! n (�2
��n¼4:11), and from �e in the processes

n ! p (�2
np ¼ 2:10) and � ! p (�2

�p ¼ 2:54), which

together amount to half the total �2.
In summary, although the inclusion of one-loop correc-

tions, both for vanishing and nonvanishing decuplet-octet
mass difference, in the numerical analysis displays some
interesting trends, the output of the fits, particularly trans-
lated into the determination of the axial vector couplings
D, F, C, andH are not entirely satisfactory. We then learn
that perturbative SU(3) symmetry breaking should play an

important role in the numerical analysis, as we discuss in
the next section.

B. Fits to the data on the � decay of the octet
baryons and the strong decays of the decuplet

baryons: Inclusion of both chiral and
perturbative breaking corrections

The off-diagonal matrix elements of Akc þ 	Akc involv-
ing decuplet and octet baryons can be obtained through the
strong transitions of decuplet baryons to octet baryons and
pions. The available experimental information on the kine-
matically allowed strong decays � ! N
, �� ! �
,
�� ! �
, �� ! �
 can be found in Ref. [2] in the
form of widths.
The formalism to obtain the widths of the strong decays

of the baryon decuplet within chiral perturbation theory
was originally introduced by Peccei [67] and further imple-
mented in the analysis of Ref. [20]. In this formalism, the
width of a decuplet baryon B0 decaying into an octet
baryon B and a pion is given by

�B0 ¼ g2CðB; B0Þ2ðEB þMBÞjqj3
24
f2MB0

; (56)

where g is the axial vector coupling for this decay, CðB; B0Þ
is a Clebsch-Gordan coefficient that is equal to

f1; 1= ffiffiffi
2

p
; 1=

ffiffiffi
3

p
; 1=

ffiffiffi
2

p g for f� ! N
;�� ! �
;�� !
�
;�� ! �
g, MB0 , MB are the masses of the decuplet

TABLE V. Values of predicted observables for eight observed baryon semileptonic decays. The units of R are 10�3 s�1 for neutron
decay and 106 s�1 for the others. The decay rates and gA=gV ratios are used in the fit.

n!pe� ��e �þ!�eþ�e ��!�e� ��e �!pe� ��e ��!ne� ��e ��!�e� ��e ��!�0e� ��e �0!�þe� ��e

R 1.135 0.257 0.428 3.250 6.741 3.309 0.454 0.820

�e� �0:080 �0:406 �0:414 �0:026 0.340 0.500

�e �0:089 0.018 �0:630
�� 0.987 0.977 �0:352
�B �0:590 0.665

A 0.046 0.641

B 0.888

gA=gV 1.271 0.717 �0:340 0.293 1.162 1.162

TABLE VI. Predicted values of gA of some observed baryon semileptonic decays for vanishing �. Contributions from the different
SU(3) representations are listed. The decay rates and angular correlation and spin-asymmetry coefficients are used in the fit.

Figures 1(a)–1(c) Figure 1(d)

Process Total Tree 1 8 27 1 8 27

np 1.275 1.236 �0:404 0.211 0.007 0.334 �0:111 0.002

��� 0.625 0.659 �0:221 0.072 �0:005 0.178 �0:059 0.001

�p �0:897 �0:855 0.274 �0:057 0.005 �0:231 �0:038 0.005

��n 0.335 0.378 �0:137 �0:028 0.004 0.102 0.017 �0:002
��� 0.233 0.196 �0:053 0.038 �0:009 0.053 0.009 �0:001
���0 0.791 0.874 �0:286 �0:075 0.007 0.236 0.039 �0:005
�0�þ 1.119 1.236 �0:404 �0:106 0.010 0.334 0.056 �0:007
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and octet baryons, respectively, f is the pion decay con-
stant, and EB and q are the octet baryon energy and the
pion three-momentum in the rest frame of B0, respectively.
With the help of Eq. (56), the axial vector couplings g can
be determined for each decay and are listed in Table IX.
Notice that the Clebsch-Gordan coefficients have been
chosen in such a way that the g couplings are all equal in
the limit of exact SU(3) symmetry [20].

At this stage we have four extra pieces of experimental
information at our disposal. In order to perform a com-
parison between theory and experiment in a more prag-
matic manner, we will perform a global fit by using the
experimental information on gA and g only, this time
including both chiral and perturbative symmetry breaking
corrections into our evaluation. The fits discussed in the
previous section taught us that perturbative symmetry
breaking, being of order Oð�NcÞ, might have an important
effect in the determination of the axial vector couplings.
Practically, they are of the same order as the singlet

contribution in the loop corrections and should be
retained.
Perturbative flavor SU(3) symmetry breaking involves

several extra free parameters in the analysis. In order to
overcome this difficulty, we will adopt the following strat-
egy. We will incorporate perturbative symmetry breaking
corrections up to next-to-leading order, i.e., we only retain
orderOðN0

cÞ corrections to Akc in the 1=Nc expansion (39),
otherwise we loose predictive power. We also include
SU(3) breaking in the strangeness zero sector only.
Under these assumptions, Akc þ 	kc

SB takes on the simpli-

fied form

Akc þ	kc
SB ¼ a1G

kc þ b2
1

Nc

Dkc
2 þb3

1

N2
c

Dkc
3 þ c3

1

N2
c

Okc
3

þW�S

�
d1d

c8eGke þd2
1

Nc

dc8eDke
2

þd3
1

Nc

ðfGkc;T8g� fGk8; TcgÞ

þd4
1

Nc

ðfGkc;T8gþ fGk8; TcgÞ
�
; (57)

where W�S ¼ 1 for �S ¼ 1 processes (c ¼ 4� i5) and
vanishes for �S ¼ 0 processes (c ¼ 1� i2). Let us notice
that the di coefficients have been redefined according to the
discussion of the previous section.

TABLE VII. Predicted values of gA of some observed baryon semileptonic decays for nonvanishing �. Contributions from the
different SU(3) representations are listed. The decay rates and angular correlation and spin-asymmetry coefficients are used in the fit.

Figures 1(a)–1(c), Oð�0Þ Figures 1(a)–1(c), Oð�Þ Figures 1(a)–1(c), Oð�2Þ Figure 1(d)

Process Total Tree 1 8 27 1 8 27 1 8 27 1 8 27

np 1.275 1.125 �0:580 0.389 0.003 0.388 �0:182 �0:003 �0:046 �0:024 0.000 0.304 �0:101 0.002

��� 0.630 0.755 �0:382 0.152 �0:002 0.041 �0:042 0.001 �0:023 �0:007 0.000 0.204 �0:068 0.001

�p �0:874 �0:623 0.328 �0:125 0.003 �0:434 0.129 �0:002 0.033 0.009 0.000 �0:168 �0:028 0.004

��n 0.332 0.724 �0:355 �0:018 0.007 �0:289 0.048 �0:001 �0:011 0.003 0.000 0.196 0.033 �0:004
��� 0.373 �0:132 0.053 0.168 �0:015 0.394 �0:044 0.003 �0:009 �0:006 0.001 �0:036 �0:006 0.001

���0 0.819 0.795 �0:410 �0:138 0.013 0.274 0.064 �0:003 �0:032 0.009 �0:001 0.215 0.036 �0:005
�0�þ 1.158 1.125 �0:580 �0:195 0.019 0.388 0.091 �0:004 �0:046 0.012 �0:001 0.304 0.051 �0:007

TABLE VIII. Values of predicted observables for eight observed baryon semileptonic decays. The units of R are 10�3 s�1 for
neutron decay and 106 s�1 for the others. The decay rates and angular correlation and spin-asymmetry coefficients are used in the fit.

n ! pe� ��e �þ ! �eþ�e �� ! �e� ��e � ! pe� ��e �� ! ne� ��e �� ! �e� ��e �� ! �0e� ��e �0 ! �þe� ��e

R 1.135 0.257 0.430 3.230 6.661 3.355 0.453 0.818

�e� �0:080 �0:406 �0:414 �0:022 0.352 0.485

�e �0:089 0.020 �0:618
�� 0.987 0.976 �0:354
�B �0:590 0.658

A 0.046 0.653

B 0.888

gA=gV 1.275 0.714 �0:332 0.304 1.158 1.158

TABLE IX. Value of the axial vector coupling g extracted
from the widths of the strong decays of the decuplet baryons
[2] by using Eq. (56).

Decay � ! N
 �� ! �
 �� ! �
 �� ! �


g �2:04� 0:01 �1:69� 0:02 �1:59� 0:10 �1:46� 0:04
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In order to perform the fit in the limit � ! 0 in a
consistent fashion, we should set b3 ¼ 0 in Eq. (57) and
remove from 	Akc

1L all the terms of relative order 1=N3
c ,

namely, those terms proportional to b32, a1b2b3, and

a1b2c3, and set also b3 ¼ 0 in there. Keeping the c3 term
in Eq. (57) will avoid mixing up symmetry breaking effects
with 1=Nc corrections in the symmetric couplings D, F, C,
and H [20]. As for the nonvanishing � case, we should
keep Eq. (57) the way it stands due to the next-to-next-to-
leading order contributions that come along with �.

Proceeding with the fit in the limit of vanishing �,
using the experimental data on gA (or, alternatively,
gA=gV), the fit yields a1 ¼ 1:00� 0:02, b2 ¼ 0:73�
0:06, b3 ¼ 0:0, and c3 ¼ 0:82� 0:04, and d1 ¼ �0:67�
0:04, d2 ¼ 6:66 � 0:41, d3 ¼ 0:09 � 0:03, and d4 ¼
�0:01� 0:06 with �2 ¼ 14:96 for 3 degrees of freedom.
The highest contributions to �2 come from gA of the
process �0�þ (�2

�0�þ ¼ 4:88) and g from the processes

��� and ��� (�2
��� ¼ 3:15 and �2

��� ¼ 3:33). With

these best-fit parameters, the SU(3) symmetric couplings
become D ¼ 0:50� 0:01, F ¼ 0:45� 0:01, C¼�1:41�
0:01, andH ¼ �2:59� 0:07. Also, the various symmetry
breaking contributions to gA and g are listed in Table X for
the sake of completeness.
We find a fairly good agreement between the predicted

and the observed couplings gA and g. Also, the pattern
dictated by the various breaking pieces are in accordance
with expectations. Of particular interest are the values of
SU(3) symmetry breaking listed in the third column from
left to right in that Table X.
When we finally redo the fit in the limit of nonvan-

ishing �, we find a1 ¼ 0:64� 0:22, b2 ¼ 0:21� 25,
b3 ¼ 1:35� 0:06, and c3¼1:90�0:41, and d1¼�0:44�
0:12, d2¼6:48�0:37, d3¼0:04�0:03, and d4 ¼ 0:08�
0:07 with �2 ¼ 2:28 for 2 degrees of freedom. The highest
contribution to �2 comes from gA of the process ���
(�2

��� ¼ 1:58). Similarly, with the best-fit parameters

in this case we find D ¼ 0:54� 0:03, F ¼ 0:40� 0:03,

TABLE X. Predicted axial vector couplings for vanishing �. The experimental information on gA and g are used in the fit. Note that
SU(3) flavor symmetry breaking is taken into account in two ways: explicitly through perturbative symmetry breaking (SB) and
implicitly through the integrals occurring in the one-loop corrections.

Figures 1(a)–1(c) Figure 1(d)

Process Total Tree SB 1 8 27 1 8 27

np 1.270 0.953 0.000 0.064 0.082 �0:003 0.257 �0:086 0.002

��� 0.309 0.407 �0:158 �0:018 0.004 �0:001 0.110 �0:037 0.001

�p �0:903 �0:760 0.254 �0:097 �0:063 �0:003 �0:205 �0:034 0.005

��n 0.349 0.045 0.371 �0:108 0.025 0.003 0.012 0.002 0.000

��� 0.301 0.353 �0:328 0.114 0.051 0.002 0.095 0.016 �0:002
���0 0.778 0.674 �0:122 0.046 �0:029 0.001 0.182 0.030 �0:004
�0�þ 1.100 0.953 �0:172 0.064 �0:041 0.001 0.257 0.043 �0:006
�N �2:039 �1:409 0.000 �0:412 0.031 0.008 �0:381 0.127 �0:003
��� �1:680 �1:409 0.388 �0:412 0.012 �0:002 �0:381 0.127 �0:003
��� �1:413 �1:409 0.505 �0:412 0.159 0.000 �0:381 0.127 �0:003
��� �1:533 �1:409 0.491 �0:412 0.067 �0:013 �0:381 0.127 �0:003

TABLE XI. Predicted axial vector couplings for nonvanishing �. The experimental information on gA and g are used in the fit. Note
that SU(3) flavor symmetry breaking is taken into account in two ways: explicitly through perturbative symmetry breaking (SB) and
implicitly through the integrals occurring in the one-loop corrections.

Figures 1(a)–1(c), Oð�0Þ Figures 1(a)–1(c), Oð�Þ Figures 1(a)–1(c), Oð�2Þ Figure 1(d)

Process Total Tree SB 1 8 27 1 8 27 1 8 27 1 8 27

np 1.270 0.939 0.000 �0:115 0.110 0.001 0.330 �0:161 �0:003 �0:003 0.000 0.000 0.254 �0:084 0.002

��� 0.389 0.443 �0:104 �0:043 0.010 �0:001 0.048 �0:042 0.002 �0:008 0.004 0.000 0.120 �0:040 0.001

�p �0:881 �0:707 0.286 0.098 �0:078 0.000 �0:356 0.100 �0:002 �0:004 0.000 0.000 �0:191 �0:032 0.004

��n 0.337 0.145 0.333 0.010 �0:003 0.002 �0:212 0.038 �0:002 �0:016 �0:004 0.000 0.039 0.007 �0:001

��� 0.230 0.265 �0:375 �0:055 0.028 �0:001 0.308 �0:039 0.003 0.012 0.003 0.000 0.072 0.012 �0:002

���0 0.871 0.664 �0:166 �0:081 �0:039 0.002 0.234 0.057 �0:002 �0:002 0.000 0.000 0.179 0.030 �0:004

�0�þ 1.232 0.939 �0:234 �0:115 �0:055 0.003 0.330 0.081 �0:003 �0:003 0.000 0.000 0.254 0.042 �0:006

�N �2:040 �1:587 0.000 �0:226 �0:050 0.008 0.183 �0:121 �0:011 0.042 0.013 0.000 �0:429 0.143 �0:003

��� �1:693 �1:587 0.255 �0:226 �0:044 �0:005 0.183 �0:036 0.006 0.042 0.008 0.000 �0:429 0.143 �0:003

��� �1:530 �1:587 0.208 �0:226 0.210 0.013 0.183 �0:089 0.005 0.042 0.000 0.000 �0:429 0.143 �0:003

��� �1:460 �1:587 0.296 �0:226 0.090 �0:017 0.183 0.023 0.028 0.042 �0:001 0.000 �0:429 0.143 �0:003
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C ¼ �1:59� 0:05, and H ¼ �4:64� 1:30. Also, the
several breaking contributions to gA and g are listed in
Table XI for the sake of completeness. Let us remark that in
Tables X and XI the total correction to the (flavor-
symmetric) tree-level value includes SU(3) flavor symme-
try breaking in two ways: explicitly through perturbative
symmetry breaking (SB) and implicitly through the inte-
grals occurring in the one-loop corrections.

All along, the fits performed in this work point in one
direction. While the values of the parameters a1 and b2
appear to be quite stable, the parameters C andH are only
fairly well determined. Still, the fits performed here, as
compared to the fits discussed in the previous subsection,
have improved substantially. We thus conclude that it was
important to also take into account perturbative SU(3)
symmetry breaking effects into our analysis.

To close this section, we would like to emphasize that in
the literature there are some analyses available to compare
with, although it is difficult to assess the success of the
many calculations of SU(3) symmetry breaking corrections
to the axial vector form factors. Predictions that vary
substantially from one another are obtained. For instance,
in the paper by Dai and collaborators [20] the issue of 1=Nc

and perturbative SU(3) breaking corrections are discussed
using information on both octet and decuplet baryons.
Also, in the paper by Zhu et al. [29] chiral corrections
are discussed, including SU(3) breaking perturbatively;
they apply their results to octet baryons only. We limit
ourselves to claim that, on general grounds, there is a good
agreement between these calculations and ours.

VI. CONCLUSIONS

The present study was devoted to the evaluation of the
baryon axial vector current up to one-loop order within
large-Nc baryon chiral perturbation theory, taking into
account the mass difference between decuplet and octet
baryons as well as perturbative flavor SU(3) symmetry
breaking. In this framework, the one-loop correction to
the baryon axial vector current amounts to an infinite
series, each term representing a rather complicated struc-
ture of commutators and/or anticommutators, involving the
baryon axial vector current Ak and the baryon mass opera-
tor M. We have taken into account the first three contri-
butions in this expansion, i.e., the degeneracy limit (AAA),
the leading (AAAM), and the next-to-leading (AAAMM)
order correction, respectively. We have explicitly evaluated
these expressions—individually for the flavor singlet, fla-
vor octet, and flavor 27 contributions—up to order 1=N2

c

relative to the tree-level value. Large-Nc cancellations
occur between various Feynman diagrams at various levels
that are a consequence of the SU(6) spin-flavor symmetry.
We have also incorporated perturbative flavor SU(3) sym-
metry breaking at leading order in � ¼ ms � m̂ into our
analysis, which resulted in taking into account four more

operators in the axial current, as compared to the SU(3)
symmetry limit.
The order of the calculation envisaged in the present work

allowed us to perform various fits. More precisely, fitting our
analytical expressions against experimental data on baryon
semileptonic decays, we are able to extract the basic pa-
rameters a1, b2, b3, and c3 of the 1=Nc baryon chiral
Lagrangian as well as the axial vector couplings gA for octet
baryons. In a first approach we have neglected the mass
difference� ¼ MT �MB between decuplet and octet bary-
ons. This analysis thus follows the lines of the fit carried out
in Ref. [35]. In a more refined approach, we then incorporate
the effects of a nonvanishing mass difference.
In the first part of the analysis referring to the degener-

acy limit� ! 0, the comparison between the experimental
data and the theoretical expressions through a least-squares
fit yields a rather poor �2=dof ¼ 3:95=dof. In the second
part, where the � effects are taken into account, the fit
yields �2 ¼ 1:78=dof, which can be considered a better fit.
Although in both cases the predicted observables, i.e., the
decay rates as well as angular correlation and spin-
asymmetry coefficients in baryon semileptonic decays,
are in good agreement with their experimental counter-
parts, the latter fit is preferred over the former one. This is
because the best-fit parameters a1, b2, b3, and c3, intro-
duced in the definition of the axial vector current Eq. (11),
are in accordance with the pattern to be expected from the
1=Nc expansion, i.e., they are roughly of order 1.
While the above fits have been obtained by using the

decay rates and the gA=gV ratios, to corroborate our
analysis we have performed the analogous fits but this
time using as an input the other set of experimental data
available, i.e., the decay rates and the angular correlation
and spin-asymmetry coefficients. The results are perfectly
consistent with those obtained with the first set of experi-
mental data, both in the degeneracy limit and in the case
of a nonvanishing decuplet-octet mass difference. Still,
although the fits improve when a nonvanishing � is con-
sidered, they are not completely satisfactory.
We thus perform yet another set of fits, which apart from

baryon semileptonic decays also involves the four kine-
matically allowed strong decays of decuplet baryons. Now
the fits improve substantially, and we find a fairly good
agreement between the predicted and observed axial cou-
plings and the parameters D, F, C, and H of the chiral
Lagrangian.
In conclusion, it was essential to systematically consider

the mass difference between decuplet and octet baryons as
well as perturbative flavor SU(3) symmetry breaking in our
analysis and in our subsequent fits. It allowed us to estab-
lish that the large-Nc baryon chiral perturbation theory
predictions regarding the renormalization of the baryon
axial vector current are in very good agreement both with
the expectations from the 1=Nc expansion and with the
experimental results.
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APPENDIX A: LOOP INTEGRALS

The loop graphs involved in Figs. 1(a)–1(c) can be expressed in terms of a single loop integral, namely,

	ijFðm;�; �Þ ¼ i

f2

Z d4k

ð2
Þ4
ðkiÞð�kjÞ

ðk2 �m2Þðk � v� �þ i�Þ ; (A1)

where � is the scale parameter of dimensional regularization. The solution of this integral takes the form [39,68]

24
2f2Fðm;�;�Þ¼�

�
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2
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(A2)

The derivatives of Fðm;�; �Þ required here read
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and

24
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APPENDIX B: REDUCTION OF BARYON OPERATORS

The evaluation of the commutator-anticommutator structure

fAja; ½Akc; ½M; Ajb��g;
which represents the leading contribution to the renormalized baryon axial vector current for finite decuplet-octet mass
difference, yields the following terms:

(1) Flavor singlet contribution

fGia; ½Gkc; ½J2; Gia��g ¼ � 1

2
ðNf � 2ÞGkc þ 1

2
ðNc þ NfÞDkc

2 � 1

2
Dkc

3 �Okc
3 ; (B1)

fGia; ½Dkc
2 ; ½J2; Gia��g þ fDia

2 ; ½Gkc; ½J2; Gia��g ¼ 2ðNc þ NfÞGkc þ 1

2
½NcðNc þ 2NfÞ � 9Nf � 2�Dkc

2

þ 1

2
ðNc þ NfÞDkc

3 � 2Dkc
4 ; (B2)

fDia
2 ; ½Dkc

2 ; ½J2; Gia��g ¼ ðNf þ 2ÞOkc
3 ; (B3)
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fGia; ½Dkc
3 ; ½J2; Gia��g þ fDia

3 ; ½Gkc; ½J2; Gia��g ¼ 2½NcðNc þ 2NfÞ þ 2Nf�Gkc þ 10ðNc þ NfÞDkc
2

þ 1

2
½2NcðNc þ 2NfÞ � 17Nf � 2�Dkc

3

� 2ðNf � 2ÞOkc
3 þ ðNc þ NfÞDkc

4 � 3Dkc
5 ; (B4)

fGia; ½Okc
3 ; ½J2; Gia��g þ fGia; ½Gkc; ½J2;Oia

3 ��g þ fOia
3 ; ½Gkc; ½J2; Gia��g

¼ 3ðNc þ NfÞDkc
2 � 3

2
NfDkc

3 þ 1

2
½2NcðNc þ 2NfÞ � 13Nf þ 2�Okc

3 þ ðNc þ NfÞDkc
4 �Dkc

5 � 5Okc
5 : (B5)

(2) Flavor octet contribution

dab8fGia; ½Gkc; ½J2; Gib��g ¼ � 1

4
ðNf � 4Þdc8eGke þ NcðNc þ 2NfÞ � 2Nf þ 4

4Nf

	c8Jk þ 1

4
ðNc þ NfÞdc8eDke

2

þ 1

4
ðNc þ NfÞ½J2; ½T8; Gkc�� � 1

4
dc8eDke

3 � 1

2
dc8eOke

3 � 1

2
fGkc; fJr; Gr8gg

þ 1

Nf

fGk8; fJr; Grcgg þ 1

8
fJk; fTc; T8gg � 1

Nf

fJk; fGrc; Gr8gg � 1

2Nf

	c8fJ2; Jkg; (B6)

dab8ðfGia;½Dkc
2 ;½J2;Gib��gþfDia

2 ;½Gkc;½J2;Gib��gÞ

¼ðNcþNfÞdc8eGke�7Nfþ4

4
dc8eDke

2 þfGkc;T8g�Nf

2
fTc;Gk8g�N2

fþ4

4Nf

½J2;½T8;Gkc�� þ1

4
ðNcþNfÞdc8eDke

3

�Nf�2

2Nf

ðNcþNfÞfGk8;fJr;Grcggþ1

4
ðNcþNfÞfJk;fTc;T8ggþNf�2

2Nf

ðNcþNfÞfJk;fGrc;Gr8gg

�1

2
dc8eDke

4 �Nfþ1

Nf

fDkc
2 ;fJr;Gr8ggþ1

2
fDk8

2 ;fJr;Grcgg�Nf�2

2Nf

fJ2;fGk8;Tcgg; (B7)

dab8fDia
2 ; ½Dkc

2 ; ½J2; Gib��g ¼ �Nc þ Nf

Nf

½J2; ½T8; Gkc�� þ Nf þ 2

2
dc8eOke

3 þ fGkc; fJr; Gr8gg � fGk8; fJr; Grcgg

þ ðNc þ NfÞðNf � 2Þ
2Nf

fDkc
2 ; fJr; Gr8gg � ðNc þ NfÞðNf � 2Þ

2Nf

fJ2; fGk8; Tcgg; (B8)

dab8ðfGia; ½Dkc
3 ; ½J2; Gib��g þ fDia

3 ; ½Gkc; ½J2; Gib��gÞ

¼ 2Nfd
c8eGke þ 5NcðNc þ 2NfÞ

Nf

	c8Jk þ 5ðNc þ NfÞdc8eDke
2 þ 2ðNc þ NfÞfGkc; T8g

� ðNc þ NfÞ½J2; ½T8; Gkc�� � 5

4
Nfd

c8eDke
3 þ 2ðNf þ 2Þ

Nf

dc8eOke
3 � N2

f � 2Nf þ 4

Nf

fGkc; fJr; Gr8gg

� 3N2
f � 2Nf � 4

Nf

fGk8; fJr; Grcgg þ 5

2
fJk; fTc; T8gg � 2ðNf þ 3ÞfJk; fGrc; Gr8gg

þ NcðNc þ 2NfÞ � 10Nf

2Nf

	c8fJ2; Jkg þ 1

2
ðNc þ NfÞdc8eDke

4 þ 2ðNc þ NfÞfDk8
2 ; fJr; Grcgg

� 1

2
dc8eDke

5 � 2ðNf � 2Þ
Nf

fJ2; fGk8; fJr; Grcggg þ 1

4
fJ2; fJk; fTc; T8ggg � 2

Nf

fJ2; fJk; fGrc; Gr8ggg

� 3Nf þ 2

2Nf

fJk; ffJr; Grcg; fJm;Gm8ggg � 1

Nf

	c8fJ2; fJ2; Jkgg; (B9)
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dab8ðfGia; ½Okc
3 ; ½J2; Gib��g þ fGia; ½Gkc; ½J2;Oib

3 ��g þ fOia
3 ; ½Gkc; ½J2; Gib��gÞ

¼ 3NcðNc þ 2NfÞ
2Nf

	c8Jk þ 3

2
ðNc þ NfÞdc8eDke

2 þ 3

2
ðNc þ NfÞ½J2; ½T8; Gkc�� � ð3Nf þ 4ÞðNf � 2Þ

4Nf

dc8eDke
3

� 7Nf � 4

4
dc8eOke

3 � 3

2
NffGkc; fJr; Gr8gg þ 3

2
NffGk8; fJr; Grcgg þ 3

4
fJk; fTc; T8gg

� Nf þ 4

Nf

fJk; fGrc; Gr8gg þ NcNfðNc þ 2NfÞ � 2Nfð3Nf � 1Þ þ 8

2N2
f

	c8fJ2; Jkg þ 1

2
ðNc þ NfÞdc8eDke

4

� ðNc þ NfÞfDk8
2 ; fJr; Grcgg þ ðNc þ NfÞfJ2; fGkc; T8gg þ 3

4
ðNc þ NfÞfJ2; ½J2; ½T8; Gkc��g

� 1

2
dc8eDke

5 � 3

2
dc8eOke

5 � 7

2
fJ2; fGkc; fJr; Gr8ggg þ Nf þ 1

Nf

fJ2; fGk8; fJr; Grcggg þ 1

4
fJ2; fJk; fTc; T8ggg

� 2

Nf

fJ2; fJk; fGrc; Gr8ggg þ 3Nf þ 2

4Nf

fJk; ffJr; Grcg; fJm;Gm8ggg � 1

Nf

	c8fJ2; fJ2; Jkgg: (B10)

(3) Flavor 27 contribution

fGi8;½Gkc;½J2;Gi8��g¼� 1

Nf

	c8Ok8
3 þ1

2
dc8efJk;fGre;Gr8gg�1

2
dc8efGk8;fJr;Gregg�1

4
�kimfc8efTe;fJi;Gm8gg; (B11)

fGi8; ½Dkc
2 ; ½J2; Gi8��g þ fGi8; ½Gkc; ½J2;Di8

2 ��g þ fDi8
2 ; ½Gkc; ½J2; Gi8��g

¼ � 15

4
fc8ef8egDkg

2 þ i

2
fc8e½Gke; fJr; Gr8g� � ifc8e½Gk8; fJr; Greg� � 1

2
fc8ef8egDkg

4 þ fDkc
2 ; fGr8; Gr8gg

þ fDk8
2 ; fGrc; Gr8gg � 1

2
ffJr; Grcg; fGk8; T8gg � 1

2
ffJr; Gr8g; fGk8; Tcgg þ i

2
fc8efJk; ½fJi; Gieg; fJr; Gr8g�g; (B12)

fDi8
2 ; ½Dkc

2 ; ½J2; Gi8��g ¼ � 1

4
fc8ef8egDkg

3 þ 1

2
fc8ef8egOkg

3 þ 1

2
�kimfc8efTe; fJi; Gm8gg

� 1

2
�kimfc8efT8; fJi; Gmegg þ 1

2
fDkc

2 ; fT8; fJr; Gr8ggg � 1

2
fJ2; fGk8; fTc; T8ggg; (B13)

fGi8; ½Dkc
3 ; ½J2; Gi8��g þ fDi8

3 ; ½Gkc; ½J2; Gi8��g
¼ 3fc8ef8egGkg � 1

2
dc8ed8egGkg � 1

2Nf

dc88Jk � 2dc8ed8egDkg
3 þ 4

Nf

	c8Dk8
3 � 4

Nf

	88Dkc
3 � dc8ed8egOkg

3

þ fc8ef8egOkg
3 þ 2

Nf

	c8Ok8
3 � 2

Nf

	88Okc
3 þ 4fGkc; fGr8; Gr8gg � 4fGk8; fGrc; Gr8gg þ 6dc8efJk; fGre; Gr8gg

� 2d88efJk; fGrc; Gregg þ 1

2
dc8efGke; fJr; Gr8gg þ 2dc8efGk8; fJr; Gregg � d88efGkc; fJr; Gregg

� d88efGke; fJr; Grcgg � 4

Nf

dc88fJ2; Jkg þ �kimfc8efTe; fJi; Gm8gg � 2ffJr; Grcg; fGk8; fJi; Gi8ggg

þ 2fJk; ffJi; Gicg; fGr8; Gr8ggg � 1

2
dc8efDk8

3 ; fJr; Gregg þ dc8efJ2; fJk; fGre; Gr8ggg; (B14)
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fGi8; ½Okc
3 ; ½J2; Gi8��g þ fGi8; ½Gkc; ½J2;Oi8

3 ��g þ fOi8
3 ; ½Gkc; ½J2; Gi8��g

¼ � 1

2
dc8ed8egGkg � 1

2Nf

dc88Jk � dc8ed8egDkg
3 � 1

2
dc8ed8egOkg

3 � 3

2
fc8ef8egOkg

3 � 7

Nf

	c8Ok8
3 � 1

Nf

	88Okc
3

þ 2dc8efJk; fGre; Gr8gg þ 7

2
dc8efGke; fJr; Gr8gg � 3dc8efGk8; fJr; Gregg � 1

2
d88efGkc; fJr; Gregg

þ 1

2
d88efGke; fJr; Grcgg � 2

Nf

dc88fJ2; Jkg � �kimfc8efTe; fJi; Gm8gg � 3

Nf

	c8Ok8
5 � fGkc; ffJi; Gi8g; fJr; Gr8ggg

þ ffJr; Grcg; fGk8; fJi; Gi8ggg � fJk; ffJi; Gicg; fGr8; Gr8ggg þ 2fJ2; fGkc; fGr8; Gr8ggg þ 1

4
dc8efDk8

3 ; fJr; Gregg

þ dc8efJ2; fJk; fGre; Gr8ggg � 3

4
dc8efJ2; fGk8; fJr; Greggg � 3

4
�kimfc8efJ2; fTe; fJi; Gm8ggg: (B15)

The next-to-leading order contribution to the renormalized baryon axial vector current for finite decuplet-octet mass
difference involves the two operator structures

½Aja; ½½M; ½M; Ajb��; Akc�� and ½½M; Aja�; ½½M; Ajb�; Akc��

with two mass insertions. The explicit evaluation of the various contributions reads
(1) Flavor singlet contribution

½Gia; ½½J2; ½J2; Gia��; Gkc�� ¼ � 3

2
ðNc þ NfÞDkc

2 þ 1

2
ðNf þ 1ÞDkc

3 þ NfOkc
3 ; (B16)

½Gia; ½½J2; ½J2; Gia��;Dkc
2 �� þ ½Dia

2 ; ½½J2; ½J2; Gia��; Gkc��
¼ � 3

2
½NcðNc þ 2NfÞ � 6Nf�Dkc

2 � 7

2
ðNc þ NfÞDkc

3 � 2ðNc þ NfÞOkc
3 þ ð3Nf þ 8ÞDkc

4 ; (B17)

½½J2; Gia�; ½½J2; Gia�; Gkc�� ¼ �½NcðNc þ 2NfÞ � Nf�Gkc þ 5

2
ðNc þ NfÞDkc

2 � 1

2
ðNf þ 1ÞDkc

3 � ðNf � 1ÞOkc
3 ; (B18)

½½J2; Gia�; ½½J2; Gia�;Dkc
2 �� ¼ 3

2
½NcðNc þ 2NfÞ � 4Nf�Dkc

2 þ 5

2
ðNc þ NfÞDkc

3 � 3ðNf þ 2ÞDkc
4 : (B19)

(2) Flavor octet contribution

dab8½Gia; ½½J2; ½J2; Gib��; Gkc�� ¼ � 3NcðNc þ 2NfÞ
4Nf

	c8Jk � 3

4
ðNc þ NfÞdc8eDke

2 � 1

4
ðNc þ NfÞ½J2; ½T8; Gkc��

þ N2
f þ Nf � 4

4Nf

dc8eDke
3 þ N2

f � 2

2Nf

dc8eOke
3 � 3

8
fJk; fTc; T8gg þ Nf þ 4

2Nf

fJk; fGrc;Gr8gg

þ 1

Nf

fGkc; fJr; Gr8gg � 1

Nf

fGk8; fJr; Grcgg þ 2N2
f þ Nf � 4

2N2
f

	c8fJ2; Jkg; (B20)
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dab8ð½Gia; ½½J2; ½J2; Gib��;Dkc
2 �� þ ½Dia

2 ; ½½J2; ½J2; Gib��; Gkc��Þ

¼ 9

2
Nfd

c8eDke
2 þ 1

2
ðNf � 2Þ½J2; ½T8; Gkc�� � ðNc þ NfÞð5Nf þ 4Þ

4Nf

dc8eDke
3 � ðNc þ NfÞðNf þ 2Þ

2Nf

dc8eOke
3

� ðNc þ NfÞðNf � 2Þ
2Nf

fGkc; fJr; Gr8gg þ ðNc þ NfÞðNf � 2Þ
2Nf

fGk8; fJr; Grcgg � 3

4
ðNc þ NfÞfJk; fTc; T8gg

� ðNc þ NfÞðNf � 2Þ
Nf

fJk; fGrc; Gr8gg þ ðNc þ NfÞðNf � 2Þ
N2

f

	c8fJ2; Jkg þ 1

2
ðNf þ 7Þdc8eDke

4

þ N2
f þ 7Nf þ 4

2Nf

fDkc
2 ; fJr; Gr8gg � 5

2
fDk8

2 ; fJr; Grcgg � fJ2; fGkc; T8gg þ N2
f þ 2Nf � 4

2Nf

fJ2; fGk8; Tcgg

þ Nf þ 2

2Nf

fJ2; ½J2; ½T8; Gkc��g; (B21)

dab8½½J2; Gia�; ½½J2; Gib�; Gkc�� ¼ Nf

2
dc8eGke þ 5NcðNc þ 2NfÞ

4Nf

	c8Jk þ 5

4
ðNc þ NfÞdc8eDke

2 � ðNc þ NfÞfGkc; T8g

þ 1

2
ðNc þ NfÞ½J2; ½T8; Gkc�� � 1

4
ðNf þ 1Þdc8eDke

3 � Nf

2
dc8eOke

3 þ fGkc; fJr; Gr8gg

þ Nf

2
fGk8; fJr; Grcgg þ 5

8
fJk; fTc; T8gg � 1

2
ðNf þ 3ÞfJk; fGrc; Gr8gg

� 2Nf þ 1

2Nf

	c8fJ2; Jkg; (B22)

dab8½½J2; Gia�; ½½J2; Gib�;Dkc
2 �� ¼ �3Nfd

c8eDke
2 þ 5

4
ðNc þ NfÞdc8eDke

3 þ 3

4
ðNc þ NfÞfJk; fTc; T8gg

� 1

2
ðNf þ 5Þdc8eDke

4 � 2Nf þ 7

2
fDkc

2 ; fJr; Gr8gg þ 5

2
fDk8

2 ; fJr; Grcgg: (B23)

(3) Flavor 27 contribution

½Gi8; ½½J2; ½J2; Gi8��; Gkc�� ¼ 1

2
dc8ed8egDkg

3 þ 1

2
fc8ef8egOkg

3 þ 1

2
dc8ed8egOkg

3 þ 2

Nf

	c8Ok8
3 � dc8efJk; fGre; Gr8gg

� 1

2
dc8efGke; fJr; Gr8gg þ 1

2
dc8efGk8; fJr; Gregg þ 1

Nf

dc88fJ2; Jkg; (B24)

½Gi8; ½½J2; ½J2; Gi8��;Dkc
2 �� þ ½Di8

2 ; ½½J2; ½J2; Gi8��; Gkc��
¼ 15

2
fc8ef8egDkg

2 þ i

2
fc8e½Gk8; fJr; Greg� þ 4fc8ef8egDkg

4 þ 2

Nf

	c8Dk8
4 þ 2

Nf

	88Dkc
4 � 2fDkc

2 ; fGr8; Gr8gg

� 2fDk8
2 ; fGrc; Gr8gg þ 1

2
dc8efJ2; fGke; T8gg þ 1

2
d88efJ2; fGke; Tcgg þ 1

2
dc8efDk8

2 ; fJr; Gregg

þ 1

2
d88efDkc

2 ; fJr; Gregg þ 1

2
ffJr; Grcg; fGk8; T8gg � 1

2
ffJr; Gr8g; fGkc; T8gg � ifc8effJr; Greg; ½J2; Gk8�g

þ i

2
fc8effJr; Gr8g; ½J2; Gke�g � 3ifc8efJk; ½fJi; Gieg; fJr; Gr8g�g; (B25)
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½½J2; Gi8�; ½½J2; Gi8�; Gkc�� ¼ 3

4
fc8ef8egGkg � 1

2
dc8ed8egDkg

3 þ 1

Nf

	c8Dk8
3 � 1

2
fc8ef8egOkg

3 � 1

2
dc8ed8egOkg

3

� 2

Nf

	c8Ok8
3 � fGkc; fGr8; Gr8gg � fGk8; fGrc; Gr8gg þ 3

2
dc8efJk; fGre; Gr8gg

� 1

2
d88efJk; fGrc; Gregg þ dc8efGke; fJr; Gr8gg � 1

2
dc8efGk8; fJr; Gregg

þ 1

2
d88efGke; fJr; Grcgg � 1

Nf

dc88fJ2; Jkg � 1

4
�kimfc8efTe; fJi; Gm8gg; (B26)

½½J2; Gi8�; ½½J2; Gi8�;Dkc
2 �� ¼ �6fc8ef8egDkg

2 � 7

2
fc8ef8egDkg

4 � 2

Nf

	88Dkc
4 þ 2fDkc

2 ; fGr8; Gr8gg

� d88efDkc
2 ; fJr; Gregg þ ifc8efJ2; ½Gke; fJr; Gr8g�g � ifc8efJ2; ½Gk8; fJr; Greg�g

� ifc8effJr; Greg; ½J2; Gk8�g þ ifc8effJr; Gr8g; ½J2; Gke�g þ 3

2
ifc8efJk; ½fJi; Gieg; fJr; Gr8g�g:

(B27)

APPENDIX C: FLAVOR 8 AND 27 CONTRIBUTIONS TO gA

The octet contributions to 	Akc, Eq. (25), can be written as

	Akc
8 ¼ X30

i¼1

oiO
kc
i ; (C1)

where the operators Okc
i that occur at this order are

Okc
1 ¼ dc8eGke; Okc

2 ¼ 	c8Jk; Okc
3 ¼ dc8eDke

2 ;

Okc
4 ¼ fGkc; T8g; Okc

5 ¼ fGk8; Tcg; Okc
6 ¼ dc8eDke

3 ;

Okc
7 ¼ dc8eOke

3 ; Okc
8 ¼ fGkc; fJr; Gr8gg; Okc

9 ¼ fGk8; fJr; Grcgg;
Okc

10 ¼ fJk; fTc; T8gg; Okc
11 ¼ fJk; fGrc;Gr8gg; Okc

12 ¼ 	c8fJ2; Jkg;
Okc

13 ¼ dc8eDke
4 ; Okc

14 ¼ fDkc
2 ; fJr; Gr8gg; Okc

15 ¼ fDk8
2 ; fJr; Grcgg;

Okc
16 ¼ fJ2; fGkc; T8gg; Okc

17 ¼ fJ2; fGk8; Tcgg; Okc
18 ¼ fJ2; ½Gkc; fJr; Gr8g�g;

Okc
19 ¼ fJ2; ½Gk8; fJr; Grcg�g; Okc

20 ¼ f½J2; Gkc�; fJr; Gr8gg; Okc
21 ¼ f½J2; Gk8�; fJr; Grcgg;

Okc
22 ¼ fJk; ½fJm;Gmcg; fJr; Gr8g�g; Okc

23 ¼ dc8eDke
5 ; Okc

24 ¼ dc8eOke
5 ;

Okc
25 ¼ fJ2; fGkc; fJr; Gr8ggg; Okc

26 ¼ fJ2; fGk8; fJr; Grcggg; Okc
27 ¼ fJ2; fJk; fTc; T8ggg;

Okc
28 ¼ fJ2; fJk; fGrc; Gr8ggg; Okc

29 ¼ fJk; ffJr; Grcg; fJm;Gm8ggg; Okc
30 ¼ 	c8fJ2; fJ2; Jkgg;

(C2)

and the corresponding coefficients read

o1 ¼
�
11

48
a31 �

Nc þ 3

3Nc

a21b2 �
9

4N2
c

a1b
2
2 �

5

2N2
c

a21b3 þ
3

4N2
c

a21c3 �
3ðNc þ 3Þ

N3
c

a1b2b3

�
Fð1Þ
8

þ
�
� 1

8
a31 �

Nc þ 3

2Nc

a21b2 �
3

N2
c

a21b3

�
�

Nc

Fð2Þ
8 � 1

8
a31

�2

N2
c

Fð3Þ
8 ; (C3)

o2 ¼
�
5

36
a31 þ

Nc þ 3

18Nc

a21b2 �
3N2

c þ 18Nc � 8

12N2
c

a21b3 �
Nc þ 6

24Nc

a21c3

�
Fð1Þ
8

þ
�
�N2

c þ 6Nc � 2

24
a31 �

5Nc þ 30

6Nc

a21b3 �
Nc þ 6

4Nc

a21c3

�
�

Nc

Fð2Þ
8 � 11NcðNc þ 6Þ

144
a31

�2

N2
c

Fð3Þ
8 ; (C4)
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o3 ¼
�

23

16Nc

a21b2 �
3ðNc þ 3Þ

4N2
c

a21b3 �
Nc þ 3

8N2
c

a21c3 �
3

4N3
c

b32 �
3

2N3
c

a1b2b3 þ 9

N3
c

a1b2c3

�
Fð1Þ
8 þ

�
�Nc þ 3

8
a31

þ 25

8Nc

a21b2 �
5ðNc þ 3Þ

2N2
c

a21b3 �
3ðNc þ 3Þ

4N2
c

a21c3

�
�

Nc

Fð2Þ
8 þ

�
� 11ðNc þ 3Þ

48
a31 þ

3

Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C5)

o4 ¼
�
� 1

3Nc

a21b2 �
Nc þ 3

12N2
c

a1b
2
2 �

Nc þ 3

2N2
c

a21b3 �
Nc þ 3

2N2
c

a21c3 �
3

N3
c

a1b2b3

�
Fð1Þ
8

þ
�
� 1

2Nc

a21b2 �
Nc þ 3

N2
c

a21b3

�
�

Nc

Fð2Þ
8 þ Nc þ 3

12
a31

�2

N2
c

Fð3Þ
8 ; (C6)

o5 ¼
�

11

12Nc

a21b2 þ
Nc þ 3

6N2
c

a1b
2
2 þ

4

N3
c

a1b2b3

�
Fð1Þ
8 þ 3

4Nc

a21b2
�

Nc

Fð2Þ
8 ; (C7)

o6 ¼
�

9

16N2
c

a1b
2
2 þ

65

48N2
c

a21b3 þ
1

6N2
c

a21c3 þ
3ðNc þ 3Þ

4N3
c

a1b2b3 � 23ðNc þ 3Þ
24N3

c

a1b2c3

�
Fð1Þ
8

þ
�
1

8
a31 �

Nc þ 3

8Nc

a21b2 þ
15

8N2
c

a21b3 þ
13

24N2
c

a21c3

�
�

Nc

Fð2Þ
8 þ

�
7

36
a31 �

53ðNc þ 3Þ
144Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C8)

o7 ¼
�

1

8N2
c

a1b
2
2 �

3

4N2
c

a21b3 þ
71

48N2
c

a21c3 �
Nc þ 3

6N3
c

a1b2b3 � Nc þ 3

3N3
c

a1b2c3

�
Fð1Þ
8

þ
�
1

4
a31 �

5

4N2
c

a1b
2
2 �

5

3N2
c

a21b3 þ
17

8N2
c

a21c3

�
�

Nc

Fð2Þ
8 þ

�
23

72
a31 �

5ðNc þ 3Þ
36Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C9)

o8¼
�

1

4N2
c

a1b
2
2�

1

6N2
c

a21b3þ
5

2N2
c

a21c3þ
Ncþ3

3N3
c

a1b2b3

�
Fð1Þ
8 þ

�
1

4
a31�

1

2N2
c

a1b
2
2þ

7

6N2
c

a21b3þ
9

4N2
c

a21c3

�
�

Nc

Fð2Þ
8

þ
�
� 1

36
a31�

Ncþ3

36Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C10)

o9 ¼
�

1

4N2
c

a1b
2
2 þ

7

3N2
c

a21b3 �
5

4N2
c

a21c3 þ
Nc þ 3

3N3
c

a1b2b3

�
Fð1Þ
8 þ

�
� 1

6
a31 þ

Nc þ 3

12Nc

a21b2 þ
1

2N2
c

a1b
2
2

þ 17

6N2
c

a21b3 �
9

4N2
c

a21c3

�
�

Nc

Fð2Þ
8 þ

�
� 13

72
a31 þ

Nc þ 3

36Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C11)

o10 ¼
�

1

12N2
c

a1b
2
2 �

Nc þ 3

24N3
c

b32 �
3

8N2
c

a21b3 �
1

16N2
c

a21c3 þ
Nc þ 3

4N3
c

a1b2b3 � 3ðNc þ 3Þ
8N3

c

a1b2c3

�
Fð1Þ
8

þ
�
� 1

16
a31 �

Nc þ 3

8Nc

a21b2 �
5

4N2
c

a21b3 �
3

8N2
c

a21c3

�
�

Nc

Fð2Þ
8 þ

�
� 11

96
a31 �

3ðNc þ 3Þ
16Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C12)

o11 ¼
�
2

N2
c

a21b3 �
1

3N2
c

a21c3 �
Nc þ 3

3N3
c

a1b2c3

�
Fð1Þ
8 þ

�
1

6
a31 �

Nc þ 3

12Nc

a21b2 þ
6

N2
c

a21b3 þ
7

6N2
c

a21c3

�
�

Nc

Fð2Þ
8

þ
�
4

9
a31 �

Nc þ 3

18Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C13)

o12 ¼
�

7

9N2
c

a21b3 þ
13

36N2
c

a21c3 þ
Nc þ 3

9N3
c

a1b2c3

�
Fð1Þ
8 þ

�
1

12
a31 �

N2
c þ 6Nc � 30

12N2
c

a21b3 �
3N2

c þ 18Nc � 40

36N2
c

a21c3

�

� �

Nc

Fð2Þ
8 þ

�
55

216
a31 þ

Nc þ 3

54Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C14)
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o13 ¼
�

3

8N3
c

b32 þ
3

4N3
c

a1b2b3 þ 3

N3
c

a1b2c3

�
Fð1Þ
8 þ

�
1

4Nc

a21b2 �
Nc þ 3

4N2
c

a21b3 �
Nc þ 3

4N2
c

a21c3

�
�

Nc

Fð2Þ
8

þ 7

6Nc

a21b2
�2

N2
c

Fð3Þ
8 ; (C15)

o14 ¼
�

1

2N3
c

b32 �
7

2N3
c

a1b2b3 þ 10

3N3
c

a1b2c3

�
Fð1Þ
8 þ

�
2

3Nc

a21b2 �
Nc þ 3

12N2
c

a1b
2
2

�
�

Nc

Fð2Þ
8 þ 107

72Nc

a21b2
�2

N2
c

Fð3Þ
8 ; (C16)

o15 ¼
�
2

N3
c

a1b2b3 � 23

12N3
c

a1b2c3

�
Fð1Þ
8 þ

�
� 1

4Nc

a21b2 �
Nc þ 3

N2
c

a21b3 þ
Nc þ 3

2N2
c

a21c3

�
�

Nc

Fð2Þ
8 � 5

8Nc

a21b2
�2

N2
c

Fð3Þ
8 ;

(C17)

o16 ¼
�

1

6N3
c

a1b2b3 � 1

3N3
c

a1b2c3

�
Fð1Þ
8 � Nc þ 3

2N2
c

a21c3
�

Nc

Fð2Þ
8 � 1

6Nc

a21b2
�2

N2
c

Fð3Þ
8 ; (C18)

o17 ¼
�

5

3N3
c

a1b2b3 þ 11

12N3
c

a1b2c3

�
Fð1Þ
8 þ

�
1

12Nc

a21b2 þ
Nc þ 3

12N2
c

a1b
2
2

�
�

Nc

Fð2Þ
8 þ 11

36Nc

a21b2
�2

N2
c

Fð3Þ
8 ; (C19)

o18 ¼
�
� 1

16N3
c

a1b2b3 � 15

64N3
c

a1b2c3

�
Fð1Þ
8 þ

�
� 1

32Nc

a21b2 �
3

32N2
c

a1b
2
2 þ

9Nc � 91

384N2
c

a21b3 þ
42Nc � 65

3072N2
c

a21c3

�
�

Nc

Fð2Þ
8

þ
�

1

2304
a31 �

1

24Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C20)

o19 ¼
�

1

16N3
c

a1b2b3 þ 15

64N3
c

a1b2c3

�
Fð1Þ
8 þ

�
1

32Nc

a21b2 þ
3

32N2
c

a1b
2
2 �

9Nc � 91

384N2
c

a21b3 �
42Nc � 65

3072N2
c

a21c3

�
�

Nc

Fð2Þ
8

þ
�
� 1

2304
a31 þ

1

24Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C21)

o20 ¼
�
� 1

16N3
c

a1b2b3 � 15

64N3
c

a1b2c3

�
Fð1Þ
8 þ

�
� 1

32Nc

a21b2 �
3

32N2
c

a1b
2
2 þ

9Nc � 91

384N2
c

a21b3 þ
42Nc � 65

3072N2
c

a21c3

�
�

Nc

Fð2Þ
8

þ
�

1

2304
a31 �

1

24Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C22)

o21 ¼
�

1

16N3
c

a1b2b3 þ 15

64N3
c

a1b2c3

�
Fð1Þ
8 þ

�
1

32Nc

a21b2 þ
3

32N2
c

a1b
2
2 �

9Nc � 91

384N2
c

a21b3 �
42Nc � 65

3072N2
c

a21c3

�
�

Nc

Fð2Þ
8

þ
�
� 1

2304
a31 þ

1

24Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C23)

o22 ¼
�

1

16N3
c

a1b2b3 þ 15

64N3
c

a1b2c3

�
Fð1Þ
8 þ

�
1

32Nc

a21b2 þ
3

32N2
c

a1b
2
2 �

9Nc � 91

384N2
c

a21b3 �
42Nc � 65

3072N2
c

a21c3

�

� �

Nc

Fð2Þ
8 þ

�
� 1

2304
a31 þ

1

24Nc

a21b2

�
�2

N2
c

Fð3Þ
8 ; (C24)

o23 ¼
�

1

4N2
c

a21b3 þ
1

4N2
c

a21c3

�
�

Nc

Fð2Þ
8 ; (C25)

o24 ¼ 3

4N2
c

a21c3
�

Nc

Fð2Þ
8 ; (C26)
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o25 ¼ 7

4N2
c

a21c3
�

Nc

Fð2Þ
8 ; (C27)

o26 ¼
�

1

3N2
c

a21b3 �
2

3N2
c

a21c3

�
�

Nc

Fð2Þ
8 ; (C28)

o27 ¼
�
� 1

8N2
c

a21b3 �
1

8N2
c

a21c3

�
�

Nc

Fð2Þ
8 ; (C29)

o28 ¼
�

1

3N2
c

a21b3 þ
1

3N2
c

a21c3

�
�

Nc

Fð2Þ
8 ; (C30)

o29 ¼
�

11

12N2
c

a21b3 �
11

24N2
c

a21c3

�
�

Nc

Fð2Þ
8 ; (C31)

o30 ¼
�

1

6N2
c

a21b3 þ
1

6N2
c

a21c3

�
�

Nc

Fð2Þ
8 : (C32)

Finally, for the 27 representation we obtain

	Akc
27 ¼

X61
i¼1

tiT
kc
i ; (C33)

where the operator basis is

Tkc
1 ¼ fc8ef8egGkg; Tkc

2 ¼ dc8ed8egGkg; Tkc
3 ¼ 	c8Gk8;

Tkc
4 ¼ dc88Jk; Tkc

5 ¼ fc8ef8egDkg
2 ; Tkc

6 ¼ 	c8Dk8
2 ;

Tkc
7 ¼ 	88Dkc

2 ; Tkc
8 ¼ dc8efGke; T8g; Tkc

9 ¼ d88efGke; Tcg;
Tkc
10 ¼ ifc8e½Gke; fJr; Gr8g�; Tkc

11 ¼ ifc8e½Gk8; fJr; Greg�; Tkc
12 ¼ fc8ef8egDkg

3 ;

Tkc
13 ¼ dc8ed8egDkg

3 ; Tkc
14 ¼ 	c8Dk8

3 ; Tkc
15 ¼ 	88Dkc

3 ;

Tkc
16 ¼ fc8ef8egOkg

3 ; Tkc
17 ¼ dc8ed8egOkg

3 ; Tkc
18 ¼ 	c8Ok8

3 ;

Tkc
19 ¼ 	88Okc

3 ; Tkc
20 ¼ fGkc; fT8; T8gg; Tkc

21 ¼ fGk8; fTc; T8gg;
Tkc
22 ¼ fGkc; fGr8; Gr8gg; Tkc

23 ¼ fGk8; fGrc; Gr8gg; Tkc
24 ¼ dc8efJk; fGre; Gr8gg;

Tkc
25 ¼ d88efJk; fGrc; Gregg; Tkc

26 ¼ dc8efGke; fJr; Gr8gg; Tkc
27 ¼ dc8efGk8; fJr; Gregg;

Tkc
28 ¼ d88efGkc; fJr; Gregg; Tkc

29 ¼ d88efGke; fJr; Grcgg; Tkc
30 ¼ dc88fJ2; Jkg;

Tkc
31 ¼ �kimfc8efTe; fJi; Gm8gg; Tkc

32 ¼ �kimfc8efT8; fJi; Gmegg; Tkc
33 ¼ fc8ef8egDkg

4 ;

Tkc
34 ¼ 	c8Dk8

4 ; Tkc
35 ¼ 	88Dkc

4 ; Tkc
36 ¼ fDkc

2 ; fT8; T8gg;
Tkc
37 ¼ fDkc

2 ; fGr8; Gr8gg; Tkc
38 ¼ fDk8

2 ; fGrc; Gr8gg; Tkc
39 ¼ dc8efJ2; fGke; T8gg;

Tkc
40 ¼ d88efJ2; fGke; Tcgg; Tkc

41 ¼ dc8efDk8
2 ; fJr; Gregg; Tkc

42 ¼ d88efDkc
2 ; fJr; Gregg;

Tkc
43 ¼ ffJr; Grcg; fGk8; T8gg; Tkc

44 ¼ ffJr; Gr8g; fGkc; T8gg; Tkc
45 ¼ ffJr; Gr8g; fGk8; Tcgg;

Tkc
46 ¼ ifc8efJ2; ½Gke; fJr; Gr8g�g; Tkc

47 ¼ ifc8efJ2; ½Gk8; fJr; Greg�g; Tkc
48 ¼ ifc8efJk; ½fJi; Gieg; fJr; Gr8g�g;

Tkc
49 ¼ ifc8effJr; Greg; ½J2; Gk8�g; Tkc

50 ¼ ifc8effJr; Gr8g; ½J2; Gke�g; Tkc
51 ¼ 	c8Ok8

5 ;

Tkc
52 ¼ fGkc; ffJi; Gi8g; fJr; Gr8ggg; Tkc

53 ¼ fDkc
2 ; fT8; fJr; Gr8ggg; Tkc

54 ¼ ffJr; Grcg; fGk8; fJi; Gi8ggg;
Tkc
55 ¼ fJk; ffJi; Gicg; fGr8; Gr8ggg; Tkc

56 ¼ fJ2; fGk8; fTc; T8ggg; Tkc
57 ¼ fJ2; fGkc; fGr8; Gr8ggg;

Tkc
58 ¼ dc8efDk8

3 ; fJr; Gregg; Tkc
59 ¼ dc8efJ2; fJk; fGre; Gr8ggg; Tkc

60 ¼ dc8efJ2; fGk8; fJr; Greggg;
Tkc
61 ¼ �kimfc8efJ2; fTe; fJi; Gm8ggg; (C34)

and the corresponding coefficients are

t1 ¼
�
1

8
a31 �

1

N2
c

a1b
2
2 �

3

4N2
c

a21b3 þ
3

8N2
c

a21c3

�
Fð1Þ
27 � 3

2N2
c

a21b3
�

Nc

Fð2Þ
27 � 1

16
a31

�2

N2
c

Fð3Þ
27 ; (C35)

t2 ¼ 1

4
a31F

ð1Þ
27 þ

�
1

4N2
c

a21b3 þ
1

4N2
c

a21c3

�
�

Nc

Fð2Þ
27 ; (C36)

t3 ¼ 1

6
a31F

ð1Þ
27 ; (C37)
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t4 ¼ 1

12
a31F

ð1Þ
27 þ

�
1

12N2
c

a21b3 þ
1

12N2
c

a21c3

�
�

Nc

Fð2Þ
27 ;

(C38)

t5 ¼
�

7

8Nc

a21b2 �
1

2N3
c

b32 þ
9

2N3
c

a1b2c3

�
Fð1Þ
27

þ 15

8Nc

a21b2
�

Nc

Fð2Þ
27 þ 7

4Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C39)

t6 ¼ 1

3Nc

a21b2F
ð1Þ
27 ; (C40)

t7 ¼ 1

6Nc

a21b2F
ð1Þ
27 ; (C41)

t8 ¼ 1

2Nc

a21b2F
ð1Þ
27 ; (C42)

t9 ¼ 1

4Nc

a21b2F
ð1Þ
27 ; (C43)

t10 ¼ � 2

N3
c

a1b2b3F
ð1Þ
27 � 1

4Nc

a21b2
�

Nc

Fð2Þ
27 ; (C44)

t11 ¼
�

1

2Nc

a21b2 þ
2

N3
c

a1b2b3

�
Fð1Þ
27 þ 1

2Nc

a21b2
�

Nc

Fð2Þ
27

þ 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C45)

t12 ¼
�

3

8N2
c

a1b
2
2 þ

3

8N2
c

a21b3

�
Fð1Þ
27 þ 1

8N2
c

a1b
2
2

�

Nc

Fð2Þ
27 ;

(C46)

t13 ¼
�

1

4N2
c

a21b3 þ
1

4N2
c

a21c3

�
Fð1Þ
27 þ

�
1

N2
c

a21b3

þ 1

2N2
c

a21c3

�
�

Nc

Fð2Þ
27 þ 1

8
a31

�2

N2
c

Fð3Þ
27 ; (C47)

t14 ¼
�

1

6N2
c

a21b3 þ
1

6N2
c

a21c3

�
Fð1Þ
27 � 2

3N2
c

a21b3
�

Nc

Fð2Þ
27

� 1

36
a31

�2

N2
c

Fð3Þ
27 ; (C48)

t15 ¼ 1

3N2
c

a21b3F
ð1Þ
27 þ 2

3N2
c

a21b3
�

Nc

Fð2Þ
27 ; (C49)

t16 ¼
�

1

4N2
c

a1b
2
2 þ

3

8N2
c

a21c3

�
Fð1Þ
27 þ

�
� 1

4N2
c

a1b
2
2

� 1

2N2
c

a21b3 þ
3

4N2
c

a21c3

�
�

Nc

Fð2Þ
27 þ 1

8
a31

�2

N2
c

Fð3Þ
27 ;

(C50)

t17 ¼
�

1

2N2
c

a21b3 þ
1

2N2
c

a21c3

�
Fð1Þ
27 þ

�
1

2N2
c

a21b3

þ 1

4N2
c

a21c3

�
�

Nc

Fð2Þ
27 þ 1

8
a31

�2

N2
c

Fð3Þ
27 ; (C51)

t18 ¼ 5

6N2
c

a21c3F
ð1Þ
27 þ

�
1

6
a31 �

1

3N2
c

a21b3 þ
7

6N2
c

a21c3

�

� �

Nc

Fð2Þ
27 þ 1

6
a31

�2

N2
c

Fð3Þ
27 ; (C52)

t19 ¼ 1

3N2
c

a21c3F
ð1Þ
27 þ

�
1

3N2
c

a21b3 þ
1

6N2
c

a21c3

�
�

Nc

Fð2Þ
27 ;

(C53)

t20 ¼ 1

4N2
c

a1b
2
2F

ð1Þ
27 ; (C54)

t21 ¼ 1

2N2
c

a1b
2
2F

ð1Þ
27 ; (C55)

t22 ¼
�
� 1

N2
c

a21b3 �
1

2N2
c

a21c3

�
Fð1Þ
27 � 2

N2
c

a21b3
�

Nc

Fð2Þ
27

þ 1

12
a31

�2

N2
c

Fð3Þ
27 ; (C56)

t23 ¼
�
1

N2
c

a21b3 �
1

2N2
c

a21c3

�
Fð1Þ
27 þ 2

N2
c

a21b3
�

Nc

Fð2Þ
27

þ 1

12
a31

�2

N2
c

Fð3Þ
27 ; (C57)

t24 ¼
�
� 3

2N2
c

a21b3 �
1

4N2
c

a21c3

�
Fð1Þ
27 þ

�
� 1

4
a31

� 3

N2
c

a21b3 �
1

N2
c

a21c3

�
�

Nc

Fð2Þ
27 � 7

24
a31

�2

N2
c

Fð3Þ
27 ;

(C58)

t25 ¼
�

1

2N2
c

a21b3 �
1

4N2
c

a21c3

�
Fð1Þ
27 þ 1

N2
c

a21b3
�

Nc

Fð2Þ
27

þ 1

24
a31

�2

N2
c

Fð3Þ
27 ; (C59)
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t26 ¼
�
2

N2
c

a21b3 �
1

2N2
c

a21c3

�
Fð1Þ
27 þ

�
� 1

4N2
c

a21b3

� 7

4N2
c

a21c3

�
�

Nc

Fð2Þ
27 � 1

6
a31

�2

N2
c

Fð3Þ
27 ; (C60)

t27 ¼
�
� 1

2N2
c

a21b3 þ
3

4N2
c

a21c3

�
Fð1Þ
27 þ

�
1

4
a31 �

1

N2
c

a21b3

þ 3

2N2
c

a21c3

�
�

Nc

Fð2Þ
27 þ 1

8
a31

�2

N2
c

Fð3Þ
27 ; (C61)

t28 ¼ 1

2N2
c

a21c3F
ð1Þ
27 þ

�
1

2N2
c

a21b3 þ
1

4N2
c

a21c3

�
�

Nc

Fð2Þ
27 ;

(C62)

t29 ¼
�

1

2N2
c

a21b3 �
1

4N2
c

a21c3

�
Fð1Þ
27 þ

�
1

2N2
c

a21b3

� 1

4N2
c

a21c3

�
�

Nc

Fð2Þ
27 � 1

24
a31

�2

N2
c

Fð3Þ
27 ; (C63)

t30 ¼
�

1

6N2
c

a21b3 þ
1

6N2
c

a21c3

�
Fð1Þ
27 þ

�
2

3N2
c

a21b3

þ 1

3N2
c

a21c3

�
�

Nc

Fð2Þ
27 þ 1

12
a31

�2

N2
c

Fð3Þ
27 ; (C64)

t31 ¼
�
� 1

4N2
c

a1b
2
2 �

1

4N2
c

a21b3 þ
3

8N2
c

a21c3

�
Fð1Þ
27

þ
�
1

8
a31 �

1

4N2
c

a1b
2
2 �

1

2N2
c

a21b3 þ
1

2N2
c

a21c3

�

� �

Nc

Fð2Þ
27 þ 1

48
a31

�2

N2
c

Fð3Þ
27 ; (C65)

t32 ¼ 1

4N2
c

a1b
2
2

�

Nc

Fð2Þ
27 ; (C66)

t33 ¼
�

1

4N3
c

b32 þ
9

4N3
c

a1b2c3

�
Fð1Þ
27 þ 1

4Nc

a21b2
�

Nc

Fð2Þ
27

þ 23

24Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C67)

t34 ¼ 2

3N3
c

a1b2c3F
ð1Þ
27 þ 1

9Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C68)

t35 ¼ 1

3N3
c

a1b2c3F
ð1Þ
27 þ 1

6Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C69)

t36 ¼ 1

4N3
c

b32F
ð1Þ
27 ; (C70)

t37 ¼ � 1

N3
c

a1b2c3F
ð1Þ
27 � 1

2Nc

a21b2
�

Nc

Fð2Þ
27

� 1

2Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C71)

t38 ¼ � 2

N3
c

a1b2c3F
ð1Þ
27 � 1

2Nc

a21b2
�

Nc

Fð2Þ
27

� 1

3Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C72)

t39 ¼
�
1

N3
c

a1b2b3 þ 1

2N3
c

a1b2c3

�
Fð1Þ
27

þ 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C73)

t40 ¼
�

1

2N3
c

a1b2b3 þ 1

4N3
c

a1b2c3

�
Fð1Þ
27

þ 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C74)

t41 ¼
�
� 1

N3
c

a1b2b3 þ 1

2N3
c

a1b2c3

�
Fð1Þ
27

þ 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C75)

t42 ¼
�
� 1

2N3
c

a1b2b3 þ 1

4N3
c

a1b2c3

�
Fð1Þ
27

þ 1

6Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C76)

t43 ¼ 1

N3
c

a1b2b3F
ð1Þ
27 þ 1

4Nc

a21b2
�

Nc

Fð2Þ
27

þ 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C77)

t44 ¼ 1

N3
c

a1b2b3F
ð1Þ
27 � 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C78)

t45 ¼ 1

N3
c

a1b2b3F
ð1Þ
27 þ 1

4Nc

a21b2
�

Nc

Fð2Þ
27 ; (C79)

t46 ¼
�
1

N3
c

a1b2b3 � 1

2N3
c

a1b2c3

�
Fð1Þ
27

� 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C80)

t47 ¼ 1

N3
c

a1b2c3F
ð1Þ
27 þ 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C81)
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t48 ¼
�
1

N3
c

a1b2b3 � 1

N3
c

a1b2c3

�
Fð1Þ
27 � 1

4Nc

a21b2
�

Nc

Fð2Þ
27

� 5

8Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C82)

t49 ¼
�
� 1

N3
c

a1b2b3 þ 1

2N3
c

a1b2c3

�
Fð1Þ
27

� 1

12Nc

a21b2
�2

N2
c

Fð3Þ
27 ; (C83)

t50 ¼ � 1

2N3
c

a1b2c3F
ð1Þ
27 ; (C84)

t51 ¼ 1

2N2
c

a21c3
�

Nc

Fð2Þ
27 ; (C85)

t52 ¼ 1

2N2
c

a21c3
�

Nc

Fð2Þ
27 ; (C86)

t53 ¼ � 1

4N2
c

a1b
2
2

�

Nc

Fð2Þ
27 ; (C87)

t54 ¼
�
1

N2
c

a21b3 �
1

2N2
c

a21c3

�
�

Nc

Fð2Þ
27 ; (C88)

t55 ¼
�
� 1

N2
c

a21b3 þ
1

2N2
c

a21c3

�
�

Nc

Fð2Þ
27 ; (C89)

TABLE XII. Matrix elements of baryon operators: Tree-level and singlet contributions.

B1B2 np ��� �p ��n ��� ���0 �0�þ �N ��� ��� ���

hGkci 5
6

1ffiffi
6

p � 1
2

ffiffi
3
2

q
1
6

1
2
ffiffi
6

p 5
6
ffiffi
2

p 5
6 �1 �1 �1 �1

hDkc
2 i 1

2 0 � 1
2

ffiffi
3
2

q
� 1

2
1
2

ffiffi
3
2

q
1

2
ffiffi
2

p 1
2 0 0 0 0

hDkc
3 i 5

2

ffiffi
3
2

q
� 3

2

ffiffi
3
2

q
1
2

1
2

ffiffi
3
2

q
5

2
ffiffi
2

p 5
2 0 0 0 0

hOkc
3 i 0 0 0 0 0 0 0 � 9

2 � 9
2 � 9

2 � 9
2

TABLE XIII. Matrix elements of baryon operators: Octet contribution.

B1B2 np ��� �p ��n ��� ���0 �0�þ �N ��� ��� ���

hOkc
1 i 5

6
ffiffi
3

p 1
3
ffiffi
2

p 1
4
ffiffi
2

p � 1
12

ffiffi
3

p � 1
12

ffiffi
2

p � 5
12

ffiffi
6

p � 5
12

ffiffi
3

p � 1ffiffi
3

p � 1ffiffi
3

p � 1ffiffi
3

p � 1ffiffi
3

p
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3 i 1

2
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3

p 0 1
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2
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p � 1
4
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2

p � 1
4
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p � 1
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ffiffi
3
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p � 1
4
ffiffi
2

p � 5
4
ffiffi
6

p � 5
4
ffiffi
3
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p �
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p
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TABLE XIV. Matrix elements of baryon operators: 27 contribution.

B1B2 np ��� �p ��n ��� ���0 �0�þ �N ��� ��� ���
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t56 ¼ 1

4N2
c

a1b
2
2

�

Nc

Fð2Þ
27 ; (C90)

t57 ¼ � 1

N2
c

a21c3
�

Nc

Fð2Þ
27 ; (C91)

t58 ¼
�

1

4N2
c

a21b3 �
1

8N2
c

a21c3

�
�

Nc

Fð2Þ
27 ; (C92)

t59 ¼
�
� 1

2N2
c

a21b3 �
1

2N2
c

a21c3

�
�

Nc

Fð2Þ
27 ; (C93)

t60 ¼ 3

8N2
c

a21c3
�

Nc

Fð2Þ
27 ; (C94)

t61 ¼ 3

8N2
c

a21c3
�

Nc

Fð2Þ
27 : (C95)

Notice that in Eq. (C33) the singlet and octet pieces must
be subtracted off in order to have a truly 27 contribution.

APPENDIX D: MATRIX ELEMENTS
OF BARYON OPERATORS

In this appendix we list the values of the matrix elements
of baryon operators between SU(6) symmetric states that
make up the axial vector couplings gA and g. In Ref. [35] a
somewhat different operator basis was used; in the present
analysis there appear some other operators whose matrix
elements have not been evaluated yet. We thus consider it
convenient to provide all the matrix elements required
here once and for all. Of course, only nontrivial matrix
elements are given: matrix elements that either vanish or
do not contribute to any observed processes concerned
here are not listed. Examples of the first and second case
are hB1j	c8JkjB2i and hB1j½J2; ½T8; Gkc��jB2i, respectively.
Besides, matrix elements of higher-order operators
obtained by anticommuting with J2 are also trivial and
will be omitted hereafter.
For the tree-level and singlet contributions, we identify

the operators listed in Table XII.
For the octet contribution the matrix elements are listed

in Table XIII.
Finally, for the 27 contribution we provide Table XIV.
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