
Nonleptonic two-body Bc-meson decays

Sk. Naimuddin,1 Susmita Kar,2 M. Priyadarsini,3 N. Barik,4 and P. C. Dash5,*
1Physics Department, Maharishi College of Natural Law, Bhubaneswar 751007, India

2Physics Department, North Orissa University, Baripada 757003, India
3Physics Department, ITER, SOA University, Bhubaneswar 751030, India

4Retired Professor of Physics, Utkal University, Bhubaneswar 751004, India
5Physics Department, ITER, SOA University, Bhubaneswar 751030, India

(Received 28 June 2012; revised manuscript received 23 September 2012; published 19 November 2012)

We study the exclusive nonleptonic two-body Bc decays within factorization approximation, in the

framework of the relativistic independent quark model based on a confining potential in the scalar-

vector harmonic form. The relevant weak form factors and branching ratios for different decay modes

ðBc ! PP; PV; VPÞ are predicted in reasonable agreement with other quark model predictions. We find

that the dominant contribution to the Bc-meson lifetime comes from the Cabibbo-Kobayashi-Masakawa

favored �c ! �s, �d decay modes, and the most promising modes are found to be B�
c ! �B0

s�
�, B�

c ! �B0
s�

�

and B�
c ! �B?0

s �� with predicted branching ratios of 12.01, 9.96, and 8.61%, respectively, which might be

easily detected at the hadron collider in the near future.

DOI: 10.1103/PhysRevD.86.094028 PACS numbers: 13.25.Hw, 12.39.Pn

I. INTRODUCTION

The discovery of the Bc meson by the collider detector at
Fermilab (CDFCollaboration) [1] in 1998 has aroused a great
deal of interest in its production mechanism, spectroscopy
and decay properties. Subsequent measurements of its life-
times, �Bc

, and mass, MBc
, leading to the recent announce-

ment of the CDF and DO Collaborations �Bc
¼ 0:463þ0:073

�0:065

ðStatÞ � 0:036ðSystÞ ps [2],MBc
¼6:2756�0:0029 ðStatÞ �

0:0026ðSystÞ GeV [2] and MBc
¼ 6:3� 0:014 ðStatÞ �

0:005ðSystÞ GeV [3] have opened new windows for analy-
sis of heavy quark dynamics. The LHC is expected to
produce around 5� 1010 Bc events per year which would
provide important clues to study decay properties and test
standard model predictions in this sector.

The Bc meson decays are of theoretical interest due
to its characteristic special features: (1) Being the lowest
bound state of two different heavy quarks with open flavors
(b and c), it cannot annihilate into gluons and is stable
against strong and electromagnetic interactions. The Bc

meson, therefore, decays via weak interaction. (2) Both
its constituents being heavy, each of these can decay indi-
vidually, yielding rich decay channels. The tree- level weak
decay of the Bc meson can be broadly divided into three
categories: (i) b ! q (q ¼ c, u)-induced modewith c quark
as the spectator, (ii) c ! q (q ¼ s, d)-induced mode with b
quark as the spectator, and (iii) the relatively suppressed
weak annihilation mode. The pure leptonic Bc decays
which belong to the annihilation mode can be used to
measure the decay constant fBc

and Cabibbo-Kobayashi-

Masakawa (CKM)-matrix element jVbcj. However, these
decays cannot be fully reconstructed due to the missing
neutrino. Of the other two categories of Bc-meson decays,

one naively expects c ! q transition to be kinematically
suppressed compared to b ! q transitions on grounds of
available phase space alone (m5

c � m5
b). However, the

CKM-matrix elements involved are greatly in favor of the
former (Vcb � Vcs), which overcompensates its kinematic
suppression. The estimates [4] show that the dominant
contribution of about 70% to the Bc lifetime comes from
c ! q transitions, where b ! q transitions and the weak
annihilation barely contribute about 20% and 10%, respec-
tively. Thus, the decay rates for the former two categories of
Bc decays are competitive in magnitude.
There have been several theoretical studies [4–36]

on semileptonic and nonleptonic Bc-meson decays. The
semileptonic Bc decays provide an excellent laboratory to
measure the CKM-matrix elements: Vcb, Vub, Vcs and Vcd

and the weak form factors for Bc transitions to charm
and bottom mesons. These decays are easy to handle as
the relevant matrix element of the quark currents is pa-
rametrized in terms of a few hadronic form factors. The
description of nonleptonic decays is, however, nontrivial as
these processes are strongly influenced by confining color
forces and involve matrix elements of the local four quark
operators, which are more complicated than the current
operators of semileptonic decays. The semileptonic
Bc-meson decays have been studied [36] in the relativistic
independent quark model (RIQM) [37–41] based on a
confining potential in the scalar-vector harmonic form,
where we predict relevant form factors and their q2 depen-
dence in the allowed kinematic range, yielding branching
ratios in reasonable agreement with the data and other
model predictions.
In this paper we intend to extend the applicability of

the (RIQM) model to study, within factorization approxi-
mation, the two-body exclusive nonleptonic Bc-meson
decays to PP, PV and VP final states. The QCD*purendradash@gmail.com
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factorization approximation is widely used to study these
decays, since it works reasonably well in the heavy-quark
physics. In this approach, the hadronic matrix element of
the local four quark operators is taken as a product of
one-particle matrix elements which are parametrized
in terms of weak form factors and decay constants.
Justification of factorization approximation is based on
Bjorken’s intuitive argument on color transparency [42],
theoretical developments on QCD approach in the 1

Nc
limit

[43] and heavy-quark effective theory [44] etc. As done
in Refs. [5–11,45,46], we consider here the contribution
of current-current operators only in predicting tree-
level nonleptonic Bc-meson decays. In the evaluation of
decay width, the contribution of the tree diagram is
expected to be dominant. The penguin contribution may
be important in evaluating CP violation and the search
for new physics beyond the standard model, which we
do not consider in this work. The Wilson’s coefficient of
the penguin operator being very small, the corresponding
contributions to weak-decay amplitudes only become
relevant in rare decays, where the tree-level contribution
is either strongly CKM suppressed, as in �B ! �K?�, or
where matrix elements of current-current operators do not
contribute at all, as in �B ! �K?� and �B0 ! �K0� [47]. In this
paper we do not consider these decays. The contribution of
QCD and electroweak penguin operators has also been
shown [17,46] to be too tiny compared to that of current-
current operators due to serious suppression of CKM
elements.

The paper is organized as follows. In Sec. II we provide
the general remark on the factorization hypothesis and
nonleptonic decay amplitudes. In Sec. III we describe
the decay amplitudes in the framework of the RIQM-
model and extract the model expressions for relevant
weak form factors and Bc decay width. We discuss our
numerical results in Sec. IV. Section V contains the sum-
mary and conclusion.

II. FACTORIZATION AND NONLEPTONIC
DECAYAMPLITUDES

In the factorization approach, the decay amplitude for
the two-body nonleptonic transition M ! m1m2 can be
approximated by the product of one-particle matrix elements
[5,48,49]

hm1m2jH effjMi
¼ GFffiffiffi

2
p Vq1ð2Þq01ð2Þ

Vq3q
0
3
½a1ð�Þhm2jJ�j0ihm1jJ�jMi

þ a2ð�Þhm1jJ�j0ihm2jJ�jMi�; (1)

whereGF is the Fermi constant,Vij’s areCabibbo-Kobayashi-

Maskawa (CKM) matrix elements, and a1ð�Þ and a2ð�Þ
are the QCD factors expressed in terms of the Wilson’s
coefficients as

a1ð�Þ ¼ C1ð�Þ þ 1

Nc

C2ð�Þ;

a2ð�Þ ¼ C2ð�Þ þ 1

Nc

C1ð�Þ:
(2)

Here,Nc denotes the number of colors and J� � V� � A� �
�q01ð2Þ��ð1� �5Þq1ð2Þ is the vector-axial current.
In general cases, the renormalization point ð�Þ depen-

dence of the product of current operator matrix elements
does not cancel the � dependence of a1;2ð�Þ. The non-

factorizable contribution to Eq. (1) must be present to
make the physical amplitude renormalization scale inde-
pendent. In the present analysis as in Ref. [41,49], the
nonfactorizable vertex, penguin and hard-spectator correc-
tions are thought to be incorporated into the effective
Wilson’s coefficients aiði ¼ 1; 2Þ.
In QCD factorization, in the heavy-quark limit, and to

leading order �s, the current-current amplitude can be
factorized into a product of two single quark currents if
weak annihilation contributions are ignored. We neglect
here the so-called W exchange and annihilation diagrams,
since in the limit MW ! 1, they are connected by Fiertz
transformation and are doubly suppressed by the kinematic
factor of the order (m2

i =M
2). We also discard the color octet

currents which emerge after the Fiertz transformation of
color-singlet operators. Clearly, these currents violate fac-
torization since they cannot provide transitions to the
vacuum states.
The nonvanishing part of the matrix elements of the

current J� between the vacuum and final meson
(pseudoscalarP=vectorV) states in covariant form are pa-
rametrized by meson decay constants fP;V

hPj �q03���5q3j0i ¼ ifPp
�
P ;

hVj �q03��q3j0i ¼ e��fVmV:
(3)

The covariant decomposition of the nonvanishing matrix
elements of the weak current J� between the initial

and final pseudoscalar meson state is expressed in the
form:

hPðpPÞj �q01ð2Þ��q1ð2ÞjMðpÞi

¼
�
ðpþ pPÞ� �M2 �m2

P

q2
q�

�
F1ðq2Þ

þM2 �m2
P

q2
q�F0ðq2Þ

¼ ðpþ pPÞ�fþðq2Þ þ ðp� pPÞ�f�ðq2Þ; (4)

where

fþðq2Þ ¼ F1ðq2Þ; (5)

f�ðq2Þ ¼ M2 �m2
P

q2
½F0ðq2Þ � F1ðq2Þ�: (6)
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For the vector-meson final state, the corresponding
matrix element is parametrized separately for vector
and axial-vector parts as

hVðpVÞj �q01ð2Þ��q1ð2ÞjMðpÞi ¼ 2Vðq2Þ
MþmV

i��	�
e
?	p�p


V;

(7)

hVðpVÞj �q01ð2Þ���5q1ð2ÞjMðpÞi

¼ ðMþmVÞe?�A1ðq2Þ � A2ðq2Þ
MþmV

ðe? � qÞðpþ pVÞ�

� 2mV

e? � q
q2

q�A3ðq2Þ þ 2mV

e? � q
q2

q�A0ðq2Þ; (8)

where

A3ðq2Þ ¼ MþmV

2mV

A1ðq2Þ �M�mV

2mV

A2ðq2Þ: (9)

Here, we take p, pP;V as the four-momentum of the initial

and final state meson, respectively. q ¼ p� pP;V denotes

the four-momentum transfer and e?, the polarization
vector of the final state vector meson.

In order to cancel the poles at q2 ¼ 0, the form factors
F1ðq2Þ, F0ðq2Þ and A3ðq2Þ and A0ðq2Þ satisfy the necessary
conditions:

F1ð0Þ ¼ F0ð0Þ; A3ð0Þ ¼ A0ð0Þ: (10)

The decay width for the two-body nonleptonic transitions
with two pseudoscalar mesons ðP1; P2Þ in the final states is
written in terms of effective decay amplitude A as

�ðM ! P1P2Þ ¼ j ~kj
8�M2

jAðM ! P1P2Þj2; (11)

where the three-momentum magnitude j ~kj of the final state
meson in the parent meson rest frame is

j ~kj ¼ j ~pP1
j ¼ j ~pP2

j
¼ 1

2M
f½M2 � ðmP1

þmP2
Þ2�½M2

� ðmP1
�mP2

Þ2�g1=2: (12)

The corresponding expression of the decay width forM !
PVðVPÞ with a pseudoscalar and a vector meson in the
final states is written as

�ðM ! PV; VPÞ ¼ j ~kj3
8�m2

V

jAðM ! PV; VPÞj2 (13)

with

j ~kj¼ 1

2M
f½M2�ðmP;VþmV;PÞ2�½M2�ðmP;V�mV;PÞ2�g1=2:

(14)

Here, the relevant decay amplitude A is expressed in
the form:

A ¼ GFffiffi
2

p (CKM factors) (QCD factor) ðM2 � m2
P1
Þ�

fP2
FM!P1

0 ðq2Þ,
A ¼ GFffiffi

2
p (CKM factors) (QCD factor) 2mVfVF

M!P
1 ðq2Þ

and

A ¼ GFffiffi
2

p (CKM factors) (QCD factor) 2mVfPA
M!V
0 ðq2Þ

for M ! P1P2, M ! PV and M ! VP decays, respec-
tively. The standard factorization scheme shown in Eq. (1)
can be used to calculate decay amplitudes in Eqs. (11) and
(13) with the factorized amplitudes (1) in terms of meson
decay constants (4) and weak form factors (5)–(9). The
meson decay constants have been observed experimentally
and also predicted in different models, which one can take as
input parameters. The study of nonleptonic decays is, there-
fore, reduced to calculation of relevant weak form factors
and their q2 dependence in the allowed kinematical range in
the framework of a suitable bound state model, such as the
(RIQM) model described in the following section.

III. WEAK DECAY FORM FACTORS AND
DECAY WIDTH IN THE RELATIVISTIC

INDEPENDENT QUARK MODEL

We study the nonleptonic Bc decays in three separate
categories with (i) two pseudoscalar mesons ðP1; P2Þ, (ii) a
pseudoscalar and a vector meson ðP; VÞ and (iii) a vector
and a pseudoscalar meson ðV; PÞ in the final state. The
decay amplitude corresponding to each category can be
calculated from the relevant tree-level Feynman diagrams
shown in Fig. 1. The color-favored ‘‘class I’’ decays rep-
resented by the diagram [Fig. 1(a)] are characterized by
external emission of W boson, where the nonvanishing
factorized amplitude is proportional to the QCD factor
a1ð�Þ. The color-suppressed transitions known as class II
decays, represented by the diagram [Fig. 1(b)], are char-
acterized by internal W emission, where the nonvanishing
decay amplitude is proportional to the QCD factor a2ð�Þ.
Figure 1(c) represents class III decays in which both the
color-favored and color-suppressed diagrams contribute to
the decay amplitude. In these processes, the factorized
amplitudes corresponding to both the QCD factors—
a1ð�Þ and a2ð�Þ—interfere. In this section we calculate
explicitly the decay amplitudes corresponding to the color-
favoredM ! P1P2, PV, VP transitions from the Feynman
diagram shown in Fig. 1(a).

A. M ! P1P2

At the constituent level, the process M ! P1P2 can be
considered as the decay of one of the constituent quarks
q1ð2Þ with four-momentum pq1ð2Þ inside the decaying meson

state jMð ~p; SMÞi to the W boson and a daughter quark/
antiquark q01ð2Þ of momentum pq0

1ð2Þ
which along with the

spectator q2ð1Þ of momentum pq2ð1Þ hadronize to one of the
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final state mesons: jP1ð ~k; SP1
Þi. The externally emitted W

boson with four-momentum q then decays to a quark-
antiquark (q3q

0
3) pair which ultimately hadronize to another

final meson state jP2ð ~q; SP2
Þi. The decay, in fact, occurs

physically between the momentum eigenstates of the par-
ticipating mesons. Therefore, in a field theoretic treatment,
the meson state should be represented by an appropriate
wave packet, reflecting the momentum and spin distribution
between the constituents inside the meson core. In the
present model, the momentum wave packet description of
the meson corresponding to a definite momentum ( ~p) and
spin (SM) state is taken in the general form [36,39–41]:

jMð ~p;SMÞi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NMð ~pÞ

p X
�1;�22SM

�Mq1; �q2ð�1; �2Þ

�
Z

d3 ~pq1d
3 ~pq2


ð3Þð ~pq1 þ ~pq2 � ~pÞ

�GMð ~pq1 ; ~pq2Þb̂yq1ð ~pq1 ; �1Þ ~̂byq2ð ~pq2 ; �2Þ j 0i;
(15)

where b̂yq1ð ~pq1 ; �1Þ and ~̂b
y
q2ð ~pq2 ; �2Þ are, respectively, the

quark and antiquark creation operator. �Mq1; �q2ð�1; �2Þ stands
for the SU(6) spin-flavor coefficients for the meson

state. NMð ~pÞ is the meson normalization realized from

hMð ~pÞ j Mð ~p0Þi ¼ 
ð3Þð ~p� ~p0Þ in the integral form:

NMð ~pÞ ¼
Z

d3 ~pq1 j GMð ~pq1 ; ~p� ~pq1Þj2: (16)

Finally, GMð ~pq1 ; ~p� ~pq1Þ, which represents the effective

momentum distribution function for the quark q1 and anti-
quark �q2, is taken in the form [36,39–41]

GMð ~pq1 ; ~p� ~pq1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gq1ð ~pq1Þ ~G �q2ð ~p� ~pq1Þ

q
: (17)

Here, Gq1ð ~pq1Þ and ~G �q2ð ~p� ~pq1Þ refer to the momentum

probability amplitude of the bound quark q1 with momen-
tum ~pq1 and antiquark �q2 with momentum ~p� ~pq1 , respec-

tively. The bound quark and antiquark inside the meson
core are in the definite energy states with no definite
momenta of their own. However, it is possible to obtain
their momentum probability amplitudes via appropriate
momentum space projection of the corresponding quark-
antiquark eigenmodes derivable from the model. The model
expression for Gq1ð ~pq1Þ derived from the eigenmode

�ðþÞ
q1;�1

ð~rÞ [36,39–41] as

q

M

1(2)
q

1(2)
’

m

m

1

2

q q
)1(2)1(2

3
q

q 3
’

(a)

M

q
1(2)

q
2(1)

q
2(1)

q
3

q
1(2)
’

m1

m
2

q
3
’

M M

q 1(2)

q
2(1)

q 1(2)
’

2(1)
q

m
1

m
2

q
3

q
3
’

m1

m
2

q 1(2)
q

1(2)
’

q
2(1)

q
2(1)

q
3

q
3
’

(b)

(c)

+

FIG. 1. Quark level diagram of nonleptonic decay of meson: M ! m1m2.
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Gq1ð ~pq1Þ ¼
i�N q1

2�q1!q1

�
�q1ð ~pq1Þ
Eq1ð ~pq1Þ

�1
2

� ½Eq1ð ~pq1Þ þ Eq1� exp
�
� ~pq1

2

4�q1

�
: (18)

Similar expression for ~G �q2ð ~p� ~pq1Þ is realized from the

eigenmode �ð�Þ
q2;�2

ð~rÞ [38–41] so as to get, for like flavors,

~G �q2ð ~p� ~pq1Þ ¼ G?
�q2
ð ~p� ~pq1Þ: (19)

Here, Eqjð ~pqjÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~p2
qj þm2

qj

q
and �qjð ~pqjÞ¼Eqjð ~pqjÞþ

mqj and ðN qj ; Eqj ; !qj ; �qjÞ are the model quantities as

defined in Refs. [37–41].
We may point out here that although the three-

momentum conservation is ensured explicitly in this

model through 
ð3Þð ~pq1 þ ~pq2 � ~pÞ in the meson state

j Mð ~p; SMÞi, it is not so explicit in the case of energy
conservation. This is, of course, true with almost all the
potential models that describe the meson as a bound state of
valance quark and antiquark interacting via some instanta-
neous potential. However, we have realized in previous

applications of this model [40] in the context of radiative
leptonic decays of B, Bc, D and D�

s mesons that the effec-
tive momentum distribution function GMð ~pq1 ; ~pq2Þ in

Eqs. (17)–(19) somehow ensures energy conservation in
an average sense satisfyingEM ¼ hMð ~p; SMÞ j ½Eq1ð ~pq1Þ þ
Eq2ð ~pq2Þ� j Mð ~p; SMÞi. The bound state character of the

meson represented by the appropriate wave packet (15) is
embedded in the dynamical quantity GMð ~pq1 ; ~p� ~pq1Þ
derivable in this model.
With this phenomenological picture showing dynamics

of the constituent particles inside the participating meson
bound state, one can obtain the decay amplitudes in terms
of model quantities.
Now, considering the factorized amplitudes in Eq. (1)

and the appropriate wave packets for participating meson

states jMð ~p; SMÞi and jP1ð ~k; SP1
Þi, the S-matrix element

for the process M ! P1P2 can be obtained in the form

Sfi ¼ �i
GFffiffiffi
2

p Vq1ð2Þq01ð2Þ
Vq3q

0
3
a1h

0�H0
�; (20)

where

h0� ¼ hP2ð ~q; SP2
ÞjJ�j0i; (21)

H0
� ¼ hP1ð ~k; SP1

ÞjJ�jMð ~p; SMÞi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NMð ~pÞNP1

ð ~kÞ
q Z d3 ~pqjGMð ~pqj ; ~p� ~pqjÞGP1

ð ~pqj þ ~k� ~p; ~p� ~pqjÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2�Þ42Eqjð ~pqjÞ2Eq0jð ~pqj þ ~k� ~pÞ

q
� 
ð4Þðpq1ð2Þ � pq0

1ð2Þ
� pq3 � p0

q3ÞhSP1
jJ�jSMi: (22)

Here, Eqjð ~pqjÞ and Eq0jð ~pqj þ ~k� ~pÞ stand for the energy
of the nonspectator quark or antiquark of the parent and
daughter meson, respectively. hSP1

jJ�jSMi represents sym-
bolically the spin matrix elements of the vector-axial vec-
tor current. For the transitions involving nonspectator
quark q1, the spin matrix element is obtained in the form

hSP1
jJ�jSMi ¼

X
�1;�

0
1
;�2

�Mq1;q2ð�1; �2Þ�P1

q01;q2
ð�0

1; �2Þ

� ½ �Uq01ð ~kþ ~pq1 � ~p; �0
1Þ��

� ð1� �5ÞUq1ð ~pq1 ; �1Þ�; (23)

where �Mð�1; �2Þ and �P1ð�0
1; �2Þ are the appropriate

SU(6) spin-flavor coefficients for the parent and daughter
meson, respectively. The hadronic amplitude for the
transition involving the antiquark �q2 decay can be ob-
tained in the similar form (23). The relevant spin
matrix element is obtained by replacement of free par-
ticle spinors as Uq1ð ~pq1 ; �1Þ ! Vq02ð ~kþ ~pq2 � ~p; �0

2Þ and
�Uq0

1
ð ~pq1 þ ~k� ~p; �0

1Þ ! �Vq2ð ~pq2 ; �2Þ. Here, the free
particle spinors Uqjð ~pqj ; �jÞ and Vqjð ~pqj ; �jÞ are taken in
the form

Uqjð ~pqj ; �jÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�qjð ~pqjÞ

q �ð�Þ
~
: ~pqj

�qj ð ~pqj
Þ�ð�Þ

0
@

1
A

Vqjð ~pqj ; �jÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�qjð ~pqjÞ

q ~�ð�Þ
~
: ~pqj

�qj ð ~pqj
Þ ~�ð�Þ

0
@

1
A;

(24)

with

�ð"Þ ¼ �~�ð#Þ ¼ 1

0

 !
; �ð#Þ ¼ ~�ð"Þ ¼ 0

1

 !
:

As described above, we assume the energy conservation at
the composite level with EM ¼ Eq1ð ~pq1Þ þ Eq2ð ~p� ~pq1Þ.
This, together with the explicit three-momentum conser-
vation constraint ~p ¼ ~pq1 þ ~pq2 and ~k ¼ ~pq0

1ð2Þ
þ ~pq2ð1Þ ,

enables one to write p ¼ pq1 þ pq2 and k¼pq0
1ð2Þ
þpq2ð1Þ .

Thus, one can pull out 
ð4Þðpq1ð2Þ � pq0
1ð2Þ

� p1 � p2Þ from
the quark-level integral of Sfi (20) in the form of the meson
level four-momentum delta function 
ð4Þðp� k� qÞ to
write the S-matrix element in the form

Sfi ¼ ð2�Þ4
ð4Þðp� q� kÞð�iMfiÞ

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
V2EM

p Y
f

�
1ffiffiffiffiffiffiffiffiffiffiffiffi

V2Ef

p �
:

(25)
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Wemayalsopoint out that the normalization factors 1ffiffiffiffiffiffiffiffiffiffi
V2EM

p , 1ffiffiffiffiffiffiffiffiffiffi
V2EP1

p and 1ffiffiffiffiffiffiffiffiffiffi
V2EP2

p for the initial andfinalmeson states donot appear

automatically in the kinematic expression for Sfi. We, therefore, incorporate these factors by adequately compensating the

same in the numerator. The compensating factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EM2EP1

p
relevant for the matrix elementH0

�¼hP1ð ~k;SP1
ÞjJ�jMð ~p;SMÞi

is then pushed inside the integral (23) as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½Eq1ð ~pqjÞþEq2ð ~p� ~pqjÞ�2½Eq0

1ð2Þ
ð ~pqjþ ~k� ~pÞþEq2ð1Þ ð ~p� ~pqjÞ�

q
under the same

assumption for energy conservation mentioned earlier. The modified overlapping integral H0
� is, hereafter, to be written

as H�. The factor

ffiffiffiffiffiffiffiffiffi
2EP2

ð2�Þ3
r

, together with hP2ð ~q; SP2
ÞjJ�j0i, defines the covariant matrix element, hereafter to be written

as h�, which can be parametrized as ifP2
p
�
P2
. The meson level S-matrix element is then expressed in the standard form

from which the invariant transition amplitude can be obtained in the parent meson rest frame as

Mfi ¼ GFffiffiffi
2

p Vq1ð2Þq01ð2Þ
Vq3q

0
3
a1A: (26)

Here, A ¼ h�H� with

h� ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2EP2

ð2�Þ3
s

h0� ¼ ifP2
p
�
P2

(27)

and

H� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NMð0ÞNP1

ð ~kÞ
q Z d3 ~pqjGMð ~pqj ;� ~pqjÞGP1

ð ~pqj þ ~k;� ~pqjÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eqjð ~pqjÞEq0jð ~pqj þ ~kÞ

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Eq1ð ~pqjÞ þ Eq2ð� ~pqjÞ�½Eq0

1ð2Þ
ð ~pqj þ ~kÞ þ Eq2ð1Þ ð� ~pqjÞ�

r
hSP1

jJ�ð0ÞjSMi: (28)

Applying usual spin algebra and simplifying for the nonvanishing vector current part, it is straightforward to find from
(28) the expressions for the timelike and spacelike parts of the hadronic matrix element, respectively, as

hP1ð ~kÞjV0jMð0Þi ¼ H0 ¼
Z

d ~pqjCð ~pqjÞf½Eqjð ~pqjÞ þmqj�½Eq0jð ~pqj þ ~kÞ þmq0j� þ ~p2
qjg (29)

and

hP1ð ~kÞjVijMð0Þi ¼ Hi ¼
Z

d ~pqjCð ~pqjÞ½Eqjð ~pqjÞ þmqj�ki; (30)

where

Cð ~pqjÞ ¼
GMð ~pqj ;� ~pqjÞGP1

ð ~pqj þ ~k;� ~pqjÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NMð0ÞNP1

ð ~kÞ
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Eq1ð ~pq1Þ þ Eq2ð� ~pq1Þ�½Eq0

1ð2Þ
ð ~pqj þ ~kÞ þ Eq2ð1Þ ð� ~pqjÞ�

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eqjð ~pqjÞEq0jð ~pqj þ ~kÞ½Eqjð ~pqjÞ þmqj�½Eq0jð ~pqj þ ~kÞ þmq0j�

q : (31)

Now we compare these results (29)–(31) with covariant
factorized amplitudes (4)–(6) and obtain the Lorentz in-
variant form factors f�ðq2Þ in the form

f�ðq2Þ¼1

2

Z
d ~pqjCð ~pqjÞf½Eqjð ~pqjÞþmqj�½Eq0jð ~pqj þ ~kÞ

þmq0j�þ ~p2
qj �½Eqjð ~pqjÞþmqj�½M	EP1

�g:
(32)

Then the model expression for the form factor F0ðq2Þ
is obtained from F0ðq2Þ ¼ ½ q2

ðM2�m2
1
Þ�f�ðq2Þ þ fþðq2Þ in

terms of which the decay width �ðM ! P1P2Þ is expres-
sed as

�ðM ! P1P2Þ ¼ j ~kj
8�M2

jA1j2jF0ðq2Þj2; (33)

where

jA1j ¼ GFffiffiffi
2

p Vq1ð2Þq01ð2Þ
Vq3q

0
3
a1ðM2 �m2

P1
ÞfP2

: (34)

B. M ! PV

The two-body nonleptonic decay process in this cate-
gory is also characterized by external W-boson emission
which hadronizes to a vector meson (V) instead of a
pseudoscalar meson. The other final state meson is a
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pseudoscalar (P) which is coupled to the decaying meson
(M), providing hadronic amplitude of the decay process. It
is trivial to check that the decay amplitude in the parent
meson rest frame is expressed here in terms of F1ðq2Þ
instead of F0ðq2Þ as

hPð ~kÞVð ~qÞjH eff jMð0Þi
¼ i

GFffiffiffi
2

p Vq1ð2Þq01ð2Þ
Vq3q

0
3
2a1mVfVF1ðq2Þðe? � pÞ: (35)

Using a similar technique as used in calculating the tran-
sition M ! P1P2, the form factor F1ðq2Þ in the parent
meson rest frame is obtained in the form

F1ðq2Þ¼fþðq2Þ
¼1

2

Z
d ~pqjCð ~pqjÞf½Eqjð ~pqjÞþmqj�

�½Eq0jð ~pqj þ ~kÞþmq0j�þ ~p2
qj

þ½Eqjð ~pqjÞþmqj�½M�EP�g; (36)

in terms of which the decay width �ðM!PVÞ is
expressed as

�ðM ! PVÞ ¼ j ~kj3
8�m2

V

jA2j2jF1ðq2Þj2; (37)

where

jA2j ¼ GFffiffiffi
2

p Vq1ð2Þq01ð2Þ
Vq3q

0
3
2a1mVfV: (38)

C. M ! VP

In the decay process of this category, the externally
emitted W boson hadronizes to a pseudoscalar meson (P)
and other final state meson is a vector meson (V) which
couples to the decaying meson (M) to give hadronic am-
plitude of the decay process. It is trivial to see that the
vector part of weak current does not contribute and the
nonvanishing decay amplitude, due to the axial vector part
in the parent meson rest frame, is obtained in the simple
form

hVð ~kÞPð ~qÞjH effjMð0Þi
¼ i

GFffiffiffi
2

p Vq1ð2Þq01ð2Þ
Vq3q

0
3
2a1mVfPA0ðq2Þðe? � pÞ: (39)

Although the decay amplitude in this case is expected
to depend upon four form factors (A1, A2, A3 and A0), it
is in fact reduced to the simple form (39) involving only a
single form factor A0ðq2Þ. This is due to the mutual can-
cellation of the terms due to the linear relation (9). With the
appropriate wave packet description for the participating

meson states jVð ~k; SVÞi and jMð ~p; SVÞi, it is straightfor-
ward to calculate the nonvanishing factorized amplitude

hVð ~k; SVÞjA�jMð0; SMÞi so as to arrive at the invariant

decay amplitude similar to (26)–(28). However, the spin
matrix elements hSV jA�jSMi in these processes are calcu-

lated separately for three specific spin states (SV ¼ �1, 0)
of the vector meson (V) which are subsequently general-
ized to give the model expressions for the timelike and
spacelike parts, respectively, in the parent meson rest
frame as

hVð ~k; SVÞjA0jMð0; SMÞi
¼
Z

d ~pqjCð ~pqjÞ½Eqjð ~pqjÞ þmqj�ðê? � ~kÞ (40)

and

hVð ~k; SVÞjAijMð0; SMÞi
¼
Z

d ~pqjCð ~pqjÞf½Eqjð ~pqjÞ þmqj�

� ½Eq0jð ~pqj þ ~kÞ þmq0j� � ~p2
qj=3gê?: (41)

We then compare expressions in (40) and (41) with corre-
sponding expressions of the covariant factorized ampli-
tudes (7) and (8) and then simplify to obtain the model
expression of the form factor A0ðq2Þ as

A0ðq2Þ ¼ 1

2

Z
d ~pqjCð ~pqjÞf½Eqjð ~pqjÞ

þmqj�½M� EV�½Eqjð ~pqjÞ
þmqj�½Eq0jð ~pqj þ ~kÞ þmq0j� � ~p2

qj=3g: (42)

The decay width �ðM ! VPÞ is then obtained in terms of
A0ðq2Þ in the straightforward manner as

�ðM ! VPÞ ¼ j ~kj3
8�m2

V

jA3j2jA0ðq2Þj2; (43)

where

jA3j ¼ GFffiffiffi
2

p Vq1ð2Þq01ð2Þ
Vq3q

0
3
2a1mVfP: (44)

The two-body nonleptonic decays described above refer to
class I decays involving external emission of the W boson
[Fig. 1(a)]. One can similarly analyze the class II decays
that involve internal emission of the W boson [Fig. 1(b)]
and also class III decays characterized by both external and
internal emission of the W boson [Fig. 1(c)], yielding to
P1P2, PV and VP final meson states. The model expres-
sions for form factors and decay widths for the later two
classes of decays can be obtained by suitable replacement
of flavor degrees of freedom, constituent quark masses,
quark binding energies, QCD factors ai and the decay
constants in the relevant expressions described above.

IV. NUMERICAL RESULTS AND DISCUSSION

For numerical calculation, we take the flavor-
independent potential parameters ða; V0Þ and other model
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quantities such as the constituent quark masses mq and

corresponding binding energies Eq [38–41] as

ðmu ¼ md;ms;mc;mbÞ
� ð0:07875; 0:31575; 1:49276; 4:77659Þ GeV

ðEu ¼ Ed; Es; Ec; EbÞ
� ð0:47125; 0:59100; 1:57951; 4:76633Þ GeV

ða; V0Þ � ð0:017166 GeV3;�0:1375 GeVÞ: (45)

The Bc-meson mass and lifetime, as well as CKM parame-
ters used here, are taken from Ref. [50] as

ðM; �Bc
Þ � ð6:277 GeV; 0:453 psÞ

ðjVcbj; jVubjÞ � ð0:0409; 0:00415Þ
ðjVcdj; jVcsjÞ � ð0:23; 1:006Þ
ðjVudj; jVusjÞ � ð0:97425; 0:2252Þ:

(46)

The relevant decay constants used in our calculation are
taken from Refs. [50,51] as

ðf�; fK; fD; fDs
; f�Þ

� ð0:13041; 0:1561; 0:2067; 0:26; 0:4Þ GeV
ðf�; fK?; fD?; fD?

s
; fJ=c Þ

� ð0:221; 0:22; 0:245; 0:273; 0:411Þ GeV: (47)

For evaluating decay amplitudes of color-suppressed class-
II Bc decays involving neutral meson �0ð�0Þ in the final
state, we take the corresponding values of the decay con-

stant as f�0ð�0Þ ¼ f��ð��Þ=
ffiffiffiffi
2:

p
It may be mentioned that the theoretical predictions on

nonleptonic decays suffer from uncertainties due to a
number of factors such as the model parameters, CKM
parameters, decay constants, QCD coefficients ai, etc. At
the outset we would like to point out that our intention here
is not to claim a quantitative precision in our prediction but
to provide an order of magnitude estimation in order to test
the applicability of our model in this sector. For this we use
in our numerical calculation the potential parameters and
other model quantities, like the quark masses and corre-
sponding binding energies [Eq. (45)], that have already
been fixed once at the static level application of our model
[37], providing adequate description of wide-ranging had-
ronic phenomena in the light- and heavy-flavor sector
[38–41]. As such, we do not have any free parameter that
could be fine tuned from time to time in predicting differ-
ent hadronic properties as stated above. With these inputs,
we perform, in a sense, a parameter-free calculation to test
applicability of the model in this sector. In order to mini-
mize uncertainties in our calculation due to the CKM
parameter and decay constant, we take the central values
of the respective observed data from Ref. [50]. In those
cases where experimental data are not available, we take

the predicted decay constants [51] used in other quark-
model calculations.
As regards QCD coefficients, different values of a1 and

significantly different values of a2 have been used in the
literature. For example in Ref. [14], authors use QCD
coefficients Set 1: ðab1 ; ab2Þ ¼ ð1:12;�0:26Þ and ðac1; ac2Þ ¼ð1:26;�0:51Þ as fixed in Ref. [52], whereas most of the
previous calculations referred to in Tables V and VI use a
different set of QCD coefficients, Set 2: ðab1 ; ab2Þ ¼ð1:14;�0:2Þ and ðac1; ac2Þ ¼ ð1:2;�0:317Þ fixed by Buras
et al. in the mid 1980s. In order to gauge uncertainty in our
prediction due to QCD coefficients, we use both sets in our
calculation.
We would also like to point out that the energy conser-

vation ansatz taken here in the parent meson rest frame,
Eq1ð ~pq1Þ þ Eq2ð� ~pq1Þ ¼ M, might lead to spurious kine-

matic singularities at the quark-level integration. We
address this issue as in Ref. [13,40] by assigning a running
mass, mq1ð ~pq1Þ, to the active quark q1 in the meson state

jMð0Þi in the form

m2
q1ð ~pq1Þ ¼ M2 �m2

q2 � 2M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j ~pq1 j2 þm2

q2

q
; (48)

as an outcome of the energy conservation constraint, while
retaining definite mass mq2 of the spectator quark q2. This

leads to an upper bound on the quark momentum j ~pq1 j<
M2�m2

q2

2M ¼ j ~pq1 jmax in order to retain m2
q1ðj ~pq1 jÞ positive

definite. The shape of the radial momentum distribution
amplitude j ~pqj jGMð ~ppqj

;� ~pqjÞ over the allowed range

0< j ~pqj j< j ~pqj jmax in the present model in the context

of radiative leptonic decays of Bu, Bc, D and Ds mesons
[41] is obtained in good agreement with that of the QCD
relativistic quark model [13]. The rms value of quark

momentum
ffiffiffiffiffiffiffiffiffiffiffi
h ~p2

qji
q

with h ~p2
qji ¼ hMð0Þj ~pqj

2jMð0Þi, the ex-
pectation values of the quark and antiquark binding ener-
gies hEq1ð ~p2

q1Þi and hEq2ð� ~p2
q1Þi, and that of the sum of

binding energies h½Eq1ðj ~pq1 j2Þ þ Eq2ðj � ~pq1 j2Þ�i in this

model [41] are shown in Table I.
The results show that the rms value of the quark mo-

mentum in the meson bound state is much less than the
corresponding upper bound j ~pqj jmax, as expected. The

average energies of the constituent quark of the same flavor
in different meson bound states do not exactly match
(Table I). This is due to different kinematics involved
from one meson state to the other. The constituent quarks
in the meson bound state are considered to be free particles
of definite momenta, each associated with the momentum
probability amplitude derivable in this model from respec-
tive energy eigenmodes via momentum projection. On the
other hand, the energies shown in Eq. (45) are the energy
eigenvalues of the corresponding bound quarks with no
definite momenta of their own and are obtained in this
model from respective quark orbitals by solving the Dirac
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equation. These energy eigenvalues in Eq. (45) should be
different from the average energy of the constituent quarks
(Table I). The marginal difference, in energies, shown in
Table I and Eq. (45) does not affect the result as is evident
from our predicted meson masses in good agreement with
their respective observed values [Table I]. This lends cre-
dence to our energy conservation ansatz in an average
sense through effective momentum distribution function
GMð ~pq1 ;� ~pq1Þ in the meson state jMð0Þi.

Now using input parameters (45)–(47), we first evaluate
the weak form factors F0ðq2Þ, F1ðq2Þ and A0ðq2Þ from
Eqs. (32), (36), and (42), respectively, and study their q2

dependence in the allowed kinematical range. In a self-
consistent dynamical approach, we extract the weak form
factors from overlap integrals of meson wave functions
where q2 dependence is automatically ensured in the entire
kinemtical range. This is in contrast to most of the previous
model approaches, where the form factors were deter-
mined only at one kinematical point, either at q2 ! 0 or
q2 ! q2max, and then extrapolated to allowed kinematical
range using some phenomenological ansatz (mainly di
(pole) or Gaussian). Figures 2–6 depict the q2 dependence
of the form factors for different decay modes. We find
large overlapping of meson wave functions in this model
as shown in Figs. 7 and 8. Our predicted form factors at
maximum recoil point (q2 ! 0): F0ð0ÞM!m1 ¼ F1ð0ÞM!m1

for Bc ! P transitions satisfies the requirement for pole
cancellation at that point. Our predictions for form factors

at q2 ! 0 in b ! u, c and �c ! �s, �d-induced decays shown
in Table II are found greater than those of Ref. [14] by a
factor of about 2 except for the form factor relating Bc !
V in b ! c, u-induced decays only which is found about
2.5 times smaller.
We then evaluate decay widths �ðBc ! m1m2Þ from

Eqs. (33), (37), and (43) and our results are listed in
Tables III and IV for general values of QCD coefficients
a1;2 to facilitate a comparison with other model predic-

tions. Our predictions for various tree-level, two-body
nonleptonic Bc-meson decays with respect to both sets of

TABLE I. The rms value of the quark momenta, expectation values of the quark and antiquark energies and that of the combined
quark-antiquark energies in the meson state.

Meson

state jMð0Þi

ffiffiffiffiffiffiffiffiffiffiffi
h ~p2

qj i
q
(GeV)

hEq1 ð ~p2
q1 Þi

(GeV)

hEq2 ðj � ~pq1 j2Þi
(GeV)

h½Eq1 ð ~p2
q1 Þ þ Eq2 ðj � ~pq1 j2Þ�i

(GeV)

Observed meson

mass (GeV) [50]

jBuð0Þi 0.51 4.799 0.480 5.279 5.27925

jBcð0Þi 0.66 4.657 1.629 6.286 6.277

jDsð0Þi 0.4736 1.4165 0.5517 1.9682 1.96849

jDð0Þi 0.4506 1.4418 0.4275 1.8693 1.86962
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FIG. 2. Form factors of Bc ! B, B?.
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QCD coefficients are shown in the second column of
Tables V and VI: one corresponds to Set 1 and other, in
the parentheses, corresponds to Set 2. The predicted
branching ratios with Set 1 QCD coefficients, though, do
not exactly match with those in Set 2; however, the order of
magnitude in both cases remains same in the range
Oð10�6–10�2Þ in broad agreement with other quark model
predictions.

For �c ! �s, �d-induced decays, our predicted branching
ratios in most of the cases find an order of magnitude
agreement with the predictions of Refs. [7,8] and in a
few cases such as B�

c ! �B0
sK

�, B�ðK0?; K0Þ with those
of Refs. [11,12]. The most promising decay modes found
in this category are B�

c ! �B0
s�

�, �B0
s�

�, �B0?
s �� with large

predicted branching ratios of 12.01, 9.96 and 8.61%,
respectively, which should be experimentally accessible.

Summing up exclusive contributions, these decay modes
are found to contribute about 42% of the total branching
ratio compared to 70% as estimated in Ref. [4]. Our
predicted summed-up exclusive branching ratio, although
found smaller than 73.4% as predicted in the QCD sum rule
[7], is however comparable to the relativistic constituent

quark model [9] prediction of 27.6%. The Bc meson, there-
fore, can be the source of the Bs meson, as copious pro-
duction of the Bc meson is expected at LHC.
For b ! c, u-induced decays, our results are in general

agreement with the QCD sum rule [7] and constitute quark-
model [8,10–12] predictions. The dominant modes found
in this category are B�

c ! �cðD�
s ; D

�?
s Þ, �c�

� and
J=�D�

s with predicted branching ratios of 0.18, 0.15,
0.106 and 0.115%, respectively, which should also be
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TABLE II. Form factors of Bc ! P, V transitions at q2 ¼ 0.

Quark level

decay Transitions FBc!P
0 ð0Þ FBc!P

1 ð0Þ ABc!V
0 ð0Þ

�c ! �s, �d Bc ! B, B� 1.01 1.01 0.90

Bc ! Bs, B
�
s 1.03 1.03 0.94

b ! c, u Bc ! �c, J=� 0.30 0.30 0.325

B ! D, D� 0.025 0.025 0.025

B ! Ds, D
�
s 0.05 0.05 0.05
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accessible experimentally at high-luminosity hadron col-
liders. The contributions of two charmed meson final states
are found too small Oð10�6Þ [Table VII] to be measured
experimentally. We would like to mention here that the
b ! u-induced decays such as B�

c ! �D0ðK�; ��Þ, D��0

andD�
s �

0, where theW boson hadronizes to u, d, s quark/
antiquark, are seriously CKM suppressed. Extending our
analysis to these decays, we find the branching ratios of
B�
c ! �D0K�, �D0��, D��0 and D�

s �
0 are found to be

1:45� 10�9, 1:9� 10�8, 5:9� 10�10 and 1:8� 10�10,
respectively, which are too small to be experimentally
accessible even at the high-luminosity hadron collider.
Summing up exclusive contributions, the bottom-changing
decay modes considered here are found to contribute
barely 0.67% of the total branching ratios against the
estimated value of 20% [4], which leaves plenty of room
for Bc decays to two vector meson states, excited meson
states and nonresonant multibody final states.
The relative size of branching ratios for nonleptonic

decays is broadly estimated from power counting of
QCD factors and CKM factors in the Wolfenstein parame-
trization [53]. Accordingly, the class-I decay modes deter-
mined by QCD factor a1 are found to have comparatively
large branching ratios, the most promising of which are the
CKM-favored ones B�

c ! �B0
sð��; ��Þ, �B0?

s �� as shown
in Table VI. On the other hand, the branching ratios of
class-II decay modes determined by a2 are found relatively
smaller, as expected, than those of class-I modes. However
B�
c ! B�ðK0; K0?Þ decay modes in this category with

CKM factor VcsV
�
ud 
 1 have been estimated to have

branching ratios of 3.36% and 2.34%, respectively which
should be measured experimentally.
In class-III decays characterized by the Pauli interfer-

ence, the branching ratios are determined by relative values
of a1 with respect to a2. Considering the negative value of
a2 in Set 1 with respect to a1, these decay modes are found
suppressed in comparison with the cases in which interfer-
ence is switched off. It is also known that, on a qualitative
level, the ratio a2

a1
is a function of running coupling constant

�s evaluated at the factorization scale. This has been
shown to be positive for B decays and negative for D
decays corresponding to small and large coupling, respec-
tively, [47]. The experimental data also favor constructive
interference of color-favored and color-suppressed
B-decay modes. Taking into account the positive value of
QCD factor ab2 ¼ 0:26 in Set 1, our predicted branching

ratios for class-III Bc decays find an enhancement by a
factor of about 2 over what was obtained with negative
value of ab2 ¼ �0:26 in the same order of magnitude

Oð10�6Þ. Furthermore, in order to test the effect of
interference in these decays, we put the decay width in
the form � ¼ �0 þ��, where �0 ¼ x1a

2
1 þ x2a

2
2 and

�� ¼ 2x1x2a1a2 and compute ��
�0

in % as done in

Refs. [6,46]. The absolute value of ��
�0

for B�
c ! D�

s
�D0,

D�
s
�D0?, D�?

s
�D0, �cD

�?
s and �cD

�� are found 59, 68, 51,

TABLE III. Exclusive nonleptonic decay widths for the Bc

decays in units of 10�15 GeV for general values of the effective
Wilson coefficients a1 and a2.

Quark level

decay Decay Modes Decay width

B�
c ! PP B�

c ! �c�
� 0:391a21

B�
c ! �cK

� 0:031a21
B�
c ! �cD

�
s ð1:82a1 þ 1:6a2Þ2

B�
c ! �cD

� ð0:32a1 þ 0:24a2Þ2
B�
c ! PV B�

c ! �c�
� 1:23a21

b ! c, u B�
c ! �cK

�� 0:067a21
B�
c ! �cD

��
s ð1:72a1 þ 1:75a2Þ2

B�
c ! �cD

�� ð0:35a1 þ 0:29a2Þ2
B�
c ! VP B�

c ! J=��� 0:392a21
B�
c ! J=�K� 0:031a21

B�
c ! J=�D�

s ð1:6a1 þ 1:87a2Þ2
B�
c ! J=�D� ð0:28a1 þ 0:30a2Þ2

B�
c ! PP B�

c ! �B0
s�

� 109:94a21
B�
c ! �B0

sK
� 7:30a21

B�
c ! �B0�� 7:23a21

B�
c ! �B0K� 0:51a21

B�
c ! B�K0 181:63a22

B�
c ! B��0 3:598a22

B�
c ! PV B�

c ! �B0
s�

� 91:28a21
B�
c ! �B0

sK
�� 0:341a21

B�
c ! �B0�� 11:87a21

�c ! �s, �d B�
c ! �B0K�� 0:3a21

B�
c ! B�K�0 102:5a22

B�
c ! B��0 5:94a22

B�
c ! VP B�

c ! �B�0
s �� 78:82a21

B�
c ! �B�0

s K� 4:57a21
B�
c ! �B�0�� 5:08a21

B�
c ! �B�0K� 0:35a21

B�
c ! B��K0 126:22a22

B�
c ! B���0 2:53a22

TABLE IV. Exclusive nonleptonic decay widths for the Bc

decays into DD mesons in units of 10�15 GeV for general values
of the effective Wilson coefficients a1 and a2.

Quark level

decay Decay Modes Decay width

B�
c ! PP B�

c ! D�D0 0:027a22
B�
c ! D�

s D
0 0:006a22

B�
c ! D� �D0 ð0:004a1 þ 0:004a2Þ2

B�
c ! D�

s
�D0 ð0:024a1 þ 0:034a2Þ2

B�
c ! PV B�

c ! D�D�0 0:056a22
b ! c, u B�

c ! D�
s D

�0 0:011a22
B�
c ! D� �D�0 ð0:004a1 þ 0:006a2Þ2

B�
c ! D�

s
�D�0 ð0:027a1 þ 0:046a2Þ2

B�
c ! VP B�

c ! D��D0 0:034a22
B�
c ! D��

s D0 0:007a22
B�
c ! D�� �D0 ð0:006a1 þ 0:004a2Þ2

B�
c ! D��

s
�D0 ð0:031a1 þ 0:037a2Þ2
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TABLE V. Predicted branching ratios (in %) of exclusive nonleptonic Bc decays with the choice of Wilson coefficients Set 1 (Set 2)
for b decay in comparison with other model predictions.

Decay mode This work Reference [7] Reference [8] Reference [12] Reference [13] Reference [10] Reference [11] Reference [9] Reference [14]

B�
c ! �c�

� 0.034 (0.035) 0.20 0.18 0.13 0.025 0.083 0.14 0.19 0.14

B�
c ! �cK

� 0.003 (0.003) 0.013 0.014 0.013 0.002 0.006 0.011 0.015 � � �
B�
c ! �cD

�
s 0.179 (0.21) 0.28 0.054 0.35 0.50 � � � 0.26 0.44 0.52

B�
c ! �cD

� 0.006 (0,007) 0.015 0.0012 0.010 0.005 � � � 0.014 0.019 � � �
B�
c ! �c�

� 0.106 (0.11) 0.42 0.49 0.30 0.067 0.20 0.33 0.45 0.39

B�
c ! �cK

?� 0.006 (0.006) 0.020 0.025 0.021 0.004 0.011 0.018 0.025 � � �
B�
c ! �cD

?�
s 0.149 (0.178) 0.27 0.044 0.36 0.057 � � � 0.24 0.37 0.31

B�
c ! �cD

?� 0.007 (0.008) 0.010 0.0010 0.0055 0.003 � � � 0.013 0.019 � � �
B�
c ! J=c�� 0.034 (0.035) 0.13 0.18 0.073 0.13 0.060 0.11 0.17 0.13

B�
c ! J=cK� 0.003 (0.003) 0.011 0.014 0.007 0.007 0.005 0.008 0.013 � � �

B�
c ! J=cD�

s 0.115 (0.142) 0.17 0.041 0.12 0.35 � � � 0.15 0.34 0.28

B�
c ! J=cD� 0.004 (0.005) 0.009 0.0009 0.0044 0.013 � � � 0.009 0.015 � � �

TABLE VI. Predicted branching ratios (in %) of exclusive nonleptonic Bc decays with the choice of Wilson coefficients Set 1 (Set 2)
for �c decay in comparison with other model predictions.

Decay mode This work Reference [7] Reference [8] Reference [12] Reference [13] Reference [10] Reference [11] Reference [9] Reference [14]

B�
c ! �B0

s�
�

12.01 (10.9) 16.4 5.75 3.42 3.01 2.46 1.56 3.9 4.8

B�
c ! �B0

sK
�

0.798 (0.723) 1.06 0.41 � � � 0.21 0.21 0.17 0.29 � � �
B�
c ! �B0��

0.79 (0.72) 1.06 0.32 0.15 0.19 0.10 0.10 0.20 � � �
B�
c ! �B0K�

0.055 (0.054) 0.07 0.025 � � � 0.014 0.009 0.010 0.015 � � �
B�
c ! B�K0

3.25 (1.256) 1.98 0.66 0.17 � � � 0.23 0.27 0.38 0.8

B�
c ! B��0

0.064 (0.025) 0.037 0.011 0.007 � � � 0.003 0.004 0.007 � � �
B�
c ! �B0

s�
�

9.97 (9.05) 7.2 4.41 2.33 1.34 1.38 3.86 2.3 7.0

B�
c ! �B0

sK
?�

0.04 (0.034) � � � � � � � � � 0.0043 0.0030 0.10 0.011 � � �
B�
c ! �B0��

1.297 (1.177) 0.96 0.59 0.19 0.15 0.13 0.28 0.20 � � �
B�
c ! �B0K?�

0.032 (0.029) 0.015 0.018 � � � 0.003 0.004 0.012 0.0048 � � �
B�
c ! B�K?0

1.83 (0.71) 0.43 0.47 0.095 � � � 0.09 0.32 0.11 0.72

B�
c ! B��0

0.106 (0.041) 0.034 0.020 0.009 � � � 0.005 0.010 0.0071 � � �
B�
c ! �B?0

s ��
8.61 (7.81) 6.5 5.08 1.95 3.50 1.58 1.23 2.1 4.37

B�
c ! �B?0

s K�
0.499 (0.453) 0.37 0.29 � � � 0.16 0.11 0.13 0.13 � � �

B�
c ! �B?0��

0.555 (0.503) 0.95 0.29 0.077 0.24 0.026 0.076 0.057 � � �
B�
c ! �B?0K�

0.039 (0.035) 0.055 0.019 � � � 0.012 0.004 0.006 0.0036 � � �
B�
c ! B?�K0

2.26 (0.873) 1.60 0.50 0.061 � � � 0.10 0.16 0.088 � � �
B�
c ! B?��0

0.047 (0.018) 0.033 0.010 0.004 � � � 0.001 0.003 0.002 � � �

TABLE VII. Predicted branching ratios in units of 10�6 of the exclusive nonleptonic Bc decays into DD mesons in comparison with
other model predictions.

Decay mode This work Reference [13] Reference [11] Reference [7] Reference [8] Reference [15] Reference [9] Reference [16]

B�
c ! D�D0 1.284 (0.76) 4.1 17 53 18 86 33 32

B�
c ! D�

s D
0 0.27 (0.16) 0.27 1.13 4.8 0.93 4.6 2.1 2.3

B�
c ! D� �D0 0.008 (0.01) � � � � � � 0.32 � � � � � � 0.31 0.1

B�
c ! D�

s
�D0 0.219 (0.286) � � � � � � 6.6 � � � � � � 7.4 3.0

B�
c ! D�D?0 2.61 (1.54) 3.6 21 75 19 75 38 34

B�
c ! D�

s D
?0 0.491 (0.291) 0.25 1.35 7.1 0.97 3.9 2.4 2.6

B�
c ! D� �D?0 0.008 (0.011) � � � � � � 0.28 � � � � � � 0.052 0.07

B�
c ! D�

s
�D?0 0.225 (0.316) � � � � � � 6.3 � � � � � � 1.3 1.9

B�
c ! D?�D0 1.595 (0.944) 40 7.9 49 18 30 8.8 12

B�
c ! D?�

s D0 0.315 (0.186) 2.38 0.55 4.5 0.91 1.8 0.65 0.7

B�
c ! D?� �D0 0.018 (0.027) � � � � � � 0.40 � � � � � � 0.44 0.09

B�
c ! D?�

s
�D0 0.418 (0.52) � � � � � � 8.5 � � � � � � 9.3 2.5
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39, 45 and 37%, respectively. This indicates that the inter-
ference is most significantly involved in B�

c !
D�

s ð �D0; �D0?Þ decays compared to other modes. This is,
in particular, important since B�

c ! D�
s ðD0; �D0Þ decay

modes have been proposed [54] for extracting the CKM
angle � through amplitude relations.

V. SUMMARYAND CONCLUSION

In this work we have studied the exclusive B�
c ! PP,

PV, VP decays within factorization approximation in the
framework of the relativistic independent quark model
based on the confining potential in equally mixed scalar-
vector harmonic form. The weak decay form factors and
their q2 dependence are extracted in this model in the entire
kinematical range. The predicted branching ratios are
found in a wide range from minimum of Oð10�6Þ for
B�
c ! DD decays to maximum of 12.01% for B�

c !
�B0
s�

�. Summing up exclusive contributions, we find that
the nonleptonic Bc transitions are dominated by �c ! �s,
�d-induced modes contributing about 42%, the most
promising of which are the CKM favored: B�

c ! �B0
s�

�,
B�
c ! �B0

s�
� and B�

c ! �B?0
s �� with branching ratios of

12.01, 9.97 and 8.61%, respectively, and should be

accessible experimentally. The Bc meson, therefore, can

be the source of Bs mesons as copious production of Bc

mesons is expected at the Large Hadron Collider. On the

other hand, the b ! c, u-induced modes were found to

contribute less than 1% of the total decay rate against the

estimated value of 20% [4], which leaves enough room for

two-body nonleptonic Bc-meson decays to vector meson

states, excited meson states and nonresonant multibody

final states. The class-I decay modes determined by QCD

coefficient a1 are found to have comparatively large

branching ratios, as expected, compared to that obtained

for class-II decays determined by a2. For class-III decays
characterized by Pauli interference, the branching

ratios are found to be too small
Oð10�6Þ to be accessible
experimentally. The analysis on effect of interference

in these cases indicates that interference is most signifi-

cantly involved in B�
c ! D�

s ð �D0; �D0?Þ decays compared

to other modes. This is especially important since

B�
c ! D�

s ð �D0; �D0?Þ decay modes have been proposed

[54] for extracting the CKM angle through amplitude

relations.
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