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Two-body charmless hadronic B decays involving a light tensor meson in their final states are studied in

the perturbative QCD approach based on kT factorization. From our calculations, we find that the decay

branching ratios for the color-allowed, tree-dominated decays B ! a02�
þ and B ! a�2 �

þ are of orders

10�6 and 10�5, respectively, while other color-suppressed, tree-dominated decays have very small

branching ratios. In general, the branching ratios of most decays are in the range of 10�5 to 10�8, which

are bigger by 1 or 2 orders of magnitude than those predictions obtained in the Isgur-Scora-Grinstein-Wise

II model and in the covariant light front approach, but consistent with recent experimental measurements

and QCD factorization calculations. Since decays with a tensor meson emitted from vacuum are

prohibited in naive factorization, the contributions of nonfactorizable and annihilation diagrams are very

important to these decays, which are calculable in our perturbative QCD approach. We also give

predictions for the direct CP asymmetries, some of which are large enough for the future experiments

to measure. Because we consider the mixing between f2 and f
0
2, the decay rates are enhanced significantly

for some decays involving f02 mesons, even with a small mixing angle.
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I. INTRODUCTION

In the quark model, all kinds of mesons are classified
by their spin-parity quantum numbers, JP. For example,
JP ¼ 0� denotes pseudoscalar mesons, and JP ¼ 2þ rep-
resents tensor mesons. The p-wave tensor mesons that we
study in this paper include isovector mesons, a2ð1320Þ;
isodoublet states, K�

2ð1430Þ; and two isosinglet mesons,
f2ð1270Þ, f02ð1525Þ [1,2]. For these nine tensor mesons,
both the orbital angular momentum and the total spin of
their quarks are equal to 1. Because of the requirement of
the Bose statistics of the tensor meson, the light-cone
distribution amplitudes of tensor mesons are antisymmet-
ric under the interchange of momentum fractions of the
quark and antiquark in the flavor SUð3Þ limit [3,4].

Recently, several experimental measurements about
charmless B decay modes involving a light tensor meson
(T) in their final states have been obtained [5–18]. These
decays have been studied in the naive factorization
approach [19–27], with which it can be easily shown that
h0 j j� j Ti ¼ 0, where j� is the (V � A) or (S� P) cur-
rent [3,4,22,23]. The factorizable amplitude with a tensor
meson emitted vanishes, so these decays are prohibited
in the naive factorization approach. The branching rations
predicted in the naive factorization approach are too small
compared with the experimental results, which implies
the importance of nonfactorizable and annihilation-type
contributions. The recent QCD factorization (QCDF)
approach analysis [4] proved this. It is worth mentioning
that the perturbative QCD (PQCD) approach [28,29] is

almost the only method for calculating these kinds of
diagrams without fitting the experiments.
In this work, we shall study charmless BuðdÞ ! PT

decays in the perturbative QCD approach based on the
kT factorization. Due to the heavy mass of the B meson,
the two light mesons decayed from it are moving very fast
in the rest frame of the B meson. The light quarks in the
final-state mesons are all collinear, while the light spectator
quark from the B meson is soft. Therefore, there must be a
hard gluon to kick the light spectator quark in the B meson
to form a fast-moving light meson. In this case, the hard
process dominates the decay amplitude, which makes
it perturbatively calculable. By keeping the transverse
momentum of quarks, the endpoint singularity in the col-
linear factorization can be eliminated. A double logarithm
appears in the QCD radiative corrections due to the addi-
tional energy scale introduced by the transverse momen-
tum. By using the renormalization group equation, the
double logarithm can be resummed to give the Sudakov
factor, which effectively suppresses the endpoint contribu-
tion of the distribution amplitude of mesons in the small
momentum region to make the perturbative calculation
reliable. The annihilation diagrams can also be perturba-
tively calculated in the PQCD approach, which provides
the dominant strong phase in B decays for the direct CP
asymmetry [30]. Phenomenologically, the PQCD approach
has successfully predicted the direct CP asymmetry in
hadronic B decays [30] and the branching ratios of pure
annihilation-type B decays [31].
This paper is organized as follows: In Sec. II, we present

the formalism and wave functions of the B meson and
the final-state mesons. Then, we perform the perturbative*lucd@ihep.ac.cn
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calculations for considered decay channels with the PQCD
approach in Sec. III. The numerical results and phenome-
nological analysis are given in Sec. IV. Section V contains
the main conclusions and a short summary. Finally,
Appendix A contains input parameters and distribution
amplitudes used in this paper, and Appendix B gives
various functions that enter the factorization formulas in
the PQCD approach.

II. FORMALISM AND WAVE FUNCTIONS

The related weak effective Hamiltonian Heff [32] for
charmless b ! dðsÞ transitions can be written as

Heff ¼ GFffiffiffi
2

p
8<
:
X2
i¼1

Cið�ÞV�
ubVuDO

u
i ð�Þ

� V�
tbVtD

X10
j¼3

Cjð�ÞOjð�Þ
9=
;; (1)

where Vub, VuD, Vtb, and VtD are CKMmatrix elements;D
denotes the light down quark d or s; and CiðjÞð�Þ are

Wilson coefficients at the renormalization scale �.
OiðjÞð�Þ are the well-known effective tree (penguin) opera-
tors [32].

The nonleptonic B meson decays involve three energy
scales, including the electroweak scale MW , the b-quark

mass scale MB, and the factorization scale
ffiffiffiffiffiffiffiffiffiffiffi
��MB

q
, where

�� � MB �mb. When the energy scale is higher than the
W-boson massMW , the physics invoked is the electroweak
interaction, which can be calculated perturbatively. The
physics from the MW scale to the MB scale is described
by the Wilson coefficients of effective four-quark opera-
tors, which is the resummation of the leading logarithm by
renormalization equations. The physics between the MB

scale and the factorization scale is calculated by the hard
part calculation in the PQCD approach. The physics below
the factorization scale is described by the hadronic wave
functions of mesons, which are nonperturbative but uni-
versal for all decay processes.

In the PQCD approach, the decay amplitude can be
factorized into the convolution of the Wilson coefficients,
the hard scattering kernel, and the light-cone wave func-
tions of mesons characterized by the respective scales.
Then, for B ! M2M3 decays, the decay amplitude is con-
ceptually written as the convolution

A�
Z
dx1dx2dx3b1db1b2db2b3db3Tr½CðtÞ�Bðx1;b1Þ�M2

�ðx2;b2Þ�M3
ðx3;b3ÞHðxi;bi;tÞStðxiÞe�SðtÞ�; (2)

where xi are the longitudinal momentum fractions of
valence quarks, bi are the conjugate space coordinates
of the transverse momenta kiT of the light quarks, and t is
the largest scale in the function Hðxi; bi; tÞ. By using the
renormalization group equations, the large logarithms

lnðmW=tÞ are included in the Wilson coefficients CðtÞ. By
the threshold resummation, the large double logarithms
(ln2xi) are summed to give StðxiÞ, which smears the end-

point singularities on xi [33]. The last term, e�SðtÞ, is the
Sudakov factor, which suppresses the soft dynamics effec-
tively [34]. Thus, it makes the perturbative calculation of
the hard partH applicable at an intermediate scale, i.e., the
mB scale.
We will work in the B-meson rest frame and employ the

light-cone coordinates for momentum variables. So the
B-meson momentum is chosen as P1 ¼ mBffiffi

2
p ð1; 1; 0TÞ. For

the nonleptonic charmless B ! M2M3 decays, we assume
that the M2ðM3Þ meson moves in the plus(minus) z direc-
tion carrying the momentum P2ðP3Þ. Then the momenta
are given by

P2 ¼ mBffiffiffi
2

p ð1 � r23; r
2
2; 0TÞ; P3 ¼ mBffiffiffi

2
p ðr23; 1 � r22; 0TÞ;

(3)

where r2 ¼ mM2

mB
and r3 ¼ mM3

mB
. The (light) quark momenta

in B, M2, and M3 mesons are defined as k1, k2, and k3,
respectively. We choose

k1 ¼ ðx1Pþ
1 ; 0;k1TÞ; k2 ¼ ðx2Pþ

2 ; 0;k2TÞ;
k3 ¼ ð0; x3P�

3 ;k3TÞ:
(4)

For a tensor meson, the polarization tensor ���ð�Þ with
helicity � can be constructed via the polarization vectors of
a vector meson [3,4]. They are given by

���ð�2Þ � �ð�1Þ��ð�1Þ�;

���ð�1Þ �
ffiffiffi
1

2

s
½�ð�1Þ��ð0Þ� þ �ð0Þ��ð�1Þ��;

���ð0Þ �
ffiffiffi
1

6

s
½�ðþ1Þ��ð�1Þ� þ �ð�1Þ��ðþ1Þ��

þ
ffiffiffi
2

3

s
�ð0Þ��ð0Þ�: (5)

With the tensor meson moving in the plus direction of the z
axis, the polarization vectors of the vector meson are
chosen as

��ð0Þ ¼ 1ffiffiffi
2

p
mT

ðk0 þ k3; k0 � k3; 0; 0Þ;

��ð�1Þ ¼ 1ffiffiffi
2

p ð0; 0; 1;�iÞ;
(6)

where k0 denotes the energy, and k3 is the magnitude of
the tensor meson momentum in the B-meson rest frame.
The polarization tensor satisfies the relations [3,4]
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���ð�Þ ¼ ���ð�Þ; �
�
�ð�Þ ¼ 0;

���ð�ÞP� ¼ ���ð�ÞP� ¼ 0; ���ð�Þð���ð�0ÞÞ� ¼ ���0 :

(7)

In the following calculation, we define a new polariza-
tion vector �T for the considered tensor meson for conve-
nience [2]:

�Tð�Þ ¼ 1

mB

���ð�ÞP�
B; (8)

which satisfies

�T�ð�2Þ ¼ 0; �T�ð�1Þ ¼ �ð0Þ � PB��ð�1Þffiffiffi
2

p
mB

;

�T�ð0Þ ¼
ffiffi
2
3

q
�ð0Þ � PB�ð0Þ

mB

:

(9)

One can find that the new vector �T is similar to the
polarization vector � of a vector meson, regardless of the
related constants [2].

In the PQCD approach, we should choose the proper
wave functions for the B meson and light mesons to
calculate the decay amplitude. Because the B meson is a
pseudoscalar heavy meson, the two-structure (���5) and

�5 components remain as leading contributions [2]. Thus,
the B-meson wave function �B is written as

�B ¼ iffiffiffi
6

p ½ð6PþmBÞ�5�BðxÞ�: (10)

For the distribution amplitude, we can choose

�Bðx; bÞ ¼ NBx
2ð1� xÞ2 exp

2
4� 1

2

�
mBx

!B

�
2 �!2

Bb
2

2

3
5;
(11)

where NB is the normalization constant.
For the light pseudoscalar meson (P), the wave function

is generally defined as

�PðxÞ¼ iffiffiffi
6

p �5f6P�A
PðxÞþmP

0�
P
PðxÞþmP

0 ð6n 6v�1Þ�T
PðxÞg;

(12)

where �A;P;T
P and mP

0 are the distribution amplitudes and

chiral scale parameter of the pseudoscalar mesons, respec-
tively. The variable x denotes the momentum fraction
carried by the quark in the meson, and n ¼ ð1; 0; 0Þ and
v ¼ ð0; 1; 0Þ are dimensionless lightlike unit vectors point-
ing in the plus and minus directions, respectively.

The wave functions for a generic tensor meson are
defined by [2]

�L
T ¼

1ffiffiffi
6

p
�
mT�

�	L�TðxÞþ��	L 6P�t
TðxÞþm2

T

�	 �v
P �v �s

TðxÞ
�
;

�?
T ¼ 1ffiffiffi

6
p ½mT�

�
	?�

v
TðxÞþ��	? 6P�T

TðxÞ

þmTi���	
�5�
����	?n

	v
�a
TðxÞ�: (13)

Here n is the moving direction of the tensor meson, and v is
the opposite direction. We adopt the convention �0123 ¼ 1.

The vector �	 � ���v
�

P�v mT is related to the polarization

tensor. The distribution amplitudes can be given by [2–4]

�TðxÞ ¼ fT
2

ffiffiffiffiffiffiffiffiffi
2Nc

p �kðxÞ; �t
T ¼ f?T

2
ffiffiffiffiffiffiffiffiffi
2Nc

p hðtÞk ðxÞ;

�s
TðxÞ ¼

f?T
4

ffiffiffiffiffiffiffiffiffi
2Nc

p d

dx
hðsÞk ðxÞ; �T

TðxÞ ¼
f?T

2
ffiffiffiffiffiffiffiffiffi
2Nc

p �?ðxÞ;

�v
TðxÞ ¼

fT
2

ffiffiffiffiffiffiffiffiffi
2NC

p gðvÞ? ðxÞ; �a
TðxÞ ¼

fT
8
ffiffiffiffiffiffiffiffiffi
2Nc

p d

dx
gðaÞ? ðxÞ:

(14)

The asymptotic twist-2 distribution amplitude is given by

�k;?ðxÞ ¼ 30xð1� xÞð2x� 1Þ: (15)

The twist-3 distribution amplitudes are also asymptotic,
and the forms are chosen as [2–4]

hðtÞk ðxÞ ¼ 15

2
ð2x� 1Þð1� 6xþ 6x2Þ;

hðsÞk ðxÞ ¼ 15xð1� xÞð2x� 1Þ;
gðaÞ? ðxÞ ¼ 20xð1� xÞð2x� 1Þ;
gðvÞ? ðxÞ ¼ 5ð2x� 1Þ3:

(16)

III. PERTURBATIVE CALCULATION

In this section, we will calculate the hard part HðtÞ,
which includes the effective four-quark operators and
the necessary hard gluon connecting the four quark-
operator with the spectator quark [35]. There are eight
types of diagrams contributing to the B ! PT decays,
shown in Fig. 1. From the first two diagrams, Figs. 1(a)
and 1(b), by perturbative QCD calculations, we gain the
decay amplitudes for factorizable emission contribution.
For ðV � AÞðV � AÞ current, the amplitude is written as
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ALL
eT ¼�8

ffiffiffi
2

3

s
�CFfPM

4
B

Z 1

0
dx1dx3

Z 1

0
b1db1b3db3�Bðx1;b1Þf½�Tðx3Þðx3þ1Þ�ð�s

Tðx3Þ
þ�t

Tðx3ÞÞrTð2x3�1Þ�hefðx1;x3;b1;b3ÞEefðtaÞþ½2rT�s
Tðx3Þ�hefðx3;x1;b3;b1ÞEefðtbÞg; (17)

where rT ¼ mT

mB
, CF ¼ 4

3 , and fP is the decay constant of the pseudoscalar meson. The functions hef, ta;b, and Eef can be
found in Appendix B. From Eq. (17), we can obtain the hTjV � AjBi transition form factor in the PQCD approach.

The operators O5, O6, O7, and O8 have the structure ðV � AÞðV þ AÞ. In some decay modes, some of these operators
will contribute to the decay amplitude. Because only the axial part of (V þ A) current will contribute to the pseudoscalar
meson production, we have

A LR
eT ¼ �ALL

eT : (18)

In some cases, in order to get the right color structure, we must do a Fierz transformation for these operators. So we obtain
ðS� PÞðSþ PÞ operators from ðV � AÞðV þ AÞ ones. The decay amplitude is

ASP
eT ¼16

ffiffiffi
2

3

s
CFfP�m

4
B

Z 1

0
dx1dx3

Z 1

0
b1db1b3db3 ��Bðx1;b1Þf½�Tðx3ÞþrTð�s

Tðx3Þðx3þ2Þ
��t

Tðx3Þx3Þ�r0hefðx1;x3;b1;b3ÞEefðtaÞþ½2rTr0�s
Tðx3Þ�hefðx3;x1;b3;b1ÞEefðtbÞg; (19)

where r0 ¼ mP
0 =mB.

For the nonfactorizable diagrams in Figs. 1(c) and 1(d), the amplitudes involve all three wave functions. The integration
of b3 can be performed through the � function �ðb1 � b3Þ, leaving only the integration of b1 and b2. For the
ðV � AÞðV � AÞ, ðV � AÞðV þ AÞ, and ðS� PÞðSþ PÞ-type operators, the amplitudes are

FIG. 1. Diagrams contributing to the B ! PT decays, with a pseudoscalar meson emitted.
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MLL
eT ¼32

3
CF�m

4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1;b1Þ�A

Pðx2Þf½�Tðx3Þðx2�1Þþð�s
Tðx3Þ��t

Tðx3ÞÞrTx3�
�henfðx1;1�x2;x3;b1;b2ÞEenfðtcÞþ½�Tðx3Þðx2þx3Þ�ð�s

Tðx3Þþ�t
Tðx3ÞÞrTx3� �henfðx1;x2;x3;b1;b2ÞEenfðtdÞg;

(20)

MLR
eT ¼ � 32

3
CF�r0m

4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1; b1Þf½�T

Pðx2Þð�Tðx3Þðx2 � 1Þ þ rTð�t
Tðx3Þð�x2 þ x3 þ 1Þ

þ�s
Tðx3Þðx2 þ x3 � 1ÞÞÞ þ�P

Pð�Tðx2 � 1Þ þ rTð�s
Tðx3Þðx2 � x3 � 1Þ ��t

Tðx3Þðx2 þ x3 � 1ÞÞÞ�
� henfðx1; 1� x2; x3; b1; b2ÞEenfðtcÞ þ ½�P

Pðx2Þð�Tðx3Þx2 þ rTð�t
Tðx3Þðx3 � x2Þ þ�s

Tðx3Þðx2 þ x3ÞÞÞ
þ�T

PðrTð�s
Tðx3Þðx3 � x2Þ þ�t

Tðx3Þðx2 þ x3ÞÞ ��Tðx3Þx2Þ� � henfðx1; x2; x3; b1; b2ÞEenfðtdÞg; (21)

MSP
eT ¼ � 32

3
CF�m

4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1; b1Þ�A

Pðx2Þf½�Tðx3Þðx2 � x3 � 1Þ þ ð�s
Tðx3Þ þ�t

Tðx3ÞÞrTx3�
� henfðx1; 1� x2; x3; b1; b2ÞEenfðtcÞ þ ½�Tðx3Þx2 þ ð�t

T ��s
TÞrTx3� � henfðx1; x2; x3; b1; b2ÞEenfðtdÞg: (22)

Figures 1(e) and 1(f) give factorizable annihilation diagrams; the three kinds of decay amplitudes for these two diagrams
are

ALL
aT ¼8

ffiffiffi
2

3

s
CFfB�m

4
B

Z 1

0
dx2dx3

Z 1

0
b2db2b3db3f½2�P

Pðx2ÞrTr0ð�s
Tðx3Þðx3�2Þ��t

Tðx3Þx3Þ��A
Pðx2Þ�Tðx3Þðx3�1Þ�

�hafðx2;1�x3;b2;b3ÞEafðteÞþ½2�s
Tðx3ÞrTr0ð�T

Pðx2Þðx2�1Þþ�P
Pðx2Þðx2þ1ÞÞ��A

Pðx2Þ�Tðx3Þx2�
�hafð1�x3;x2;b3;b2ÞEafðtfÞg; (23)

ALR
aT ¼ �ALL

aT ; (24)

ASP
aT ¼16

ffiffiffi
2

3

s
CFfB�m

4
B

Z 1

0
dx2dx3

Z 1

0
b2db2b3db3f½2�P

Pðx2Þ�Tðx3Þr0þ�A
Pðx2Þð�s

Tðx3Þþ�t
Tðx3ÞÞrTðx3�1Þ�

�hafðx2;1�x3;b2;b3ÞEafðteÞ�½x2r0�Tðx3Þð�T
Pðx2Þ��P

Pðx2ÞÞþ2�A
Pðx2Þ�s

Tðx3ÞrT� �hafð1�x3;x2;b3;b2ÞEafðtfÞg:
(25)

For the nonfactorizable annihilation diagrams in Figs. 1(g) and 1(h) all three wave functions are involved in the
amplitudes. The integration of b3 can be performed by the � function �ðb2 � b3Þ. The expressions of contributions for
these two diagrams are

MLL
aT ¼

32

3
CF�m

4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1;b1Þf½�rTr0ð�T

Pðx2Þð�s
Tðx3Þðx2�1þx3Þ��t

Tðx3Þðx2�1�x3ÞÞ
þ�P

Pðx2Þð�t
Tðx3Þð1�x2�x3Þþ�s

Tðx3Þðx2�x3þ3ÞÞÞþ�A
Pðx2Þ�Tðx3Þx2� �hanf1ðx1;x2;x3;b1;b2ÞEanfðtgÞ

þ½rTr0ð�P
Pðx2Þð�s

Tðx3Þðx2�x3þ1Þþ�t
Tðx3Þðx2þx3�1ÞÞ��T

Pðx2Þð�t
Tðx3Þðx2�x3þ1Þþ�s

Tðx3Þðx2þx3�1ÞÞÞ
þ�A

Pðx2Þ�Tðx3Þðx3�1Þ�hanf2ðx1;x2;x3;b1;b2ÞEanfðthÞg; (26)

MLR
aT ¼ 32

3
CF�m

4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1; b1Þf½rT�A

Pðx2Þð�s
Tðx3Þ ��t

Tðx3ÞÞðx3 þ 1Þ
� r0�Tðx3Þð�P

Pðx2Þ þ�T
Pðx2ÞÞ � ðx2 � 2Þ�hanf1ðx1; x2; x3; b1; b2ÞEanfðtgÞ þ ½r0�Tðx3Þx2ð�P

Pðx2Þ
þ�T

Pðx2ÞÞ � rT�
A
Pðx2Þð�s

Tðx3Þ ��t
Tðx3ÞÞðx3 � 1Þ� � hanf2ðx1; x2; x3; b1; b2ÞEanfðthÞg; (27)
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MSP
aT ¼

32

3
CF�m

4
B

Z 1

0
dx1dx2dx3

Z 1

0
b1db1b2db2�Bðx1;b1Þf½�rTr0�

T
Pðx2Þð�s

Tðx3Þðx2�1þx3Þþ�t
Tðx3Þðx2�1�x3ÞÞ

þr0rT�
P
Pðx2Þð�s

Tðx3Þðx2�x3þ3Þþ�t
Tðx3Þðx2þx3�1ÞÞþ�A

Pðx2Þ�Tðx3Þðx3�1Þ�hanf1ðx1;x2;x3;b1;b2ÞEanfðtgÞ
þ½�r0rT�

P
Pðx2Þð�s

Tðx3Þðx2þ1�x3Þþ�t
Tðx3Þð1�x2�x3ÞÞ�r0rT�

T
Pðx2Þð�t

Tðx3Þð�x2þx3�1Þ
þ�s

Tðx3Þðx2þx3�1ÞÞþ�A
Pðx2Þ�Tðx3Þx2�hanf2ðx1;x2;x3;b1;b2ÞEanfðthÞg: (28)

If we exchange the pseudoscalar meson and the tensor
meson in Fig. 1, the result will be different. Because a
tensor meson cannot be produced through (V � A) or
tensor current, the factorizable emission diagrams do not
contribute to the amplitude of B decays with a tensor
meson emitted [3,4]. Therefore, there are only six diagrams
shown in Fig. 2. The individual decay amplitudes for these
diagrams can be easily deduced from Eqs. (20)–(28) by the
replacement of the wave functions of the pseudoscalar and
the tensor meson:

�A
PðxÞ ! ��TðxÞ; �P

PðxÞ ! �s
TðxÞ;

�T
PðxÞ ! �t

TðxÞ; �TðxÞ ! ��A
PðxÞ;

�s
TðxÞ ! ��P

PðxÞ; �t
TðxÞ ! ��T

PðxÞ;
rT ! r0; r0 ! rT:

(29)

In addition, we must add a minus sign to MSP
eT after apply-

ing the above replacement.
For the 39 B ! PT decay channels, not all the effective

operators contribute to each decay mode. We list the
number of effective operators contributing to the individual
decay channels in Appendix B for reference.

IV. NUMERICAL RESULTS AND DISCUSSIONS

For the numerical analysis, we need various input pa-
rameters, such as decay constants, CKM elements, and the
wave functions, which are given in Appendix A. The
CP-averaged branching ratios for those B ! PT decays
with�S ¼ 1, together with the Isgur-Scora-Grinstein-Wise
II (ISGW2) model [24] and the QCDF results [4] are shown
in Table I. The experimental data are taken from
Refs. [1,36]. Similarly, the branching ratios of B ! PT
decays with �S ¼ 0 calculated in the PQCD approach
are shown in Table II. For illustration, we classify these
decays by their dominant topologies, indicated through the
symbols T (color-allowed tree), C (color-suppressed tree),
P (penguin emission), and PA (penguin annihilation).
Although we include also the W annihilation and W ex-
change diagram contributions, none of these channels has a
dominant contribution from these two topologies. For the
theoretical uncertainties in our calculation, we estimate
three kinds of error: The first set of errors are caused by
the uncertainties of the decay constants of tensor mesons.
The second set of errors are from the decay constant
fB ¼ ð0:21� 0:02Þ GeV of the B meson and the shape
parameter !B ¼ ð0:5� 0:05Þ GeV in the B-meson wave

FIG. 2. Diagrams contributing to the B ! PT decays, with a tensor meson emitted.
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function [3,4,28,37]. The third set of errors are estimated
from the unknown next-to-leading-order QCD corrections
and the power corrections, characterized by the choice that
�QCD ¼ ð0:25� 0:05Þ GeV and the variations of the fac-

torization scales shown in Appendix B, respectively. One
can find that for most channels, the sizes of these three
kinds of theoretical uncertainties are comparable.

There are large theoretical uncertainties in any of the
individual decay mode calculations. However, we can
reduce the uncertainties by ratios of decay channels. For
example, simple relations among some decay channels are
derived in the limit of SUð3Þ flavor symmetry:

BðB0 ! K�0
2 �0Þ �BðBþ ! K�þ

2 �0Þ
� 1

2
BðB0 ! K�þ

2 ��Þ � 1

2
BðBþ ! K�0

2 �þÞ;
BðB0 ! a�2 KþÞ
BðBþ ! a02K

þÞ ¼
BðBþ ! aþ2 K0Þ
BðB0 ! a02K

0Þ ¼ 2: (30)

One can find that our results basically agree with the
relation given above within the errors.

Among the considered B ! PT decays, the PQCD
predictions for the CP-averaged branching ratios vary in
the range of 10�5 to 10�8. From the numerical results, we
can see that the predicted branching ratios of penguin-
dominated B ! PT decays in PQCD are larger than those
of naive factorization [24,25,27] by 1 or 2 orders of magni-
tude, but are close to the QCDF predictions [4]. For the
leading tree-dominated modes such as a�2 �þ and f2�

þ, the

predicted results in PQCD are bigger than those obtained
by QCDF [4] but smaller than those in Ref. [27]. The reason
is that the B-to-tensor form factor in this work is larger than
that used in Ref. [4]. For a02�

þ, the result is not larger than,
but the same as, that of Ref. [4]. This is the result of
destructive interference from color-suppressed tree (C)
topology. It is worth remarking that B0 ! K�þ

2 K� and

B0 ! K��
2 Kþ are pure annihilation modes, which can be

perturbatively calculated in the PQCD approach.
The decays with a tensor meson emitted are prohibited in

the naive factorization approach for the reason that a tensor
meson cannot be produced from the local (V � A) and
tensor currents [3,4]. In order to predict these decay chan-
nels, it is necessary to go beyond the naive factorization
framework to estimate the contributions of the nonfactor-
izable and annihilation diagrams. Fortunately, in the PQCD
approach, the total contribution of the nonfactorizable dia-
grams with a tensor meson emitted [Figs. 2(c) and 2(d)] is
sizable and larger than that of the nonfactorizable diagrams
emitting a pseudoscalar meson [Figs. 1(c) and 1(d)]. The
reason is that the asymmetry of the light-cone distribution
amplitudes of the tensor meson makes the contributions
from Figs. 2(c) and 2(d) strengthen with each other, while
the situation is contrary for Figs. 1(c) and 1(d). One can see
from Table II that for B ! a2� decays, the aþ2 �� and

aþ2 �
0 modes are highly suppressed relative to a�2 �

þ and
a02�

þ, respectively. This is a natural consequence of facto-
rization, as the tensor meson cannot be created from the
(V � A) current. For B ! a02�

þða�2 �þÞ, the dominant

TABLE I. The PQCD predictions of CP-averaged branching ratios (in units of 10�6) for B ! PT decays with �S ¼ 1, together with
the Isgur-Scora-Grinstein-Wise II (ISGW2) model [24] and QCDF results [4]. The experimental data are from Refs. [1,36].

Decay modes Class This work ISGW2 [24] QCDF [4] Expt.

Bþ ! K�0
2 �þ PA 0:9þ0:2þ0:2þ0:3

�0:2�0:2�0:2 � � � 3:1þ8:3
�3:1 5:6þ2:2�1:4

Bþ ! K�þ
2 �0 PA 0:4þ0:1þ0:1þ0:1

�0:0�0:1�0:1 0.090 2:2þ4:7�1:9 � � �
Bþ ! a02K

þ T, PA 2:1þ0:7þ0:6þ0:6
�0:6�0:5�0:5 0.31 4:9þ8:4

�4:2 <45

Bþ ! aþ2 K
0 PA 3:1þ0:9þ0:9þ1:1

�0:8�0:8�0:9 0.011 8:4þ16:1
�7:2 � � �

Bþ ! f2K
þ T, PA, P 11:8þ2:7þ3:2þ3:0

�2:4�2:8�2:7 0.34 3:8þ7:8
�3:0 1:06þ0:28

�0:29

Bþ ! f0Kþ P, PA 3:8þ0:4þ0:9þ1:0
�0:4�0:8�0:8 0.004 4:0þ7:4

�3:6 <7:7

Bþ ! K�þ
2 � PA, P 0:8þ0:2þ0:3þ0:3

�0:2�0:2�0:3 0.031 6:8þ13:5
�8:7 9:1� 3:0

Bþ ! K�þ
2 �0 PA, P 12:7þ3:7þ4:5þ4:0

�3:2�3:5�3:5 1.41 12:1þ20:7
�12:1 28:0þ5:3

�5:0

B0 ! K�þ
2 �� PA 1:0þ0:2þ0:2þ0:3

�0:2�0:2�0:2 � � � 3:3þ8:5
�3:2 <6:3

B0 ! K�0
2 �0 PA 0:6þ0:2þ0:1þ0:2

�0:1�0:1�0:1 0.084 1:2þ4:3
�1:3 <4:0

B0 ! a�2 Kþ T, PA 5:0þ1:6þ1:4þ1:3
�1:4�1:1�1:0 0.58 9:7þ17:2�8:1 � � �

B0 ! a02K
0 PA 2:0þ0:5þ0:4þ0:6

�0:5�0:4�0:5 0.005 4:2þ8:3
�3:5 � � �

B0 ! f2K
0 PA, P 9:2þ2:0þ2:5þ2:6

�1:8�2:1�2:2 0.005 3:4þ8:5
�3:1 2:7þ1:3

�1:2

B0 ! f02K
0 P, PA 3:7þ0:3þ0:7þ0:9

�0:4�0:8�0:9 0.00007 3:8þ7:3
�3:5 � � �

B0 ! K�0
2 � PA, P 1:0þ0:2þ0:3þ0:3

�0:2�0:2�0:3 0.029 6:6þ13:5
�8:7 9:6� 2:1

B0 ! K�0
2 �0 PA, P 11:6þ3:6þ4:2þ3:8

�2:9�3:1�3:1 1.30 12:4þ21:3
�12:4 13:7þ3:2

�3:1
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contribution is from color-allowed factorizable emission
diagrams, while for B ! aþ2 �

0ðaþ2 ��Þ, this large contri-
bution is prohibited for the above reason. Therefore, for
Bþ ! aþ2 �0, the left factorizable emission diagrams are
color suppressed, and for B0 ! aþ2 ��, the dominant con-
tribution is from nonfactorizable emission diagrams sup-
pressed by the Wilson coefficient C1.

From Table VI, one can see that the factorizable con-
tributions for the Bþ ! K�0

2 �þ and B0 ! K�þ
2 �� decays

are zero, because the emitted meson in these diagrams is
the tensor meson. The contributions from nonfactorizable
diagrams are suppressed by the small Wilson coefficients
C3 and C5. Therefore, the dominant contribution comes
from the penguin annihilation diagrams. From Table I, one
can see that our predictions for the Bþ ! K�0

2 �þ and
B0 ! K�þ

2 �� decays are much smaller than those of
Ref. [4]. The reason is that in Ref. [4], there is an extremely
large contribution from the quark loop diagrams. In the
PQCD approach, the quark loop correction is next-to-
leading order and not considered in this work. In the
B ! f2K decays, we have tree diagram contributions as

well as penguin emission diagram contributions, so the
branching ratios are much larger than those of Bþ !
K�0

2 �þ and B0 ! K�þ
2 �� decays. The current experimen-

tal measurements still have very large error bars. We expect
future experiments to give more information for these
decays.

For B ! K�
2�

ð0Þ and B ! a2�
ð0Þ decays, one finds that

BðB ! K�
2�

0Þ 
 BðB ! K�
2�Þ and BðB ! a2�Þ �

BðB ! a2�
0Þ. For these modes, both �q and �s will

contribute, but the relative sign of the �s state with respect
to the �q state is negative for � and positive for �0, which
leads to destructive interference between �q and �s for

B ! K�
2� and B ! a2�, but constructive interference

for B ! K�
2�

0 and B ! a2�
0. This is very similar to the

situations for B ! K�ð0Þ and Bc ! Kþ�ð0Þ decays [38,39].
We also give the direct CP asymmetry parameters for

those B ! PT decays with �S ¼ 1, together with the
QCDF results [4], in Table III. The experimental data are
taken from Ref. [1]. Similarly, the direct CP asymmetry
parameters of B ! PT decays with �S ¼ 0 calculated in

TABLE II. The PQCD predictions of CP-averaged branching ratios (in units of 10�7) for B ! PT decays with �S ¼ 0, together
with the Isgur-Scora-Grinstein-Wise II (ISGW2) model [24] and QCDF results [4]. The experimental data are from Refs. [1,36].

Decay modes Class This work ISGW2 [24] QCDF [4] Expt.

Bþ ! a02�
þ T, C 29:1þ12:8þ14:2þ3:1

�10:6�10:4�2:8 26.02 30þ14�12 � � �
Bþ ! aþ2 �0 T, C 0:3þ0:0þ0:1þ0:0

�0:0�0:1�0:0 0.01 2:4þ4:9
�3:1 � � �

Bþ ! aþ2 � C, PA, P 1:0þ0:3þ0:4þ0:4
�0:3�0:3�0:3 2.94 1:1þ2:8

�1:1 � � �
Bþ ! aþ2 �0 C, PA, P 3:5þ1:4þ1:6þ1:1

�1:0�1:1�0:8 13.1 1:1þ4:7�1:2 � � �
Bþ ! f2�

þ T 42:5þ18:9þ18:9þ4:2
�15:4�13:9�3:9 28.74 27þ14

�12 15:7þ6:9
�4:9

Bþ ! f02�
þ T 1:2þ0:3þ0:4þ0:1

�0:2�0:3�0:1 0.37 0:09þ0:24
�0:09 � � �

Bþ ! K�þ
2

�K0 PA, P 1:2þ0:2þ0:2þ0:3
�0:2�0:2�0:3 4:0� 10�4 4:4þ7:4�4:1 � � �

Bþ ! �K�0
2 Kþ PA 0:8þ0:1þ0:2þ0:3

�0:1�0:2�0:2 � � � 1:2þ5:2
�1:2 � � �

B0 ! a�2 �þ T 98:9þ35:1þ42:6þ5:8
�29:9�32:0�9:7 48.82 52þ18

�18 <3000

B0 ! aþ2 �� T, PA 2:7þ0:5þ0:8þ0:4
�0:3�0:5�0:3 � � � 2:1þ4:3

�1:7 � � �
B0 ! a02�

0 C 4:6þ1:2þ1:6þ0:9
�1:0�1:2�0:7 0.003 2:4þ4:2

�1:9 � � �
B0 ! a02� C, PA, P 0:6þ0:1þ0:2þ0:1

�0:1�0:1�0:1 1.38 0:6þ1:6
�0:5 � � �

B0 ! a02�
0 C, PA, P 1:8þ0:6þ0:7þ0:4

�0:5�0:6�0:4 6.15 0:5þ2:2
�0:4 � � �

B0 ! f2�
0 C 2:8þ0:7þ0:7þ0:6

�0:6�0:6�0:4 0.003 1:5þ4:2�1:4 � � �
B0 ! f02�0 P 0:2þ0:0þ0:1þ0:0

�0:0�0:1�0:0 4:0� 10�5 0:05þ0:12
�0:05 � � �

B0 ! f2� C, P, PA 2:6þ0:7þ0:8þ0:7
�0:5�0:6�0:6 1.52 1:7þ2:3

�1:2 � � �
B0 ! f2�

0 C, PA, P 3:3þ1:0þ1:1þ0:9
�0:8�0:9�0:9 6.8 1:3þ2:2�1:3 � � �

B0 ! f02� PA, P 0:08þ0:03þ0:03þ0:01
�0:02�0:03�0:02 0.02 0:02þ0:06

�0:03 � � �
B0 ! f02�

0 PA, P 0:09þ0:00þ0:02þ0:02
�0:00�0:02�0:03 0.09 0:08þ0:08

�0:05 � � �
B0 ! K�þ

2 K� PA 0:16þ0:02þ0:03þ0:03
�0:03�0:04�0:03 � � � 0:3þ0:7

�0:2 � � �
B0 ! K��

2 Kþ PA 0:9þ0:1þ0:3þ0:2
�0:1�0:1�0:2 � � � 1:3þ1:6

�1:0 � � �
B0 ! K�0

2
�K0 P, PA 1:5þ0:3þ0:3þ0:5

�0:3�0:3�0:4 3:0� 10�4 5:4þ8:8
�4:9 � � �

B0 ! �K�0
2 K0 P, PA 0:8þ0:1þ0:2þ0:3

�0:1�0:1�0:2 � � � 2:2þ5:4
�2:2 � � �
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the PQCD approach are shown in Table IV. The origins of the
theoretical uncertainties shown in these two tables are the
same as those of the branching ratios in Tables I and II.
However, the largest uncertainty here is the third one, from
the unknown higher-order QCD corrections. The direct CP
asymmetry is proportional to the strong phase originated
from the hard part, and the higher-order QCD corrections
of the hard part can influence the strong phase heavily.
Therefore, the theoretical uncertainty caused by the unknown
QCD corrections is larger than the first two errors fromwave
functions, which do not generate strong phase directly.

It is easy to see that some channels have very large direct
CP asymmetries. But many of them have small branching
ratios which are difficult to measure. We recommend that
experimenters search for direct CP asymmetry in channels
like Bþ ! f2K

þ, B0 ! a�2 K
þ, Bþ ! aþ2 �

0, and Bþ !
f2�

þ, because they have both large branching ratios and
direct CP asymmetry parameters. In fact, there are already
some experimental measurements for the CP asymmetries
shown in Tables III and IV. Although the error bars are
still large, we are happy to see that all these measured
entries have the same sign as our theoretical calculations.
This may imply that our approach gives the dominant
strong phase in these channels. The decays B0ð �B0Þ !
a�2 �þ=aþ2 ��, B0ð �B0Þ ! K�þ

2 K�=K��
2 Kþ, and B0ð �B0Þ !

K�0
2

�K0= �K�0
2 K0 have a very complicatedCP pattern through

the B0 �B0 mixing. Four decay amplitudes are involved for
each group of decays, with five CP parameters to measure.
We refer the readers to the similar situation for B0ð �B0Þ !
	��þ=	þ�� decays [40].

For the decays involving fð0Þ2 in the final states, we have

taken f2 � f02 mixing [Eq. (A13)] into account, while in

Ref. [4], f2 is considered as an ðu �uþ d �dÞ= ffiffiffi
2

p
state and

f02 as a pure s�s state. Although the mixing angle is small,

the interference between fq2 and f
s
2 can bring some remark-

able changes. For example, the branching ratio of Bþ !
f02�

þ is bigger than the prediction in Ref. [4]. This can

be understood as follows: Because of the contribution
from the color-allowed factorizable emission diagrams,
although suppressed by the mixing angle, the contribution
of fq2 term is at the same level as that of fs2 term. Due to the

enhancement from the fq2 term, the branching ratio

becomes larger than the prediction without mixing. The
mixing can also bring remarkable change to direct CP

asymmetry. For B ! f02�ð0Þ, the direct CP asymmetries

are zero [4] when f02 is a pure s�s state. Since the direct

CP asymmetry is proportional to the interference between
the tree and penguin contributions [30], it should be zero
indeed, because there are no contributions of penguin
operators when f02 is a pure s�s state. After taking the

mixing into account, the fq2 term can provide penguin

contributions, and then the direct CP asymmetries are no
longer zero in this work.

For B ! f2�
ð0Þ and f02�ð0Þ decays, the relevant final-state

mesons contain the same components, 1ffiffi
2

p ðu �uþ d �dÞ and
s�s; therefore they have similar branching ratios. The small
differences among their branching ratios mainly come
from different mixing coefficients; i.e., cos�, sin�, cos�,
and sin� (see Appendix A).

TABLE III. The PQCD predictions of direct CP asymmetries (%) for B ! PT decays with �S ¼ 1, compared with the QCDF
results [4]. The experimental data are from Ref. [1].

Decay modes This work QCDF [4] Expt.

Bþ ! K�0
2 �þ �5:5þ0:3þ2:6þ1:6

�0:4�0:0�1:2 1:6þ2:2�1:8 5þ29
�24

Bþ ! K�þ
2 �0 �6:9þ2:6þ1:6þ3:7

�2:9�1:1�3:6 0:2þ17:8
�14:8 � � �

Bþ ! a02K
þ �52:9þ2:0þ2:1þ8:6

�2:2�0:4�10:1 27:1þ33:3
�35:0 � � �

Bþ ! aþ2 K
0 2:9þ0:1þ0:1þ0:5

�0:1�0:2�0:8 �0:6þ0:4
�0:8 � � �

Bþ ! f2K
þ �24:6þ1:5þ2:4þ4:6

�1:0�2:6�5:9 �39:5þ49:4
�25:5 �68:0þ19

�17

Bþ ! f0Kþ 8:6þ1:5þ1:4þ1:5
�1:6�1:0�1:8 �0:6þ4:3

�6:0 � � �
Bþ ! K�þ

2 � �5:4þ1:1þ2:2þ2:3
�0:6�2:0�1:3 1:5þ7:4

�5:6 �45� 30

Bþ ! K�þ
2 �0 2:0þ0:1þ0:1þ0:9

�0:1�0:3�0:5 �1:7þ3:2
�3:9 � � �

B0 ! K�þ
2 �� �17:5þ1:4þ1:6þ2:7

�1:6�1:8�1:3 1:7þ4:2
�5:2 � � �

B0 ! K�0
2 �0 �10:7þ0:1þ1:7þ1:9

�0:0�1:8�1:8 7:1þ23:5
�24:1 � � �

B0 ! a�2 K
þ �48:3þ1:9þ1:3þ7:1

�2:4�0:3�9:9 �21:5þ28:9
�35:0 � � �

B0 ! a02K
0 1:9þ0:5þ0:4þ0:6

�0:5�0:4�0:5 6:7þ6:5
�6:9 � � �

B0 ! f2K
0 1:2þ0:3þ0:5þ0:2

�0:2�0:5�0:1 �7:3þ8:4
�7:9 � � �

B0 ! f02K
0 �1:0þ0:1þ0:0þ0:0

�0:3�0:1�0:1 0:8þ1:2
�0:7 � � �

B0 ! K�0
2 � �5:0þ0:5þ0:2þ1:7

�0:4�0:1�1:7 3:2þ16:5
�4:8 �7:0� 19:0

B0 ! K�0
2 �0 0:7þ0:1þ0:1þ0:3

�0:0�0:0�0:2 �2:2þ3:3
�4:0 � � �
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V. SUMMARY

We studied charmless hadronic B ! PT decays by
employing the PQCD approach based on kT factorization.
In addition to the usual factorization contributions, we also
calculated the nonfactorizable and annihilation type dia-
grams. From our numerical calculation and phenomeno-
logical analysis, we found the following results:

(a) The factorizable amplitude with a tensor meson
emitted vanishes because a tensor meson cannot be
created from the (V � A) currents or (S� P) den-
sity. The nonfactorizable and annihilation diagram
contributions are important in these decay modes.
For example, Bþ ! K�0

2 �þ and B0 ! K�þ
2 �� have

sizable branching ratios because of the contributions
of penguin annihilation diagrams.

(b) For penguin-dominated B ! PT decays, because of
the dynamical penguin enhancement, the predicted
branching ratios are larger by 1 or 2 orders of
magnitude than those predicted in the naive factori-
zation approach but close to the QCD factorization
predictions in Ref. [4].

(c) For tree-dominated decay modes, the branching
ratios predicted by PQCD are usually very small
except for a02�

þ, a�2 �
þ, and f2�

þ modes with
branching ratios of order 10�6 or even larger. This
basically agrees with the situations in Refs. [4,27].

(d) For B ! K�
2�

ð0Þ decays, we find BðB ! K�
2�

0Þ 

BðB ! K�

2�Þ. This large difference can be

explained by the destructive or constructive inter-
ference between �q and �s.

(e) The interference between fq2 and fs2 can bring
remarkable effects to some decays involving a f02
meson in branching-ratio and direct CP asymmetry.

(f) We predict large direct CP asymmetries for some of
the B ! PT decays that are accessible to near-future
experiments.
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APPENDIX A: INPUT PARAMETERS AND
DISTRIBUTION AMPLITUDES

The masses and decay constants of tensor mesons are
summarized in Table V. Other input parameters are

TABLE IV. The PQCD predictions of direct CP asymmetries (%) for B ! PT decays with �S ¼ 0, compared with the QCDF
results [4]. The experimental data are from Ref. [1].

Decay modes This work QCDF [4] Expt.

Bþ ! a02�
þ �0:6þ0:1þ0:4þ0:2

�0:1�0:5�0:6 9:6þ47:9
�46:6 � � �

Bþ ! aþ2 �0 �5:8þ0:1þ21:3þ75:8
�0:1�12:4�44:7 �24:3þ124:3

�75:7 � � �
Bþ ! aþ2 � �90:9þ8:4þ9:6þ12:3

�3:7�1:0�5:1 27:6þ73:4
�127:6 � � �

Bþ ! aþ2 �0 �44:5þ0:8þ1:3þ6:8
�0:5�0:2�8:8 31:3þ61:3

�131:3 � � �
Bþ ! f2�

þ 27:6þ3:4þ1:0þ8:9
�2:5�1:4�7:1 60:2þ27:1

�72:3 41� 30

Bþ ! f02�
þ 0:03þ0:1þ9:6þ13:8

�0:1�8:9�15:8 0.0 � � �
Bþ ! K�þ

2
�K0 �43:7þ1:3þ1:8þ16:4

�2:0�0:5�12:4 30:3þ51:2
�33:7 � � �

Bþ ! �K�0
2 Kþ 49:5þ4:7þ3:1þ23:5

�4:2�4:8�13:1 �0:26þ0:23
�0:27 � � �

B0 ! a02�
0 53:5þ4:7þ6:9þ4:2

�3:8�6:9�3:5 �86:2þ128:9
�26:4 � � �

B0 ! a02� �17:7þ17:7þ11:2þ21:8
�15:7�22:6�24:5 �76:7þ100

�19:2 � � �
B0 ! a02�

0 �59:9þ0:6þ10:0þ7:2
�0:0�6:0�7:0 �66:0þ154

�41:1 � � �
B0 ! f2�

0 �9:8þ13:9þ2:8þ11:8
�13:2�7:5�10:8 �37:2þ103:8

�85:5 � � �
B0 ! f02�

0 �0:7þ2:7þ1:0þ6:8
�2:5�1:8�6:4 0.0 � � �

B0 ! f2� �42:5þ1:7þ1:4þ9:1
�1:1�1:8�9:8 69:7þ25:7

�102:7 � � �
B0 ! f2�

0 �0:05þ0:1þ5:0þ5:3
�0:6�5:1�5:3 82:3þ22:9

�94:8 � � �
B0 ! f02� 70:9þ0:0þ11:0þ11:0

�2:7�15:2�12:3 0.0 � � �
B0 ! f02�0 45:5þ3:2þ13:5þ18:5

�6:8�12:1�18:8 0.0 � � �

TABLE V. The masses and decay constants of light tensor
mesons.

Tensor (mass in MeV) fT ðMeVÞ f?T ðMeVÞ
f2ð1270Þ 102� 6 117� 25
f02ð1525Þ 126� 4 65� 12
a2ð1320Þ 107� 6 105� 21
K�

2ð1430Þ 118� 5 77� 14
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�f¼4

MS
¼0:25; mb¼4:8; f�¼0:131; fK¼0:16;

m�
0 ¼1:4; mK

0 ¼1:6; m
�q

0 ¼1:07; m
�s

0 ¼1:92:

(A1)

We adopt the Wolfenstein parameterization for the
CKM matrix with A ¼ 0:808, � ¼ 0:2253, �	 ¼ 0:132,
and �� ¼ 0:341 [1].

The twist-2(3) pseudoscalar meson distribution
amplitude(s) �A

Pð�P
P;�

T
PÞ (P ¼ �, K) can be parameter-

ized as [41,42],

�A
�ðxÞ ¼ 3f�ffiffiffi

6
p xð1� xÞ½1þ 0:44C3=2

2 ðtÞ þ 0:25C3=2
4 ðtÞ�;

(A2)

�P
�ðxÞ ¼ f�

2
ffiffiffi
6

p ½1þ 0:43C1=2
2 ðtÞ þ 0:09C1=2

4 ðtÞ�; (A3)

�T
�ðxÞ ¼ � f�

2
ffiffiffi
6

p ½C1=2
1 ðtÞ þ 0:55C1=2

3 ðtÞ�; (A4)

�A
KðxÞ¼

3fKffiffiffi
6

p xð1�xÞ½1þ0:17C3=2
1 ðtÞþ0:2C3=2

2 ðtÞ�; (A5)

�P
KðxÞ ¼

fK

2
ffiffiffi
6

p ½1þ 0:24C1=2
2 ðtÞ � 0:11C1=2

4 ðtÞ�; (A6)

�T
KðxÞ ¼ � fK

2
ffiffiffi
6

p ½C1=2
1 ðtÞ þ 0:35C1=2

3 ðtÞ�: (A7)

The Gegenbauer polynomials can be defined as

C1=2
1 ðtÞ ¼ t; C3=2

1 ðtÞ ¼ 3t;

C1=2
2 ðtÞ ¼ 1

2
ð3t2 � 1Þ;

C3=2
2 ðtÞ ¼ 3

2
ð5t2 � 1Þ;

C1=2
3 ðtÞ ¼ 1

2
tð5t2 � 3Þ;

C1=2
4 ðtÞ ¼ 1

8
ð35t4 � 30t2 þ 3Þ;

C3=2
4 ðtÞ ¼ 15

8
ð21t4 � 14t2 þ 1Þ;

(A8)

where t ¼ 2x� 1. In the above distribution amplitudes
for the kaon, the momentum fraction x is carried by the s
quark.

For the �� �0 system, we use the quark flavor basis
[43], with �q and �s defined by

�q ¼ 1ffiffiffi
2

p ðu �uþ d �dÞ; �s ¼ s�s: (A9)

The physical states � and �0 can be given by

�

�0

 !
¼ cos� � sin�

sin� cos�

 !
�q

�s

 !
: (A10)

The decay constants are related to fq and fs via the same

mixing matrix:

fq� fs�

fq
�0 fs

�0

0
@

1
A ¼ cos� � sin�

sin� cos�

 !
fq 0

0 fs

 !
: (A11)

The three input parameters fq, fs, and � have been

extracted from related experiments [43,44]:

fq¼ð1:07�0:02Þf�; fs¼ð1:34�0:06Þf�;
�¼39:3��1:0�:

(A12)

As with �� �0 mixing, the isoscalar tensor states
f2ð1270Þ and f02ð1525Þ also have a similar mixing:

f2 ¼ fq2 cos�þ fs2 sin�; f02 ¼ fq2 sin�� fs2 cos�;

(A13)

where fq2 ¼ 1ffiffi
2

p ðu �uþ d �dÞ, fs2 ¼ s�s, and the mixing angle

� ¼ 5:8� [45], 7.8� [46], or ð9� 1Þ� [1].

APPENDIX B: AMPLITUDE AND
RELATED HARD FUNCTIONS

For each individual decay channel, various effective
operators contribute to the decay amplitude. We summa-
rize the number of effective operators contributing to every
channel in Tables VI and VII for �S ¼ 1 and �S ¼ 0,
respectively, with

a1 ¼ C1

3
þ C2; a2 ¼ C1 þ C2

3
;

aj ¼ Cj þ
Cjþ1

3
ðj ¼ 3; 5; 7; 9Þ;

an ¼ Cn�1

3
þ Cnðn ¼ 4; 6; 8; 10Þ:

(B1)

For factorizable emission diagrams [Figs. 1(a) and 1(b)],
the h function is given by

hefðx1;x3;b1;b3Þ
¼K0ð ffiffiffiffiffiffiffiffiffi

x1x3
p

mBb1Þf�ðb1�b3ÞK0ð ffiffiffiffiffi
x3

p
mBb1ÞI0ð ffiffiffiffiffi

x3
p

mBb3Þ
þ�ðb3�b1ÞK0ð ffiffiffiffiffi

x3
p

mBb3ÞI0ð ffiffiffiffiffi
x3

p
mBb1ÞgStðx3Þ: (B2)

The hard scales

ta ¼ maxf ffiffiffiffiffi
x3

p
mB; 1=b1; 1=b3g;

tb ¼ maxf ffiffiffiffiffi
x1

p
mB; 1=b1; 1=b3g

(B3)

are the maximum energy scales in each diagram to cancel
the large logarithmic radiative corrections. The factor St
resums the threshold logarithms ln2x in the hard kernels to
all orders, as given by [33]
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StðxÞ ¼ 21þ2c�ð3=2þ cÞffiffiffiffi
�

p
�ð1þ cÞ ½xð1� xÞ�c; (B4)

with c ¼ 0:3 in this work. In the nonfactorizable con-
tributions, StðxÞ provides a very small numerical effect to
the amplitude [47]. Therefore, we omit StðxÞ in those
contributions.

The evolution factors EefðtaÞ and EefðtbÞ in the matrix

elements (see Sec. III) are given by

EefðtÞ ¼ 
sðtÞ exp½�SBðtÞ � S3ðtÞ�: (B5)

The Sudakov exponents are defined as

SBðtÞ ¼ s

�
x1

mBffiffiffi
2

p ; b1

�
þ 5

3

Z t

1=b1

d ��

��
�qð
sð ��ÞÞ; (B6)

S2ðtÞ ¼ s

�
x2

mBffiffiffi
2

p ; b2

�
þ s

�
ð1� x2ÞmBffiffiffi

2
p ; b2

�

þ 2
Z t

1=b2

d ��

��
�qð
sð ��ÞÞ; (B7)

S3ðtÞ ¼ s

�
x3

mBffiffiffi
2

p ; b3

�
þ s

�
ð1� x3ÞmBffiffiffi

2
p ; b3

�

þ 2
Z t

1=b3

d ��

��
�qð
sð ��ÞÞ; (B8)

where sðQ; bÞ can be found in Appendix A of Ref. [29].
For the other diagrams, the related functions are sum-

marized as follows:

tc¼maxf ffiffiffiffiffiffiffiffiffi
x1x3

p
mB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1�x1�x2jx3

q
mB;1=b1;1=b2g;

td¼maxf ffiffiffiffiffiffiffiffiffi
x1x3

p
mB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1�x2jx3

q
mB;1=b1;1=b2g; (B9)

EenfðtÞ ¼ 
sðtÞ � exp½�SBðtÞ � S2ðtÞ � S3ðtÞ�jb1¼b3 ;

(B10)

henfðx1; x2; x3; b1; b2Þ
¼ ½�ðb2 � b1ÞK0ð ffiffiffiffiffiffiffiffiffi

x1x3
p

mBb2ÞI0ð ffiffiffiffiffiffiffiffiffi
x1x3

p
mBb1Þ

þ �ðb1 � b2ÞK0ð ffiffiffiffiffiffiffiffiffi
x1x3

p
mBb1ÞI0ð ffiffiffiffiffiffiffiffiffi

x1x3
p

mBb2Þ�

�
8<
:

i�
2 H

ð1Þ
0 ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 � x1Þx3

p
mBb2Þ; x2 � x1 > 0;

K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx1 � x2Þx3

p
mBb2Þ; x1 � x2 > 0:

(B11)

te ¼ maxf ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x3

p
mB; 1=b2; 1=b3g;

tf ¼ maxf ffiffiffiffiffi
x2

p
mB; 1=b2; 1=b3g;

(B12)

EafðtÞ ¼ 
sðtÞ � exp½�S2ðtÞ � S3ðtÞ�; (B13)

hafðx2; x3; b2; b3Þ
¼
�
i�

2

�
2
Hð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x2x3

p
mBb2Þ½�ðb2 � b3ÞHð1Þ

0

� ð ffiffiffiffiffi
x3

p
mBb2ÞJ0ð ffiffiffiffiffi

x3
p

mBb3Þ þ �ðb3 � b2ÞHð1Þ
0

� ð ffiffiffiffiffi
x3

p
mBb3ÞJ0ð ffiffiffiffiffi

x3
p

mBb2Þ� � Stðx3Þ: (B14)

tg¼maxf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1�x3Þ

q
mB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ð1�x1�x2Þ

q
mB;1=b1;1=b2g

th¼maxf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1�x3Þ

q
mB;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1�x2jð1�x3Þ

q
mB;1=b1;1=b2g;

(B15)

Eanf ¼ 
sðtÞ � exp½�SBðtÞ � S2ðtÞ � S3ðtÞ�jb2¼b3 ; (B16)

TABLE VI. The effective operators contributing to each decay mode with �S ¼ 1.

Channels Emission Annihilation

Factorizable Nonfactorizable Factorizable Nonfactorizable

B0 ! K�þ
2 �� � � � C1, C3, C5, C7, C9 a4, a6, a8, a10 C3, C5, C7, C9

B0 ! a�2 K
þ a1, a4, a6, a8, a10 C1, C3, C5, C7, C9 a4, a6, a8, a10 C3, C5, C7, C9

B0 ! a02K
0 a4, a6, a8, a10 C2, C3, C5, C7, C8, C9, C10 a4, a6, a8, a10 C3, C5, C7, C9

B0 ! K�0
2 �0 a2, a7, a9 C2, C3, C5, C7, C8, C9, C10 a4, a6, a8, a10 C3, C5, C7, C9

B0 ! fq2K
0 a4, a6, a8, a10 C2, C3, C4, C5, C6, C7, C8, C9, C10 a4, a6, a8, a10 C3, C5, C7, C9

B0 ! �qK�0
2 a2, a3, a5, a7, a9 C2, C3, C4, C5, C6, C7, C8, C9, C10 a4, a6, a8, a10 C3, C5, C7, C9

B0 ! fs2K
0 � � � C3, C4, C5, C6, C7, C8, C9, C10 a4, a6, a8, a10 C3, C5, C7, C9

B0 ! �sK�0
2 a3, a4, a5, a6, a7, a8, a9, a10 C3, C4, C5, C6, C7, C8, C9, C10 a4, a6, a8, a10 C3, C5, C7, C9

Bþ ! K�0
2 �þ � � � C3, C5, C7, C9 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! K0aþ2 a4, a6, a8, a10 C3, C5, C7, C9 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! K�þ
2 �0 a2, a7, a9 C1, C2, C3, C5, C7, C8, C9, C10 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! Kþa02 a1, a4, a6, a8, a10 C1, C2, C3, C5, C7, C8, C9, C10 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! Kþfq2 a1, a4, a6, a8, a10 C1, C2, C3, C4, C5, C6, C7, C8, C9, C10 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! K�þ
2 �q a2, a3, a5, a7, a9 C1, C2, C3, C4, C5, C6, C7, C8, C9, C10 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! fs2K
þ � � � C3, C4, C5, C6, C7, C8, C9, C10 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! �sK�þ
2 a3, a4, a5, a6, a7, a8, a9, a10 C3, C4, C5, C6, C7, C8, C9, C10 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9
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hanf1ðx1;x2;x3;b1;b2Þ¼ i�

2
½�ðb1�b2ÞHð1Þ

0 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1�x3Þ

q
mBb1ÞJ0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1�x3Þ

q
mBb2Þ

þ�ðb2�b1ÞHð1Þ
0 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1�x3Þ

q
mBb2ÞJ0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1�x3Þ

q
mBb1Þ�K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ð1�x1�x2Þx3

q
mBb1Þ; (B17)

hanf2ðx1; x2; x3; b1; b2Þ ¼ i�

2
½�ðb1 � b2ÞHð1Þ

0 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
mBb1ÞJ0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
mBb2Þ

þ �ðb2 � b1ÞHð1Þ
0 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
mBb2ÞJ0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1� x3Þ

q
mBb1Þ�

�
8><
>:

i�
2 H

ð1Þ
0 ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 � x1Þð1� x3Þ

p
mBb1Þ; x1 � x2 < 0;

K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx1 � x2Þð1� x3Þ

p
mBb1Þ; x1 � x2 > 0;

(B18)

where Hð1Þ
0 ðzÞ ¼ J0ðzÞ þ iY0ðzÞ.

TABLE VII. The effective operators contributing to each decay mode with �S ¼ 0.

Emission Annihilation

Channels Factorizable Nonfactorizable Factorizable Nonfactorizable

B0 ! fq2�
0 a2, a4, a6, a7,

a8, a9, a10

C2, C3, C4, C5, C6,

C7, C8, C9, C10

a2, a4, a6, a7, a8,
a9, a10

C2, C3, C5, C7, C8,

C9, C10

B0 ! �qa02 a2, a3, a4, a5, a6,
a7, a8, a9, a10

C2, C3, C4, C5, C6,

C7, C8, C9, C10

a2, a4, a6, a7, a8,
a9, a10

C2, C3, C5, C7, C8,

C9, C10

B0 ! a�2 �þ a1, a4, a6, a8, a10 C1, C3, C5, C7, C9 a2, a3, a4, a5, a6,
a7, 8, a9, a10

C2, C3, C4, C5, C6,

C7, C8, C9, C10

B0 ! ��aþ2 � � � C1, C3, C5, C7, C9 a2, a3, a4, a5, a6,
a7, 8, a9, a10

C2, C3, C4, C5, C6,

C7, C8, C9, C10

B0 ! a02�
0 a2, a4, a6, a7, a8,

a9, a10

C2, C3, C5, C7, C8,

C9, C10

a2, a3, a4, a5, a6,
a7, 8, a9, a10

C2, C3, C4, C5, C6,

C7, C8, C9, C10

B0 ! fs2�
0 � � � C4, C6, C8, C10 � � � � � �

B0 ! �sa02 a3, a5, a7, a9 C4, C6, C8, C10 � � � � � �
B0 ! fq2�

q a2, a3, a4, a5, a6,
a7, a8, a9, a10

C2, C3, C4, C5, C6,

C7, C8, C9, C10

a2, a3, a4, a5, a6,
a7, a8, a9, a10

C2, C3, C4, C5, C6,

C7, C8, C9, C10

B0 ! fs2�
s � � � � � � a3, a5, a7, a9 C4, C6, C8, C10

B0 ! fq2�
s a3, a5, a7, a9 C4, C6, C8, C10 � � � � � �

B0 ! fs2�
q � � � C4, C6, C8, C10 � � � � � �

B0 ! K�þ
2 K� � � � � � � a2, a3, a5, a7, a9 C2, C4, C6, C8, C10

B0 ! K��
2 Kþ � � � � � � a2, a3, a5, a7, a9 C2, C4, C6, C8, C10

B0 ! K�0
2

�K0 a4, a6, a8, a10 C3, C5, C7, C9 a3, a4, a5, a6, a7,
a8, a9, a10

C3, C4, C5, C6, C7,

C8, C9, C10

B0 ! �K�0
2 K0 � � � C3, C5, C7, C9 a3, a4, a5, a6, a7,

a8, a9, a10

C3, C4, C5, C6, C7,

C8, C9, C10

Bþ ! a02�
þ a1, a4, a6, a8, a10 C1, C2, C3, C5, C7,

C8, C9, C10

a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! aþ2 �0 a2, a4, a6, a7, a8,
a9, a10

C1, C2, C3, C5, C7,

C8, C9, C10

a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! fq2�
þ a1, a4, a6, a8, a10 C1, C2, C3, C4, C5,

C6, C7, C8, C9, C10

a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! �qaþ2 a2, a3, a4, a5, a6,
a7, a8, a9, a10

C1, C2, C3, C4,

C5, C6, C7, C8, C9, C10

a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! aþ2 �
s a3, a5, a7, a9 C4, C6, C8, C10 � � � � � �

Bþ ! �þfs2 � � � C4, C6, C8, C10 � � � � � �
Bþ ! Kþ �K�0

2 � � � C3, C5, C7, C9 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9

Bþ ! K�þ
2

�K0 a4, a6, a8, a10 C3, C5, C7, C9 a1, a4, a6, a8, a10 C1, C3, C5, C7, C9
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