PHYSICAL REVIEW D 86, 093019 (2012)
Quark-lepton complementarity and self-complementarity in different schemes
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With the progress of increasingly precise measurements on the neutrino mixing angles, phenomeno-
logical relations such as quark-lepton complementarity (QLC) among mixing angles of quarks and leptons
and self-complementarity (SC) among lepton mixing angles have been observed. Using the latest global fit
results of the quark and lepton mixing angles in the standard Chau-Keung scheme, we calculate the
mixing angles and CP-violating phases in the other eight different schemes. We check the dependence of
these mixing angles on the CP-violating phases in different phase schemes. The dependence of QLC and
SC relations on the CP phase in the other eight schemes is recognized and then analyzed, suggesting that
measurements on CP-violating phases of the lepton sector are crucial to the explicit forms of QLC and SC
in different schemes.
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I. INTRODUCTION

After decades of neutrino oscillation experiments, it is
generally taken for granted that neutrinos are massive
particles that can vary among all the three flavors through
the oscillation process described by neutrino mixing. One
of the most important issues concerning neutrino mixing is
the determination of the neutrino mixing matrix, i.e., the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [1],
which is the lepton sector counterpart of the quark sector
|

mixing matrix, the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [2]. The PMNS matrix is defined as the correlation
matrix linking neutrino flavor eigenstates |v,,,,) and mass
eigenstates | V)

|Vmass> = UPMNS | Vﬂavor)- (1)

This mixing matrix is conventionally represented in the
standard Chau-Keung (CK) scheme [3] as

C12C13 512513 size”’ 1
B 5 5 A
Upmns = | —S12¢23 = C12823513€ C12C23 = S12823813€" §23C13 e , ()
_ 5 _ _ i i
$12823 — Ci2823813¢€" C12823 — S12823813€'°  €p3C13 e'f

where three mixing angles are denoted by 61,, 0,3, and 6,3,
with their trigonometric functions siné;,, cosfy,, etc. rep-
resented by s15, €1, etc. respectively. The CP-violating
phase is denoted by &, meanwhile « and 8 represent the
other two phases in the case of Majorana neutrinos. In the
case of Dirac neutrinos, the latter two phases « and 8 can
be removed by redefinition, thus there remain only four
independent parameters, i.e., three mixing angles together
with one CP-violating phase. If the neutrinos are of
Majorana type, the two phases « and B are needed for a
full determination of the mixing matrix. As the Majorana
phases do not manifest themselves in the oscillation, we
ignore these two phases a and B and take only the first
term on the right-hand side of Eq. (2) in this article. By
now, the quark-sector mixing matrix has been measured
with good precision. In the lepton sector, the values of the
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three mixing angles have been measured after years of
neutrino oscillation experiments, though with relatively
lower precision compared to the quark case.

The explicit form of the fermion mixing matrix is not
unique and an alternative scheme is the Kobayashi-
Maskawa (KM) scheme [4]

Upmns
€1 $1€3 — 5153
=| —s1c0  cicoc3 + Sa53e 0 —cicpsy + spcie 0
$18y  —C1S,03 + 53 10 15,85 + cycie P
(3)

In the KM scheme, as will be mentioned later, the
CP-violating phase of the quark sector is quite near 90°,
leading to the hypothesis of ‘“maximal CP violation”
[5-10]. Besides the CK and KM schemes, in Ref. [11] all
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the other possible schemes of the mixing matrix are con-
sidered and presented. There are actually 12 schemes of
mixing matrix. Among them, 3 schemes can be trans-
formed into others through straightforward redefinition of
mixing angles, thus leaving 9 different schemes [11-14],
whose forms are provided in Sec. II.

Quark-Lepton Complementarity (QLC) [15-18] and
Self-Complementarity (SC) [13,19] are phenomenological
relations of quark and lepton mixing angles. They provide
a novel connection to link quarks and leptons. They can be
expressed in a more clear way as (4)—(7):

QLC1: ,, + 9, = 45°, 4)
QLC2: O, + 03 = 45°, (5)
SC1: 9, + 05 = 45°, (6)
SC2: Oy + B3 = O )

(From now on we use 7 to represent lepton sector mixing
angles to distinguish them from quark sector mixing
angles 6.)

Here we have marked the two QLC relations by QLC1
and QLC2, and the two slightly different SC relations by
SC1 and SC2 respectively. Originally these phenomeno-
logical relations are observed only in the CK scheme and
fit the experimental results within small errors. However, a
question naturally arises, i.e., whether these relations still
hold in schemes other than the CK scheme since we cannot
find any justification for the priority of the CK scheme.
There are already some researches on QLC and SC in the
nine schemes [12-14]. However, all of these examinations
of QLC and SC are carried out under some fixed phase
choices. Since the CP-violating phase of the lepton sector
is not determined from current experiment, in this article
we examine QLC and SC with the whole range variation of
the lepton CP-violating phase. These will be treated in
Secs. III and I'V.

We purpose to make a detailed re-analysis of QLC and
SC in all the nine schemes, emphasizing on the influences
due to the variation of the lepton CP-violating phase. In
Sec. II we use the latest experiment results to do calcula-
tions on mixing angles and CP-violating phases in all the
nine schemes. In Sec. III we focus on QLC, examine these
complementarity relations and make some analyses. In
Sec. IV we similarly examine and analyze SC. In Sec. V
we discuss some properties of CP-violating phases among
different schemes with a suggestion of convention redefi-
nition, and suggest some empirical relations among quark
CP-violating phases in different schemes.
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II. QUARK AND LEPTON MIXING ANGLES AND
CP-VIOLATING PHASES

First we list all the nine schemes mentioned in Sec. I in
Table I. To avoid ambiguities, the explicit forms of the
rotation matrices are provided:

(C3 §3 0\

Rix(05) =] —s3 ¢z 0, (8
\ 0o o0 1/
C3 0 S3\

Ry(6;)=]1 0 1 0|, )
-53 0 ¢/
C3 83 0

R0, ¢) =] —s3 ¢35 0 |, (10)
0 0 /¢

and the others are similarly defined. From (2) and (3) and
Table I, P3 is the same as the KM scheme, and PI is
equivalent to the CK scheme. The CP-violating phases in
Table I are denoted by ¢, rather than J, to remind readers
of the slight difference between the CK scheme in (2) and
the P1 scheme in Table 1. Actually, when we identify & as
¢, i.e., 0 = ¢, we get an equation between the PMNS
matrices in the CK scheme and the one in the P1 scheme:

1 1
U CK — e ip U P1 1 . (1 1)
el e ¢
The phase factors in the two matrices in (11) can be
eliminated by unphysical phase redefinition of lepton fields
in the case of Dirac neutrinos. In the case of Majorana
neutrinos, the phase factor in the matrix to the right of Up,
can be absorbed by redefinition of Majorana phases, while

the phase factors in the matrix to the left of Up; are still
eliminated.

A. Quark sector

We begin our quark-sector calculations with the experi-
mental data of Wolfenstein parameters [20] listed in (12)
from Particle Data Group [21], together with their relations
with the four parameters, i.e., three mixing angles and one
CP-violating phase.

sinfy; = AA?,
AN (p + ig)V1 — ATA*
VI= A1 = 2045 + im)]
A =0.22535 = 0.00065, A = 0.8117403,
p=0I31Z551, 7 = 0.345500 (12)

Sin012 = )\,

Sin013€i6 =

From (12), we easily get mixing angles and CP-violating
phase in P1:
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TABLE I. Nine different schemes of fermion mixing matrix.

Scheme Mixing angles and Jarlskog invariant
77— _ 2
P1: U = Ry3(023)R3 (013, )R 2(612) J1 = 512523513€12C23¢7; sing
S .
C12€13 i S12513 o 513 0, = arcsmi{”}:jl
TC12523813 T S12€23€ — 812823813 T Crac03€ . $23C13 0 [Un|
—C1p823813 T Spsp3e ' —sppeas; — cpspe ' epeps 23 = arctangg

P2: U = Ry5(63)R3(65, $)R1; (61)
S1Cp83 + clc3efi¢’ C1Cp83 — s1c3eﬂ”S §783
S1Ca03 — 1531 cicacs + 51537 5508
—5152 —C152 )

P3: U = Ry3(0,)R15(0,, )R (65)

C1 $1€3 8153
=516y C1Cac3 F sps3e P —cicas;y + spcze
S1Sy  —cCpSc3 t+ czs3ef’¢’ C185,83 + 626367@

P4: U = Rp(0,)R15(04, ¢)R§11(93)

€163 S1 €153
—s51C03 + $p55¢7 1 clc,p §1Ca83 + spcze” '
§18,C3 F Cas3e7 ' —cysy  —sy8y83 + cpcze

P5: U = R3,(63)R3(62, ¢)R,'(6))

—515283 T cic3e i —c 5,85 — s1c3e7 P cy8,
$162 C1C2 $2
—518,03 — 1837 —cish05 + 51557y

P6: U = R5(61)R3,(63, )R (6,)

cies  cisys3tsieaeT cpepsy = syse
—s51C3  —S81883 + ciceT i —s510085 — ¢S5, ?
83 $2€3 €203

P7: U = Ry(03)R15(0,, )R, (6,)

cicyc3 + ‘92s3e_i¢ sic3 —cCysc3 + czs3e_’¢
8162 €1 S182
—ciCa83 + spc3e7® —s1s53 cy8y83 + cpcze

P8: U = Ry5(01)Ry3(6,, ¢)R5,'(65)
—S518,83 + CIC3€7i¢ $1Cy  §18,03 + cls3ef"‘/’
—C15283 — S1c3e7 cler cyspcy — 515371
—C283 -8 CrC3

P9: U = R3,(63)R,(8,, $)R5;'(6,)

cicy §1CoC3 — Sp53e ¢ $182C3 + Cp55¢71%
=81 Cc1C2 C152
—C183  —S51Cy83 — Spc3e P —5.5585 + cpcze?

0,3 = arcsin|U 3|

Jy = s183s3¢10503 singh

— |Us

0, arctanz|
0, = arccos|Us;|

— |Uys]

05 = arctan o]

J3 = s3sy83¢10503 singh
0, = arccos|U,|

— |Us |
0, arctanz
— U3l
05 arctanyz|

Jy = slszs3c%czc3 sin¢

0, = arcsin|U ;|

— |Us, |
0, arctanz|
_ U5l
05 arctanyz;

J5 = s185583¢1C3¢3 singd

— |Uy |

0, arctanz2|
0, = arcsin|Uys|
— U5l

05 arctanyz2;

Js = $15283€1C2C5 singh

— 1251
0, arctanz
— |Us, |
0, arctanz

05 = arcsin|Us, |

J; = s3s,83¢10503 singh

0, = arccos|U,y,|

— |Uasl
0, arctanz;
_ |Us|
05 arctan; Tl

Jg = $18,83¢1C3¢3 singp

_ U]

0, arctanggy
0, = arccos|Us,|

— |Us; |

05 arctanyz|

Jo = 5188363505 8ineh
0, = arcsin|Uy, |

_ |Unsl
0, arctanpz2y
— [Usi
05 arctanyz|
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P1: 61, = (13.02375938)°, (13)
6023 = (2.360705%)°, (14)
6,3 = (0.20179919)°, (15)
¢ = (69.10732)°. (16)

Next, the CKM matrix is calculated from the four parameters
0.97427 £ 0.00015 0.22535 = 0.00065
0.97344 100013

0.040479.9011

0.2252 = 0.0006

0.00867 (00037

Verm =

When referred to matrix elements of the CKM matrix or
the PMINS matrix, we always mean the absolute value of
each matrix element in this article.

The Jarlskog invariant [22] is derived:
J = sinfy, sinf,; sinf3 cosf, cosfy3cos>65 sing

= (2.97017) x 1075 (18)

B. Lepton sector

The lepton sector is dealt with similarly, with the follow-
ing normal hierarchy (NH) global fit data of mixing angles
with 1o errors in the P1 scheme [23]:

Sil’l2 1.912 = 0. 307i88%2,

sin®dh; = 0.38670924, 19)
sin?d3 = 0.024173:9023

which are equivalently
§1p = (33.65149)°,
9y = (38.411149)°, (20)
91y = (8.931046)e,

The inverse hierarchy global fit data of the P1 scheme
mixing angles with 1o errors [23] are

sind, = 0.30779918,

sind,; = 0.39270:039, 21

sin?d3 = 0.024410:0023.
In this article, we only deal with the case of NH, because
the global fit values for inverse hierarchy in (21) are quite
close to the values for NH in (19), and thus our choice does
not affect the analysis and conclusions of this article.

The difference from the quark sector is that at present
there are no experimental results on the Ilepton
CP-violating phase, but the four parameters are in a com-
bined transformation when changing schemes. Therefore,

to examine QLC and SC relations in the other eight
schemes, it is necessary to choose a value of the lepton

0.00352* 000015
0.041273900% | (17)

0.9991457 9000037

[
CP-violating phase. In this article we will not calculate the

PMNS matrix under certain fixed value of the lepton
CP-violating phase, such as the one with ¢3; = 90° [24].
Instead, we will carry out the calculations with the
CP-violating phase in the P3 scheme ¢; varying almost
continuously from 0° to 180°. (From now on we use ¢;
with a subscript i to denote ¢ in the Pi scheme.) The results
will be provided in tables with ¢; = 0°, 45°, 90°, 135°,
180°, respectively, and in figures by smooth curves. To
explicitly show our methods of calculation, we then carry
out the calculations in detail in the case of the phase
¢3 = 90°.

First, we calculate the absolute values of five elements of
the PMNS matrix that are independent of the lepton
CP-violating phase from (19):

U, | = 0.82255019, (22)
[Up,| = 054775016, (23)
|U 5] = 0.155 *+ 0.008, (24)
|Ups| = 0.61455912, (25)
|Us3] = 0.77479913. (26)

Then, the condition ¢35 = 90° is used to determine mixing
angles in the P3 scheme:

COS’l?l = |U11| - 01 = (3468t(1)8; o’ (27)
S — U5l 9. = +0.88Y0
tanv; = m—’ 3 = (15.83_093 , (28)
|Uns|? = c%s% + C% c%s% — C%
2 2
2
X 005(2192 + arctan%)
€183 — C3
— % = (37.647138)°. (29)
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Mixing angles and CP-violating phases in different schemes.

quark lepton(¢p; = 0°)

lepton(¢p; = 45°)  lepton(¢p; = 90°) lepton(¢ps = 135°) lepton(¢pz = 180°)

Pl 6, = (13.023750938)° 9, = (33.657110)° 91, = (33.657110)° 91 = (33.657 141 9y, = (33.657111)° 9y, = (33.655100)°
13D Uhy = (38417190 Wy = (38.41519D)° Uy = (38.411[90)° 93 = (38.411190)°
013 = (0.2015050)° 93 = (BI3IGR)° 93 = B3R D3 = BIZILR)” 93 = BB Dy = BI3TLH)°
0° ¢ = (13370103 ¢ = (833745 @1 = (37.46717)° ¢ =0°

130 9 = (ALeAT D) 9 = (33287140 O = (2534713 & = (22.571139)°
TR0 9, =(39.28%130)° 9, =(39.28%(3))° ¥ = (39.28%[3])° &, = (39.28713])°
080 9y = (14191080 9 = (14.19708)° 95 = (14.197080)° 95 = (14.197380)°

023 = (2360t882§ ° 1923 = (3841

¢ = (69.107392)° ¢, =18
P2 0, = (12.10970174)° 9, = (44.73
6, = (2.369700%)° 9, = (39.28
65 = (4.88010239)° 95 = (14.19

by = (89.697333)° ¢y = 0°

P3 6, = (13.0257593%)° 9 = (34.68
0, = (2.205100%8)° 9, = (51.54
65 = (0.89470043)° 9, = (15.83

b3 = (89.29739)° $3 =0°

P4 6, = (13.0237003%)° & = (33.19
6, = (2.37770%%)° 9, = (32.51
63 = (0.20779019)° 93 = (10.69

¢y = (111.957382)° by =0°

P5 0, = (13.0267093%)° @, = (26.63
6, = (2.360700%)° 9, = (37.86
6; = (0.20270010)° 93 = (11.34

¢s = (110.947383)° $s =0°

P6 6, = (13.016:333%)° 9, = (23.28
6, = (2.316700%)° 9, = (30.16

05 = (0.49710012)° 95 = (26.46

be = (22721 3)° b5 = 0°

P7 6, = (13.235700%)° 9, = (45.11
6, = (10.363703%3)° 9, = (60.03
6; = (10.16775378)° 95 = (39.41

7 = (1.081508)° ¢; = 0°

P8 6, = (13.0347593%)° 9, = (37.80
0, = (23167005))° 9, = (26.73
05 = (0.49710013)° 95 = (29.92
¢g = (157.317118)° ¢ps =18
P9 0, = (13.01570%3%)° 9, = (20.72
6, = (2.4237000)° 9, = (41.01
63 = (0.51070019)° 95 = (28.45
b = (158.32F113)° by =18

0.85

b2 = (42201007 by = (8T.0771)° by = (1335170 ¢, = 180°

TR 9 = (34.681150)° 9 = (34.68FL91)° 9 = (34.687557)° 9 = (34.681107)°
e 9, = (@7.67110)° 9, = (37.647130)° 9, = (2844715 9, = (25.287159)°

1.51

FOB8)e 9y = (15.837088)° 95 = (15.83708%)° 95 = (15.83758%)° 9 = (15.837585)°

¢3 = 45.00° ¢3 = 90.00° ¢3 = 135.00° ¢3 = 180°

50 P =(33.1955%)° 9 = (33.1955%)° & = (33.1974%)° % = (33.1975%)°
) 9 = (3443710 9, = (39.2371F)° 9, = (431313 9, = (44.311140)°
039 95 = (10.69553)° 95 = (10.697030)° ¥ = (10.69743)° 5 = (10.69733)°

By = (49.017130)° ¢, = (99.20718%)° ¢, = (143.607133)° ¢y = 180°

DT 9 =(29.0371R)° 9 = (34807390 & = (39.32%[41)° & = (40.66111])°
1) 9, =(37.867135)° 9, =(37.867[3)° O, =(37.867|3)° ¥, = (37.867{33)°
oo 9y = (11347080 9y = (11.34708D)° 95 = (11.34708))° 95 = (11.34708))°

0.63

0.63 0.63 0.63 0.63

bs = (51823)° b5 = (102.037159)° b5 = (145.09%]50)°  ¢5 = 180°

)0 9 = (249851 %) 9 = (287251 & = 31314 9y = (32.03X3Y)°
5037 %= (LA 9= (4365177 9 = (364751H)° 9 = (37.06219)°
08 9y = (2487708 95 =(20.3370%)° 9y = (15.72700D)° 95 = (14.067599)°

0.95

be = (24.65114)° P = (34.2911B)° e = (22.851119)° $s =0°

H09)° B = (46.357509)° 9 = (49.59719%)° 9 = (5236713 O = (53.217}%))°

—0.95

T 0= (58.0351%)° 9y = (53725130)° 9, = (50.821150)° 9, = (50.0311:59)°
e 9 = (4084713 U5 = (44.04713)° O3 = (462711 R)° O3 = (46.88131)°

¢7 = (17.842000)° ¢y = (22.167138)° ¢ = (12767470 ¢7 = 0°

Thop) = GBAILFY)T 9 = (017 9 = (18TIG)° 9y = (42435,93)°
) 9 = (28247180 9, = (31951 9, = (34901500 9, = (35.7711{))°
Ton)® ¥ = (285251090 9 = 417517 95 = (19297137 95 = (1743513)°
0° ¢y = (160.86713))° dg = (151.215]70)° g = (159.70%[49)°  ¢pg = 180°

ST = (02535157 9 = (267855597 9 = (30.0255%)° 9 = (30.9625)°
LD 0 = (L6ATNT 0y = (4343517)° 0y = (45.141150)° 0y = (45.7011:4)°
0T 05 = Q7.09108)° 95 = (22901 15D 95 = (18.24113)° 95 = (16.4623])°
0° o =(580511)° o = (14828, 77)° o = (15821517])° g = 180°

Next, we get all the elements of the PMNS matrix:

0.82210010 0.547+0.01¢
Upyns = | 045150013 0.64870013
0.3470918 0.52970913
together with the Jarlskog invariant

J = 0.033879.%

0.155+0.008
0.614*0012

0.774+2013

17
18*

From the CKM and the PMNS matrices determined
above, we then use the formulas in Table I to determine
all the four parameters, i.e., three mixing angles and one

, (30)  CP-violating phase, in the other schemes in both the quark
and the lepton sectors. Then we carry out calculations with
other CP-violating phases by the same procedure. The
results are listed in Table II. To better illustrate the depen-
dence of the lepton mixing angles and CP-violating phases

(D) on ¢3, we also draw a series of graphs in Fig. 1. From
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FIG. 1 (color online).

Fig. 1, we can easily see that ¢, in P2, 4, in P3, 4, in P4,
¢ in PS5, and all the mixing angles in P6-P9 have different
values when different CP-violating phases in the KM
scheme are adopted.

It is necessary to explain here the assumptions used in
our calculations. Since generally there is just a slight
dependence of the results of lepton mixing angles in the
CK scheme on the lepton CP-violating phases, we simply
assume that these results (19) are independent of the lepton
CP-violating phases. Actually, for some experimental
groups, their results and error bars of mixing angles in
the CK scheme actually vary with different phase assump-
tions. (See for example Refs. [25,26].) This proves that the
independence is suitable only approximately.

III. QUARK-LEPTON COMPLEMENTARITY

With the quark and lepton mixing angles calculated in
the previous section, we now go on to discuss the topic of

Mixing angles and lepton CP-violating phases in different schemes. [All the values are in the unit of degree (°).]

QLC. A diagrammatic presentation of QLC is shown in
Fig. 2. We list the results in Table III with five different
CP-violating phases, i.e., ¢35 = 0°, 45°, 90°, 135°, and
180°, respectively.

Here, we distinguish two types of the behavior of the
sums by symbols A and B, respectively:

Type A: The values are independent of the lepton
CP-violating phase ¢5.

Type B: The values vary with the variation of the lepton
CP-violating phase ¢5.

The subscripts of each type represent the error limit. (In
the case of Type B, we classify the deviations only by the
values in the condition ¢35 = 90°.) For example, A3 repre-
sents that the sum in Type A deviates from 45° with an error
between 20 and 30; B~ 5 means that the sum with ¢p3 = 90°
in Type B deviates from 45° with an error larger than 5.

All the relations in Type A are relatively more consistent
with the prediction of QLC, while the phase-dependent
property of Type B relations adds complexities. Moreover,
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FIG. 2 (color online).
of degree (°).]

many Type B relations in Table III largely deviate from
expectations. We remind readers to pay special attention to
the P1, P7, and P8 schemes. In P1, QLC1 are obviously in
Type A and are close to the expected value 45°, which in
fact is a major cause leading to the hypothesis of QLC.
However, with the latest global fit data [23], QLC2 in P1
deviates from expectations with an error larger than 3¢ and
thus even in the P1 scheme, QLC2 may not be good
relations, which is obscured by relatively less accurate
data before. In P7 and P8, all QLC relations are far beyond
error limits, no matter what value of ¢; we choose, and
thus are hardly desired relations. Therefore, we see that the
validation of QLC in some schemes significantly depends
on the lepton CP-violating phase ¢5; we choose, and in the
P7 and the P8 schemes, QLC can never be satisfied. This
dependence of QLC on the choices of schemes and lepton

The quark-lepton complementarity between mixing angles of quarks and leptons. [All the values are in the unit

CP-violating phase was sometimes ignored by previous
works.

Since the QLC relations are originally observed in the
standard CK scheme, this phase-dependent property and
the generally phase-dependent result of QLC in the other
eight schemes remind us to be cautious on the general-
ization of QLC from the CK scheme to the other eight
schemes. When considering such generalizations, careful
inspections and justifications should be carried out. In
addition, Jarlskog has pointed out a few of the uncertainties
that could invalidate the QLC analyses [27], which also
reminds us to carefully treat QLC relations. An alternative
way of avoiding such generalizations is to use some
scheme-independent forms of QLC relations. One example
is to analyze QLC relations in the form of matrix elements
[13,14,28]. Since we have figured out the dependence of
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TABLE III. The quark-lepton complementarity between quark and lepton mixing angles.

QLC (¢35 =10 (3 =45°) (¢p3 =90°) (¢5 = 135°) (¢5 = 180°) Type

Pl 01, + O, (46.651141)° (46.651141)° (46.6511:44)° (46.6511:44)° (46.6571-41)° A,
03 + O3 (40.77+149)° (40.77+149)° (40.771159)° (40.771139)° (40.771139)° A,

P2 0, + % (56.847133)° (53.7511:%)° (45.3971-19)° (37.45%130)° (34.687139)° B,
6, + 0, (41.657133)° (41.651133)° (41.657133)° (41.657133)° (41.657133)° A,

P3 0, + O 47.712597)° 471.715590)° (47.715500)° (47.715550)° 47.712590)° A;
0, + 9, (53.751162)° (49.8871-92)° (39.85+1:3%)° (30.65+1:%9)° (27.49*168)° B,

P4 0, + O (46.217199)° (46.21790)° (46.2175:00)° (46.2175:0)° (46.21799)° A,
0, + 9, (34.897148)° (36.817138)° (41.6171%)° (45.51713])° (46.697148)° B,

P5 0, + 9 (39.647131)° (42.06710%)° (47.837183)° (5235514 (53.697132)° B;
0, + % (40.221138)° (40.221138)° (40.2271:38)° (40.227138)° (40.221138)° Ay

P6 0, + 9 (36.3071%)° (38.00519%)° (41.7431:5%5)° (44.331039)° (45.057533%)° B,
0, + % (32.481132)° (33.761141)° (36.68177)° (38.7911%3)° (39.3871%9)° B-s

P7 0, + 9 (58.35745:92)° (59.5915:98)° (62.837159)° (65.6011:20)° (66.45713])° B-s
0, + % (70.3911-78)° (68.391174)° (64.081:38)° (61.181]4%)° (60.391139)° B-s

P8 0, + O (50.83*111)° (51.447129)° (53.20*130)° (54.90*141)° (55.467148)° B-s
0, + 9, (29.05133)° (30.5671:03)° (34.27149%)° (37.2254%7)° (38.09*119)° B-s

P9 0, + O (33.7471%8)° (35.55%193)° (39.8070:33)° (43.0470%)° (43.98758%)° B-s
0, + 9, (43.437139)° (44.061139)° (45.8511%7)° (47.56+130)° (48.1271%%)° B,

QLC relations on the CP-violating phase, experimental
results on the lepton CP-violating phase measured in the
future will be helpful in analyzing QLC in the other eight
schemes.

IV. SELF-COMPLEMENTARITY

SC relations of lepton mixing angles are examined
similarly as QLC, with the results shown in Fig. 3. More
detailed results with errors are provided in Table IV. The
classification into two types and the definition of subscripts
follow our treatment with QLC, and the values of ), are
included for reference. Here, we also remind readers to pay
attention to P1, P7, and P8 results. The former one fits
relatively well, while the latter two are hardly desired
relations. Similarly, we should be cautious about the gen-
eralization of SC relations to the other eight schemes, and
it is clear that experimental results of the lepton
CP-violating phase will be helpful in the examination of
SC in the other eight schemes.

V. CP-VIOLATING PHASES

A. Analysis of results

The variation of lepton CP-violating phases in different
schemes along with the variation of the CP-violating phase
¢5 is not trivial. From Fig. 1, the relationship between

& ~ ¢5 and ¢h5 is quite close to linear dependence. More
interesting are the nonmonotonous relations between ¢¢ ~
¢y and ¢3;. From Fig. 1 we guess that the correlation
functions in P6-P9 possess extremums with respect to ¢3,
with the extremums reached when ¢; = 90°. Actually,
through calculations we know that the extremums in P6—
P9 are reached when ¢ approaches approximately 87.0°,
78.4°,92.0°, and 89.7°, respectively. Here the last one in P9
deserves attention, because it is quite close to 90°.

Furthermore, Fig. 1 implies a way of redefinition of
CP-violating phases. By substituting (180° — ¢) for the
present CP-violating phases ¢ in P1, P8, and P9 schemes,
we can unify P1-P5 with the common property of similar
quasilinear correlation functions between their CP-violating
phases and ¢5. The others, P6-P9, are also united in this
way, holding the same property of the existence of a
maximum value in similar correlation functions. This result
also indicates that without any knowledge on lepton
CP-violating phases, possible values of CP-violating phases
in P6-P9 schemes are already restricted by our known
values of mixing angles. Meanwhile, possible values of
CP-violating phases in P1-P5 schemes are not restricted
with current experimental data.

B. Maximal CP violation

It is necessary to clarify the meaning of ‘“‘maximal CP
violation” here. ‘“Maximal CP violation™ is defined as the
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FIG. 3 (color online).

case when the magnitude of the scheme-independent
Jarlskog invariant in the quark sector takes its maximal
value. However, there are ambiguities on the choice of
variables when we consider the meaning of ‘“‘maximal.”
Originally, all four parameters are viewed as variables, but
such a maximized Jarlskog quantity is excluded in the
quark sector experimentally. Now, it is prevalent to view
only the CP-violating phase in each scheme as the variable
with the mixing angles fixed. For instance, the analysis of
maximal CP violation is usually carried out in the P3
scheme, where we regard mixing angles in P3 as constant
and choose the CP-violating phase ¢5 as a variable. In this
interpretation of “maximal CP violation,” together with
our previous analysis that CP-violating phases in P1-P5
schemes are unrestricted, the meaning of maximal CP
violation is, in fact, setting the CP-violating phase in any
one of P1-P5 schemes to be 90°.

The self-complementarity among lepton mixing angles. [All the values are in the unit of degree (°).]

There is a conjecture that maximal CP violation is
simultaneously satisfied in both the quark and the lepton
sectors [24]. Taking the quark sector into consideration,
from Table II we easily recognize that the P2 and P3
schemes in the quark sector possess large CP-violating
phases that equal 90° within an error of 10, while in other
schemes the CP-violating phases are far from 90°.
Therefore, the P2 and P3 schemes are the favored ones
when considering simultaneous maximal CP violation in
both the quark and the lepton sector.

C. Empirical relations

Finally, some empirical relations of the quark
CP-violating phases in different schemes are explored.
To better illustrate the results, we use the CP-violating
phase redefinition suggested above, i.e., substituting
(180° — ¢) for ¢ in P1, P8, and P9. For convenience,
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TABLE IV. The self-complementarity among lepton mixing angles.

SC (¢3=10°) (¢35 = 45°) (¢5 =90°) (¢35 = 135°) (¢5 = 180°) Type
Pl Oy + O3 (42.581139)° (42.587129)° (42.581139)° (42.587139)° (42.587129)° A,
s (38.41714%)° (38.417149)° (38.417149)° (38.417149)° (38.41714%)°
P2 9 + O (58.9271-3%%)° (55.83%141)° (47.48713%)° (39.53%13%)° (36.7671-3%)° B,
% (39.28*137)° (39.287137)° (39.28%137)° (39.28%137)° (39.28137)°
P3 9+ 0 (50.51%130)° (50.51%133)° (50.51%133)° (50.51%13)° (50.517133)° As
% (51.54714)° (47.67%199)° (37.641138)° (28.441168)° (25.28%1%0)°
P4 %+ (43.887113)° (43.88%113)° (43.88%143)° (43.88%143)° (43.88713)° A
D (32.515149)° (34.43%130)° (39.23*1%)° (43.13413])° (44.311148)°
P5 9+ O, (37.97413%)° (40.374139)° (46.141131)° (50.66*137)° (52.00*138)° B,
D (37.86*138)° (37.867138)° (37.861138)° (37.861138)° (37.86%135)°
P6 %+ 0, (49.741139)° (49.85%159)° (49.05%143)° (47.041143)° (46.09%14})° B,
D (30.16*132)° (31.44%140)° (34.36111])° (36.47113)° (37.06%119)°
P7 %+ (84.52*19%)° (87.1971:8%)° (93.6271-6%)° (98.63%1-72)° (100.10*}7¢)° B-s
9, (60.03*176)° (58.03%1-43)° (53.72713%)° (50.827}-40)° (50.03%133)°
P8 9+ (67.724149)° (66.93"1-4%)° (64.35%18)° (61.1673-83)° (59.857%01)° B.s
% (26.73711)° (28.247142)° (31.95%48%)° (34.90%:99)° (35.7716D)°
P9 9+ (49.17+142)° (49.62%142)° (49.68*143)° (48.25%1-33)° (47.42413)° B,
o (41.017}37)° (41.647130)° (43.437140)° (45.147130)° (45.707149)°
thgse nipe CP—Violat.ing phases in. t.he quark sectolr are J, 512(1)523(1)513(1)012(1)023(1)0%3(1) sing,
rehst'ed in Table V Wlth our redeﬁnltl'ons. Some empirical 1= J_4 = 51085208 5308 oo Cata) o) SN
relations we can easily read out are listed here: 314 2 3@ 4
b1~ by~ b5 I EUTL LR LT (39
Ci4)Sing,  singy
b2 ~ ¢33~ 907, (33)
e~ by ~ b 34 Lo Ja S1<4>S2<4>S3(4)Cf(4>ci<4>c3<4) Sf“¢4
Js  $1(5)52(5)53(5)C1(5)€(5)C3(5) SINPs
b~ 0°. (35) _ 1) sing, - singy (40)

In fact, (32) are satisfied by the similarities between their
mixing angles. From Table II, we have these relations
approximately (here 6;(;) represents 6; in Pj scheme):

O1201) = O14) = Oi(5) (36)
0231) = O24) = Oxs), 37
01301) = O34) = 03(5). (38)

Then, using the scheme-independent Jarlskog invariant,
we get

Cy5)Sings  sings’
justifying the relation (32). By the same way, (34) is
justified through the similarities among mixing angles in
P6, P8, and P9.

Relation (33) states possible maximal CP violation as
we discussed before, and relation (35) merely reflects the
relative largeness of the three mixing angles in P7. With the
existence of CP violation confirmed, ¢, cannot be exactly
0° though close to it.

We are willing to find out some similar empirical rela-
tions on lepton CP-violating phases. Unfortunately, similar

TABLE V. The quark CP-violating phases in nine schemes.

¢ ) ) b4

bs b6 ¢4 b3 b9

(110.9073:83)° (89.697222)° (89.297333)° (111.95%382)°

(111.94738)°

383)° (22.721133)° (1.08F599)° (22.697133)° (21.68%139)°
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relations cannot be easily found, because the lepton mixing
angles are quite different from each other in different
schemes, thus invalidating our method used for the quark
sector.

VI. CONCLUSIONS

From the results of Secs. III and IV, the validation of
QLC and SC depends on the choices of schemes and lepton
CP-violating phases, and careful inspections should be
carried out when we consider the generalization of QLC
and SC from the standard CK scheme to the other eight
schemes. On the issues of CP-violating phases, restrictions
on lepton CP-violating phases in P6-P9 are recognized.
Simultaneous maximal CP violation in both the quark and
the lepton sector is possible in the P2 and P3 scheme. A
redefinition of CP-violating phases for unification is

PHYSICAL REVIEW D 86, 093019 (2012)

suggested and some empirical relations on the quark
CP-violating phases are explored. All of these results
may enrich our knowledge of QLC, SC relations, and
CP-violating phases, helping us understand the mystery
of lepton mixing.
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