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Neutrino masses and flavor mixing in a generalized inverse seesaw model
with a universal two-zero texture
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A generalized inverse seesaw model, in which the 9 X 9 neutrino mass matrix has vanishing (1,1) and
(1,3) submatrices, is proposed. This is similar to the universal two-zero texture which gives vanishing (1,1)
and (1,3) elements of the 3 X 3 mass matrices in both the charged lepton and neutrino sectors. We
consider the Zg X Zg group to realize such texture zeros in the framework of the generalized inverse
seesaw model. We also analyze the universal two-zero texture in the general case and propose two Ansditze
to reduce the number of free parameters. Taking account of the new result of 63 from the Daya Bay
experiment, we constrain the parameter space of the universal two-zero texture in the general case and in
the two Ansdtze, respectively. We find that one of the Ansdtze works well.
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I. INTRODUCTION

The canonical seesaw mechanism [1] is successful in
generating small masses of left-handed neutrinos, but it
has no direct experimental testability and encounters a
potential hierarchy problem [2]. In the type-I seesaw model
with heavy right-handed neutrinos N, the left-handed
neutrinos v can gain small masses M, =~ MpMy'ML
thanks to the huge right-handed neutrino masses Mpy.
However, to obtain M, ~ (0(0.1) eV, one has to require
Mg ~ O(10') GeV, if M, is assumed to be at the elec-
troweak scale (~ O(10%) GeV). This makes the right-
handed neutrinos far beyond the detectability of any
colliders. The hierarchy problem is that a very high seesaw
scale will lead to large corrections to the Higgs mass, which
makes the Higgs mass of the order of the electroweak scale
unnatural. The inverse seesaw model [3] can solve these
problems. Moreover, it is possible to predict light sterile
neutrinos naturally [4] and provide rich phenomenology
such as the nonunitary effect and leptogenesis [5].

The generalized inverse seesaw model (GISM) is an
extension of the canonical seesaw mechanism by introduc-
ing three right-handed neutrinos Ny; (for i = 1, 2, 3), three
additional gauge-singlet neutrinos Sg;, and a scalar & into
the standard model. The Lagrangian in the charged lepton
and neutrino sectors [6] is written as

— L, = 0 Y, HEg + ¢ YpHNg + N§Ys DSy
1_ 1.
+ 5 NgMyNg + 5 SgM,,Sp + Hee, (1)

in which H, €, and Ey stand for the Higgs doublet, three
lepton doublets, and three charged-lepton singlets, respec-
tively, in the standard model and A = io,H*. Here Y}, Yp,
and Yy are 3 X 3 Yukawa coupling matrices, and My and
M, are 3 X 3 symmetric Majorana mass matrices. After
spontaneous symmetry breaking (SSB), the scalars acquire
their vacuum expectation values (VEVs), and we gain the
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3 X 3 charged lepton mass matrix M; = Y,u(H)/+/2 and
the 9 X 9 neutrino mass matrix

0 M, 0
M=|ME My Ms (2)
o M M,

in the flavor basis, in which M, = Ypv(H)/+/2 and Mg =
Ysv(®)/+/2. Here, v(H) and v(®P) are the VEVs of H and
@, respectively. The GISM degrades to the original inverse
seesaw model (OISM) when My = 0 is taken. It can also
accommodate a larger range of the sterile neutrino masses
than the OISM [4].

If we regard each submatrix of M in Eq. (2) as a
complex number, we turn to a typical pattern of two-zero
textures [7]. Different from the models given in Ref. [7],
where M, is chosen to be diagonal and only M, has the
two-zero texture, we propose the universal two-zero texture
(UTZT) [8], in which both M; and M, have two-zero
textures. As the similar texture zeros of quark mass matrices
can interpret the smallness of flavor-mixing angles in the
quark sectors [9], we expect the UTZT will give us a better
understanding of the lepton flavor mixing. We write out the
charged lepton and left-handed neutrino mass matrices as

0 4, O
MI,V = AI,V CZ,V Bl,v . (3)
0 BI,V Dl,v

Some work of this texture has been done in Refs. [10,11].
Generally, texture zeros can be obtained from Abelian sym-
metries [12]. Later we will see that by means of these
symmetries, the two-zero texture of M, can be directly
derived. For the light left-handed neutrino matrix M,, if
Mp, My, Mg, and M, all have the two-zero textures, which
will be a natural result from the symmetries, the seesaw
mechanism can guarantee that M, achieves the two-zero
texture [8,11].
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Recently, the Daya Bay Collaboration reported a rela-
tively large 65 [13] with its best-fit (= 1o range) value
613 =~ 8.8° = 0.8°. It is confirmed by the RENO experi-
ment [14]. The experimental results of large 6,3 give us
the following two motivations for the UTZT: (1) Two
phenomenological strategies toward understanding lepton
flavor mixing are outlined in Ref. [15]. The first one is to
start from a nearly constant flavor-mixing pattern, and the
second one is to associate the mixing angles with the lepton
mass ratios. While it is a nontrivial job to generate a large
615 from the first strategy according to flavor symmetries,
one may pay more attention to the second strategy. To
implement the second strategy, one generally requires
some elements of M; and M, to be zeros or sufficiently
small compared with their neighbors, and the two-zero
texture is a typical example of this kind. (2) As discussed
in Ref. [16], where M, is diagonal and M, has a two-zero
texture, it is more likely to obtain a large 6,3 if M, has
texture zeros as in Eq. (3) compared with the other texture
zeros. Taking advantage of this kind of texture zeros, we
expand our discussion to the scenario that both M; and M,
have such texture zeros. We expect that such texture can
also gain a large 5.

The rest of this paper is organized as follows. In Sec. I,
we propose a model to connect the GISM with the UTZT
under the discrete Abelian group Zg X Zg. With this
model, we can realize the two-zero textures of M;, Mp,
Mg, Mg, and M ,. However, the realization of the two-zero
texture of M, is a little nontrivial. Section III is devoted
to seeing how the two-zero texture of M, is realized. In
Sec. IV, the UTZT is used to explain the lepton flavor
mixing, especially for large 6,3. Both analytical and nu-
merical results are presented. The predictions for the ef-
fective masses in the tritium beta decay and neutrinoless
double beta (0v23) decay are also given in this section.
Since the UTZT in the general case has several adjustable
parameters, it does not get stringent experimental con-
straints. In Sec. V, we consider two Ansdtze of the UTZT
to constrain the parameter space. Ansatz (A) is a natural
approximation based on our model built in Sec. II, and
Ansatz (B) is a special case which has been considered in
Ref. [8]. Section VI is the conclusion of our paper.

II. A MODEL CONNECTING THE UTZT
WITH THE GISM

In this section, we illustrate a way to connect the GISM
with the UTZT. We rewrite the Lagrangian in the charged
lepton and neutrino sectors as

— L, = €,(Y]),;H Eg; + €,(Y0);;H" Ny,
_ 1 -
+ Nj(Y§);; DSk, + szu(Yf{)inaNRj

1 -
+ ESﬁ,’(Yﬁ)ijd)“SRj + H.c,, (4)
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in which the repeated indices are summed. In our model,
we introduce three scalars into each term, so a = 1, 2, 3.
Comparing Eq. (4) with Eq. (1), we can see that some
replacements have been done. Y,H, YpH, Ys® are
replaced by Y/H¢, YI%H“, Y4, respectively, and the
scalars ¢, ¢ are introduced to give the Majorana masses
of Ng, Sg, respectively. The purpose of doing these
replacements has nothing to do with the GISM but is to
give the two-zero textures of the mass matrices M;, My,
Ms, MR, and M/L'

A model for connecting the GISM with the UTZT can be
built based on a direct product of groups G, X G, = G:

(i) Each fermion or scalar transforms under the group
G, with a charge g,. This rule aims to realize the
GISM. Since it is flavor blind, different flavors in
the same multiplet (e.g., N; and N; with i # j) have
the same charges g, and different scalars in the same
Yukawa coupling (e.g., H* and H® with a # b) have
the same charges ¢, too.

(i) Each fermion or scalar transforms under group
G, with a charge ¢,. We choose G, to be an Abelian
group Z, to give the UTZT. In this case, different
flavors in the same multiplet should have different
charges ¢,, and different scalars in the same
Yukawa coupling term should also have different
charges ¢,.

Generally speaking, there are many opportunities to
choose G| and G,, and it is essentially unnecessary to
require that they be equal to each other. Nevertheless, in
view of the similar structures of M and M, ,, we assume
Gl = G2 = Zn.

In our model, we choose n = 6 and G = Zg, X Zq,,.
The discrete Abelian group Zs is given by Zg =
{1, w, w2, @3, w*, w3}, where w = ¢/™/3. In Tables I and II
we list the charges ¢, and ¢, for each field, respectively.
The invariance of the Lagrangian under the Zg, X Zg,,
leads to the following textures of the Yukawa coupling
matrices:

0 X 0 0O 0 O
v'~[x o o] r~[o o x|
0 0 X 0 X 0
0 0 O
and Yf‘~(0 X 0], )
0 0 O

for Y§ = Y}, Yp, Yg, Yy, and Yj,. After SSB, the scalars
gain their VEVs, and we are left with the mass terms

TABLE L. The charges of the fermions and scalars under Zg,,, .

€, Ep; Ngi  Sge HC o x4 o
q1 0 4 2 1 4 3 2 4
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TABLE II.  The charges of the fermions and scalars under Zg,,,.

_Ll ELZ EL% €R MR TR Ngy Nro Ng3 Sri Sr2 Sr3

9 0 2 1 0 2 1 0 2 1 0 2 1
aq a2 g ®! 2 o3 X! ¥2 ¥ b! $? P

q> 4 3 2 4 3 2 4 3 2 4 3 2
— L, = E M,Eg + 7y MpNy + NsMgSg III. THE MASS TEXTURE OF ACTIVE NEUTRINOS
1_ 12 We have proposed a way to realize the two-zero textures

— NC — Qc
+ QNRMRNR + D) SkM,. Sk + H.c. of M;, Mp, Mg, Mg, and M,. These textures can be
0 Mp 0 obtained immediately from flavor symmetries under the
_ l——MM— direct product of discrete Abelian groups. However, a
= _ c c T s

ELMER + ) (v Np Sp)| Mp Mr Ms realization of the two-zero texture of M, is not so obvious.
0 MI M “ To find its texture, we must turn to the matrices Mp, Mg,
Ve Mg, and M, all of which have the same texture zeros. In a
| n | +u 6 way similar to the proof in Refs. [11,17], after giving the
R . ©) two-zero textures of Mp, My, Ms, and M,,, we can prove
Sk that the two-zero textures manifest themselves again in

where M;, My, Mg, Mg, and M,, are mass matrices orig-
inating from the Yukawa coupling matrices and VEVs of
the scalars. Taking Mp, for example, we arrive at

1
V2
in which v(H?) is the VEV of H¢. All the mass matrices

M,;, Mp, Mg, Mgy, and M, have the same two-zero
textures as

Mp [Y u(H") + Y3v(H?) + Y3v(HY)],  (7)

0 0
X x . (8)
0 X

X X X

In the Appendix, we show that the mass matrix of light
left-handed neutrinos is given by a seesawlike formula in
the physical region:

MV - _MD(MR - MsM;lMg)ilMg (9)

With this formula, one can prove that M, also follows the
two-zero texture as in Eq. (8) [11,17]. A detailed analysis
will be given in the next section.

We remark that besides Zg, lots of discrete Abelian
groups Z, can connect the GISM with the UTZT. Even
under the same discrete Abelian group, a different arrange-
ment of the charge g, may cause different textures of the
Yukawa coupling matrices Y}, Y2, and Y3, but it keeps the
textures of mass matrices as in Eq. (8) unchanged. In brief,
there are many possibilities to link the GISM with the
UTZT. However, if one requires that the Abalian discrete
symmetry be anomaly free, one must pay attention to the
arrangement for the charges g, and ¢, of each field to
guarantee the anomaly-free conditions [18]. Then, some
arrangements for the charges ¢; and g, will be ruled out.

M, as a consequence of Eq. (9).
We express each matrix M, (fora = D, S, n) as

0 A, 0
M,=\|A, C, B, (10)
0 B, D,

It is easy to find that the inverse matrix of M, has another
type of texture zeros

2 _ —
| B, —C.D, AD, —AuB,
‘:1=A2D A,D, 0 0 a1
PR\ -aALB 0 A2
uwPu “
Then, using the seesaw formula My = —MsM,'M{, we
find My has the two-zero texture as
0 Ay O
My =1Ax Cx By (12)
0 By Dy
with
A2
AX - - —s,
Ap
B, — _ AgBg N AsB,Ds BSDS)
Ay AuD, D, (13)
Co — 2ASCS n Agc,u, (A/,LBS - ASB;L)Z
xX— - 2 2 ’
A# A# A#DM
D2
DX = - —S
D,

Thus, the two-zero texture is invariant under the seesaw
transformation.

Repeating the above process for M, = —Mp(Mg +
My) ML, we finally obtain that M, has the two-zero
texture as in Eq. (3). The nonzero entries are given by
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A=A
v Ag + Ay’
B — ApBp Ap(Bg + Bx)Dp  BpDp
g AR + Ay (AR + Ay)(Dg + Dy) Dy + Dy’
c — _ 240 AB(Cr + Cy)
v AR + Ay (Ag + Ay)?
_ [(Ag + Ax)Bp — Ap(Bg + By) T
(AR + Ax)*(Dg + Dy) '
DY (14
Dy + Dy

It is an exact consequence of the GISM and two-zero
textures of Mp, My, Mg, and M,.

All the 3 X 3 mass matrices M;, M,, Mp, My, Mg, and
M, have parallel structures with each other. And they are
all fractally similar to the 9 X 9 GISM neutrino matrix M.
These similarities can be guaranteed in the framework of
flavor symmetries.

IV. FLAVOR MIXING IN THE UTZT

In this section we analyze the flavor mixing in the
general UTZT case. The renormalization-group effect
might in general modify the two-zero textures of M; and
M, but it is negligibly small in the inverse seesaw model
[19] because the TeV seesaw scale is so close to the
electroweak scale. Hence, we just discuss the UTZT at
the electroweak scale.

The charged lepton and left-handed neutrino mass ma-
trices with two-zero textures have been given in Eq. (3),
where A, ,,, B, ,,, C; ,,, and D, ,, are complex numbers. Some
works on this texture have been done in Refs. [8,10], but a
general analysis has been lacking in the literature.

As a symmetric matrix, M; can be diagonalized as M; =
V,M,V]. Here, M;= Diag{m, m,, m.}}, V,=QUP,
0, = Diag{e’™, ¢'#1, 1}, P, = Diag{e'?-, e’x, e!¥}, and
U, is given by

1 0 O c, 0 5,
U, = (O c, se) 0 1 0
0

0 —-s, c,

c, s, 0
X| —s, ¢, 0],
0 0 1

in which ¢, = cosl,, s, = sinf, (for « = e, u, 7), and
S, = sue"‘sﬂ.

Similarly, M, can be diagonalized as M, = V,M,V?.
Here, M, = Diag{m,, my, m3}, V,=Q,U,P,, Q,=
Diag{e'®r, ¢'#+, 1}, P, = Diag{e!"1, /"2, ¢!*3}, and U, is
given by

5)
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1 0 O ¢, 0 5§ cz s3 0

U, = (0 c sl)< 0 1 O)(—s3 c3 0),
0 —s1 ¢ -5 0 ¢ 0 0 1

(16)

in which ¢; = cos6;, s; =sinf; (for i =1, 2, 3), and
§2 = Szei(sz.

The Maki-Nakagawa-Sakata-Pontecorvo (MNSP) matrix
[20] is defined by V = ViV, = PIUIQU,P,, in which
0 = Diag{e’®, ¢'#, 1} and «, B8 are two combined parame-
ters defined as « = «, — «a;, B8 = B, — B,, respectively.
V can be parametrized as V = QUP. Here,

1 0 0 C13 0 §>1k3
U = O Cr3 §$73 ) 0 1 0
0 —s23 23 —853 0 3

¢, s 0
X —S12 Cio O y
0 0 1

in which ¢;; = cosb;;, s;; = sinf;; (for ij = 12, 23, 13),
and §;3 = s;3¢’°. P and Q are two diagonal phase matrices.
As the charged leptons are the Dirac fermions, Q is
unphysical and can be rotated away by the phase redefini-
tion of the charged lepton fields. But for the Majorana
neutrinos, only one overall phase in P can be rotated
away, and the other two phases are physical. In this case,
P can be parametrized as P = Diag{e’”, ¢'?, 1}.

7)

A. Charged leptons

Here, we derive some relations of the mixing parameters
in the charged lepton sector. Since the (1,1) and (1,3)
elements of M, are equal to zeros, we obtain

2i o
mee™ve 8, (c.S8; g
2iy, 2 s.c mp
m.e € \SeCr (18)
2iy o
mye”Ve 8, fc.er
o T2 Su )
m,e-'’r Clu \S¢S7

A straightforward calculation leads us to the relations of
the angles

cot’d, = si(\/xlzylzcot“ﬁﬂ —sin?8,, — coséﬂ)

X <\/y1200t40M —sin?8,, + COS@M),

2 200t40  — sins . —
\/xly,cot 6, —sin“6, —coséd,

tan’6, = , (19)
\/ylzcot“ﬁ# — sin?8,, + cosd,
and those of the phases
siné
tan(z’)/e — 2y, t élu) = = ’
\/xlzy,zcot“ﬁ . — sin?8, (20)

yﬂ—'yT-f-é‘M/Z:O,
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where x, =m,/m, and y, =m,/m,. Taking m, =
0.486 MeV, m, = 102.7 MeV, and m, = 1746 MeV at
the electroweak scale [21] as inputs, we get x; = 0.0047
and y; = 0.059. To assure that Eq. (19) has a real and
positive solution, we require

0 =6, = arctan/x;y; = 1°,
0 = 6, = arctany/2x; = 6°, (21)
0=6,=090°.

In particular, 6, =~ arctan,/x; = 4° for §, = *90°, 0 =
6, <4° for |6,] <90°, and 4° =6, =6° for [5,] =
90°. Due to the large mass hierarchy of the charged lep-
tons, 6, and 6. are very small. They can be regarded as
the corrections to the MNSP matrix. Suppressed by s,,, the
phase &, has little influence in the MNSP matrix.
Particularly, we have three special cases:

(1) tanf, < 1/./y;,

tand,, ~ \/x;y,tan6,,
tanf, =~ \/x;, (22)
Ye = Yu £90°%

(2) tand, > 1/./y;,
tanBM = XY
tanfd, =~ ﬂcowe, 23)
Vi
Ye = Yu — 6,/2%90°,

and

(3) tanf, ~ O(1//3),

where one can find tanf,, ~ O(,/x;y;) and tanf, ~ O(/x;)
from Eq. (19). In the leading-order approximation of s,
and s,, we obtain

_ —xpieos(y. — 7,

2

” x; + ystan?6,

2 ~ —x;cos(y, — 7/1,) (24)
T Xy + yltan266

sind,, =~ x;y;sin(6, — 6,),
and y, — v, is arbitrary.

B. Neutrinos

For the left-handed neutrinos, since the (1,1) and (1,3)
elements of M, equal zeros, we obtain

PHYSICAL REVIEW D 86, 093011 (2012)

2i o

me _5_2(0133 " §*)

M362173 C% §1C3 2) (25)
m262i'}/2 _ .’9\;(01C3 . §*)

mye?vs c3 \s153

Later in the numerical calculations, we will see that 6, is a
small angle, in the same order of magnitude as 6;5. In this
case, we find m; < ms from Eq. (25). Only the normal
hierarchy of neutrino masses is possible in this texture.
A straightforward calculation leads us to the relations of
the angles

cot’f, = s%(\/x,z,y,z,cot“ez — sin’8, — cos52>

X <\/y,2,cot492 — sin?8, + c0s52),

_ Jx2yicot*d, — sin®, — cosd,

tan’65 , (26)
cot — sin + cos
Vyscot*d, in*8, [
and those of the phases
ind
tan(2y; — 2y3 + &) = oo ,
VxZyicot*h, — sin?8,
— sind, @7

tan(2y, — 2y3 + §,) = ,

Vyicot*d, — sin?8,
in which x, = m;/m,, y, = my/ms and x,, y, <1. To
make Eq. (26) have a real and positive solution, we require

0 = 0, = arctan,/x,y,,
0 = 05 = arctany/2x,, (28)
0=6, =90°.

C. The MNSP matrix

We have obtained some relations of the mixing parame-
ters in both the charged lepton and left-handed neutrino
sectors. Using these parameters, we can calculate the mix-
ing angles in the MNSP matrix and some other physical
observables. And using the experimental constraints, we
may find the allowed ranges of the parameters and make
predictions for the observables.

The MNSP matrix V can be calculated through V =
V;r V,. Considering the smallness of s,, s;, and s,, we

obtain the approximate expressions of the mixing angles
013, 012, and 03:

sinfy3 = |85’ + ¢ (5,5, — ¢,85) — s1(c.s, + 5.87,)eP|,

—ia

e . .
tanglz = tan03 - —Z[Cl(cesT + Se§;)elﬂ
G
+ Sl(SeST - Ce§2)] ’
sinf,; = |c, s, — cys,|. (29)
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These expressions hold to the first order in s, 5, and s,.
We make some comments on the formulas of the mixing
angles in Eq. (29):

(i) Note that 6,5 is in the same order of magnitude as 6,,
and 6, = arctan,/X,y, = arctany/m,/mj5. To gener-
ate a relatively large 6,3, m; cannot be too small.

(i) Since 6, and 6, are small, 6,, =~ 63 holds. The two-
zero texture in the charged lepton sector just has a
small contribution to 6,.

(iii) 6,3 is an overall result of 6, 6,, and 8. The two-

zero textures in both the charged lepton and neu-
trino sectors may have large contributions to 653.

We conclude that except for 6;,, both 63 and 6,3 may
receive relatively large corrections from the charged lepton
sector. This is one of the features that make the UTZT
different from the texture zeros discussed in Ref. [7], in
which M, is diagonal and only M, has texture zeros.

The strength of CP violation in the neutrino oscillation
experiments is measured by the Jarlskog invariant J =
Im(VelVMZV:ZVZI) = C12S12C23S23C%3S13 sind [22] For
current experimental data of 6,3, one may expect a
relatively large J if the CP-violating phase & is not
suppressed. In the leading-order approximation of s, s,,
and s,,

T =s,d, t 5.0+ 500, (30)
in which
J, = —s3c3lsic.sin(a + 8,) — ¢ys,sin(a + 6, — B)]
X (c3c2 + 5352 + 2¢151¢,5,c08B),
J, = —s3c3[815, sina + ¢;c, sin(a — B)]
X (c3s2 + s3c2 = 2¢5,¢,5, cosB),
Jy = s3¢5(c,s, sinf cosd, + ¢ sind, cos26,

— ¢,S,cosBsind, cos26,). (31)

One can see that the first term s,J, is in general the
smallest one because of the smallness of s w and the last
two terms s,J, and s,J, may have comparable contribu-
tions to J.

The 0»2B decay experiments are important for
examining if neutrinos are the Majorana fermions. One
key parameter in such experiments is the effective mass
(MY, =(VM,VT),, = (V;fM,,Vl*)“. The pattern in which
M, has the two-zero texture in Eq. (8) and M, is diagonal
gives (m),, = 0. Different from such a pattern, the
OUTZT that we are considering here yields a nonzero
(m)e. In the leading-order approximation of s, s., and
55, {(m),, reads

<m>ee =~ 2|(Ul);1(MV)21| = zlcesr + Se§,u||AV|: (32)

in which
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|A,| = |m3s,s5€*" — mycicys3€? + mycicys3e72].
(33)

In comparison, the effective mass {m), in the tritium beta
decay is given by

(my, = VA2V, = 14, 1. (34)

Then, we arrive at

<m>€€

(m),

If we assume 6, = 4° and ignore the smallness of 6,
then we obtain (m),,/{(m), =0.1.

~ 2lc,s, + 5,8,1. (35)

D. Numerical results

In the numerical calculations, we choose seven free pa-
rameters 0,, 65, 6,,, 05, @, B, and m; as inputs. The values
of the charged lepton masses have been given in Sec. IV B.
To be compatible with the experimental results, we choose
Am3 =~ (7.4 —7.8) X 1077 eV2,  Am}, =~ (2.4 —2.7) X
1073 eV?2, 0y ~ (42°-49°), 0, =~ (33°-35°) and the new
data 0,3 = (8.0°-9.6°) from the Daya Bay experiment as
constraints. With the help of these data, we can obtain the
allowed ranges of the input parameters and calculate the
observables.

In Fig. 1, we show the comparison of the values between
6, and 6, and that of the values between 6, and 6. The
first two angles are dominant parameters in the expression
of 6,3, while the last two angles are dominant parameters
in the expression of 63 [see Eq. (29)]. Numerically, we
obtain 6; =~ (24°-72°) versus 6, = (0-90°) for 6,3, and
0, = (4°-13°) versus 0, = (0-6°) for 6,3. A lot of points
are located around 6, = 4°, indicating that 6, = +90° is
favored.

In Fig. 2, we show the parameter space and some phe-
nomenological predictions in the general case. We plot the
allowed regions of (6,3, m;) and (6,, 6,3) parameters first

90

45

0, ]

0 45 90 0 8 16
0,1 0,1

FIG. 1 (color online). The comparison of the values between
6, and 6, (left) and that of the values between 6, and 6. (right).
The free parameters 0., 03, 8,, 6>, @, B, and m, are used as
inputs. The constraints are given by Am3, = (7.4-7.8) X
1075 eV2,  Amd; = (2.4-2.7) X 1073 eV2, 0,3 = (42°-49°),
01, = (33°-35°), and 6,53 =~ (8.0°-9.6°).
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0,5 [ 0,

~0.04 ] 0 Lo
8 84 88 92 96 0 0.01 0.02

0,5 (m), [eV]

FIG. 2 (color online). The parameter space and phenomeno-
logical predictions in the general case. The inputs and constraints
are the same as in Fig. 1.

in the figure. The lightest neutrino mass m, is constrained
in the range (0.001-0.015) eV. The points of the mixing
angles 6,, 6,3, and 05 are nearly evenly distributed in the
full parameter space. Predictions for parameters related to
CP violation are shown then. There is little restriction on
the combined input parameters « and B except that 83 is
more likely to approach =90°. For the Majorana phases p
and o, the relation p = o = 90° holds roughly. The nu-
merical result of the Jarlskog invariant 7 is also shown in
Fig. 2. Due to the largeness of 6,5, | 7| can reach several
percent. Concretely, it can maximally reach 0.03 at 63 =
8° and 0.04 at 6,3 = 9.6°. The effective masses in the
tritium beta decay and Ov2 decay are shown at the end
of Fig. 2. One can see that the ratio (m),,/{m), is of O(0.1)
in most cases. Since {(m), =~ 0.01 eV is referred in Fig. 2,
(m),, can maximally reach 1073 eV. However, this is still
below the sensitivity of the near-future experiments, which
is expected to be (m),, = (1 — 5) X 1072 eV [23].

One can reconstruct the charged lepton and left-handed
neutrino mass matrices with the help of the experimental
constraints. Considering that there are cancellations in
some special cases, leading to vanishing values of A, ,,
B,,, C,, or D;,, the positive lower bounds may not exist.
But one can expect that there are some ranges in which
most of the points are located. In our calculation, we find
that 95% of the points are located in the following ranges:

PHYSICAL REVIEW D 86, 093011 (2012)
|A;| = (7.4 — 31) MeV,
|C)| = (0.96 — 1.8) GeV,

|B,| ~ (0.046 — 0.94) GeV,
ID,| =~ (0.11 — 1.8) GeV,

(36)
and
|A,|=(0.0073 —0.018) eV,

|C,| =(0.011 —0.040) eV,

|B,|=(0.019 —0.028) eV,
|D,|=(0.010 — 0.048) eV.

(37)
In the neutrino sector, all the elements of M, are in the
0(0.01) eV order. But in the charged lepton sector, the
elements of M, vary within some wide ranges because of
the uncertainty of 6,.

V. LARGE 6,; AND TWO ANSATZE OF THE UTZT

In the previous section, we have considered the UTZT in
the general case. Since there are seven free parameters as
inputs, it does not get stringent experimental constraints.
We shall consider some special cases of the UTZT to
simplify its texture.

First, we assume that the condition [8]

arg(cl,u) + arg(Dl,V) = 2arg(Bl,V) (38)

is satisfied. Then M; and M, are, respectively, decomposed
into

M, = PTM,P;e*” and M, = PTM,P,e*, (39)

in which

0 14, 0
M, =1 1Al IC,I 1Bl | (40)
0 |Bl,1/| |Dl,1/|

In the following discussions, we turn to two different
Ansdtze: Ansatz (A), |A;,| = |D;,| and Ansatz (B), |C)| =
|B)| and |C,| = |D,|.

A. Ansatz (A)

We propose to consider this new Ansatz, in which both
|A;| = |D,| and |A,| = |D,| hold. Our motivations are
based on the model which we built in Sec. II:

(1) In the charged lepton sector, the (1,2) and (3,3)
entries of the Yukawa coupling matrix Y] are non-
zero. It is natural to assume that they have the same
magnitude: [(Y}) 5] = [(Y})s3]. After SSB, we arrive
at |(M))5| = |(M))s3], or equivalently, |A;| = |D,|.
In this assumption, we can reduce the number of free
input parameters. This equality can be realized in the
non-Abelian discrete group As [24] with suitable
arrangements of the particle contents'

"'We may arrange €; and Ey as the triplets, H' as a singlet, and
embed H? and H? to a 5-plet in As. After H' gains its vacuum
expectation value, we are led to A; = D;. With a suitable vacuum
alignment for the 5-plet, no additional mass term will be intro-
duced and the two-zero texture is preserved.
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(i) Applying the above discussion to the neutrino sec-
tor, we are led to

|(MD)12| = |(MD)33|,
|(MR)12| = |(MR)33|,

|(Ms)12| = |(Ms)33|,

|(MM)12| = |(M,LL)33|'
(41)

Then, using the inverse seesaw formula in Eq. (9),
we arrive at

|(M,)12] = |(M,)3]

_ |(Mp) 122 1(M )1
|(Ms) 121> — [(M )12l (Mg) 12l

(42)

or equivalently, |A,| = |D,|.

In Ansatz (A), the mass matrices in both the charged
lepton and left-handed neutrino sectors can be solved
exactly in terms of their mass eigenvalues. In the left-
handed neutrino sector, we have the expression of M , in
terms of its three mass eigenvalues

|A,,| = (m1m2m3)'/3,
IB,| = [(mymym3)'3(m; — my + m3) — 2(mymym3)*/>
+ mlmz - m1m3 + m2m3]1/2,

|C1/| - m1 - m2 + I’I’l3 - (m1m2m3)1/3, (43)

and that of U, in terms of the ratios of the eigenvalues

kl/l(xvyv_au)ay kV2(yV+aV)aV kVS(l_aV)aV
UV: kvl(xvyu_av)xvyy_kvz(yv+av)yv kv3(1_a1/) >
kvlbvxvyv kVZbeV kl/3bV

(44)
where a, = |A,|/m3, b, = |B,|/ms, ¢, = |C,|/m5 and

ki =[(a + x2y2)(x,y, — a,) + x2y2b2] 712,
k=@ +y2), + a)* + y2b2] 12, (45)
ks =[(@+ 1)1 —a,)? + b2V

In the charged lepton sector, after replacing the index
v — [ and the masses (m;, my, m3) — (m,, my, m,), we
arrive at the expressions of M, and U,. The relations

76,1 = 7#,2 +90° = 77,3 (46)

must be required in the phase matrices P, ,, while Q,, are
arbitrary.

The mixing angles 6,,, 0,3, 6,3 and the CP phases 9J, p,
o can be obtained from V = Vv, = Pfutou,p,.

The numerical results of the parameter space and phe-
nomenological predictions in Ansatz (A) are shown in
Fig. 3. Only three free parameters, m;, «, and 3, are taken

PHYSICAL REVIEW D 86, 093011 (2012)

0,,[°] 0,,[]
180 P .ﬂg. 90 "
¥ = /
=0 = 0
-180 : g -90 -
-180 0 180 ~90 0 90
al] Pl
0.04 0.2

-0.04 0 ’
8

8.4 8.8 9.2 9.6 0 0.01 0.02
05[] (M) [eV]

FIG. 3 (color online). The parameter space and phenomeno-
logical predictions of Ansatz (A). Only three free parameters «, 3,
and m, are adjustable. The constraints are the same as in Fig. 1.

as inputs. The experimental constraints are the same as
those in the general case. The constraint on m; in this
Ansatz is much stronger than that in the general case.
One can get m; = (0.002-0.003) eV in Fig. 3. Although
the number of free parameters has decreased to three, the
numerical results of the mixing angles 61,, 0,3, and 03
still fit the experimental constraints very well. Among
them, 6, and 6,5 are still nearly evenly distributed in the
parameter space, and 6,3 has a very slight preference for
being larger than 45°. The CP-violating parameters are
constrained more stringently. The allowed region of the
(a0, B) parameters is much smaller: |a| = (45°-90°) and
|B] = (120°-180°). |J| can maximally reach 0.02 at
6,3 = 8° and 0.03 at ;3 = 9.6°. The relation p = o =
90° is a good approximation. The ratio {(m),,/{m), is
more likely to get a small value than that in the general
case. It is only allowed in the range (0.002-0.04). Taking
(m), =1072 eV, we obtain (m),, = (0.24) X 107* eV.
This is far beyond the sensitivity of the future experiments.

B. Ansatz (B)

In Ansatz (B), the requirements |C;| = |B;| and |C,| =
|D,| are imposed. This Ansatz was first proposed in
Ref. [8]. It is motivated by the mass hierarchy of the
charged leptons and the experimental fact that the mixing
angle 6,3 in the MNSP matrix is about 45°. The relation
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|C)| = |B,| will lead to |C)| = |m,,|, which is compatible
with the fact that charged leptons have a large mass
hierarchy. And the requirement |C,| = |D,| can lead to
6,3 = 45° easily. A detailed interpretation for this Ansatz
can be found therein. Here, we reanalyze it by using the
latest experimental data.

The solutions for diagonalizing M; and M, in terms
of the mass eigenvalues and their ratios have been give
in Ref. [8]. We use them for our numerical calculation
and show the relevant results in Fig. 4. The same inputs
and constraints in Ansatz (A) are applied to this Ansatz.
The lightest neutrino mass m; is given by m =
(0.004-0.008) eV, bigger than that in Ansarz (A). For the
mixing angles 63 > 8.8° and 6, < 33.8° hold, and 8,3 is
easier to gain a value smaller than 45°. As shown in Fig. 4,
two thirds of the (6,,, 6,3) parameter space is excluded.
The constraint on the («, B8) parameter space is still loose,
and the relation p = o = 90° is also valid. | 7| in this
Ansatz can maximally reach 0.02 at ;5 = 9.6°, smaller
than the maximal value in Ansatz (A). The prediction for
the effective mass of the 0»28 decay is totally different
from that in Ansatz (A). It gives {(m),,/{m), = 0.1. Since
(m), = 0.01 eV also holds in this Ansatz, we arrive at
(m),, = 0.001 eV. We can compare the new results with
the old ones presented in Ref. [8]. Since the mixing

20
— 10
>
[0}
[+]
\‘O_ 5
&
1
8 84 88 92 96 33 34 35
6,51 6,,[]
180 90
E 9 o-/ :
<=} /
-180 -90
-180 0 —-90 0 90
a[] p[°]
0.04 0.2
,
> 0
-0.04 0
8 84 88 92 96 0 0.01 0.02
8,5 (m), [eV]

FIG. 4 (color online). The parameter space and phenomeno-
logical predictions of Ansatz (B). The inputs and constraints are
the same as in Fig. 3.
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parameters are measured more precisely, most parts of
the parameter space are excluded. Ansatz (B) now is not
as favored as before.

In this section, we have analyzed the UTZT in two
Ansdtze. They have two main features distinguishing
themselves from each other. One is the difference of the
parameter space of the mixing angles. Ansatz (A) is
favored in the full (6,, 6,3) parameter space, while
Ansatz (B) is just partly favored. This feature makes
Ansatz (A), which is a natural assumption of our model
in Sec. II, more interesting than Ansatz (B). The other
feature is the prediction for (m),,. The value of {(m),, in
Ansatz (B) is much larger than that in Amnsatz (A),
although both are below the sensitivity of the near-future
experiments.

VI. CONCLUSION

The GISM gives vanishing (1,1) and (1,3) submatrices
of the 9 X 9 neutrino mass matrix M. This is similar to the
UTZT, which gives vanishing (1,1) and (1,3) elements of
the 3 X 3 mass matrices M;,. We have pointed out their
similarity and considered their several aspects. The main
points are listed in the following:

(1) We have proposed a model based on the discrete
Abelian group Zg X Zg to realize both the GISM
and the UTZT. We reiterate that besides Z, there are
many discrete Abelian groups whose direct products
can realize both of them.

(2) We have calculated the UTZT in the general case.
Only the normal hierarchy of the neutrino masses is
allowed by this texture. We obtain the lightest neu-
trino mass m; = (0.001-0.015) eV. The Jarlskog
invariant J can maximally reach 0.04 in view of
the new experimental results of 6,5. The effective
mass (m),, in the 0¥2 83 decay can maximally reach
0.001 eV.

(3) We have compared two Ansidtze of the UTZT.
Ansatz (A) is a natural approximation of our model
built in Sec. II, and Ansatz (B) is a special case
which has been considered in Ref. [8]. The mixing
angles in Ansatz (A) fit the experimental constraints
quite well, while in Ansatz (B), 6;3 > 8.8° and
01, < 33.8° are allowed, and 0,3 < 45° is preferred.
Ansatz (B) predicts the effective mass (m),, =
0.001 eV in the Ov2B decay experiments, while
Ansatz (A) can only predict (m),, one or two orders
of magnitude smaller than that in Ansatz (B).

Finally, we stress that the GISM can avoid the hierarchy
problem and is testable in collider experiments, and the
UTZT agrees very well with current neutrino oscillation
data. Both the GISM and UTZT can be realized from the
same Abelian symmetry due to their similar structures,
although their uniqueness cannot easily be verified in the
bottom-up approach of model building. Except for the
above discussions, there are some other interesting aspects
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of the GISM and UTZT in neutrino phenomenology. One is
to discuss possible collider signatures of the TeV-scale
right-handed, or additional gauge-singlet neutrinos in the
GISM, which could be explored by the Large Hadron
Collider. Another aspect is related to the baryogenesis
via leptogenesis, so as to account for the cosmological
matter-antimatter asymmetry. The two-zero textures of the
Yukawa coupling matrices and the uncertainty of the scales
of My and M, may affect how the leptogenesis mechanism
works in the early Universe. A detailed analysis of these
aspects will be done elsewhere.
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APPENDIX A: SIMPLIFICATION OF THE
NEUTRINO MASS MATRIX IN THE GISM

1. General analysis

The neutrino mass matrix in the GISM is described by a
9 X 9 matrix M given in Eq. (2), where M, Mg, Mg, and
M, are 3 X 3 complex submatrices. For physical condi-
tions, one can naturally assume that the scale of My, is the
electroweak scale and the scale of Mg is several orders
larger than that of M. To some extent, the scales of My
and M, are more arbitrary. They can be either very high or
very small due to different mechanisms. Large mass scales
can be regarded as the breaking of a certain symmetry at
a very high energy scale, similar to the Majorana mass
matrix of the right-handed neutrinos in the type-I seesaw
model. And small mass scales may be generated from
higher-dimensional operators after integrating out some
unknown heavy fields [25]. Small mass scales are also
consistent with the 't Hooft’s naturalness criterion [26],
because the conservation of the lepton number is recovered
when Mg and M, reduce to zeros.

Since different scales of My and M, may lead to differ-
ent phenomenological consequences, it is necessary to do a
general analysis of how M can be simplified in different
cases. We denote

Mp Mg
My =(Mp 0) and MR=< ) (A1)

ML M,

Obviously, the scale of M, is several orders smaller than
that of Mg, and My, yields the masses of the right-handed
and additional gauge-singlet neutrinos. One can obtain
the mass matrix of light left-handed neutrinos through a
seesawlike formula,

PHYSICAL REVIEW D 86, 093011 (2012)
M, =~ —MpME "M = —Mp(Mg — MsM ;' M%)~ M.
(A2)

The mass formula in Eq. (A2) is the main result in the
GISM. It can be further simplified in some special cases.
However, since Eq. (A2) is only valid for Mp < My —
MsM,'M{, the exception should also be considered
especially.

2. Special cases

For different mass scales of My and M ,, the expression
of M, in Eq. (A2) can be simplified. For the sake of
convenience in the following dicussions, we denote M}
to be block diagonalized by a 6 X 6 unitary matrix W as

M, 0
W*MﬁW*E( " )

0 M, ()

in which M, and M}, are 3 X 3 matrices standing for
the medium and heaviest neutrino masses, respectively.
Here, we consider three typical cases to simplify the mass
matrices M, and M.

Case (A): 0=Myr <Mg and 0=M, < Ms;.
Equation (A2) can be simplified to [27]
M, =~ MpMg ™M, Mg 'ME, (A4)
and My, is simplified to
My Ms
My = T . (AS)
ML M,

This case has been discussed in Ref. [28]. Since M, and
My are much smaller than Mg, the right-handed and addi-
tional gauge-singlet neutrinos have nearly degenerate
masses and are combined to form the pseudo-Dirac
particles. Their masses can be not huge and may be testable
by the collider. For instance, assuming M, ~ 0.1 eV,
M, ~ 1 keV, and M, ~ 10 GeV, we obtain Mg ~ 1 TeV.
Another aspect of this case is the nonunitary effects. Such
effects in the mixing matrix are approximate to MpMg .
Experimental data show that they are smaller than O(1)
[29]. Due to present accuracies for measuring mixing
angles, we do not have to consider the nonunitary effects
in the mixing matrix. We will ignore them in the main body
of this paper.
Case (B): M,, < Mg < Mg. My, can be simplified to

My, =~ M, — MEMZ'Ms,

M, ~ M. (A6)

This case accommodates a large range of the masses of
sterile neutrinos and provides a possibility for low-scale
leptogenesis [4]. One can further discuss the case (B1):
Mg < MsM,'M{ and case (B2): Mg > MsM,'M{. In
case (B1), M, can be simplified to Eq. (A4); while in case
(B2), M, can be simplified to [4]
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M, ~ —MpMg' MY, (A7)

To derive the tiny left-handed neutrino masses in case (B2),
the scale of My should, in general, be very high, which is
similar to the type-I seesaw model.

Case (C): Mg > Mg and M, > Mj. In this case we
obtain Eq. (A7) and

M,, =~ max(Mg, M),

Mh = min(MR, M,u) (AS)

The choice of the mass scale of M, is a little arbitrary
except for M, > M. There is only small mixing between
the right-handed and additional gauge-singlet neutrinos.
Since Egs. (A4) and (A7) are the typical formulas of
left-handed neutrino mass matrices in the OISM and type-I
seesaw model, respectively, these two models can be
regarded as two special cases of the GISM to some extent.

3. Exception

Note that Eq. (A2) does not hold for My — MsM ' M} <
Mp. This exception should be considered in particular. It
can be further divided into two cases: case (D), Mr = Mp
and MsM,'M{ < Mp; and case (E), Mg > Mp and
MgM,'M{ > My, but there is a cancellation that leads
to Mg — MsM ;' M{ < M,

Case (D): Since My is several orders higher than Mp,, we
are led to Mx < Mg < M,,. M can be simplified by a
congruent transformation with a 9 X 9 unitary matrix "W.
One can write out W and Wt M W* as

PHYSICAL REVIEW D 86, 093011 (2012)

1 0 0
W=1]0 1 -MsM,' |,
0 (MMMt 1
0 Mp 0
WIMW* = | ML Mg — MiMg'Ms 0 |, (A9)
0 0 M

o

respectively. Finally, we obtain M, = Mp, which is too
heavy to be the left-handed neutrino mass matrix. Thus,
this case is not interesting.

Case (E): ' W and WT M W* are given by

1 0 0
W=|0 1 MIm,!' |,
0 (MImHt 1
0 0 MpMyg'Mg
WIMW* = 0 My 0 ,
MIMZ'MT 0 0

(A10)

respectively. One can further derive that the left-handed
and additional gauge-singlet neutrinos have nearly degen-
erate masses M, ~ MpMz ' Mg and form the pseudo-Dirac
particles. However, since Mg > Mp, one has to require
that the scale of My in the GISM be even higher than that in
the type-I seesaw model, which is unnatural.
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