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We study the implications of the experimental results on the u — ey decay rate and the muon
anomalous magnetic moment on muonic lepton flavor violating processes, such as u — 3e and
MmN — eN. We use a model-independent approach in this analysis, where these processes are considered
to be loop induced by exchanging spin-1/2 and spin-O particles. We explore two complementary
cases—those with no cancellation mechanism in amplitudes and those with an internal (built-in)
cancellation mechanism. Our main results are as follows: (a) Bounds from rates are used to constrain
parameters, such as coupling constants and masses. These constraints can be easily updated by simple
scalings, if the experimental situations change. (b) The muon g — 2 data favors nonchiral interactions.
(c) In w — 3e and uN — eN processes, Z-penguin diagrams may play some role, while box diagram
contributions to u — 3e are usually highly constrained. (d) In the first case (without any built-in
cancellation mechanism), using the recent 4 — ey bound, we find that 4 — 3¢ and uN — eN rates are
usually bounded below the present experimental limits by two to three orders of magnitude in general.
Furthermore, by comparing Aa,, and B(u — ey) data, the couplings of u and e are found to be highly
hierarchical. Additional suppression mechanisms should be called for. (¢) In the second case (with a
built-in cancellation mechanism), mixing angles can provide additional suppression factors to satisfy
the Aa, and B(u — evy) bounds. While the u — 3e rate remains suppressed, the bounds on uN — eN
rates, implied from the latest 4 — ey bound, can be relaxed significantly and can be just below the

present experimental limits.
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I. INTRODUCTION

Charge lepton flavor violating (LFV) processes are pro-
hibited in the Standard Model (SM) and, hence, are excel-
lent probes of New Physics (NP). Recently the search of
pm — ey decay was reported by the MEG Collaboration
giving [1]

B(ut —ety) =24 x10712 (1)

The bound is several times lower than the previous one [2].
This result received a lot of attention (see, for example,
Refs. [3-5]). In many New Physics models, this decay
mode is closely related to other lepton flavor violating
processes, such as u* — e*e*e” decays and u”N —
e~ N conversions [6]. The present limits and future experi-
mental sensitivities [1,2,7] of these LFV processes are
summarized in Table I. Note that present bounds on w
LFV rates are roughly of similar orders. It will be interest-
ing to see what the implications are of the new B(u — ey)
bound on these LFV processes and the interplay between
them.

Since 2001, the muon anomalous magnetic moment
remains as a hint of a NP contribution (see, for a review,
Ref. [8]). Experimental data deviates from the Standard
Model (SM) expectation by more than 30 [2]:

Aa, = ap® —aM = (287 £63 £49) = 107", (2)
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Since NP contributes to Aa, and B(u™ — e*y) through
very similar loop diagrams [see Figs. 1(a) and 1(b)], it is
useful to compare them at the same time.

The Large Hadron Collider is working well. So far no
NP signal is found (see, for example Ref. [9]). Plenty of
well-studied NP models or scenarios are ruled out or
cornered. Therefore, it will be useful to study the low-
energy effect, when the NP scale is still beyond our reach.
Given the present status on NP models, we believe that it is
worthwhile to use a model-independent approach.

In this work we consider a class of models that induce
muon g — 2 and various muon lepton flavor violating
processes, such as u — ey, u — 3e, and u — e conver-
sions, by exchanging spin-1/2 and spin-0 particles in loop
diagrams. We try to see where the present g — 2 and u —
ey experimental results lead us on estimating rates or
bounds on various LFV muonic decay modes and the
interplay between them. Two cases, which are complemen-
tary to each other, are considered. In the first case, there is
no built-in cancellation mechanism among amplitudes.
The second case is with some built-in mechanism, such as
Glashow-Iliopoulos-Maiani (GIM) or super GIM mecha-
nism. These two cases will be compared.

The layout of this paper is as follows. In the next section,
the framework is given. Numerical results are presented in
Sec. III, where bounds from rates are used to constrain
parameters, such as coupling constants and masses.
Correlations between different processes are investigated.
Discussion and conclusion are given in Secs. IV and V,
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TABLE I. Current experimental upper limits and future sensi-
tivities on various muonic LFV processes [1,2,7].

Current limit Future sensitivity

B(ut —ety) <2.4 %X 10712 10713
B(ut —etete) <1.0X 10712 107 14-10716
B(u~Ti— e Ti) <4.3 X 10712 10718
B(u~Au— e~ Au) <7 X 10713 107 14-10716
B(u~ Al — e~ Al) 10716

respectively. Some formulas and additional information
are collected in the Appendixes.

II. FRAMEWORK

In this section, we begin with introducing the
Lagrangian of a generic interaction involving leptons,
exotic spin-1/2 fermions, and spin-0 bosons. Formulas of
processes of interest, discussions on subtleties on the cal-
culation of the Z-penguin amplitude, and explicit expres-
sions of Wilson coefficients will be given subsequently.
This section ends after the formulation of the two comple-
mentary cases as briefly mentioned in Sec. I.

A. The interacting Lagrangian and diagrams

The Lagrangian of a generic interaction involving lep-
tons (I), exotic spin-1/2 fermions (i), and spin-0 bosons
(¢;) is given by

-Eint = {_pn(gill[l,PL + g?]éPR)l‘zﬁj

+1(gl;"Pr + gl PL) ¥ ndbis (3)
Oi
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FIG. 1. (a) and (b): Penguin diagrams that contribute to muon
g—2 ut—ety, ut—etete, and u”N— e N pro-
cesses. Note that diagrams involving self-energy parts are not
shown. (c) and (d): Box diagrams contributing to the u* — 3e
process. Figure (d) takes place only when ¢, , are Majorana
fermions.
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where summation over indices is understood unless speci-
fied. The Lagrangian is given in the mass bases and is ready
to be used in calculations. However, it is important to make
sure that it transforms as a singlet under the SM gauge
transformation.

In the weak bases of i ,, gy, br. and ¢dp,, the
interacting Lagrangian is

Ly = (g%a':bkplL¢za + g;’;;a(szled’}kea) +He, 4)

where we denote ¢ g for the scalar fields that couple to
I1(r) and subscripts p and a are the labels of different weak
fields, which may have different SU(2) X U(1) quantum
numbers. It is important to require that L;,, transforms as a
singlet under the SM gauge groups and quantum numbers
of ¢ and ¢ are related (see Appendix A).

The mass bases are related to the weak bases through the
following transformations

i =Uldra+ URdre Wy = Vil by ()

where i and n are labels of mass eigenstates and U and V
are the mixing matrices relating weak and mass eigen-
states. With

ni — R(L) 7 7L(R)
8w = i Ve Ul (6)

the interacting Lagrangian is now brought into the form
shown in Eq. (3), which is more convenient and will be
used in later calculations.

These interactions will induce lepton flavor violating
processes at the one-loop level. Penguin diagrams contribut-
ing to the muon anomalous magnetic moment and u* —
e’y are shown in Figs. 1(a) and 1(b), while box diagrams
contributing to the u* — 3e process are shown in Figs. 1(c)
and 1(d). Note that (i) penguin diagrams shown in Figs. 1(a)
and 1(b) also contribute to u™ — 3¢ and uN — eN
processes by connecting the virtual photons or the Z bosons
to electron currents and quark currents, respectively,'
(ii) Fig. 1(d) takes place only when i, , are Majorana
fermions.

B. Formulas for various processes

To define our variables and to specify our convention,
we collect formulas for various precesses here. The rele-
vant effective Lagrangian in this study is

Lt = Lyyy + Ly + Lyggy (7N

with I¥) = e, u, 7, and ¢ denoting quarks. Each term will
be specified below. For I’ # [, we have

‘EZ/I)/ = ZiUMVlRFMVALIR + Z_/RO-MVZLF’MVAR’L + H.c. (8)

and

'Tt is possible to have box diagrams with the electron line in
Figs. 1(c) and 1(d) replaced by a quark one and contribute to
MN — eN conversions in some cases. We will discuss this
contribution in the Discussion section.
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ALR/ = A*

R'L’ ARL/ = AZ/R. (9)

Note that in the case of I/ = I, we do not need the addi-
tional Hermitian conjugated terms in Eq. (8). These A’s are
from the so-called F, photonic penguin and their explicit
forms will be given later. B
The effective Lagrangians for I/ — 3/ decays and I’ — [

conversions are [6]
Ly = gR’LRL(l_/RlL)(Z_RlL) + gL’RLR(l_ILlR)(l_LlR)

+ grrrr( g Y IR Uy ulr) + grorr (' Ly 1)

X (Z_LJ’MZL) + gR/RLL(l_/R?’“lR)(Z_LVMZL)

+ grorr(U vy 1)Uy, lg) + He, (10)

Lygg = Zd[gLv(CI)l LY+ gry(@)] RY*IR1GY g
q=u

+ He, (In

where

= ,2 P zZ A B
EM'MNO = € ngM/MaNO + gM'Mg[N(SNO + EMMNO’

1
guv(q) = eQlgh . + ngm(gi +g2), a2
for M, N, O =L, R with g¥ = from the so-called F,

photonic penguin, g%, from the Z-penguin, and g%,
from box diagrams. More details and the explicit forms of
these Wilson coefficients will be given later. Note that
although the above £, is not the most generic one, it
contains all the relevant parts that are closely related to
Ly and £l’ly'

We now collect the formulas for various processes ori-
ginated from the above Lagrangians. Comparing the effec-
tive Lagrangians of the lepton g — 2 and the electric dipole
moment (EDM),>

eQ -
.E _9 = _4—Aalla'/_“,lF‘MV,

g2 m,
i (13)
Lepy = _Edll(TMﬂle“",

to the generic expressions in Eq. (8), the anomalous mag-
netic moment and EDM of lepton / can be readily read off as
4
Aaj= = FURe(p),  di=2Im(Agy), (14
ey

respectively. The I’ — Iy and I’ — [1] decay rates are

given by
- (m3 — m?)?
L' —1y) = 1471(|AL r1? + 1A ?)  (15)
7TWLZ,
and [6]

2We use the convention where D,=0d,+ieQA, withe = +]e|.
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- — ms, |g / |2

(' —Il)=—-1" [ RLRLT 4 g ornr ;|2

( ) 3(877)3 3 lgrreLl
2 /2 11
1 —’——)
Og<m% 4

A
+32|%
+ 16Re<eAR’Lg Z’LLL) + 8Re(eAR’Lg z’LRR):I

mp
my my
+L—R, (16)

respectively. While the /N — [N conversion rate ratio is
governed by

Bin—en = —C:)”“V, a7
. capt
with
A*
Weony = 2m1 + 2[28Lv(14) + gLv(d)]V(p)

2
+2[g7y (W) + 287y (AIV™ | +L <R (18)

The numerical values of D, V, and ., are taken from
Refs. [10,11] and are collected in Appendix B.

C. Z-penguin amplitudes

The calculation of the Z-penguin amplitude is quite
complicated and subtle. Some explanations are needed.
The interaction involving a Z boson is given by

Lfn = _ZZ(gIZLPL + gIZRPR)l_ JILngin l//Lp
- &qugiﬁ,q lszq - igiw(d)zaa#(ﬁLa - a#‘ﬁza(ﬁLa)

— i85, (Pra0" bra— " PryPra) -, (19)
with
z _ ¢ 2
=— (T3 — 0 , 20
8% sinHWcosﬁw( 3 = sin’fy Q)x (20)
for X = I ), ¥1r)p and ¢y (r), in the weak eigenstates.

Since L;, transforms as a singlet under the SM gauge
group, the g% of various fields are related through
ngL(m N gim)l’ N gia =0, @b
if the corresponding coupling g;ﬁ‘m in Eq. (4) is
nonvanishing.
Although the couplings gium bu ATC diagonal in the

weak bases, it may have off-diagonal terms in the mass
bases. In the mass bases, the interacting Lagrangian involv-
ing a Z boson is given by

LL = —1Z(gf P+ gl Pp)l —

int

l//mZ
X (&% wnPL+ &5 PRV

_igiij(¢?aﬂ¢j_6M¢T¢j)+---, (22)
with
4 ’rL tR
84ij = Vi85, Uaj + Vi85, Uaj>
Z — L(R) TL(R)
gl/fL(R)m" Vi l//LR V ' (23)
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The one-loop amplitude for [ — I'Z consists of two diagrams shown in Fig. 1 and two additional diagrams involving self-
energy diagrams with Z attached to external lines. The resulting amplitude is given by (neglecting m;, m, and g?)

. l — i j %
iM = o2 (g "Pr + g)e P [(gzzL5z o

X (gz PL + glRPR)”[ (
i
_l’_
1672

2
4—d

where d is the number of the space-time dimension, yg is
the Eular number and F, and G, are the loop functions
whose explicit forms are shown in Appendix B. Note that
M is an arbitrary mass parameter introduced to balance
dimension. We will return to it later.

Note that the divergent part contained in the first term
is indeed vanishing by requiring the / — ¢y — ¢ interaction
L, in Eq. (4) be invariant under the SM gauge group,
i.e., we have

* Z oz _ oz nj
gﬁ(R)(gluR 8ij8mn ~ 8lpuymnOii = 85ijOmn) &L (k)
_ Jpax (7 7 _ JZ N\ pa
= 8 8T ~ 8wy ~ 89d)81LR) = O (25)

where sum over indices are understood and Eq. (21) has
been used in the last step. The nondivergent part, namely
the one with F,, survives. Note that by the same token the
dependence on the arbitrary mass parameter M cancels.
The resulting Wilson coefficients will be given later. It is
easy to see that in the non-mixing case (U = V = 1), the
whole first term (including the F, term) is vanishing.

As a cross check, we note that the same expression of iM
can be use to obtain the lowest order y-penguin amplitude by
|

ni*

jOmn — gikmnaij - gé[j5mn)PL + (gial 6mn

5 (8% o — &5, )W (&1 PR + gJE PLE () PL — gk PRIuGZ(my, ,m3, ,m3 ),

- giLmnéij - gg)ijamn)PR]

4m
— yg + lnﬁ) = Fz(m3, ,m3, ,m3, mé/_, MZ)]

(24)

|
replacing each gZ by the corresponding eQ. Since under
these replacement (ngL 0 01jOmn— giR(L)m,léi i giijé‘mn)—»
€(Q1_Q¢ _Q¢)5ij5mn:0 and (giunn - gﬁkmn) -
e(Qy — Qy)8,,, =0, the corresponding @'¢*u term is
vanishing as expected.

D. Wilson coefficients

Induced by the interaction given in Eq. (3) the Wilson
coefficients for the effective Lagrangian in Sec. II A are
calculated to be

nr nix

32 ) [(mlgl’MglM + ml'gl’NglN

< (Qu Fy () — i )
+my, 8i8in(Qy, Falmy, ,my)

= Qy, Falmiy, miy, )}

AM’N

(26)
for M # N, but with M, N=L, R, and F; are loop

functions collected in Appendix B. The Wilson coefficients
in Eq. (12) are

nr¥

1 ‘ .
Skr = Tg.2 80k 8kl Qy, Golmiy miy, ) + QG (my ,mG )]+ my, (migii gl +mygy gl Qy, Gs(mG ,mi, )

+Q4,G3(m3, ,my )]},

o = ~ T 2k S S0 i )
~Tomt sz A Tsumn R GG ),
mQ'AT:ﬂpmngﬂL g}“Gz(mw ,mw ,m¢)
gg’LRL 161 ZF(ml/I ’mw ’m¢’m¢ )(g'ﬁfq g;rgg?]é gl - 27781/R 8%681L81L)

mix jMmJj* J

1 [»
Skrrr g2 1672 [Zgl'R 8ik 8ik8ixFmy, ,mj, , ¢,m¢)—

1
gg’RLL T 1672

mj  nj

{ G( my, ,ml/, ,m¢,m¢ )(gl/nglelL glL

n mix *
+ 2 8IR gy glesz(ml/, ,my, ,md,,mfl, )}

+ ngl’R glL gnglR)

mi% m] I1j*

87k 81k 8IR g?”G(m,/,’mw, b M </>)]

ik mj njx

1
Zgl’R g &l &RFmy, my, ,m¢,m¢ )

(27)
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with

KL(R)ijmn = SiHZGW(&ZL(m 0ijOmn— gim“mnaij - giij(smn)/e)

AT gn =Viy TagpVir = Vi Tag,p Vi (28)
loop functions F and G, shown in Appendix B and 5 = 1(0)
for Majorana (Dirac) fermionic . Other g can be obtained
from the above ones by exchanging R and L. Note that for
definiteness we take M = m in F,. As before, the summa-
tion on m, n, i, j is understood.

E. Two cases

We consider two complementary cases.

1. Case I

In the first case, namely case I, there is no built-in
cancellation mechanism. The amplitudes may contain N
different subamplitudes, each of which comes from one of
the loop diagrams as shown in Fig. 1,

A=) A. (29)

J

M=

j=1

We will constrain parameters from data by switching on
various diagrams (subamplitudes) one at a time. The cor-
responding Wilson coefficients of a typical subamplitude
can be obtained by using formulas in Sec. II D, but with the
replacement,

g = & (30)

with all summation on n and [ suspended. Since there is no
built-in cancellation in this case, different subamplitudes
are, in principle, independent from each other. Although it
is likely to have various amplitudes appear at the same time
in a realistic model calculation and interfere with each other,
the interference effects only become important if the ampli-
tudes are of similar size. Hence, our analysis is not only
valid when the sizes are different (hence, constraining the
most dominant amplitude) but also can provide information
on regions where interference may be important.

2. Case 11

In case II, there is a built-in cancellation such as a GIM
or a super-GIM mechanism in the NP sector. This case is
complementary to the previous one. Some of the subam-
plitudes in Eq. (29) are intimately related. We have to
group them to allow the cancellation mechanism to do
its job first. The grouped amplitudes should be viewed
as new sub-amplitudes and we will turn them on one at a
time to constrain their sizes from data. To be specify, we
consider

ghr— &y = gl 3D
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where we have M = L, R and g, is real as the phase is
absorbed into I'. Note that the matrix I" is similar and
related to the mixing matrix U, but is not identical to it.
These I satisfy the following relations:

CifmTy = 3y, THTH = 8"8yy.  (32)
A typical expression of Wilson coefficients given in
Sec. II D is transformed in the following way:

ZgZMf(m%/j méi)géN
» 0 2 2 MN
— my, Wf(’”w’ m5)8umEenOe » (33)
¢

2

where my, is the average mass squared of ¢;, and the

mixing angle 8%/ is defined in the usual way to be [12]

(mP™) e
%. (34)
7

1
Y = Tt — 3T =
The Wilson coefficients in this case can be obtained read-
ily by applying the above replacements to the generic
formulas collected in Sec. I D.

Note that in the Z-penguin amplitude, the zeroth and first-
order terms in the x;g)F; part are vanishing. The leading
order contribution is at the level of 6 x 0, which is beyond
the accuracy of the present analysis and is neglected.

III. RESULTS

Numerical results in cases I and II are given in this
section. Unless specified explicitly, experimental inputs
are taken from Table I and Ref. [2].

A. Case I

In Fig. 2 we show the allowed parameter space for
Q¢',,,|gﬂL(R)|2/m?// and Qg 4Re(g}z€,u1)/my constrained
by the measured Aa, with exclusion of |[g,.x)l%
|gur&url >4m and my 4, < 100 GeV.> The latter
requirements are to ensure perturbativity and to satisfy
the experimental bounds on the masses of exotic particles
[2]. Bands denoted with ¢ or ¢ are allowed regions
obtained through contributions from diagrams with ¢ or
¢ interacting with a photon [see Figs. 1(a) and 1(b)].

31t is easy to see that |gr!? > 47 and m,<100GeV im-
plies |gﬂL(R)|2/m%/, > 47/(100)* GeV™? and |g,1.g.rl*/my>
47/100GeV ™!, while |g,, /> >47 and my < 100 GeV
implies IgML(R)IZ/m%/, = (|8ML(R)|2/m§,) X (my/my)* > 4w/
(100)* X (my/my)?* GeV~2and |g,.8,xl*/m, > (47/100) X
(mg/m,) GeV~!. These excluded regions are shown by shaded
areas with horizontal or inclined boundaries.
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FIG. 2 (color online). (a) Allowed parameter space for =Q, , lg “ L(R)|2 / m%/, constrained by Aa,, (bands with solid or dashed lines)
with exclusion of |g wL(R) |2 > 47 and my, ¢ <100 GeV (shaded regions with dot-dashed lines). (b) Allowed parameter space for
04,4 Re(g),r8,u1)/my constrained by Aa,, withexclusionof |g,; g,x|l > 4mandm,, 4 > 100 GeV. Excluded parameter space (shaded
regions with solid or dashed lines) of |Qy, ,Im(g},zg,.)|/m,, from the muon EDM bound and the expected sensitivity are also shown.

Excluded parameter space of |Q 4 ,Im(g},zg,.)|/m, con-
fronting the muon electric dipole moment (EDM) bound
[2] is also shown in Fig. 2(b).

From Fig. 2(a), we see that the allowed regions on
Oylgurwl?/my and —Qylg,Lm|*/mj, are similar and
the signs of Q , are constrained by data. Note that the
allowed parameter space is quite limited. Indeed, it is
almost closed by the bounds from |g,;x)|* <4 and
my > 100 GeV and my > 100 GeV. The allowed region
is around *Qy 418 ml*/my =107* ~ 1077 GeV~?
and m¢/m¢, =~ (0.3 ~ 3, which implies that for m , of a
few hundred GeV, the couplings Q4 4 18 .1.(r)|* are required
to be of order O(1) ~ O(10), which are rather large, and
are even larger for heavier my, . To see it in another way, if
we take the size of g, 7 (g to be similar to that of the electric
coupling e, we need my , to be as light as 10 to 30 GeV
to reproduce the experimental result on Aa,,. Thus, it is
unlikely to use a chiral-type interaction (g,; X g,z = 0)
to generate the measured Aa,,.

From Fig. 2(b), we see that the allowed parameter space
is substantially larger. To reproduce the measured Aa,,
the mass ratio has to be in the range of O(107°) <
my/my < O(10%3), which is much wider than the one in
Fig. 2(a). We note that the bands of the allowed parameter
space behave rather differently in two regions roughly
separated by my/my = 0.1. (i) For m,/m, < 0.1, the
horizontal bands denoting the allowed parameter region
for =0, 4Re(g}rgur)/my are around 4 X 107° GeV ™.
They are insensitive to mg/m,, since the chiral enhance-
ment factor m,, /m, compensates for the suppression from

the heavy # mass. Note that m,/m, can be as low as

3 X 1073, which implies that m,;, up to 3 X 10* TeV is still
capable of reproducing the measured Aa,, in the extreme
case, where we have a light ¢ [m4 = O(100) GeV] and
large couplings [|g,.g,rl = O(4m)]. (ii) For my/m, =
0.1, the allowed bands rise with the mass ratio. The muon
g — 2 is more sensitive to the diagram with ¢ interacting
with a photon [as depicted in Fig. 1(b)] than to the other
diagram; hence, the constraint on —Q,Re(g}zg,L)/my
is more severe than the one on +QgRe(g,r8,uL)/My-
Indeed, in the large m,/m, region, the suppressions from
a large ¢ mass should be larger in diagrams with ¢ inter-
acting with a photon and, hence, require larger couplings to
compensate for the effect. We see that the mass ratio
m¢/m¢, can go up to 200 (1000) along the ¢ (¢) band,
which corresponds to allowing mg to be as large as
20 (100) TeV in the extreme situation.

As noted previously, in Fig. 2(b) we also show the
excluded region of |Qy, ,Im(g},z8,.)|/m, from the muon
EDM bound. We see that the bound is three orders of magni-
tude higher than that in the allowed =0, ,Re(g},r8,L)/my
bands. To constrain the former to the level of the latter, the
EDM sensitivity needs to be improved. In fact, some pro-
posed EDM searches (see, for example Ref. [13]) are aimed
at a four to five orders of magnitude improvement on the
sensitivity and may be able to probe the imaginary part
of g},r8 . better than its real part.

We now turn to u LFV processes, including u — e,
n— 3e, wTi— eTi, and uAu(Al) — eAu(Al) transi-
tions. In Figs. 3 and 4, we show the parameter space
excluded by various bounds and the one corresponding
to projections from the expected sensitivities on these u
LFV processes, through contributions from photonic and
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FIG. 3 (color online). (a)-(d): Parameter space excluded (projected) by various bounds (expecting sensitivities) on u LFV processes
through contributions from photonic penguins. Note that solid, dashed, dot-dashed, and short-dashed lines denote results from
u— ey, i — 3e, uTi — eTi, and uAu(Al) — eAu(Al) processes, respectively. (e) and (f): Same as (a)-(d), but through contribu-

tions from Z penguins.

Z-penguin diagrams. To be specific, for the proposed sen-
sitivities, the conservative values of the future sensitivities
quoted in Table I are used. Note that the photonic penguins
contribute to w — 3e and uN — eN through the so-called
F, penguin, which is similar to those contributing to Aa,,
and u — e7, and the F; penguin, while the Z penguins
only contribute to u — 3¢ and uN — eN decays. Note
that the Z-penguin amplitudes contribute through the

|8 ur(1)8err)AT3y | and |g ()& er() Kr(1)| Parts. The for-
mer contribution is a function of the mass ratio m¢/ my,
while the latter one depends on both ¢ and ¢ masses. The
resulting constraints are plotted in Figs. 3(e), 3(f), and 4.
It should be noted that Figs. 3 and 4 can still be useful if the
experimental bounds change. For example, if a bound is
reduced by a factor of k, the new plot can be easily updated
by reducing the present plot by a factor of Jk.
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(a)-(d): Parameter space excluded (projected) by various bounds (expecting sensitivities) on u LFV processes

through contributions from Z penguins with different choices of mass ratios. Note that dashed, dot-dashed, and short-dashed lines
denote results from u — 3e, uTi — €Ti, and pAu(Al) — eAu(Al) processes, respectively. Note that these plots also apply to the

R < L cases.

Note that the combinations of couplings |Q¢,¢ 8uR(L)
8erw)ls |Q¢,¢;g wR(L)8 cL®)| (from photonic penguin) and
|g,uR(L)geR(L)AT31//|a |g,uR(L)geR(L)KL(R)| (from Z penguin)
have different sensitivities on the experimental constraints,
and the sensitivities change with m,, 4. For heavier m ,,, the
contributions from the photonic penguins decrease and the
Z-penguin contributions, where the nondecoupling effect is
working, dominate. By comparing Figs. 3(a) and 3(b) to
Figs. 3(e), 3(f), and 4.* we find that (i) in the range of m,, <
0O(100) GeV the photonic penguin contributions dominate
over the Z-penguin ones, (ii) in the range of the
O(100) GeV = m,, = O(100) TeV, the photonic penguin
contributions from the Qg ,&,r1)8cL(r) terms dominate
over the Z-penguin contributions, which are, however, still
larger than the photonic penguin contributions from the
Q o,y 8urw)8er() Part, and for (iii) m, = O(100) TeV,

“Note that the plotted quantities in these figures have different
powers of m,.

the Z-penguin contributions dominate. The role that Z pen-
guin plays is emphasized in Ref. [14].

Since NP contributions to Aa, and the u* —e*y
decay are from similar diagrams, it will be useful to
compare them. Using Figs. 2(b), 3(c), and 3(d), the present
data on Aa,, and B(u™ — e*y) lead to

EuR(L)8eL(R) _ 8eL(R)

=6.1X1072=25 (35

Sur8uL 8 uL(R)
where we define A = 0.2. Thisratio is much smaller than any
known coupling ratio and mixing angle among the first and
second generations. For example, the mass ratio m,/m, ~
A3~4, quark mixing in Cabibbo-Kobayashi-Maskawa matrix
V.4 = sinf, ~ A, and neutrino mixing sinf,,, ~ VA are all
larger than the estimated g, (r)/g,(r) coupling ratio. It
seems that the present case is unnatural.

We see from Figs. 3(a)-3(d) that the present bound from
M — ey surpasses all other bounds. In particular, even the
parameter space to be probed by the proposed p — 3e
sensitivity is mostly excluded by the present u. — ey bound.
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This can be understood by using Fig. 5, where rate ratios of
various modes through photonic penguins are given. We see
that the ratios of LFV rates with respect to the u — ey rate
are all less than unity. Furthermore, we recall that the present
experimental bounds on LFV rates are of similar orders of
magnitude (see Table I). Therefore, the present bound on the
M — ey rate provides the most severe constraint.

Taking a closer look at Fig. 5, we see that, from Figs. 5(a)
and 5(b), the [Q 4 & ur(1)8crr)| terms give B(u — ey) >
B(uN — eN) = B(u — 3e) and, from Figs. 5(c) and 5(d),
the Q4 y8&urw)err| terms give B(u — 3e)/B(u —
ey) ~0.006, B(uTi— eTi)/B(u — ey)=0.004 and
B(uAl — eAl)/B(u — ey) = 0.003, where the first ratio
is consistent with Ref. [6]. Hence, for g,r(1)gcrr) domi-
nating models, the latest MEG bound implies

B(ut—etete )=0.006X B(ut—ety)<1.4Xx10"14,
B(uN—eN)=0(10~3) X B(p* — e+ y) = O(10-15),
(36)

for N = Au, Al and Ti. The above expecting limits are
about two to three orders of magnitudes below the present

Op &uR (L) &eR (L)

PHYSICAL REVIEW D 86, 093009 (2012)

experimental sensitivities (see Table I) and make the
searches on LFV in the muon sector challenging in this
case.

Asnoted in Sec. I A, it is possible to have box diagrams
with the electron line in Figs. 1(c) and 1(d) replaced by a
quark one and contribute to u/N — eN conversions in
some cases. The correlation to the u — 3e rate will be
modified. We will discuss more on this situation in the
discussion section.

Note that Z penguins give different rate ratios (not
shown in Fig. 5), with B(uAl — eAl)/B(u — 3e) = 10,
B(uTi— eTi)/B(u — 3e) =20, and B(uAu — eAu)/
B(pu — 3e) =40 roughly independent of the masses
my . This pattern is different from the photonic penguin
case as shown in Fig. 5. These rate ratios will be useful for
identifying the underlying NP contributions.

In Fig. 6, we show the constraints on parameters that
contribute through box diagrams, as depicted in Figs. 1(c)
and 1(d), to the w* — 3e process. Both Dirac and
Majorana cases are shown. We see in Fig. 6(a) that there
is cancellation in the Majorana case and the sensitivity on
the parameters is relaxed.
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Constraints on parameters that contribute through box diagrams to the u* — 3e process. Solid lines denote

the u — 3e constraint or expectation in the Dirac case, while the dashed lines denote the Majorana case. Note that these plots also

apply to the R < L cases.

Note that constraints on the same combinations of
parameters can be obtained from penguin processes,
including u — ey, Aa,, EDM, and the perturbative
bounds, as well. They are also shown in Fig. 6. We see
that these constraints are usually much stronger than the
ones from the box diagrams, except for |g,ru)8er(r)
8er(1)8er(r)/m7, in the low my/m,, region. In particular,
the u — ey, Aa, and the electron EDM constrain
(Qq,’),l//|g,uR(L)geL(R)|/m¢)(Q¢,¢geR(L)geL(R)|/m1/;) much
deeper than Ig#R(L)geR(L)geL(R)geL(R)I/m%,, from the box
diagrams. Hence, in general, these box diagrams do not
play a major role in the u* — 3e decay.

B. Case 11

We now turn to case II. In Fig. 7, the allowed regions for
+0Q4 y8urEuLRe(8gr ), /my constrained by the mea-
sured Aa,, with exclusions of |g,;g,r0.| > 47 and
my, 4 < 100 GeV, are shown. Excluded and projected pa-
rameter space of |Qy y g8, IM(8g.) |/ my from the
muon EDM bound and the expected sensitivity are also
given on the same plot. For the plots of the allowed regions
for iQ¢,¢|gﬂL(R)|2/mfb, one is referred to Fig. 2(a), as
they are common in both cases.

Comparing Fig. 7 to Fig. 2(b), we see that the allowed
parameters in the upper m,/m, region are similar. In
contrast, they are relaxed substantially in the lower
mgy /m,, region in the present case. To reproduce the mea-
sured Aa,, we need to have O(1072) <mgy/m, <
0(10%3), where the minimum of the mass ratio is much
higher than the one in the previous case. Recall that in case
I, for my/my < 0.1, the allowed parameter region for
*Qy yRe(g,r8ur)/my are horizontal bands around
4 X 107% GeV~! and m,/m, can be as low as O(107°).
From Fig. 7, we see that as we move downward along the
m¢/ my, axis, the bands for the allowed regions for

+04,y8ur8urRe(Spr),, /my bend upward in the low
mass ratio region (m.,/ m,, < 1) and the above parameters
can be as large as 1073 GeV~!, which is three orders of
magnitude higher than those in case I. We also note
that the mass ratio m / m,, cannot be smaller than 1072
as the bands quickly run into the shaded regions, which
correspond to the excluded mg <100 GeV and
| urgurRE(8RL) | > 47 regions. In the present case,
the mass of i cannot be larger than a few tens of TeV,
while in case I it can be as high as a few thousand TeV in
the extreme situation. The built-in cancellation mechanism
reduces the amplitudes effectively and a too heavy ¢ is
incapable to produce a large enough Aa, . The effect of
the cancellation is important in the low m,/m, region
and, consequently, relaxes the constraints on parameters.

1Oy &ur&put. IM(SRL) yl / My (GeV™")

dy excluded -
001}

1074F

10°F AN -7 E

F0y,y 8ur8ur. Re(Ore)yu/my(GeV™")

dy p}bpose& ]
1

1 1 1
0.01 0.1 1 10 100 1000
md)/m,,,

FIG. 7 (color online). ~ Allowed parameter space for +Q 4 , g .r
guLRe(8gp ), /my constrained by Aa, with exclusion of
| Spr| > 4m and m > 100 GeV. Excluded parameter
SuL8 uRORL ¢ p

space (shaded regions with solid or dashed lines) of
10,y 8urEuIM(8gL),, /my| from the muon EDM bound is
also shown.
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FIG. 8 (color online). Same as Fig. 3, but now in case II.

In fact, we expect to see the very feature in other penguin  contribution takes over. However, from the previous discus-
contributing channels as well. sion on the muon anomalous magnetic moment, we see that

In Fig. 8, we show the constrained and projected parame-  to account for the measured Aa,, m, cannot be heavier
ter space through penguin contributions by considering  than a few tens of TeV. Hence, the Z-penguin contribution
the experimental bounds and the proposed sensitivities.” will be subdominant in this case.
We note that the photonic penguin contributions via the By comparing the constraints from Aa,, and B(u — evy)
Ogy term dominate over other contributions for m, as shown in Figs. 7, 8(c), and 8(d), we obtain

3 .

below O(10°) TeV. For m, beyond that, the Z-penguin ¢ k8o REL(Bruii ) e g Re[(8 1k ue]

g,lLRg;LLRe[(SRL);L/L] 8uL(R) Re[(SRL)p.,LL]

5 . _
"For Z-penguin contributions, only those from ATj, are =5 .16
shown, since the gy ones are highly suppressed. =42X 107 =A% (37
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FIG. 9 (color online).

If we estimate g,/(r)/&.1(r) Dy using the lepton mass ratio
m,/m, ~ A% we see that a mixing angle ratio of
Re[(8grzr) we)/Re[(Or1) ] = A*73, which is not un-
natural, can easily satisfy the above bound. In this respect,
case II is more reasonable and natural than case I, where the
coupling ratio is highly hierarchical [see, Eq. (35)].

It is interesting to see from Fig. 8 that the w — e’y bound
is not always the most stringent one. The bounds from
pm — 3e and uN — eN in Fig. 8(a) are almost the same as
those in case I [see Fig. 3(a)], but the bound from pu — ey
is relaxed up to more than two orders of magnitude in the
low my/m, region and becomes less severe than other
bounds. Similarly, comparing Fig. 8(c) with Fig. 3(c), we
see that in the low m¢/ my region, both bounds from
pm — ey and p — 3e are relaxed up to three orders of
magnitude, while the changes on those from uN — eN
are mild. We can infer that, similar to the Aa u case, the F,
(photonic) penguin amplitudes exhibit cancellations in
amplitudes in the low my/m, region and relax the con-
straints from pu — ey significantly, while the cancellations
in the F; penguin contributions in w — 3e and uN — eN
processes are mild. As a result, the bounds from uN — eN

PHYSICAL REVIEW D 86, 093009 (2012)
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Same as Fig. 5, but in case II.

approach the u — ey bound in this case, while in the
previous case these two bounds are always apart.

The ratios of photonic-penguin contributing rates plot-
ted in Fig. 9 show that B(uN — eN)/B(u — ey) and
B(u — 3e)/B(u — ey) are enhanced compared with
those in Fig. 5. In Fig. 9(a) we see that the ratios can be
enhanced up to three orders of magnitude. In Fig. 9(c) the
B(uN — eN)/B(u — ey) ratio is enhanced by one order
of magnitude, while the B(u — 3e)/B(u — ey) ratio
does not change much. It is very interesting that the rate
ratio B(uN — eN)/B(u — ey) from the g,ru)8eLr)
term is enhanced and different from case 1.

We see in Fig. 8 that parameters with 6z; [as shown in
(c) and (d)] are most constrained by data. It is likely that
these parameters give dominant contributions to LFV
processes. Using Figs. 9(c) and 9(d) we find that the
present bound on p — ey allows

B(uN — eN) < 10713, (38)
which is close to the present bounds (see Table I).
Therefore, the search on these processes could be very
interesting.
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FIG. 10 (color online).

In Fig. 10, we show the constraints on parameters that
contribute through box diagrams to the u* — 3e process in
this case. Although we also see some relaxations on parame-
ters, the main conclusion remains similar to that in case 1.

IV. DISCUSSION

A. Flavor violating Z decays

Lepton flavor violating Z — u*e™ decays are highly
related to u — 3e, u — ey and uN — eN processes via
the Z-penguin contributions. The Z — 'l decay rate is
given by

- m,
rz-—-1r)= m(lg%ﬂz + |g%/R|2)y (39)
where the dimensionful coefficient gf/], y 18 the same one
used in Eq. (12). Using Eq. (39) and the results in the previous

section, we find that the present bounds from u — 3e,
puTi— eTi, and pAu — eAu processes constrain

B(Z—uFet)=4x10"8, 7x1074  6X1071,
(40)

respectively. Note that the above equation holds in both case [
and II. In any case, these constraints are far below the present
limit, B(Z — u*e®) = 1.7 X 107°.

B. Box diagrams involving quarks

From the explicit assignment of gauge quantum numbers
of ¢ and ¢ as shown in Appendix A, we see that it is possible
to have ¢ couples to quarks [see Eq. (A5)]. These interac-
tions can generate additional contributions to uN — eN
conversion precesses through box diagrams similar to those
in the 4 — 3e ones as shown in Figs. 1(c) and 1(d), but with
the (lower) electron line replaced by a quark line.

To have interaction with quarks, only rather specific
choices of ¢y and ¢ gauge quantum numbers are allowed
(see Appendix A). In particular, the case of ¥z: (1,1, 1)

PHYSICAL REVIEW D 86, 093009 (2012)
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Same as Fig. 6, but in case II.

and ¢ : (1,2, —1/2) are of interest, for the fermion field is
a SM singlet. Below, we will use this case to illustrate the
contributions from the additional box diagrams.

The interacting Lagrangian in this case is

Lin = g1 IZIRLLid’zi + quLi”R¢Li

+ ngLidReij¢2j + H.c, (41)
where Q; and L; are the quark and lepton doublets,
respectively. Note that only the lower components of L
and ¢, are relevant to this analysis. The box diagrams give

ng(CI) =0, gLv(d) =0 42)
and
grv(u)
1672 8 My, O Mg, My N8 8 ul 8u8u T 8484

(43)

where quark masses have been neglected. Note that the
box diagrams also give the so-called g; p(u) term, which,
however, does not contribute to conversion rates [10]. The
resulting wN — eN conversion rates can be calculated
using Eq. (18).

Experimental limits on conversion rates are used to con-
strain couplings and masses. The result is shown in Fig. 11.
The correlation between uN — eN conversions and the
ut — 3e decay are lost. In fact, we see that the constraints
on |g,r8..1(lg.l* + lg4l?)/mj, from present limits on
M — e conversion rates are similar to the constraints on
|8 8erllgergerl/m?, from the w* — 3e bound (sce
Fig. 6). Therefore, we may be able to see uN — eN con-
versions sooner thanthe u ™ — 3e decay, if g,, 4 is larger than
8.1 and vice versa. The uN — eN conversion rates need
not be highly suppressed as noted in Sec. IIT A.
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FIG. 11 (color online). Allowed parameter space for

8, 8er?(Igul* + IngZ)/m%,, constrained by u — e conversion
data. Note that dot-dashed and short-dashed lines denote con-
straints from wTi — eTi and wAu(Al) — eAu(Al) conversion
bounds, respectively.

C. Some other cases

A similar analysis can be preformed by replacing the
spin-0 particle with a spin-1 particle in the loops. It will be
interesting to compare it to the present work. However,
gauge-invariant and triplet vector couplings will compli-
cate the analysis. The study will be given elsewhere.

We expect to find results similar to those in case II,
but with cancellation at work in the low m,, region if we
introduce the built-in cancellation mechanism in the
sector instead of in the ¢ sector.

V. CONCLUSIONS

In conclusion, we use a model-independent approach in
this analysis, where these processes are considered to be
loop induced by exchanging spin-1/2 and spin-0 particles.
We explore two complementary cases, which have no can-
cellation mechanism in amplitudes or an internal (built-in)
cancellation mechanism. Our main results are as follows:

(a) Bounds from rates are used to constrain parameters,
such as coupling constants and masses. These con-
straints can be easily updated by simple scalings,
if the experimental situations change.

(b) The muon g — 2 data favor nonchiral interactions.

() Inu™ —ete e and u~ N — e~ N processes, the
Z-penguin diagrams may play some role, while the
box diagram contributions to the u* — e*e e”
rate are usual highly constrained.

(d) Z-penguin contributions can be constrained from
ut — ety and u~ N — e~ N bounds. It can then
be used to constrain the Z — e* u™ rate by seven to
eight orders of magnitude lower than the present
experimental bound.

(e) In the first case (without any built-in cancellation
mechanism), using the recent ™ — e*y bound, we
find that u™ — e*e~ e and w~ N — e~ N rates are

PHYSICAL REVIEW D 86, 093009 (2012)

bounded below the present experimental limits by two
to three orders of magnitude in general. In some cases,
the above expectation on low ™ N — e~ N rates
can be relaxed, as additional box diagrams involving
quarks contribute to w~ N — e~ N processes.

(f) Furthermore, by comparing Aa, and B(u — ey)
data, the couplings of g, and g, are found to be
highly hierarchical [see Eq. (35)]. Additional sup-
pression mechanisms should be called for.

(g) Inthe second case (with a built-in cancellation mecha-
nism), mixing angles can provide additional suppres-
sion factors to satisfy the Aa, and B(u — ey)
bounds without relay only on highly hierarchical g,
and g, couplings.

(h) In addition, although the wu™ — eTe"e™ rate
remains suppressed, the bounds on u™N — e™ N
rates, implicated from the MEG ,Lﬁ — ety bound,
can be relaxed significantly in the second case and
can be just below the present experimental limits.
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APPENDIX A: GAUGE QUANTUM
NUMBERS OF ¢ AND

The ¢ — ¢ — [ Lagrangian,
Line = g1 ($rdi)i(Ly); + grbdrlr + He,

where i is the weak isospin index, is gauge invariant under
the SM gauge transformation. Recall that the lepton quan-
tum numbers under SU(3) X SU(2) X U(1) are given by

1
LL: (], 2,_5), ZR: (1, 1,_1)

The gauge-invariant requirement implies that we must
have the following quantum number assignments for these
combinations:

n * 1 7 *
l//R(bL: (1’ 2’ 5): ¢’L¢R: (1, 1, 1)
Consequently, the gauge quantum numbers of ¢ and ¢ are

related as follows:
r: (cp 2l + 1, Yp),

1 1
Cp 20l =)+ 1, Y, — =
o3 (CR’ (R 2) » IR 2),

l/fL: (CL’2IL+]’YL)) ¢R: (EL’21L+ l,YR_l)
Some examples for the assignments of the quantum num-
bers of i, r and ¢  are given in Table II.

Note that in the cases of [z, =0, Y = 0and I} = 1/2,
Y, = 1/2, ¢, and ¢ can couple to quarks, respectively,
through

(A

(A2)

(A3)

(A4)
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TABLE II. Some examples for the assignment of the quantum
numbers of ¢, g and ¢, .

PHYSICAL REVIEW D 86, 093009 (2012)

TABLE III. Parameters of overlap integrates and total capture
rates @, taken from Refs. [10,11].

Vi 2 2 br DY) VO VOm)  w0qn(10° 57
(1,1, Yg) (L2, Y =D (1,1,Y,) (1,1, Y, —1) 27Al 0.0362 0.0161 0.0173 0.7054
(1,2, Yg) (LY = (1,2, Y,) (L,2,Y, —1) BTi 0.0864 0.0396 0.0468 2.59
(BA). LYy (QB.2Yr—3 GA.LY) (GB).LY, -1 A« 0189 0.0974 0.146 13.07
33)2Yy) (BB LYz—Y (B3)L2Y) (GBL2Y, -1 257 0.161 0.0834 0.128 13.90
Opiirbri Oridrbri QL,-MReijd’}];jr QL,dReijd)Ij’ (A3)

where €;; is the antisymmetric tensor. It is easy to see that the above terms are indeed gauge invariant by using

Orqr: (1,2, —1/6 + Q,) and Eq. (A4).

APPENDIX B: LOOP FUNCTIONS AND INPUT PARAMETERS

The loop functions used in this work are defined as

b)’

b
(—(a — b)(164% — 29ab + 7b%) — 6a*(2a — 3b) ln—),
a

(—(a — b)(174* + 8ab — b*) — 6a*(a + 3b) ln§>,

1 b
Fl(a, b) = m(2a3 + 3612[7 - 6(1]92 + b3 + 6a2b lng),
1
F = (-3a® + 4ab — b? = 2a?In>
2(a, b) a = b)3< 3a ab —b a’ln
Fs(a, b) = ;<a2 — b2+ Zablné)
3 2(a — b)? al
Gi(a, b) = ;(—(a — b)(11a? — 7ab + 2b*) — 64> lné)
e 36(a — b)* a)
1
Gs(a, b) =36 =0y
1
Gyla,b) = ——
. b) = Sy

2./ - o) _
Fy(ay, as, b, b, ¢c) = — a,(2aa; — a) ar . a2 fatia; — ay) lnaz—

b(2./aja; — b) ) b

2ar —aar =) e T 2ay—aar—b) "¢ 2ay - Bas —b) e
Fela,a by by c) = - 43_1 T3a- bla)z(a —by) In” 2(a - b,lﬁb, ~by) ln% T3a- bj%b, ~ b)) ln%’
Glar,anb) = (- _”la*f(?_ 5 ln%— - _”2\5—’(;?_ 5 h%,
Fla,b,c.d)=r— b)(i@)(b =4 h‘g T {a- c)(zcaﬁ)(c = d) 1“2 ez d)(jﬁ)(c =4 h‘g’
Glabye.d) = == b)(bb—2 G —d) g+ @- c)(bc—2 e d)(bd—z Dic—d) g ®D

Note that these loop functions are dimensionful, and the dimension of G5 is different from others. We do not have the
expression of F(a,, a,, by, b, ), since in Sec. IIC only a; = a, = a and/or b; = b, = b are needed. Both expressions
of F, give identical results in the a; = a, = a and b, = b, = b cases.

The numerical values of D, V, and @, used in Eq. (18) are collected in Table III.
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