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Motivated by recent observations of nonzero �13 from the Daya Bay and RENO experiments, we

propose a renormalizable neutrino model with A4 discrete symmetry accounting for deviations from the

tri-bimaximal mixing pattern of the neutrino mixing matrix indicated by neutrino oscillation data. In the

model, the light neutrino masses can be generated by radiative corrections, and we show how the light

neutrino mass matrix can be diagonalized by the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix

whose entries are determined by the current neutrino data, including the Daya Bay result. We show that

the origin of the deviations from the tri-bimaximal mixing is nondegeneracy of the neutrino Yukawa

coupling constants, and unremovable CP phases in the neutrino Yukawa matrix give rise to both low

energy CP violation measurable from neutrino oscillation and high energy CP violation.
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I. INTRODUCTION

Very recently, the Daya Bay Collaboration [1]
announced 5:2� observation of the nonzero mixing
angle �13 with the result given by sin22�13 ¼ 0:092�
0:016ðstatÞ � 0:005ðsystÞ. 1 This result is in good agree-
ment with the previous data from the T2K, MINOS,
and Double Chooz Collaborations [3], and the progress
from Daya Bay and RENO have led us to accomplish
the measurements of three mixing angles, �12, �23,
and �13, from three kinds of neutrino oscillation experi-
ments. A combined analysis of the data coming from T2K,
MINOS, Double Chooz, and Daya Bay experiments shows
[4] that

sin22�13 ¼ 0:089� 0:016ð0:047Þ; (1)

or equivalently

�13 ¼ 8:68
�þ0:77�ðþ2:14�Þ
�0:84�ð�2:76�Þ (2)

at 1� (3�) levels and that the hypothesis �13 ¼ 0 is now
rejected at a significance level higher than 6�. In addition
to the measurement of the mixing angle �13, the global fit
of the neutrino mixing angles and mass-squared differ-
ences at 1� (3�) levels are given by [5]

�12 ¼ 34:0
�þ1:0�ðþ2:9�Þ
�0:9�ð�2:7�Þ ;

�23 ¼ 46:1
�þ3:5�ðþ7:0�Þ
�4:0�ð�7:5�Þ ;

�13 ¼
8<
:
6:5

�þ1:6�ðþ4:2�Þ
�1:4�ð�4:7�Þ ; NH

7:3
�þ1:7�ðþ4:1�Þ
�1:5�ð�5:5�Þ ; IH

�m2
21½10�5 eV2� ¼ 7:59þ0:20ðþ0:60Þ

�0:18ð�0:50Þ;

�m2
31½10�3 eV2� ¼

8<
:
2:50þ0:09ðþ0:26Þ

�0:16ð�0:36Þ; NH

2:40þ0:08ðþ0:27Þ
�0:09ð�0:27Þ; IH

(3)

in which NH and IH stand for the normal hierarchical
neutrino spectrum and the inverted one, respectively. The
data in Eqs. (2) and (3) strongly support that the tri-
bimaximal (TBM) mixing pattern of the lepton mixing
matrix [6] should be modified. There have been theoretical
attempts to explain what causes the three mixing angles to
deviate from their TBM values [7].
Motivated by the measurements of �13 from the Daya

Bay and RENO experiments, we propose in this paper a
renormalizable model with A4 discrete symmetry which
gives rise to deviations from the TBM mixing indicated by
the current neutrino data. In addition to the leptons and the
Higgs scalar of the standard model (SM), the model we
propose contains three right-handed heavy Majorana neu-
trinos and several scalar fields which are electroweak
singlets required to construct desirable forms of the lep-
tonic mass matrices. Although we introduce electroweak
singlet heavy Majorana neutrinos, the usual seesaw mecha-
nism does not operate because the scalar field involved
in neutrino Yukawa terms cannot get vacuum expectation
value (VEV). However, as will be shown later, the light
neutrino masses can be generated through loop corrections,
which are a kind of so-called radiative seesaw mechanism
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1The RENO Collaboration also announced observation of the

nonzero mixing angle �13 [2] in agreement with the result from
the Daya Bay Collaboration.
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[8]. In the paper, we will show how the light neutrino
mass matrix generated through loop corrections can be
diagonalized by the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) mixing matrix whose entries are determined by
the current neutrino data. The origin of the deviations from
TBM mixing in our model is nondegeneracy of the neu-
trino Yukawa coupling constants among three generations,
which is different from other attempts to explain the devi-
ations from the TBM mixing [7].

Since a nontrivial Dirac CP phase can exist only when
the mixing angle �13 has nonzero value in the standard
parametrization of the leptonic mixing matrix, the obser-
vations of nonzero �13 from the Daya Bay and RENO
experiments shed light on the search for CP violation
in the leptonic sector. We will show that unremovable
CP phases in the neutrino Yukawa matrix are the origin
of the low energy CP violation measurable from neutrino
oscillation as well as high energy CP violation. Therefore,
we can anticipate that there may exist some correlation
between low energy CP violation and high energy CP
violation.

II. MODELWITH A4 SYMMETRY

The model we consider is the standard model (SM),
extended to contain three right-handed SUð2ÞL-singlet
Majorana neutrinos, NR. In addition to the usual SM
Higgs doublet �, we newly introduce two scalar fields,
� and �, that are singlet and doublet under SUð2ÞL,
respectively:

� ¼ ð’þ; ’0ÞT; �; � ¼ ð�þ; �0ÞT: (4)

In order to account for the present neutrino oscillation data,
we impose A4 flavor symmetry for leptons and scalars.
In addition to A4 symmetry, we introduce extra auxiliary Z2

symmetry so that a radiative seesaw at around TeV scale
should operate. Here we recall that A4 is the symmetry
group of the tetrahedron and the finite groups of the even
permutation of four objects [9]. The group A4 has two
generators S and T, satisfying the relation S2 ¼ T3 ¼
ðSTÞ3 ¼ 1. In the three-dimensional unitary representa-
tion, S and T are given by

S ¼
1 0 0

0 �1 0

0 0 �1

0
BB@

1
CCA; T ¼

0 1 0

0 0 1

1 0 0

0
BB@

1
CCA: (5)

The group A4 has four irreducible representations, one
triplet 3 and three singlets 1, 10, 100 with the multiplication
rules 3 � 3 ¼ 3s � 3a � 1 � 10 � 100, 10 � 100 ¼ 1, 10 �
10 ¼ 100, and 100 � 100 ¼ 10. Let us denote two A4 triplets
as ða1; a2; a3Þ and ðb1; b2; b3Þ; then we have

ða � bÞ3s ¼ ða2b3 þ a3b2; a3b1 þ a1b3; a1b2 þ a2b1Þ;
ða � bÞ3a ¼ ða2b3 � a3b2; a3b1 � a1b3; a1b2 � a2b1Þ;
ða � bÞ1 ¼ a1b1 þ a2b2 þ a3b3;

ða � bÞ10 ¼ a1b1 þ!a2b2 þ!2a3b3;

ða � bÞ100 ¼ a1b1 þ!2a2b2 þ!a3b3;

(6)

where ! ¼ ei2�=3 is a complex cubic root of unity. The
representations of the field content of the model under
SUð2Þ �Uð1Þ � A4 � Z2 are summarized in Table I.
With the field content and the symmetries specified in

Table I, the relevant renormalizable Lagrangian for the
neutrino and charged lepton sectors invariant under
SUð2Þ �Uð1Þ � A4 � Z2 is given by

�LYuk ¼ y�1 �Leð~�NRÞ1 þ y�2 �L�ð~�NRÞ10 þ y�3 �L�ð~�NRÞ100

þM

2
ð �Nc

RNRÞ1 þ
	�

2
ð �Nc

RNRÞ3s�þ ye �Le�lR

þ y� �L��l0R þ y� �L��l00R þ H:c; (7)

where ~� � i�2�
	 with the Pauli matrix �2. Here, Le;�;� and

lð0;00ÞR denote left-handed lepton SUð2ÞL doublets and right-
handed lepton SUð2ÞL singlets, respectively. The higher
dimensional operators (d 
 5) driven by � and � fields are
suppressed by a cutoff scale � which is a very high energy
scale. Thus, their contributions are expected to be very
small and we do not include them in this work. In the
above Lagrangian, mass terms of the charged leptons are
given by the diagonal form because the Higgs scalar �
and the charged lepton fields are assigned to be A4 singlet.
The heavy neutrinosNRi acquire a bare massM as well as a
mass induced by a vacuum of electroweak singlet scalar �
assigned to be A4 triplet. While the standard Higgs scalar

�0 gets a VEV v ¼ ð2 ffiffiffi
2

p
GFÞ�1=2 ¼ 174 GeV, the neutral

component of scalar doublet � would not acquire a non-
trivial VEV because � has odd parity of Z2 as assigned in

TABLE I. Representations of the fields under A4 � Z2 and SUð2ÞL �Uð1ÞY .
Field Le, L�, L� lR, l

0
R, l

00
R NR � � �

A4 1, 10, 100 1, 10, 100 3 3 1 3
Z2 þ þ � þ þ �
SUð2ÞL �Uð1ÞY ð2;�1Þ ð1;�2Þ (1, 0) (1, 0) (2, 1) (2, 1)
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Table I and the auxiliary Z2 symmetry is exactly conserved
even after electroweak symmetry breaking:

h�0
i i ¼ 0; ði ¼ 1; 2; 3Þ; h�0i ¼ 
 � 0: (8)

Therefore, the neutral component of scalar doublet � can
be a good dark matter candidate, and the usual seesaw
mechanism does not operate because the neutrino Yukawa
interactions cannot generate masses. However, the light
Majorana neutrino mass matrix can be generated radia-
tively through one-loop with the help of the Yukawa inter-
action �LLNR ~� in the Lagrangian, which will be discussed

more in detail in Sec. III. In our model, the A4 flavor
symmetry is spontaneously broken by A4 triplet scalars �.
From the condition of the global minima of the scalar
potential, we can obtain a vacuum alignment of the fields
� relevant to achieving our goal.
The most general renormalizable scalar potential of �,

�, and � invariant under SUð2ÞL �Uð1ÞY � A4 � Z2 is
given as

V ¼ Vð�Þ þ Vð�Þ þ Vð�Þ þ Vð��Þ
þ Vð��Þ þ Vð��Þ; (9)

where

Vð�Þ ¼ �2
�ð�y�Þ1 þ 	�

1 ð�y�Þ1ð�y�Þ1 þ 	�
2 ð�y�Þ10 ð�y�Þ100 þ 	�

3 ð�y�Þ3sð�y�Þ3s þ 	�
4 ð�y�Þ3að�y�Þ3a

þ f	�
5 ð�y�Þ3sð�y�Þ3a þ H:c:g;

Vð�Þ ¼ �2
�ð�y�Þ þ 	�ð�y�Þ2;

Vð�Þ ¼ �2
�ð��Þ1 þ 	

�
1 ð��Þ1ð��Þ1 þ 	

�
2 ð��Þ10 ð��Þ100 þ 	

�
3 ð��Þ3sð��Þ3s þ 	

�
4 ð��Þ3að��Þ3a

þ 	
�
5 ð��Þ3sð��Þ3a þ �

�
1�ð��Þ3s þ �

�
2�ð��Þ3a ;

Vð��Þ ¼ 	
��
1 ð�y�Þ1ð�y�Þ þ 	

��
2 ð�y�Þð�y�Þ þ f	��

3 ð�y�Þð�y�Þ þ H:cg
Vð��Þ ¼ 	

��
1 ð�y�Þ1ð��Þ1 þ 	

��
2 ð�y�Þ10 ð��Þ100 þ 	

��	
2 ð�y�Þ100 ð��Þ10 þ 	

��
3 ð�y�Þ3sð��Þ3sð��Þ3s

þ 	��
4 ð�y�Þ3sð��Þ3a þ 	��

5 ð�y�Þ3að��Þ3a þ ���
1 ð�y�Þ3s�Vð��Þ

¼ 	��ð�y�Þð��Þ1: (10)

Here, ��, ��, ��, �
�
1 , �

�
2 , �

��
1 , and ���

2 have a mass dimension, whereas 	�
1;...;5, 	

�, 	�
1;...;5, 	

��
1;...;3, 	

��
1;...;6, and 	

�� are all
dimensionless. In Vð��Þ, the usual mixing terms �y� and �y�� are forbidden by the A4 � Z2 symmetry. The vacuum
configuration is obtained by vanishing of the derivative of V with respect to each component of the scalar fields � and �i

but with h�ii ¼ 0 (i ¼ 1, 2, 3), as follows:

@V

@�1

��������h�ii¼v�i

¼ 2v�1
fv2

�	
�� þ�2

� þ ð2	�
1 � 	�

2 þ 4	�
3 Þðv2

�2
þ v2

�3
Þ þ 2ð	�

1 þ 	�
2 Þv2

�1
g þ 6��

1v�2
v�3

¼ 0;

@V

@�2

��������h�ii¼v�i

¼ 2v�2
fv2

�	
�� þ�2

� þ ð2	�
1 � 	

�
2 þ 4	

�
3 Þðv2

�1
þ v2

�3
Þ þ 2ð	�

1 þ 	
�
2 Þv2

�2
g þ 6�

�
1v�1

v�3
¼ 0;

@V

@�3

��������h�ii¼v�i

¼ 2v�3
fv2

�	
�� þ�2

� þ ð2	�
1 � 	

�
2 þ 4	

�
3 Þðv2

�1
þ v2

�2
Þ þ 2ð	�

1 þ 	
�
2 Þv2

�3
g þ 6�

�
1v�1

v�2
¼ 0:

(11)

From those equations, we can get2

h�1i � 
� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��2

� � v2
�	

��

2ð	�
1 þ 	

�
2 Þ

vuut � 0;

h�2i ¼ h�3i ¼ 0;

(12)

where 
� is real. Requiring vanishing of the derivative of V
with respect to �,

@V

@’0

��������h’0i¼v�

¼ 2v�f2v2
�	

� þ�2
�

þ 	��ðv2
�1 þ v2

�2 þ v2
�3Þg ¼ 0; (13)

and inserting the results given by Eq. (12), we obtain
electroweak VEV,

2There exists another nontrivial solution h�i ¼ v�ð1; 1; 1Þ with
v� ¼ �3�

�
1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9�

�2
1
�8ð�2

�þv2
�
	��Þð3	�

1
þ4	

�
3
Þ

p
4ð3	�

1
þ4	�

3
Þ . However, it is not desir-

able for our purpose.
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v � v� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��2

� � v2
�	

��

2	�

s
: (14)

In our scenario, we assume that v� is larger than v�.
After the breaking of the flavor and electroweak sym-

metries, the vacuum alignment in Eq. (12) leads to the
right-handed Majorana neutrino mass matrix expressed as

MR ¼ M

1 0 0

0 1 �ei�

0 �ei� 1

0
BB@

1
CCA; (15)

where � ¼ j	s
�
�=Mj. In addition, the charged lepton

sector has a diagonal mass matrix m‘ ¼ vDiagðye; y�;
y�Þ. We note that the vacuum alignment in Eq. (12) implies
that the A4 symmetry is spontaneously broken to its resid-
ual symmetry Z2 in the heavy neutrino sector since (1, 0, 0)
is invariant under the generator S in Eq. (5).

After the scalar fields get VEVs, the Yukawa interac-
tions in Eq. (7) and the charged gauge interactions in a
weak eigenstate basis can be written as

�L ¼ 1

2
�Nc
RMRNR þ �‘Lm‘‘R þ ��LY��̂NR

þ gffiffiffi
2

p W�
�
�‘L


��L þ H:c; (16)

where �̂ ¼ Diagð~�1; ~�2; ~�3Þ. One can easily see that the
neutrino Yukawa matrix is given as follows:

Y� ¼ ffiffiffi
3

p y�1 0 0

0 y�2 0

0 0 y�3

0
BB@

1
CCAUy

!; with

U! ¼ 1ffiffiffi
3

p
1 1 1

1 !2 !

1 ! !2

0
BB@

1
CCA:

(17)

For our convenience, let us take the basis where heavy
Majorana neutrino and charged lepton mass matrices are
diagonal. Rotating the basis

NR ! Uy
RNR; (18)

the right-handed Majorana mass matrix MR becomes real
and diagonal by a unitary matrix UR,

M̂ R ¼ UT
RMRUR ¼ MDiagða; 1; bÞ; (19)

where a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2 þ 2� cos�

p
and b ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �2 � 2� cos�
p

with real and positive mass eigenval-
ues, M1 ¼ Ma, M2 ¼ M, and M3 ¼ Mb. The unitary ma-
trix UR diagonalizing MR given in Eq. (15) is

UR ¼ 1ffiffiffi
2

p
0

ffiffiffi
2

p
0

1 0 �1

1 0 1

0
BB@

1
CCA

ei
c 1
2 0 0

0 1 0

0 0 ei
c 2
2

0
BB@

1
CCA; (20)

with the phases

c 1 ¼ tan�1

� �� sin�

1þ � cos�

�
and

c 2 ¼ tan�1

�
� sin�

1� � cos�

�
:

(21)

The phases c 1;2 go to 0 or � as the magnitude of � defined

in Eq. (15) decreases. Due to the rotation (18), the neutrino
Yukawa matrix Y� gets modified to

~Y� ¼ Y�UR;¼ Py
�Diagðjy�1 j; jy�2 j; jy�3 jÞUy

!UR: (22)

Absorbing P� into the neutrino field �L and then trans-
forming ‘L ! P	

�‘L, ‘R ! P	
�‘R, we can make P� disap-

pear in ~Y� as well as the Lagrangian Eq. (7). Then, the
neutrino fields �L in the weak basis are simply transformed
into the mass basis by the lepton mixing matrix,UPMNS, the
so-called PMNS mixing matrix.
The lepton mixing matrix UPMNS can be written in terms

of three mixing angles and three CP-odd phases (one for
the Dirac neutrino and two for the Majorana neutrino) as
follows [10]:

UPMNS ¼
c13c12 c13s12 s13e

�i�CP

�c23s12 � s23c12s13e
i�CP c23c12 � s23s12s13e

i�CP s23c13
s23s12 � c23c12s13e

i�CP �s23c12 � c23s12s13e
i�CP c23c13

0
B@

1
CAQ�; (23)

where sij � sin�ij and cij � cos�ij, and Q� ¼
Diagðe�i’1=2; e�i’2=2; 1Þ. Here, we notice that the origin
of the CP phases in UPMNS is the CP phases c 1, c 2 (or �)
originally coming from MR, as can be seen by comparing

Eqs. (15)–(22). Thus, we expect that there can be some

correlation between low energy CP violation measurable

from neutrino oscillations and high energy CP violation

responsible for leptogenesis in the neutrino sector.
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III. NEUTRINO MASSES AND MIXING ANGLES

We now proceed to investigate the low energy neutrino
observables. Due to the auxiliary Z2 symmetry, the usual
seesaw mechanism does not operate any more, and thus
light neutrino masses cannot be generated at tree level.
However, similar to the scenario presented in Ref. [8],
the light neutrino mass matrix can be generated through
the one-loop diagram drawn in Fig. 1 thanks to the quar-
tic scalar interactions. After electroweak symmetry break-
ing, the light neutrino masses in the flavor basis where
the charged lepton mass matrix is real and diagonal are
written as

ðm�Þ�� ¼ X
i

�m2
�i

16�2

ð ~Y�Þ�ið ~Y�Þ�i
Mi

f

�
M2

i

�m2
�i

�
; (24)

where

fðziÞ ¼ zi
1� zi

�
1þ zi lnzi

1� zi

�
;

�m2
�i

� jm2
Ri
�m2

Ii
j ¼ 4v2	��

3 ;
(25)

with zi ¼ M2
i = �m2

�i
. The explicit expressions for �m2

�i
are

presented in the Appendix. Here, mRi
ðmIiÞ is the mass of

the field component �0
Ri
ð�0

Ii
Þ andm2

RiðIiÞ ¼ �m2
�i
� �m2

�i
=2,

where the subscripts R and I indicate real and imaginary
components, respectively. With ~MR ¼ DiagðMr1;Mr2;
Mr3Þ and Mri � Mif

�1ðziÞ, the above formula Eq. (24)
can be expressed as

m� ¼ v2	
��
3

4�2
~Y�

~M�1
R

~YT
�

¼ UPMNSDiagðm1; m2; m3ÞUT
PMNS

¼ m0

Ay21 By1y2 By1

By1y2 Dy22 Gy2

By1 Gy2 D

0
BB@

1
CCA;

(26)

where mi (i ¼ 1, 2, 3) are the light neutrino mass eigen-
values, y1ð2Þ ¼ y�1ð2Þ=y

�
3 , and

A ¼ fðz2Þ þ 2eic 1fðz1Þ
a

; B ¼ fðz2Þ � eic 1fðz1Þ
a

;

D ¼ fðz2Þ þ eic 1fðz1Þ
2a

� 3eic 2fðz3Þ
2b

; m0 ¼ v2jy�3 j2	��
3

4�2M
;

G ¼ fðz2Þ þ eic 1fðz1Þ
2a

þ 3eic 2fðz3Þ
2b

: (27)

It is worthwhile to notice that in the limit of y2 ! 1 the
above mass matrix in Eq. (26) goes to �� � symmetry,
leading to �13 ¼ 0 and �23 ¼ ��=4. Moreover, in the
limit of y1, y2 ! 1 the above mass matrix gives TBM
angles and mass eigenvalues, respectively,

�13 ¼ 0; �23 ¼ ��

4
; �12 ¼ sin�1

�
1ffiffiffi
3

p
�
;

m1 ¼ 3m0

fðz1Þ
a

eic 1 ; m2 ¼ 3m0fðz2Þ;

m3 ¼ 3m0

fðz3Þ
b

eiðc 2þ�Þ;

(28)

indicating that mass eigenvalues are divorced from mixing
angles. However, recent neutrino data, including the ob-
servations of nonzero �13, requires deviations of y1;2 from
unit.
Now, let us show how deviations of y1;2 from unit are

responsible for nonvanishing �13 and how they are related
to neutrino mass eigenvalues. To separately obtain real
values for the neutrino mixing angles and masses, we

diagonalize the Hermitian matrix m�m
y
� with m� given

by Eq. (26),

m�m
y
� ¼ m2

0

~Ay21 y1y2

�
P�Q
2 � i 3ðRþSÞ

2

�
y1

�
PþQ
2 � i 3ðR�SÞ

2

�

y1y2

�
P�Q
2 þ i 3ðRþSÞ

2

�
y22

~Fþ ~G� ~K
4 y2

�
~F� ~G
4 � i 3

~D
2

�

y1

�
PþQ
2 þ i 3ðR�SÞ

2

�
y2

�
~F� ~G
4 þ i 3

~D
2

�
~Fþ ~G� ~K

4

0
BBBBBBBBB@

1
CCCCCCCCCA

¼ UPMNSDiagðm2
1; m

2
2; m

2
3ÞUy

PMNS; (29)

where ~A, ~D, ~F, ~G, ~K, P, Q, R, and S are real:

FIG. 1. One-loop generation of light neutrino masses.
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~A ¼ ð1þ 4y21 þ y22Þ
f2ðz1Þ
a2

þ ð1þ y21 þ y22Þf2ðz2Þ � 2ð1� 2y21 þ y22Þ
fðz1Þfðz2Þ

a
cosc 1;

~F ¼ ð1þ 4y21 þ y22Þ
f2ðz1Þ
a2

þ 4ð1þ y21 þ y22Þf2ðz2Þ þ 4ð1� 2y21 þ y22Þ
fðz1Þfðz2Þ

a
cosc 1;

~K ¼ 6ð1� y22Þ
fðz3Þ
b

�
fðz1Þ
a

cosc 12 þ 2fðz2Þ cosc 2

�
;

~G ¼ 9ð1þ y22Þ
f2ðz3Þ
b2

;

~D ¼ ð1� y22Þ
fðz3Þ
b

�
fðz1Þ
a

sinc 12 � 2fðz2Þ sinc 2

�
;

P ¼ �ð1þ 4y21 þ y22Þ
f2ðz1Þ
a2

þ 2ð1þ y21 þ y22Þf2ðz2Þ � ð1� 2y21 þ y22Þ
fðz1Þfðz2Þ

a
cosc 1;

Q ¼ 3ð1� y22Þ
fðz3Þ
b

�
fðz1Þ
a

cosc 12 � fðz2Þ cosc 2

�
;

R ¼ ð1� 2y21 þ y22Þ
fðz1Þfðz2Þ

a
sinc 1;

S ¼ ð1� y22Þ
fðz3Þ
b

�
fðz1Þ
a

sinc 12 þ fðz2Þ sinc 2

�
;

(30)

with c ij � c i � c j. To see how the neutrino mass matrix given by Eq. (26) can lead to the deviations of neutrino mixing
angles from their TBM values, we first introduce three small quantities �i, (i ¼ 1–3), which are responsible for the
deviations of the �jk from their TBM values:

�23 ¼ ��

4
þ �1; �13 ¼ �2; �12 ¼ sin�1

�
1ffiffiffi
3

p
�
þ �3: (31)

Then, the PMNS mixing matrix keeping unitarity up to order of �i can be written as

UPMNS ¼

ffiffi
2

p ��3ffiffi
3

p 1þ�3
ffiffi
2

pffiffi
3

p �2e
�i�CP

� 1þ�1þ�3
ffiffi
2

pffiffi
6

p þ �2e
i�CPffiffi
3

p
ffiffi
2

p þ�1
ffiffi
2

p ��3ffiffi
6

p þ �2e
i�CPffiffi
6

p �1þ�1ffiffi
2

p

�1þ�1þ�3
ffiffi
2

pffiffi
6

p � �2ffiffi
3

p ei�CP

ffiffi
2

p ��3�
ffiffi
2

p
�1ffiffi

6
p � �2ffiffi

6
p ei�CP 1þ�1ffiffi

2
p

0
BBBBB@

1
CCCCCAQ� þOð�2i Þ: (32)

The small deviation �1 frommaximality of the atmospheric
mixing angle is expressed in terms of the parameters in
Eq. (30) as

tan�1 ¼ Rð1þ y2Þ � Sð1� y2Þ
Rð1� y2Þ � Sð1þ y2Þ : (33)

The reactor angle �13 and Dirac-CP phase �CP are ex-
pressed as

tan2�13 ’ y1j�jffiffiffi
2

p ð�� ~AÞ ;

tan�CP ¼ 3
ðR� SÞ2 þ y22ðRþ SÞ2

ðPþQÞðR� SÞ � y22ðP�QÞðRþ SÞ ;
(34)

where

� ¼ ð1� y2ÞPþ ð1þ y2ÞQþ �1fð1þ y2ÞP
þ ð1� y2ÞQ� 3ifRð1� y2Þ � Sð1þ y2Þ
þ �1ðRð1þ y2Þ � Sð1� y2ÞÞg;

� ¼ 1

4

�
ð ~Fþ ~G� ~KÞ

�
1þ y22

2
þ �1ð1� y22Þ

�

� y2ð ~F� ~GÞ
�
: (35)

In the limit of y1, y2 ! 1, the parameters Q, R, S, �1 go to
zero, which in turn leads to �13 ! 0 and �CP ! 0 as
expected. Finally, the solar mixing angle is given as
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tan2�12 ’ y1Zffiffiffi
2

p ð�2 ��1Þ
; (36)

where the parameters �1, �2, and Z with j�ij � 1 are
given as

�1 ’ ~A� �2j�jffiffiffi
2

p ;

Z ’ Pð1þ y2Þ þQð1� y2Þ � �1fPð1� y2Þ
þQð1þ y2Þg;

�2 ’
~Fþ ~G� ~K

8
ð1þ y22Þ þ

~F� ~G

4
y2

� �1
~Fþ ~G� ~K

4
ð1� y22Þ: (37)

Note that in Eq. (36) the condition Pð1þ y2Þ þQð1� y2Þ
� j�1fPð1� y2Þ þQð1þ y2Þgj should be satisfied, in or-
der for the solar mixing angle �12 to lie in the allowed
region from the experimental data given in Eq. (3). The
squared-mass eigenvalues of three light neutrinos are
given by

m2
1 ’ m2

0

�
c212�1 þ s212�2 � y1Z

2
ffiffiffi
2

p sin2�12

�
;

m2
2 ’ m2

0

�
s212�1 þ c212�2 þ y1Z

2
ffiffiffi
2

p sin2�12

�
;

m2
3 ’ m2

0

�
�þ �2j�jffiffiffi

2
p

�
:

(38)

We see from Eq. (37) that the deviation �3 from trimax-
imality of the solar mixing angle is roughly expressed as

sin�3 ’ y13
ffiffiffi
2

p
Zm2

0

2�m2
21

� 2
ffiffiffi
2

p
: (39)

In the limit of j�ij � 1, the solar and atmospheric mass-
squared differences are roughly given in a good approxi-
mation by

�m2
Sol � m2

2 �m2
1

’ m2
0

24
fð ~Fþ ~G� ~KÞð1þ y22Þ þ 2y2ð ~F� ~GÞ

� 8 ~Aþ 16y1ðPð1þ y2Þ þQð1� y2ÞÞg;
�m2

Atm � m2
3 �m2

1

’ m2
0

3

� ~Fþ ~G� ~K

4
ð1þ y22Þ � y2ð ~F� ~GÞ

� 2 ~A� y1ðPð1þ y2Þ þQð1� y2ÞÞ
�
: (40)

Here we note that the parameter Mri in Eq. (26) can be
simplified in the following limiting cases as

Mri ’

8>>><
>>>:
Mi½lnzi � 1��1; for zi � 1

2Mi; for zi ! 1

�m2
�M

�1
i ; for zi � 1:

(41)

IV. NUMERICAL RESULTS

As is well known, the observed hierarchy j�m2
Atmj �

�m2
Sol > 0 leads to two possible neutrino mass spectrum:

(i) m1 <m2 <m3 (normal mass spectrum), and (ii) m3<
m1 <m2 (inverted mass spectrum). Since there are many
unknown parameters such as masses of heavy Majorana
neutrinos and scalar fields �R, �I, we consider a particular
parameter set for those parameters and show how the
measured values of the mixing angle �13 can be accom-
modated in our model, while the other neutrino parameters
such as solar and atmospheric mixing angles and mass-
squared differences are satisfied with the current data.
The mass matrix in Eq. (26) contains 10 free parameters:

	
��
3 , M, y�3 , z1, z2, z3 and y1, y2, �, �. The combination of

the first three of them, f	��
3 ;M; y�3g, leads to the overall

neutrino scale parameter m0. As shown above, the ele-
ments of the mass matrix in Eq. (26) are expressed in terms
of measurable neutrino parameters, �12, �13, �23, m1;2;3,

�CP,’1;2. Among them, three mixing angles and two mass-

squared differences are measured. For numerical analysis
[11], we need to fix some parameters by hand since there
are too many model parameters to be predicted. As an
example, we take a case M2

1 ¼ �m2
�1
, M2

2 ¼ 1:3 �m2
�2
, M2

3 ¼
1:5 �m2

�3
and fix the overall seesaw scale M to be 1 TeV.

Then, the parameters m0, y1, y2, �, � can be determined
from the experimental results of three mixing angles and
two mass-squared differences. In addition, the CP phases
�CP, ’1;2 can be predicted after determining the model

parameters. Depending on the values of the model parame-
ters, there exist two possibilities for the light neutrino
spectrum; one is normal mass hierarchy and the other is
inverted hierarchy. In the following, we discuss the two
cases separately.

A. Normal hierarchy of a light neutrino

Based on the formulas for the neutrino mixing angles
and masses, we numerically scan the parametersm0, y1, y2,
�, � and then pick up the values of those five parameters
which are consistent with the experimental data given at
3� in Eq. (3). For the mixing angle �13, we allow its value a
bit widely from 5 to 15� instead of its experimental values
at 3�.3 In such a way, we can obtain the allowed regions of
the parameters given by

3Note that a very small mixing angle �13 of less then 1
� can be

achieved in the case that y1 ! 1 or sinc 1 ! 0 converges more
faster than y2 ! 1.
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1:40< �< 2:38; 0:44< y1 < 0:89;

0:60< y2 < 0:84 and 1:1< y2 < 1:89;

190� 
 � < 211�; 0:23 
 y�3	
��
3

10�9
< 0:46:

(42)

We found that normal mass ordering of a light neutrino can
be achieved when M1 & M2 <M3 or M2 & M1 <M3 are
satisfied for the parameter spaces given above. In the upper
left panel of Fig. 2, the data points indicate how the mixing
angle �13 is determined in terms of the ratio y1=y2. The
result shows that the upper limit of y1=y2 is 0.86, and the
measured value of �13 from Daya Bay and RENO can be
achieved for two regions, 0:40< y1=y2 < 0:57 and 0:67<
y1=y2 < 0:82. To see how the parameters are corre-
lated with low energy CP violation measurable through
neutrino oscillations, we consider the leptonic CP viola-
tion parameter defined by the Jarlskog invariant JCP � Im
½Ue1U�2U

	
e2U

	
�1� ¼ 1

8 sin2�12sin2�23 sin2�13cos�13 sin�CP

[12], which can be described in terms of the elements

h ¼ m�m
y
� [13]:

JCP ¼ � Imfh12h23h31g
�m2

21�m
2
31�m

2
32

: (43)

The behavior of JCP is plotted in the upper right panel of
Fig. 2 as a function of �13. We see that the value of jJCPj
lies between 0 and 0:034 for the measured value of �13. In
our model, since Imfh12h23h31g is proportional to 1� y22,
the leptonic CP violation JCP goes to zero in the limit of
y2 ! 1. However, y2 ¼ 1 is not allowed in our analysis,
and thus JCP ¼ 0 indicates that there exists some cancel-
lation among the terms composed of sinc 12, sinðc 1 þ
c 2Þ, and sinð2c 1 � c 2Þ; sinc 2 multiplies by y1;2, fðz1Þ=a,
fðz2Þ, and fðz3Þ=b even if CP phases c 1;2 are nonzero. In

the lower panels of Fig. 2, the data points indicate how the
values of �13 depend on �12 and �23 in the allowed regions
given by Eq. (3). We see that the measured values of �13
can be achieved for two separate regions of �23: 38:6

� &
�23 & 43� and 47� & �23 & 53:1�, which indicates that
the parameter set strongly prefers deviations from maximal
mixing for the atmospheric neutrino oscillation. From the
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FIG. 2 (color online). Plots for case (i) displaying the reactor mixing angle �13 versus the ratio y1=y2 (upper left panel), and the
Jarlskog invariant JCP versus the reactor angle �13 (upper right panel). Allowed values for the atmospheric mixing angle �23 (lower left
panel) and the solar mixing angle �12 (lower right panel) versus the mixing angle �13, respectively. The thick line corresponds to
�13 ¼ 8:68�, which is the best-fit value of Eq. (2) including the Daya Bay result. The horizontal and vertical dotted lines in both plots
indicate the upper and lower bounds on �13 given in Eq. (2) at 3�.
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lower right panel of Fig. 2, we see that predictions of �13
do not strongly depend on �12 for the allowed region. We

see from the figures that �13 for the normal hierarchy

prefers rather large values greater than 5�.
We also see from Fig. 2 that small deviations of �23

prefer large values of �13 in the normal hierarchical case.
This can be understood by considering two relations given

in Eqs. (21) and (26). The phases c 1;2 go to 0 or � as the

magnitude of � defined in Eq. (15) decreases, and in the
case of y2 ¼ 1 the neutrino mass matrix indicates directly
that �13 ¼ 0 and �23 ¼ ��=4. However, deviation of y2
from one can be associated with deviation from maximal-
ity of the atmospheric mixing angle by the following
relation:

tan�1 ¼
�
1þ y2
1� y2

� ð1� 2y21 þ y22Þ sinc 1
fðz1Þfðz2Þ

a � ð1� y2Þ2 fðz3Þ
b ðfðz1Þa sinc 12 þ fðz2Þ sinc 2Þ

ð1� 2y21 þ y22Þ sinc 1
fðz1Þfðz2Þ

a � ð1þ y2Þ2 fðz3Þ
b ðfðz1Þa sinc 12 þ fðz2Þ sinc 2Þ

:

This formula for the parameter �1 is relevant only when
y2 � 1. In the case of y2 ! 1while y1 � 1 and sinc 1 � 0,
we see from the above equation that the value of �23 (or �1)
can be large but restricted by experimental data. Then,
due to Eq. (26) and � in Eq. (35), the value of �13 gets
smaller as y2 ! 1. On the other hand, when y2 is much
deviated from 1, two cases for �23 (or �1) are possible. One
is that rather smaller values of �23 (or �1) are preferred as
the value of � (or sinc 1 ! 0 and sinc 2 ! 0) decreases,
and the other is that the combination of two parts in the
numerator of the above equation can lead to wide ranges of
�23 (or �1). However, when y2 � 1, which makes the above
equation irrelevant, the value of �13 goes to 0� (numeri-
cally & 1�), and the value of �23 can approach 45� (or
�1 ! 0) for y1 ! 1 or sinc 1 ! 0 converges faster than
y2 ! 1. We have neglected this case in our paper.

By using the conventional parametrization of the PMNS
matrix [10] and Eq. (32), one can deduce an expression for
the Dirac CP phase �CP given by

�CP ¼ � arg

0
B@U	

e1
Ue3U�1U

	
�3

c12c
2
13
c23s13

þ c12c23s13

s12s23

1
CA: (44)

Moreover, we can straightforwardly obtain the effective
neutrino mass jmeej, which is associated with the ampli-
tude for neutrinoless double beta decay:

jmeej �
��������
X
i

ðUPMNSÞ2eimi

��������; (45)

where UPMNS is given in Eq. (32). The left panel of Fig. 3
shows that �CP is predicted to be 0� & �CP & 60�,
120� & �CP & 240�, and 300� & �CP & 360� for the
measured values of �13 at 3�. In the right panel of Fig. 3,
we plot the prediction of the effective neutrino mass jmeej
as a function of �13, which lies between 0.014 and 0.021 in
the region of the measured values of �13 at 3�.

B. Inverted hierarchy of a light neutrino

Now let us turn to the inverted hierarchical case. Similar
to case (i), scanning the parameters m0, y1, y2, �, � based
on the formulas for the neutrino mixing angles and masses
and taking the experimental data given at 3� in Eq. (3) as
constraints, we can obtain the allowed regions of model
parameters given by
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1:30< �< 1:56; 209� 
 � < 222�;

0:27 
 y�3	
��
3

10�9
< 0:45; 0:79< y1 < 0:88;

0:60< y2 < 0:79; and 1:12< y1 < 1:24;

1:28< y2 < 1:5:

(46)

We found that this case is achieved when M1 <M2 <M3

is satisfied. For those parameter regions, we in turn inves-
tigate how the mixing angle �13 depends on other parame-
ters and whether CP violation is realized. In the upper left
panel of Fig. 4, the data points indicate how the mixing
angle �13 is determined in terms of the ratio y1=y2. We see
that the measured value of �13 in 3�, including the Daya
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Bay experiment in Eq. (2), can be achieved for two sepa-
rate regions, 0:82< y1=y2 < 0:88 and 1:12 & y1=y2 &
1:3. We plot JCP versus �13 in the upper right panel of
Fig. 4. For 5:9� & �13 & 9:5�, jJCPj ’ 0:018� 0:036 and
�0:02��0:034, which indicates CP violation in the
leptonic sector.

In the lower panels of Fig. 4, the data points show how
�13 is determined in the allowed regions of �12 and �23
given by Eq. (3). We see that the narrowed regions of the
atmospheric mixing angle �23, 38:6

� & �23 & 40:5� and
49:5� & �23 & 53:1�, are preferred, which indicates that
the parameter set disfavors maximal mixing for the atmos-
pheric mixing angles. From the lower right panel of Fig. 4,
we see that determination of �13 does not strongly depend
on �12 for the allowed region. We see from the figures that
contrary to case (i), �13 for the inverted hierarchy prefers
rather lower values of less than 9.5�. The left panel of Fig. 5
shows that �CP is predicted to be around 70, 100, 160, 250,
and 290�. In the right panel of Fig. 5, the value of jmeej is
predicted as a function of �13 and we see that jmeej½eV� lies
between 0.038 and 0.049 in the allowed region of �13.

V. CONCLUSION

Motivated by recent observations of nonzero �13 from
the Daya Bay and RENO experiments, we have proposed
in this paper a neutrino model with A4 symmetry and
shown how deviations from the TBM mixing indicated
by the current neutrino data, including the Daya Bay result,
can be accounted for. In addition to the leptons and the
Higgs scalar of the SM, our model contains three right-
handed heavy Majorana neutrinos and several scalar fields
which are electroweak singlets required to construct desir-
able forms of the leptonic mass matrices. To have a good
dark matter candidate, we imposed auxiliary Z2 symmetry,

and thus light neutrino masses at tree level are absent in our
model. However, the light neutrino masses can be gener-
ated through a loop diagram, and we have shown how the
light neutrino mass matrix can be diagonalized by the
PMNS mixing matrix whose entries are determined by
the current neutrino data, including the Daya Bay result.
In our model, the origin of the deviations from TBM
mixing is nondegenerate neutrino Yukawa coupling con-
stants among three generations. Also, unremovable CP
phases in the neutrino Yukawa matrix are the origin of the
low energy CP violation measurable from neutrino oscil-
lation and high energy CP violation. We have discussed
some implications on leptonic CP violation.
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APPENDIX: THE HIGGS MASS

Our model contains four Higgs doublets and three Higgs
singlets. Here, we present the masses of physical scalar
bosons, where the standard Higgs h0 is mixed with �0

0i, not

with h0i, A0
i. For simplicity, we assume that CP is conserved

in the scalar potential, and then the coupling 	
��
3 is real

and the term ���
2 ð�y�Þ3a� is neglected in the Higgs po-

tential given in Eq. (10). The neutral Higgs boson mass
matrix in the basis of ðh0; �0

01; �
0
02; �

0
03; h

0
1; h

0
2; h

0
3; A

0
1;

A0
2; A

0
3Þ is block diagonalized due to Z2 symmetry and

CP conservation, which is given by

M2
neutral ¼

m2
h0 m2

h0�0
1

0 0 0 0 0 0 0 0

m2
h0�0

1
m2

�0
1

0 0 0 0 0 0 0 0

0 0 m2
�0
2

m2
�0
2�

0
3

0 0 0 0 0 0

0 0 m2
�0
2
�0
3

m2
�0
3

0 0 0 0 0 0

0 0 0 0 m2
h0
1

0 0 0 0 0

0 0 0 0 0 m2
h0
2

m2
h0
2
h0
3

0 0 0

0 0 0 0 0 m2
h03h

0
2

m2
h03

0 0 0

0 0 0 0 0 0 0 m2
A0
1

0 0

0 0 0 0 0 0 0 0 m2
A0
2

m2
A0
2
A0
3

0 0 0 0 0 0 0 0 m2
A0
3
A0
2

m2
A0
3

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

; (A1)

where the primed particles are not mass eigenstates, and mass parameters are given as
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m2
h0 ¼ 4	�v2

�; m2
h0�0

1
¼ 2v�v�	

��; m2
�0
1
¼ 4v2

�ð	�
1 þ 	

�
2 Þ; m2

�0
2ð3Þ

¼ v2
�ð3	�

2 þ 4	
�
3 Þ; m2

�0
2�

0
3
¼ 3v��

�
1

m2
h01

¼ v2
�ð	��

1 þ 	
��
2 þ 2	

��
3 Þ þ�2

� þ v2
�ð	��

1 þ 2Re½	��
2 �Þ;

m2
A0
1
¼ v2

�ð	��
1 þ 	

��
2 � 2	

��
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Since the matrix in Eq. (A1) is block diagonalized, it is easy to obtain the mass spectrum given as follows:
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(A3)

where 	
��
12 � 	

��
1 þ 	

��
2 . Note here that the unprimed particles denote mass eigenstates. And the charged Higgs boson

mass matrix in the basis of ð��
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Using m2
hi
, m2

Ai
in Eqs. (A2) and (A4), the expressions for �m2

�i
that appear in Eq. (24) are
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