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Bilocal phase operators in S-deformed super Yang-Mills
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We present tree-level scattering amplitudes in B-deformed super Yang-Mills theory in terms of new
generating functions, derived by construction of a phase operator and application thereof to the N = 4
superamplitudes. The technique is explicitly illustrated for the maximally helicity violating (MHV) and
next-to-MHYV sectors. Along these lines we propose a phase representation of the N° = 4 superconformal
algebra realized on deformed amplitudes in the planar limit. Validity of the MHV vertex expansion is
proven and a connection to nonplanar multiloop unitarity cuts is established. Our derivations are also

compatible with the related y-deformation.
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I. INTRODUCTION

Maximally supersymmetric (/N = 4) super Yang-Mills
theory in four dimensions is a very special quantum field
theory in several ways. First of all, it has surprisingly
simple and well-behaved amplitudes. The N = 4 super-
multiplet is CPT self-conjugate and in addition the theory
is both classically and quantum mechanically conformally
invariant because the renormalization group S-function
vanishes identically. Even more remarkably, although
gravitational interactions are absent, the N = 4 theory
is intimately related to a supergravity theory via the cele-
brated AdS/CFT correspondence.

Multiloop N = 4 scattering amplitudes are very ele-
gantly studied within the on-shell superspace formalism
[1-13]. The principle is to arrange the entire supermultiplet
as a superfield expanded in Grassmann variables. All pos-
sible scattering combinations are realized by formation
of superamplitudes, defined as generating functions of n
copies of superfields corresponding to the external legs.
Single amplitudes are then projected out by unique strings
of Grassmann differential operators or pieced together in a
graphical framework. Superamplitudes for general particle
and helicity configurations may be constructed with the
Britto-Cachazo-Feng-Witten (BCFW) on-shell recursion
relations [4,7,14,15].

It is of course very interesting to examine features of the
N = 4 theory in more general settings. Super Yang-Mills
theories with less than maximal supersymmetry do not
possess all of the amazing properties mentioned, although
the superspace formalism can be generalized [5,6,16].
However, exactly marginal deformations of the N = 4
super Yang-Mills theory preserving only reduced amount
of supersymmetry in particular inherit conformal invari-
ance [17], and have recently attracted considerable atten-
tion especially catalyzed by the AdS/CFT duality. Exactly
marginal deformations have also been subject to intense
investigations within the perturbative regime [18-33]. In
particular, it has been of special interest to understand how
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scattering amplitudes are modified by the so-called
B-deformation. It can be shown that conformal invariance
of the planar -deformed super Yang-Mills theory requires
reality of (3, the deformation parameter. The theory enjoys
only N = 1 supersymmetry and a global U(1); X U(1),
flavor symmetry, and may be formulated with both sym-
metries manifest in the N = 1 superspace formalism in
terms of three charged chiral superfields and a neutral
vector superfield, and a star product operation which in-
corporates the charges of the fields under the flavor sym-
metry. Using this Lagrangian approach the S-deformed
Feynman rules of the deformed theory may be obtained,
and the behavior of its scattering amplitudes elucidated
[18]. It turns out that the N° = 4 and B-deformed theories
are very similar.

Motivated by the developments in exactly marginal
deformations and inspired by how powerfully on-shell
scattering amplitudes are constructed from analyticity
and unitarity in the 2N" = 4 on-shell framework, we recast
the deformed theory in terms of generating functions.

II. NOTATION AND CONVENTIONS

Several modern techniques apply to present gauge
theory scattering amplitudes very effectively. With all
states in the adjoint representation of the gauge group,
say SU(N,), any tree-level amplitude can be color decom-
posed as

Are(1,2,...,n) =g" 2 > Tr(TownT%e - - Tm)

(TES,,/Zn
X A(o(1), 0(2), ..., o(n)), (1)
where g is the gauge coupling constant and

Are(g(1), o(2), ..., o(n)) are partial amplitudes soaking
up the entire kinematical structure corresponding to a
particular ordering of the n external legs encoded by the
trace of the gauge group generators 7. The sum is over all
permutations S, with trace preserving cyclic permutations
Z, modded out.
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The partial amplitudes are written in terms of Lorentz
invariant, little group covariant holomorphic and antiholo-
morphic spinor products. In order to distinguish the two
chiralities we use angle and square brackets, and define
(i) = —(ji) = €apA?A], ] = —[ji] = €4 A7 A7,

2

for commuting spinors A¢ and A¢ related to momentum by
Pt = ATAL

III. ON-SHELL N =4 SUPERSYMMETRY

The N = 4 gauge multiplet has the unique property of
CPT self-conjugacy which implies that all on-shell states
can be assembled by a single holomorphic superfield
®(p, n). It is expanded in Grassmann variables 1, where
a=1,...,4 is a fundamental index of SU(4)g, the
R-symmetry group of the theory. Within this setup the
sixteen physical states transform in r-rank antisymmetric
tensor representations as two gluons g, and g%’<, four
fermion pairs ¢ and ¢, plus six real scalars s%°. The
tensor rank r and particle helicity % are related through
2h=2—r.

The superfield is [10] (repeated indices are summed)

1 1
(p, m) = g+ + Maft 5705 + 3 MM NS

]
o e MeNag . 3)

There also exists an antiholomorphic superfield

- 1
q)(P: Sab +_77 T’ TI abc

oy am L y
M) =g +Aa 4570 s + 3,

2!
1 ~c~d o+
o 1A G e )

linked to ®(p, 1) by the Grassmann Fourier transform, but
with the exact same particle content encoded. Due to this
equivalence either representation may be preferred. In this
paper we reserve the holomorphic and antiholomorphic
descriptions for maximally helicity violating (MHV) and
MHYV amplitudes, respectively.

A. MHYV superamplitudes

Proliferation of scattering amplitudes in N =4
super Yang-Mills theory is handled by introduction of
superamplitudes, which are functions of n copies of the
superfield, one for each external leg. The full n-point tree-
level superamplitude is organized ascendingly according to
Grassmann degree in steps of four,

A n(/\r X! 7’) = Jzt(CDI e (Dn)
=ﬂMHV+ﬂNMHV+,,,+ﬂm 5)

ranging from eight 7’s to 4n — 8. It follows in particular
that all MHV amplitudes may be packaged into a generat-
ing function, also referred to as the MHV superamplitude.
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Each term thus corresponds to a regular scattering
amplitude involving gluons, fermions and scalars. It is
convention to extract the MHYV sector from the full super-
amplitude as an overall factor.

The MHYV tree-level superamplitude is in addition to the
well-known overall momentum conservation proportional
to an eightfold Grassmann delta function conserving total
supermomentum QF = 2'?:1 A¥ M4, and is defined by [1]

(277)45(4)(2 | Pi) ®) < o
RGN (%Af"f“)' ©

For calculational purposes it proves advantageous to
expand the Grassmann delta function present in the
MHYV superamplitude as a sum of monomials in the 7’s,
first in all possible values of the group index,

n 4 n
o0(X arm) = TTo%(X x5 @
= a=1 =1

and then using 8(7n) = 7 for Grassmann variables,

n 4
5(8)(2 A§ n,-a> =TT niamje (8)

j=1 a=1i<j

qu MHV _—

Frequently we write holomorphic and antiholomorphic
spinor products of supermomenta of the individual legs
defined by

<Qiaqm> = 771’a<ij>77ja: [ngl;] = ﬁ;l[l‘]]ﬁ(/l (9)

Consequently, the MHV generating function reaches the
very clean form

l_la 121<]<Qtaq/a>
)
with four-momentum conservation stripped.

For four external legs, some simple examples of MHV
component amplitudes are

ﬂ MHV _—

(10)

ni:1<Q1a42a>

AV(1 (12)(23)(34)(41)’

an

+ o4+ —
g1234: 3g)4g) =1

AMHV(l abulr fub() 3;—41’ 4+

_ A91a92a%915926X 016924910934
(12)(23)(34)X41) ’

(12)

AMHV (1~ 3.0, 47)

fabu fabd’

_ l.<f]1aQ2a><611b612b><6]1cf]3c><Q2d613d>
(12)(23)(34)41)

Analogous to the MHV superamplitude we may use the
antiholomorphic superfields (4) to build a MHV generating
function. The MHV superamplitude conserves total con-
jugate supermomentum Q% = 3" A¢7¢ and is apart

(13)
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from an ordinary momentum conserving delta function

given by

8O, Al )
?:1[” (r+ 1)]

IT- Xi<1373]
:l=1[r(”+ D] .

It is mapped from the 7j-coordinates to the untilded super-

space using the Grassmann Fourier transform realized by
the n-leg operator

Fo= [[anten(Taima)e. a9
i,a b,j

As a first example of MHV component amplitudes con-
sider the equivalent reinterpretation of the MHV ampli-
tudes (11)—(13) in the tilded superspace,

4 [~a~a]
AT(1 05,30 ar ) — i Al B8]
4 (L 8 81234 é|234) 1[12][23][34][41]

AN = i(=1y"

= i(—1)y"

(14)

(16)

AYV(1, 27 30 4r )

fave’ " 8abed

_ 1330441130045 330 Gac ) G24Gaa]
[12][23][34][(41] ’

7)

Ry =

(s(s = DXe(r = 1)8W(E,50)
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AW(Q 27,30, 45,

Sab’ " 8abed

_ . [33094a)130G45 M G2c Gac G 14Gaa]
[12][23][34][41]

(18)

B. The NMHY sector

The supersymmetric BCFW recursion relations [4,7]
generate all tree-level superamplitudes in N = 4 super
Yang-Mills theory in terms of nested sums of dual super-
conformal invariants [10] from just MHV and MHV am-
plitudes. The essence is to deform the on-shell superspace
by a supershift and recover the physical amplitude by
residue calculus. In this paper it suffices to examine in
detail only the next-to-MHV (NMHV) superamplitude. It
comes with the very compact result [10]

ANMHY = AMHEV N R, (19)

1<s<t<n

where, however, R, are complicated dual superconfor-
mal invariants (see e.g., Ref. [9]),

depending on another intricate Grassmann valued object,
E,..51» defined by

n—1 n—1
En;si = Z<n|xnsxsl|i>77ia + Z<n|xmxts|i>77ia' (21)
i=t i=s
Equipped with all necessary machinery of N =4
superamplitudes we are now ready to consider applications
in B-deformed super Yang-Mills theory.

IV. B-DEFORMED SUPER YANG-MILLS THEORY

Marginal deformations of conformally invariant super-
symmetric gauge theories were first systematically studied
by Leigh and Strassler [17], and have subsequently been
analyzed extensively both perturbatively and at strong
coupling in Refs. [18-33] just to mention a few.

Before exactly marginal deformations are treated, we
shall first pay brief attention to the Lagrangian formulation
of the undeformed N = 4 super Yang-Mills theory. The
standard N = 1 superspace formalism applies by con-
struction to field theories with JN" = 1 supersymmetry.
But since N > 1 supersymmetric theories may be reduced
to multiple unextended supermultiplets coupled together,
the N = 1 framework proves useful in a much richer class
of theories. The N = 4 particle content decomposes into

x3lnlx, x| OXnlx, x|t = DXlx,x0 s)nl,xgls — 1)

(20)

one N =1 vector multiplet and three N =1 chiral
multiplets. The Lagrangian can be written [30,34]

_ - 1
Loy [ L / LOTIWW,,
g
+ {g / LOTrdD, [y, D3] +H.c.}, 22)

where V is the vector superfield and @, ®, and ®; are the
three chiral superfields. The kinetic term for the vector
superfield involves as usual the superfield strength defined
by W, = iD*(e"¢VD,et") where D, and D, are super-
covariant derivatives. This Lagrangian is manifestly
N =1 supersymmetric being constructed using the
N = 1 superspace prescription. Moreover, the three chi-
ral superfields enjoy manifest SU(3) flavor symmetry, but
the full SU(4) R-symmetry is obscured.

The general Leigh-Strassler theory is parametrized by
complexification of the gauge coupling g and modification
of the superpotential by the substitution

gTr(® D, 05 — @ D;D,)
= KTr(qP P, D3 — ¢~ ' D D3 D,)
+ pTe(®F + B + D)), (23)
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for complex «, p and g. The deformations break super-
symmetry to N = 1. In order for the deformation to
become exactly marginal and thereby inherit finiteness at
the quantum level, the parameters must be highly con-
strained. Leigh and Strassler demonstrated the existence
of a three-complex dimensional surface in the coupling
constant space of conformally invariant theories with
N = 1 supersymmetry. This surface can be defined as a
quite complicated level set y(k, p, g, g) = 0. The condi-
tion however has to be calculated perturbatively and
unfortunately its form is not known beyond a few loops
except for very restrictive choices of the couplings.

A. Star product induced -deformations

The Leigh-Strassler deformed theory generated by
the superpotential substitution (23) includes as a special
case a one-parameter family of theories known as
B-deformations, which extend to quantum finiteness to
all orders in the planar limit [20]. The model follows by
tightening the assumptions on the parameters and setting
k=g, p=0and gg = 1, so that for By real, the new
superpotential becomes

WB = gTr(ei”ﬁR(IDICI)z(I)3 - 671-77’8"’(1)1(1)3(1)2), (24)

whence the undeformed theory is recovered by sending
e'mPr — 1,

It turns out that the B-deformation can be understood in
terms of a special operation between the superfields,
namely the star product, which will prove invaluable
when we evaluate deformations of scattering amplitudes
[18]. In order to define the star product it is necessary to
discuss the leftover symmetries of the [B-deformed
Lagrangian. The original R-symmetry is broken from
SU(4)g to U(1)g, but it is observed that the deformed theory
in addition is invariant under a global U(1); X U(1), flavor
symmetry of the three chiral superfields. More specifically
the symmetries can be expressed as

U(l)l: ((I)l’ q)z, CI)3, V) = ((I)l’ eml (I)Zr eii"‘l (I)3, V),

. , (25)
U(l)Z: (CI)I: (I)Z) (I)3; V) — (eimqq)]) elaz (I)Q; CI)Sy V))

the vector superfield being neutral under these transforma-
tions. The symmetry charges are

o= (0,+1,-1,0, QH=(-1,+1,00. (26

Suppose that ®; and ®; are chiral superfields with flavor
symmetry charges QEI’Z] and QE.M], respectively. Then the
star product operation together with the B-deformed
commutator between these fields is defined by

q)_ * (D = ei”BR(QE]]QE'ZJ_Q?]QE”)(I)‘(I),
i j i

. . (27
[(Di’ (pj]ﬂ = elﬁﬂi[(bi(pj - e_”TBijq)j(Di’

where B;; is the antisymmetric matrix
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Bij = —Bji Bz = —Biz = By = Pk (28)

For Bp real it follows that the star product is simply the
usual product adjusted by an overall flavor-dependent
phase factor. Of important properties of the star product
we mention associativity, which is a consequence of addi-
tivity of the flavor charges, and noncommutativity, the
latter being obvious from the definition (27).

Prior to implementation in the /N° = 4 Lagrangian the
star product must extend to the antichiral superfields @, ®,
and @;. They carry opposite charges to the chiral super-
fields under the U(1); X U(1), symmetry so that ®,d; is
chargeless and ®; x ®; = ®,®;. We therefore note

o =(0,—1,+1,0) = -0,

O = (+1,-1,0,0) = -0, )

whereby both antichirality and mixed-chirality star prod-
ucts become well defined.

With this operation the S-deformation can be induced in
the N = 4 Lagrangian by substituting all ordinary prod-
ucts between superfields with star products, or equivalently
replacing all commutators with B-deformed brackets. In
particular, the superpotential can be written

WB = gTr(Q)l * (I)z * (b:; - d)l * @3 * (Dz)
= gTr(C'”T'BR(I)](I)ZCD:; - eiiW’BR(I)lq):;(I)Q), (30)

and hence the B-deformed Lagrangian takes the form

_ - 1
Ly= [dQHdZGTre*gVCD’egV(I)i + P [dZHTrW“Wa
8

++gfdwﬂ¢d¢ﬁ¢ﬂﬁ+H&} 31)

By consideration of the component version of the
Lagrangian for the 2N° = 4 super Yang-Mills theory rather
than its superspace representation (22) it is elementary to
derive the modified color-ordered Feynman rules. We
mention that nonconsecutive four-scalar interactions and
Yukawa vertices without particles from the vector multiplet
exhaust the 3-deformed vertices (see Fig. 1), and refer the
reader to Ref. [18] for detailed calculations.

B. Phase structure and effective vertices

Scattering amplitudes in N = 4 and B-deformed super
Yang-Mills theories seem closely related when comparing
their Feynman rules. Indeed, only three specific four-scalar
and Yukawa interactions are modified, and this deforma-
tion introduces nothing but prefactors to the vertex rules.
Several comments are important in this connection.

The two theories have the same particle content and it is
easy to see that many amplitudes are actually identical. For
a B-deformed amplitude to agree with the corresponding
N = 4 expression, the phases of the 8-dependent vertices
should cancel each other, or such vertices should simply be
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FIG. 1 (color online). The B-deformation adds overall phase
factors to the original vertex rules of the depicted four-scalar and
Yukawa couplings. We denote the three complex scalar field
components of the chiral superfields ®; by ¢;, while A; label
their fermionic superpartners. Notice that the ordering of the legs
is crucial.

absent in the diagram. Whole classes of amplitudes are
insensitive to the phase deformation, the most obvious
being all tree-level amplitudes with external gluons and
gluinos exclusively.

In general, amplitudes in the deformed theory are
[B-dependent. The modifications however turn out to be
surprisingly uncomplicated. At first we realize that the origi-
nal and deformed theories are equivalent at tree-level, up to a
multiplicative prefactor. This conclusion follows from the
simplicity of the color-ordered Feynman vertices. But it can
be shown that the product of phase factors from the individual
vertices is independent of the internal structure of the dia-
gram. Suppose the arbitrary color-ordered tree-level ampli-
tude in consideration has any combination of n external fields
and label them A, A,, ..., A,. Then the B-dependence of
this amplitude is entirely captured by Ti{A; * A, x -+ - %
A,]. Actually this statement applies not only to tree-level
amplitudes, but is guaranteed to hold to all orders in pertur-
bation theory in the planar limit. The claim has profound
consequences for our applications of B-deformed super
Yang-Mills theory. A proof based on effective vertices of
only external legs was provided in Ref. [18]. Shortly we
report a similar strategy for supervertices.

We end this section by deriving an expression for the
phase factor of any given n-point amplitude in terms of
only the U(1); X U(1), charges of the superfields corre-
sponding to the external legs. Upon invoking the definition
of the star product (27) we deduce the generalization
to n legs,

PBr(Ay, Ay ..., A)
_ T Ay x Ay x---x A ]
a Tr[AjAy -+ A,
n—1 n
= l'[exp[mBR > Vo - oYlo) ] (32)
i=1

j=it1

using the rather self-explanatory notation with Q}\[ and
Q?\' denoting the symmetry charges of the field A;. Finally
(32) may be recast perhaps more conveniently as
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PA (N1 Ao ) = enp] i 3 Q0RO |

i<j
(33)

This result is essential for the rest of the paper.

V. GENERATING FUNCTIONS FROM
BILOCAL PHASE OPERATORS

Now that we have gained confidence with the basic
structure and interactions of S-deformed super Yang-
Mills theory, it is very natural to attempt to incorporate
all scattering amplitudes sectorwise into generating func-
tions instead of relying on traditional Feynman calcula-
tions. Thereby established /N = 4 superspace applications
such as intermediate state sums by Grassmann integration
become compatible with the B-deformed amplitudes.

We first identify particles in N' = 4 on-shell superspace
with the components of the N = 1 vector and chiral
superfields. Recall that the sixteen physical states in the
N = 4 supermultiplet can be realized as two gluons g,
and g4, four fermion pairs f¢ and £, plus six real,
self-dual scalars s??, all completely antisymmetric in the
displayed fundamental SU(4) indices. The gluons of
course belong to the vector multiplet, while the remaining
fermions and scalars of the theory can be chosen such
that [22]

(i’ (ib(;’ Si4, Sij} PN {/\a, Eabcd)_\d’ ¢i’ 6ijk4d_)k}’ (34)
fora,b,c=1,2,3,4and i, j, k=1, 2, 3.

A. MHYV generating functions

We consider the MHV sector and derive an expression
for the n-point tree-level MHV generating function. With
that result at hand the MHV superamplitude will follow
immediately from the Fourier connection. Clearly, both
expressions should reduce to the original /N = 4 super-
amplitudes in the limit S8 — 0.

The upshot of the preceding section was that the N = 4
and B-deformed theories have identical planar sectors up
to simple phase factors, which for any given amplitude to
all orders in perturbation theory are determined by the
configuration of its external legs and their U(1); X U(1),
symmetry charges according to (33). The logical solution
is therefore to take the N = 4 superamplitude and just
attach to each component the appropriate phase factor.

We remind ourselves that the N =4 MHV super-
amplitude reads

A MHV — in2=1 Zi</<61m61ja>
" " (r(r+ 1))

and therefore the task concentrates on translating the indi-
vidual Grassmann signatures to S-dependent expressions.
We circumvent this obstacle by assigning U(1); X U(1),
charges to the fermionic coordinates of the N =4

(35)
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on-shell superspace instead of the superfields such that the
on-shell superspace version of the star product imitates the
star product defined in /N” = 1 superspace. This solution is
closely related to the light cone superspace star product
introduced in Ref. [22]. We apply the usual charges Q!!]
and Q[?!, with opposite signs in the Fourier transformed
superspace. More precisely 7;, carries charges QE]
and QE,ZJ.

The trick is now to construct a pair of differential
operators to decode the n-patterns and thereby count sym-
metry charges. Preferably the 7-strings should be eigen-
states of these operators, and the symmetry charges the
corresponding eigenvalues. In order to achieve this we
introduce the operator

4

oM =% 0l y,,a,, (36)

a=1

with the two explicit components

Al A2
O =npin—madn O =n00n—m000, (7

such that le] and QEZJ measure the symmetry charges
le] and QEZ], respectively for leg i, and are by construction
Grassmann even. For instance the action on the Grassmann
combination corresponding to the negative helicity fer-
mion of the chiral superfield 5 is le](ﬁil”fhz”flm) =
Mamamis and QP (m,mpmu) =0 in agreement with
(29). It is easy to see that the mechanism works in general.
The vector multiplet in particular has vanishing charges as
it should.

Substituting le] and ng] for the constant symmetry
charges in (33) yields the operator version of the phase
factor

P = exp|impe ¥ Q)1 - QPN | )
P<q
which enables us to formally write the 8-deformed MHV
superamplitude as

AP = expl imp 3 (Q7Q]) - Q)]

p<q

AMHV — il_[(r(r + 1))!
r=1

X exp[inRZ(Qg]QEf] - QEJQEJ)]
P<q
4
X T2 mien;e (39)
1

=1i<j

The B-deformed generating function has by construction
the desired property ALXMAY . AMHV in the limit
B R 0.
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In order to streamline the notation we first introduce
an alternative version of the Kronecker delta function
defined by

1 ifiel

61' - 40
& 0 otherwise, (40)

where for our purposes the set / should only contain unique
elements. Let us then turn to the evaluation of the action of
the symmetry charge operators on a generic string of
Grassmann variables present in the MHV superamplitude.
The vector multiplet sector commutes right through the
differentiation, while numerous Kronecker delta functions
are produced when hitting the 7n-variables pertinent to the
chiral multiplets. Keeping track of all possible combina-
tions we find

4
(@08~ ORI [Tmiem
=1

- [(5;;{1‘2,/2} o 5p{i3,j3})(5q{i2,j2} o 5q{il»jl})
4

—(p = DI ] nienje- 1)
=1

It immediately follows that & ,;;, 11840, 1,3 — (P < q) = 0.
The phase factor therefore reduces slightly into

Br,MHV _ .
?i1§1§i2j2§i3j3 = exp(lﬂ-’BR Z[aq{il,jl}((sp{i3,j3} o 6P{iz,jz})
P<q
- aq{izyjz}ap{i3vj3} - (P - Q)]), (42)

such that the B-deformed MHV superamplitude becomes

BRMHV _ . T- 1 B, MHV
An* =1 l_[<r(r + 1)> Z Tilljliizjzii}js
r=1 {i<{i}

4
X [T¢4ieqj e (43)
=1

with the shorthand notation

=D, (44)

{iy<{j} i1<ji i34 <Js

The form of (43) coincides with our expectations. We
see that the three spin factors corresponding to the chiral
multiplets are now correlated through a phase matrix

f jl?/lgxh ;, while the original fourth SU (4) factor identi-
fied with the vector multiplet is left unchanged and can be
separated out. Hence, N = 1 supersymmetry is manifest.

The result also reflects that alternatively we could have
considered a theory of the three chiral superfields with
the appropriate phase dependent interactions and then
have coupled the corresponding superspace structure to
the bare /N =1 MHV superamplitude addressed in
Refs. [1,5,6]. However, the approach presented here more
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efficiently generalizes to superamplitudes beyond the
MHYV sector.

B. Cyclicity and color reflection identities

Before we continue let us pause for a second and study
the phase operator defined on on-shell superamplitudes in
phase-deformed on-shell superspace. Formally, it is given
in terms of its Taylor series in the bilocal pure phase &
such that

P Br = explimBrd] (45)

The phase generator comes with canonical ordering of
the external legs. However, with the (n — 1)! different
configurations introduced by color decomposition in
mind, it is necessary to define the operator for an arbitrary

permutation o of (1, 2,...,n), i.e.,

DBr _ . Al Al _ Hlkl plil

TvR_eXPI:’WBRg(pr)Qa(q) Loin Lot ] (46)
P<q

With this formulation the phase generator can be brought
to depend only on the positions of the particles in the cyclic
chain and is thus universal.

Amplitudes should have cyclic symmetry. We prove the
crucial property of cyclicity of phase operator itself. In
general, bilocal operators such as the phase generator map
cyclic functions to noncyclic functions. However, depend-
ing on the space upon which the operators act, the non-
cyclic remainder may be brought to vanish. The most
prominent example is the level-one Yangian generators.

It is straightforward to see that

> (@Ol - oMol

1=p<g=n
AL A A
- Y (9o — ol
2=p<g=l1
- A1l A2 A2 ALl
=2 (01100 — o1o0), (47)
p=1
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where the two indicated configurations 1,2,...,n and
2,3, ..., n, 1 differ by a cyclic transformation. The on-shell
amplitudes are neutral with respect to the flavor symmetry,
which means that

n
5 oar -
p=1

n

S oAk —o. 48)

p=1

Therefore the restriction of the phase factor difference (47)
to this space vanishes. Moreover, the remainder term
at arbitrary order in the deformation parameter is bound
to annihilate the amplitudes. We thus conclude that
&(1,2,...,n)=(2,3,...,n 1) and

APr1,2,. . n)=AP2,3,....n1). (49)

Let us next consider the phase-deformed color reflection
identity. It is easy to realize that reversal of the order of the
external legs inverts the phase,

¢(1,2,....,n)=—dmn—1,....,1). (50

Remembering that inversion of undeformed amplitudes
introduces a factor of (—1)" we thus realize that the
phase-deformed analogue has to be phase dressed.
Alternatively, we can compensate for the transformation
of the phase via the deformation parameter,

Alr,2, )= (1A PO —1,..., 1. (51

C. Components of the MHYV sector

We calculate a number of phase factors using (42) to
obtain explicitly some of the components of the
B-deformed MHV generating function. Our results agree
with the phase structure obtained via the usual star product
defined for N' = 1 superfields. The relevant phase matrix
indices for the amplitudes written below are 24; 14; 23, 13;
12; 12, 34; 14; 13, 34; 13; 14, 16; 35; 56 and 16; 56; 35,
respectively,

. <1121441><q126142><4236133><61145134>

AfR‘MHV(lsZ“r 2&”’ 3.&‘34’ 4512) -t

35,47) =i

j:1<r(r+ 1)> '

. <6111(]31><6]12Q22><C]13Q23><(]146124>

,MHV (1 — -
AP (L, 2

f234) fl ’

AGPMY (1, 28,3,

,MHV /- —
ASIBR (1f234J 2;» 3f124:

4S13, 5+) = ie

AgR'MHV(lsm, 2;—, 3524, 4;—, 5S23, 6X13) = je

ABRMEV (1 (0% 350 4% 5 2, 6,0) = ie” 2hr

> Tgo

‘r‘=l(r(r + 1)) ’

4,0, 5;) — jetimBr (431941 X91294294913933Xq14934)

[D-(r(r + 1)) ’

—imBy <Q311141><‘]126]32><61136]43><Q14434>

§:1<r(r + 1)) ’

+2im By (9119619329529 453963{q14q34)

[T6_,(r(r + 1)) ’
(911961 4952962933953 14G34)
o_(r(r+1))
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D. All googly-MHYV tree amplitudes

The B-deformed MHYV superamplitude allows an almost
trivial continuation to the MHV superspace. It just amounts
figuring out an expression for the phase factors. But
because the signs of all U(1); X U(1), charges just get
flipped, and thus cancel in (33), the phase factors of the two
sectors are identical in form,

B, MAV
ij13i2j23i3)3

By MHV 59
i i i (52)

Completely analogous to (43), implementation of the
pBr MAV

phase factor matrix P;*% ;"% in the original N =4

MHV  superamplitude (14) therefore yields the
[B-deformed MHV generating function

APLw MHV _

i(—1y" 1‘[[r<r + ]!

B MHV ~{ (
X {}Z{ }?11];1 i2J2313)3 l_[[qle q]( (53)
ir<{j

or, alternatively using the Grassmann Fourier transform, in
holomorphic superspace,

ALV () X ) =i(— 1)”l_ll[r(r+ N 1{}2{} f?‘,ﬁvm
<y

4
X[ 1Emetic.joliciel (54)

=1

for £,.¢ defined by
1 A

E e, J)E( n=2), 4 A [ TR EREE TR
(55)

VI. VERTEX EXPANSIONS, RECURSION
RELATIONS AND ALL SECTORS

Any pattern of Grassmann superspace variables may be
mapped to a definite phase factor, allowing easy extension
to non-MHV amplitudes. Consider in full generality the
N =4 NKEMHV tree-level superamplitude, denoted
ANMBV 46 ysual. In this formal development the precise
expression for this superamplitude is not important. Upon
application of the phase factor operator (38) to ANMHV
the B-deformed NKMHYV superamplitude can be reached
in the form

‘A.BRvNKMHV PBr A NKMHV
n n n
= e i 3 (21101 -

P<q
X ANMHV (56)

oo
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The NKMHV superamplitude has Grassmann degree
8 + 4K and each component thus carries a Grassmann
string with (2 + K) X 4 distinct indices. The general phase
matrix therefore has (2 + K) X 3 labels, but the form is
completely similar to (42). The sets associated with the
Kronecker delta functions will just have 2 + K unique
elements each.

A. The CSW superrules

To be more specific we will establish the MHV vertex
expansion of Cachazo, Svrcek and Witten (CSW). Our
proof is the generating function analogue of Ref. [18],
now formulated in terms of bilocal operators. The impor-
tant point is that neutrality of all vertices implies neutrality
of any amplitude.

Let us quickly refresh our memory of the CSW rules for
constructing the NXMHYV generating tree. The procedure is
to draw all tree graphs with (K + 1) vertices, distribute n
color-ordered legs, to each of the vertices associate a MHV
superamplitude and finally connect them by a scalar
Feynman propagator and for consistency equate the
Grassmann coordinates on both ends of the internal lines
between them. It is now rather elementary to extract all
contributions within a particular topology using Grassmann
integration over the K internal lines. The MHYV superrules
therefore translate into
ﬂI:KMHV — K Z [ d 771]
all graphs =1

MHV MHV . MHV MHV
XAG AL AT Ay O

where the discrete sum over all graphs incorporates inequi-
valent topologies. Although suppressed here it is important
to realize that P; is an off-shell momentum. However, in
order to have a well-defined product of on-shell trees, the
momenta that enters the (K + 1) superamplitudes must be
null-projections constructed from the corresponding off-
shell momenta using an arbitrary null-reference vector.

It suffices to consider the NMHV case to exhaust the
general factorization pattern. By cyclicity of the N = 4
superamplitudes we can without loss of generality arrange
their internal legs alternating first and last. Thus the lines
of the two supertrees can be labeled 1,2,...,k and
k,k+1,...,n, respectively. The sum of the associated
phases is

k=1 &
A A HI1HRI_ Hl21Hln]
siten=2 > (o7~ ool
p=lg=p+l1
n—1 n . R R .
+3 3 (2)97-27eY) ¢y
p=kq=p+1

We relate this expression to the phase of the full tree, e.g.,
legs 1,2,...,k—1,k+ 1,..., n, and observe that
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k—1 n
Syt @) = P42 — Z Z (QB]QEIZJ - QE;Z]Q[q]])-
p=1qg=k+1
(59)

By flavor charge conservation at each MHV supertree the
displayed double sum annihilates the expanded tree, and it
can thus be discarded,

Z > (@ - QU AN AT 0. (©0)
p=lg=k+

The generalization to K > 1 is straightforward by repeti-
tion of the argument. It follows that the phase factor
respects the vertex expansion

Per=T] :P(‘j'; 61)

supervertices/

We therefore have the S-deformed MHYV vertex expansion

5]

NEMHV __
ABr =K

allgraphs
BrxMHV 4 B, MHV _ BrMHV . BrMHV
XAGTT AT AR Ay -
(62)

Interestingly, this result allows us to circumvent any
non-MHYV amplitude deformation calculation by multiply-
ing together simpler MHV phase factors. What is more, a
complete set of four distinct Grassmann variables is also
chargeless, which potentially reduces the extent of nested-
ness even further.

Moreover, as a passing remark we note that the deriva-
tions presented here also ensure validity of the phase-
dressed super BCFW on-shell recursion relations,

ﬂl“(z;:) (63)

d4
ﬂﬁk:Z[ npiﬂfk(
P;

(277.)4 P; P2
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B. All NMHYV tree amplitudes

To expose the general pattern and keep tediousness to a
minimal extent, we resort to the simplest case beyond
MHYV level, namely the NMHYV sector, calculate the phase
factor explicitly and construct the 8-deformed generating
function. The N' = 4 NMHYV superamplitude depends on
the Grassmann object R,,.;; (20) and is given by the com-
pact expression

A NMHV — i“(r(r + 1))t
r=1

4
X 120 miama D, Rusr (64

a=1i<j I<s<t<n

Combination of the two Grassmann sums that appear in
R,.s; using s < t yields

ANMHY —zn<r(r+ DTS S0

a=1i<jk=s
X <n|xntxts + 0(1‘ - s)xnsxstlk>nia Nja Mkas (65)

with 6(x) denoting the Heaviside step function with the
convention #(x = 0) = 1. In order to maintain a hygienic
labeling scheme we split each of the displayed summation
indices into four, indicated by a subscript following the
flavor and R-symmetry index. The NMHYV phase factor can
now either be derived by again acting with the phase
operator, or preferably inferred from the result for the
MHYV superamplitude. We immediately obtain

B, NMHV
ivjikisinjakosisjzks
= CXp(iWﬁR Z [511{"1,1'1,kl}(ap{isvh»ks} o 517{52,/2»7(2})
r<q
o 6q{iz,j2,k2}5p{i3»j3»k3} B (P -« Q)]) (66)

Before the phase factor is plugged back into the ampli-
tude a slightly compressed notation is prepared. We take
R,.;, and strip off the Grassmann delta function to get

(s(s — DXt — 1))

R = X2 (nlx, x5 || x, x|t — 1Xnlx,0,5 s)Ynlx,x,5s — 1) ©7)
such that R,.;, = R,.;6¥(E,,.,;). Furthermore we introduce the chiral spinor
(€l = (nlx,x, + 00 — s)(nlx,x;,. (68)
Our expression for the S-deformed NMHV generating tree is thus
4
A [rIMY — z“(r(r +I)TT Y R,y Z Z P ks [ 1 i@ €tk )i (69)
I<s<t<n {i<{iHk=s =1

where the sums expand in the obvious ways
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>S=3-3, =N3> 0

{l}<{]} i1<Jj ig<jy {k}:Y ky=s ky=s
This formula completes our analysis at tree level.

VII. APPLICATIONS TO MULTILOOP
UNITARITY CUTS

In the following we will look at the general structure of
supersymmetric sums in multiloop unitarity cuts, which
break up phase-deformed loop amplitudes into products of
tree amplitudes. Such cuts are optimal to work with instead
of using lower-loop amplitudes in the construction, be-
cause the fully developed tree-level formalism is recycled.

We first specialize to plain N =4 theory.
Schematically we are interested in performing the inter-
mediate state sum,

> ATFALS AT an

states

for each cut leg. Within the superspace setup this summa-
tion is rendered very elegantly using Grassmann integra-
tion over the m-variables associated with the internal lines.
Let us be a bit more specific and assume that the tree-level

amplitudes are represented by the superamplitudes ﬂgﬁf

which are connected by k on-shell propagators. All pos-
sible internal and external particle configurations are then
encoded in the supercut

k
cri= | []1d4ni]ﬂ\;gge.¢t;;3€~~-ﬂtg;g. (72)

Without loss of generality the m superamplitudes can be
assumed to be either of MHV or MHV type. This is of
course trivially justified if all tree-level amplitudes in the
supercut have at most five legs. In more complicated
situations where this is not the case, the MHV vertex
expansion applies to reduce non-MHV parts to products
of MHV superamplitudes with additional propagators.
Hence, we only have to consider supercuts of the form

L

A MHV 1 MHV
X AMIV... AMIV AP, AR, (73)

with m' and n — m’ MHV and MHV supertrees, respec-
tively. Here, MHV superamplitudes have been Fourier
transformed from tilded superspace to the 7n-coordinates.

Let us now switch on the deformation. All ingredients
are at hand. We exploit that we can attach a subphase to
each supertree I and derive the deformed supercut

PHYSICAL REVIEW D 86, 085016 (2012)

_ ok -
e = [[ T |(T125)
L =1 .

1

MHV ... A MHV qAMHV ... 7 MHV
"q(l) "q(m’) “q(m’ﬂ) ‘A(n)

X
-k -
:[ nd477i
'i:1 -

BoMHV 1 e MHV 4 fpMAV | 2 B MHAV
X ﬂ(ll; ﬂ("f/) ﬂ(rrll(/+l) ”A(nl; .

(74)

Of course, for planar graphs the phases combine and
reproduce the tree-level result determined by the external
legs. But the deformed supercut provides rich information
about nonplanar diagrams which will differ substantially
from the large-N, limit. Beautiful algebraic and graphical
methods for evaluating such supersums were reported in
Ref. [1]. These techniques rely merely on the Grassmann
structure of the amplitudes and are hence directly compat-
ible with our results. The reader is encouraged to also
consult [35].

VIII. A PHASE REPRESENTATION OF THE
SUPERCONFORMAL ALGEBRA

The remarkable properties of amplitudes in conformal
deformations of N" = 4 super Yang-Mills theory with
minimal or no supersymmetry suggest that neither the
ordinary or dual representations of the superconformal
algebras are really natural frameworks for discussing their
symmetries. In the following we therefore propose a novel
phase representation of the psu(2, 2|4) algebra.! We draw
attention to Refs. [11,36,37] for thorough treatments of
superconformal and Yangian symmetry.

Let J be any standard N° = 4 superconformal symme-
try generator, i.e., take

T €4r*, 4% @5, map, g 3 15, d, 55, 5% kogd (75)

We can very intuitively apply a similarity transformation to
obtain a representation that manifestly annihilates the
phase-deformed superamplitudes. Indeed, we can formally
remove the phase, apply the ordinary symmetry generator
and then reinsert the deformation. On the space of ampli-
tudes the phase generator has a perfectly well-defined and
very simple inverse given by

(P =exp| ~impe 3 (@10 - 20N | 76)
p<q
Our phase representation is therefore

jBR = T.BRJ(?BR)_I' (77)

'This section originates from enlightening discussions with
Florian Loebbert, whom it is a pleasure to thank accordingly.
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The transformed operators trivially satisfy the correct
commutator and anticommutator relations of the N = 4
superconformal algebra by construction, irrespective of
[7, P] being nonzero. Moreover, if 7 is a symmetry of
A, thatis 7 A, = 0, then

T Br ABx — 0, (78)

In words, the deformed generating trees are manifestly
annihilated by all psu(2,2|4) generators in this phase
representation. What is more, we can also apply the trans-
formation to level-one generators and hence lift the
psu(2,2|4) symmetry algebra to a Yangian realized on
the deformed amplitudes. Our discussion thus suggests
that all intrinsic properties of planar N' = 4 super Yang-
Mills theory are preserved by the phase deformation.

IX. AMPLITUDES IN THE y-DEFORMATION

We emphasize that our formalism extends almost effort-
lessly to the y-deformation, of which the B-deformation
is actually a more frequently studied special case. It is
also conformally invariant at the quantum level in
the planar approximation and can be defined analo-
gously [23,29].

Indeed, the y-deformation is generated by promoting
ordinary products in the JN° = 4 Lagrangian to star prod-
ucts adjusted with phases which now break the SU(4)g
R-symmetry to its Cartan subgroup, which is a U(1); X
U(1), X U(1); flavor symmetry of the resulting theory.
Customarily the star product between superfields A
and A’ is

fx g = explimy;eqlq}), (79)
for some basis ¢, ¢,, g3. More practically to us though, the
phases can equivalently be parametrized by four-

component charges UE,‘] and ’UE] subject only to trace-
lessness conditions assuming that all N = 1 multiplets
are charged under the flavor symmetry. The number of
independent parameters is thus three since the charges
enter the star product antisymmetrically. On the other
hand, if the vector multiplet is neutral, ’Ugl] = ’ng] =0,
we recover the one-parameter 3-deformation.
Conservation of charge under each symmetry again
implies absence of phase contributions from internal

PHYSICAL REVIEW D 86, 085016 (2012)

structure to all orders in planar perturbation theory. It is
now trivial to write down the appropriate phase generator

P = exp[mﬁR S (U - ﬂgf]ﬂ[q‘])], (80)
p<q

with charge counting operators defined in on-shell super-
space in the usual way. The extracted parameter By is a
reminiscence of the B-deformation and should just be
considered a fixed common constant of proportionality.
We can now easily derive all tree-level amplitudes, super
vertex expansions, multiloop unitarity cuts and so forth.
In other words, everything we have said about the
[B-deformation is compatible with the y-deformation.

X. SUMMARY AND OUTLOOK

In this paper we have investigated the perturbative
regime of [B-deformed super Yang-Mills theory using
on-shell methods. We have explicitly written all MHV
and NMHYV tree-level scattering amplitudes in terms of
new generating functions and proven generalization to
arbitrary particle and helicity configurations via the
MHYV vertex expansion. Our results have been obtained
by implementation of a phase matrix in the N' = 4 super-
amplitudes, derived from their Grassmann structure using a
sector-independent operator. Several component ampli-
tudes were given as examples.

All generating trees are manifestly JN' = 1 supersym-
metric and reduce to the usual maximally supersymmetric
expressions when the deformation is removed. However,
we transformed the N° = 4 superconformal generators in
on-shell superspace and uncovered a phase dependent
representation that annihilates the deformed amplitudes.
In this implementation, all symmetries exhibited by the
N = 4 amplitudes survive the deformation.

We finally set the stage for automated computation of
intermediate state sums in connection with multiloop uni-
tarity cuts of nonplanar amplitudes in both the S- and
v-deformation. Applications of generating functions in
this direction seem especially promising for providing
further novel insight.
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