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We consider a variational approach to the finite-temperature Yang-Mills theory in the Coulomb gauge.

The partition function is computed in the ensemble of glueballs and quasigluons which emerge as

eigenstates of the Coulomb gauge Hamiltonian. We compute the energy density and pressure and compare

with results of lattice computations for both SU(2) and SU(3). The emergence of a phase transition is

discussed.
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I. INTRODUCTION

In recent years there has been an expansion in studies
aimed at the determination of the patterns of the QCD
phase transitions [1,2]. These are crucial for an under-
standing of the mechanism of confinement and dynamical
chiral symmetry breaking. At high temperature and/or
density, due to the asymptotic freedom, it is expected that
the weak interaction between quarks and gluons determine
the properties of the quark-gluon plasma [3–7]. Lattice
simulations at finite temperature are a good tool to inves-
tigate these phase transitions [8–12], while phenomeno-
logical models also enable studies of the high density
regime where the restoration of chiral symmetry is ex-
pected [13–17].

The present paper investigates the thermal properties of
a phenomenological model motivated by the canonical
approach to QCD in the physical, Coulomb gauge quanti-
zation. We compute the partition function in the ensemble
of glueballs and quasigluons. There are numerous studies
of QCD thermal properties in covariant gauges that include
for example Dyson-Schwinger based models [18–21] or
approaches based on the renormalization group flow [22],
or direct models of the equation of state [23–27]. The few
approaches that exist in physical gauges are rather loosely
related to the underlying QCD interactions [28–32].
Recently, there has been also an attempt to explore the
dynamical breaking of chiral symmetry in a self-consistent
calculation at finite density [33].

The advantages of physical gauges for phenomenology
and for developing physical intuition are clear, and we
summarize them here. The degrees of freedom of the
pure Yang-Mills (YM) theory are transverse gluons, and
thermal excitations connect color-singlet states of an arbi-
trary number of gluons. Transverse gluons are expected to
be effective only at high temperatures, while at low tem-
peratures it is more effective to compute the partition
function in terms of the ground state glueballs [34,35].
The underlying interactions in Coulomb gauge are domi-
nated by the instantaneous Coulomb potential acting

between color charges. In the non-Abelian theory, the
potential not only couples charges but it also depends on
the gluon distribution of the state in which it is calculated.
At zero temperature, in the vacuum state this distribution is
such that the Coulomb potential becomes confining, i.e.,
proportional to the distance R between the external color
charges, VðRÞ ¼ �CR [36,37]. Using various approximate,
variational models for the ground state YM wave func-
tional, it has been possible to obtain a potential that is
confining [38] or almost confining, i.e., VðRÞ ! R1�� with
� � Oð10%Þ [39–41]. The Coulomb string tension �c is
larger than the string tension computed from the temporal
Wilson loop. This is because the Coulomb potential repre-
sents the energy of a static quark-antiquark pair submersed
in the QCD vacuum, while the Wilson loop measures the
energy of the exact quark-antiquark state in which the
gluon distribution is squeezed by closed vortex lines.
Since the Coulomb potential is an instantaneous observ-
able, one might expect that it remains confining even
in the high-temperature limit [37]: At high temperatures
the integration over transverse fields becomes even
less restricted than in the vacuum, and, according to the
Gribov-Zwanziger confinement scenario [42,43], Coulomb
confinement originates from large field configurations near
the Gribov horizon.
Recently the variational approaches to Yang-Mills the-

ory in Coulomb gauge [38,40,41] have been extended to
full QCD [44] and to finite temperatures [1,2], assuming a
quasiparticle picture for the gluons. In the present paper we
study the thermodynamic properties not only of a system of
quasigluons but also include glueballs, which are the
physical constituents of the Yang-Mills ensemble in the
confining phase. In the following, we investigate the finite-
temperature properties of Coulomb gauge Yang-Mills
theory with a focus on the aspects of thermodynamical
properties and their behavior around the critical tempera-
ture of the phase transition. In particular, we compute the
energy density and pressure in the ensembles of glueballs
and quasigluons and compare with SU(2) and SU(3) lattice
results. In Sec. II we present the general setting for the
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finite-temperature, canonical Coulomb gauge problem as
well as general properties of the thermal average when the
glueballs basis is used. In Sec. III we present the numerical
results. The summary and outlook are given in Sec. IV.
Finally, details of the important expressions are presented
in the Appendixes.

II. HAMILTONIAN APPROACH AT FINITE
TEMPERATURES

The Coulomb gauge Yang-Mills Hamiltonian is ob-
tained after gauge fixing and elimination of the Gauss’s
law constraint on the longitudinal component of the elec-
tric field:

HYM ¼ 1

2

Z
d3xðJ�1½A��J½A��þ B2Þ þHC

� HK þHB þHC; (1)

HC ¼ g2

2

Z
d3xd3yJ�1½A��aðxÞJ½A�Fab

A ðx; yÞ�bðyÞ: (2)

Here �aðxÞ ¼ �i�=�AaðxÞ is the canonical momentum
(electric field) operator, and

J½A� ¼ Detð�DrÞ (3)

is the Faddeev-Popov determinant with

D ¼ rþ gÂ; Âab ¼ T̂cA
c; ðT̂cÞab ¼ facb; (4)

being the covariant derivative in the adjoint representation.
Furthermore,

�aðxÞ ¼ �fabcAb ��c (5)

is the color charge density of the gluons and

Fab
A ðx; yÞ ¼ hx; ajð�DrÞ�1ð�r2Þð�DrÞ�1jy; bi (6)

is the gluon field dependent Coulomb kernel. The vacuum
expectation value of this kernel plays the role of an instan-
taneous potential between color charges. At zero tempera-
ture and at large distances hFab

A ðx; yÞi is well approximated
by a linear rising potential. The gauge fixed Hamiltonian in
Eq. (1) is highly nonlocal due to Coulomb kernel FAðx; yÞ,
Eq. (6), and the Faddeev-Popov determinant J½A�, Eq. (3).
In addition, the latter also occurs in the functional integra-
tion measure of the scalar product of the Coulomb gauge
wave functionals

hc 1jOjc 2i ¼
Z

DAJ½A�c �
1½A�Oc 2½A�: (7)

In Ref. [40] the Yang-Mills Schrödinger equation was
solved by the variational principle using the following
ansatz for the vacuum wave functional:

hAj0i ¼ 1ffiffiffiffiffiffiffiffiffiffi
J½A�p hAj~0i;

hAj~0i ¼ N exp

�
� 1

2

Z d3k

ð2�Þ3 Að�kÞ!ðkÞAðkÞ
�
:

(8)

The preexponential factor removes the Faddeev-Popov
determinant from the scalar product Eq. (7). The kernel
!ðkÞ was determined by minimizing the vacuum energy
hHYMi, which yields an !ðkÞ that can be well fitted by
Gribov’s formula

!ðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM4

k2

s
; (9)

and which is in satisfactory agreement with the lattice data
[45], for M � 880 MeV.
The present paper is devoted to study Yang-Mills theory

at finite temperatures, which is defined by the density
operator

D ¼ Z�1 expð��HYMÞ; (10)

where � ¼ 1=T is the inverse temperature and

Z ¼ Tr e��HYM (11)

is the partition function. Exact calculation of the trace in
the thermal averages

hOi ¼ TrðODÞ (12)

is not possible for the YM theory and the way we proceed
is, following Ref. [1], to replaceD by a variational ansatz.
This is achieved by first defining a suitable basis in the
gluonic Fock space. It is chosen as follows. In the standard
fashion we Fourier decompose the gauge field in terms of
creation and annihilation operators

Aa
i ðxÞ ¼

Z d3q

ð2�Þ3
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2!ðqÞp ½aai ðqÞ þ aayi ð�qÞ�e�iq�x;

�a
i ðxÞ ¼ �i

Z d3q

ð2�Þ3
ffiffiffiffiffiffiffiffiffiffiffi
!ðqÞ
2

s
½aai ðqÞ � aayi ð�qÞ�e�iq�x;

(13)

where abi ðqÞ ¼
P

��iðq; �Þaðq; �; bÞ (� and b are the helic-
ity and color indices, respectively). Choosing here !ðqÞ to
be the kernel of the vacuum wave functional (8) the opera-
tors aai ðqÞ annihilate this state, i.e.,

aai ðkÞj~0i ¼ 0: (14)

Then a complete basis in the gluonic Fock space is given by

fj~nig ¼ fj~0i; aayi ðkÞj~0i; aayi ðkÞabyj ðqÞj~0i; . . .g: (15)

As shown in Ref. [1], however, this quasigluon basis, even
when restricted to color singlet states, is not ideal for
studies of thermal properties of the YM plasma. Because
of confinement, energies of isolated gluons are large
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(infinite) and subtle cancellation of infrared divergencies
has to occur in color singlet states containing multiple
gluons with low relative momenta. For the same reason
gluons in these low momentum states are expected to
strongly bind into color singlet, also known as glueball,
states. Thus instead of working directly with the basis of
Eq. (15) we choose to work with a basis of glueballs, which
are constructed using creation operators defined by

Gyð�Þ ¼ 1

V

X
ð1;2Þ

��ð1; 2Þayð1Þayð2Þ; (16)

where V ¼ ð2�Þ3�ð0Þ is the volume factor. Here the
summation extends over single gluon helicities ð�1;2Þ and
color ðc1;2Þ and it also includes integration over individual

gluon momenta ðp1;2Þ. Strong interactions lead to effective,
quasigluon mass in the range of 600–800MeV. Thus bound
states with a minimal number of gluons are expected to
dominate the low energy spectrum. The basis of two-gluon
glueballs in Eq. (16) is therefore expected to describe the
lowest glueball spectrum and dominate thermodynamical
properties at low temperatures. When acting on a vacuum
state Gy creates a glueball state with quantum numbers
� ¼ ðP; JPCÞ, where P and JPC are the total momentum,
and the total spin, parity and charge conjugation of the
glueball, respectively. The cutoff on relative momentum is
implicit in the glueball wave function��. The latter can be
written explicitly as

��ð1; 2Þ � ��
�1�2;c1c2

ðp1; p2Þ
¼ ð2�Þ3�3ðP� p1 � p2Þ

� �c1c2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2

C � 1
q ��

�1�2
ðp2 � p1Þffiffiffi
2

p ; (17)

and it is normalized by

X
�1�2

Z
½dp1dp2�P��

�1�2
ðp1; p2Þj2 ¼ 1; (18)

with the measure defined as

½dp1dp2�P ¼ d3p1

ð2�Þ3
d3p2

ð2�Þ3 ð2�Þ
3�ðP� p1 � p2Þ: (19)

Bose symmetry implies that the wave function is symmet-
ric under exchange of the quantum numbers of the
two gluons,: ��

�1�2
ðp1;p2Þ ¼ ��

�2�1
ðp2;p1Þ. In terms of

this single glueball operator, multiple glueball states
jn�1

n�2
. . .i are given by

jn�1
n�2

. . .i ¼ Y
i

ðGyð�iÞÞn�iffiffiffiffiffiffiffiffiffi
n�i

!
p j~0i: (20)

In the following we will ignore the Faddeev-Popov deter-
minant. As will be shown below, the expression we obtain
from variational principle is closely related to that for the
spectrum ofHYM and at the end given by the eigenvalues of

the Hamiltonian. Thus the Faddeev-Popov contributions to
the formulas for the free energy can in principle be restored
by comparing with those for HYM.
We introduce a variational ansatz for the thermal density

operator by replacing HYM in Eq. (10) by the following
single particle operator:

h ¼
Z d3k

ð2�Þ3 �ðkÞX
i;b

abyi ðkÞabi ðkÞ: (21)

The optimal value of free energy is obtained by taking a
variation with respect to�, which obviously has the mean-
ing of the gluon energy.

A. The partition function

Computation of the partition function (11) with HYM

replaced by h (21) in the glueball basis (20)

Z ¼ X
n�1n�2 ...

hn�1
n�2

. . . je
��

P
j

�ja
y
j aj jn�1

n�2
. . .i (22)

is straightforward and yields

Z ¼ exp

�
V
Z d3P

ð2�Þ3
X
JPC

lnð1þ n�ðPÞÞ
�
; (23)

where

n�ðPÞ ¼ e��E�

1� e��E�
(24)

is the glueball thermal occupation number. Here the effec-
tive glueball energy E� is given by

e��E�ðPÞ ¼X
�1;2

Z
½dp1dp2�Pj��

�1�2
ðp1;p2Þj2e���1;2 ; (25)

where

�1;2 � �ðp1Þ þ�ðp2Þ: (26)

Since the density operator is defined in the gluon basis but
the thermal average is evaluated in the basis of glueballs
the effective Boltzmann factor expð��E�Þ is determined
by averaging gluon thermal distribution over the glueball
wave function.

B. The internal energy

Using the Fourier decomposition (13) we can calculate
thermal expectation values of the Yang-Mills Hamiltonian
Eq. (1). After normal ordering, the Hamiltonian contains
the vacuum contribution and one- and two-body gluon
operators. Those are given explicitly in Appendix A. Since
vacuum contribution is temperature independent it can be
removed by defining the free energy with respect to that of
the vacuum. The final expression for the thermal average of
the Hamiltonian is then given by
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hHYMi
V

¼ X
JPC

Z d3P

ð2�Þ3 ½E�ðPÞ þB�ðPÞ þ C�ðPÞ�

� ½1þ n�ðPÞ�; (27)

where the three terms represent contributions from the one-
body operators describing single gluon energies averaged
over the glueball state (E), the two-body magnetic contri-
bution from the four-gluon vertex (B), and the two-body
Coulomb interaction (C), respectively. The explicit formu-
las for the three terms are given in Appendix B.

C. The free energy

The glueball wave function is the solution of the
Hamiltonian bound state problem and as discussed previ-
ously defines the basis over which thermal averages are
computed. The variational estimate for the free energy F,

F ¼ hHYMi � TS ¼ hHYMi � lnZ
�

þ @ lnZ
@�

(28)

is in turn obtained by minimization with respect to the
single gluon energy �ðkÞ. Before proceeding, however,
we note that boost invariance requires the density matrix
to depend only on the total momentum of the two-gluon
state. Thus the factor expð��ð�ðp1Þ þ�ðp2ÞÞÞ which
appears in matrix elements should be replaced by

expð��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
� þM2

�

p Þ, where M� is a Lorentz scalar. From
Eq. (25) it then follows immediately that

E�ðPÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
� þM2

�

q
; (29)

and the internal energy given by Eq. (27) becomes

hHYMi
V

¼ X
JPC

Z d3P

ð2�Þ3 n�ðPÞ½E
0
�ðPÞ þB0

�ðPÞ þ C0�ðPÞ�;

(30)

where the subscript 0 indicates that the corresponding
quantities are to be evaluated at � ¼ 0 [cf. Eqs. (B5),
(B7), and (B8)]. Finally the entropy reduces to [1]

S

V
¼X

JPC

Z d3P

ð2�Þ3 ½lnð1þn�ðPÞÞþ�E�ðPÞn�ðPÞ�: (31)

Minimization of F is now performed with respect to M�

and yields the following relation:

E 0
�ðPÞ þB0

�ðPÞ þ C0�ðPÞ ¼ E�ðPÞ; (32)

which is immediately recognized as the zero-temperature
eigenvalue equation for the Hamiltonian HYM projected
onto the glueball sector. If the Faddeev-Popov contribu-
tions were retained, the structure of Eq. (32) would remain
unchanged but the individual terms would be modified. It
thus follows that M� is the glueball mass obtained from
diagonalizing the Hamiltonian. With Eq. (32) we find from
Eqs. (30) and (31) for the minimum of the free energy (28)

F

V
¼ 1

�

X
JPC

Z d3P

ð2�Þ3 lnð1� e��
ffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
�þM2

�

p
Þ: (33)

D. Scattering states

If the Coulomb interaction Fab
A ðx; yÞ [cf. Eq. (1)] is

replaced by its vacuum expectation value, which is ex-
pected to be strictly confining [36], quasigluon bound
states saturate the spectrum of HYM. However, since the
Coulomb kernel couples gluon Fock sectors with an arbi-
trary large number of gluons, reduction of the full
Hamiltonian to the two-gluon subspace must break down
above energies where excitations of multiple quasigluon
states becomes relevant. At this point we qualitatively
describe the spectrum in terms of single quasigluons,
which are no longer confined but screened. Calculation
of the expectation value of HYM in the basis (15) of quasi-
free gluons was done in Ref. [1] and gives

hHYMi
V

¼ 2ðN2
C � 1Þ

Z d3q

ð2�Þ3 nðqÞeðqÞ þ
Z d3q

ð2�Þ3
d3p

ð2�Þ3
� ½bðp; qÞ þ cðp; qÞ�nðpÞ½1þ nðqÞ�: (34)

Here the three terms, given explicitly in Appendix B,
represent contributions from the single gluon energy, the
four-gluon magnetic term and the Coulomb interaction,
respectively. The free energy is obtained from Eq. (28)
with gluon entropy given by [1]

S

V
¼ 2ðN2

C � 1Þ
Z d3q

ð2�Þ3 ½ln½1þ nðqÞ� þ ��ðqÞnðqÞ�:
(35)

Minimizing the free energy with respect to the density
matrix �F =��ðkÞ ¼ 0 results in the following expression
for the effective gluon energy �ðkÞ:

�ðkÞ ¼ eðqÞ þ
Z d3p

ð2�Þ3 ½bðq; pÞ þ cðq; pÞ�½1þ 2nðqÞ�;
(36)

which, when substituted into the expression for free en-
ergy, yields

F

V
¼�2ðN2

C�1Þ
�

Z d3q

ð2�Þ3 ln½1þnðqÞ�þ2ðN2
C�1Þ
�

�
Z d3q

ð2�Þ3
d3p

ð2�Þ3 4nðpÞnðqÞ½bðp;qÞþcðp;qÞ�: (37)

Here the first term represents the contribution from the free
gas of quasigluons and the second one is the one-loop
correction due to residual interactions. We emphasize
that in order for the two-component glueball plus gluon
model to be valid, the interaction in the Coulomb term in
Eq. (37) (implicit in the term proportional to c) has to be
screened. That is, cðp; pÞ is assumed to be free from the
infrared singularity at p ¼ q normally associated with
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confinement. Scattering corrections, i.e., the one-loop
term, are then expected to be weak and we ignore them
in the numerical studies.

III. NUMERICAL RESULTS

We present a thermodynamical study for the energy
density and pressure of the SU(2) and SU(3) gauge theories
separately for the quasigluon and glueball ensembles. In
the glueball ensemble the degeneracy factor determines the
high-temperature limiting value of the energy density but
the behavior of the transition is not well known as well as
the location of the critical temperature. In the thermody-
namical quasigluon study, the phase transition, the critical
temperature TC, the behavior below and above the transi-
tion and the high-temperature limit are compared with
SU(2) and SU(3)-lattice results [23–26], when two disper-
sion relations �ðkÞ are used.

A. Glueball energy density and pressure

Energy density and pressure are computed from the free
energy differentiating lnZ with respect to T and V :

� ¼ T2

V

@ lnZ
@T

; (38)

p ¼ T
@ lnZ

@V
; (39)

with Z ¼ expð��F Þ. The energy density in the
pure gauge theory has been found to rise rapidly at TC

and approach the high-temperature ideal gas (Stefan-
Boltzmann) limit from below [24]. In the high-temperature
limit one finds in leading order perturbation theory for
SUðNÞ [12]

�

T4 ¼ ðN2 � 1Þ�
2

15

�
1þ �s5NC

�
þOð�2

sÞ
�
: (40)

In the following we denote energy density and pressure
for the ensemble of glueballs by �1 and p1 and for the
ensemble of gluons by �2 and p2, respectively. In particu-
lar, glueball energy density and pressure, respectively, are
given by

p1 ¼ T
X
JPC

Z d3P�

ð2�Þ3 ln

�
1þ 1

e�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
�þM2

G

p
� 1

�
;

�1 ¼
X
JPC

Z d3P�

ð2�Þ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
� þM2

G

q
e�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
�þM2

G

p
� 1

:

(41)

In the case of glueballs we need to know the expected
degeneracy. Since explicit digitalization of the Coulomb
gauge YM Hamiltonian [34,35] reproduces lattice glueball
spectrum [46] we use the latter to determine the number of
states. In particular we will consider glueballs up to
2.5 GeV [46–50], i.e., with JPC ¼ 0þ�, 0�þ, 2þþ. The

numerical results for energy density and pressure are
shown in Figs. 1 and 2. At high temperatures T � MG

1

N
�1
T4

��������T�MG

¼ 1

2�2

Z 1

0
dx

x3e�x

1� e�x ¼
�2

30
;

1

N
p1

T4

��������T�MG

¼ 1

2�2

Z 1

0
dxx2 ln

�
1

1� e�x

�
¼ �2

90
;

(42)

where N ¼ P
� is the degeneracy factor. Inspecting the

numerical results it is evident that because of the high
degeneracy, glueballs contribute too much to thermody-
namical quantities as compared with QCD expectations
from lattice simulations. It implies that glueballs must
evaporate below the critical temperature (see below), and
a Hamiltonian model based on confined potential without
mixing with open channels becomes inadequate at fairly
low temperatures.

FIG. 2. The same as in Fig. 1 for the combination of energy
density and pressure ð�� 3pÞ=T4.

MG 2.5 GeV

SU 2 Lattice

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.5

1.0

1.5

2.0

T

1

T
4

FIG. 1. Energy density versus temperature [GeV] in the case
of glueballs for JPC ¼ 0þ�, 0�þ, 2þþ.
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B. Gluon energy density and pressure

The gluon energy density and pressure, respectively, are
given by

p2 ¼ 2½N2
C � 1�T

Z d3q

ð2�Þ3 ln

�
1þ 1

e��ðqÞ � 1

�
;

�2 ¼ 2½N2
C � 1�

Z d3q

ð2�Þ3
�ðqÞ

e��ðqÞ � 1
;

(43)

which, assuming�ðqÞ ! q for large moments, in the high-
temperature limit reduce to

1

2ðN2
C � 1Þ

�2
T4

��������T!1
¼ �2

30
;

1

2ðN2
C � 1Þ

p2

T4

��������T!1
¼ �2

90
;

(44)

which, of course, yields the correct Stefan-Boltzmann limit
given by Eq. (40) with �s ¼ 0.

For the gluon dispersion relation we use the Gribov
formula

�ðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm4

g

k2

s
; (45)

and choose the Gribov mass mg in the range from zero

(perturbative gluons) to 880 MeV. The latter value is found
on the lattice [45]. In Figs. 3–5 we summarize the results
for NC ¼ 2 and NC ¼ 3, respectively. Of course, in this
calculation the transition temperature is set by the Gribov
massmg. To calculate the transition temperature TC we can

calculate the derivative of the energy density and look for
the location of the peak in the specific heat. For mg ¼
0:880 GeV we find TC � 220 MeV, which is in a reason-
able agreement with lattice results [23,24]. For the lattice
valuemg ¼ 880 MeV the quasigluon ensemble reproduces

FIG. 3. Energy density versus temperature [GeV] for the
NC ¼ 2 gluon ensemble with a Gribov dispersion relation.

FIG. 4. The same as in Fig. 3 for the combination of energy
density and pressure ð�� 3pÞ=T4.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0
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1.0

1.5
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p 2 T
4
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3

4

5

T

2 T
4

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0
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1.5
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T

2
3

p 2

T
4

FIG. 5. The same as in Figs. 3 and 4 for NC ¼ 3.
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the lattice energy density reasonably well up to the tran-
sition temperature but substantial deviations occur above
the phase transition. This should come as no surprise. In a
self-consistent treatment of the finite-temperature quasi-
gluon ensemble in the variational approach in Coulomb
gauge [2] one finds that at the deconfinement phase tran-
sition the gluon dispersion relation switches from the
Gribov formula (45) in the confining phase to the massive
dispersion relation

�ðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
; (46)

where the gluon mass m is temperature dependent and
growths linearly in T for large T. Its minimal value can
be as low as 200 MeV. We have also computed energy and
pressure for the massive dispersion relation (46), with m in
a range from zero (perturbative) to 880 MeV. As expected,
the Gribov formula reproduces the critical temperature and
the overall shape more accurately than the massive disper-
sion relation.

IV. SUMMARYAND OUTLOOK

We studied the Coulomb gauge Yang-Mills theory at
finite temperatures using a variational approach. The par-
tition function has been computed in the ensemble of
glueballs and quasigluons. Working with both ensembles
we present the possibility of a phase transition since gluons
with low relative momenta are expected to strongly bind
into color singlet, glueball states. The thermodynamical
limits for the energy density and pressure are different in
each ensemble. This is expected since the partition func-
tion of the glueballs depends on the states JPC included and
their degeneracy, while the partition function of the (quasi)
gluons depends on the number of colors NC. In the present
work we have considered the glueball states up to MG ¼
2:5 GeV, i.e., JPC ¼ 0þ�, 0�þ, 2þþ, and showed that the

thermodynamical limit is rapidly overshot, indicating the
possibility that the glueballs may evaporate at some finite
temperature. Furthermore, the more glueballs one adds, the
higher the degeneracy factor and the thermodynamical
limit will be overshot faster, indicating that the glueballs
evaporate at quite low (below TC) temperatures. A more
realistic description of the deconfinement phase transition
would assume a two-component picture, in which glueballs
coexist with gluons. Well below the deconfinement phase
transition the finite-temperature Yang-Mills ensemble
would dominantly consist of glueballs, which dissociate
at the deconfinement phase transition into pairs of gluons.
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APPENDIX A: YM HAMILTONIAN
CONTRIBUTIONS

The Hamiltonian thermal average is computed in the
ensemble of glueballs and quasigluons which immediately
rules out contributions from an odd number of particle
creation and annihilation operators. The relevant terms of
the YM Hamiltonian are

HK ! 1

4

Z d3q

ð2�Þ3
d3q0

ð2�Þ3
X
a;i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!ðqÞ!ðq0Þ

q
ð2�Þ3�ðqþ q0Þ

� ½aai ðqÞaayi ð�q0Þ þ aayi ð�qÞaai ðq0Þ�; (A1)

HB ! 1

4

Z d3q

ð2�Þ3
d3q0

ð2�Þ3
X
a

X
ijklm

�ijk�ilm
qjð�q0lÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!ðqÞ!ðq0Þp ð2�Þ3�ðqþ q0Þ½aakðqÞaaym ð�q0Þ þ aayk ð�qÞaamðq0Þ�

þ g2

32

Z d3q1
ð2�Þ3

d3q2
ð2�Þ3

d3q3
ð2�Þ3

d3q4
ð2�Þ3

X
abcde

X
ijklm

�ijk�ilm�
abc�ade

ð2�Þ3�ðq1 þ q2 þ q3 þ q4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!ðq1Þ!ðq2Þ!ðq3Þ!ðq4Þ

p
� ½abj ðq1Þackðq2Þadyl ð�q3Þaeym ð�q4Þ þ abj ðq1Þacyk ð�q2Þadl ðq3Þaeym ð�q4Þ þ abj ðq1Þacyk ð�q2Þadyl ð�q3Þaemðq4Þ
þ abyj ð�q1Þackðq2Þadl ðq3Þaeym ð�q4Þ þ abyj ð�q1Þackðq2Þadyl ð�q3Þaemðq4Þ þ abyj ð�q1Þacyk ð�q2Þadl ðq3Þaemðq4Þ�; (A2)

HC ! g2

8

Z d3q1
ð2�Þ3

d3q2
ð2�Þ3

d3q3
ð2�Þ3

d3q4
ð2�Þ3

X
abcde

X
ij

�abc�adeð2�Þ3�ðq1 þ q2 þ q3 þ q4ÞFð�q3 � q4Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!ðq2Þ!ðq4Þ
!ðq1Þ!ðq3Þ

s
½abi ðq1Þaci ðq2Þadyj ð�q3Þaeyj ð�q4Þ � abi ðq1Þacyi ð�q2Þadj ðq3Þaeyj ð�q4Þ

þ abi ðq1Þacyi ð�q2Þadyj ð�q3Þaejðq4Þ þ abyi ð�q1Þaci ðq2Þadj ðq3Þaeyj ð�q4Þ � abyi ð�q1Þaci ðq2Þadyj ð�q3Þaejðq4Þ
þ abyi ð�q1Þacyi ð�q2Þadj ðq3Þaejðq4Þ�: (A3)
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To compute the thermal averages we need to write products of particle operators in normal ordered form. Computation
of thermal averages in the gluon basis (15) was given in Ref. [1] while in the case of the glueball ensemble the relevant
matrix elements to compute are

hHKi !
�Z d3q

ð2�Þ3
�
V ½N2

C � 1�!ðqÞ
2

þX
i;b

!ðqÞ
2

abyi ðqÞabi ðqÞ
��

; (A4)

hHBi !
�
1

4

Z d3q

ð2�Þ3
X
ijklm

�ijk�ilm
qjql
!ðqÞ ðV ½N2

C � 1�tkmðqÞ þ
X
b

½abyk ðqÞabmðqÞ þ ðk $ mÞ�Þ

þ g2

32

Z d3q

ð2�Þ3
d3q0

ð2�Þ3
X
ijklm

�ijk�ilm

�
V ½N2

C � 1�NC

tjlðq0ÞtkmðqÞ � tklðq0ÞtjmðqÞ
!ðqÞ!ðq0Þ þ X

abcde

�abc�ade

�
�
2

tklðq0Þ
!ðqÞ!ðq0Þ�

cdaeym ðqÞabj ðqÞ þ ðk $ j; b $ cÞ þ ðm $ l; d $ eÞ þ ðj $ k; b $ c; l $ m; d $ eÞ
��

þ g2

32

Z d3q1
ð2�Þ3

d3q2
ð2�Þ3

d3q3
ð2�Þ3

d3q4
ð2�Þ3

X
ijklm

X
abcde

�ijk�ilm�
abc�ade

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!ðq1Þ!ðq2Þ!ðq3Þ!ðq4Þ

p
� ½ð2�Þ3�3ðq1 þ q3 � q2 � q4Þacyk ðq2Þaeym ðq4Þabj ðq1Þadl ðq3Þ þ ð3 $ 4Þ þ ð1 $ 2Þ þ ð1 $ 2; 3 $ 4Þ�i; (A5)

hHCi !
�
g2

8

Z d3q

ð2�Þ3
d3q0

ð2�Þ3
X
ij

�
V ½N2

C � 1�NCFðq� q0Þ
�
�1þ!ðqÞ

!q0

�
tijðqÞtijðq0Þ

þ X
abcde

�abc�ade2tijðq0ÞFðq� q0Þ !ðqÞ
!ðq0Þ ½�

bdaeyj ðqÞaci ðqÞ þ ðb $ c; d $ eÞ�
�

þ g2

8

Z d3q1
ð2�Þ3

d3q2
ð2�Þ3

d3q3
ð2�Þ3

d3q4
ð2�Þ3

X
ij

X
abcde

�abc�ade

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!ðq2Þ!ðq4Þ
!ðq1Þ!ðq3Þ

s

� ½�ð2�Þ3�3ðq1 þ q3 � q2 � q4ÞFð�q3 þ q4Þacyk ðq2Þaeym ðq4Þabj ðq1Þadl ðq3Þ
þ ð3 $ 4Þ þ ð1 $ 2Þ � ð1 $ 2; 3 $ 4Þ�i; (A6)

with further details given below.

APPENDIX B: HAMILTONIAN THERMAL AVERAGE

1. hHYMi in a basis of glueballs

Computation of thermal averages of the Hamiltonian in the glueball ensemble involves expectation values of one-body
and two-body operators. These are given below:

�Z d3q

ð2�Þ3 fðqÞa
by
i ðqÞacjðqÞ

�
¼ V

X
JPC

X
�1;�2;�l

Z d3P�

ð2�Þ3
d3q

ð2�Þ3 ½dp1dp2�P½dp0
1dp

0
2�P

�bc

N2
C � 1

e��ð�ðp0
1
Þþ�ðp0

2
ÞÞ

1� e��E�

� ½ð2�Þ3�ðp0
2 � p2Þð2�Þ3�ðq� p0

1Þð2�Þ3�ðq� p1ÞfðqÞ��
�1;�l

ðp1; p2ÞHij
�1�2

ðq; qÞ
���

�2;�l
ðp0

1; p
0
2Þ þ ðp0

1 $ p0
2Þ�

¼ V
X
JPC

X
�1;�2;�l

Z d3P�

ð2�Þ3 ½dp
0
1dp

0
2�P

�bc

N2
C � 1

e��ð�ðp0
1
Þþ�ðp0

2
ÞÞ

1� e��E�

� ½fðp0
1Þ��

�1;�l
ðp0

1; p
0
2ÞHij

�1�2
ðp0

1; p
0
1Þ��

�2;�l
ðp0

1; p
0
2Þ þ ðp0

1 $ p0
2Þ�; (B1)
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where Hij
�1�2

ðq; qÞ ¼ Hij
�1�2

ðqÞ ¼ ��i ðq; �1Þ�jðq; �2Þ is the one-body vertex factor and 1=1� e��E� ¼ ½1þ n�ðPÞ�. In a
similar way the two-body operator thermal average is given by

�Z d3q1
ð2�Þ3

d3q2
ð2�Þ3

d3q3
ð2�Þ3

d3q4
ð2�Þ3 fðq1; q2; q3; q4Þð2�Þ

3�ðq3 þ q4 � q1 � q2Þac1yi ðq1Þac2yj ðq2Þac3r ðq3Þac4s ðq4Þ
�

¼ V
Z d3P�

ð2�Þ3 ½dp1dp2�P½dp0
1dp

0
2�P

X
JPC

X
�1�2�3�4

e��ð�ðp0
1
Þþ�ðp0

2
ÞÞ

1� e��E�

�c3c4�c1c2

N2
C � 1

� ffðp1; p2; p
0
1; p

0
2Þ��

�1�2
ðp1; p2ÞHijrs

�1�2�3�4
ðp1; p2; p

0
1; p

0
2Þ��

�3�4
ðp0

1; p
0
2Þ þ ðp0

1 $ p0
2Þg; (B2)

where the vertex factor for the two-body operator is given by

Hijrs
�1�2�3�4

ðp1; p2; p
0
1; p

0
2Þ ¼ ��i ðp1; �1Þ��j ðp2; �2Þ�rðp0

1; �3Þ�sðp0
2; �4Þ: (B3)

Calculation of the thermal average of the Hamiltonian is further simplified by the following relations involving vertex
factors:

X
jk

tjjðq0ÞHkk
�1�2

ðqÞ ¼ 2��1�2
;

X
jk

tkjðq0ÞHkj
�1�2

ðqÞ ¼ X
j

1þ ðq̂ � q̂0Þ2
2

Hjj
�1�2

ðq; qÞ ¼ 1þ ðq̂ � q̂0Þ2
2

��1�2
¼ 1þ x2

2
��1�2

;

X
ij

Hijij
�1�2�3�4

ðP� � q0; q;P� � q; q0Þ ! X
ij

Hii
�1�3

ðP� � q;P� � qÞHjj
�2�4

ðq; qÞ ¼ ��1�3
��2�4

;

X
jk

Hkkjj
�1�2�3�4

ðP� � q0; q0; q;P� � qÞ � ��1�2
��3�4

:

(B4)

This finally leads to the expression in Eq. (27) with

E �ðPÞ ¼
X
�1;�2

Z
½dp1dp2�Pj��

�1;�2
ðp1; p2Þj2½eðp1Þ þ eðp2Þ�e��ð�ðp1Þþ�ðp2ÞÞ; (B5)

with the single gluon energies eðpÞ given by a sum of kinetic and self-energy terms, eðpÞ ¼ !ðpÞ=2þ p2=2!ðpÞ þ
�BðpÞ þ �CðpÞ:

�BðpÞ ¼ g2NC

8

Z d3q

ð2�Þ3
3� x2

!ðpÞ!ðqÞ ; �CðpÞ ¼ g2NC

4

Z d3q

ð2�Þ3 ð1þ x2ÞFðp� qÞ!ðpÞ
!ðqÞ : (B6)

The explicit form of the two-body magnetic (B) contribution from the four-gluon vertex and the two-body Coulomb
interaction (C), respectively, are

B�ðPÞ ¼ g2NC

8

X
�i

Z ½dp1dp2�P½dp0
1dp

0
2�Pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

!ðp1Þ!ðp2Þ!ðp0
1Þ!ðp0

2Þ
p e��ð�ðp0

1Þþ�ðp0
2ÞÞ

� ½��
�1�2

ðp1; p2Þ��
�0
1�

0
2
ðp0

1; p
0
2Þð��1�2

��0
1�

0
2
� ��1�

0
1
��2�

0
2
Þ þ ðp0

1 $ p0
2Þ�; (B7)

C�ðPÞ ¼ � g2NC

4

X
�i

Z
½dp1dp2�P½dp0

1dp
0
2�Pe��ð�ðp0

1
Þþ�ðp0

2
ÞÞ

�
2
4Fðp1 � p0

1Þ��
�1�2

ðp1; p2Þ��
�1�2

ðp0
1; p

0
2Þ
0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!ðp1Þ!ðp0

2Þ
!ðp0

1Þ!ðp2Þ

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!ðp1Þ!ðp2Þ
!ðp0

1Þ!ðp0
2Þ

s 1
Aþ ðp0

1 $ p0
2Þ
3
5: (B8)
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2. hHYMi in a basis of quasigluons

The calculation of the thermal average hHYMi in the
basis (15) of quasigluons was carried out in Ref. [1] with
the result

hHYMi
V

¼ 2ðN2
C � 1Þ

Z d3q

ð2�Þ3 nðqÞeðqÞ þ
Z d3q

ð2�Þ3
d3p

ð2�Þ3
� ½bðp; qÞ þ cðp; qÞ�nðpÞ½1þ nðqÞ�; (B9)

with

eðqÞ ¼ !ðqÞ
2

þ q2

2!ðqÞ ; (B10)

bðp; qÞ ¼ g2NC

8

3� p̂ � q̂
!ðpÞ!ðqÞ ; (B11)

cðp; qÞ ¼ g2NC

4
½1þ ðp̂ � q̂Þ2�Fðp� qÞ!ðpÞ

!ðqÞ : (B12)
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