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In this paper, we propose a new approach to probe the quarkonium at the BES-III and the B factories. In

the two-photon process, eþe� ! eþe� þ hadron, the signals of the emitted hadron can be reconstructed

through investigating the final leptons eþe�. Furthermore, by analyzing the distribution of the relative angle

between the final eþ and e�, we can determine the quantum number of the final hadron. For those hadrons

that are hard to detect directly, this may provide an effective way. We calculate the cross sections as well as

the distributions of the �cð1S; 2SÞ and �cJð1P; 2PÞ production at tree level and the next-to-leading order

QCD radiative corrections. In addition, the cross sections of bottomonium production are considered at tree

level. Unfortunately, they are too tiny to be detected.
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I. INTRODUCTION

KEKB, PEP-II, and BEPC-II are high luminosity eþe�
colliders running at bottom and charm quark energy scales.
In these machines, the C-even quarkonium like �c, �cJ

(J ¼ 0, 1, 2) and their excited states can be produced
through the two-photon process, in which a quarkonium is
produced via the fusion of two virtual photons emitted from
a electron and a positron. The two-photon process, which is
widely studied [1], is particularly useful for searching quar-
konia which are hard to produce and detect via some other
processes. Normally quarkonium can be measured by de-
tecting its decay particles, however, unlike J=c and �, �c,
�cJ typically possess relatively large decay rates and small
branching fractions for clean exclusive annihilation decay
channels [2,3], and therefore are relatively hard to detect.

In this paper, we propose an indirect method to detect
quarkonium in the two-photon process. This method is
based on the following ideas: in the two-photon process,
the final state’s electron and positron are mainly emitted in
a small azimuth angle � away from the beam direction,
however, at the B factories and BES-III, the total energies
in the center of mass (c.m.) frame are not extremely high,
and thus the contributions from the relative large angle are
not ignorable. As a consequence, we anticipate that there
are considerable electrons and positrons from the large
angles recorded in the detectors. The momenta of the
both virtual photons can be reconstructed from the mo-
mentum differences of the electron and positron between
the initial states and the final states, and thus the momen-
tum and the invariant mass of the produced quarkonium
can be determined. The quarkonium appears as a peak in
the invariant mass spectrum, from which the mass and the
decay width of the quarkonium can be determined. The
quantum numbers of the quarkonium can be distinguished
by measuring the distribution of the relative angle between
the electron and the positron.

Since the electron and position in the final states are
observed, an appropriate angular cutoff should be taken to
render the emitted leptons deviating from the beam direc-
tion. Since the cross sections are small, we emphasize here
that the indirect method is available only at high luminosity
eþe� colliders such as the KEKB, PEP-II, and BEPC-II. In
addition, the probable backgrounds should be separated.
The two-photon process may suffer contamination from
two primary backgrounds eþe� ! eþe�� and eþe� !
eþe���. As a matter of fact, events from the process
eþe� ! eþe�� can be removed by analyzing the invari-
ant mass spectrum of the two virtual photons, which is at
origin far away from the mass of quarkonium. The other
background, eþe� ! eþe���, the cross section of which
will be estimated in this paper, can also be separated by
noticing there is not a peak in the invariant mass spectrum.
In this paper, we will show that a number of events via this
approach can be observed at these colliders.
Compared with the conventional direct measurement,

this indirect method embraces several advantages. First,
the electron and positron are relatively easy to detect,
hence, it is quite efficient in detecting those quarkonia
with large decay rates and small branching fractions for
clean exclusive decay modes. It can be used as the com-
plementarity of the direct measurement. Second, the dis-
tribution of the azimuth angle between the emitted electron
and positron can be used to determine the quantum number
of the associated produced quarkonium. It can also be used
to distinguish Q �Q states and non-Q �Q states, in particular,
confirm or deny the assumptions that some of the newly
discovered particles X, Y, Z are charmonium states.
The remainder of the paper is organized as follows. In

Sec. II, we present the differential cross section of quark-
onium production in the two-photon process within the
framework of the nonrelativistic QCD (NRQCD) factoriza-
tion formula.We also briefly discuss the relation between our
results and the equivalent photon approximation (EPA) at
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tree level. In Sec. III, we evaluate cross sections numerically
at theB factories andBES-III through selecting various angle
cutoffs. The cross sections for charmonium production at the
BES-III are also evaluated by taking different c.m. energies.
In addition, we present the distributions of the relative
angle between the final eþ and e� for various charmonia.
Section IV is devoted to the summaries and discussions.

II. CROSS SECTION OF THE TWO-PHOTON
PROCESS

A. At tree level

In eþe� colliders, a C-even quarkonium production
through the two-photon process can be described as eþe�
splitting into eþe�����, followed by formation of the
quarkonium via ���� fusion, as shown in Fig. 1. The virtual
photons are space-like, however, in the high-energy limit,ffiffiffi
s

p � me, where
ffiffiffi
s

p
andme are c.m. energy and the mass of

electron, dominant contributions arise from the kinetic re-
gions where almost on-shell photons are collinearly emitted
from leptons. Therefore, the cross sections can be approxi-
mately evaluated in the EPA [4]. Nevertheless, at the KEKB,
PEP-II, and BEPC-II, the c.m. energy

ffiffiffi
s

p
is not as large as

that in the LEP. As a result, there will be quite a lot of
emitted electrons and positrons deviating from the beam
direction that can be recorded in the detectors. Therefore, we
take a complete calculation for this process instead of EPA.
We first calculate the cross section at tree level, and then
extend to the next-to-leading order (NLO) QCD corrections.

The quarkonium production process can be analyzed in
the framework of the NRQCD factorization formula [5].
The NRQCD factorization formula for the cross section of
the two-photon process is written as

� ¼ F1ðnÞ
m2

h0j�yKnc jHihHjc yKn�j0i þOðv2�Þ; (1)

where m denotes the mass of the heavy quark in the
quarkonium H, Kn signify

K1S
0
¼ 1; K3P

0
¼ 1ffiffiffi

3
p

�
� i

2
D
$ � �

�
;

K3P1
¼ 1ffiffiffi

2
p

�
� i

2
D
$ � �

�
� �H;

K3P
2
¼ � i

2
D
$ði�jÞ�ijH;

(2)

and F1ðnÞ are the short-distance coefficients corresponding
to the matrix elements. In (1), we have neglected the high-
order relativistic correction terms. Generally, the short-
distance coefficients can be expanded in powers of �s at
energy scales of m or higher. Since the short-distance
coefficients are insensitive to the nonperturbative effects,
they can be determined by matching the cross sections of
the two-photon process with the quarkonia substituted by
free heavy-quark pairs possessing the same quantum num-
bers as the quarkonia in the full QCD to those in the
NRQCD.
To this end, we first calculate the cross section of the

process eþðk1Þe�ðk2Þ ! eþðk01Þe�ðk02ÞQðp1Þ �Qðp2Þ with
the Qðp1Þ �Qðp2Þ pair near threshold in the QCD. At tree
level, the Feynman diagrams are shown in Fig. 1. We
assign P and q as the total and half relative momenta of
the Q �Q pair, immediately there are

p1 ¼ 1

2
Pþ q; p2 ¼ 1

2
P� q;

p2
1 ¼ p2

2 ¼ m2; P � q ¼ 0:
(3)

At tree level, the amplitudeM of this process is expressed
as

Meþe�!eþe�Q �Q

¼ e2Qe
2 �uðk01Þ��uðk1Þ 1

‘21
�vðk2Þ�	vðk02Þ

1

‘22
A�	

����!c �c; (4)

where eQ is the electric charge of the heavy quark and

A�	

����!Q �Q
denotes the amplitude of the process

��ð‘1Þ��ð‘2Þ ! Qðp1Þ �Qðp2Þ:

A�	

����!Q �Q
¼ e2

�
��ð6p1 � ‘1 þmÞ�	

‘21 � 2p1 � ‘1
þ �	ð6p1 � ‘2 þmÞ��

‘22 � 2p1 � ‘2
�
: (5)

Momentum conservation implies that ‘1 ¼ k1 � k01 and
‘2 ¼ k2 � k02.
To impose the quantum number of 1S0,

3PJ on the free

quark pair, we employ the spin projector operator �m,
where for the spin-singlet state, �0 reads [6]

�0 ¼ ð6P=2� 6q�mÞ�5ð6Pþ 2EÞð6P=2þ 6qþmÞ
4

ffiffiffiffiffiffiffiffiffi
2Nc

p
EðEþmÞ ; (6)

and for the spin-triplet state with spin-polarization vector
�, �1 reads [6]

�1 ¼ �ð6P=2� 6q�mÞ��ð6Pþ 2EÞð6P=2þ 6qþmÞ
4

ffiffiffiffiffiffiffiffiffi
2Nc

p
EðEþmÞ ; (7)

where E ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ q2

p
. In the leading order at velocity

expansion, we are allowed to take E ¼ m.
Multiplying A�	 with the projector operator �m and

taking the trace of the product, we obtain the amplitude for
Q �Qðspin ¼ mÞ production:

FIG. 1. Feynman diagrams for e�ðk1Þeþðk2Þ!e�ðk01Þ�
eþðk02ÞþH at tree level.
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~A�	 ¼ Tr½A�	�m�: (8)

Furthermore, we need to extract the correct orbital
and total angular momentum for the free quark pair. For
1S0, the operation is trivial, and we only need to put the

relative momentum to zero, while for 3PJ, we employ the
formulas [7,8]:

�A�
ð�HÞ ¼ jqj @

@q�
Tr½A�
�1	�P�	

J ; (9)

where �	
1 is defined via �1 � �	

1�
	 and the projection

operators P�	
J are defined by

P�	
0 ¼ 1ffiffiffi

3
p

�
�g�	 þ P�P	

4E2

�
;

P�	
1 ¼ i

2
ffiffiffi
2

p
E
��	��P��

�
�H�

;

P�	
2 ¼ �

��	
�H

:

(10)

With these techniques, we are able to obtain the ampli-
tudes for Q �Qð1S0; 3PJÞ production in the two-photon pro-

cess. After taking the spin sum for the final states and spin
average over the initial states, we obtain the unpolarized
squared amplitudes. The calculation is tedious but quite
straightforward, therefore, we will not give the cumber-
some analytic results. In our calculation, we take the mass
of the electron me ¼ 0 from the beginning. This seems to
bring singularities into the two-photon process, however,
we stress that this will not happen, since we will take
cutoffs for the azimuth angles between the emitted and
initial leptons to make them measurable and the cutoffs
will eliminate the singularities stemming from the nearly
on-shell propagators of the intermediate photons.

Now, we proceed to deal with the phase-space integral,
which is a three-body integral. For convenience, we choose
the direction of the initial electron’s momentum as z axis,
and take the final electron’s momentum to lie on the x-z
plane. Then after making use of the momentum conserva-
tion, we remain with four independent parameters, k001 (the

energy of the final electron), � (the angle between the initial
and final electron), � (the angle between the initial and final
positron), and  (the angle between the projections of
3-momenta of the final eþ and e� on the x-y plane).
Thus, the phase-space integral reduces to

d�ð2! 3Þ ¼ 1

2s

Z d3 ~k01
ð2�Þ32E1

d3 ~k02
ð2�Þ32E2

d4P

ð2�Þ3�ðP
2 �M2

HÞ

� ð2�Þ4�ð4Þðk1 þ k2 � k01 � k02 �PÞ
¼ 1

2s

1

4ð2�Þ4
Z

dk001 dk
00
2 d cos�dcos�d

� ðj ~k01jj ~k02jÞ�ðFðk002 ÞÞ; (11)

where in the second step we have used the momentum
conservation to reexpress �ðP2 �M2

HÞ as the function of
k002 . Finally, the cross sections are formally written as

�ð2Sþ1LJÞQCD ¼
Z

d�
1

4

X
pol

jMð2Sþ1LJÞj2; (12)

where Mð2Sþ1LJÞ are the production amplitude of the
process eþe� ! eþe�Q �Qð2Sþ1LJÞ.
Though the squared amplitudes are cumbersome, it

is interesting as well as enlightening to take the limit:
cos� ! 1, cos�!1, which corresponds to the emitted elec-
tron (positron) collinear with the initial electron (positron).
The squared amplitudes in this limit yield

1

4

X
pol

jMð1S0Þj2 ¼
1024Nc�

4e4Q�
4½ðy21 þ 1Þr2 þ 2ðy1 � 1Þðy1 þ 1Þ2rþ 2ðy21 � 1Þ2�

m4ðy1 � 1Þy1ðrþ y1 � 1Þð1� cos�Þð1� cos�Þ � 8192Nc�
4e4Q�

4cos2

m4ð1� cos�Þð1� cos�Þ ;

1

4

X
pol

jMð3P0Þj2 ¼
3072Nc�

4e4Q�
4jqj2½2ðy1 � 1Þ4 þ 2rðy1 � 1Þ3 þ r2ðy21 þ 1Þ�

m6ðy1 � 1Þy1ðrþ y1 � 1Þð1� cos�Þð1� cos�Þ þ 24576Nc�
4e4Q�

4jqj2cos2
m6ð1� cos�Þð1� cos�Þ ;

1

4

X
pol

jMð3P1Þj2 ¼ 0;

1

4

X
pol

jMð3P2Þj2 ¼
4096Nc�

4e4Qjqj2½r2 þ 2ðy1 � 1Þrþ 2ðy1 � 1Þ2�ðy21 þ 1Þ�4

m6ðy1 � 1Þy1ðrþ y1 � 1Þð1� cos�Þð1� cos�Þ ;

(13)

where r � 4m2

s , y1ðy2Þ ¼ 2k00
1ffiffi
s

p ð2k002ffiffi
s

p Þ denote the energy fractions of the emitted electron (positron), and the sum runs over

all the polarizations of both the initial and final states. Furthermore, averaging over the relative angle  in (13), we obtain

Z d

2�

1

4

X
pol

jMðHÞj2 ¼ N H

16�2½r2 þ 2ðy1 � 1Þrþ 2ðy1 � 1Þ2�ðy21 þ 1Þ�2

m4ðy1 � 1Þy1ðrþ y1 � 1Þð1� cos�Þð1� cos�Þ ; (14)

where for H to be 1S0,
3P0,

3P1, and
3P2, N H are 64Nc�

2e2Q�
2, 192Nc�

2e2Q�
2=m2, 0, and 256Nc�

2e2Q�
2=m2,

respectively.
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Actually, (14) is nothing but the results from EPA. To see
this, one can derive the squared amplitudes from the EPA
directly. The squared amplitudes of the electron and posi-
tron splitting processes read [9]

1

2

X
pol

jMðeþ ! eþ�Þj2

¼ 8m2�y1ðy21 þ 1Þ�sin2�
rðy1 � 1Þ2 �

�
1

‘21

�
2
;

1

2

X
pol

jMðe� ! e��Þj2

¼ 8m2�y2ðy22 þ 1Þ�sin2�
rðy2 � 1Þ2 �

�
1

‘22

�
2
;

(15)

where the propagators of the immediate states photons
have been included in (15). Meanwhile the squared ampli-
tudes of the two-photon fusion processes read

1

4

X
pol

jMð�� ! 1S0Þj2 ¼ 64Nc�
2e4Q�

2;

1

4

X
pol

jMð�� ! 3P0Þj2 ¼
192Nc�

2e4Q�
2jqj2

m2
;

1

4

X
pol

jMð�� ! 3P1Þj2 ¼ 0;

1

4

X
pol

jMð�� ! 3P2Þj2 ¼
256�2�2jqj2

m2
:

(16)

Multiplying (15) with (16), using the energy conservation

to swap y2 for y1 (y2 ¼ 1�r�y1
1�y1

), we readily reach the

formula (14).
Next, we turn to evaluate the cross sections of the same

processes in the NRQCD factorization formula. Since the
calculation is simple and direct, we present the final
results

�ð1S0Þð0ÞNRQCD ¼ 8NcF
ð0Þð1S0Þ;

�ð3PJÞð0ÞNRQCD ¼ 8NcF
ð0Þð3PJÞjqj2;

(17)

where the superscript (0) denotes the quantity at tree level.
Fð1S0Þ and Fð3PJÞ are the short-distance coefficients of the
cross sections for �Q production and �QJ production,

respectively.
Through matching the cross sections of eþe� !

eþe�Q �Qð1S0; 3PJÞ in the full QCD to those in the

NRQCD, we can obtain the short-distance coefficients
immediately. Finally, the cross sections for the �Q and

�QJ production in the two-photon process are expressed as

�ð�QÞð0Þ¼�ð1S0Þð0ÞQCD

h0j�yc j�cih�cjc y�j0i
8Ncm

2

¼�ð1S0Þð0ÞQCD

h0j�yc j�cih�cjc y�j0iBBL
2Ncm

;

�ð�QJÞð0Þ¼�ð3PJÞð0ÞQCD

h0j�yKJc j�Jih�Jjc yKJ�j0i
8Ncm

2jqj2

¼�ð3PJÞð0ÞQCD

h0j�yKJc j�Jih�Jjc yKJ�j0iBBL
2Ncmjqj2 ;

(18)

where we employed the relations [10]

h0j�yKnc jHi¼ ffiffiffiffiffiffiffi
4m

p h0j�yKnc jHiBBLþOðv2Þ: (19)

In above equation, the hadron state on the left-hand side is
normalized relativistically, while is normalized nonrelativ-
istically on the right-hand side.

B. NLO radiative corrections

For charmonium production, the strong coupling con-
stant at the scales of the charm quark mass is moderate
(�sð2mcÞ ¼ 0:26), therefore, the NLO radiative correc-
tions may bring considerable contributions. Moreover,
some recent works [11,12] reveal that the NLO radiative
corrections to the cross sections of eþe� ! H� are not
negligible. Especially for �c2 production, the NLO radia-
tive corrections modify the tree-level result by a huge
margin. Motivated by these reasons, we will calculate the
NLO radiative corrections to quarkonium production in the
two-photon process.
Following the same strategy as in the previous section, we

apply the method of matching to obtain the short-distance
coefficients, and then obtain the cross sections. We first
calculate the cross sections of eþe� ! eþe�c �cð1S0; 3PJÞ
in the QCD. The Feynman diagrams in one loop are illus-
trated in Fig. 2, which include two self-energy diagrams,
four triangle diagrams, and two box diagrams. We perform
the renormalization in on-mass-shell scheme and take di-
mensional regularization to regulate both the ultraviolet
(UV) and the infrared (IR) divergences. In the on-mass-shell
scheme, external quark lines do not receive any QCD cor-
rections, and the counterterms from the renormalization
constants of the heavy quark wave function and the heavy
quark mass are given by

�ZOS
Q ¼ �CF

�s

4�

�
1

�UV
þ 2

�IR
� 3�E þ 3 ln

4��2

m2
c

þ 4

�

þOð�2
sÞ; (20)

�ZOS
mQ ¼ �CF

�s

4�

�
3

�UV
� 3�E þ 3 ln

4��2

m2
c

þ 4

�
þOð�2

sÞ;

(21)
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where � is the renormalization scale, �E is the Euler’s
constant, and CF ¼ 4

3 for SUð3Þc.
The divergences of the diagrams in Fig. 2 can be ana-

lyzed as follows: the self-energy and the triangle diagrams
contain UV divergences, while the box diagrams possess
IR divergences. In addition, Coulomb singularities may
arise from the box diagrams, due to the exchange of the
longitudinal gluon between c and �c. Our calculation in-
dicates that the UV divergences from the self-energy and
the triangle diagrams are canceled by those from the
renormalization constants of the quark field and the
mass, and the IR divergences from the box diagrams are
canceled by those in �ZQ. Finally, the remaining Coulomb

singularities will be canceled by the Coulomb singularities
in the NRQCDmatrix elements by the matching condition.
In our practical calculation, the FEYNCALC package [13]
has been employed to take the trace of the �-matrix and to
reduce tensor integrals into scalar ones. To check the
validity of our results, we make several cross-checks to
the subprocess ���� ! c �cð1S0; 3PJÞ: first, the amplitudes

satisfy the Ward-Identity for both virtual photons; second,
in the limit ‘21 ¼ ‘22 ¼ 0, the squared amplitudes by sum-

ming the polarizations of the two photons reduce to those
of c �cð1S0; 3PJÞ ! ��; third, when we take the limit ‘21 ¼
0, ‘22 ¼ s > 4m2

c for the momenta of the two photons, the

squared amplitudes reduce to the analytical expressions in
Ref. [11].

The analytical expressions are intricate and cumber-
some, so we will not give them in this paper. The calcu-
lation in the NRQCD factorization formula is quite
straightforward:

�ð1S0ÞNRQCD ¼ 8NcFð1S0Þ
�
1þ �2

v
CF

�s

�

�
;

�ð3PJÞNRQCD ¼ 8NcFð3PJÞjqj2
�
1þ �2

v
CF

�s

�

�
;

(22)

where the Coulomb singularities are exactly canceled by
those in the QCD. Finally, we are able to get the short-
distance coefficients Fð1S0; 3PJÞ and readily the cross sec-

tions of the two-photon process in the NLO in �s.

III. NUMERICAL RESULTS

In the following, we apply the formulas derived in the last
section to numerically evaluate the cross sections. The rele-
vant input parameters must be selected. We choose the c.m.
energies to be

ffiffiffi
s

p ¼ 10:6 GeV at the KEKB and PEP-II, andffiffiffi
s

p ¼ 3:78 GeV at the BEPC-II. In addition, several differ-
ent c.m. energies ranging from 4.0 to 6.0 GeVare taken at the
BEPC-II to make predictions; the fine structure constant and
strong coupling constant are taken as � ¼ 1=131 and
�sð2mcÞ ¼ 0:26; charm and bottom quark pole masses are
taken as mc ¼ 1:4 GeV and mb ¼ 4:6 GeV, respectively;
the mass of the electron is neglected as mentioned in the
previous section; the masses of the hadrons are taken as [3]

m�c
¼ 2:980 GeV; m�cð2SÞ ¼ 3:637 GeV;

m�c0
¼ 3:415 GeV; m�c1

¼ 3:511 GeV;

m�c2
¼ 3:556 GeV; m�c2ð2PÞ ¼ 3:929 GeV;

m�b
¼ 9:392 GeV; m�b0

¼ 9:859 GeV;

m�b1
¼ 9:892 GeV; m�b2

¼ 9:912 GeV: (23)

FIG. 2. The Feynman diagrams for the two-photon process in one loop.
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We take the masses of �c0ð2PÞ, �c1ð2PÞ as m�c0ð2PÞ ¼
3:932 GeV, m�c1ð2PÞ ¼ 4:008 GeV [14], which are calcu-

lated from the Cornell potential. Since we will not consider
the relativistic corrections, it is consistent to take the masses
of the quarkonia as 2m through the whole calculation, how-
ever, there is a subtlety here, the phase-space integral is
sensitive to the masses of the hadrons for charmonium pro-
duction at the BES-III and bottomonium production at the B
factories. As a result, it is more rational to use the physical
masses of hadrons other than 2m, which corresponds to
resum a group of relativistic corrections from the phase-space
integral [15]. To maintain gauge invariance, we should also
put the masses of the heavy quark to m ¼ MH=2 in the
amplitudes so as to respect the on-shell condition [15]. This
replacement is available in the leading order in v2 [5].

The NRQCDmatrix elements are also required [16–20]:

h0j�yc j�cih�cjc y�j0i ¼ 0:398 GeV3;

h0j�yc j�cð2SÞih�cð2SÞjc y�j0i ¼ 0:202 GeV3;

1

3
jh�c0jc y

�
� i

2
D ��

�
�j0ij2 ¼ 0:051 GeV5

1

2

��������h�c1jc y
�
� i

2
D�� ��H

�
�j0i

��������
2 ¼ 0:060 GeV5;

��������
X
ij

h�c2jc y
�
� i

2
Dði�jÞ�ijH

�
�j0i

��������
2 ¼ 0:068 GeV5;

h0j�yc j�bih�bjc y�j0i ¼ 3:07 GeV3;

1

3

��������h�b0jc y
�
� i

2
D ��

�
�j0i

��������
2 ¼ 2:03 GeV5

1

2

��������h�b1jc y
�
� i

2
D�� ��H

�
�j0i

��������
2 ¼ 2:03 GeV5;

��������
X
ij

h�b2jc y
�
� i

2
Dði�jÞ�ijH

�
�j0i

��������
2 ¼ 2:03 GeV5; (24)

and for the NRQCD matrix elements of �cJð2PÞ, we apply
the formulas 1

3 jh�c0jc yð� i
2 D � �Þ�j0ij2 ¼ 1

2 jh�c1jc y�
ð� i

2 D � � � �HÞ�j0ij2 ¼ jPijh�c2jc yð� i
2 D

ði�jÞ�ijHÞ�

TABLE I. The cross sections (in units of fb) for charmonium
and bottomonium production. The azimuth angle cutoffs for the
electron and positron are chosen to be �cut ¼ �cut ¼ 20� in the
laboratory reference frame.

�c �cð2SÞ �c0 �c1 �c2 �b �b0 �b1 �b2

BES-III 102.4 4.8 3.0 0.01 2.5

Belle 75.3 24.1 2.6 2.5 4.2 0.06 0.005 0.00002 0.003

BABAR 68.0 21.9 2.4 2.2 3.7 0.06 0.005 0.00002 0.003

TABLE II. The cross sections (in units of fb) for charmonium production. The first column corresponds to the azimuth angle cutoffs
�cutð¼ �cutÞ for the electron and positron in the laboratory reference frame, and we have considered angular transformation for the
cutoffs from the laboratory reference frame to the c.m. frame at the KEKB and PEP-II. The values in the same lines with ‘‘NLO’’ (red)
denote the cross sections by including the tree-level results and the NLO radiative corrections. The c.m. energies are taken as

ffiffiffi
s

p ¼
10:6 GeV at the KEKB and PEP-II, and

ffiffiffi
s

p ¼ 3:78 GeV at the BEPC-II.

BES-III Belle BABAR

�c �cð2SÞ �c0 �c1 �c2 �c �cð2SÞ �c0 �c1 �c2 �c �cð2SÞ �c0 �c1 �c2

5� 396.7 16.1 10.8 0.03 8.6 1149.3 267.2 53.1 13.9 73.1 1104.8 258.6 50.8 13.8 70.2

NLO 286.9 11.6 11.0 0.03 4.7 831.3 193.5 54.0 11.7 38.3 799.1 187.0 51.7 11.6 36.7

7.5� 290.0 12.2 8.0 0.02 6.4 641.6 159.4 28.4 10.2 40.2 606.4 152.2 26.7 10.0 37.9

NLO 209.7 8.8 8.1 0.02 3.5 463.9 115.4 28.9 8.5 20.6 438.9 110.3 27.2 8.4 19.3

10� 224.6 9.7 6.3 0.02 5.1 386.8 102.2 16.4 7.6 23.8 360.2 96.3 15.1 7.3 22.1

NLO 162.4 7.0 6.4 0.02 2.8 279.4 74.0 16.7 6.3 11.9 260.4 69.5 15.4 6.1 11.0

12.5� 179.8 8.0 5.1 0.02 4.1 244.9 68.4 9.9 5.7 14.7 225.3 63.7 9.0 5.4 13.5

NLO 130.0 5.8 5.2 0.02 2.2 176.5 49.5 10.0 4.8 7.1 162.5 46.2 9.1 4.5 6.6

15� 147.0 6.7 4.2 0.02 3.4 160.8 47.2 6.2 4.3 9.4 146.6 43.6 5.6 4.0 8.5

NLO 106.3 4.8 4.3 0.02 1.8 115.6 34.1 6.3 3.6 4.5 105.7 31.4 5.7 3.3 4.0

17.5� 122.1 5.7 3.5 0.01 2.9 108.7 33.4 4.0 3.2 6.2 98.5 30.6 3.6 2.9 5.6

NLO 88.3 4.1 3.6 0.01 1.6 77.9 24.1 4.0 2.7 2.9 70.8 21.8 3.6 2.4 2.7

20� 102.4 4.8 3.0 0.01 2.5 75.3 24.1 2.6 2.5 4.2 68.0 21.9 2.4 2.2 3.7

NLO 74.2 3.5 3.0 0.01 1.4 53.8 17.4 2.6 2.1 1.9 48.7 15.6 2.4 1.8 1.7

22.5� 86.6 4.2 2.6 0.01 2.1 53.3 17.6 1.8 1.9 2.9 48.1 16.0 1.6 1.7 2.6

NLO 62.7 3.0 2.6 0.01 1.1 37.9 12.6 1.8 1.6 1.3 34.5 11.6 1.6 1.4 1.2

25� 73.6 3.6 2.2 0.01 1.8 38.5 13.1 1.2 1.4 2.0 34.8 11.9 1.1 1.3 1.8

NLO 53.3 2.6 2.2 0.01 1.0 27.3 9.4 1.2 1.1 0.9 24.8 8.5 1.1 1.1 0.8

27.5� 62.9 3.2 1.9 0.01 1.6 28.2 9.9 0.9 1.1 1.4 25.6 9.0 0.8 1.0 1.3

NLO 45.5 2.3 1.9 0.01 0.9 19.9 7.1 0.9 0.9 0.6 18.3 6.6 0.8 0.8 0.6

30� 53.9 2.8 1.6 0.01 1.4 21.0 7.5 0.6 0.9 1.0 19.1 6.9 0.6 0.8 0.9

NLO 39.0 2.0 1.6 0.01 0.8 14.8 5.4 0.6 0.7 0.4 13.3 5.0 0.6 0.7 0.4
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�j0ij2 ¼ 3Nc

2� jR0ð0Þj2 ¼ 0:188 GeV5, where the wave

function at origin is employed from Ref. [21].
Finally, wemust choose the cutoffs for the azimuth angles

�, � of the emitted electron and positron, which depend on
the detectors. To observe the variance of the cross sections
with the azimuth angles and facilitate the measurement from
experiments, here, we will take �cut ¼ �cut ¼ 5�, 7.5�, 10�,
12.5�, 15�, 17.5�, 20�, 22.5�, 25�, 2 7.5�, 30� in the
laboratory reference frame to separately evaluate the cross
sections. Since the cross sections (18) are obtained in the
c.m. frame, the cutoffs of the azimuth angles should be
transformed from the laboratory reference frame to the
c.m. frame at the KEKB (Eeþ ¼ 3:5 GeV, Ee� ¼ 8 GeV)
and at the PEP-II (Eeþ ¼ 3:1 GeV, Ee� ¼ 9:0 GeV).

As shown in Table I, the cutoffs are taken as 20� and the
cross sections of both the charmonia and the bottomonia at

tree level are listed for comparison. From the table, it is
manifest that the cross sections for bottomonium produc-
tion are too tiny to be detected. The reasons will be
analyzed in the final section. In Tables II and III, we
show the cross sections for charmonium production by
taking various cutoffs of the azimuth angles in the three
detectors. In the tables, the results from the same rows with
the cutoffs correspond to the cross sections at tree level,
while these from the same rows with the ‘‘NLO’’ corre-
spond to the cross sections by including the NLO radiative
corrections. Since the cross sections for bottomonium pro-
duction are too small, they are not listed in the two tables.
We also give the cross sections for charmonium production
at the BES-III with several different c.m. energies (

ffiffiffi
s

p ¼
4:0–6:0 GeV) in Table IV, where the NLO radiative cor-
rections have been included in the cross sections.

TABLE III. The cross sections (in units of fb) for the �cJð2PÞ production. The first column corresponds to the azimuth angle cutoff
�cutð¼ �cutÞ for the electron and positron in the laboratory reference frame, and we have considered angular transformation for the
cutoffs from the laboratory reference frame to the c.m. frame at the KEKB and PEP-II. The values in the same columns with ‘‘NLO’’
(red) denote the results by including the tree-level results and NLO radiative corrections.

Belle BABAR

�c0ð2PÞ �c1ð2PÞ �c2ð2PÞ �c0ð2PÞ �c1ð2PÞ �c2ð2PÞ
LO NLO LO NLO LO NLO LO NLO LO NLO LO NLO

5� 73.2 74.5 14.6 12.3 100.3 52.9 70.6 71.9 14.5 12.2 96.7 50.9

7.5� 41.6 42.3 11.1 9.3 57.4 29.7 39.4 40.1 10.9 9.1 54.4 28.0

10� 25.3 25.7 8.6 7.2 35.2 17.8 23.7 24.1 8.3 6.9 32.9 16.6

12.5� 16.1 16.4 6.7 5.6 22.5 11.1 14.9 15.2 6.3 5.3 20.8 10.3

15� 10.6 10.8 5.2 4.3 14.9 7.2 9.7 9.9 4.9 4.1 13.5 6.5

17.5� 7.1 7.2 4.1 3.4 10.0 4.7 6.5 6.6 3.7 3.1 9.1 4.3

20� 4.9 5.0 3.2 2.7 6.9 3.2 4.4 4.5 2.9 2.4 6.2 2.9

22.5� 3.4 4.4 2.5 2.1 4.9 2.3 3.1 3.1 2.2 1.8 4.4 2.0

25� 2.4 2.4 2.0 1.7 3.5 1.6 2.2 2.2 1.8 1.5 3.1 1.4

27.5� 1.8 1.8 1.6 1.3 2.5 1.1 1.6 1.6 1.4 1.2 2.2 0.9

30� 1.3 1.3 1.2 1.0 1.8 0.7 1.2 1.2 1.1 0.9 1.7 0.8

TABLE IV. The cross sections (in units of fb) for charmonium production with various c.m. energies at the BEPC-II. The first
column corresponds to the colliding energy (GeV), while the first row corresponds to the azimuth angle cutoffs �cutð¼ �cutÞ for the
electron and positron in the laboratory reference frame. The NLO radiative corrections have been included in the cross sections. The
�0
c, �

0
cJ stand for �cð2SÞ, �cJð2PÞ, respectively.

15� 20�ffiffiffi
s

p
�c �0

c �c0 �c1 �c2 �0
c0 �0

c1 �0
c2 �c �0

c �c0 �c1 �c2 �0
c0 �0

c1 �0
c2

4.0 124.7 11.2 6.1 0.07 3.3 1.1 � � � 0.8 85.6 8.3 4.3 0.05 2.3 0.8 � � � 0.6

4.2 138.6 16.1 7.3 0.2 4.2 3.9 0.01 2.9 93.8 11.6 5.1 0.1 2.9 2.8 0 2.0

4.4 150.7 20.6 8.4 0.3 4.9 6.3 0.03 4.5 100.4 14.6 5.7 0.3 3.4 4.5 0.03 3.1

4.6 160.5 24.3 9.3 0.4 5.5 8.1 0.1 5.7 105.7 17.0 6.1 0.3 3.7 5.7 0.1 4.0

4.8 168.9 27.3 10.0 0.6 6.0 9.7 0.2 6.8 109.8 18.9 6.5 0.5 3.9 6.7 0.2 4.6

5.0 175.8 30.2 10.5 0.8 6.4 11.0 0.4 7.6 112.9 20.8 6.7 0.6 4.2 7.4 0.3 5.1

5.2 181.4 32.7 10.9 1.0 6.7 12.1 0.5 8.3 114.7 22.3 6.9 0.8 4.3 8.0 0.4 5.6

5.4 185.3 35.2 11.3 1.2 7.0 12.9 0.7 8.9 115.8 23.4 7.0 0.9 4.4 8.6 0.5 5.8

5.6 188.7 36.8 11.5 1.4 7.2 13.7 0.8 9.5 116.6 24.4 7.0 1.1 4.4 9.0 0.7 6.1

5.8 190.9 38.5 11.7 1.6 7.4 14.4 1.1 9.8 116.5 25.0 7.0 1.3 4.4 9.2 0.8 6.2

6.0 192.4 39.9 11.8 1.9 7.4 14.9 1.3 10.2 115.8 25.8 6.9 1.3 4.5 9.4 1.0 6.3

INDIRECT MEASUREMENT OF QUARKONIUM IN THE TWO- . . . PHYSICAL REVIEW D 86, 074031 (2012)

074031-7



Now, we proceed to study the distributions of the relative
angle  between the electron and positron for various
charmonium production. In Fig. 3, we plot the distributions
for �c, �c0, �c1, �c2 at tree level in the three detectors (we
take the c.m. energy

ffiffiffi
s

p ¼ 3:78 GeV at the BEPC-II),

where the azimuth angle cutoffs are taken as �cut ¼ �cut ¼
20�. In the figure, the solid line, the dashed line, and
the dot-dashed line denote the results from the BES-III,
Belle, BABAR, respectively. The distributions for the
highly excited charmonia are not displayed, since their

FIG. 4. The NLO radiative corrections to the distributions of relative angle  for �c, �c0, �c1, �c2 at the BES-III (
ffiffiffi
s

p ¼ 3:78 GeV),
where the solid line, the dashed line, and the dot-dashed line represent the results from the tree level, the NLO radiative corrections and
the total results, respectively.

FIG. 3. The distributions of the relative angle  between the electron and positron. (a), (b), (c), and (d) correspond to the
distributions for �c, �c0, �c1, �c2 in the three detectors, respectively. Here �cut ¼ �cut ¼ 20�. In each figure, the solid line, the dashed
line, and the dot-dashed line represent the results from the BES-III, Belle, and BABAR, respectively.
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shapes are similar to these of the ground states. It is
worthwhile to note that the angular distributions distin-
guish for different charmonia, therefore, as mentioned
before, this feature can help experimenters to discriminate
the hadrons.

Finally, we show the NLO radiative corrections to the
distributions of the relative angle . Figures 4–6 illustrate
the results at the BES-III, Belle, BABAR, respectively.
From these figures, we noticed that the NLO radiative
corrections only slightly modify the shapes of the distribu-
tions at tree level.

IV. SUMMARIES AND DISCUSSIONS

In the previous two sections, we calculated the cross
sections for quarkonium production in the two-photon
process up to the NLO QCD corrections. We propose
that the quarkonia can be detected through measuring the
emitted electron and positron. This indirect approach em-
braces two major benefits. One is that the emitted electron
and positron are relatively easy to measure. The other is
that the distribution of the relative angle between the
electron and positron can be served as a sensitive probe
to the quantum number of the quarkonium.

In Table I, we notice that the cross sections for botto-
monium production in the two-photon process are tiny,
compared with charmonium production. There are three
primary causes responsible for the smallness. The first

is that the charge of the b quark is smaller than that of
the c quark and the cross sections are proportional to
e4Q. One can find the second reason by noticing the

squared amplitudes for S-wave quarkonium production
are jMðSÞj2 	 1

m4 , while are jMðPÞj2 	 1
m6 for P-wave

quarkonium production, which can be seen from (13) or
(14). Hence, the large b quark mass will suppress the
cross sections for bottomonium production accordingly.
The third reason originates from the phase-space in-
tegration, which is relatively large for charmonium
production.
Prior to further discussion, we pause to roughly estimate

the background mentioned in the introduction. As pointed
out, the main background is eþe� ! eþe���, which may
contaminate the signals in the peak of the charmonium
mass. There are a total of forty Feynman diagrams for this
process. Among them, the dominant contributions come
from one kind of diagram, i.e., the final state’s electron and
positron separately emit one photon, which embraces sev-
eral enhancements. In these diagrams, there are sizable
collinear enhancements in the region where the electron
and positron are collinear with photons. In addition, when
the immediate virtual photon is soft, the cross section
realizes a further linear enhancement. As a consequence,
we are able to estimate the magnitude of the background by
analyzing these diagrams. After some work, the cross
section in the dominant region reduces to

FIG. 5. The NLO radiative corrections to the distributions of relative angle  for �c, �c0, �c1, �c2 at the Belle, where the solid line,
the dashed line, and the dot-dashed line represent the results from the tree level, the NLO radiative corrections and the total results,
respectively.
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 1

2

�
�

2�
log

s

4m2
e

�
2 Z dy

y

Z dz

z
½1þ ð1� yÞ2�

� ½1þ ð1� zÞ2� � �ðeþe� ! eþe�Þ; (25)

where y ¼ 2E0
1ffiffi
s

p and z ¼ 2E0
2ffiffi
s

p signify the energy fractions of

the two photons.
In Eq. (25) we see the double logarithmic functions

which correspond to the collinear divergences. The inte-
gration boundaries of the variables y, z are constrained by
the condition that the invariable mass of the two photons
locates in the neighbor of the charmonium mass:

4ðmH þ �HÞ2
s

� ½ðyþ zÞ2 � ðy� zÞ2� � 4m2
H

s
; (26)

where �H denotes the decay width of the charmonium
H. �ðeþe� ! eþe�Þ is the cross section of the
Bhabha scattering, where the t-channel is dominant

�ðeþe� ! eþe�Þ 
 8��2

sð1�cos�cutÞ , where �cut corresponds

to the cutoff for the angle between the initial electron
and the emitted electron.
In the dominant region of the background, the final

electron and positron are emitted back to back in the c.m.
frame. By analyzing the signal process eþe!eþe�H, it is
not hard to observe that only a small fraction of events is
emitted in the opposite direction (the reason is that we have
azimuth angular cutoffs for the emitted leptons).
Therefore, we can go further to cut the background by
setting a cutoff �0 (such as �0 � 180o � �cut) for the azi-
muth angle between the final electron and positron. After
this selection, we suppress one of the collinear enhance-
ments from log s

4m2
e
to logð 1

sin2�cut
Þ for the background, how-

ever, we lose only a small fraction of the signal.
Now, we are able to estimate the cross sections of the

background. By taking �0 � 180� � �cut and �cut ¼ 20�,
we get the corresponding cross sections of the back-
ground for various charmonium production, which are
listed in Table V. Compared with Tables II and III, we
find the cross sections of the background are several times
larger than the corresponding signals, especially for �c0

and �c2ð2PÞ. Nevertheless, the distributions of invariable
masses of the two photons near the charmonium masses
are rather flat for the background. This feature is dis-
tinctly different with the signals. We still expect the
signals can be reconstructed in experiment, especially

FIG. 6. The NLO radiative corrections to the distributions of relative angle  for �c, �c0, �c1, �c2 at the BABAR, where the solid
line, the dashed line, and the dot-dashed line represent the results from the tree level, the NLO radiative corrections and the total
results, respectively.

TABLE V. Cross sections (in units of fb) of background
for charmonium H production. The azimuth angle between the
final state’s electron and positron is constrained to be �0 �
180� � �cut, and we take �cut ¼ 20�.

H �c �cð2SÞ �c0 �c1 �c2 �c0ð2PÞ �c1ð2PÞ �c2ð2PÞ
BES-III 170 7 21 1 3 � � � � � � � � �
B-factories 250 54 63 5 11 � � � � � � 110
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for the channels whose background cross sections are
only two or three times larger.

From Tables II and III, we explore and summarize the
main conclusions:

(1) The NLO radiative corrections are rather small for
the �c0, while big for the �c2. This sharp contrast
looks strange at first sight, however, it is reasonable
by noticing that the NLO radiative corrections in the
processes H ! �� [7] are

�NLOð�c ! ��Þ � �LOð�c ! ��Þ
�LOð�c ! ��Þ

¼ �s

�
CF

�
�5þ �2

4

�

 �28%;

�NLOð�c0 ! ��Þ � �LOð�c0 ! ��Þ
�LOð�c0 ! ��Þ

¼ �s

�
CF

�
� 7

3
þ �2

4

�

 �1%;

�NLOð�c2 ! ��Þ � �LOð�c2 ! ��Þ
�LOð�c2 ! ��Þ

¼ �s

�
CFð�4Þ 
 �44%:

(27)

After checking the results in Tables II and III, we
find the NLO radiative corrections in the two-photon
process approximately agree with these in H ! ��
(except for the �c1). �c1 decays into two on-shell
photons is forbidden by the Yang theory, however,
we can still make analysis by using the formulas of
the radiative corrections to �c1 ! ��� in Ref. [11].
Concretely, in the limit of the virtual photon
nearly on-shell, we find the radiative corrections
are around �15%, which roughly agrees with
the radiative corrections to the two-photon process
in the two tables. Furthermore, for most of the
cases, the NLO radiative corrections in the
tables eventually deviate from the values given in
(27) with the cutoffs increasing. This is due to the
EPA.

(2) The cross sections decrease quickly as the cutoffs
increase. It is not surprising since the bulk of events
concentrates on the direction of the beam. For this
reason, the cutoffs for the detectors have a signifi-
cant influence on the event numbers.

(3) At the BES-III, the cross section for the �c1 produc-
tion is much smaller than those of others. It can be
explained as that since the main contribution of the
cross section comes from the region of the two
virtual photons nearly on-shell, where the squared
amplitude for the subprocess �� ! H vanishes ac-
cording to (16), due to the Yang theory. On the
contrary, at the B factories, the cross sections of
�c1 are unexpectedly large and even greater than
those of �c0;2 for relatively large cutoffs. These

relatively large cross sections are good news from
the experimental perspective.

(4) Taking into account the luminosity of the colliders,
we are able to estimate the event numbers for char-
monium production. The luminosity is L	 1�
1033 cm�2 s�1 at the BEPC-II, and L	 1�
1034 cm�2 s�1 at the KEKB and PEP-II. Thus,
the event numbers are N 	 L� t� �	 1�
1033 cm�2 s�1 � 107 s� � ¼ 10=fb� � at the
BES-III, and N 	 102=fb� � at the B factories.
Now, taking the cutoffs �cut ¼ �cut ¼ 20�, and
c.m. energy

ffiffiffi
s

p ¼ 3:78 GeV at the BEPC-II, we
give Table VI to show the event numbers of various
charmonia in the three detectors. From the table, we
find that all the event numbers are considerable at
the B factories, as a result, we expect that they can
be detected by observing the emitted electrons
and positrons. The event number for the �c at the
BES-III is also large, so it should be detected, while
the event numbers for the�cð2SÞ, �c0;2 are relatively

moderate, it may be hard to be measured at the
BES-III except there are more accumulations. The
event number of the �c1 is so small at the BES-III
that it cannot be probed.

From Figs. 4–6, we find that the QCD radiative correc-
tions only slightly modify the shapes of the distributions of
the relative angle. Since the distributions are quite differ-
ent for the charmonia with different quantum numbers,
they can be used to determine the quantum numbers of
the charmonia. Furthermore, we expect that the dis-
tribution may be used to search for the new particles.
Since Xð3940Þ [22], Xð4160Þ [23], and Zð3930Þ [24]
are assumed to be the candidates of ordinary charmonia
[25], experiments can confirm or deny these assump-
tions through observing the distribution of the relative
angle .
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TABLE VI. The event numbers (in units of/year) of charmo-
nium production at the BES-III and B factories. The cutoffs are
taken as �cut ¼ �cut ¼ 20�.

�c �cð2SÞ �c0 �c1 �c2 �c0ð2PÞ �c1ð2PÞ �c2ð2PÞ
BES-III 742 35 30 0.1 14 � � � � � � � � �
Belle 5380 1740 260 210 190 500 270 320

BABAR 4870 1560 240 180 170 450 240 290
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