PHYSICAL REVIEW D 86, 074013 (2012)
Light baryons and their electromagnetic interactions in the covariant constituent quark model
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We extend the confined covariant constituent quark model that was previously developed by us for
mesons to the baryon sector. In our numerical calculation we use the same values for the constituent quark
masses and the infrared cutoff as have been previously used in the meson sector. In a first application we
describe the static properties of the proton and neutron, and the A hyperon (magnetic moments and charge
radii) and the behavior of the nucleon form factors at low momentum transfers. We discuss in some detail
the conservation of gauge invariance of the electromagnetic transition matrix elements in the presence of a
nonlocal coupling of the baryons to the three constituent quark fields.

DOI: 10.1103/PhysRevD.86.074013

L. INTRODUCTION

We use the confined covariant constituent quark model
(for short, covariant quark model) as a dynamical input to
calculate the electromagnetic (e.m.) transition matrix ele-
ments between light (u, d, s) baryons. In the covariant quark
model the current-induced transitions between baryons are
calculated from two-loop Feynman diagrams with free
quark propagators in which the high energy behavior of
the loop integrations is tempered by Gaussian vertex func-
tions [1-4]. An attractive new feature has recently been
added to the covariant quark model inasmuch as quark
confinement has now been incorporated in an effective
way; i.e., there are no quark thresholds and thus no free
quarks in the relevant Feynman diagrams [5,6]. We empha-
size that the covariant quark model described here is a truly
frame-independent field theoretic quark model in contrast to
some other constituent quark models which are basically
quantum mechanical with built-in relativistic elements.
Here we would also like to mention two other promising
approaches to the bound-state structure of baryons and
their recent results-techniques based on the solution of
Bethe-Salpeter equations [7] and anti-de Sitter/quantum
chromodynamics approaches [8] based on gauge/gravity
duality between five-dimensional field theories including
gravity and four-dimensional gauge theories of strong
interactions.

In the covariant quark model we use the same values for
the constituent quark masses and the infrared cutoff for all
hadrons (mesons and baryons) independent of the hadron
masses. We believe that the formulation of the confined
covariant quark model constitutes a major advance both
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from the conceptual and the practical point of view. While
an unconfined quark model is valid only for hadrons with
masses low enough to lie below the sum of the constituent
quark masses, the confined covariant quark model can be
applied to all hadrons regardless of their masses. We use the
physical hadron masses in the model calculations of the
physical observables like decay constants, form factors, etc.
Transition matrix elements are calculated using the S-matrix
formalism and Feynman diagram techniques with manifest
Lorentz and gauge invariance. One of the advantages of our
covariant quark model is that it allows one to calculate the
transition form factors in the full accessible ¢ range.

The viability of the improved covariant quark model was
demonstrated in a number of applications to mesonic tran-
sitions in Ref. [5]. The form factors of the B(B,) — P(V)
transitions were evaluated in Ref. [6], in a parameter-free
way, in the full kinematical region of momentum transfer.
As an application, the widths of some nonleptonic By
decays were also calculated. This approach was success-
fully applied to a study of the tetraquark state X(3872) and
its strong and radiative decays (see Refs. [9,10]).

In the present paper we formulate the covariant quark
model with infrared confinement for the baryon sector. By
keeping the same values for the constituent quark masses
and the infrared cutoff as had been used in the meson
sector, we are able to reduce the number of free model
parameters in the baryon sector to essentially the set of
baryon size parameters. As a first application we describe
the static properties of the nucleon and the A baryon
(magnetic moments and charge radii) and the behavior of
the nucleon form factors at low momentum transfer. In a
forthcoming publication [11] we are planning to study the
rare decays of the A, baryon into the A or the neutron.
The present paper provides the necessary input for such a
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calculation inasmuch we determine the properties of the
light baryons from their electromagnetic interactions.

The paper is structured as follows. In Sec. II, we review
the basic notions of our dynamical approach—the covariant
quark model for baryons. We present the interaction
Lagrangian describing the nonlocal coupling of a proton
to its constituents, discuss the choice of interpolating
currents and the vertex function, recall the compositeness
condition for bound-state hadrons and show how the con-
finement ansatz is implemented in the baryon sector. In
Sec. III, we include the electromagnetic interactions of
quarks and charged baryons in a manifestly gauge-invariant
way, and derive the Lagrangian describing the nonlocal
interaction of the baryon, quark and electromagnetic fields.
In Sec. IV, we present the loop integration techniques that
allow one to calculate the nucleon mass function and its
derivative and the electromagnetic form factors of the nu-
cleons. By analytically verifying the pertinent Ward and
Ward-Takahashi identities we discuss in some detail how
gauge invariance is maintained in the electromagnetic tran-
sitions. Section IV also contains our numerical results for
the magneticmoments and form factors of the proton and
neutron. We find that a particular superposition of vector and
tensor interpolating currents gives satisfactory results for the
nucleon static properties and form factors at low energies. In
Sec. V, we extend our approach to describe the static proper-
ties of the A ; hyperon. We summarize our findings in Sec. V1.

II. THE COVARIANT QUARK
MODEL FOR BARYONS

The basic ingredients of the covariant quark model for
baryonic three quark states prior to the implementation of
confinement can be found in Refs. [1-4]. This includes a
description of the structure of the Gaussian vertex factor,
the choice of interpolating baryon currents as well as the
compositeness condition for baryons.

The new features introduced to the meson sector in
Refs. [5,6] and applied to the baryon sector in this paper
are both technical and conceptual. Instead of using Feynman
parameters for the evaluation of the two-loop baryonic
quark model Feynman diagram, we now use Schwinger
parameters. The technical advantage is that this leads to a
simplification of the tensor loop integrations inasmuch as
the loop momenta occurring in the quark propagators can
be written as derivative operators. Furthermore, the use of
Schwinger parameters allows one to incorporate quark con-
finement in an effective way. Details of these two new
features of the covariant quark model have been described
in Refs. [5,6].

Let us enumerate the number of model parameters that are
needed in our approach for the description of baryons. As
stated in the introduction the values of the constituent quark
masses and the universal confinement parameter are taken
over from the meson sector. The coupling strength of a
baryon to its constituent quarks is fixed by the compositeness
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condition. This leaves one with one size parameter for each
baryon. For the present paper we need the size parameters of
the proton, neutron and A . Naturally we use the same size
parameter for the proton and the neutron. The size parameters
are determined by a fit to the static e.m. properties and form
factors of the nucleons and the A ;. We have added one more
parameter to the set of basic parameters which describes the
mixing between vector and tensor interpolating currents.

A. Lagrangian and three-quark currents

Let us begin our discussion with the proton. The cou-
pling of a proton to its constituent quarks is described by
the Lagrangian

L0(x) = gyp(x) - J,(x) + gy, (x) - p(x), (1)

where we make use of the same interpolating three-quark
current J,(J,) as in Ref. [12]:

J,(x) = [dxl [dxzfdx3FN(x;x1,x2, x3)
X ng)(-x]’ X2, x3);
J§’;>(x1, X, x3) = TAy7d (x)) - [€12% u (x,) CT yu (x3)],
Jp(x) = fdxl dezde3FN(x;x1,xz, x3)
X jgz)(xl,' X2, x3);
TP (x, x5, x3) = [€490 7% (x3)T, Ci (x)] - 4 (x,) y T4,

2)

The matrix C = y°y? is the usual charge conjugation
matrix and the a; (i = 1, 2, 3) are color indices. There
are two possible kinds of nonderivative three-quark cur-
rents: [* ® 'y = y* ® v, (vector current) and M &', =
30 ® 0,5 (tensor current) with P =I(y*yP —yPy®).
The interpolating current of the neutron and the corre-
sponding Lagrangian are obtained from the proton case
via p — n and u < d. As will become apparent later on,
one has to consider a general linear superposition of the
vector and tensor currents according to

Jy =xJ§ + (1 = x)Jy, N =p,n, 3)

where the mixing parameter x extends from zero to one
(0 = x = 1). When taking the nonrelativistic limit of the
vector and tensor currents one finds that the two currents
become degenerate. The limiting currents for the proton
and the neutron read

Ty =Ty = enn ey (Wi eya ),

=T = syl (p ey a ),

“4)

where i, ; are the upper components of the respective Dirac

quark spinor fields and where o; are Pauli spin matrices.
Most of the properties of the nucleons are only weakly

dependent on the choice of interpolating currents.
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However, in order to get the correct value for the charge
radius of the neutron, one needs to use the superposition
of currents Eq. (3) even though the currents J” and JV
become degenerate in the nonrelativistic limit. In view of
the fact that a nonrelativistic description of the neutron
gives zero values for the charge radius of the neutron [13]
this is an indication that relativistic corrections play a
crucial role for the desciption of the neutron charge radius.

The vertex function Fp characterizes the finite size
of the nucleon. We assume that the vertex function is real
and the same for the proton and the neutron. To satisfy
translational invariance the function F has to satisfy the
identity

Fy(x+ a;x) +a,x, + a,x3 + a) = Fy(x;x1, x5, x3)  (5)

for any given 4-vector a. We use the following representa-
tion for the vertex function

3
Fy(xsxy, xp, x3) = 5(4)<x - Z Wixi)q)N<Z(xi - Xj)z),

i=1 i<j
(6)

where @ is the correlation function of the three constitu-
ent quarks with the coordinates x;, x,, x3 and masses
|

d4P2
2m)*

d4
o(gon-w)- [ 22

i<j
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my, m,, ms, respectively. The variable w; is defined by
w; = m;/(m; + my + m3) such that ¥}  w; = 1. Note
that Fy(x;x;, x5, x3) is symmetric in the coordinates x;,
i.e., symmetric under x; < x;.
We shall make use of the Jacobi coordinates p; ; and the
center of mass (CM) coordinate x which are defined by
+ ! ! 2w, + wy)
X =x+—=w3p; — —=Q2w, + w3)p,,
1 N 3P1 /6 2 3)P2

1
Xy = X + —=W3pP + (2Wl + W3)p2, (7)

1
V2 NG
I

1
X3 =X w; +w +—=w; —w .
3 \/5(1 )P \/6(1 2)p2

The CM coordinate is given by x = Y'3_; w;x;. In terms of
the Jacobi coordinates one obtains

> (i = x))* = p} + p. ®)

i<j

Note that the choice of Jacobi coordinates is not unique.
With the above choice Eq. (7) one readily arrives at the
following representation for the correlation function @
in Eq. (6):

e~ irilx *x3)*ipz(xzfx3)(i)N(_P% — P%),

- 1 i i
Oy(=P] = P) =3 [d“pl [d4pze’P""+’P2p2q’N(P% + p3)

1
Py = ﬁ(pl + p2)s

Even if the above choice of Jacobi coordinates was used to
derive Eq. (9) the representation (9) in its general form can
be seen to be valid for any choice of Jacobi coordinates.
The particular choice Eq. (7) is a preferred choice since it
leads to the specific form of the argument —P? — P3 =
—2(p? + p3 + p1p2). Since this expression is invariant
under the transformations, p; < p,, p» — —p, — p; and
p1 — —Pp1 — P2, the right-hand side (rhs) in Eq. (9) is
invariant under permutations of all x; as it should be.

In the next step we have to specify the function
®y(—P2 — P3) = ®y(—P?), which characterizes the
finite size of the baryons. We will choose a simple
Gaussian form for the function ®:

® y(—P?) = exp(P?/A}), (10)

where Ay is a size parameter parametrizing the distribu-
tion of quarks inside a nucleon. Note that we have used
another definition of the Ay in our previous papers: Ay =
A/ (32).

Since P? turns into —P% in Euclidean space the form
Eq. (10) has the appropriate fall-off behavior in the

1
= — %(pl = P2)- )

Euclidean region. We emphasize that any choice for @y
is appropriate as long as it falls off sufficiently fast in
the ultraviolet region of Euclidean space to render the
corresponding Feynman diagrams ultraviolet finite. The
choice of a Gaussian form for ®y has obvious calcula-
tional advantages.

The coupling constants g, are determined by the com-
positeness condition suggested by Weinberg [14] and
Salam [15] (for a review, see Ref. [16]) and extensively
used by us in previous papers on the covariant quark model
(for details, see Ref. [17]). The compositeness condition
postulates that the renormalization constant of the bound-
state wave function is set equal to zero. In the case of a
baryon this implies that

Zy = 1= Sh(my) =0, (11)

where 2}, is the on-shell derivative of the nucleon mass
function 3y, i.e., 3y = a2y /dp, at p?> = m%, and where
my is the nucleon mass. The compositeness condition is
the central equation of our covariant quark model. It can
be viewed as the field theoretic equivalent of the wave
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function normalization condition for quantum mechanical
wave functions. The physical meaning, the implications
and corollaries of the compositeness condition have been
discussed in some detail in our previous papers (see, e.g.,
Ref. [5]).

B. Infrared confinement

In Ref. [5] we have shown how the confinement of quarks
can be effectively incorporated in the covariant quark model.
In a first step, we introduced an additional scale integration
in the space of Schwinger’s a parameters with an integration
range from zero to infinity. In a second step the scale
integration was cut off at the upper limit which corresponds
to the introduction of an infrared (IR) cutoff. In this manner
all possible thresholds present in the initial quark diagram
were removed. The cutoff parameter was taken to be the
same for all physical processes. Other model parameters
such as the constituent quark masses and size parameters
were determined from a fit to experimental data.

Let us describe the basic features of how IR confinement
is implemented in our model. All physical matrix elements
are described by Feynman diagrams written in terms of a
convolution of free quark propagators and the vertex func-
tions. Let n and m be the number of the propagators and
vertices, respectively. For the current-induced baryon tran-
sitions or the derivative of the mass function one has four
quark propagators and two vertex functions; i.e., one has
n=4 and m = 2. In Minkowski space the two-loop
diagram will be represented as

H(pl) LR pm) = [[d4k]2 l_[ (I)i1+n(_Kz‘21+n)

i=1

X ﬁ Sl'3(]€l'3 + vy,),

ir=1

Z<kf’ﬁn Vi) (12)

2
Ki1+n

where the vectors k; are linear combinations of the loop
momenta k;. The v, are linear combinations of the external
momenta p;. The strings of Dirac matrices appearing in the
calculation need not concern us here since they do not
depend on the momenta. The external momenta p; are all
chosen to be ingoing such that one has }”*, p; = 0.

Using the Schwinger representation the local quark
propagator is written as

S(k) = %_K = (m+ P K dBe PR (13)

As mentioned before one takes the Gaussian form or the
vertex functions, i.e.,

ci)iJrn(_Kz) = eXP[B#nKZ],
where, as in (10), the parameters ;;, are related to the

respective size parameters of the baryons A; via 8,,, =
1/A?. The integrand in Eq. (12) has a Gaussian form with

i=1,...m (14)
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the exponential factor (kak + 2kr + R) where, in the case
of the baryonic two-loop calculation, a is a 2 X 2 matrix
depending on the parameters [3;, r is a 2-component vector
composed from the external momenta, k is a 2-component
vector of the loop momenta of the form k = (k;, k,) and R
is a quadratic form of the external momenta. Tensor loop
integrals are calculated with the help of the differential
representation

k# 2kr :l d eZkr' (15)
2 0r i
After doing the loop integration the differential operators
a/or; » Will give cause to outer momenta tensors which, in
the present case, are p and p’. We have written a FORM [18]
program that achieves the necessary commutations of the
differential operators in a very efficient way.
After doing the loop integrations one obtains (n denotes
the number of propagators)

1= [°° d'BF(B, ... B, (16)
0

where F stands for the whole structure of a given diagram.
The set of Schwinger parameters 3; can be turned into a
simplex by introducing an additional ¢ integration via the
identity

1= [T o - Z,B) (17)

leading to

(o) 1 n
II= [ der"1 / d”a5<1 - Z al-)F(tal, .. tay).
0 0 i=1
(18)

There are altogether n numerical integrations: (n — 1)
a-parameter integrations and the integration over the scale
parameter ¢. The very large ¢ region corresponds to the
region where the singularities of the diagram with its local
quark propagators start appearing. However, as described
in Ref. [5], if one introduces an IR cutoff on the upper limit
of the ¢ integration, all singularities vanish because the
integral is now analytic for any value of the set of kine-
matic variables. We cut off the upper integration at 1/A2

and obtain
a,-)F(tal, . tay).

1/22 1 7
I1¢ =f dtt"_lf d"a6(1 -
0 0 ,:Zl
(19)

By introducing the IR cutoff one has removed all potential
thresholds in the quark loop diagram; i.e., the quarks are
never on-shell and are thus effectively confined. We men-
tion that an explicit demonstration of the absence of a two-
quark threshold in the case of a scalar one-loop two-point
function has been given in Ref. [5]. We take the infrared
cutoff parameter A to be the same in all physical processes.
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The numerical evaluations have been done by a numerical
program written in the FORTRAN code.

III. ELECTROMAGNETIC INTERACTIONS

We use the standard free fermion Lagrangian for the
baryon and quark fields:

L o) = B(x)(if — mp)B(x) + > G(x)(if — m,)q(x),
q

(20)

where m, is the constituent quark mass. The interaction

with the electromagnetic field has to be introduced both at
the baryon and the quark level. In a first step we gauge the
free Lagrangians Eq. (20) of the quark and baryon fields in
the standard manner by using minimal substitution:

OB — (0* — iegA*)B, o*q; — (0" — ie, AM)q;,
(2D

where e is the electric charge of the baryon B and e, is
the electric charge of the quark with flavor g;. The inter-
action of the baryon and quark fields with the e.m. field is
thus specified by minimal substitution. The interaction
Lagrangian reads

Lemmin(x) = epB)AB(x) + > e,q(x)Aq(x).  (22)
q

As will become apparent further on, the electromagnetic
field does not directly couple to the baryon fields as a result
of the compositeness condition.

Next one gauges the nonlocal Lagrangian Eq. (1). The
gauging proceeds in a way suggested in Refs. [19,20] and
used before by us (see, for instance, Refs. [12,21]). In order
to guarantee local invariance of the strong interaction
Lagrangian one multiplies each quark field g(x;) in L%

nt
with a gauge field exponential: One then has
qi(x;) — e FenlE g (), (23)

where
Hoox P) = [ dz,an) 24)

The path P connects the end points of the path integral.
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It is readily seen that the full Lagrangian is invariant
under the transformations

ieq, f(x) 7ieqi.f(x)’

qi(x), g;(x) = gi(x)e
B(x) — e's/WB(x), B(x) — B(x)e~ien/™),

AR (x) — A (x) + 04 f(x),

qi(x) = e

where ey = 37 e, .

One then expands the gauge exponential up to the requi-
site power of e A, needed in the perturbative series. This
will give rise to a second term in the nonlocal electromag-
netic interaction Lagrangian Lm™onloc  Superficially it
appears that the results will depend on the path P taken
to connect the end points in the path integral in Eq. (24).
However, one needs to know only the derivatives of the
path integral expressions when calculating the perturbative
series. Therefore, we use the formalism suggested in
Refs. [19,20] which is based on the path-independent

definition of the derivative of I(x, y, P):
0
im dxt— = i + ) —
Jim dx Py I(x,y,P) Jim O[I(x dx,y, P') —1(x,y, P)],

(25)

where the path P’ is obtained from P by shifting the end
point x by dx. The definition (26) leads to the key rule
d
Wl(x) Y, P) _A,u(x)r (26)
which in turn states that the derivative of the path integral
I(x, y, P) does not depend on the path P originally used in
the definition.

As a result of this rule the Lagrangian describing the
nonlocal interaction of the baryon, quark and electromag-
netic fields to the first order in the electromagnetic charge
reads

£$mwm=@mw[w%<3muw

+&f@%@ﬁmmwww,<m

where the nonlocal electromagnetic currents are given by

3
JBem (X, ¥) = nfdxijg?(xhxz, x3)EF(x;x1, X0, X35 9),
7 : 7(B)
J-em (X, y) = l—[fdxij3q (x1, x2, X3)Eg+(x;x1,x2, x33y),
E§(x;xy, X3, X33y) = op; X )T E(py s, pair)
BYoob e Qm)* (277')4 B B2 B0
. 3 1 - _
EZ(p1, p2 P337) = Z €q,.[0 dr{—wy(wyr® + 2¢5)Pp(—z1) — wp(wpr® + 2¢5)Py(—2,)}. (28)
i=1
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Further,
3 3
q: = Z WilPi q> = Z Wi Pis
i=1 i=1

21 =1(wir +q)* — (1 = 7)g3 — (wipr + g,)%,

2 =qi — Twpr+ ¢2)* = (1 = 7)g3,
(&
Wi = \/Lz (Wi +wy)wsws |,
\~ %
(~%
wo = & v —w)@wy +w3)2wy +w3) [ (29)
\

IV. NUCLEON MASS FUNCTION AND
ELECTROMAGNETIC FORM FACTORS

We start with the calculation of the proton mass function
(also called the self-energy function) needed for the im-
plementation of the compositeness condition. The relevant
term in the expansion of the S matrix reads

s, = gl j dx [ dypOIT, (0T, ()N0)p(y)
= [ dx f dyp)S,(x = Y)p(y). (30)

The corresponding two-loop Feynman quark diagram is
shown in Fig. 1. In Eq. (30) we have introduced the
standard notation for the proton mass function

3, (x =) = igy{OIT{J,(x)J , (»)}]0). 3D

The Fourier transform of the mass function >, p(x —y)is
given by

4
20—y = [(;iﬂ_l; e

2,(p) = /d4xei1’x2p(x).

ip(ry)gp(p),
(32)

We use the same notation 2. , for the mass function of the
proton in coordinate space and in momentum space. Which
of the two representations are being used can be read off
from the arguments, cif. 2 ,(x — y) and X ,(p). The matrix
element of S, in Eq. (31) between the initial and final

d

FIG. 1 (color online). Proton mass operator.
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proton states (with momenta p and p’,
expressed by

(P'1S:lp) = im)*8W(p — p"i,(p)Z,(p)u,(p).  (33)

It is straightforward but nevertheless cumbersome to
calculate the proton mass function X ,(x — y). One uses
the explicit expression for the interpolating three-quark
current given by Eq. (2) and the time ordering of quark
fields:

(OIT{g}(x)q}(HO) = &
k.
0,10 s —ik(x=y)
aa' O ff [ amii¢ Sy(k),

(34)

respectively) is

aa’ 5ff’Sf(x - )’)

where S;(x — y) and S;(k) are the free quark propagators
in coordinate and momentum space with

1
Splk) = ———, (35)
f my — ¥
and where a, a’ and f, f' are color and flavor indices,
respectively.
In momentum space the proton mass function is given by
d*k d*k, -
=128} | = | oo PA(—2
X TAy3S4(ky + wyp)y TEulS, (ky — wap)
X TyS,(ky — ki + w3p)T'g], (36)
where
1 ) 1 2
20 = E(kl —ky)* + g(kl + k). 37)

In order to economize on the notation we introduce a
shorthand notation for the two-loop momentum integra-
tions in (36) and in the following formulas. We write

d*k, d4k2
Q)i (277)4

Note that the integral Eq. (36) is invariant under a shift of
the loop momenta k; — k; + ap where a is an arbitrary
number and p is the outer momentum. Using this invariance
one can obtain various equivalent representations for the
mass function. In Eq. (36) we have chosen a such that
the external momentum does not appear in the argument
of the vertex function. One has w, = w; = 1(1 — w))
where w; = my/(my + 2m,,). We mention that it is conve-
nient to keep m,, # m, in the analytical calculation in order
to distinguish the proton from the neutron case. In the end,
when we do the numerical calculation, we set m,, = m,.

According to the compositeness condition Eq. (11)
one needs to calculate the derivative of the proton
mass function. Since the proton is on mass shell, i.e.,

{.n= (38)
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ii(p)pu(p) = myi(p)u(p) and hence p*a(p)u(p)=
myii(p)y*u(p), the compositeness condition
9%,(p) _

%) =3

1 with p=my (39

can be written as

PHYSICAL REVIEW D 86, 074013 (2012)

Here and in the following it is understood that the relations
between Green functions are valid when sandwiched
between spinors. The latter form, Eq. (40), is more suitable
for our calculation because of its relation to the electro-
magnetic proton vertex function at zero momentum
transfer. Using

d
G_Sf(k +wp) = wSi(k + wp)y Sk + wp) (41)
p

03
ﬁ =y* with p=my and p* = myy".
app, M
(40)  one obtains
|
a3 _
GL(M = 1283 (PR (2w T4y Sy (ky + wip)y#Salky + wip)y TE S, (ky — wap)TaS,(ky — ky + w3p)Ts]

"

- WerYSSd(kl + W1p)75FB tr[Su(kZ = wop)yHS,(ky — wop)l'sS,(ky — ky + WSP)FB]
+ w3l S(ky + wip)y TEulS, (ky — wap)TaS,(ky — ky + w3p)y*S,(ka — ki + wip)T'g11). (42)

We now return to the calculation of the electromagnetic
vertex of the proton. There are two terms in the relevant
expansion of the S matrix. These are derived (i) from the
Lagrangian Eq. (22) describing the local interaction of
the photon with the quarks and (ii) from the Lagrangian
Eq. (27) describing the nonlocal interaction nucleon +
quarks + photon. One has

s =2k [ ax [ dy [ den,@p
X A0|T{J ,(x)(e,ii(z) y* u(z)
+ e4d(2)y*d(2))T,(»}0)p(y)

+i2gd f dx [ dy f dzA ()P ()

XAOIT{T , ()T pem(y, 2) + T pem (. 2T, (MHOYP(¥),
(43)

where the currents J,(J,) and Jj-em(Jh-em) are defined by
Egs. (2) and (28), respectively. It is important to keep track
of the signs of the various charges in the calculation. Our
choice is to take the electric charges of charged particles in
units of the proton charge, e.g., e, = +1, ¢, = +2/3,
e; = —1/3, etc.

The matrix element S5 in Eq. (43) taken between the
initial and final proton states with momenta (p) and (p’)
and the photon state with momentum (g = p — p’) reads

(P'sq, wlSslp) = a,(p"\ T (ps p', @u,y(p). (44)

The matrix element 74 (p; p'q) is obtained from Eq. (43)
by the substitutions A,(z) — €%, p(x) — e’* and
p(y) — e~ PY. A straightforward calculation gives

T (p; p, q) = iQm)*8W(p — p' — QA (p, p)),  (45)

where the electromagnetic vertex function A% (p, p’) of

the proton consists of four pieces represented by the four
two-loop quark diagrams in Fig. 2:

(i) the vertex diagram with the e.m. current attached to
the d quark [Fig. 2(a)]—A%,,

(i1) the vertex diagram with the e.m. current attached to
the u quark [Fig. 2(b)]—A%u,

(iii) two bubble diagrams with the e.m. current attached
to the initial proton vertex [Fig. 2(c)]—A7 . and
with the e.m. current attached to the final proton
vertex [Fig. 2(d)]—Ag(b)

(d)

FIG. 2 (color online). Electromagnetic vertex function of the
proton: (a) vertex diagram with the e.m. current attached to the d
quark; (b) vertex diagram with the e.m. current attached to the u
quark; (c) bubble diagram with the e.m. current attached to the
initial state vertex; (d) the bubble diagram with e.m. current
attached to the final state vertex.
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The four different contributions can be calculated to be

PHYSICAL REVIEW D 86, 074013 (2012)

- - 1 1
Agd(ll p) = _4g12\/<<q)N(_ZO)(I)N(_§(k1 —ky + w3q)* — 8("1 + ky + 2wy + w3)q)?)

X TAYSS4(ky + wi p)yeSylks + wip' + @)y TE LS, (ky — wap)TaSulks — ky + W3p’)FB]>>,

Au(p. 1) = 168 Br(=20)By(= 5 ks = ko = (g +w200)” = (k1 + ks = () = w2)g)?)

X TAy38 (ky + wip") Yy TBulS, (ky — wop \TuS,(ky — ky + wip)y*S,(ky — ky + w3p’ + Q)FB]>>r

Al p) = 1283 (D y(—20) Ef (ky + wip', —ky + wap!, kg — ki + w3p's q)
XTAY Sk + wip")y TP ulS, (ks — wap' )Ty S, (ky — ki + w3p')U]),
AZ (. p) = 12¢3(Dy(—20) B (ky + wip, —ky + wap, by — ki + wap; —¢)
X T4y Sy(ky + wip)y’ TP ulS,(ky — wap)LaS,(ky — ky + wip)T'g]). (46)

The two bubble diagrams Figs. 2(c) and 2(d) can be seen to
be related by

A/;(b)(pr p)= Ag(a)(P/’ p)- 47)

Gauge invariance requires the validity of the g* = 0
Ward identity

02,(p)

oy = M) (48)

M

where A (p, p) is given by the sum of the four contribu-
tions Eq. (46). The left-hand side (lhs) of (48) has been
written down in Eq. (42). The contribution of the bubble
diagrams to the rhs of (48) is calculated by using the
explicit representation of £ in Eq. (28). For the proton
the quark charges are given by ¢; = e¢; and ¢, = e3 = ¢,,.
One finds

J

|
AP p) + A (P, p)
= 8(1 + 3w) g3 (k) Dy (—2z0) Py (—20)
X TAy38 4(ky + wip)y TEulS,(ky — wyp)
X TpS,(ky — ky + w3p)['p]). (49)

Superficially such terms are not present in Eq. (42) since
(42) contains four quark propagators as a result of having
differentiated the vertex function as compared to the three
propagators in (49). However, the bubble contributions (49)
may be rewritten in terms of the vertex diagram contribu-
tions at ¢ = 0. This is achieved by using an integration-by-
parts (IBP) identity where one differentiates the integrand
with respect to (w.r.t.) the loop momentum k;. One has

9 -
<<W{‘D12v(_zo)FA755d(k1 + W1P)75FB tr[Su(kZ - WzP)
1

X TySully — &y + wSp)FB]}» 0. (50)

Upon differentiation and use of the symmetry of the
integrand under k, — —k, + k; one obtains

2<<kfci)5\7(_ZO)(i)N(_ZO)FA'ySSd(kl + WIP)YSFB tr[S, (ky — wap)U'sS,(ky — ki + wip)[s])
= (D} (—z0)TAY S y(ky + wip)y*Salky + wip)y TBalS,(ky — wap)TaS,(ky — ki + w3 p)L'5]))
— (DR (—29)T Ay Sylky + wip)y TS, (ky = wap)TuS,(ky — ky + w3p)y#S,(ky — ky + w3p)TE]).  (51)

Using the IBP identity and summing up all contributions
on the rhs of Eq. (48) one finds agreement with the lhs of
Eq. (48) as given by Eq. (42). One has thus proven the
validity of the Ward identity (48) [recall that wy, = w3 =
1/2(1 — wy)].

A further technical remark is in order concerning the
above check of the Ward identity Eq. (48). The proof
made use of an IBP identity assuming the vanishing of

the pertinent surface term. However, in the confinement
ansatz with the accompanying IR cutoff the requisite
surface terms no longer vanish. As it turns out one
can avoid the use of IBP identities in the proof of the
Ward identity by astutely shifting the loop momentum
ky in the mass function. The appropriate shift is k; —
ki + (wy + w3 —%p and k, — ky + wyp. One then
obtains
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o [Lh [ 4k
N Qmdi) @m)ti

1
X FA755d<k1 - §P>75FB

S, (p)=12 D% (—z)

X trI:Su(kz)FASu(kz—k, +§p)FB], (52)

1 4 2
1 = E(k] - kz + (W3 - g)p)

1 4\ \2

where

After the shift of the loop momentum the argument of
the vertex function ®y(—z;) now depends on the ex-
ternal momentum p. When differentiating w.r.t. the
external momentum p a new term will appear caused
by the derivative of the vertex function ®, in addition
to the terms originating from the derivatives of the
quark propagators. After shifting back the loop mo-
menta z; — z, and some algebraic juggling one finds
that the derivative of the mass function coincides ana-
Iytically with the expression for the electromagnetic
vertex function A% (p, p) given by the sum of the
contributions of the triangle diagrams (46) and the
bubble diagrams Eq. (49). We emphasize that in this
derivation we did not have to make use of an IBP
identity to prove the Ward identity.

Hereafter we will use the compositeness condition
Zy = 0 in the form

ALy(p, p) + Apu(p, p) + A2 (P p) + A2 (P, p) = y*

with (p =my) and pH = myy* (54)
in order to determine the coupling constant g. This allows
one to provide the correct normalization of the charged
proton form factor within the confinement scenario.

Another useful check is to reproduce the generalized
Ward-Takahashi identity

auAp(p. p") = Z,(p) = 2,(p). (55)

We shall not elaborate on this proof which is straightfor-
ward by using suitable shifts of the loop variables.

Let us briefly describe another check on the gauge
invariance of our calculation. Without gauge invariance
there are three independent Lorentz structures in the elec-
tromagnetic proton vertex which can be chosen to be

P
AL (p, p")=y*F{ (g —MFé’(qz) +q"Figg?),  (56)
where o#4 = L(y*y” — y"y*)q,. The form factor

F f\’,G(qz) characterizes the nongauge-invariant piece and
must therefore vanish for any ¢? in a calculation which

PHYSICAL REVIEW D 86, 074013 (2012)

respects gauge invariance. For the four contributions of
Figs. 2(a)-2(d) we found that

le\)/Gd(qz) =0, F}’\J/Gu(qz) = (,
Fﬁ/g(b)(qz) = —FZGM)(QZ) v 6]2. 57

The gauge variant contributions of the two vertex diagrams
are zero while they vanish for the sum of the two bubble
diagrams.

Before discussing the e.m. properties of the neutron we
would like to comment on a potential conflict between
gauge invariance and our confinement ansatz. In general
the IR cutoff used in Eq. (19) can destroy the gauge
invariance as any cutoff can do. One can, however, show
that in some special cases gauge invariance remains unim-
paired when implementing confinement through an IR
cutoff. For example, in Appendix B of Ref. [5] we have
shown that the p-vy transition amplitude is gauge invariant
off mass shell even in the presence of an IR cutoff. The
crucial point of the proof was that we were able to show that
the integrand of the ¢ integration itself was gauge invariant.
In the case of the electromagnetic form factor of the proton
one finds again that the integrand of the ¢ integration is gauge
invariant by itself due to a symmetry property of the inte-
grand in the space of the Schwinger « parameters. However,
if the proof of gauge invariance requires an integration by
parts in the space of momenta which becomes translated into
an integration by parts over the ¢ parameter, gauge invari-
ance will be spoiled by the surface term due to the upper
integration limit 1/A2. In order to keep gauge invariance one
can proceed as follows. First, by using the properties of the
relevant integrals over the loop momenta one needs to
specify a gauge-invariant part of the full amplitude. Then
one employs our confinement ansatz for the gauge-invariant
parts of the amplitudes. Such an approach was used to verify
the validity of the Ward identity when connecting the de-
rivative of the mass function and the electromagnetic vertex
function in the presence of an IR cutoff.

The electromagnetic vertex function of the neutron is
obtained from that of the proton by replacing m, < my,
e, = eq and m, — m,. FY(q*) and F)(4?) are the Dirac
and Pauli nucleon form factors which are normalized to the
electric charge ey and anomalous magnetic moment ky
(ky is given in units of the nuclear magneton e/2m,),
respectively; i.e., one has F}(0) = ey and FY(0) = ky.
In particular, one can analytically check by using the IBP
identity that the Dirac form factor of the neutron is equal to
zero at g2 = 0.

The nucleon magnetic moments wy = FY(0) + FY(0)
are known experimentally with high accuracy [22]:

uS® =279, wa® = —1.91. (58)

We will use these values to fit the value of the nucleon size
parameter. The other model parameters are taken from the
fit to mesonic transitions done in Ref. [6]:
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m, mg m.  my A ' (59)
0.235 0.424 216 5.09 0.181 GeV
We obtain
vector current — Ay = 0.36 GeV,
m, =279, M, = —170, (60)
tensor current — Ay = 0.61 GeV
m, =279, M, = —1.69. (61)

It is convenient to introduce the Sachs electromagnetic
form factors of nucleons:

2
GY(@?) = FY(q) + 7 FY(),
Gy(q®) = FY(q*) + FY ().

The slopes of these form factors are related to the well-
known electromagnetic radii of nucleons:

dG%(q%)
rpl = 6—2 , 63)
< E> dq2 =0 (
6 dGy(q?)
2\N _ M 64
<rM> G%(O) dqz qZ:(] ( )

We would like to emphasize that reproducing data on the
neutron charge radius (r%)" is a nontrivial task (see,
e.g., discussion in Ref. [13]). As is well-known the naive
nonrelativistic quark model based on SU(6) spin-flavor
symmetry implies (r%)" = 0. The dynamical breaking of
the SU(6) symmetry based on the inclusion of the quark
spin-spin interaction generates a nonvanishing value of
(r%)". From this point of view the dominant contribution
to the (r2)" comes from the Pauli term:

6
2y = —— F2(0). 65
<r E> 4’"12\/ 2( ) (65)
The experimental data on the nucleon Sachs form fac-
tors in the spacelike region Q> = —g? = 0 can be approxi-
mately described by the dipole approximation
Giu(q®) _ Gylg®) _ 4my Gi(q®)

1+ pu, Mo ¢

1
- (1- (]2/0.71 GeV2)2 = DN(QZ). (66)

Gi(g*) =

According to present data the dipole approximation works
well up to 1 GeV? (with an accuracy of up to 25%). For
higher values of Q? the deviation of the nucleon form
factors from the dipole approximation becomes more
pronounced. In particular, the best description of magnetic
moments, electromagnetic radii and form factors is
achieved when we consider a superposition of the V
and T currents of nucleons according to Eq. (3) with

PHYSICAL REVIEW D 86, 074013 (2012)

TABLE I. Electromagnetic properties of nucleons.
Quantity Our results Data [22]
M, (in n.m.) 2.96 2.793
M, (in n.m.) —1.83 —-1.913
i (fm) 0.805 0.8768 = 0.0069
(r%)” (fm?) —0.121 —0.1161 = 0.0022
ry (fm) 0.688 0.777 % 0.013 = 0.010
r, (fm) 0.685 0.8620008

x = 0.8. For the size parameter of the nucleon we take
Ay = 0.5 GeV.

In Table I we present the results for the magnetic mo-
ments and electromagnetic radii for this set of model
parameters. In Fig. 3 we present our results for the g?
dependence of electromagnetic form factors in the region
0? € [0, 1] GeV?. Figure 3 also shows data [23] and plots
of the dipole approximation to the form factors. The agree-
ment of our results with the dipole approximation is sat-
isfactory. Inclusion of chiral corrections as, for example,
developed and discussed in Ref. [24] may lead to a further
improvement in the low Q? description.

V. A-TYPE MASS FUNCTION AND
ELECTROMAGNETIC VERTEX

In a future publication we plan to study the rare baryon
decays A, — A €1 £ in the context of the covariant quark
model [11]. It is the purpose of this section to provide the
necessary material that allows for a covariant quark model
description of the A = (Q[ud])-type baryons composed of
a (s, ¢, b) quark Q and a light diquarklike state [ud] with
spin and isospin zero.

In general, for the A-type baryons one can construct
three types of currents without derivatives—pseudoscalar
JP, scalar JS and axial-vector J4 (see Refs. [1,4,25,26]):

‘]ig[m = €199 Q% Y Cysds,

J;S;Q[ud] = 14203 y5Qa1u02Cda3’ (67)
A — £A10203 A, M )A] 1,0 as

JAQW] etia zfy Q Iy ZC'}’s'}’,u,d 3,

There are only two independent linear combinations of the
above three currents given by JV = (2J° —2J5 + J4)/3
and JT = JP + J5. The symbol [ud] denotes antisymmet-
rization of both flavor and spin indices w.r.t. the light
quarks u and d. We will consider three flavor types of the
A baryons: Aud], Al[ud] and A[ud]. In Ref. [3] we
have shown that, in the nonrelativistic limit, the J* and J4
interpolating currents of the Ay, baryons become de-
generate and attain the (same) correct nonrelativistic limit
(in the case of single-heavy baryons this limit coincides
with the heavy quark limit), while the JS current vanishes
in the nonrelativistic limit. On the other hand, the J* and
JA interpolating currents of A-type baryons become de-
generate with their SU(N;)-symmetric currents in the
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FIG. 3. Sachs nucleon form factors in comparison with data [23] and the dipole representation in the spacelike region Q < 1 GeV>.

nonrelativistic limit. In Ref. [25] we have shown that in the
case of the heavy-to-light baryon transition A} — A%* v,
the use of a SU(3)-symmetric current for the A° hyperon is
essential in order to describe data on I'(A] — A% " v,)
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Jalx) = fdxl [dxzdeSFA(X;xl,xz’ xs)Jéﬁ)(xl,xz, x3),
T e 25) = 3 €9 0, () (52) 7 (x5) — d(x5)Cy ()
= €10 Q0 (x)u® (xy) Cy d ™ (x3),
Jax) = fdxl /dxzfdx3FA(x;x,,x2, x3).7(32)(x1,x2, x3),

T (01, 20, x3) = €9905d% (x3) Y5 Cat (x) - 0 (xy), (68)

where Q = s, ¢, b.
The calculation of the A-type mass function and the electromagnetic vertex proceeds in the same way as in the nucleon
case. The matrix elements in momentum space read

SA(p) = 683 UDA(—20)Sp(k; + wip)tlS,(ky — wyp) Y Salks — ky + wip)y ), (69)

where we use the same shorthand notation < ... >> for the two-fold loop momentum integration as before [see Eq. (38)].
The variable z; is defined in (37).
The various contributions to the electromagnetic vertex are given by

Niglp 1) = 603 {{Ba(=a®a(= 5 (6 = ks + waa? = by + ks + @wa + WP
X So(ky +wip")y*Solky + wip' + @) ulS,(ky — wap)y S (ks — ky + W3P’)75]>>,
AR (p, p') = _6eug2A<<(i)A(_Zo)&)A(_%(k1 —ky + wig)? — é(kl +ky — 2wy + W3)Q)2)
X So(ky +wyp")ulS,(ky — wap' — q)y*S,(ky — wap')y*Sa(ky — ki + W3P’)75]>>,
AL (p. p) = 66518?\((&’/\(_20)&’/\(_ %(lﬁ —ky = (wy + wy)q)* — é(kl +ky— (wy — Wz)fl)z)
X Solky + wip")ulS,(ky — wap')y>S (ks — ky + w3p" )y S (ky — ky + wip’ + q)75]>>,
AX(Q)(P, p) = 683\<<&)A(—Z0)EX(7<1 +wip, —ky + wyp' ko =k + wip'iq)
X So(ky +wyp")ulS,(ky — wop')y*Saky — ki + W3P’)75]>>,
Al p) = 6gi<<<5A(—zO)EX(k1 +wip, —ky + wap, ky — ki + wips —q)

X Solky + wip)tlS,(ky — wap)y Salky — ki + WSP))’S]))- (70)

One now has three e.m. vertex contributions because there are three different quarks in the A, state. The function
EX(ry, ry.r3; r) has been defined in Eq. (28). The variables ¢; = 33_, w; r; and g, = Y3_| wipr; in EX(ry, ry.r3;r) can be
seen to be related to the loop momenta by

1 1
q = ﬁ(kl — k), qr = _\/_E(kl + k) (71)

for both bubble diagrams. By using Eq. (71) one finds the ¢ = 0 relations
Ax(a)(l?y p)+ AX(;,)(P, p) = _Sg%«(Qlk{L + szg)‘i)j\(_Zo)‘i)A(_Zo)SQ(kl + wip) ]S, (ky — wyp)
X Y Sqlky = ki + wip)y’ D),
Q1 = e;(wy +2w3) — ex(wy — w3) — e32w; + wy),

0, = ej(wy — w3) — ex(wy + 2w3) + e3(wy + 2wy), (72)

074013-12



LIGHT BARYONS AND THEIR ELECTROMAGNETIC ...

where the subscripts on the charges e; refer to the flavors of the three quarks:

“l = 3” — “d.” Next we will use an IBP identity to write

<<ak/-b {D3(—20)So(ky + wip) S, (ky — wop)y Sylky — ky + W3p)ys]}>> =0,

One finds
(KA = QAL + A% = ALY)

where

Ayg = (i)ﬁx(_zo)‘i)A(_Zo)SQ(kl + wyp) S, (ky —
Al = D (=20)So(ky + wip)y*Solky + wip) e[S, (ks

Al = D3 (—z0)So(ky + wp) S, (ky —

WZP) ,y,u Su (k2

PHYSICAL REVIEW D 86, 074013 (2012)

“i — 1” — “s’ c, b, 2 “i — 277 — ” al’ld

(i=12). (73)

(kLA = (AL + 245 + A2)) (74)

wyp)y Salks — ky + ws3p)y],
- WzP)?’SSd(kz
- sz)YSSd(kz

—ky +w3p)y’]
— ki + w3p)y°],

Af = ‘i)?\(_Zo)SQ(kl + wip)tulS,(ky — wop)y’Salky — ky + wyp)y*Salka — ki + w3p)y’]. (75)

Using these identities and collecting all pieces together,
one has

(eQ te, t ed) 822(19)’

15 = M.
(76)

As was discussed above, this Ward identity allows one
to use the compositeness condition Z, = 0 written in
the form

A (p, p) =

AX(p.p) =", p=my, )
where we take ey = e, for the present discussion. Again
we have checked analytically that, on the A-type baryon
mass shell, the vertex diagrams are gauge invariant by
themselves and the nongauge-invariant parts coming from
the bubble diagrams corresponding to Figs. 2(c) and 2(d)
cancel each other before ¢ integration. The standard defini-
tion of the electromagnetic form factors is

A(p, ) = vuFi) — T By 78
A, p) = v.Fi(q%) 2 2(g), (78)

[

where o#7 = L(y*y” — y”y*)q,. The magnetic moment
of the A-type baryon is defined by

e
pp = (Fi(0) + Fz(O))z—- (79)
my
In terms of the nuclear magneton (n.m.) 5o the A-type
baryon magnetic moment or the A-hyperon magnetic
moment is given by

= (F,(0) + Fz(O))::—Z, (80)

where m,, is the proton mass.

In the present paper we shall only make a rather cursory
investigation into the possible values of the size parameters
of the A = (Q[ud])-type baryons. A more detailed inves-
tigation will be left to our future publication [11] where we
will include information on the charged current transitions
A, — A, and A, — A, to specify the values of the size
parameters of the A = (Q[ud])-type baryons.

Let us assume for the moment that the size parameters
are the same for all A-type baryons. One then has

Ay =05GeV  uy =-073,  py =+036,  p,, = —0.06,
Ay=10GeV  uy =068  py =+040,  p, = —006 1)
Ay=15GeV  up =—061,  py =+044,  p, = —0.07.

¢

The magnetic moment of the A has to be compared with
the experimental value listed in [22]:

sa, = —0.613 = 0.004. (82)

Equation (81) shows that the value of the magnetic moment
of the A, is quite stable against variations of its size
parameter. There is no experimental information on the
magnetic moments of the A, and A..

The calculation of the form factors in our approach is
automated by the use of FORM and FORTRAN packages

written for this purpose. In order to be able to compare
with our earlier unconfined calculations we have written
two versions for the confined and the unconfined versions
of the covariant quark model.

VI. SUMMARY AND CONCLUSIONS

We have extended our previous formulation of the con-
fined covariant quark model for mesons and tetraquark states
to the baryon sector. We have discussed in some detail
various calculational aspects of the two-loop baryon problem

074013-13



THOMAS GUTSCHE et al.

such as the evaluation of the baryon mass operator
and its derivative, the implementation of confinement
in the two-loop context, the calculation of electromagnetic
current-induced transition matrix elements and the analytical
verification of the pertinent Ward and Ward-Takahashi iden-
tities associated with the electromagnetic matrix elements.

In our numerical work we have used the same values of
the constituent quark masses and infrared cutoff as had
been obtained before in the meson sector by a fit to various
mesonic transition matrix elements. In this way the number
of model parameters was kept to a minimum.

Using two parameters we have calculated the nucleon
magnetic moments and charge radii as well as the electro-
magnetic form factors at low momentum transfers. An
extension of our work to the N — A(1236) transition can
be done along the lines described in Ref. [29].

We have also discussed light and heavy A =
(Q[ud])-type baryons. In particular we obtained a value

PHYSICAL REVIEW D 86, 074013 (2012)

for the size parameter of the A, by a fit to its experimen-
tally known magnetic moment. By determining the prop-
erties of the A = (Q[ud])-type baryons we have laid the
groundwork for a calculation of the rare decays of the A,
baryon (such as A, — A€*€~) within the framework of
the covariant quark model.
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