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The evaluation of the determinant of the Laplacian defined on two dimensional regions of various

shapes is an essential ingredient in calculating the scattering amplitudes of strings. In lightcone

parameterization the regions are rectangular in shape with several slits of different length and location

cut parallel to the � axis of the rectangle. This paper offers a compendium of applications of the methods

of Kac and McKean and Singer to the calculation of such worldsheet determinants. Particular attention is

paid to the effect of corners on the determinants. The effect of corners joining edges with like boundary

conditions is implicit in Kac’s results. We discuss the generalization to a corner joining a Dirichlet edge to

a Neumann edge, and apply it to a scattering amplitude involving D-branes.
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I. INTRODUCTION

The lightcone quantization of string [1,2] was employed
by Mandelstam [3,4] to describe interacting string theory
via the sum over path histories in which interactions
between strings are interpreted simply as breaking and
joining processes as depicted in Fig. 1. The lightcone
worldsheet is parameterized by taking the evolution pa-
rameter � to be ixþ, where the i reflects a Wick rotation
to imaginary xþ; and by labeling points on the string by a
parameter � defined so that density of Pþ momentum is
unity. Then the dimensions of the worldsheet are

T ¼ ixþ ¼ iðtþ zÞ= ffiffiffi
2

p
; Pþ ¼ ðp0 þ pzÞ= ffiffiffi

2
p

; (1)

where x� and p� are the spacetime coordinates and total
four momentum of the string. The diagram in Fig. 1
describes the time evolution of a system of open strings,
breaking and rejoining as shown by the horizontal lines.

For the critical open bosonic string (i.e., the spacetime
dimension D ¼ 26), the worldsheet path history integrates
over the transverse coordinates xð�; �Þ and uses the light-
cone action for the free open string:
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The transverse coordinates, defined on the domain of the
lightcone diagram, are discontinuous across horizontal
lines. For each beginning and end of a horizontal line there
is a factor of string coupling g. Then the sum over all
planar open string loops is simply the sum over the number,
lengths and locations of those horizontal lines.

It is a remarkable fact that the normalization of diagrams
implied by this simple prescription, defined concretely by
introducing a rectangular grid in �, �, correctly reproduces
all of the multi-string tree amplitudes of the dual resonance
model. This means in particular that the continuum limit of
the worldsheet lattice, introduced by Giles and Thorn [5],

is Lorentz covariant (in the critical dimension. The sim-
plest process which reflects this is the three string vertex
described by Fig. 2.
Since lightcone diagrams are properly normalized

probability amplitudes, Lorentz covariance dictates the
Pþ dependence

Vertex � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pþ
1 P

þ
2 ðPþ

1 þ Pþ
2 Þ

q ; (3)

for the vertex involving spin 0 states. This factor must
come from the determinant factor arising from the
Gaussian integral over x. So under Pþ

i ! �Pþ
i , which is

just a scaling of the size of the diagram, the above diagram

should scale as ��3=2. A lightcone worldsheet lattice

T

p+

FIG. 1. Mandelstam interacting string diagram.
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calculation gives ��ðD�2Þ=16, which makes clear the need
for the critical dimension D ¼ 26 to obtain Lorentz
covariance [5].

More generally the complete evaluation of a lightcone
interacting string diagram proceeds in two steps. First the
dependence on the initial and final data is extracted by
shifting the xð�; �Þ by a solution of the classical equations
of motion. The Gaussian integral that remains is then
expressed in terms of the determinant of the Laplacian
defined on the lightcone worldsheet. In this article we bring
together in one place results on worldsheet determinants
scattered throughout the literature with the addition of
some new results and applications.1

Central to our discussion will be an insightful paper by
Mark Kac studying what he called ‘‘Hearing the Shape of
a Drum’’ [6]. His idea was to connect the distribution
of allowed normal mode frequencies �k, which are the
eigenvalues of the Laplacian �r2=2, to the shape of a
two dimensional membrane. Technically, he considered a
general polygonal shape and demonstrated the small t
behavior of

Tr etr2=2 ¼ X
k

e��kt � Area

2�t
� Perimeter

4
ffiffiffiffiffiffiffiffi
2�t

p

þ X
corners

1

24

�
�

�i
� �i

�

�
þ oð1Þ; (4)

where the minus sign is valid for Dirichlet and the plus sign
for Neumann boundary conditions on all edges. Kac de-
rived this formula for Dirichlet boundary conditions on all
polygon edges, but it also applies to Neumann boundary
conditions on all edges. If some edges have Dirichlet and
others Neumann boundary conditions, the perimeter is
replaced by LD � LN . The contribution of each DD and
NN corner is as above but DN and ND corners are differ-
ent. The suitable generalization is given, for example in
Ref. [7]:

Tr etr2=2 � Area

2�t
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4
ffiffiffiffiffiffiffiffi
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p þ X
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1
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�
�

�i
� �i

�

�

� X
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1

48

�
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�i
þ 2�i

�

�
þ oð1Þ: (5)

In Appendix A we confirm the ND contribution in
an elementary way for the special cases � ¼ �=2M,
M ¼ 1; 2; 3 . . . , for which the method of images can be
successfully applied to the solutions of the diffusion equa-
tion. Later on we show that the general � case is also a

consequence of the 90� case (which can be inferred from
the exact calculations for a rectangle in the next section and
the conformal transformation formula inferred from
Ref. [8] and discussed in Sec. III).
For the case of 90� corners aDD,NN corner contributes

þ1=16 whereas a DN corner contributes �1=16. The
lightcone open string vertex is a 360� NN corner. Putting
� ¼ 2�,

1
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16
: (6)

For 24 transverse dimensions the scaling power is thus
24=16 ¼ 3=2, explaining the scaling law required by
Lorentz covariance. By taking an n sided polygon with
angles �i ¼ �� �i and the limit n ! 1 with

P
i�i ¼ 2�,

Kac showed that a smooth closed curve will contribute a
term to the above expression of 1=6. In particular a semi-
circular arc subtending an angle � would contribute a term
�=12�.
In Sec. II we quote or derive expressions for the

Gaussian path integrals defined on a rectangular lattice.
Most of these results are known: see for example Ref. [5].
We obtain the results with all possible choices of Dirichlet
(D) and Neumann (N) boundary conditions. Each determi-
nant can be expressed as a single infinite product corre-
sponding to diagonalizing the transfer matrix in either the
horizontal or vertical directions. The equality of the two
representations is a lattice analog of the Jacobi imaginary
transformation in the theory of elliptic functions.
In Sec. III we discuss some applications of the McKean-

Singer result for the relation of the determinants of the
Laplacian on two regions related by a conformal trans-
formation. In Sec. IV we review Mandelstam’s evaluation
of the determinant for bosonic tree diagrams and then
discuss some possible interpretations for the case of sub-
critical dimensions D< 26, when some aspect of Lorentz
invariance fails. Also in Sec. IV we discuss two applica-
tions for string scattering. Technical details are relegated to
two appendices.

II. RECTANGLES: LATTICE RESULTS

Recall that by virtue of lightcone parametrization (1),
the lightcone worldsheet is a rectangle of dimensions
Pþ � T, and only the transverse coordinates participate
in the worldsheet path integral. In the following we shall
impose Dirichlet and Neumann boundary conditions on the
transverse coordinates, in all possible permutations and
combinations, at the edges of the rectangle. Dirichlet
boundary conditions are appropriate when open strings
end on Dp-branes. Notice that with lightcone parametri-
zation the xþ ¼ � and x�0 ¼ x0 � _x coordinates of the
string automatically satisfy Neumann boundary conditions
when x satisfies either Dirichlet or Neumann conditions, so
that the Dp-branes allowed for here always have p � 1.

1For example, some of the Dirichlet boundary condition
choices for the lattice determinants and their duality properties
calculated in Sec. II, have not been previously discussed in this
context. As far as I know, the derivation in Sec. III of the
previously known result for ND corners is new, as are the
scattering applications discussed in Sec. IV and much of
the work described in the appendices.
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An application involving D1-branes will be discussed in
Sec. IV.

A brute force way to calculate lightcone worldsheet
determinants is to explicitly evaluate Gaussian path inte-
grals on a lattice [5]. So take an M� N finite rectangular
lattice, with a (transverse) coordinate x at each point on the
lattice. Then we have

det�1=2ð�r2Þ !
Z

dxkl exp

�
� 1

2

X
kl

½ðxk;lþ1 � xk;lÞ2

þ ðxkþ1;l � xk;lÞ2�
�
: (7)

In each case N, M, K are the number of integration
variables in a row or column of the lattice.

Points on the boundary of the lattice can be fixed
(Dirichlet) or freely integrated (Neumann). The bilinear
forms can be diagonalized by expanding in normal modes,
for which the eigenvalues are:

�n 	 4sin2
n�

2ðN þ 1Þ ; n ¼ 1; 2; . . . ; N; (8)

	n 	 4sin2
m�

2M
; m ¼ 0; 1; . . . ;M� 1; (9)


k 	 4sin2
ðkþ 1=2Þ�
2K þ 1

; k ¼ 0; 1; . . . ; K � 1: (10)

The �’s are appropriate to a bilinear form with fixed ends
(DD), the 	’s to a form with free ends (NN), and the 
’s to
a form with one fixed and one free end. Then we are

interested in the following determinants:

det�1=2
DDDD ¼ YN

n¼1

YM
m¼1

ð�n þ �mÞ�1=2;

det�1=2
DNDN ¼ YN

n¼1

YM�1

m¼0

ð�n þ 	mÞ�1=2;
(11)

det�1=2
DDDN ¼ YN

n¼1

YK�1

k¼0

ð�n þ 
kÞ�1=2;

det�1=2
DNNN ¼ YM�1

m¼0

YK�1

k¼0

ð	m þ 
kÞ�1=2;

(12)

det�1=2
DDNN ¼ YJ�1

j¼0

YK�1

k¼0

ð
j þ 
kÞ�1=2: (13)

In each of these formulas one of the products can be
evaluated exactly on the lattice. The following product
identities can be easily derived:

YN
n¼1

ð�n � zÞ ¼ sinðN þ 1Þ�
sin�

;

YK�1

k¼0

ð
k � zÞ ¼ cos½ð2K þ 1Þ�=2�
cos½�=2� ;

(14)

where z and � are related by z ¼ 4sin2½�=2�. Applying
these identities at z ¼ 0, � ¼ 0 shows immediately that

DDNDN ¼ DDDDD=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1

p
and DDNNN ¼ DDDDN.

A. DDDD

We then find

det�1=2
DDDD ¼ YM

m¼1

�
sinhð2ðN þ 1Þsinh�1ðsinðm�=2ðMþ 1ÞÞÞÞ

sinhð2sinh�1ðsinðm�=2ðMþ 1ÞÞÞÞ
��1=2 ¼ ðMþ 1Þ1=4

�
sinh½2ðMþ 1Þsinh�11�

2
ffiffiffi
2

p
�
1=4

� e�ðNþ1ÞPM
m¼1

sinh�1 sinm�=2ðMþ1Þ YM
m¼1

f1� e�4ðNþ1Þsinh�1 sinm�=2ðMþ1Þg�1=2; (15)

where we used

YM
m¼1

�
2 sin

m�

2ðMþ 1Þ
�
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Mþ 1
p

; (16)

YM
m¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 4sin2

m�

2ðMþ 1Þ
s

¼
�
sinhð2ðMþ 1Þsinh�11

sinhð2sinh�11Þ
�
1=2

;

(17)

and sinhð2sinh�11Þ ¼ 2
ffiffiffi
2

p
.

The continuum limit is M, N ! 1 with L ¼ ðMþ 1Þa,
and T ¼ ðN þ 1Þa fixed. For this we need

XM
m¼1

sinh�1sin
m�

2ðMþ1Þ�
2ðMþ1ÞG

�
�1

2
sinh�11� �

24ðMþ1Þ;

(18)

where G ¼ P1
k¼0ð�Þk=ð2kþ 1Þ2 is Catalan’s constant.

Then

det�1=2
DDDD �

�
L

2a
ffiffiffi
2

p
�
1=4

e��LTþ	ðTþLÞþ�T=24L

� Y1
m¼1

f1� e�2m�T=Lg�1=2; (19)

with � 	 2G=�a2 and 	 ¼ ð2aÞ�1sinh�11.
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We see that, apart from the coefficient a�1=4, the diver-
gences associated with the continuum limit reside in the
terms in the exponent proportional to the area or perimeter
of the rectangle. These terms are inconsequential and
can be dropped in order to define a finite continuum
determinant

det�1=2
DDDD;C 	 L1=4e�T=24L

Y1
m¼1

f1� e�2m�T=Lg�1=2: (20)

The factor of L1=4 accounts for the corner contribution in
the Kac formula, in this case 4 90� corners or 4� ð1=16Þ.
The remaining factors depend on the shape T=L of the
rectangle. The symmetry T $ L of the rectangle and
boundary conditions implies the equality

L1=4e�T=24L
Y1
m¼1

f1� e�2m�T=Lg�1=2

¼ T1=4e�L=24T
Y1
m¼1

f1� e�2m�L=Tg�1=2; (21)

which is simply the Jacobi transform in the theory of
elliptic functions.2

B. DNDN

From the identity det�1=2
DNDN ¼ det�1=2

DDDD=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1

p
we can

immediately write down

det�1=2
DNDN;C 	 L�1=4

ffiffiffiffiffiffiffiffiffi
L=T

p
e�T=24L

Y1
m¼1

f1� e�2m�T=Lg�1=2:

(23)

The scaling power is now �1=4 corresponding to 4 90�
ND corners in the Kac formula. Because the boundary
conditions break the symmetry T $ L the determinant
doesn’t have the symmetry:

L�1=4
ffiffiffiffiffiffiffiffiffi
L=T

p
e�T=24L

Y1
m¼1

f1� e�2m�T=Lg�1=2

¼ T�1=4e�L=24T
Y1
m¼1

f1� e�2m�L=Tg�1=2; (24)

The factor
ffiffiffiffiffiffiffiffiffi
L=T

p
on the left reflects the propagation in T of

the zero mode of an NN string. The right shows the
propagation in L which is that of a DD string with no
zero mode.

C. DDDN and DNNN

Next we turn to the DDDN determinant. Doing the product over n, we find

det�1=2
DDDN ¼ YK�1

k¼0

�
sinhð2ðN þ 1Þsinh�1ðsinððkþ 1=2Þ�=ð2K þ 1ÞÞÞÞ

sinhð2sinh�1ðsinððkþ 1=2Þ�=ð2K þ 1ÞÞÞÞ
��1=2 ¼

�
cosh½ð2K þ 1Þsinh�11�ffiffiffi

2
p

�
1=4

� e�ðNþ1ÞPK�1
k¼0

sinh�1 sinðkþ1=2Þ�=ð2Kþ1Þ YK�1

k¼0

f1� e�4ðNþ1Þsinh�1 sinðkþ1=2Þ�=ð2Kþ1Þg�1=2; (25)

where we used

YK�1

k¼0

�
2 sin

ðkþ 1=2Þ�
2K þ 1

�
¼ 1; (26)

YK�1

k¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 4sin2

ðkþ 1=2Þ�
2K þ 1

s
¼

�
coshðð2K þ 1Þsinh�11

coshðsinh�11Þ
�
1=2

;

(27)

and coshðsinh�11Þ ¼ ffiffiffi
2

p
. For the continuum limit we need

XK�1

k¼0

sinh�1 sin
ðkþ 1=2Þ�
2K þ 1

� ð2K þ 1ÞG
�

� 1

2
sinh�11þ �

48ðK þ 1=2Þ : (28)

With the understanding that the ’’length’’ of an ND string is
L ¼ aðK þ 1=2Þ we see the bulk and boundary terms are
identical to the DDDD and DNDN cases. So the continuum
limit is

det�1=2
DDDN ¼ 2�3=8e��LTþ	ðLþTÞ��T=48L

� Y1
k¼0

f1� e�2ðkþ1=2Þ�T=Lg�1=2; (29)

with � ¼ 2G=�a2 and 	 ¼ ð2aÞ�1sinh�11 as before. The
corresponding continuum determinant can be taken to be

det�1=2
DDDN;C ¼ e��T=48L

Y1
k¼0

f1� e�2ðkþ1=2Þ�T=Lg�1=2: (30)

2In standard notation with q 	 ei�� ¼ e�2�T=L and _q ¼ ei� _�

this identity reads

q�1=48
Y1
n¼1

ð1� qnÞ�1=2 ¼
��i�

2�

�
1=4

_q�1=48
Y1
n¼1

ð1� _qnÞ�1=2:

(22)

CHARLES B. THORN PHYSICAL REVIEW D 86, 066010 (2012)

066010-4



This determinant is scale invariant in accord with the fact
that this rectangle has two ND 90� corners and 2 DD 90�
corners which contribute with cancelling signs. In this form
the determinant displays the propagation of a DN string in
T. A Jacobi transform displays the propagation of a DD
string in L3:

e��T=48L
Y1
k¼0

f1� e�2ðkþ1=2Þ�T=Lg�1=2

¼ 2�1=4e�L=24T
Y1
n¼1

ð1þ e�2n�L=TÞ�1=2: (32)

We have already noted that the determinant for the
NNND case is identical to the DDDN case we just
discussed.

D. DDNN

Finally for completeness we analyze the DDNN
rectangle, which reflects a DN string propagating in
both T and L. Like the DDDD case the result should
possess the symmetry T $ L. Doing the product over j
gives

det�1=2
DDNN ¼ YK�1

k¼0

�
coshðð2J þ 1Þsinh�1ðsinððkþ 1=2Þ�=ð2K þ 1ÞÞÞÞ

coshðsinh�1ðsinððkþ 1=2Þ�=ð2K þ 1ÞÞÞÞ
��1=2

¼
�
cosh½ð2K þ 1Þsinh�11�ffiffiffi

2
p

�
1=4

e�ðJþ1=2ÞPK�1
k¼0

sinh�1 sinðkþ1=2Þ�=ð2Kþ1Þ YK�1

k¼0

f1þ e�2ð2Jþ1Þsinh�1 sinðkþ1=2Þ�=ð2Kþ1Þg�1=2;

(33)

� 2�3=8e��LTþ	ðLþTÞ��T=48L
Y1
k¼0

f1þ e�2ðkþ1=2Þ�T=Lg�1=2; (34)

where the last line is the continuum limit with the identi-
fications L ¼ K þ 1=2 and T ¼ J þ 1=2. Just as in the
previous cases the continuum determinant can then be
chosen as

det�1=2
DDNN;C ¼ e��T=48L

Y1
k¼0

f1þ e�2ðkþ1=2Þ�T=Lg�1=2 (35)

And the symmetry under T $ L is yet another Jacobi
relation

e��T=48L
Y1
k¼0

f1þ e�2ðkþ1=2Þ�T=Lg�1=2

¼ e��L=48T
Y1
k¼0

f1þ e�2ðkþ1=2Þ�L=Tg�1=2: (36)

A noteworthy feature of the lattice definition of the various
determinants is that the bulk and boundary terms are
identical in all cases: ��LT þ 	ðLþ TÞ regardless of
how Dirichlet and Neumann conditions are assigned.
This contrasts with the diffusion equation method of Kac
and McKean-Singer. Of course this statement entails a
varying identification between the continuum lengths
and the number of degrees of freedom: L=a ¼ M, N þ 1,

K þ 1=2 for NN, DD, DN conditions respectively,
and similarly for T. That is, there is an intrinsic ambiguity
in identifying a unique ‘‘continuum’’ length. If we ex-
press these three lengths in terms of the ND one
L0 ¼ aðK þ 1=2Þ, they are L0 � a=2, L0, and L0 þ a=2.
This is a variation that mirrors the results of the diffusion
equation continuum method.

E. NNNN

We end this section with a brief aside on the NNNN
case, which requires special handling because of the zero
mode. This zero mode is due to the translational invariance
of the Gaussian integral (7) that we have used to define
determinants. To interpret it add a source term i

P
klxklJkl to

the exponent. Then insert (a la Fadeev-Popov)

1 ¼
Z

da�

�
a� 1

MN

X
kl

xkl

�
; (37)

in the x integrand. A change of variables xkl ! xkl þ a
transfers the a dependence to the exponent and then inte-
gration over a produces a delta function factorZ

dae
ia
P
kl

Jkl ¼ 2��

�X
kl

Jkl

�
: (38)

Since J is conjugate to x, we see that this factor simply
enforces momentum conservation. This interprets the infi-
nite factor due to translation invariance as 2��ð0Þ ¼ 1.
The coefficient of the delta function has a finite zero source

limit Jkl ! 0. We define det�1=2
NNNN as this coefficient at zero

source:

3In terms of q, _q defined in the previous footnote this identity
reads

q1=96
Y1
k¼0

ð1� qkþ1=2Þ�1=2 ¼ 2�1=4 _q�1=48
Y1
n¼1

ð1þ _qnÞ�1=2: (31)
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det�1=2
NNNN	

Z
dxkl�

�
1

MN

X
kl

xkl

�

�exp

�
�1

2

X
kl

½ðxk;lþ1�xk;lÞ2þðxkþ1;l�xk;lÞ2�
�
:

(39)

When we change variables to normal modes qmn, normal-

ized so that the Jacobian is unity, we find that q00
ffiffiffiffiffiffiffiffiffi
MN

p ¼P
klxkl. Hence the effect of the delta function is to multiply

by
ffiffiffiffiffiffiffiffiffi
MN

p
and delete the contribution of the zero mode:

det�1=2
NNNN ¼ ffiffiffiffiffiffiffiffiffi

MN
p Y

ðm;nÞ�ð0;0Þ
ð	m þ 	nÞ�1=2

¼ ffiffiffiffiffiffiffiffiffi
MN

p YM�1

m¼1

	�1=2
m

YN�1

n¼1

	�1=2
n det�1=2

DDDD

¼ det�1=2
DDDD: (40)

This formula confirms that NN 90� corners have identical
effect to DD 90� corners.

III. CONFORMALTRANSFORMATION

More generally, under a conformal scaling gab!e2�gab,
the change in the determinant of the Laplacian is given
by [8]

� 1

2
�ðTr lnð�r2ÞÞ ¼ 1

24�

Z
dAgab

d�

dza

d�

dzb

þ 1

12�

Z
d‘k�þ 1

24�

Z
dAR�

þ 1

24

X
DD;NN
corners

�
�

�i
� �i

�

�
�ðziÞ

� 1

48

X
DN

corners

�
�

�i
þ 2�i

�

�
�ðziÞ: (41)

Here it is understood that the two determinants have the bulk
and boundary terms dropped. Actually this formula does not
explicitly appear in Ref. [8]. Rather the first three terms in

the asymptotic behavior as t ! 0 of Tretr2
are explicitly

calculated in terms of the geometry of an arbitrary smooth
manifold endowed with a metric gab. The change formula
then follows after a straightforward evaluation of the differ-
ence of their results for two manifolds related by a confor-
mal transformation (see, for example [9]). When the
boundary is only piece-wise smooth, the corner terms that
appear can be inferred from Kac’s results, and their general-
ization to DN corners.

A. DD corners from conformal transform of a rectangle

We can use (41) to obtain the measure for the region
on the right of Fig. 3 from the measure for the figure on
the left, or, more fundamentally, from the measure for a

rectangle, which we have explicitly evaluated in Sec. II by
introducing a rectangular lattice.
The shapes in Fig. 3 are related by the transformation

y¼�

�
z�=�; �¼ ln

��������dydz
��������¼

�
�

�
�1

�
lnjzj: (42)

However, we begin by recalling a formula for the determi-
nant of an M� N rectangular grid [5].

det�1=2ð�r2Þ ¼ ðMþ 1Þ1=4
�
sinh½2ðMþ 1Þsinh�11�

sinh½2sinh�11�
�
1=4

� e�ðNþ1ÞPM
m¼1

sinh�1 sinm�=2ðMþ1Þ

� YM
m¼1

f1� e�4ðNþ1Þsinh�1 sinm�=2ðMþ1Þg�1=2:

(43)

In the continuum limit M, N ! 1, with T=L 	
ðN þ 1Þ=ðMþ 1Þ fixed, this reduces to:

det�1=2ð�r2Þ � Ke�LTþ	ðLþTÞL1=4e�T=24L

� Y1
m¼1

f1� e�2m�T=Lg�1=2: (44)

The factor of L1=4 reflects the scaling predicted by Kac for
the four 90� corners of the rectangle. We may therefore
choose a standard rectangle setting L ¼ � and dropping
the divergent area and perimeter terms in the exponential
prefactor,

det�1=2
DDDD rectð�r2Þ � eT=24

Y1
m¼1

f1� e�2mTg�1=2: (45)

It is convenient to coordinatize the rectangle by the com-
plex variable  ¼ �þ i�, with 0<�<� and T1<�<T2.

Then the conformal transformation, z ¼ e
�
� maps the rect-

angle onto a wedge of an annulus of angle � inner radius

� ¼ e�T1=� and outer radius R ¼ e�T2=�. To get the deter-
minant for this new region, we first compute

dz

d
¼ �

�
e
�
� ; � ¼ ln

�

�
þ �

�
Re;

@n� ¼
8<
:
�=� � ¼ T2

��=� � ¼ T1

0 � ¼ 0; �
;

(46)

εθ/π Rθ/π

θ

Rε

FIG. 3. Two geometries related by the conformal transforma-
tion y ¼ z�=�.
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1

24�

I
d�@n� ¼ �2

24�2
ðT2 � T1Þ ¼ �

24�
ln
R

�
: (47)

From the 90� corners we need

1

16

X
i

�i ¼ 1

8

�
�

�
ðT1 þ T2Þ þ 2 ln

�

�

�
¼ 1

8

�
lnRþ ln�þ 2 ln

�

�

�
: (48)

Thus we have

� 1

2
lndetDD annular wedge ¼ � 1

2
lndetDDDD rect þ �

24�
ln
R

�
þ 1

8

�
lnRþ ln�þ 2 ln

�

�

�

¼ T2 � T1

24
� 1

2

X1
m¼1

lnð1� e�2mðT2�T1ÞÞ þ �

24�
ln
R

�
þ 1

8

�
ln
�R

�
þ ln

��

�

�

¼ � 1

2

X1
m¼1

lnð1� ð�=RÞ2m�=�Þ þ 1

24

�
�

�
þ �

�

�
ln
R

�
þ 1

8

�
ln
�R

�
þ ln

��

�

�

� 1

24

�
�

�
þ �

�

�
ln
R

�
þ 1

8

�
ln
�R

�
þ ln

��

�

�
; (49)

where the last line is valid for � 
 R. If we drop the � terms in this limit, the R terms that remain should give the
determinant for the wedge with the annular hole removed

� 1

2
lndetDD wedge � 1

24

�
�

�
þ �

�

�
lnRþ 1

8
lnR ¼ 1

24

�
�

�
� �

�
þ 3

�
lnRþ �

12�
lnR; (50)

where we also dropped the scale independent term ð1=4Þ�
lnð�=�Þ. The first term agrees with Kac’s formula for
corners: one corner of angle � and two corners of angle
�=2. The last term is the contribution from the circular arc,
which we have seen follows from the Kac formula for a
limiting polygon with corner angles ��. In this way we
see that the conformal transformation formula embodies
Kac’s result as well as it’s McKean-Singer generalization.

B. DN corners from conformal transform
of a rectangle

If we replace the DDDD rectangle used in the

previous subsection with a DDDN rectangle we learn

about DN corners. In that case the corner contributions

to the conformal transformation formula cancel and we

have

�1

2
lndetDNannularwedge¼�1

2
lndetDDDNrectþ �

24�
ln
R

�
¼�T2�T1

48
�1

2

X1
k¼0

lnð1�e�ð2kþ1ÞðT2�T1ÞÞþ �

24�
ln
R

�

¼�1

2

X1
k¼0

lnð1�ð�=RÞð2kþ1Þ�=�Þþ 1

24

�
� �

2�
þ �

�

�
ln
R

�
� 1

24

�
� �

2�
þ �

�

�
ln
R

�
;

�

R
!0: (51)

Dropping the � terms produces the determinant for a wedge
of angle �

� 1

2
lndetDN wedge ¼ 1

24

�
� �

2�
þ �

�

�
lnR

¼ � 1

24

�
�

2�
þ �

�

�
lnRþ �

12�
lnR:

(52)

Again the last term accounts for the contribution from the
circular arc that closes the wedge, whence the first term
must be associated with the DN angle itself. (The corners at
the end of the arc contribute opposite signs and cancel.) It
is seen to agree with our generalized Kac formula.

IV. LIGHTCONE BOSONIC TREE

FromMandelstam’s work [10], the measure factor for an
N point tree is

��������@T@Z
��������det�ðD�2Þ=2ð�r2Þ

¼ ZN�1

YN
k¼1

1

j�kjðD�2Þ=48

2
64j�NjN�3

Q
r<t

jxt � xrjQ
m<l

jZl � Zmj

3
75

ð26�DÞ=24

;

(53)
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where �r ¼ 2pþ
r . The rest of the Koba-Nielsen integrand

is just the usual
Q

i<jjZj � Zij2ki�kj (in units where �0 ¼ 1)

and for which k2j ¼ ðD� 2Þ=24.
The quantities Zk, with k ¼ 1 � � � ðN � 1Þ, and xr, with

r ¼ 1 � � � ðN � 2Þ are determined from the map from the
upper-half Koba-Nielsen plane (z) to the lightcone world-
sheet ( ¼ �þ i�):

 ¼ XN�1

k¼1

�k lnðz� ZkÞ; d

dz

��������z¼xr

¼ 0; (54)

d

dz
¼ XN�1

k¼1

�k

z� Zk

¼
P

N�1
k¼1 �k

Q
l�k

ðz� ZlÞQ
k

ðz� ZkÞ

¼ ��N

Q
r
ðz� xrÞQ

k

ðz� ZkÞ ; (55)

so that the asymptotic strings at � ¼ �1 are mapped from
the Zk. In this notation ZN ¼ 1, Z1 ¼ 0. A useful identity
follows by setting z ¼ Zm in the identity

� �N

Y
r

ðz� xrÞ ¼
XN�1

k¼1

�k

Y
l�k

ðz� ZlÞ; (56)

� �N

Y
r

ðZm � xrÞ ¼
XN�1

k¼1

�k

Y
l�k

ðZm � ZlÞ

¼ �m

Y
l�m

ðZm � ZlÞ; (57)

j�NjN
Y
m;r

jZm � xrj ¼
YN
m¼1

j�mj
Y
l�k

jZk � Zlj: (58)

Then the measure can be put in the more suggestive form

��������@T@Z
��������det�ðD�2Þ=2ð�r2Þ ¼ ZN�1

YN
k¼1

1

j�kjðD�2Þ=48

2
64j�NjN�3

Q
r<t

jxt � xrj
Q
m<l

jZl � ZmjQ
m�l

jZl � Zmj

3
75

ð26�DÞ=24

¼ ZN�1

YN
k¼1

1

j�kjðD�2Þ=48

2
64
Q
k

j�kj
j�Nj3

Q
r<t

jxt � xrjQ
m<l

jZl � ZmjQ
l;r

jZl � xrj

3
75

ð26�DÞ=24

¼ ZN�1

YN
k¼1

1ffiffiffiffiffiffiffiffiffij�kj
p

2
64
Q
k

j�kj3=2

j�Nj3

Q
r<t

jxt � xrj
Q
m<l

jZl � ZmjQ
l;r

jZl � xrj

3
75

ð26�DÞ=24

; (59)

¼ ZN�1

YN
k¼1

1ffiffiffiffiffiffiffiffiffij�kj
p

2
64

Q
k<N

j�kj
j�Nj

3
75

ð26�DÞ=16264
Q
r<t

jxt � xrjQ
m<l

jZl � ZmjQ
l;r

jZl � xrj

3
75

ð26�DÞ=24

: (60)

A. Interpretation of D < 26

The factors in square brackets spoil Lorentz covariance
for D< 26. However the xr, Zk dependence of these
factors is in a form that can be cancelled by inserting an

operator of the form e�i
�ðÞ at each xr, Zk. Here �ðÞ is
one of the transverse string coordinates. Take theD indices

of x� to be 0; 1; 2; � � � ; ðD� 1Þ. Then x� ¼ ðx0 � x1Þ= ffiffiffi
2

p
and the transverse components are 2; � � � ðD� 1Þ. We
choose �ðÞ ¼ xD�1. Clearly inserting such operators
sacrifices the full SOðD� 1; 1Þ Lorentz invariance. But if
the Lorentz violating measure can indeed be cancelled in
this way, the scattering amplitudes will be invariant under
SOðD� 2; 1Þ Lorentz invariance. For example, to get a
subcritical string theory that respects 3þ 1 Lorentz invari-
ance, we should start with 5 ¼ 4þ 1 dimensional space-
time.

The contribution of the field � to the Boltzmann factor
of the worldsheet path integral will be

Bð�Þ ¼ exp

�
� 1

4�

Z
d2ðr�Þ2 þ i


X
r

�ððxrÞÞ

þ i
X
k

pk

2�pþ
k

Z
d�k�ð�k; �kÞ

�
: (61)

The last term converts the initial and final state description
from coordinate space to momentum space, and we special-
ize to a constant momentum density on each string at initial
and final times. Here, to conform with Mandelstam’s (and
also Giles and Thorns) conventions, we have taken �0 ¼ 1
and scale the worldsheet spatial coordinate�old¼T0�new¼
�new=2� so that on a given string 0<�new<2�pþ

k 	��k.

Thus ¼�þ i�new, and henceforth �¼�new.
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We can extract the 
 dependence of the path integral by
completing the square in the usual way. We shift�!�þc
and choose c to cancel the linear terms:

�r2c ¼ 2�i

X
r

�ð� ðxrÞÞ; _cj�f ¼ i
pk

pþ
k

;

_cj�i ¼ �i
pk

pþ
k

; c0j@ ¼ 0;
(62)

ln
Bð�þ cÞ
Bð�Þj0 ¼ þ i


2

X
s

cðxsÞ þ i

2

X
k

pk

2�pþ
k

Z
d�kcð�k; �kÞ:

(63)

The answer can be expressed in terms of the Neumann
function

�r2Nð; 0Þ ¼ �2��ð� 0Þ;
@nNð; 0Þj2@ ¼ fðÞ: (64)

Then applying Green’s theorem we have

cð0Þ ¼ �i

X
r

NððxrÞ; 0Þ � i
X
k2f

pk

2�pþ
k

Z
d�kNð; 0Þ

þ i
X
k2i

pk

2�pþ
k

Z
d�kNð; 0Þ þ 1

2�

Z
d�ðcfÞj�f�i :

(65)

The last term, independent of 0 drops out of lnB=B0:

ln
Bð�þcÞ
Bð�Þj0 ¼
2

2

X
r;s

NððxrÞ;ðxsÞÞ

þ

X
r;k

pk

2�pþ
k

Z
d�kNððxrÞ;kÞ

þ1

2

X
kl

Z
d�kd�l

pkpl

4�2pþ
k p

þ
l

Nðk;lÞ: (66)

The Neumann function on the upper half plane is

Nðz;z0Þ¼ lnjz�z0jþ lnjz�z0�j!2lnjz�z0j; (67)

when one or both z’s are on the real axis. Then, with zðÞ
the conformal map from the string diagram to the upper
half plane we find

ln
Bð�þcÞ
Bð�Þj0 ¼
2

X
r�s

lnjxr�xsjþ2

X
r;k

pk lnjxr�Zkj

þX
k�l

pkpl lnjZk�Zljþ
2
X
r

lnjxr�xrj

þ1

2

X
k

Z
d�kd�

0
k

p2
k

4�2pþ2
k

Nðk;
0
kÞ: (68)

Note that ZN , which we have set to1, appears on the right
side in the combination

2pN

�

þ XN�1

k¼1

pk

�
lnZN ¼ �2p2

N lnZN; (69)

so the terms involving ZN for this special dimension will
combine just as with the other dimensions into the terms

that lead to the mass shell condition on the Nth leg. We
therefore can drop them. The self-contractions on the last
line need further discussion. Those in the last term are of
the same form for all transverse dimensions and combined
give the mass shell condition. Let us denote the first D� 3
transverse components as a vector pk in bold face type,
retaining roman type for the last one. Then the lightcone
mass shell condition reads

p 2
k � 2pþ

k p
�
k ¼ D� 2

24
� p2

k: (70)

The left side of this equation is Lorentz invariant
pk�p

�
k which should be þ1 to describe the subcritical

Veneziano model. This requires that p2
k ¼ ðD� 26Þ=24,

or pk ¼ �i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið26�DÞ=24p

. In this case the requirementX
k

pk ¼ �ðN � 2Þ
; (71)

can be met if pk ¼ �i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið26�DÞ=24p ¼ �
 for N�1 val-

ues of k and theNth momentum isþi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið26�DÞ=24p ¼ þ
.

Finally we need an interpretation of the self contractions
at the interaction points. Infinities in these contractions can
be absorbed into the coupling constant, provided they are
independent of the geometry of the worldsheet. Since the
lightcone worldsheet is the fundamental starting point, we
should set any regulator cutoffs in the  coordinate. Let us
examine ðzÞ near z ¼ xr, where d=dz ¼ 0:

ðzÞ  ðxrÞ þ 1

2

d2

dz2

��������z¼xr

ðz� xrÞ2; (72)

d2

dz2

��������z¼xr

¼ ��N

Q
s�r

ðxr � xsÞQ
k

ðxr � zkÞ ; (73)

z� xr 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� ðxrÞ

q 2
64

Q
k

ðxr � zkÞ
��N

Q
s�r

ðxr � xsÞ

3
75

1=2

; (74)

jzðÞ � zð0Þj  j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� ðxrÞ

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0 � ðxrÞ

q
j

�
Q
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijxr � zkj
p

ffiffiffiffiffiffiffiffiffiffij�Nj
p Q

s�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijxr � xsj
p ; (75)


2
X
e

lnjxr�xrj!
2

2

2
64ðN�2Þln�þln

Q
r;k

jxr�Zkj
j�NjN�2

Q
s�r

jxr�xsj

3
75;

(76)
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! 
2

2

2
64ðN � 2Þ ln�þ ln

j�NjQ
N�1
k¼1 j�kj

þ ln

Q
r;k

jxr � Zkj2Q
s�r

jxr � xsj
Q
k�l

jZk � Zlj

3
75: (77)

The last line is our interpretation of the self contractions at
the interaction points where we have let � be a measure of
the cutoff regularization on the lightcone worldsheet.

Having taken care of the terms involving ZN and the self
contractions at the external states, and setting pk ¼ �
,
for k < N and pN ¼ þ
, what is left of the contribution
from the insertion operator is the correction factor

C ¼ �ðN�2Þ
2=2

2
64
Q
r�s

jxr � xsj
Q

k�l<N

jZk � ZljQ
r;k<N

jxr � Zkj2

3
75


2=2

�
2
64 j�NjQ

N�1
k¼1 j�kj

3
75


2=2

¼ �ðN�2Þ
2=2

2
64
Q
r<s

jxs � xrj
Q

l<k<N

jZk � ZljQ
r;k<N

jxr � Zkj

3
75


2

�
2
64Q

N�1
k¼1 j�kj
j�Nj

3
75

�
2=2

: (78)

More generally we can choose another momentum
pn ¼ þ
, with pk ¼ �
 for k � n. In that case the terms
in lnC linear in pn change sign, that is

� 2
2
X
r

lnjxr � Znj þ 2
2
X

k�n;N

lnjZk � Znj

! þ2
2
X
r

lnjxr � Znj � 2
2
X

k�n;N

lnjZk � Znj

¼ �2
2
X
r

lnjxr � Znj þ 2
2
X

k�n;N

lnjZk � Znj

þ 4
2 ln
j�nj
j�Nj ; (79)

where we have used the identity ��N

Q
rðZn � xrÞ ¼

�n

Q
k�n;NðZn � ZkÞ, which we have proven earlier. Thus

in more generality the correction factor becomes

C ¼ �ðN�2Þ
2=2

2
64
Q
r<s

jxs � xrj
Q

l<k<N

jZk � ZljQ
r;k<N

jxr � Zkj

3
75


2

�
2
4Q

N�1
k¼1 j�kj
j�Nj

3
5�
2=2�j�nj

j�Nj
�
4
2

: (80)

Note that this formula embraces the previously obtained
special case n ¼ N.
Finally we combine this correction factor with the mea-

sure, setting ZN�1 ¼ 1:

C

��������@T@Z
�������� det

�ðD�2Þ=2
ð�r2Þ¼�ðN�2Þ
2=2

YN
k¼1

1ffiffiffiffiffiffiffiffiffij�kj
p �j�nj

j�Nj
�
4
2

2
64

Q
k<N

j�kj
j�Nj

3
75

ð26�DÞ=16�
2=2264
Q
r<t

jxt�xrj
Q

m<l<N

jZl�ZmjQ
r;l<N

jZl�xrj

3
75

ð26�DÞ=24þ
2

¼�ðN�2Þ
2=2
YN
k¼1

1ffiffiffiffiffiffiffiffiffij�kj
p

2
64
Q
k�n

j�kj
j�nj

3
75

ð26�DÞ=16�
2=2264j�nj3
j�Nj3

Q
r<t

jxt�xrj
Q

m<l<N

jZl�ZmjQ
r;l<N

jZl�xrj

3
75

ð26�DÞ=24þ
2

:

(81)

We recall that the N point tree amplitude is obtained by
multiplying this measure factor by the factor

dZ2 � � �dZN�2

Y
m<l<N

jZl � Zmj2pl�pm;

p2
k ¼ p2 � 2pþp� ¼ D� 2

24
� 
2

(82)

and integrating the Z’s over the range Z1 ¼ 0<Z2 <
Z3 < � � �< ZN�2 < ZN�1 ¼ 1, where Z1 ¼ 0, ZN�1 ¼ 1,
ZN ¼ 1 are held fixed.

It is of interest to write the formula for the scattering
amplitude in a general projective frame where Z1 <

ZN�1 <ZN are fixed to general values. This is done
by making a change of variables by a projective trans-
formation Zk ! Yk ¼ ðaZk þ bÞ=ðcZk þ dÞ under which
Z1 ¼ 0 ! Y1 ¼ b=d, ZN�1¼1!YN�1¼ðaþbÞ=cþdÞ,
and ZN ¼ 1 ! YN ¼ a=c. In this case the map from the
z-plane to the lightcone diagram includes all N terms:

 ¼ XN
k¼1

�k lnðz� YkÞ; d

dz
¼

P
k

�k

Q
l�k

ðz� YlÞQ
k

ðz� YkÞ : (83)

The numerator of d=dz is a polynomial of degree
N � 2 because

P
k�k ¼ 0. Let its roots be �r which are
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the images of xr under the projective transformation
�r ¼ ðaxr þ bÞ=ðcxr þ dÞ.

X
k

�k

Y
l�k

ðz� YlÞ ¼
�X

l

�lYl

� YN�2

r¼1

ðz� �rÞ

�m

Y
l�m

ðYm � YlÞ ¼
�X

l

�lYl

� YN�2

r¼1

ðYm � �rÞ:
(84)

The scattering amplitude then becomes

AN ¼ ðYN � YN�1ÞðYN � Y1ÞðYN�1 � Y1Þ
�

Z
dY2 � � �dYN�2

Y
m<l

jYl � Ymj2pl�pmM; (85)

M¼ �ðN�2Þ
2=2
YN
k¼1

1ffiffiffiffiffiffiffiffiffij�kj
p

2
4
Q
k�n

j�kj
j�nj

3
5ð26�DÞ=16�
2=2

�
2
4 j�nj3
jP
l

�lYlj3

Q
r<t

j�t��rjQ
m<l

jYl�YmjQ
r;l

jYl��rj

3
5ð26�DÞ=24þ
2

;

(86)

where now factors involving YN are included in the various
products.

We see that since there are two noncovariant factors
raised to different powers, the only Lorentz covariant
choice is 
 ¼ 0, D ¼ 26. For D< 26 the best one can
do is either remove the noncovariant �r dependence by

setting 
2 ¼ ðD� 26Þ=24 or remove the other factor with
only � dependence by setting 
2 ¼ ð26�DÞ=8. We have
already seen that in the first case the external states have
p2 � 2pþp� ¼ 1. Then the amplitude is just the general-
ized N-point Veneziano amplitude times the noncovariant
function of the �2

64
Q
k�n

j�kj
j�nj

3
75

ð26�DÞ=16�
2=2

!
2
64
Q
k�n

j�kj
j�nj

3
75

ð26�DÞ=12

: (87)

This noncovariant factor distinguishes the particle n
which is assigned þ
 from the N � 1 others assigned
�
, and it is the only feature that does so. It is interes-
ting that this factor satisfies tree factorization by itself.
This means that removing it by hand leaves a covariant
amplitude that distinguishes none of the particles and
that factorizes as unitarity demands. This ad hoc proce-
dure would however destroy a local lightcone worldsheet
description,
The second choice 
2 ¼ ð26�DÞ=8 maintains the

scaling behavior demanded by Lorentz invariance, but
sacrifices Lorentz invariance in the behavior of excited
states. In this case the external state momenta satisfy

p 2 � 2pþp� ¼ D� 2

24
� 26�D

8
¼ D� 20

6
: (88)

The N-point scattering amplitude is then proportional to

AN ¼
Z

dZ2 � � � dZN�2

Y
k<l<N

jZl � Zkj2pk�pl

2
64j�nj3
j�Nj3

Q
r<t

jxt � xrj
Q

m<l<N

jZl � ZmjQ
l;r

jZl � xrj

3
75

ð26�DÞ=6

¼
Z

dZ2 � � � dZN�2

Y
k<l<N

jZl � Zkj2pk�pl

2
64j�NjN�3j�nj3Q

k

j�kj

Q
r<t

jxt � xrjQ
k<l<N

jZl � Zkj

3
75

ð26�DÞ=6

¼
Z

dZ2 � � � dZN�2

Y
k<l<N

jZl � Zkj2pk�pl�ð26�DÞ=6

2
64j�NjN�3j�nj3Q

k

j�kj
Y
r<t

jxt � xrj

3
75

ð26�DÞ=6

:

Note that the role played by the field� in this discussion is similar to that of the Liouville field in Polyakov’s treatment of
the subcritical string [11–14].

B. Four-point examples

We have seen that some aspect of Lorentz invariance is lost when D< 26. To illustrate this we work out the 4-point
amplitude in various cases. We first look at the unmodified lightcone 4-point amplitude at generalD (taking Z1 ¼ 0, Z2 ¼
Z, Z3 ¼ 1, Z4 ¼ 1):

A4 ¼
Z

dZ
Y4
k¼1

1

j�kjðD�2Þ=48

�
j�4j jx2 � x1j

Zð1� ZÞ
�ð26�DÞ=24

Z2p1�p2ð1� ZÞ2p2�p3

¼
Z

dZ
Y4
k¼1

1

j�kjðD�2Þ=48 ½j�4jjx2 � x1j�ð26�DÞ=24Z��ðsÞ�1ð1� ZÞ��ðtÞ�1: (89)

Let us define
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2p1 � p2 � ð26�DÞ=24 ¼ ðp1 þ p2Þ2 � 2ðD� 2Þ=24
� ð26�DÞ=24

	 �s� ðD� 2Þ=24� 1

	 ��ðsÞ � 1; (90)

2p2 � p3 � ð26�DÞ=24 	 ��ðtÞ � 1; (91)

�ij 	 �i þ �j: (92)

Then

j�4j2jx2 � x1j2 ¼ ð�1 þ �2 þ Zð�1 þ �3ÞÞ2 þ 4Z�1�4

¼ �2
12ð1� ZÞ2 þ �2

23Z
2

þ ð�2
12 þ �2

23 � �2
13ÞZð1� ZÞ: (93)

The last form shows that, in spite of the lack of Lorentz
invariance, A4 is crossing symmetric, which immediately
follows from the change of variables Z ! 1� Z. To check
factorization, note that the poles in s arise from Z� 0, for
which

j�4j2jx2 � x1j2 ! ð�1 þ �2Þ2; (94)

so the contribution of this factor to the residue is
j�12j1�ðD�2Þ=24. Thus we have

A4 �
Y4
k¼1

1

j�kjðD�2Þ=48
j�12j1�ðD�2Þ=24

p2 � ðD� 2Þ=24� j�12jp�

� j�1�2�12j�ðD�2Þ=48 1

½p2 � ðD� 2Þ=24�=j�12j � p�

� j�3�4�34j�ðD�2Þ=48; (95)

which is precisely the desired factorization property. In this
way we see that the unmodified scattering amplitudes for
D< 26 are crossing symmetric (cyclic), and unitary
(factorizing poles), but lack Lorentz invariance because
of the pþ

k dependence.

C. Branion branion scattering

In a four-dimensional theory the transverse space is two-
dimensional. To describe this situation with critical 26
dimensional open strings we make a 2þ 22 split of the
24 transverse coordinates ðx1; x2; y1; � � � ; y22Þ and impose
Dirichlet conditions ya ¼ 0 at both ends of each open
string [15].

The concept of branions was introduced in the context of
quantum field theory [16] to get a handle on the force
between external sources in lightcone quantization, where
it is beneficial to maintain pþ conservation: the sources are
fixed in transverse space but free to move in the longitu-
dinal direction. In addition to bulk gauge fields, we intro-
duced dynamical source fields that lived at a point in
transverse space, but were free to move in the lightcone
longitudinal direction. In other words the source fields

lived on 1-branes. We called excitations of these source
fields ‘‘branions’’. Of course, the branions interact with the
bulk gauge fields.
To translate this situation to string theory, we associate

the bulk gauge fields with open strings ending on a stack of
D3-branes. They have two NN dimensions and 22 DD
dimensions. We associate the branion of Ref. [16] with
an open string with one end on a 1-brane within the D3-
brane, and the other end free to move in the bulk of the D3
brane. Thus, the physical situation of branion-branion
scattering in string theory is an open string, with one end
free to move in the two-dimensional x space and the other
end fixed at say x ¼ 0, scattering from another open string,
also with one free end and the other end fixed to a different
point, say x ¼ R. Only the free ends participate in the
interactions (see Fig. 4). Examples of such string ampli-
tudes have been obtained long ago in Ref. [17] in the
context of building dual resonance amplitudes with
Regge trajectories with intercepts less than 1.
It is just as easy to analyze a D ¼ dþ 2 dimensional

theory using a (d, 24� d) slit of transverse space. The
ground state mass of each branion string is then given by

�0m2
branion ¼ � 24� d

24
þ d

48
¼ d� 16

16
: (96)

Because the scattering kinematics is 1þ 1 dimensional,
p� conservation implies either forward or backward scat-
tering. The figure shows backward scattering pþ

4 ¼ �pþ
2

and pþ
3 ¼ �pþ

1 , with corresponding relations among the

�k’s. In the mapping to the upper half plane we choose
Z1 ¼ 1, Z2 ¼ U, Z3 ¼ 0, Z4 ¼ 1. Then the scattering
amplitude is

M¼ g2

4pþ
1 p

þ
2

Z 1

0
dUDðUÞdqT0R

2=4�

�ð1�UÞ�ðd�16Þðpþ
1
=pþ

2
þpþ

2
=pþ

1
Þ=16

�Uðd�16Þðpþ
1 =p

þ
2 þpþ

2 =p
þ
1 Þ=16

¼ g2

4pþ
1 p

þ
2

Z 1

0
dUDðUÞdqT0R

2=4�ð1�UÞ2p1�p2U�2p1�p2

¼ g2

4pþ
1 p

þ
2

Z 1

0

4ð1�kÞdk
ð1þkÞ3 qT0R

2=4�

�
4k

ð1�kÞ2
�
2p1�p2

DðkÞd;

(97)

here q ¼ e��K0=K is the modulus associated with the map
of the rectangle to the upper half plane (see Fig. 5). The R

 4

 3
2

1

FIG. 4. Worldsheet for branion scattering.
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dependence arises after shifting the string coordinates by
the classical solution, xc ¼ RðK � xÞ=2K in the z ¼ xþ
iy plane, that sets both Dirichlet boundary conditions to
x ¼ 0. In the discussion of that figure, we established
that U ¼ ð1� kÞ2=ð1þ kÞ2, which was used to obtain
the last line.

Consulting (B53) in Appendix B, we have

D24¼det�12
DNDN

ð1þkÞ2
4k2ð1�kÞ4

¼ð2KÞ�6q�1=2
Y
m

ð1�qmÞ�12 ð1þkÞ2
4k2ð1�kÞ4 ; (98)

M ¼ g2

pþ
1 p

þ
2

Z 1

0

ð1þ kÞðd�16Þ=4dk
ð2kÞd=12ð1� k2Þðd�6Þ=6

�
4k

ð1� kÞ2
�
2�0p1�p2

� qT0R
2=4��d=48

ð2KÞd=4Q
m
ð1� qmÞd=2 : (99)

We recall the relations between k, K and q:

k2 ¼ �2ð0Þ4
�3ð0Þ4

¼ 16q
Y1
n¼1

ð1þ q2nÞ8
ð1þ q2n�1Þ8 ; (100)

1� k2 ¼ �4ð0Þ4
�3ð0Þ4

¼ Y1
n¼1

ð1� q2n�1Þ8
ð1þ q2n�1Þ8 ; (101)

ð2KÞ2¼�2�3ð0Þ4¼�2
Y1
n¼1

ð1þq2nÞ8ð1�q2nÞ4: (102)

From these relations we see that q� k2=16 for k ! 0. In
this limit the integrand then behaves as

dk

ð2kÞd=12 ð4kÞ
2�0p1�p2

kT0R
2=2��d=24

�d=4

¼ 42�
0p1�p2

ð2�3Þd=12 dkk
T0R

2=2�þ2�0p1�p2�d=8: (103)

We note that the invariant ðmassÞ2 in the 12 channel
�M2 ¼ ðp1 þ p2Þ2 ¼ 2p1 � p2 � ðd� 16Þ=8�0 since

�0p2
k ¼ �ðd� 16Þ=16. Integration near k ¼ 0 then gener-

ates a pole at

�0M2 ¼ T0R
2

2�
� 1 or M2 ¼ T2

0R
2 � 1

�0 ; (104)

since �0 ¼ 1=2�T0. This is in accord with the presence of
a stretched string of mass M� T0R between x ¼ 0 and
x ¼ R in the 12 channel. The zero point energy squared
�1=�0 is also in accord with that of a DD ground string.
Singularities in the 23 channel arise from integrating

near k ¼ 1. To analyze them it is best to do a Jacobi
transformation on the various infinite products. Define �q
via the relation lnq ln �q ¼ �2, so q ! 1 implies �q ! 0.
Then�� ln �q

�

�
1=2

�q1=12
Y1
k¼1

ð1� �q2kÞ ¼ q1=12
Y1
k¼1

ð1� q2kÞ; (105)

�q�1=24
Y1
k¼1

ð1þ �q2k�1Þ ¼ q�1=24
Y1
k¼1

ð1þ q2k�1Þ; (106)

�q�1=24
Y1
k¼1

ð1� �q2k�1Þ ¼ 21=2q1=12
Y1
k¼1

ð1þ q2kÞ; (107)

21=2 �q1=12
Y1
k¼1

ð1þ �q2kÞ ¼ q�1=24
Y1
k¼1

ð1� q2k�1Þ: (108)

From these identities we infer

k2 ¼ Y1
n¼1

ð1� �q2n�1Þ8
ð1þ �q2n�1Þ8 ;

1� k2 ¼ 16 �q
Y1
n¼1

ð1þ �q2nÞ8
ð1þ �q2n�1Þ8 ;

(109)

ð2KÞ2 ¼ �2�3ð0Þ4

¼ �2

�� ln �q

�

�
2 Y1
n¼1

ð1þ �q2nÞ8ð1� �q2nÞ4; (110)

D D

N D N D
U 10

FIG. 5. Rectangle mapped to the upper half plane by an elliptic function. The horizontal boundaries can be taken Neumann, and the
vertical ones can be taken Dirichlet. The small circular arcs in both figures are all meant to be infinitesimal and are centered on
potentially singular points of the mapping. The large semicircle on the right is meant to be infinite.
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Y
m

ð1�qmÞ¼Y
k

ð1�q2kÞð1�q2k�1Þ

¼ �q1=6q�1=24

��ln �q

�

�
1=2 ffiffiffi

2
p Y

k

ð1� �q4kÞ; (111)

ð2KÞd=4Y
m

ð1�qmÞd=2¼ð2�Þd=4
��ln �q

�

�
d=2Y1

n¼1

ð1þ �q2nÞd=2

�ð1� �q4nÞd �qd=12q�d=48: (112)

Thus we see that �q ! 0 implies that k ! 1. To analyze
integration near k ¼ 1, we substitute these relations in
the integrand, dropping terms that vanish like a power of
(1� k) or a power of �q:

I � dk

8ð1� kÞðd�6Þ=6

�
4

ð1� kÞ2
�
2�0p1�p2 qT0R

2=4�

ð2�Þd=4 �qd=12

�
�� ln �q

�

��d=2

� d �q

2ð2�Þd=4 �q
�

1

16 �q2

�
2�0p1�p2þðd�8Þ=8

�
���

ln �q

�
d=2

e�T0R
2=4 ln �q: (113)

Integration near �q ¼ 0 generates a branch point (because
of the powers of ln �q) in the variable ðp2 þ p3Þ2 ¼
ðp1 � p2Þ2 ¼ �2p1 � p2 � ðd� 16Þ=8�0 at 1=�0. This
precisely reflects the propagation of the open string
tachyon (with ðmassÞ2 ¼ �1=�0) between two points in
transverse space.

The small �q region of integration controls the large R
behavior of the scattering amplitude. To clarify this point,
it is helpful to change variables to T ¼ � ln �q which is
large for small �q. Then we apply a saddle point approxi-
mation to the integral

I ¼
Z 1

�
dT

�
�

T

�
d=2

exp

�
�2ð�0p2

23 � 1ÞT � �T0R
2

4T

�

 �3=4ðT0R
2Þ1=4

25=4ð�0p2
23 � 1Þ3=4

�
8�ð�0p2

23 � 1Þ
T0R

2

�
d=4

� expf�R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
23 � 1=�0

q
g; (114)

where the saddle point is at T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�T0R

2=8ð�0p2
23 � 1Þ

q
which is large for large R. Notice that for 4 dimensional
spacetime (d ¼ 2), this large R behavior is precisely that of

the Kelvin Bessel function K0ðR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
23 � 1=�0

q
Þ, which is

the R dependence of the corresponding scattering ampli-
tude in quantum field theory.

To compare our results to those of Siegel [17], we make
use of some identities from the theory of elliptic functions
[18] to rewrite our expression for D. First note that

21=6q1=24
Y
m

ð1� qmÞ ¼ �4ð0Þ2=3�2ð0Þ1=6�3ð0Þ1=6

¼
ffiffiffiffiffiffiffi
2K

�

s
ð1� k2Þ1=6k1=12: (115)

Then

D24 ¼ �6

16
ð2KÞ�12 1

4k3ð1� kÞ6

¼ �6

16
½2ð1þ kÞKðkÞ��12 ð1þ kÞ12

4k3ð1� kÞ6
¼ �6½2Kð ffiffiffiffiffiffiffiffiffiffiffiffiffi

1�U
p Þ��12U�3ð1�UÞ�3: (116)

Then (97) can be written

M ¼ g2�d=4

4pþ
1 p

þ
2

Z 1

0
dU½2Kð ffiffiffiffiffiffiffiffiffiffiffiffiffi

1�U
p Þ��d=2qT0R

2=4�

� ð1�UÞ2p1�p2�d=8U�2p1�p2�d=8: (117)

The amplitudes calculated in Ref. [17] would have R ¼ 0
and would not necessarily be for backward scattering. We
obtain agreement if we set R ¼ 0 in the above formula and
2p2 � p3 ¼ �2p1 � p2 in Ref. [17].
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APPENDIX A: METHOD OF IMAGES

The empty space solution of the diffusion equation is
simply

Pð�� �0; tÞ ¼ 1

2�t
e�ð���0Þ2=2t: (A1)

For a wedge of angle � ¼ �=2M D or N boundary
conditions can be arranged by placing sources at angles
��þ n�=M, n ¼ 0; 1 . . . ; 2M� 1 where the source in
the wedge is at angle �. To impose N conditions on both
edges of the angle choose the same sign for all sources. To
impose Dirichlet conditions on both edges, the image
charges alternate in sign. Finally to arrange D conditions
on the abscissa and N conditions on the ray � ¼ �=2M,
choose the sign pattern þþ��þþ��þþ � � � þ
þ�� counterclockwise around the circle. Here the first
þ is the sign of the original source.
For all cases, as one goes counterclockwise around

the circle, ð�� �n�Þ2 assumes the values 22ð1�
cosðn�=M� 2�Þ, 22ð1�cosðn�=MÞ. Then
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Tretr2=2 ¼
Z
wedge

d2
1

2�t

2
66641þ X2M

n¼1

�
þ

ð�Þn�1

0
BB@

1
CCAe�2½1�cosðn�=M�2�Þ�=t þ X2M�1

n¼1

þ
þ

ð�Þn

0
BB@

1
CCAe�2½1�cosðn�=MÞ�=t

3
7775; (A2)

where the signs in the sums are for boundary conditions DD, NN, DN respectively.
Except for the 1 term and the n ¼ 1, 2M terms of the first sum, the integral of  over the whole infinite wedge is finite.

The integral of the 1 term is simply A=2�t where A is the area of the wedge. The integral of the n ¼ 2M term of the first
sum, restricting 0<< Rð�Þ,

1

2�t

Z �=2M

0
d�

Z R

0
de�2ð2=tÞsin2�¼ 1

4�

Z �=2M

0
d�

1

2sin2�
ð1�e�2ðR2=tÞsin2�Þ

¼ 1

8�

Z �=2M

0
d�ð1�e�2ðR2=tÞsin2�Þ d

d�
ð�cot�Þ

¼� 1

8�
cot

�

2M
ð1�e�2ðR2=tÞsin2�=2MÞþ 1

4�t

Z �=2M

0
d�e�2ðR2=tÞsin2�cot�

d

d�
ðR2sin2�Þ

�� 1

8�
cot

�

2M
þ 1

4�t

Z 1

0

d�

�
e�2ð�2R2=tÞ2ðRR0�2þR2�Þ

�� 1

8�
cot

�

2M
þ 1

2�

Z 1

0
d�e��2

�
R0

2R
�þ Rffiffiffiffiffi

2t
p

�
¼� 1

8�
cot

�

2M
þ Rð0Þ
4

ffiffiffiffiffiffiffi
2�

p þO

�
R0

R

�

�� 1

8�
cot

�

2M
þ Rð0Þ
4

ffiffiffiffiffiffiffi
2�

p : (A3)

The integral in the n ¼ 1 term of the first sum gives the
same result with Rð�=2MÞ in place of Rð0Þ. The remainder
of the first sum gives

1

2�t

X2M�1

n¼2

�
þ

ð�Þn�1

0
BB@

1
CCAZ �=2M

0
d�

�
Z 1

0
de�2½1�cosðn�=M�2�Þ�=t

¼ 1

8�

X2M�1

n¼2

�
þ

ð�Þn�1

0
BB@

1
CCA
�
cot

ðn� 1Þ�
2M

� cot
n�

2M

�
: (A4)

In the first two cases (DD, NN) the inner terms in the sum
cancel in pairs leaving the first term for n ¼ 2 and the
second term for n ¼ 2M� 1:

1

8�

X2M�1

n¼2

�
cot

ðn� 1Þ�
2M

� cot
n�

2M

�

¼ 1

8�

�
cot

�

2M
� cot

ð2M� 1Þ�
2M

�

¼ 1

4�
cot

�

2M
: (A5)

In the last case a complete cancellation occurs ‘‘outside-in’’:

X2M�1

n¼2

ð�Þn�1

�
cot

ðn� 1Þ�
2M

� cot
n�

2M

�

¼ X2M�2

n¼1

ð�Þn cotn�
2M

þ X2M�1

n¼2

ð�Þn cotn�
2M

¼ X2M�2

n¼1

ð�Þn
�
cot

n�

2M
þ cot

ð2M� nÞ�
2M

�
¼ 0: (A6)

The 1 term together with all the contributions to the first sum
in square brackets contribute simply

A

2�t

�
þ
�

0
BB@

1
CCA Rð0Þ
4

ffiffiffiffiffiffiffiffi
2�t

p
�
þ
þ

0
BB@

1
CCARð�=2MÞ

4
ffiffiffiffiffiffiffiffi
2�t

p ¼ A

2�t
� LD � LN

4
ffiffiffiffiffiffiffiffi
2�t

p ;

(A7)

where LD, LN are the total lengths of the Dirichlet and
Neumann boundaries respectively.
Finally we turn to the second sum in square brackets,

which will be responsible for the corner contributions. The
 integration is finite and elementary:

Trfetr2=2gcorner¼ 1

16M

X2M�1

n¼1

þ
þ

ð�Þn

0
BB@

1
CCA 1

sin2ðn�=2MÞ

¼� 1

4M

X2M�1

n¼1

þ
þ

ð�Þn

0
BB@

1
CCA e�in�=M

ð1�e�in�=MÞ2 : (A8)
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This sum can be represented as a contour integral because

the quantities zn 	 e�in�=M are all the non unit 2Mth roots
of unity: z2Mn � 1 ¼ 0 and zMn ¼ ð�Þn. We have

� ð1; zMÞ
2ðz2M � 1Þðz� 1Þ2 �

ð1; ð�ÞnÞ
16Msin2ðn�=2MÞ

1

z� zn
; as

z ! zn: (A9)

Thus

Trfetr2=2gcorner ¼ �
I
C

dz

2�i

1

1

zM

0
BB@

1
CCA 1

2ðz2M � 1Þðz� 1Þ2 ;

(A10)

where C is a counterclockwise contour encircling all the
zn, for n ¼ 1; 2; . . . ; 2M� 1. This contour can be de-
formed to a clockwise contour encircling the (triple) pole
at z ¼ 1. Then the integral is just ð�Þ times the residue of
that triple pole. In terms of the functions

fðzÞ 	 z� 1

2ðz2M � 1Þ ;

f1ðzÞ 	 zMðz� 1Þ
2ðz2M � 1Þ ¼

ðz� 1Þ
2ðzM � z�MÞ ;

(A11)

these residues are just f00ð1Þ=2, f00ð1Þ=2, and f001 ð1Þ=2
respectively. An efficient way to evaluate these deriva-
tives it to put gðtÞ ¼ fðetÞ, so that _g ¼ etf0 and €g ¼ etf0 þ
e2tf00. Then f00ð1Þ ¼ €gð0Þ � _gð0Þ. So we expand g to
order t2:

gðtÞ¼ 1

4M

1þt=2þt2=6

1þMtþ2M2t2=3

¼ 1

4M
þ
�
1

8M
�1

4

�
tþ

�
1

24M
þM

12
�1

8

�
t2þOðt3Þ

1

2
f00ð1Þ¼ 1

24M
þM

12
� 1

16M
¼M

12
� 1

48M

¼ 1

24

�
2M� 1

2M

�
; (A12)

which confirms the formula for a DD or NN corner of angle
� ¼ �=2M.

To handle the ND case we expand

g1ðtÞ ¼ 1

4M

1þ t=2þ t2=6

1þM2t2=6
¼ 1

4M
þ t

8M

�M2 � 1

24M
t2 þOðt3Þ

1

2
f00ð1Þ ¼ �M

24
þ 1

24M
� 1

16M
¼ �M

24
� 1

48M

¼ � 1

48

�
2Mþ 2

2M

�
; (A13)

which confirms the formula for a DN corner of angle
� ¼ �=2M.

APPENDIX B: DETERMINANT FOR THE
LIGHTCONE WORLDSHEET TREE

The quantities Zk, with k ¼ 1 � � � ðN � 1Þ, and xr, with
r ¼ 1 � � � ðN � 2Þ are determined from the map from the
upper-half Koba-Nielsen plane (z) to the lightcone world-
sheet ( ¼ �þ i�):

 ¼ XN�1

k¼1

�k lnðz� ZkÞ; d

dz

��������z¼xr

¼ 0; (B1)

d

dz
¼ XN�1

k¼1

�k

z� Zk

¼
P

N�1
k¼1 �k

Q
l�kðz� ZlÞQ

kðz� ZkÞ

¼ ��N

Q
rðz� xrÞQ
kðz� ZkÞ ;

(B2)

d2

dz2

��������z¼xs

¼ XN�1

k¼1

�k

z� Zk

¼ ��N

Q
r�sðxs � xrÞQ
kðxs � ZkÞ ; (B3)

where the last line is true because the factor (z� xs) in the
numerator must be killed by the derivative to get a nonzero
contribution. The asymptotic strings at � ¼ �1 are
mapped from the Zk. In this notation ZN ¼ 1, Z1 ¼ 0. A
useful identity follows by setting z ¼ Zm in the identity

� �N

Y
r

ðz� xrÞ ¼
XN�1

k¼1

�k

Y
l�k

ðz� ZlÞ; (B4)

� �N

Y
r

ðZm � xrÞ ¼
XN�1

k¼1

�k

Y
l�k

ðZm � ZlÞ

¼ �m

Y
l�m

ðZm � ZlÞ; (B5)

j�NjN
Y
m;r

jZm � xrj ¼
YN
m¼1

j�mj
Y
l�k

jZk � Zlj: (B6)

We next consider the transformation of the determinant.

� ¼ lnj�Nj �
XN�1

k¼1

lnjz� Zkj þ
XN�2

r¼1

lnjz� xrj: (B7)

Clearly @y� ¼ 0 on the real axis. Since the points z ¼ Zk,

xs are singular, we deform the boundary near those points
into small semicircles, in the upper half plane, of radii �k,
�r respectively. The radius �k near Zk can be interpreted in
terms of a large time Tk for the asymptotic string k. From
the mapping function we find

�k ¼ eTk=�k

Y
l�k

jZl � Zkj��l=�k : (B8)

The string N is asymptotic at large z. If R is the radius of a
large semi-circle, we have from the mapping function

CHARLES B. THORN PHYSICAL REVIEW D 86, 066010 (2012)

066010-16



TN ���N lnR; R� e�TN=�N : (B9)

On the other hand the radius �s near xs is a temporary
regulator, which maps onto a circular deformation of the
boundary near the corresponding interaction point on the
lightcone worldsheet. From the mapping function we see
that the radius of this regulating circle on the worldsheet is
given by

�s ¼ 1

2
�2s

��������d
2

dz2

��������z¼xs

¼ 1

2
�2s j�Nj

Q
r�s jxs � xrjQ
k jxs � Zkj ; (B10)

�s ¼
ffiffiffiffiffiffiffiffiffiffi
2�s

j�Nj

s Q
k jxs � Zkj1=2Q
r�s jxs � xrj1=2

; (B11)

Y
s

�s ¼ j�Nj�Nþ3=2
Y
k

j�kj1=2
Y
s

ffiffiffiffiffiffiffiffi
2�s

p Q
l�k jZl � Zkj1=2Q
r�s jxs � xrj1=2

:

(B12)

To calculate the determinant for the lightcone worldsheet,
we start with the determinant for the region in the upper-
half z-plane bounded by the real axis, the large radius R
semi-circle, and the small radius �k, �r semi-circles. Then
we apply the generalized McKean-Singer formula to trans-
form to the determinant for the worldsheet.

1. Unmixed boundary conditions

In this case, the boundary conditions are either Dirichlet
everywhere or Neumann everywhere. Then in the limit of
large R and small �, factorization implies that the z-plane
figure determinant has the behavior

� 1

2
Tr lnð�r2Þz � 5

24
lnRþ 1

24

X
k

ln�k

þ 1

24

X
r

ln�r þ const; (B13)

where the constant term, representing the determinant for
the upper half plane with the same boundary conditions
everywhere, has nothing to depend on! We treat mixed
boundary conditions in the next subsection, where the
corresponding term can depend on the relative locations
of the points that separate Dirichlet from Neumann bound-
ary conditions.

Next we develop the transformation of the determinant
from this z-plane figure to the lightcone worldsheet:

� ¼ lnj�Nj �
XN�1

k¼1

lnjz� Zkj þ
XN�2

r¼1

lnjz� xrj: (B14)

Clearly @y� ¼ �@n� ¼ 0 on the real axis. Thus the

change formula receives contributions from the corners
and semi-circles only. For z near Zk put z ¼ Zk þ rei’

and approximate

�  lnj�Nj � lnr� XN�1

l�k

lnjZl � Zkj þ
XN�2

r¼1

lnjZk � xrj;

@n�  1

r
: (B15)

Then

��k ¼
�
1

24
� 1

12
þ 1

8

�
� ¼ 1

12
ln

0
B@j�Nj

�k

Q
r jZk � xrjQ

l�k jZk � Zlj

1
CA

¼ ln

�j�kj
�k

�
1=12

: (B16)

The three terms in square brackets are the
R
dl�@n� term

the extrinsic curvature term (negative here) and the two
corners at this semi-circle respectively.
For z ¼ xs þ rei’, on the other hand we have

�  lnj�Nj þ lnr� XN�1

l

lnjZl � xsj þ
X
r�s

lnjxs � xrj;

@n�  � 1

r
: (B17)

Then

��s ¼
�
� 1

24
� 1

12
þ 1

8

�
� ¼ 0: (B18)

Finally for the large semi-circle, �  � lnðr=j�NjÞ,
@n�  �1=r, and

�R ¼
�
� 1

24
þ 1

12
þ 1

8

�
� ¼ � 1

6
ln

R

j�Nj : (B19)

Combining all the contributions, we have
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det�1=2ð�r2Þ ¼ det�1=2ð�r2Þz
�j�Nj

R

�
1=6Y

k

�j�kj
�k

�
1=12

¼ Cj�Nj1=6R1=24
Y
k

��1=24
k

Y
r

�1=24r

Y
k

j�kj1=12

¼ Cj�Nj1=6 exp
�
�XN

k¼1

Tk

24�k

�Y
k�l

jZk � Zlj�k=24�l

Y
k

j�kj1=12
2
4Q

rð2�rÞ
j�NjN�2

Q
k

Q
r jxr � ZkjQ

r�s jxs � xrj

3
75

1=48

¼ Cj�Nj1=6 exp
�
�XN

k¼1

Tk

24�k

�Y
k�l

jZk � Zlj�k=24�l

Y
k

j�kj1=12
2
4Q

rð2�rÞ
Q

k j�kj
j�Nj2N�3

Q
k�l jZl � ZkjQ
r�s jxs � xrj

3
51=48

¼ C
YN
k¼1

j�kj1=8
j�kj1=48

Y
k�l

jZk � Zlj�k=24�l

2
4Q

r

ffiffiffiffiffiffiffiffi
2�r

p
j�NjN�3

Q
k<l jZl � ZkjQ
r<s jxs � xrj

3
51=24

exp

�
�XN

k¼1

Tk

24�k

�
: (B20)

If there are d ¼ D� 2 transverse dimensions this entire
factor should be raised to the power d.

The worldsheet path integral is this determinant factor
times a factor eiWc which arises from removing boundary
data in the path integral by shifting the x by the classical
solution that satisfies those boundary data. Among other

things eiWc includes factors R�p2Q
k�

p2

k in the limit that

the �Tk=�k get large. If Wc ¼
P

klpkNðk; lÞpl is ex-
pressed in terms of a Neumann function, these factors arise
from the diagonal l ¼ k terms. The rest of these diagonal

terms, combined with the factors j�kj1=8, provide a factor of
the ground string wave function for each external string. The
N ground string scattering amplitude is obtained by ampu-
tating these ground state wave functions together with the

factors e
P

k
ðp2

k
�d=24ÞTk=�k ¼ e

P
k
TkP

�
k from the path integral

and integrating over the interaction times
R
d�1 � � � d�N�2

where r ¼ �r þ i�r are the locations of the N � 2 inter-

action points on the worldsheet. By translational invariance
in xþ the integrand after amputation will acquire a factor

ea
P

k
P�
k if all the �r are translated by a. This means that

integrating over one of the �r simply produces a P� con-
serving delta function. The coefficient of this delta function
is just the integral over only N � 3 of the �r. Note thatP

k�k ¼ 0 by the lightcone worldsheet construction andP
kPk ¼ 0 when Neumann conditions are chosen for the x

integrals as explained in Section III (see (38)).

M¼
Z
d�2 ���d�N�2½det�d=2ð�r2ÞeiWc�amputated; (B21)

where we have set �1 ¼ 0 and understand that
P

kP
�
k ¼ 0.

The final result for ½eiWc�amputated includes the off diago-

nal terms in its Neumann function representation, together

with the parts of �k that remain after amputating e
P

k
TkP

�
k :

½eiWc�amputated ¼
Y
k<l

jZl � Zkj2pk�pl

�Y
k�l

jZk � Zlj
���lp

2
k
=�k

½det�d=2ð�r2Þ�amputated ¼ C
YN
k¼1

1

j�kjd=48
Y
k�l

jZk � Zljd�k=24�l

2
4Q

r

ffiffiffiffiffiffiffiffi
2�r

p
j�NjN�3

Q
k<l jZl � ZkjQ
r<s jxs � xrj

3
5d=24

½det�d=2ð�r2ÞeiWc�amputated ¼ C
YN
k¼1

1

j�kjd=48
Y
k<l

jZk � Zlj2pk�pl

2
4Q

r

ffiffiffiffiffiffiffiffi
2�r

p
j�NjN�3

Q
k<l jZl � ZkjQ
r<s jxs � xrj

3
5d=24

;

(B22)

where we have used pk � pl ¼ pk � pl � pþ
k p

�
l � p�

k p
þ
l ¼ pk � pl � �kðp2

l � d=24Þ=2�l � �lðp2
k � d=24Þ=2�k It is

convenient to change integration variables from the �’s to the Z’s. Mandelstam’s result for the Jacobian is (taking Z1,
ZN�1, ZN ¼ 0, 1, 1 respectively)

@ð�2; � � � ; �N�2Þ
@ðZ2; � � � ; ZN�2Þ ¼

2
4 1

j�NjN�3

Q
k<l jZl � ZkjQ
r<s jxs � xrj

3
5�1

; (B23)

so that the scattering amplitude becomes
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M¼C
Y
r

ð2�rÞd=48
YN
k¼1

1

j�kjd=48
Z
dZ2 ���dZN�2

�Y
k<l

jZk�Zlj2pk�pl

2
4 1

j�NjN�3

Q
k<l jZl�ZkjQ
r<s jxs�xrj

3
5ðD�26Þ=24

:

(B24)

The factor raised to the power D� 26 depends on the
Lorentz frames so the critical dimension D ¼ 26 is neces-
sary for Lorentz invariance [2], in which case M is pro-
portional to the N particle dual resonance amplitude. Of
course factorization implies that C ¼ gN�2 and �r ¼ �,
independent of r. Then

Q
rð2�rÞ ¼ ð2�ÞN�2 so � can be

absorbed in the coupling constant.

2. Mixed boundary conditions

Herewe consider the cases where the boundary consists of
several segments with either Dirichlet or Neumann bound-
ary. Call the points that separate different boundary condi-
tions Pa. The asymptotic strings on the worldsheet can now
have two free ends (NN), one free end (ND), or no free ends
(DD). It will be convenient to choose to close the asymptotic
worldsheet with N, D, and D boundary conditions respec-
tively, in order to minimize the number of ND corners.

The contributions associated with the NN and DD
asymptotic strings will therefore be exactly as in the pre-
vious subsection, since they involve no ND corners. Also
the contributions associated with the interaction points will

be the same. Only the contributions from the ND strings
need modification. Since we have to have an even number
of ND strings, in this section we might as well assume there
are at least 2 and take one of them to map to the z ¼ 1.
Then by factorization the z-plane determinant has the
behavior for large R and small �

� 1

2
Tr lnð�r2Þz � 1

48
lnR� 1

48

X
k2DN

ln�k þ 1

24

X
k2NN

ln�k

þ 1

24

X
r

ln�r þ lnD; (B25)

where in the last termDðPaÞ, representing the determinant
for the z-plane stripped of the semi-circles, can now de-
pend on the locations of the Dirichlet-Neumann transitions
points Pa.
The transform to the worldsheet involves the same �

(B14), the same change factors associated with xr (B18)
and Zk for k 2 NN (B16) as in the previous subsection.
Modifications occur in the change factor associated with R

�DN
R ¼

�
� 1

24
þ 1

12
þ 0

�
� ¼ � 1

24
ln

R

j�Nj (B26)

and in the change factor associated with Zk with k 2 DN.

�DN
�k ¼

�
1

24
� 1

12
þ 0

�
� ¼ � 1

24
ln

�j�kj
�k

�
: (B27)

Combining all the contributions, we have for the determi-
nant on the worldsheet:

det�1=2ð�r2Þ ¼ det�1=2ð�r2Þz
�j�Nj

R

�
1=24 Y

k2NN

�j�kj
�k

�
1=12 Y

k2DN

�j�kj
�k

��1=24

¼ Dj�Nj1=24R�1=48
Y

k2NN

��1=24
k

Y
k2DN

�1=48k

Y
k2NN

j�kj1=12
Y

k2DN

j�kj�1=24
Y
r

�1=24r

¼ Dj�Nj1=24R�1=48
Y

k2NN

��1=24
k

Y
k2DN

�1=48k

Y
k2NN

j�kj1=12
Y

k2DN

j�kj�1=24

2
64Q

rð2�rÞQk j�kj
j�Nj2N�3

Q
k�l jZl � ZkjQ
r�s jxs � xrj

3
75

1=48

¼ DR�1=48
Y

k2NN

��1=24
k

Y
k2DN

�1=48k

Y
k2NN

j�kj1=8
YN
k¼1

j�kj�1=48

2
64Q

r

ffiffiffiffiffiffiffiffi
2�r

p
j�NjN�3

Q
k<l jZl � ZkjQ
r<s jxs � xrj

3
75

1=24

: (B28)

Remembering (B8) we see that the different powers of �k
for the NN and DN cases simply reflect the different
ground state masses for the open string in those cases

�0M2
G ¼ �dNN

24
þ dDN

48
; (B29)

where dNNðDNÞ is the dimension of NN(DN) string coordi-
nates. Each NN external string can carry a momentum,
so we we collect them as the components of a dNN
dimensional vector p. Then the p� of the kth string is
p�
k ¼ ðp2 þM2

GÞ=2pþ
k ¼ ðp2 þM2

GÞ=�k. Then

�
p2
k
�dNN=24þdDN=48

k ¼ eTkp
�
k

Y
l�k

jZk � Zlj�2�0pþ
l
p�
k

¼ eTkp
�
k

Y
l<k

jZk � Zlj�2�0pþ
l
p�
k
�2�0pþ

k
p�
l :

(B30)

The extra factor of j�kjdNN=8 for k 2 NN simply reflects the
normalization of the NN ground state compared to the DN
ground state.
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3. Determining D

We now consider the dependence of D on the DN
transition points. We will content ourselves with working
out that dependence for no more than 2 Dirichlet bounda-
ries (i.e., no more than 4 DN transition points. For the case
of only one Dirichlet boundary, the two transition points
can be taken to be two of the fixed Koba-Nielsen variables,
and D will therefore not depend on any of the integration
variables. For the case of two Dirichlet boundaries there
are four transition points, three of which can be taken fixed,
but D can depend on the fourth, which will be an integra-
tion variable.

To calculate D for the case of two Dirichlet boundaries
we consider the conformal map of a DNDN rectangle to
the upper half plane (see Fig. 5). If the lightcone world-
sheet is mapped to that figure, the asymptotic strings would
be mapped to the centers of the circular arcs on the vertical
boundaries. For the purpose of calculatingD we only need
to keep the quarter circles at the corners. We map their
centers to the points 0, U, 1, 1, labelled counterclockwise
starting at the upper left corner. Situate the rectangle in the
upper half z-plane with the bottom side on the real axis,
�K < x <þK, with the upper boundary on the line z ¼
xþ iK0. Let u be the complex variable of the target upper
half plane. Then

u ¼ ðk snðz; qÞ þ 1Þðk� 1Þ
ðk snðz; qÞ � 1Þðkþ 1Þ ;

du

dz
¼ �2kðk� 1Þsn0ðz; qÞ

ðkþ 1Þðk snðz; qÞ � 1ÞÞ2 ; (B31)

where sn is one of the Jacobian elliptic functions of

modulus k and q ¼ e��K0=K. With this notation,
U ¼ ðk� 1Þ2=ðkþ 1Þ2.

The determinant for the u-plane figure is in the limit
��1;2;3 ! 0 and R ! 1

� 1

2
lndetu � 1

48
lnR� 1

48
ln ��1 ��2 ��3 þ lnD; (B32)

where R is the radius of the large semicircle and ��1;2;3 are
the radii of the small semicircles. This is related by a
conformal transformation to the determinant for the
z-plane figure given by

� 1

2
lndetz � 1

48
ln�1�2�3�4 � 1

2
lndetDNDN: (B33)

Since @n� ¼ 0 on all of the straight line segments of the
boundary of the rectangle, we only get a contribution from
the change formula near each of the corners. So we approxi-
mate � for each corner in turn. Starting with the upper left
corner, put z ¼ �K þ iK0 þ rei’ with r small. then

sn ð�K þ iK0Þ ¼ � 1

k
; sn0ð�K þ iK0Þ ¼ 0;

sn00ð�K þ iK0Þ ¼ � 1� k2

k
;

(B34)

snðzÞ  � 1

k
� 1� k2

2k
r2e2i’; u  �ðk� 1Þ2

4
r2e2i’;

��1 ¼ ðk� 1Þ2�21
4

; (B35)

�  ln
ðk� 1Þ2r

2
; @n� ¼ � 1

r
; (B36)

�1 ¼
�
� 1

48
� 1

24

�
� ¼ � 1

16
ln
ðk� 1Þ2�1

2
: (B37)

For the lower left corner z ¼ �K þ rei’

snð�KÞ¼�1; sn0ð�KÞ¼0; sn00ð�KÞ¼1�k2; (B38)

snðzÞ�1þ1�k2

2
r2e2i’; uðk�1Þ2

ðkþ1Þ2 ½1þkr2e2i’�;

��2¼kðk�1Þ2�22
ðkþ1Þ2 ;

(B39)

�  ln
2kðk� 1Þ2r
ðkþ 1Þ2 ; @n� ¼ � 1

r
; (B40)

�2 ¼
�
� 1

48
� 1

24

�
� ¼ � 1

16
ln
2kðk� 1Þ2�2
ðkþ 1Þ2 : (B41)

For the lower right corner z ¼ K þ rei’,

sn ðKÞ¼1; sn0ðKÞ¼0; sn00ðKÞ¼�ð1�k2Þ; (B42)

snðzÞ1�1�k2

2
r2e2i’; u1�kr2e2i’; ��3¼k�23;

(B43)

�  ln2kr; @n� ¼ � 1

r
; (B44)

�3 ¼
�
� 1

48
� 1

24

�
� ¼ � 1

16
ln2k�3: (B45)

For the final (upper right) corner, z ¼ K þ iK0 þ rei’,

snðK þ iK0Þ ¼ 1

k
; sn0ð�K þ iK0Þ ¼ 0;

sn00ðK þ iK0Þ ¼ 1� k2

k
;

(B46)

snðzÞ  1

k
þ 1� k2

2k
r2e2i’; u  � 4

ðkþ 1Þ2r2e2i’ ;

R ¼ 4

ðkþ 1Þ2�24
;

(B47)

�  ln
8

ð1þ kÞ2r3 ; @n� ¼ 3

r
; (B48)

�4 ¼
�
3

48
� 1

24

�
� ¼ 1

48
ln

8

ð1þ kÞ2�34
: (B49)
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Then we have

� 1

2
lndetu ¼ � 1

2
lndetz þ �1 þ �2 þ �3 þ�4; (B50)

�� 1
24 ln�1�2�3�4 � 1

2 lndetDNDN � 1
16 ln

2k2ðk�1Þ4
ðkþ1Þ2

þ 1

48
ln

8

ð1þ kÞ2 �� 1
24 ln�1�2�3�4 � 1

2 lndetDNDN

� 1

16
lnk2ðk� 1Þ4 þ 1

24
lnð1þ kÞ2: (B51)

On the other hand

1

48
lnR� 1

48
ln ��1 ��2 ��3 � 1

48
ln

4

ðkþ 1Þ2�24
� 1

48

� ln
k2ðk� 1Þ4�21�22�23
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4
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(B52)

So comparing we deduce

lnD ¼ 1

24
ln
kðk� 1Þ2

4
� 1

2
lndetDNDN � 1

8
lnkðk� 1Þ2

þ 1

24
lnð1þ kÞ2

¼ � 1

2
lndetDNDN � 1
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ln2kðk� 1Þ2 þ 1

24
lnð1þ kÞ2

¼ � 1

2
lndetDNDN � 1

24
ln
4k2ðk� 1Þ4
ð1þ kÞ2 : (B53)

It is important to bear in mind that this formula applies
only when the corners of the rectangle are mapped to
0, U ¼ ð1� kÞ2=ð1þ kÞ2, 1, 1, which mark the DN tran-
sition points. The formula to use when the transition points
are at general locations, can be obtained by executing a
projective conformal transformation

w ¼ auþ b

cuþ d
; ad� bc ¼ 1: (B54)

Carefully transforming the corresponding determinants,
regulated by suitable circular arcs to avoid singular points,
leads to the result

lnDw ¼ lnDþ 1

8
lncdðcUþ dÞðcþ dÞ: (B55)

For example, a symmetrical and canonical choice is to map
the corners of the rectangle to �1=k, �1, þ1, þ1=k
respectively. For this case, adðcþ dÞðcUþ dÞ ¼ k2=ð1þ
kÞ2, and The corresponding determinant D0 is given by

lnD0 ¼ � 1

2
lndetDNDN � 1

24
ln
4k2ðk� 1Þ4
ð1þ kÞ2 þ 1

8
ln

k2

ð1þ kÞ2

¼ � 1

2
lndetDNDN þ 1

12
ln

k2

2ð1� k2Þ2 : (B56)

a. D for unmixed boundary conditions

As we have noted, for unmixed boundary conditions the
analog of D had nothing to depend on, and so had to be a
constant. It is instructive to see this using the methods of
the present subsection. The determinant for the u-plane
figure changes, in the unmixed case, to

�1

2
lndetu� 5

24
lnRþ 1

24
ln ��1 ��2 ��3þ lnDN

� 1

12
ln
�1�2�3
�54

þ 1

12
ln
kðk�1Þ2
ðkþ1Þ6 þ lnDN: (B57)

And the determinant for the z-plane figure becomes

� 1

2
lndetz � 1

48
ln�1�2�3�4 � 1

2
lndetDDDD: (B58)

To relate these we need to adapt the�i to the unmixed case.
The only difference is that the corner contributions for each
quarter circle add instead of cancel:
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8
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16
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Then
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Since this quantity should be the determinant in the
u-plane, we must have

lnDN¼�1

2
lndetDDDDþ 1

16
ln
2k2ðk�1Þ4
ðkþ1Þ2 þ 7

48
ln

8
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12
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48
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2
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To see that the right side is a constant we use
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k1=24ð1� k2Þ1=12 ¼ �2ð0Þ1=12�4ð0Þ1=3
�3ð0Þ5=12

¼ ð�2ð0Þ�3ð0Þ�4ð0ÞÞ1=12�4ð0Þ1=4
�3ð0Þ1=2

¼ 21=12q1=48
Qð1� q2n�1Þ1=2Qð1þ q2n�1Þ ¼ 21=12q1=48

Qð1� qnÞ1=2ffiffiffiffiffiffiffiffiffiffiffi
�3ð0Þ

p
¼ 21=12q1=48

Qð1� qnÞ1=2
ð2K=�Þ1=4 ¼ �1=421=12detþ1=2

DDDD lnDN

¼ 1

12
lnð2�3Þ þ 1

2
ln2 ¼ 1

12
ln27�3: (B62)

In a similar vein, executing a projective conformal transformation shows that DN is a projective invariant.
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