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Nonrelativistic conformal groups and their dynamical realizations
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Nonrelativistic conformal groups, indexed by [ =

%, are analyzed. Under the assumption that the mass

parametrizing the central extension is nonvanishing, the coadjoint orbits are classified and described in
terms of convenient variables. It is shown that the corresponding dynamical system describes, within
Ostrogradski framework, the nonrelativistic particle obeying (N + 1)-th order equation of motion. As a
special case, the Schrédinger group and the standard Newton equations are obtained for N = 1 (I = %).
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L. INTRODUCTION

Historically, the structure that is now called the
Schrodinger group was discovered in the nineteenth
century in the context of classical mechanics [1] and
heat equation [2]. It was rediscovered in the twentieth
century as the maximal symmetry group of free motion
in quantum mechanics [3]. Much attention has been
paid to the structure of the Schrodinger group and its
geometrical status [4].

The Schrodinger group, when supplemented with space
dilatation transformations, becomes [/ = % member of the
whole family of nonrelativistic conformal groups [5], in-
dexed by halfinteger /. Various structural, geometric, and
physical aspects of the resulting Lie algebras have been
intensively studied [6]. For [ = %, N-odd (also N-even in
the case of dimension two), the nonrelativistic conformal
algebra admits central extension. Then, as it has been
shown in Ref. [7], it becomes the symmetry algebra of
the free nonrelativistic particle obeying (N + 1)-th order
equation of motion.

In the present paper, we use the orbit method [8] to
construct the most general dynamical systems on which
the nonrelativistic conformal groups act transitively as
symmetries. The main advantage of the orbit method is
that once the transitivity of the action of a given group
G is assumed, it gives the complete classification of all
Hamiltonian sytems for which G acts as the group of
symmetry (canonical) transformations. Therefore, one
can reconstruct the Hamiltonian systems merely from the
assumptions concerning their symmetries. The necessity of
imposing the transitivity condition implies that there exist
systems which are not included into the classification; the
orbit method yields, however, the general framework for
description of all systems exhibiting a given symmetry. As
a simple example let us consider the two-particle Galilei-
invariant system. The Galilei group acts transitively on
center-of-mass variables. The complete set of canonical
variables include also the relative motion variables which
Poisson-commute with those describing the center-of-mass
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motion. The structure of the Galilei group implies that the
relative motion variables can enter the game only in a
specific way. For example, the Hamiltonian must be the
sum of the center-of-mass kinetic energy and the internal
one, which in the transitive (i.e. single-particle) case is just
a number. In the two-particle case, the “internal” degrees
of freedom can enter energy only through internal energy
that now becomes their function. Similar considerations
concern the angular momentum: the internal variables
contribute only through the spin term.

In the case of nonrelativistic conformal groups, we find
that the basic variables are coordinates and momenta to-
gether with internal variables obeying SU(2) commutation
rules (in the sense of Poisson brackets) and underlying
trivial dynamics; the remaining internal variables obey
SL(2, R) [or SO(2, 1)] commutation rules and the equation
of motion of conformal quantum mechanics [9] in global
formulation [10].

All symmetry generators split into two parts: the exter-
nal one constructed out of coordinates and momenta (like
orbital angular momentum) and the internal one (like spin).
The symmetry transformations are implemented as canoni-
cal transformations.

The standard free dynamics is obtained by selecting the
trivial orbit for SL(2, R) variables.

The results heavily rely on the fact that the conformal
algebras under consideration admit central extensions. For
vanishing “mass” parameters (as well as for conformal
algebras that do not admit central extension), the classifi-
cation of orbits is more complicated and the physical
interpretation in such cases remains slightly obscure.

Except in Sec. IIIB, we assume that our space is
three-dimensional, d = 3 (i.e., the space-time is four-
dimensional, d + 1 = 4). However, our results are gener-
ally valid for d = 3. The case d = 2 is considered sepa-
rately in Sec. III B because in two-dimensional space the
central extensions are allowed for both odd and even N.
In the case of d =0 (one-dimensional space-time), no
rotations, translations, or boosts [and, consequently, other
transformations generated by the elements outside
s1(2, R)] are allowed, and we are left with the standard
conformal mechanics (see below for details).
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II. THE SCHRODINGER SYMMETRY

We start with the [ = % Galilean conformal algebra
(according to the terminology of Ref. [5]). It consists of
rotations J , translations 13, boosts E, and time translations
H that form the Galilean algebra, together with dilatations
D, conformal transformations K, and, finally, space dila-
tations D,. The nontrivial commutation rules read

il = i€,
[Bi, H] =iP;,

[Ji Pl =€y Py,
(D, H]=iH,

[Ji Bl =ieyB,,

[D,K]= —iK,

[K.H]=2iD, [D.P]=3P; [D.B]==B,

[KyPi]:iBi: [DS)Pi]:iPir [Dsz]:lBl

Deleting D,, one obtains twelve-dimensional Schrodinger
algebra, which admits, similarly to the Galilei algebra,
central extension defined by the additional nontrivial com-

mutator
[B;, Pi] = iM&y. ()

The structure of centrally extended Schrodinger algebra is
well known. First, we have su(2) [or so(3)] algebra
spanned by Jls; furthermore, H, D, and K span the con-
formal algebra which is isomorphic to so(2,1) [or
s1(2, R)]. To see this, one defines

N? =D,
3

1 1
NO =5 (H +K), N! =5 (K — H),

which yields

[N®, NF] = ie*P N7, @, B,vy=012; (4

where €2 =¢y, =1 and g,, = diag(+ —, —).

Therefore J, H, K, and D span direct sum su(2) ®
so(2, 1). Finally, P, B, and M form a nilpotent algebra,
which, at the same time, carries a representation of su(2)
s0(2, 1). To express this fact in a compact way, we define
the spinor representation of so(2, 1):
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_ i . i
., N=-0, N=205 (5
) ) g ) g3 (5)
Moreover, denoting X;; = P;, X,; = B;, one finds the sim-
ple form of the action of su(2) ® so(2, 1) on the space

spanned by P, B,and M

NO—

N =

Vi Xl = i€ X ops [NY X,i]1 = Xpi(N®)pa,  (6)

where a, b = 1, 2. The commutation rule (2) takes the form
[(Xoai» Xpj] = —iM e, 0. (N

The matrices N® are all purely imaginary and span the
defining representation of s/(2,R). In fact, the group
SL(2,R) is nothing but the group Spin(2, 1)*. The
Schrodinger algebra can be thus integrated to the group
S = (SUQ2) X SL(2, R))xR;, where R; is the seven-
dimensional nilpotent group (topologically isomorphic
to R7), and the semidirect product is defined by the
D12 @ DO representation of SU(2) X SL(2, R).

Let us consider the coadjoint action of the Schrodinger

group S, denoting the dual-basis elements by J, P, B, etc.
The general element of the dual space to the Lie algebra of
S is written as

X=F]+EP+ZB+hH+dD + kR + mb. (8)
Having characterized the global structure of S, we could
consider the full action of S on X. However, for our
purposes, it is sufficient to compute the coadjoint action
of one-parameter subgroups generated by the basic ele-

ments of the Lie algebra. The results are summarized in
Table I below.

Here (R])k = Rkljl’ etc.

In order to find the structure of coadjoint orbits, note that
m is invariant under the coadjoint action of S. In what
follows, we assume that m > 0 (in fact, it is sufficient to
take m # 0). Once this assumption is made, the classifica-
tion of orbits becomes quite simple. Using the results
collected in Table I, we conclude that each orbit contains
the point corresponding to E =0, { = 0. Moreover, the

stability subgroup of the submanifold EZ 0, Z =0 is

TABLE I. Coadjoint action of S.
g
m oid P o B e iTH 2iAD eitk ei®J
7 j-axi j-ax? j j j %)
¢ ; E+mo ; Bl Re
Z’ { — mi { {+7é e3¢ { R¢
% h h+m2 45 ¢ h eMh h+ 2ud + uk h
d d—1aé d+15¢ d+ th d d + uk d
K k—al+ima? k k+27d + 2h ek k k
m! m m m m m m
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SU(2) X SL(2, R) X R, where the last factor is the sub-
group generated by M and can be neglected. The orbits of
SU(2) X SL(2, R) are the products of orbits of both factors.
For SU(2), any coadjoint orbit is a 2-sphere (or a point)
which can be parametrized by vector § of fixed length,
52 = s2. To describe the orbits of SL(2, R) [which is
equivalent, as far as coadjoint action is concerned, to
SO(2, 1)], we define, in analogy with Eq. (3),

()_1

1
=3+, X' =3(-h+h, ¥=d O

Then, by standard arguments, the full list of orbits reads:
H =" guuxtx” = o x° >0}

Hy ={x* gux"x" = 0% x* <0},

Hy =" gux"x” =0 x>0} (10)
Hy =" gux"x” =0 x"<0},

H o, =" guux*x’ = -0,

H, = {o}.

Consequently, any coadjoint orbit of S (with nonvanishing
m) contains the point

ST+(° — YDA + 2D+ (¥° + YHK + mM, (11)
where 5§ € §? and y* is a point on one of the manifolds,
I, listed above. We see that any orbit is characterized by
the values of m, §2, g, x* x*, and, for g, x*x” = 0, the

sign of . Let us note that the above invariants correspond
to the Casimir operators of Schrodinger algebra

C,=M, C,=(MJ—BXP)

PZ’Z B’Z B’Z ﬁZ
Cyi=(mH -\ Mk —=)+ (mr -2\ - )+
: ( 2)( 2) ( 2)( 2)

(12)

The whole coadjoint orbit of S can be obtained by applying
g(a) and g(9) to all points (11) with § and y* varying over
their orbits. Calling @ = —x and ¥ = p/m, one finds the
following parametrization of coadjoint orbits

Xp+xs k=%i2+/\/o+)(1.
(13)

We see that the phase-space variables are %, p, §, and y*.
The Poisson brackets implied by Kirillov symplectic struc-
ture read

X xPr= e x?,
(14)

{xi Pt = Bt {55 s} = €iasy,
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while the corresponding equations of motion take the form

(15)
=x.  xX=-x X

We can summarize our findings. The ten-dimensional or-
bits are parametrized by ¥, p, §, and y* subject to the
constraints 5> = constand g v X X" = constand equipped
with the symplectic structure defined by Eq. (14) and
dynamics given by Eq. (15).

One can say that, besides the standard canonical varia-
bles X and p, there are two kinds of ““internal” degrees of
freedom—ordinary spin variables § and SO(2,1) and
“pseudospin” degrees of freedom y*. Note that, contrary
to the true spin variables, y* variables have nontrivial
dynamics.

Let us consider the dynamics of internal variables in
some detail. It is uniquely dictated by the symmetry group
structure. The Lie algebra under consideration contains
the direct sum su(2) ® sl(2, R) and the Hamiltonian be-
longs to the s/(2, R) part. Therefore, it commutes with
angular momentum. The generators which do not belong
to su(2) ® s{(2, R) form a linear representation under
the adjoint action of the latter, which implies that the
“external” part of the angular momentum Poisson com-
mutes with H, so the ‘“internal” must also commute,
yielding trivial dynamics for spin variables. On the other
hand, the pseudospin variables related to s/(2, R) obey, as it
was noted above, the nontrivial dynamical equations. This
is due to the fact that the Hamiltonian itself belongs to
sI(2, R) subalgebra and obeys nontrivial commutation
rules with the remaining sI(2, R) generators. The dynamics
of “internal” and ‘“‘external” contributions to si(2, R)
generators decouple. This again follows from the property
that the generators outside the su(2) ® s/(2, R) subalgebra
form a linear representation under the adjoint action of the
latter. As it will be discussed in the last section, the
dynamics of sI(2, R) pseudospin variables is described by
conformal mechanics.

Making the trivial choice HH , = {0} of the SL(2, R)
orbit, one finds the standard realization of the
Schrodinger group as the symmetry of free dynamics.

From the basic functions (13), one can construct the
generators (in the sense of canonical formalism) of group
transformations. Due to the fact that the Hamiltonian is an
element of the Lie algebra of the symmetry group, the
symmetry generators depend, in general, explicitly on
time. They read

Pr = pild),
h = h(1),

jk = jk(t):
= x(t) = = pu(o) (16)
m

k= k() — 2td(r) + 2h(2), d = d(t) — th(?).

065009-3



K. ANDRZEJEWSKI, J. GONERA, AND P. MASLANKA
III. N-GALILEAN CONFORMAL SYMMETRY

Higher-dimensional nonrelativistic conformal algebras
are constructed according to the following unique scheme.
One takes the direct sum su(2) ® sl(2, R) @ R, where the
last term corresponds to the spatial dilatation D,. This is
supplemented by 3(N + 1) Abelian algebra (here [ =
N/2), which carries the D) representation of SU(2) ®
SL(2, R); moreover, all new generators correspond to the
eigenvalue 1 of D,. Call 5,» =(C%a=123), i=
0,1,..., N, the new generators. The relevant commutation
rules involving 6‘,- read

[D, Cs1=ic,  [J% CP] = i€waCs,

(N .
.c1= (5 —4)c

[K, C{]1=i(N — j)C{,,. A7)
As previously, we delete the space dilatation operator Dy

and consider the question of the existence of the central

extension of the Abelian algebra spanned by C’s. To solve
it, one can consider the relevant Jacobi identities or analyze
the transformation properties under SU(2) X SL(2, R).
The second order SU(2) invariant tensor, i.e., Kronecker

[H, C§] = —ijcy,

N
— a.d _
€bad ijfj

hW=h+ Z(]+1)x]+lcb+

b+ (=1 mjUN — i,
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delta 57 in arbitrary dimension (and tensor €*” for dimen-
sion two), is symmetric (antisymmetric, respectively), so
the existence of central extension is equivalent to the
existence of the antisymmetric (symmetric) SL(2, R) in-
variant tensor. Taking into account that N + 1-dimensional
irreducible representations of SL(2, R) may be obtained
from the symmetrized tensor product of N basic represen-
tation, one easily concludes that an invariant antisymmetric
(symmetric) tensor exists only for N odd (for N even in the
case dimension two) (see Ref. [11]).

A. N-odd

In this case the relevant central extension reads [7]

[C3,

(18)

forj,k=0,1,...,Nand a, b = 1,2, 3. In order to classify
the coadjoint orbits we put, in analogy to Eq. (8),

X = jJ+&C; + hH + dD + kK + mM. (19)

Again, m is invariant under the coadjoint action; we as-
sume that m > 0.

Consider the coadjoint action of exp(ix{C%). It reads

m Al N+l
3 Z(—l)J—Tebmx;fx;‘vf,-j!<N =)

N+1

Z( D5 UN =+ Ddxg

Jj=0 Jj= (20)
N
m N . N+, .
=d- Z( ) gt Z()(E - J)(—l)f TN = )t
J
/I — b m ~ j—N=L . : a..a
k'=k— Z —-j+1 x Yo +5 Z;_)(_l)J 7+ DUN = DIxdxg_ g
=
We see that, as in the case of the Schrodinger group, any orbit contains the points
§T+(x" — YOA + D + (X + Y& + mh, 1)

where, again, § € S? and y* belong to one of the orbits (10). The whole orbit is produced by acting with exp(ix¢C{) on the
above points. As a result we arrive at the following parametrization

m y j—N+1 a.c . .
_E Z(_l)] 2 ebcaxij—j]!(N_])!:
=0

N
h=x"—x' _,_% Z(_l)j*%j!(N —-Jj+ 1)!x_?x,“v_j+1,
j=1

N

cb = (=1 T mjl(N - b,

m & (N
a=r+33(3-

F) N g
=0

k= °+x1+—2< DI+ DUN = j)lxdxg ). (22)
Jj=
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The invariants §* and guvX" X", which characterize the
orbits, correspond to the Casimir operators

Cl = M,
N N+l
A3 (=172 2
2= (W7 =3 30— € ).
C; = (MH — A) (MK — B) + (MK — B)(MH — A)
—2(MD - C)?, (23)
where

—_1)'Cj+15ij’ (24)

el (—1)/’%( N\ - -
C=- fj—f)cc e
2;0]!(N—])! 2) N

The basic dynamical variables are y*, s¢ and x;. The
Poisson bracket resulting from Kirillov symplectic struc-
ture reads

{c4, cf} = e gMItk(—1)2

and implies

b
ot XX id

Lilm, (25)

B 3ab(_1)k7%

kN =0T k=20,1,...,N. (26)

It is easy to define Darboux coordinates for ‘“‘external”
variables. They read
(-7 !
a — a a — a
Xk X qp AN—k m(N — &)! pe @1
fork=0,.. NT_I yielding the standard form of Poisson
brackets
{at. p1} = 8" 8u. (28)
In terms of new variables the remaining one read
N—1
. . < .- .
h=x"—x"+ 2 PO=0/2P(v-1)/2 + Z diDi—1>

k=1

< (N
d:X2+Z<5_k)QkPk,
k=0

N+ 1
k=x+x'+
X'+ x 2( 3
N-3
2

(N = k)(k + 1)Gpr+1

(29)

)CI(N l)/Zq(N 1)/2

~

MJ/

=0
N-1
X
The above findings can be compared with those of Ref. [7].
In particular, the Hamiltonian 4 is the sum of two terms
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depending on “internal” (s/(2, R)) and “external” varia-
bles. The external part coincides with the Ostrogradski

Hamiltonian [12] corresponding to the Lagrangian L =

(N+D/25
m(—{f,,wn/v)z This can be easily seen by writing out the

canonical equations of motion
=C}k+1, k=0,---,T; gn-1 =
N-1

2 9

Q-
-

=_l—3k—l’ k=1,...,

e
S

which, for the basic variable § = g, imply gV ™! = 0.

B. N-even

As we have mentioned, in the case of dimension 2, also
for even N there exists the central extension of the Abelian

algebra spanned by C’s. The relevant commutators read:

[Ce, Ch] = —ie® 8Ntk (—1)Tkijlm, (1)

where a, b=1,2, j,k=0,1,..., N. Let us take an arbi-
trary element X of dual space to the Lie algebra

~ >

+ ¢,C; + hH + dD + kK + mM. (32)

As previously, m is invariant under the coadjoint action; we
can assume that m > 0. Consider the coadjoint action of
exp(ix§C¢). It reads

m' =m,

il : ba v boay ™ < 2N
J=j—¢€ ijcj—i-EZ(—l) 7
= ]
X eebdxhxg_jIUN =),

c’b—c — (=

! 1) z m]'(N

MNedxg_,
h'=h+ Z(j+ Db, b

N
m Yo .
+EZ(_1)ITN]!(N_J+1)'€abxbx1v —j+1

~.
Il

(33)

N
N -
2 (5 ) et
=\ 2 '

N-1
K=k— Z(N—j)ij-cjﬁrl
=0

__Zg( 1)_(]+1)'(N ])'Ebax X i1
J
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We see that, similarly to the case of N-odd, any orbit
contains the points

sT+ (O — xHH + x*D + (X° + xHK + mM, (34)

where s € R and y* belong to one of the orbits (10).
Moreover, the whole orbit is produced by acting with
exp(ix{C¢) on the above points. Consequently, we have
the following parametrization:

N
j=0

ot = (~1FmjIN — j)redaxd_,
N )
h=x" = x' + 23 (1"
X' = x 2;( )2

XJUN = j+ D0ePxixg_ s,

m & N
d= x*— 3 Z(:)<_5 + ])( 1) '(N - ])'e“bxbx,\, i
=
N—1 _
k=xX"+x' -7 > (=
j=0
X G+ DUN — j)'e“”xbe -1 (35)

By direct, but rather tedious, computations, we check that
the corresponding Casimir operators are of the form

(-1
C, =M, Co= MJ — .C4,
1 ? ,ZOJ‘(N—J)' o

= (MH — A)(MK — B) + (MK — B)(MH — A)

—2(MD — C)?,
where
c—3 ﬁo % = g)e“bq?cx_,-.

The induced Poisson brackets of C’s take the form
{c4, ch} = — e sNItk(— 1) Tkl jim, (37)

[for y* see Eq. (14)]. Now let us define new coordinates as
follows

PHYSICAL REVIEW D 86, 065009 (2012)

_(=D> N B
Xj = 7 g, J=0..5 ab=12%
1 N
xN—J_m(N_])!Pj» J=0, ,5—1, ab=12
(38)
Then, the nonvanishing Poisson brackets read
b _ Sab . N _ .
{Q?,pk}—5 0 jk» ],k—O,...,E—], a,b=12;
1
{a% ant = — €™, a,b=12. (39)
2 2 m

Let us introduce auxiliary notation (see Eq. (32) in
Ref. [7]) py = n eb"qﬁ’, Then, the remaining dynamical

variables take the form
N_
2
h=x"=x"+ > Bidrsr,
k=0
%—1 N
d= x>+ Z(— - k)l;k‘_])kr
=o\2

k=x"+x' = D (N =k + Dkpge— (40)
k=1

N ..
- N<3 + l)qg-mg,

~
Il
[
_l’_
M=
N
S

These results, in the case of trivial orbit F{, agree with the
ones obtained in Ref. [7].

IV. CONCLUSIONS

We have shown that the most general dynamical system
admitting the N-Galilean conformal group, with N-odd in
the three-dimensional case and arbitrary N in the two-
dimensional one, as the symmetry group acting transitively
is described by the “‘external’ variables obeying the equa-
tions of motion generated by the free higher-derivative
Lagrangian and two kinds of ‘““internal’’ ones: spin varia-
bles undergoing trivial dynamics and pseudospin ones
obeying SL(2, R)-invariant equations of motion. The
form of dynamical equations is uniquely determined by
the symmetry group under consideration.

Let us discuss in some detail the dynamics of SL(2, R)
variables. It is, in fact, the standard conformal mechanics
[9] in disguise. This has been shown in detail in Ref. [10];
here, we present only a brief discussion. First, let us note
that the complete list of phase manifolds on which
SL(2,R) acts transitively as a group of canonical
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transformations is provided by Eq. (10). Let us take as an
example FH ;. It is two-sheeted hyperboloid equipped with
the Poisson structure defined by Eq. (14). Consider the
upper sheet (the lower can be described in a similar way
[10]). Due to its trivial topological structure, it is not
difficult to find the single global smooth map covering
the whole sheet; it reads [10]

P o
du  uX? 4’
P2 0.2 XZ (41)
=+ B X ==
4 /LXz 4’ 2’

where 0 <X <00, —o0o < P < oo, and w is an arbitrary
positive constant. Moreover, X and P are global Darboux
coordinates, {X, P} = 1. It follows from (29) that the pseu-
dospin contribution to the total Hamiltonian 4, when ex-
pressed in terms of new coordinates, reads:

Pz 207

hy =+ "——,
X 2/-" /'LXZ

(42)

i.e., we arrive at the standard form of conformal mechanics
with positive coupling constant [9].

The case of one-sheeted hyperboloid is slightly more
involved. The phase space cannot be covered by one
Darboux map; however, the dynamics is completely regu-
lar, as it can be seen from Eq. (15). Locally, the Darboux
coordinates can be introduced by making the replacement
o> — —o? in Eq. (41). They yield, again, the standard
form of conformal mechanics with negative coupling con-
stant. It is interesting to note that, in this context, the
“falling on the center”” phenomenon that appears in the
attractive case is an artifact produced by the nontrivial
topology of phase manifold which does not admit global
coordinates.

Let us also note that the geometrical structure of
conformal mechanics may be expressed [13] in terms of
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nonlinear realizations [14] of SL(2, R) group. This is a
particular example of the general fact that the orbit method
can be described using the ideas and methods of nonlinear
realizations theory [15].

Let us come back to the simple case of pseudospin living
on H }. Then we can summarize our findings as follows
(we restrict ourselves to the case d = 3, i.e., N-odd): the
basic dynamical variables are the coordinate g, spin s,
and the additional coordinate X obeying 0 < X < co. The
dynamics is given by the higher-derivative Lagrangian

m (dND25\2 gy rdX\e 202
-5 () “5(@) e @

For the remaining cases [i.e. remaining orbits (10)], similar
description can be given except that the internal coordinate
is not global.

As in the case of Schrodinger algebra [cf. Eq. (16)], it is
easy to construct the explicitly time-dependent integrals of
motion. They are generators (in the sense of canonical
formalism) of the relevant symmetry transformations.

We conclude that the general dynamical system admit-
ting N-Galilean conformal symmetry with N-odd (N-even
in dimension two) as the symmetry group acting transi-
tively is described by the “‘external’ variables correspond-
ing to higher derivative Lagrangian and two kinds of
“internal” ones: spin variables § (s, respectively) with
trivial dynamics and SL(2, R) pseudospin variables y*
with the nontrivial conformal invariant one.
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