PHYSICAL REVIEW D 86, 064033 (2012)
Regularization of static self-forces
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Various regularization methods have been used to compute the self-force acting on a static particle in a
static, curved spacetime. Many of these are based on Hadamard’s two-point function in three dimensions.
On the other hand, the regularization method that enjoys the best justification is that of Detweiler and
Whiting, which is based on a four-dimensional Green’s function. We establish the connection between
these methods and find that they are all equivalent, in the sense that they all lead to the same static self-
force. For general static spacetimes, we compute local expansions of the Green’s functions on which the
various regularization methods are based. We find that these agree up to a certain high order, and
conjecture that they might be equal to all orders. We show that this equivalence is exact in the case of
ultrastatic spacetimes. Finally, our computations are exploited to provide regularization parameters for a

static particle in a general static and spherically symmetric spacetime.
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L. INTRODUCTION

A test body moving freely in a curved spacetime follows
a geodesic of the spacetime. When, however, the body
carries a (scalar or electric) charge, the field created by
the charge interacts with the spacetime curvature in such a
way as to produce a deformation of the field lines from an
otherwise isotropic distribution around the body. The field
gives rise to a net self-force acting on the body, and the
self-force prevents it from moving on a geodesic. The self-
force typically contains two components, a radiation-
reaction force that is accompanied by a loss of energy to
radiation, and a conservative force that survives even when
the body is maintained in a stationary position. A self-force
can also be present in the absence of a charge, when the
body’s mass is too large for it to be considered a test mass;
in this case the body creates a gravitational perturbation
that affects its motion, which is no longer geodesic in the
background spacetime. The (scalar, electromagnetic, and
gravitational) self-force has been the topic of intense de-
velopment in the last several years; for an extensive review
see Ref. [1]. Most of this activity was focused on the
gravitational case, in an effort to model the inspiral and
gravitational-wave emissions of a binary system with a
small mass ratio [2-4].

Self-force computations are usually attempted under the
assumption that the body is a point particle, in order to
avoid the largely irrelevant complications associated with
internal structure. In this context, however, the very defi-
nition of the self-force requires scrutiny. Given that the
field of a point particle diverges at the position occupied by
the particle, it is not immediately clear how one can make
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sense of its action on the particle and construct a self-force
that is well defined, finite, and in agreement with the self-
force acting on an extended body in the limit in which the
size is taken to zero. One must find a sensible regulariza-
tion procedure that not only returns a finite expression for
the self-force but does so in a unique and physically well-
motivated way. In this paper we examine regularization
procedures that have been invoked in the computation of
(scalar and electromagnetic) self-forces in the restricted
context of static particles in static spacetimes. Our aim is to
show that the differing procedures are equivalent and lead
to the same self-force. To the best of our knowledge, this
issue has not been previously addressed in the literature.
The first attempt to regularize the field of a point particle
in curved spacetime to obtain its self-force was made by
DeWitt and Brehme [5] in the case of an electric charge.
Their formulation was later put on an axiomatic basis by
Quinn and Wald [6], and the case of a scalar charge was
subsequently examined by Quinn [7]. These regularization
techniques were based on a decomposition of the field into
“direct” and “‘tail”” parts, with the direct part sourced by
the particle at the moment it crosses the past light cone of
the point at which the field is evaluated, and the tail part
sourced by the particle in the interior of the light cone.
An alternative regularization scheme was later proposed
by Detweiler and Whiting [8], who showed that it leads
to the same standard expression for the self-force. The
Detweiler-Whiting scheme involves a decomposition of
the field into “‘singular” and ‘“‘regular” pieces. The singu-
lar field is precisely identified by a local construction and is
designed to provide an exact solution to the field equation
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sourced by the particle, with the property that it shares the
singularity structure of the particle’s actual field. The
regular field is the difference between the actual field and
the singular field; it satisfies the source-free field equation,
it is smooth at the particle’s position, and it was shown by
Detweiler and Whiting to be entirely responsible for the
self-force. Because the singular and regular fields are both
solutions to the field equations, unlike the direct and tail
fields, which are not solutions, the Detweiler-Whiting
scheme is more compelling than the original method of
regularization, and it provides a better foundation for the
self-force. Since its introduction, the Detweiler-Whiting
regularization method has been thoroughly justified
[9-12], and it has emerged as the method of choice in
most self-force computations reported in the recent litera-
ture. It has become the standard by which other regulari-
zation methods must be compared.

Many self-force computations, however, did not make
use of the Detweiler-Whiting regularization procedure nor
the original method based on the direct and tail decom-
position of the field, but employed instead ad hoc proce-
dures that perhaps do not enjoy the same degree of
justification. This is the case of all computations of
self-forces acting on static particles in static spacetimes
[13-27], which involved a variety of regularization meth-
ods. In the pioneering Smith-Will paper [13], for example,
the field of a static electric charge in the spacetime of a
Schwarzschild black hole was regularized by the Copson
solution [28], which was shown to be as singular as the
particle’s own field but to exert no force. As other ex-
amples, self-force computations for charges in wormhole
spacetimes [20-23], or for charges near global monopoles
[24-27], were regularized with the help of Hadamard’s
two-point function, defined in each spatial section of the
four-dimensional spacetime (or in a conformally related
space). Because Copson’s solution is known to be an exact
representation of Hadamard’s function in the (conformally
related) spatial sections of the Schwarzschild spacetime,
these regularization methods are essentially the same.

The issue that interests us in this paper is the relationship
between these regularization procedures and whether they
can be shown to be equivalent, so that they will lead to the
same self-force. The regularization procedures mentioned
previously are all based on a choice of Green’s function for
the (scalar or electromagnetic) field. We shall consider a
number of possible choices.

The first is the four-dimensional version of the
Detweiler-Whiting singular Green’s function, given by

Gﬂmy)zéUuJﬁaay—%w%yxx@, (1)

in which x and x’ are spacetime events, assumed to be
sufficiently close that they are within each other’s normal
convex neighborhood, o := o(x, x') is Synge’s world
function, equal to half the squared geodetic distance be-
tween x and x/, © is the Heaviside step function, § is the
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Dirac distribution, and U, V are two-point functions that
are known to be smooth when x — x'. Because o =0
when x and x’ are linked by a null geodesic, we see that
the Green’s function is singular on the past and future light
cones emerging from x’ and has support outside the light
cones, where o > 0; it is also symmetric in its arguments.
As stated previously, the Detweiler-Whiting Green’s func-
tion gives rise to a robust regularization procedure that
applies to any particle moving in any spacetime.

For static particles in static spacetimes, an adequate
substitute for the four-dimensional singular Green’s func-
tion is its three-dimensional variant

@@w=[@@mma (1.2)
obtained by integrating the four-dimensional Green’s func-
tion over the proper time 7/ of a static observer at the
spatial position x'. For static particles in static spacetimes,
this Green’s function gives rise to the same regularization
procedure as the four-dimensional version.

An alternative choice of Green’s function, which is also
appropriate in the case of static particles in static spacetimes,
is the three-dimensional Hadamard function, given by

Wi(x, x")
Nor

in which o(x, x') is now half the squared geodetic distance
between x and x’ as measured in the purely spatial sections
of the spacetime, and W is a smooth two-point function. This
Green’s function, also known as Hadamard’s elementary
solution [29], is a local construction that is known to repro-
duce the singular behavior of a field sourced by a point
particle at x'. Tt is a plausible starting point for a regulariza-
tion procedure, but as stated above, it does not enjoy the
same level of justification as the Detweiler-Whiting Green’s
function.

As a final choice we shall also consider a Green’s
function G4 (x, x') that is related to the Hadamard function
by a conformal transformation. This is to account for the
fact that it is often convenient, when solving for the field in
the spatial sections of the spacetime, to formulate the field
equation in a conformally related space. If the metric on
the original spatial sections is /,,, then the metric on the
conformally related space is /1, = Q~2h,,, in which Q(x)
is a scalar field. When /1, is simple, the field equation
simplifies in the conformally related space, and the field
can then be regularized with the help of GY, which differs
from GY' by factors of ().

Our main goal in this paper is to compare the regulari-
zation procedures that are based on G?(x, x), G3H(x, x)),
and GY (x, x'). Our preferred regularization method is the
one based on the Detweiler-Whiting Green’s function,
because the resulting singular field was proved to share
the same singularity structure as the particle’s actual field
and to exert no force on the particle. In this case we find

GH(x, X) = (13)
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that if € is a measure of distance between x and x’, then the
singular Green’s function admits the local expansion

1
G?(x, x)= ;[1 + g€+ g2+ g3 + 0(eh)], (1.4)

with expansion coefficients g;, g,, and g3 (computed
below) that depend on geometrical quantities (such as the
spatial Riemann tensor) evaluated at x’. Removing this
from the particle’s actual field returns a regularized field
that is finite (indeed, once differentiable) at the position of
the particle, leading to a straightforward computation of
the self-force.

Our main result is the statement that the local expansions
of G (x, x') and GY(x, x') are identical to the local expan-
sion of the Detweiler-Whiting Green’s function, and that
they therefore lead to equivalent regularization procedures.
We view this as a significant result that clarifies and
justifies the alternative regularization methods that have
been employed in self-force computations; it puts these
computations on a firmer footing and lends them additional
credence.

We show by explicit calculation that the local expan-
sions of all Green’s functions agree through order €2,
which is more than enough to guarantee the same self-
force, but we also ask whether equality could be estab-
lished to all orders in €. We provide only a partial answer to
this question. We collect evidence that the conjectured
equality is likely to be true, sketch a proof that relies on
a strong assumption about the convergence of formal
power series, and present a complete proof of equality in
the special case of ultrastatic spacetimes.

As an application of our results we consider the scalar
and electromagnetic self-force acting on a particle held in
place in a static and spherically-symmetric spacetime. The
assumption of spherical symmetry implies that the self-
force can be easily computed with a mode-sum method
based on a spherical-harmonic decomposition of the field.
The mode coefficients of the singular field then play the role
of regularization parameters [30-32] that can be inserted in
the mode-sum to ensure convergence. We use our local
expansions to compute these regularization parameters for
any static and spherically-symmetric spacetime. We expect
that our explicit listing of regularization parameters will
greatly facilitate future self-force computations.

Our developments below rely heavily on the general
theory of bitensors and Green’s functions in curved space-
time, as developed in Ref. [5] and summarized in Ref. [1],
from which we import our notations. We begin in Sec. Il
with a description of the static spacetimes that are impli-
cated in this work. We continue in Sec. III with a review of
the scalar and electromagnetic field equations in static
spacetimes, along with the associated Green’s functions,
and in Sec. IV we review the Hadamard construction of the
three-dimensional Green’s functions. The following sec-
tions contain our new work. In Secs. Vand VI we compute
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the local expansions of the Hadamard functions. We do the
same for the Detweiler-Whiting functions in Sec. VII, and
prove the equality of the local expansions in Sec. VIII. In
Sec. IX we prove that in ultrastatic spacetimes, the
Hadamard and Detweiler-Whiting functions are strictly
equal to one another. And finally, in Sec. X we consider
the scalar and electromagnetic self-forces in static,
spherically-symmetric spacetimes, and involve the local
expansions in a computation of regularization parameters
for mode-sum computations of the self-force.

In the following we denote a spacetime event by x or x’,
and a spatial position by x or x/, so that x = (¢, x) and x’ =
(¢, x'). Spacetime tensors at x are denoted A%, with a Greek
index « that ranges over the values {0, 1, 2, 3}; spacetime
tensors at x’ are denoted A“’, with a primed Greek index.
Spatial tensors at x are denoted A“, with a Latin index a
that ranges over {1, 2, 3}; spatial tensors at x’ are denoted
A“, with a primed Latin index. Variants of these notations
will be introduced as needed.

II. STATIC SPACETIMES

The class of spacetimes considered in this paper admits a
hypersurface-orthogonal, timelike Killing vector %, and in
an adapted coordinate system the metric is expressed as

ds?> = —N*di* + h,,dx*dxP, 2.1)

in terms of a lapse function N and a spatial metric A,
which depend on the spatial coordinates x* only. No other
assumptions are placed on the spacetime. We introduce the
vector field

AN

N
which acts as a substitute for d,N; the vector has a vanish-
ing time component.

A straightforward computation reveals that the connec-
tion coefficients are given by

M,=A,  Th=Nas,

A, = d,InN = 2.2)

‘e =T9, (2.3)
in which I',. is the connection compatible with the spatial
metric h,;,. We shall indicate covariant differentiation rela-
tive to the spacetime connection with the operator V,, or
with a semicolon (for example, V wA” = A”,,) and cova-
riant differentiation relative to the spatial connection with
the operator D, or with a vertical stroke (for example,
DAY = AP).

For future reference we examine a vector v* that is
parallel-transported along a purely spatial curve described
by the parametric equations ¢t = constant, x* = z9(s), in
which s is proper distance. The vector tangent to the curve
is n® with components n’ =0 and n“ = dz%/ds. The
equation of parallel transport is

dv®

—= +4T4,vPn? =0,
s

2.4)
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and its time component reduces to dv’/ds+ (A ,n*)v'=0.
With A,n® = N"'dN/ds, the solution to the differential
equation is Nv' = constant, or

N(0)

vi(s) = —=v%(0).

NGs) (2.5)

For the spatial components we find that the equation re-
duces to dv?/ds + I'{ .v”n® = 0, which states that v® is
parallel-transported as if it were a vector in a three-
dimensional space with metric /,,. When the spatial curve
is a spacetime geodesic, we find that Eq. (2.5) produces
n'(s) = 0, while the spatial components reveal that n¢
satisfies the geodesic equation in the three-dimensional
space. A purely spatial geodesic in spacetime is therefore
a geodesic in a three-dimensional space with metric /.

The nonvanishing components of the Riemann
tensor are

4Rtatb = N2(A(l|b + AaAb)’ 4Rabcd = Rupca> (2.6)

in which R, is the Riemann tensor associated with the
spatial metric %,,. The nonvanishing components of the
Ricci tensor are

‘R, = N2 (A + A°A,), (2.7a)
Ry, = Rap = (Agpp + AuAy). (2.7b)

The Ricci scalar is
‘R=R-— 2(ACIC + A°A,). (2.8)

For future reference we also record the components of the
covariant derivative of the Riemann tensor:

Riatpie = N2 Agppe + AgteAy + Ady), (2.92)
Rigpes = N*(AapAc = AgeAy = A'Ryape),  (2.9b)
4Rabcd;e = Rupcdle- (2.9¢)
We also have
“Ripa = N2(AC|, + 24°A,,), (2.10a)
‘Rigy = —Nz(Accha — A A+ AR,),  (2.10b)
“Rupe = Raple = Adlpe = AalcAp = AdAple  (2.10¢)
and
Ry =Ry — 2(A°, +24A,,) 2.11)

for the covariant derivative of the Ricci tensor and scalar.
Below we shall consider a scalar or electric charge at rest
in the static spacetime. The charge follows an orbit of the
timelike Killing vector, and the only nonvanishing compo-
nent of its velocity vector is
1
=_. 2.12
N (2.12)
The covariant acceleration is defined by a® := u“;ﬁuﬁ,

and its nonvanishing components are

ut
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a? = A, (2.13)

We shall also require the vectors a% := a“;ﬁuﬁ and

A% =

a ac. Buﬁ; the nonvanishing components are

1
Q' = GAA, = (AAA (2.14)

III. FIELD EQUATIONS AND
GREEN’S FUNCTIONS

A. Scalar field

The potential ® generated by a scalar-charge density u
obeys the wave equation

O0 = —47u 3.1)

in any four-dimensional spacetime; (] := g*fV,V is the
covariant wave operator. Our considerations in this paper
are limited to scalar fields that are minimally coupled to the
spacetime curvature; it is, however, a very straightforward
exercise to extend our discussion to arbitrary couplings.
When the spacetime is static, and when the potential and
charge density are both time-independent, the wave equa-
tion reduces to

V2D + A9, D = —4ru; (3.2)

here V2 := h“’D D, is the covariant Laplacian operator in
a three-dimensional space with metric 4.

It is sometimes convenient to formulate Eq. (3.2) in a
conformally related space with metric ,,; this is related to
the original metric 4, by the conformal transformation

hap = Q%hyy, (3.3)

in which € is a function of the spatial coordinates x®.
As a consequence of this transformation we find that h%® =
Q2h% and h'/2 = Q37'/2. A simple computation reveals
that in the conformal formulation, Eq. (3.2) becomes

V2D + A%, P = —4nj, (3.4)

in which V?:=h%D,D, is the covariant Laplacian
operator associated with the metric A,
9N ab9>

A= h%y, In(NQ) = ﬁ“b(— + 2=

N Q (3.5)

and

i = Q%pu. (3.6)

The four-dimensional Green’s function associated with
Eq. (3.1) is G4(x, x"), which satisfies the wave equation

OGy(x, x') = —4mw84(x, x'), (3.7)

in which 684(x, x’) is a scalarized Dirac distribution
defined by
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S(x — x)
V=g
where 6(x — x’) is the usual product of four coordinate
delta functions. A solution to Eq. (3.1) is then given by

O(x) = fG4(x, x’),u,(x’)\/—_g’d‘*x’.

The three-dimensional Green’s function associated with
Eq. (3.2) is G;(x, x'), which satisfies the Poisson equation

S4(x, x) = (3.8)

3.9)

V2G;(x, x') + A%9,G5(x, x') = —4mw55(x, x'), (3.10)

in which &;5(x,x’) is a scalarized Dirac distribution
defined by

S(x —x')

where 8(x — x') is the usual product of three coordinate
delta functions. A solution to Eq. (3.2) is then given by

83(x, x) = (3.11)

@@:/@@wmwﬁWﬂ (3.12)

The Green’s function associated with Eq. (3.4) is
G;(x, x'), which satisfies

V2G;(x, x') + A%9,G;(x, x') = —4mwé5(x, x), (3.13)
in which & (x, x') is defined by
55(x, x) =5(x—;/x/). (3.14)
A solution to Eq. (3.4) is then given by
D(x) = f G, ¥)a( Wi B,  (3.15)

The relation between G4 and G; can be identified by
performing the time integration in Eq. (3.9) and comparing
with Eq. (3.12). The result is

@mw=[@@wmww. (3.16)
Apart from the factor of N(x’), which converts from coor-
dinate time to proper time at x’, the three-dimensional
Green’s function is simply the time integral of the four-
dimensional Green’s function.

The relation between G; and G is found by making
the substitutions A'/2 = Q34"? and p = Q24 within
Eq. (3.12) and comparing with Eq. (3.15). The result is

G ;(x, x') = Q(x")G;5(x, x'). 3.17)

This can be confirmed by expressing Eq. (3.10) in terms of
the conformally related metric /,;,. We find that the equa-
tion becomes
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Sx —x')
T
Qi
and comparison with Eq. (3.13) allows us to make the
identification of Eq. (3.17).
When the charge density p describes a point charge ¢

moving on a world line 7y described by the parametric
relations z(7), we have that

wx) = g [ 84(x, 2())dr.

V2G;(x, x') + A% ,G5(x, x') = —4 . (3.18)

(3.19)

For a general world line the scalar charge produces a
potential given by Eq. (3.9), which evaluates to

O(x) = q[ G,(x, z(7))dT. (3.20)
Y

For a static charge at a fixed position z, the integral of
Eq. (3.19) evaluates to

m(x) = qb5(x, 2), (3.21)

and in this case the potential, as given by Eq. (3.12),
becomes
D(x) = qGs(x, 2).

The link between Egs. (3.20) and (3.22) can be seen
directly from Eq. (3.16).
In the conformal formulation we have instead

(3.22)

~ _ 53(& )
a(x) =q 0@ (3.23)
and Eq. (3.15) produces
_ G~3(xr Z)
dx) =¢ 0@ (3.24)

This result is compatible with Eq. (3.22) by virtue of
Eq. (3.17).

B. Electromagnetic field

A current density j* creates an electromagnetic field
F,p that satisfies Maxwell’s equations

FoP,=47j%  Fop,+F,ap+Fg,,=0. (325

aByy

The homogeneous equations are automatically satisfied
when the field tensor is expressed in terms of a vector
potential @,

The inhomogeneous equations then take the form of a

wave equation for the vector potential,
oodb, — RQBCI)B = —47j,, (3.27)

provided that @, is required to satisfy the Lorenz gauge
condition
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v, P = 0. (3.28)

In a static spacetime, and for a static distribution of
charge, the only relevant component of Maxwell’s equations
is F'P g =4}, and with F,, := —a,®, this reduces to

V2P, — A%9,®, = 4, wi=N?j'=—j,. (3.29)

This equation also follows from evaluating Eq. (3.27) in a
static spacetime. Comparing with Eq. (3.2), we see that @,
satisfies the same Poisson equation as a scalar potential ®,
except that the sign of A“ is reversed. It is easy to see that the
gauge condition of Eq. (3.28) becomes D, ®* + A,P* = 0
in a static spacetime, and that it has no impact on ®,.

In a conformal formulation in which the spatial metric is
expressed as h,, = O2%h,,, Eq. (3.29) becomes

@2@1 _ A“aaq), = 4 ji, (3.30)
in which
. - N - (0,N 9,0
Ad = jaby | (_) - hﬂb<b_ — b—) 3.31
(g b= - (331)
and
i = QZM = N2QZJ"_ (3.32)

The four-dimensional Green’s function associated with
Eq. (3.27) is G,? (x, x'), which satisfies the wave equation

OGP (x,x") = RGP (x,x') = —47g ., (x,x')8,4(x, '),

(3.33)
in which g,#'(x, x') is an operator of parallel transport,
taking a vector Ag at x’ and producing a parallel-

transported vector A, at x. A solution to Eq. (3.27) is
then given by

b, (x) = j.GaB/(x, x)jp(x ) —g'd*x'. (3.34)

The three-dimensional Green’s function associated with
Eq. (3.29) is Gs(x, x'), which satisfies the Poisson equation

V2G;(x, x') — A%9,G5(x, x') = —4mwd5(x, x').  (3.35)
A solution to Eq. (3.29) is then given by
®,(x) = — / G3(x, X u(x')Wh' d®x'. (3.36)

Notice the minus sign on the right-hand side of Eq. (3.36),
which can be compared with its scalar equivalent in
Eq. (3.12). Notice also that while we denote both the scalar
and electromagnetic Green’s functions by G;(x, x’), these
functions are not equal to each other because they satisfy
distinct differential equations.

The Green’s function associated with Eq. (3.30) is
G;(x, x'), which satisfies

V2G5(x, x') — A%,G5(x, x') = —4mb;(x, x).  (3.37)
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A solution to Eq. (3.30) is then given by

d,(x) = — jé3(x, x’)ﬂ(x’)\/ﬁd%’, (3.38)
which features the same minus sign as in Eq. (3.36).

The relation between G,” (x, ') and G;(x, x') can be
identified by performing the time integration in Eq. (3.34)
and noticing that in a static situation, the integral involves
J# only. Comparing with Eq. (3.36) produces

G;(x, x') = f G, (x, X)N(x")dt, (3.39)
essentially the same relation as in the scalar case.

The relation between G; and G5 is found by making
the substitutions A'/2 = Q372 and p = Q24 within
Eq. (3.36) and comparing with Eq. (3.38). The result is

G;(x, x) = Qx)Gs(x, x), (3.40)

the same relation as in the scalar case.

When the current density j* describes a point charge e
moving on a world line 7y described by the parametric
relations z(7), we have that

Jj4(x) = ef g"‘M(x, 2ut84(x, z)dT. (3.41)
Y

For a general world line, the electric charge produces a
potential given by Eq. (3.34), which evaluates to

®,(x) = e/ Goplx, 2utdr. (3.42)
y

For a static charge at a fixed position z, the integral of
Eq. (3.41) evaluates to j'(x) = eN~'(z)85(x, z), so that

u(x) = eN(z)85(x, z). (3.43)

In this case the potential, as given by Eq. (3.36), becomes

d,(x) = —eN(z)Gs(x, 2). (3.44)

Notice the extra minus sign and factor of N when compar-
ing this with Eq. (3.22). In the conformal formulation we
have instead

N(z)

,&(x) =e Q(Z) 53(.‘7, Z), (345)
and Eq. (3.38) produces
_ N
CI),(x) = e m G3 (x, Z). (346)

This result is compatible with Eq. (3.44) by virtue of
Eq. (3.40).
IV. HADAMARD’S CONSTRUCTION
A. Scalar field

We wish to find a representation for a Green’s function
G;(x, x') that satisfies
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V2G;5(x, x') + A%9,G5(x, x') = —4mwd5(x, x!).  (4.1)

The Hadamard’s construction developed here applies to
this equation—a copy of Eq. (3.10)—but it applies just as
well to the conformally related formulation of Eq. (3.13).

The Hadamard construction for the Green’s function
is [29]

W(x, x')
V20 (x, x') ’

in which the two-point function W(x, x’) is postulated to be
smooth in the coincidence limit x — x/, to satisfy the
differential equation

Gl(x,x) = (4.2)

200,W + (V2a+A%0,—3)W—(Q0)(V?W + A9, ,W)=0,
“4.3)

where o, == do/dx® and V?0 := h*’D 0o, and to sat-
isfy the boundary condition

W', x') = 1. (4.4)

Notice that with W(x, x’) smooth at x — x/, it is the factor
(207)~'/2 that is fully responsible for the singular behavior
of the Green’s function at coincidence.

To construct W we express it as an expansion in powers
of 20,

Wie,x) = 3 W, (e )20 )],
n=0

4.5)

insert this within Eq. (4.3), and collect powers of 2o,
making use of the identity 0“0, = 2. Setting each coef-
ficient to zero, we find that each W, must satisfy the
differential equation

VAW, | + A%, W,
=2(1 —2n)o%o,W, + (1 —2n) (Vo + A%c,)W,
—[3 +4n(n — 2)]W,. (4.6)

The burden of enforcing Eq. (4.4) is then placed solely
upon W,, which must satisfy

Wo(x/, x') = 1. 4.7

Equation (4.6) is a recursion relation for each W,. With
W, — previously determined, W, is obtained by selecting a
base point x’ and integrating Eq. (4.6) along each geodesic
that emanates from x’. Each solution is unique.

A remarkable aspect of the expansion of Eq. (4.5) is that
it was shown by Hadamard [29] to converge when x is
sufficiently close to x’, a property that is inherited from the
postulated smoothness of W(x, x’) at coincidence. Because
convergence ensures that the two-point function actually
exists (in the appropriate domain), smoothness is clearly a
crucial defining property of W(x, x’). The following point
shall be of importance in later sections of the paper.
Suppose that one is given a Green’s function Gs(x, x’)
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and proceeds to define a two-point function W(x, x’) via
the relation W = \/%G3. How would this W differ from
Hadamard’s function W? Because Gj can differ from G4
by a function J(x, x’) that satisfies the homogeneous ver-
sion of Eq. (3.13), it follows that W = W + V20J and W
would in general fail to be smooth at x = x'. Such a
function may still admit an expansion in powers of 20,
but the expansion may not converge and may not produce a
smooth function. In fact, the uniqueness of Hadamard’s
construction implies that when W is smooth, it must be
equal to W.

B. Electromagnetic field

We now wish to find the Hadamard representation for
the electromagnetic Green’s function Gs(x,x’), which
satisfies

V2G;5(x, x') — A%9,G5(x, x') = —4mw85(x, x).  (4.8)
The Hadamard construction applies to this equation—a
copy of Eq. (3.35)—but it applies just as well to the
conformally related formulation of Eq. (3.37).

The construction is obtained directly from the scalar

case by altering the sign of A“ in all equations. The
Hadamard representation for the Green’s function is

Wi(x, x)
V20o(x, X))
in which the two-point function W(x, x’) is smooth in

the coincidence limit x — x'. It satisfies the differential
equation

GH(x,x) = 4.9)

20°90,W+ (V2o —A%0, —3)W—(20)(V2W —A%9 W)
=0 (4.10)

together with the boundary condition

W', x') = 1. “4.10
As in the scalar case we express W as an expansion in
powers of 20,

W(x, x') = i W, (x, x")[20(x, x)]",
n=0

(4.12)

in which each coefficient W, must satisfy the differential
equation
VW, | — A“9,W,_,
=2(1 —2n)o%9,W, + (1 —2n)(Vio — A%c,)W,
—[3 + 4n(n — 2)]W,. (4.13)
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V. LOCAL EXPANSION OF HADAMARD’S
FUNCTION

A. Scalar field

We wish to express the three-dimensional Green’s
function Gt(x, x') as a local expansion about the base point
x'. We return to the Hadamard construction of Eq. (4.2)
with the expansion of Eq. (4.5), and now express W, and
W, as the local expansions

1 1
Wo=1+W%a" + EWg,b, o +-Wo, 0" o

6
+ 0(e*) (5.1
and
W, = W'+ WlLo? + 0(e?), (5.2)
in which o, := 907/9x% and each expansion coefficient is

an ordinary tensor at x’. We let € be a measure of the
distance between x and x’, and the expansions of Egs. (5.1)
and (5.2) give rise to an expression for W accurate through
order €.

The expansion coefficients are determined by inserting
Egs. (5.1) and (5.2) within Eq. (4.6). We begin with W,
which satisfies

20°9,Wy + (V2o + Ao, — 3)W, = 0. (5.3)
We rely on the standard expansions
! bl 1 W d/
Oap = h¢ ah b hu’b’ - gRu’c’b’d'a-L g
1 / 4 !
+ ZRa/c’b’d/le/O-c ol o’ + 0(64)] 54

and

!

/ 1 / 4
Aa = h a[Aa’ —Aa/|c/a'” +§Aallcldla'c O'd + 0(63)],
(5.5)

in which o, := D, o, and h?, is the operator of parallel
transport in the three-dimensional space. From the first
equation we get

Vig=3- %Rc/d/a'cla'd/ + 3—1Rcrd/|e/a'cla'd'0'e’ + O(e*),
(5.6)
and the second equation gives rise to
A0 = —Ago + Ac/|d10"la'd/ — EAqure/O"JO'dlae/
+ 0(€*) (5.7)
because h?,0% = —o?. Making use of the identity

o 0 = o we also find that
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1
/ / / / ! !
g9, W, = WS,O'C + W?,d,ac o + =W oo e

2 cde

+ O(e*). (5.8)

Making the substitutions within Eq. (5.3) and equating
each expansion coefficient to zero, we eventually arrive at

WO, = % A, (5.9a)
wo =—1A/ /+1A A ,+1R Iy (5.9b)
a'b 3 a'lb 4ta b 6 a'b's
wo =1A Nyl —EA A +1A A ,A.,+1A Ry
ab'e T A e) T g A A T gAa Ay A T A Ry
—%R(a/ch/). (59C)

It should be noted that since A, is the gradient of a scalar
function, Aa’lb’ = A(a’lb’)'

We next turn to W,, which satisfies the differential
equation

2049,W, + (V20 + A%0, — )W,

= —(V2W, + A%, W,). (5.10)

The left-hand side of the equation is computed with
the same methods as for the previous computation. For
the right-hand side we make use of the results o by =
5”/b, +0(e?), ¥y =—h",+ 0(), and Vg% =
- %R“/c, o + O(€?) to obtain

VW, = h??"'W¢,

a a

gt (— % WORY , + ha? Wo,b,c,)a""
+ 0(e?) (5.11)
and

A9, Wy = —ATWY, — (AW, — WOAY, o' + O(e?).
(5.12)

Making the substitutions within Eq. (5.10), equating each
expansion coefficient to zero, and simplifying the results
with Eq. (5.9), we eventually arrive at

r 1, 1
Wl =—A9 +_AYA, — R 5.13
4% e T A T (5.132)
wl, = —IAC’ - 1AC’A + 1AC’ A+ 1AC’A A
a g |c'a’ g cla g |cra E dd
1 1
——RA,+—R,,, 5.13b
247 7d T e ( )

in which R’ stands for the Ricci scalar evaluated at x’. The
expression for Wllz, was simplified by invoking the con-

tracted Bianchi identity RC'a,lc, = %RM/ as well as Ricci’s
identity to write A I, + A<+ A, =34 +

) a ¢ la'c ca . |c'a
2Ry +A°; recall that A, = A, because A, is the gra-
dient of a scalar function.
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The local expansion of the Green’s function is therefore

1 ’ 1 ! !
G?,local(x, x) = _{1 + nga-“ + 3 Wg/bxa'a o

2o

1 ! /
+ EWS,b,C,O'”/a'b o + 0(e?)

+20[W! + Wl o? + 0(e?)] + 0(0'2)},
(5.14)

with the expansion coefficients listed in Egs. (5.9) and (5.13).

B. Electromagnetic field

We wish to express the three-dimensional Green’s func-
tion G5 (x, x’) as a local expansion about the base point x'.
Once more we rely on the results from the scalar case,
which we directly import after implementing the substitu-
tion A — —A“.

The local expansion of the electromagnetic Green’s
function is

1 ’ 1 ! !
GI3-|,local(x, x') = _{1 + nga-“ + 3 Wg/b/a'a ob

2o

1 ! / /
+ EWS,b,C,O'“ o?a + 0(e*)

+20[W! + Wlo? + 0(e)] + 0(02)},

(5.15)
with
0=—14 5.16
Wa'__i a> (5.16a)
. 1 1 1
Wa’b' - EAaqb/ + ZAa’Ab’ + gRa/b/r (5.16b)
1 3 1
Wape =~ 3Awive) ~ 7 AwApie) ~ gAcApAs
1 1
- ZA(G/R;,/C/) - ZR(a'MC/) (5160)
|
A, =A,+ B,
]:;ab = Qizhab,

Iy, =T¢ + 8% B, + 6 B), — hy B,
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and
1 ! 1 ! 1
W1=__Aa /_;’__AdAa,__R/’ 5.17
47 ld g 12 ¢ &
1, 1, 1, | B
Wll = —A° I — A€ Ac’ a’ + A€ /Aa/ — —A° AC’A“I
a 8 Ic'a 8 | 8 le 16
1 1
+ —R'Ay + —R,. 5.17b
247 Cd T g a C-170)

VI. LOCAL EXPANSION IN CONFORMAL
FORMULATION

A. Scalar field

The local expansion of Eq. (5.14) applies to the
Hadamard representation of the Green’s function
G;(x, x') defined by Eq. (3.10), but it applies just as well
to the conformally related Green’s function G5(x, x) de-
fined by Eq. (3.13); in this case one simply inserts the
conformally related quantities (such as A%, ¢, and
R, in place of the original quantities (such as A?, 0@,
and R,;). As we shall now show, the expansions are then
related by Eq. (3.17),

G ) = QNG x), (6.

a conclusion that guarantees the consistency of the two
approaches to the local expansion. Thus, a local expansion
formulated in the original space, and a local expansion
formulated in the conformally related space, will produce
the same Green’s function, apart from the factor of Q(x')
that appears in the relationship between the Green’s
functions.

This conclusion can be verified by straightforward com-
putation, making use of the well-known relations between
conformally related quantities. These include

(6.2a)
(6.2b)
(6.2¢)

R, ., =Ry + 0°.DyB, — 6 ;D .B, — hy.D;B* + hyyD.B* + 6% .B,B; — 6 ,B,B,

— 8% hypyB,,B™ + 8¢ ,h, B, B™ — hy BB, + hyyB“B,,

R,, = R,, + D,B, + h,,D,B" + B,B, — h,,B,,B",
R = Q%R + 4D,,B™ — 2B,,B™),

(6.2d)
(6.2e)
(6.2f)

b.R,, = D.R,, + D.D,B, + hy,D.D,B" + 2(B,D,B, + B.D,B, + B,D.B,) — (h,.B"D,,B}, + h,.B"D,,B,
+2h,,B"D,,B.) + 2h,,B.D,B" + 2R,,B, + R,.By + Ry.B, — hyRyB" — hy.R,,B"™ + 4B,B,B,

- (hacBb + hcha + 2habBc)Bmer

D,R = Q*D,R + 4D,D,,B™ — 4B"D,B,, + 8B,D,B" + 2RB, — 4B,B,,B"),

(6.29)
(6.2h)
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in which B, := 9,1In{), and where all indices on the right-hand side are raised with 49, They include also

~ / / /
o =g +ES“ pe O ot

1
! J ! ! ! J i
o + ES” pag 0l ol ot o +

/ VRV
S blcld/ela-a U'b o€ O'd o¢ + 0(66),

o (6.3)

an expansion of ¢ := h*"' D, & in powers of 0@ := h*?' D, o, in which & is half the geodetic separation in the
conformally related space. The expansion coefficients are given by [33]

! !

84, =28%,Bs — hy B?, (6.42)
S g = =289, ,DuBy + hyaDygB" + 48, BuBy — 8, hoyB, B" — 2g,/B* By, (6.4b)
S sy =289, DuDyBy — hyDyDyB — 1289, BuDyB, + 4hyByD B
+ 489, huyB" DyB,y — hyohyyB" D,yB + 2hy B*DyB, + 85, B.ByB,
~ 487, ,hgByB,yB" — 4hy ByByB* + hyshgyyB,yB" B* — hy R, B"™, (6.4c)

in which the lower indices b'c’, or b'c’d’, or b'c'd’e’ are understood to be fully symmetrized on the right-hand side of the

equations. These relations imply

’ 1 ’ / 1 / ’ /
5 x') = Q2 o, x’)[l + Pyo 4 Py o+ Pyyeotal o + 0(64)], 6.5)
with
Pa’ == Ba/, (663)
2 4 1 y
Pa/bl == _gDa/Bb/ + §Ba/Bbl - ghalb/Bm!B , (6.6b)
1 1 / 1 /
Py = EDa/Db/BC’ —3B,DyB. + Eha’b’Bm D.B,, +2ByByB, — Eha’b’Bc/Bm’Bm s (6.6c)

with the same understanding regarding the a’b’ or a'b’c’
indices on the right-hand side.

To verify that Eq. (6.1) holds, we begin with the confor-
mal formulation of Eq. (5.14), in which we make the
substitutions listed above. Simplifying, and keeping all
expansions accurate through order €, reveals that indeed,
the end result is Eq. (5.14) formulated in the original
space, except for the overall factor of Q(x’) that occurs
in Eq. (6.1). Consistency of the local expansions is there-
fore assured.

It is natural to ask whether the validity of Eq. (6.1) could
be established as an exact relation, instead of as an ap-
proximate local expansion pursued through order €.
Defining a W(x, x) by the relation

a(x, x')
o(x, x')

the proof would amount to a demonstration that this W is
suitable to be implicated in a Hadamard construction of the
conformal Green’s function via é;’ = W/ \/2_0”'.

The proof would involve three essential steps. First, the
function W, as defined here, must be shown to satisfy the
same differential equation as Eq. (4.3) expressed in its
conformal formulation; this property follows directly
from the fact that W = \/%63, in which the two-point
function G5 := Q(x’ )G3H is known to satisfy Eq. (3.13), the
conformal formulation of Green’s equation. (The issue at

Wix, x') := Q(x')

Wi(x, x'), 6.7)

stake is whether this G~3, which is defined as W/ \/ﬁ, is a
proper Hadamard representation of the conformal Green’s
function.) Second, W must be shown to satisfy the bound-
ary condition of Eq. (4.4); this property follows immedi-
ately from the coincidence limit of Eq. (6.5) and the fact
that W itself satisfies the boundary condition. Third, W
must be shown to be smooth at x = x/, by which we mean
that the function must be C* when viewed as a function of
x with x' fixed; as was emphasized near the end of
Sec. IVA, this property ensures that W admits an expan-
sion in powers of & as displayed in Eq. (4.5), which is
known to be convergent and unique. The expansion
being unique, smoothness ensures that the Hadamard
construction

W(x, x')
V25 (x, x')

gives rise to a Green’s function that satisfies Eq. (6.1)
exactly.

Evidence that W is smooth through order €’ was pre-
sented in the context of the local expansion. Because W is
known to be smooth, smoothness of W to all orders relies
on the smoothness of &/, which can only be assured if
the series expansion of Eq. (6.5) can be proved to converge.
In the absence of such a proof, we shall have to give the
exact version of Eq. (6.1) the status of a plausible, but
unproved, conjecture.

GH(x,x) = (6.8)
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B. Electromagnetic field

In Sec. VI A we were able to establish that in the case of
a scalar field, a local expansion of the Hadamard Green’s
function formulated in the original space, and a local
expansion formulated in the conformally related space,
produce the same Green’s function, apart from the factor
of Q(x’) that appears in Eq. (3.40). In addition, we formu-
lated a conjecture to the effect that the two Hadamard
forms may be related by

G3H(x, x) = Q(x’)G3H(x, x') (6.9)

as a matter of exact identity. The methods of Sec. VIA
allow us to make the same statements regarding the elec-
tromagnetic Green’s function. The required computations
are almost identical, and all the relevant equations can be
obtained from the scalar case by making the substitution
At — —A°,

VII. DETWEILER-WHITING CONSTRUCTION
A. Scalar field

In this section we construct the three-dimensional ver-
sion of the Detweiler-Whiting singular Green’s function
for a static scalar field in a static spacetime. By virtue of
Eq. (3.16), this can be related to the four-dimensional
version of Eq. (1.1) by

GS(x, z) = f G3(x, 2)dr (7.1)

Y
in which 7 is proper time for an observer at rest at the
spatial position z. The integral can be evaluated with

the techniques described in Sec. 17.2 of Ref. [1], and we
have that

1 1 1 (v
G5 (x, %) = % Ulx, x') + T Ux, x") — 3 f V(x, z)dT,
aav u

(7.2)
in which x' := z(u) is the retarded point on the (static)
world line, x” := z(v) is the advanced point, r := o yu® is
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the retarded distance, r,q, = —o#u® is the advanced
distance, and U(x,z) and V(x,z) are the two-point
functions that appear in the construction of the four-
dimensional Green’s function.

To calculate G? we follow the methods of Haas and
Poisson (HP) [34], wherein the retarded and advanced
points are related to a middle point X on the world line.
But while X was chosen arbitrarily in HP, here we specifi-
cally choose X to be simultaneous with x, so that x and x
have the same time coordinate. This condition implies that
Fi= og(x, X)u® = 0.

Following HP we define the world-line functions

o(1) := o(x, z(7)), (7.32)
U(r) := Ul(x, z(1)), (7.3b)
V(7)== V(x z(7)), (7.3¢)

in which x is kept fixed. These functions will all be ex-
pressed as Taylor expansions about 7 = 7, with 7 defined
by x := z(7). We also define

S2 = g&[ao-&o-,é = ZO'(X, )z), (74)

the squared geodesic distance between x and x. Notice that
r = ¢(u) and r,q, = —o(v), in which an overdot indicates
differentiation with respect to 7. We define

(7.5)

with A_ <0 and A, > 0; these parameters are collec-
tively denoted A.

The A parameters are determined by writing o(u) = 0
or o(v) = 0 as a Taylor expansion about 7:

A i=u—1, Ay i=v—7,

1 1 1
=0+ oA+ -GA*+ A + — ocWA*
O=o0+o0 20’ 60’ 240'

1
+— oA + 0(e° 7.
207 0(¢e°), (7.6)
in which o and its derivatives are evaluated at 7 = 7. This
equation is then solved for A. The derivatives of o(7) are
given by

_1,
o= ES , (7.7a)
o= ozu* =0, (7.7b)
o= U&BM&M'B +o05a%=—1-— %RWW + éRWW;U + oa% + O(e%), (7.7¢)
o= Udﬁyu&uﬁ_zﬂ + SU-Bu&aB + 0ya% = —%RWW;M — Rypus + 0z0% + O(€3), (7.7d)
¥ = a'&Bygu&u[”ﬂuS + 0&57(5u5‘a5u“7 + uuba?) + 0&5(36107615 + 4u®aP) + o4i®
= Ryqus — @ + 04d® + O(€?), (7.7¢)
o = U&B)-,géudugu’_’ugué + U&B)-,g(a&uﬁu“?us + 6utaPu¥u’® + 2utuPa¥u’ + utuPu¥a’) + 0&57(8a&a5u7
+ 6u®aBa? + a®uPa¥ + YutaPu? + utuPa?) + O'@B(IOa&dB + 5u%iP) + o 4d®
= —5a;a% + O(e). (7.71)
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These results rely on the standard expansion

(7.8)

—_
[\
R
=
=
X
B

which can be differentiated with respect to X% to
produce expansions for o35 and so on. We use the HP
notation for the components of the Riemann tensor;

for example R,y = R&ﬂﬁﬁuaaﬂuﬂ(r”_, Rypaor'=
Raapok aghaBg”, and R,w,w;uI=R&ﬂl;,7;)1u“0”uﬂa”u".
We have defined
Du* Da* Da*
at = ——, at = — at = , (79
dr dr (7.9)
and so on, and used the identities u,a* =0, u,a* =
a? = a,a*, and u,at = —3aua“

Substltutlon of these expansions within Eq. (7.6) and
solving for A returns an expansion of the form
A=Ae+ Ae® + A+ Ayet + 0(€%). (7.10)
The explicit expressions for A;, A,, Az, and A, are too
large to be displayed here, but we may mention that A" =
sand A} = —
With A determined, r and r,, can be calculated as
Taylor expansions. Since r = ¢(u) and r,, = —o(v),
we have that

1

1 1
=gA_ +§&A% +ga<4)A3, +ﬁ0'(5)A4, + 0(€d),

(7.11a)
1
~ gAY+ 0(eD).

(7.11b)

——O'AZ _ (4)A% _

Vadv = — O'A 6

At leading order r = s + 0(62) and radv s + O(e?), but
the complete expansions for #~! and ;! are too large to be
displayed here.

Expressions for U(x, x’) and U(x, x"’) are obtained in a
similar way. We write

. 1. I..
Uxx)=U+UA_ + EUA% + EUAE + O(e*),
(7.12a)
. 1. 1.
U, x")y=U+UA, + 5UA2+ + EUAi + 0(e%),
(7.12b)

in which U(7) and its derivatives are evaluated at 7 = 7.
These quantities are given by

PHYSICAL REVIEW D 86, 064033 (2012)

1 1
U=1+—=R,; — —Ryp.y T O(€*), 7.13
1200 N4 oTe (6 ) ( a)
U= Ugu® = Ry + L Ry — =R + 0(€)
;c‘vu 6 uor 24 oo;u 12 uo,o €),
(7.13b)
- o B .1 1 1
U = U;d[;lxl uf + U;aa = gRuu + gRao. + gRua.;u
1
ERuu;a' + 0(62)’ (713C)
U=U,gpyuuPu? +3U,5a%uP + U za®
1 1
= 3 Rau * 7 Rus + O(e) (7.13d)

To evaluate the tail integral we expand V(7) as V(7) +
(r— 7)V(7) + O(€?) and integrate with respect to 7
between u = 7+ A_ and v = 7 + A, . The result is

f” V(x2)dr=V(A, —A_) +%V(Ai _AZ)+0(e),
(7.14)

in which V := V(x, X) and V := V.,u®. These are given by
the expansions

1 - 1 _
=_R——R.-0%+ 2 .
\% 12R 24R’a0' 0(é€?), (7.15)
and
1
V——R au® + O(e). (7.16)

24

To obtain Eq. (7.15) we rely on standard expansion tech-
niques. The two-point function is required to satisfy the
wave equation [JV = 0 as well as the light-cone equation
1 1
Vot + E(Ua“ -2}V = EDU’ (7.17)
which is evaluated at o(x,X) = 0. The solution is
expressed as an expansion

V(x5 =D V,(x 30", (7.18)
n=0

and the wave equation gives rise to a sequence of equations
which determine V,, from V,_;; the light-cone equation

determines V,. Because o = O(e?), V =V, to order e,
and this can be obtained by inserting the expansion

V=V'+Vic® + O(e) (7.19)
within the light-cone equation. We use the fact that ¢, =
4 + O(€?), and to compute [1U we start with Eq. (7.13b)
and rely on the expansions

0% =—8% + 0(€), 8% = 0(e);  (7.20)

we eventually arrive at
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1. 1 ]
OU = 2R = 2Rg0" + 0(&). (7.21)

6
The end result of the computation is Eq. (7.15).
Putting all the ingredients together, we eventually arrive

at the following expansion for G?:
1 1 .
GS(x, %) = —{1 + %% + - y¢0 o%P
; s 2"ap

U0 a
Z oo BgY 4
+6¢pdﬁya'0'a' + O(e*)

+ 2l plod + 0(62)]}, (7.22)
with
1
Yo =300 (7.23a)
o _ 3 1 1 P
¢073 = 19a4p +8R5"B —zutu Riasnp (7.23b)
o 15 3 4,7 1
¢a57 = g %adpdy ~ 5azutu RﬂBﬁ~7+1adRB?
| 1
+Zu'“u Rl_"&‘_’.éﬁ/_ZR&Bﬁ' (723C)
and
1
¢1——§a“aﬂ+ﬁu”u Rﬂﬂ_ﬁR, (7243)
_ o 1 -
Wyl = —1—60“aﬂaa +§d& + ga@u“u”Rﬂ,; - ﬁRa@
+lu’_‘a’7u"Rw-f +ia’_‘R-- +iup“u’_’R--.-
8 AvAQ 12 o a 12 a ;v
_ 1
- Pu’Ry 5.6 + —R 7.24b
W R * 55 R (7.24b)

The actual expression for wg By is obtained from what

appears above by symmetrizing over all three indices; this
operation was suppressed to keep the notation uncluttered.

Noting that the vector o® has a vanishing time compo-
nent when x and X are simultaneous events, we may
re-express Eq. (7.22) as

1 1 _ _
GS(x, x) = E{l + Y07 + 3 tpgl;(r“ab + - tﬂgl;,(f"(rbac
+ 0(e*) + s*[¢! + ylo® + 0(e?)]}. (7.25)

And with the results derived in Sec. II, the expansion
coefficients become

Ve =54 (7.26a)
o _ 1 1 1
Yab EAaIE + ZAaAB + gRgl;, (7.26b)
1 3 1 1
Vase = 3Aame0 ~ 7A@AR0 T gAaAsA: + 7 AGRs
1
1Rasio (7.26¢)
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and
1 1 1 -
l'=_A2 + _A9A. — —R, 7.27
A AT (7:272)
Pyl = —lAE - lAEA + lAE A; + LAEA A
a 3 lca 3 cla 3 |¢“ta 16 cda
1 - 1
— —RA;, + —R;. 2
q KAa + 5 Ria (7.277b)

Comparing Eq. (7.26) with (5.9) and (7.27) with (5.13), we
observe that the expansion coefficients of G$ and GY are in
precise agreement. This allows us to conclude that

G5 (x, %) = G(x, ¥) + O(€?) (7.28)

for a static spacetime.

B. Electromagnetic field

We next turn to the three-dimensional version of the
Detweiler-Whiting singular Green’s function for a static
electromagnetic field in a static spacetime. By virtue of
Eq. (3.44), we have that the vector potential of a point
charge e situated at z is given by

DP(x) = —eN(2)GS(x, 2), (7.29)
with G?(x, z) denoting the three-dimensional version of
the Detweiler-Whiting electromagnetic Green’s function.

And according to Sec. 18.2 of Ref. [1], we have that the
vector potential is given

e

e / %
®S(x) = ;Uaﬁ/(x, xuf + 3 U,pr(x, x"uP

Tadv

e v
— 5]; VX, 2)utdr, (7.30)

in which U, ,(x, z), V,,(x, ) are the two-point functions
that appear in the construction of the four-dimensional
Green’s function.

To calculate ®$ and obtain ch‘ we once more follow the
methods of Haas and Poisson (HP) [34], as outlined in the
scalar case. We thus define the world-line functions

o(7) = o(x, z(1)), (7.31a)
Uy(7) i= Uy, (x, 2(7))u*(7), (7.31b)
Vo (7) 1= Vo, (x, 2(7))ut (1), (7.31c)

in which x is kept fixed. These functions are all scalars with
respect to their dependence upon z(7). As in the scalar case
they are expressed as Taylor expansions about 7 = 7, at
which z = X, and the results are converted into explicit
expressions for r, ryy, UngtP, UypuP’, and the tail
integral. The results for r and r,4, appear in Eq. (7.11).
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To compute U, B/uﬂ/ and U, B//uﬁ" we write

/ . 1.. 1...
UppuP =U,+U,A_ +§UaA2_ +6UA3_ + 0(e%), (7.32a)
" . 1.. 1...
UppruP =U, + U, AL +§UaAi +6UA3+ + 0(e%), (7.32b)
in which U,(7) and its derivatives are evaluated at 7 = 7. These quantities are given by
@ @ 1 1 4
U,=Uyzu®*=goalt (1 +ERW —ﬁRm,;(, + O(e )), (7.33a)
g a,, B a 1 a 1 a a 1 1 1 a 1 3
Ua = Uad;Bu u” + Ua&a = 8aa ER uuo _ER uuo;o tu ERMO' +ﬁR(ro;u _ERu(r;a' +a“(1 +ER0-0' + 0(6 ) s
(7.33b)
U,= Ua@;lgyuc_‘u[”ﬂ + Umi;/;(uda[; +2a%uP) + U, za®
1 1 _ (1 1 1 1 (1 s
= ga&l:gRauua';u + ERauaa' + Raau(r + ua<6Ruu + gRu(r;u - ERuu;(r + gRaa'> + aa<§Ru(r> +a*+ 0(62)]: (7330)

(Ba®uPu? + 2u®aPu? + u®uPa’) + U, 5(3a” aP +3a%uP + uaP) + U, 5%
1 1 1 _
= gaal: R%,,,+u (ZRW +ZRW u) +a <2RW) +a% + O(E):I. (7.33d)

The expansions involve components of the Riemann tensor such as R%,,,, := RY L uPuPo? and components of the Ricci
tensor suchas R, ‘= R; 5 oaP. They involve also g¥;(x, X), the parallel propagator from X to x. To arrive at these results
we rely on the expansion of the two-point function U% 4(x, X) given by

1 . 1
Ue, = g% (1 + 12R#,;0"U'0' - 24R- ,—,Aa"“a"’a')‘ + 0(63)) (7.34)
this is derived, for example, in Appendix B of Ref. [35]. Another useful expansion is
@ =g, 1R” e —lR7 - _oPa” + 0(eY)). (7.35)
8 ap— 89\ apa 6 apmr '

These are differentiated repeatedly with respect to X%, and the results are inserted within the expressions for U, and its
derivatives.

To evaluate the tail integral we expand V,,(7) as V,,(7) + (7 — 7)V,(7) + O(€?) and integrate with respect to 7 between
u=7+A_and v =7+ A,. The result is

v 1.
f Viuthdr = Vo8 = A) + Vo83 = A2) + O(), (7.36)
in which V, =V, ,u* and V, = Vaa: B”d uP + V,za%. To compute these quantities we rely on the expansion
1/ - 1 . = 1 I 1
a_ —ga | [Py —_§7_ _RY  RgB 4+ _(RY . —_§7. B 2
Vés =g y[ 2<R & 65 aR)—l— 12R anp @ +4<R oy 65 Rﬂ)a + O(e )] (7.37)
which leads to
1% [ le +1R5’ +1R“ e C‘*(lk 11? )+0(2)] (7.38a)
= Y — _ — _ s u4l—R — —R. €°) |, .
o gaa 2 u 4 u,o 12 M,LLO' 12 24 Nea
Vo=1¢ -I:—ER& + LR‘W‘ e~ lR‘i + LM&R. + ia&R + 0(6)]. (7.38b)
a ad 4 usu 12 upu 2 a 24 u 12
Here we make use of the notation R%,, := R‘i ~aP RY _:=RY. yPg¥ andR%  +#:= R, _AyPyY Inaddition, R is
BT 2 ; By upu Biry
the Ricci scalar evaluated at X, and R = R. Buﬂ

To obtain Eq. (7.37) we rely on standard expansion techniques. The two-point function is required to satisfy the wave
equation

OV, — R VA, =0 (7.39)

as well as the light-cone equation
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1

1
Vspo? +5(0P g = DV, = S (OU% — R ;UPy),

(7.40)

which is evaluated at o(x,x) = 0. The solution is
expressed as the expansion

PHYSICAL REVIEW D 86, 064033 (2012)

Putting all the ingredients together, we eventually arrive
at the following expansion for ®S(x):

Ve (x %) = ) Va(x D)o, (7.41) 1, &G .
o +6¢X€vﬁ'70— oPa? + 0O(e*)
and the wave equation gives rise to a sequence of equations n 2[ Lt bl of + O ]} 745
which determine V2 (x, %) from V¢_,.; the light-cone L5t ra0 €] (7.43)
equation determines V§,. Because o = O(€?), V%, =
V§; to order €, and this can be obtained by inserting the
expansion with
Vs = g%5[A75 + A7 sof + 0(e)] (7.42)
00—, .
within the light-cone equation. We use the fact that o? = Pr= 1k (7.46a)
4 4+ O(€?) and to compute [JU%; we rely on the expansion d’());@ :%”W&: (7.46b)
3 _ I _
a_ —ga oB | _RY  GR__RY _ AgP 3 3 1 |
§ap= 88 B[zR wbn 3 appr "7 +O(6)]’ 45(;){54?=”X<4_Ladal§+8R&B_§MMWRM5[?>’ (7409
(7.43) 15 3
0  =ul—a-aza-——a-uPu’R- s~
we eventually arrive at rabs u/\<8 “atpdy — el R pry
1 _ 1 1
Oue, = g“?[é 87 R — %5%1?._0? + lR%ﬂ Shg? Ty Rparpy T gaaRey _ZRWW)
a a a’tvy;v 3 a v
(7.46d)
+ 0(62)]. (7.44)
The end result is Eq. (7.37). and
|
| 1 | 1 1, 1
b5 = uy —g4 aﬂ-i-ﬁu“u R[H?_ER +§a;\+§u“R,§ﬂ, (7.47a)
| 5 1, 5 1 1 255 | 1 5
D5a = Ui —1—6a“aﬁa& + §a“ +oagutu’Ryy — ﬁRa& + gu”a uRgppa + Ea“Rl—m + 1—u“u Ra o
1 25 1 1. 1 3. 1 25 |
_ﬂ U'R; va +ﬂR;d + aj Ead +8u Rsu +Za;ac—, +Zu a Rx,zm +§u a R/gﬁm
| I | I 1 . 1 .
+ gu”u”u”R)\-ﬂMﬁ - Eu“V"R;ﬂﬁ& + Zu“R;ﬂa@ - ‘—‘M“R)\-ﬂ;gY (7.47b)
[
The actual expression for ¢Q& - is obtained from  g“; vanish. Noting that the vector ¢® has a vanishing

what appears above by symmetrizing over the last three
indices; this operation was suppressed to keep the notation
uncluttered.

From Eq. (7.45) we wish to obtain a more explicit
expression for @S, and this requires a computation of the
operator of parallel transport. Our considerations near
Eq. (2.5) imply that its components are given by
_N@)

N(x)’

t

t

a

8 B=ha”

; (7.48)

in which h“; is the operator of parallel transport in the
three-dimensional space; the mixed components g’; and

time component when x and X are simultaneous events,
and making use of the results derived in Sec. II, we may
re-express Eq. (7.45) as

1 -
DS(x) = —EN(x){l + $0% + 5 g0 070"
Ky a
1 I
0 a b .c 4
+6¢‘7550 o’o® + 0(e*)
L2+ plod + 0(62)]}, (7.49)
with
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1
$a =54 (7.50a)
. 1 1 1
Pas FAals T 1 AaAp T L Rap, (7.50b)
o _ 1 3 1
Pase = yAwse ~ g A@ANe T gAadsAe
1 1
+ ZA([!R})L) 4R(ab|c) (7500)
and
1 1 1 -
1 — a a .
¢ = ZA |a +§A Az ER’ (7.51a)
gr=tar —Laeag - Laeoag+ Lacaa,
a—ghlea g cla = g e 16
1 - 1
~RAa * 57 Ria (7.51b)

From Eq. (7.29) and (7.49) we see that the three-
dimensional Green’s function involves the ratio
N(x)/N(x). This can be expressed as an expansion about
x = X by making use of the generalized Taylor series

b

| oo
— Njgo® + = oiobot

N(x) 3

= N(x)

_ 1
Nyzpoto” — gNléI;E

+ O(€*), (7.52)

which leads to

N(x) 1 -
NE =1—-A;0%+ E(AW; + AzAp) 0% 0

(Aajpz + 3AaAz: + AzAzA:) 0%l ot + O(€).

O\I'—‘

(7.53)

With this we finally arrive at

1 1 )
G35~ i+ uhor 4 Lugyoioh 4 Lty oot

+ 0(e") + s [Y! + ylo® + 0(eH)]f, (7.54)
with
1
Vo ="54a (7.552)
o 1 1 1
Va5 =546 T 7445 + Rap (7.55b)
1 3 1 1
Vase = ~3Aase ~ 7A@AR0) ~ gAadsA: — 7 ARz
- _R(ab|5) (7550)

and
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11 1 -
l=—CAT 4 _ATA_— R 7.56
Vo Me T (7.562)
pi=tae Lacey IACA—lAEAA—IrIRA
a =g ea g Ada Ty 16" eta T g

1
+ Ry, 7.56b
2 Ria ( )

We notice that the expansion coefficients can be obtained
from Egs. (7.26) and (7.27) by making the replacement
A, — —A,; this was expected since Eq. (3.35) for the
electromagnetic Green’s function differs from Eq. (3.10)

for the scalar Green’s function by the sign of A“.
A comparison between Eq. (7.54) and (5.15) allows us to

conclude that
GS(x, %)

= GY(x, %) + 0(&) (7.57)

for a static charge in a static spacetime.

VIIL EQUALITY OF G$ AND GY: A CONJECTURE

A. Scalar field
The result of Eq. (7.28) suggests that the equality between
the Hadamard and singular Green’s functions might be
exact, holding to all orders in €. We re-express Eq. (7.2) as

GS(x, x) = %Ws(x, x) 8.1

with

WS(x, %) :=%|:;U(x,x’) + ;U(x, x") — sj;v Vix, Z(T))dT],
(8.2)

and conjecture that WS = WH, where W is the two-point
function introduced in Eq. (4.2). We recall that s :=
20(x, X) is the squared geodesic distance between x and
the simultaneous event ¥, x’ := z(u) is the retarded point
on the (statlc) world line, x” := z(v) is the advanced point,
ri= o, u® isthe retarded distance, rq, ‘= —ou®" isthe
advanced distance, and U(x, z), V(x, z) are the two-point
functions that appear in the construction of the four-
dimensional Green’s function.

Asin Sec. VI A above, a proof of equality would involve
three essential steps. First, the function WS must be shown
to satisfy the same differential equation as WH, as dis-
played in Eq. (4.3); this property follows immediately from
the fact that G3S is known to satisfy Eq. (3.10), just like Gg'.
Second, WS must be shown to satisfy the boundary condi-
tion of Eq. (4.4); this property was established previously
and can be seen directly from Eq. (7.25). Third, the func-
tion WS must be shown to be smooth at x = ¥, by which
we mean that the function must be C* when viewed as a
function of x with ¥ fixed; this property ensures that WS
admits an expansion in powers of o as displayed in
Eq. (4.5), which is known to be convergent and unique.
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The expansion being unique, smoothness therefore ensures
that WS = WH. Evidence that WS is smooth to order €* is
provided by Eq. (7.25).

Of the ingredients involved in the makeup of WS, the
two-point functions U(x, z) and V(x, z) are known to be
smooth, but s, r, r,4,, U, and v are not. Nevertheless, we
conjecture that the combinations

s/r, S/ adys s(v —u) (8.3)
are in fact smooth at x = x. The first two are directly
involved in Eq. (8.2), and the third one also is involved by
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virtue of the mean-value theorem, which allows us to write
the integral as
v
s[ V(x, 2)dt = V(x, x")s(v — u), (8.4)
u
with x* := z(7*) (u<7* <v) representing a middle point on
the world line. Establishing that s/r, s/r,q,, and s(v — u) are
smooth is sufficient to prove that WS itself is smooth.
Some insight can be gained by examining these quanti-
ties in Fermi normal coordinates (¢, x%) attached to the

static world line. With results collected from Sec. 11 of
Ref. [1], we have that

s = \fﬁabx”’xb, (8.52)
1 1 1 1
r= s[l + —a,x* — —(a,x%)? — = a,5* + = Rypxx? + 0(s3):|, (8.5b)
2 8 8 6
Faay = 1+ O(s%), (8.5¢)
1 a 3 a)2 1 R 1 a..b 3
u=t—s1- 5 da + g(aax )? + 225"~ ERm,bx x2+ 0(s°) |, (8.5d)
t+ [1 ! u+3( “)2+1 1,52 1R “+0(3)] (8.5e)
v = s|1—=ax* + —(a,x —a,s" —— xx s7) |, .
) a 8 a 24 t 6 tatb
|
in which a,, a,, and R,,,,, respectively, represent compo- 0
nents of the acceleration vector, its covariant derivative, 57 = A? Z Pn(AZ)": (8.7a)
and the Riemann tensor evaluated on the static world line, n=0
at which x* = 0; terms involving a, were discarded be- P, = 2 (— 2n+2) (8.7b)
cause these components vanish for a static world line in a " (2n +2)!

static spacetime. These results reveal that s, r, r,q,, 4, and
v are indeed not smooth at x* = (. But they do show that
r/s, ray/s, and

1 3 1
_ :22 1—2= a 4 = a2+ s o2
s(v —u) s [ 2aax 8(aax ) 7 a,s

- éRm,bx"xb + 0(53)] (8.6)
are smooth to leading orders in an expansion in powers
of x“.

We now proceed with a sketch of what might constitute a
general proof. The method of proof relies on formal power
series, which are all assumed to converge in a sufficiently
small domain. This rather strong assumption is the main
limitation of our argument, and the reason why we present it
as a conjecture and not a proof. It would be desirable to either
establish the convergence property, or to devise an alterna-
tive method of proof. This shall be left for future work.

We return to Eq. (7.6) and observe that the odd terms in
the expansion vanish by time-reversal invariance: o, &,
and all other odd derivatives of (7)) must vanish on a static
world line in a static spacetime. We recall that o(7) :=
o(x, z(7)) with x fixed, and state that each derivative of
o(7) is smooth at x = x. Equation (7.6) can therefore be
written as

in which a bracketed number attached to o indicates the
number of differentiations with respect to 7; each expan-
sion coefficient p, is smooth at x = X¥. Time-reversal
invariance implies that A, = +AZ = *+A, and the
expansions of Eq. (7.11) can be expressed as

r=ray =AY q,(8%",

n=0

(8.8a)

1

Qn + 1)! (=),

qn -= (8.8b)
with ¢, smooth at x = x. Combining these results,
we have that

00 2\n
L Tan _ Znmo @A) (8.9)

;o:O pn(AZ)n

As stated previously, each sum in this expression is as-
sumed to converge for A? sufficiently small.

We now wish to reverse the expansion of Eq. (8.7).
According to Sec. 3.6.25 of Ref. [36], if y = ax + bx*> +
cx’+ -+, thenx =Ay + By> + Cy3 + - - - withaA = 1,
a’B = —b, a>C = 2b?> — ac, and an algorithm is known
to generate all remaining expansion coefficients. The
power series can thus be reversed when a # 0. In our
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case a = p, = —¢ is indeed nonzero, and a~! is smooth
at x = X. The reversed series can then be written as

A% =523 a,(s?)", (8.10)
n=0
for some coefficients a, that are known to be smooth at
x = X. Because s? is itself smooth, the assumed conver-
gence of the sum for sufficiently small s> ensures that A? is
smooth at x = x. Making the substitution in Eq. (8.9), we
find that r/s and r,q,/s can be expressed as
roor © b, (s?)"
E _ ladv _ n=0 n( ) (8.11)
s 00
an() Cn (SZ)n

for some coefficients b, and c,, that are smooth at x = x.
This reveals that r/s and r,4,/s are smooth at x = ¥. We
next turn to s(v — u) = 2sA, which is given by

s(v—u) = szw ’i a,(s?)"
n=0

and is also seen to be smooth at x = *.

With the stated assumption on the convergence of formal
power series, we have shown that r/s, r,q,/s, and s(v — u)
are all smooth at x = ¥. This implies that WS is smooth
and establishes the statement that G$ and GY' are strictly
equal.

(8.12)

B. Electromagnetic field

The result of Eq. (7.57) suggests that the equality be-
tween the Hadamard and singular Green’s functions might
also be exact in the case of the electromagnetic field. A
proof of this statement would involve the same steps as in
the scalar case, and the modifications required for the
electromagnetic Green’s functions are too modest to merit
a separate discussion. As in the scalar case, the essential
element is the proof s/r, s/r,y, and s(v — u) are all
smooth at x = k. If this can be established, then we can
claim immediately that G5 and GY' are indeed equal to all
orders.

IX. EQUALITY OF G§ AND G4 FOR
ULTRASTATIC SPACETIMES

A. Scalar field

In this section we return to the theme explored in
Sec. VIII and provide a complete proof of equality between
the Hadamard construction G4 and the three-dimensional
version of the Detweiler-Whiting Green’s function G§ in
the case of ultrastatic spacetimes. These spacetimes have

the property that N = 1, so that their metric is
ds?> = —dr* + h,,dx*dx, 9.1)

a special case of Eq. (2.1). The geometrical quantities
associated with ultrastatic spacetimes can be obtained
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from the equations displayed in Sec. II by setting A, :=
d,InN = 0.

The geodesics of ultrastatic spacetimes are described by
the equation #(A) = #(0) + #(0)A, in which A is an affine
parameter and an overdot indicates differentiation with
respect to A, as well as the statement that x%(A) describes
geodesics of the spatial metric h,;,. This implies that the
world function is necessarily given by

o(x, x') = — %(t — 1) + o3(x, x'), 9.2)
in which o3(x, x) is the three-dimensional version of the
world function, defined with respect to the spatial metric.

The simplicity extends to the two-point function U (x, x’)
that enters the Detweiler-Whiting construction. We may
show, in particular, that U has no dependence on the time
coordinates, so that

U=U,x). 9.3)

This statement is a consequence of the defining properties
of the two-point function (see Sec. 14.2 of Ref. [1]), that it
must satisfy the differential equation

20%9,U + (0%, —H)U =0 (9.4)

in the ultrastatic spacetime, together with the coincidence
limit U(x', x’) = 1. With the stated properties of the world
function, this becomes

1
(1= a,U + 048,U + 5(03% = HU =0 ©9.5)

The differential equation can be integrated along any
spacetime geodesic that originates at x’. We may, in par-
ticular, choose a time-directed geodesic with no spatial
displacement, such that #(A) = ¢ + A and x*(\) = x¢.
For such a geodesic we have that 0§ =0 and o0;“, =
03%,(x', x') = 3, and the differential equation reduces to
(t — ¢)9,U = 0. This implies that the two-point function
cannot depend on 7, and since its dependence on # can only
be through the combination ¢ — ¢, it cannot depend on ¢'.
We have, therefore, established the stated property.

The absence of a dependence upon ¢ implies that the
two-point function satisfies the purely spatial differential
equation

050,U + %(0'3”44 -3)U=0 (9.6)
together with the boundary condition U(x’, x’) = 1. These
are precisely the defining relations for the Hadamard func-
tion Wy(x, x), as stated in Egs. (4.6) and (4.7). We con-
clude, therefore, that

Ux, x") = Wy(x, x) 9.7)

for ultrastatic spacetimes.
Next we turn our attention to the two-point function
V(x, x') and prove that it admits the expansion
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Vix,x) =Y V,(x x)o", 9.8)

n=0

in which the coefficients V, are smooth and time-
independent; the expansion involves the four-dimensional
world function, and it is known to converge within a
sufficiently small neighborhood of x’. The proof of the
statement relies on the recurrence relations satisfied by
the expansion coefficients [5],

1 1
g%, Vo t+ E((r“a -2V, = EDU|U=0, 9.9)

when n = 0, and
1 1
%9, V, +=(c%, +2n—2)V, = ——0V,_;, (9.10)
2 2n

when n > 0.
We begin with an examination of V(. In ultrastatic
spacetimes its differential equation becomes

1 1
(f - t’)a,VO + O'gaaV() + 5(0'3au - l)V() = Esz
©.11)

Once more this equation can be integrated along any space-
time geodesic that originates at x’, and once more we
choose a time-directed geodesic. In this case we have

1 1
(l - l‘/)G,VO + VO = §V2U|x=x/ = ER(x'), (912)

in which R(x') is the spatial Ricci scalar evaluated at x/,
obtained from the known expression for V2U evaluated
in the coincidence limit (see Sec. 14.2 of Ref. [1]).
The general solution to this equation is V = %R(x’) +
c(t — ')~ ! where c is a constant, and we see that V,, fails to
be smooth at x = x’ unless ¢ = 0. We conclude that V,
cannot depend on time.

Turning next to V,,, we proceed by induction. We assume
that V,,_; is known to be time-independent, and prove that
V, must in turn be time-independent. We begin with the
differential equation

1 1
(t—1)9,V,+04d,V, +§(0'3“a +2n—1)V,= —Z—VZV,,_I,
- n
(9.13)

which we integrate along a time-directed geodesic. The
equation reduces to

1
(t - t/)atvn + (I’l + I)Vn = _2_v2Vn—1|x=x” 9.14)
n

and we find that the general solution contains a term
c(r — ¢)~@*D that fails to be smooth at x = x’ unless
¢ = 0. This allows us to conclude that V,, cannot depend
on time, and we have established Eq. (9.8).

We may now demonstrate the equality of the Green’s
functions. The four-dimensional version of the Detweiler-
Whiting singular Green’s function is

PHYSICAL REVIEW D 86, 064033 (2012)
1 1
G3(x,x') = EU(X’ x)6(o) — EV(X’ xNO(o), (9.15)
in which © is the Heaviside step function and & the

Dirac distribution. According to Eq. (3.16), the three-
dimensional version is
GS(x, x) = f GS(x, x')dt', 9.16)

when N(x') = 1. With U independent of time and o fac-
torized as

o= _%mt— V2o (At + 203)

with A7 = ¢ — ¢/, we find that the integral becomes

9.17)

/ o
GS(x, x') = U\;’%) - % f_ﬂ; V(x, X)dAL. (9.18)

In this we insert Eq. (9.8), integrate term by term using

[ﬁ o dAT = (—l)" fﬁ‘_ (A2 — 203)"dAt
2 J-ym

—Jo3
_ Jrl(n + 1)

n (20.3)n+%’
2''(n + %)

9.19)

and simplify. Our final expression for the singular Green’s
function is

WS : !
GS(x, x') = % (9.20)
with
WS x) = Uex) = 3 Ty @)
’ ’ S n—nn i v
9.21)

These equations reveal that G? does admit a three-
dimensional Hadamard form and that we may make the
identifications

WS (x, x') :== Ulx, X) 9.22)
as in Eq. (9.7), and
(n— 1)
S N o— /
W2 (x, x') : = Dn V,_i(x x"). (9.23)

These coefficients satisfy the recursion relation of
Eq. (4.6), as can be seen by invoking Egs. (9.9) and
(9.10), and are therefore the same coefficients that appear
in Eq. (4.5). The proof of equality between G5 (x, x') and
GY(x,x') in ultrastatic spacetimes is complete, and the
calculations have revealed the relationship between U
and W, and between V,, and W,,.
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B. Electromagnetic field

The proof of equality between the Hadamard construc-
tion GY and the three-dimensional version of the
Detweiler-Whiting Green’s function G$ for ultrastatic
spacetimes proceeds along the same lines as in the scalar
case. In fact, the calculational details are strictly identical,
because the two-point functions U,” (x, x') and V,” (x, x')
that are involved in the relevant component of the electro-
magnetic Green’s function,

GS' (x. ) = %U (1) 8(cr) — %v (tx)O(o), (9.24)

are strictly identical to their scalar counterparts: U, = U
and V,” = V. The first equality follows from the general
relation U,P = g, U—see Egs. (14.8) and (15.9) in
Ref. [1]—together with the property that g," = 1 for ultra-
static spacetimes. The second equality follows from the
fact that if V7' is expanded as

VP =SV, Fo (9.25)
n=0

then the recursion relations satisfied by V,,’ are strictly
identical to those satisfied by V,,. The results of Sec. IX A,
therefore, allow us to state that for ultrastatic spacetimes,
G% = G$ in the electromagnetic case also.

X. SELF-FORCE IN SPHERICAL SPACETIMES
A. Scalar field

We consider the self-force acting on a static scalar
charge ¢ in a static and spherically symmetric spacetime.
The metric is written as

ds? = —e2Vdi? + £~1dr? + r2(d6? + sin®0d$?), (10.1)

in which ¢ and f are functions of r. In this notation N =
e¥ and A, = /' is the only nonvanishing component of the
vector A,. The potential ® generated by the point scalar
charge is a solution to

V2D + A%, D = —4mqd;5(x, 2),

which is obtained from Egs. (3.2) and (3.21).
In order to integrate the field equation, we decompose
the potential and source in spherical harmonics:

(10.2)

(1,0, p) = D P, (N Y, (6, @) (10.3)
tm
and
f1/2
83(x,2) ==05-8(r = 10) XY 7, (B0 $0)Yen (6, ), (10.4)
0 {m

in which (ry, 6y, ¢¢) represent the spherical coordinates
of the particle’s position z, and f := f(ry). Without
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loss of generality we may place the particle along the
polar axis (6, = 0) and exploit the property Yy,,(0, ¢) =
V@€ +1)/(4m)b,,0 of spherical-harmonic functions.

Substitution within the field equation then produces
! €€ +1)
21 +<2+—rf + ') - P
%0 2f rip’ Jrdy, 7 €

2¢ +1 _
= —4m1,/ oo 28 = ro),

in which a prime indicates differentiation with respect to r.
The modes with m # 0 necessarily vanish.

The self-force acting on the scalar charge is given by
F* = g(g*? + u*uP)Vz®R, in which ®F := & — ®S is
the difference between the actual potential ® and the
Detweiler-Whiting singular field ®S; the regular potential
is known to be smooth at x = z. In a static situation the
self-force has a vanishing time component, and its spatial
components are given by F¢ = gh®9,®R. In a spherically
symmetric spacetime the angular components vanish, and
the radial component is

Fr = qf0,®R(ro, 0o, dy).

Recalling the spherical-harmonic decomposition of the
potential, we may express this as

Fr = qfolim 3[(0,®)¢ = (9,9%)]
¢

(10.5)

(10.6)

(10.7)
in which

€
(0,D) =Y @, (NYe,(0,¢)  (10.8)

m=—4{

are the multipole coefficients of 9,®, while (9,®S), are
those of the singular potential ®S. Recalling the relation of
Eq. (3.22) between the potential and the scalar Green’s
function, we may write this in the form

Fr = g*folim Y [q7'(3,®), — (8,G5),]. (109
X—2Z ¢

in which GS(x, z) is the three-dimensional version of the
Detweiler-Whiting singular Green’s function introduced in
Sec. VIT A.

The limit in Eq. (10.9) can be taken by setting r=ry+ A,
0 =0y, ¢ = ¢y, and letting A — 0 (from either direc-
tion). With this choice, we shall show below that

C n D
€+) @-He+y
(10.10)

1
(0,G3), = A(€ + E) + B+

+ 0(€73),

in which the regularization parameters A, B, C, and D
depend on r, but are independent of €; explicit expressions
will be presented below. The A, B, and C terms originate
from terms in 8,G3S that diverge or stay bounded in the
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limit x — z, and correspondingly, their sums over € clearly
diverge. On the other hand, the D and subsequent terms
originate from terms in 9,G$ that vanish in the limit, and
correspondingly, their sums over ¢ vanish (as can be seen
explicitly for the D term). The neglected terms are there-
fore known to sum to zero, and inserting Eq. (10.10) within
Eq. (10.9) provides a practical method of computing the
self-force by means of a regularized mode sum that con-
verges to the correct answer. With the particle placed on
the polar axis (6, = 0), the multipole coefficients reduce to

20 + 1

To establish the relation of Eq. (10.10) and calculate the
regularization parameters, we follow the method described
in Sec. V of Haas and Poisson (HP) [34], which we adapt to
the situation at hand. In HP the motion of the particle was
geodesic and the spacetime was that of a Schwarzschild
black hole; here the particle is kept in place in any static,
spherically symmetric spacetime. In HP the motion was
taking place in the equatorial plane, and a transformation
of the angular coordinates was implemented to put the
particle momentarily on the polar axis; here the particle
is kept on the axis at all times, and the transformation is not
required. Following Sec. III of HP, the singular Green’s
function of Eq. (7.25) is expressed as an expansion in
powers of the coordinate displacements w® = x¢ — x4,
in which ¥ := z denotes the particle’s position. As in
Sec. V of HP we express the angular separations w? and
w? in terms of functions Q := /1 — cos#, sin¢, and cos¢
that are globally well defined on the sphere. In this case of
static motion, the squared-distance function introduced in
Eq. (5.22) of HP reduces to

p? = fi A2+ 220 =228 + 1 —cosh), (10.12)
where
AZ
8 = (10.13)
2r5fo

with A := w” = r — r,. Following the steps outlined in
Sec. VE of HP, we obtain an expansion for 8,G3S that takes
the schematic form of

arG§ = (arGj;S)—Z + (arG3S)—l + (arG3S)O
+(0,G3), + 0(€?), (10.14)

in which a subscript attached to enclosing brackets indi-
cates the scaling with powers of €. The various terms are
schematically given by
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(9,G$)_r=M_(A/p?), (10.15)
(9,G$)- =M _,(1/p) + O(A2/p*)+ O(A*/p%), (10.15b)
(9,G$)o=0(A/p) + O(A3/ p?) + O(A3/ p°)

+0(A7/p"), (10.15¢)
(9,G5),=M,p+O0(A%/p)+O(A*/p) + O(A®/ pd)
+O(A%/pT) + O(A10/ p9). (10.15d)

The terms involving the coefficients M_,, M _,, and M, are
those giving rise to the regularization parameters; all other
terms are unimportant.

The multipole decomposition of 8,G§ is next carried out
with the help of Eq. (A19) of Haas and Poisson; because
the expressions are all ¢-independent (by virtue of the
axial symmetry of the problem), there is no need to per-
form the ¢ average described by Eq. (A13). We make use
of the relations

1/2

(A/p) = (e T %)% sign(A) + 0(A),  (10.162)
0
1
(1/p)e = S + 0(A), (10.16b)
(p)e = ———0 4 0(A) (10.16¢)
SR

and arrive at the expression of Eq. (10.10) with A =
M _,fY?ry%sign(A), B=M_,/ry, C=0, and D =
—M, ry. The detailed computation reveals that

|
A= —ﬁf /25ign(A), (10.17a)
1
B=——(+ry), (10.17b)
2r
cC=0, (10.17¢)

D= ——1 2[(1 + )= (1 + r’ + 377 + Py
16r

—6r2y" =28y f + (1 + 4rgp’ + 3P4 rf!
+ (1 +rygrf"], (10.17d)

in which all functions are to be evaluated at » = r. These
are the regularization parameters for a static scalar charge
in any static, spherically symmetric spacetime.

B. Electromagnetic field

We next consider the self-force acting on a static electric
charge e in a static and spherically-symmetric spacetime
with the metric of Eq. (10.1). The vector potential P,
generated by the point charge is a solution to

V2D, — A49, P, = 4meN(z)55(x, 2),

which is obtained from Egs. (3.29) and (3.43).
As in the scalar case we decompose the potential and
source in spherical harmonics and place the particle along

(10.18)
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the polar axis (6, = 0). Substitution within the field equa-
tion then produces

e+

f (DMO

2 1! rfl ! !
rr®, + 2+§—r¢// r®l,
20 +

1 _
ehof28(r — ry),
ar

= 47re

(10.19)

in which f, := f(ro), ¥o := ¥(ry), and a prime indicates
differentiation with respect to r. The modes with m # 0
necessarily vanish.

The self-force acting on the scalar charge is given by
Fo = eFR“ﬁuB, in which Fg®g = F%; — Fg%, is the
difference between the actual electromagnetic field and
the Detweiler-Whiting singular field; the regular field is
known to be smooth at x = z. In a static situation the self-
force has a vanishing time component, and in spherical
symmetry its radial component is

Fr=ee” "0 f,9,DR(ro, 0y, o). (10.20)

We express this as

Fr = ee "o folim D [(8,D,), — (8,D7),]  (1021)
X—7Z v
in which

{
0,0)0 = Y D, (NVen(6, )

m=—{

20 + 1
= 4|——P},o(ro + )

ypm (10.22)

are the multipole coefficients of a,®,, while (9,®%), are
those of the singular potential. Recalling the relation of
Eq. (3.44) between the potential and the scalar Green’s
function, we may write this in the form
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Fr= & folim D [e e "0(3,®,), + (9,G5)¢] (10.23)
X—Z v

in which G?(x, z) is the three-dimensional version of the
Detweiler-Whiting singular Green’s function introduced in
Sec. VIIB.

The limit in Eq. (10.9) is taken by setting » = ry + A,
0=06,=0, and ¢ = ¢, =0 and letting A — 0 (from
either direction). With this choice, the multipole coeffi-
cients of the singular Green’s function take the same form
as in Eq. (10.10). In this case, however, because of the
different sign in front of A“ in the Poisson equation for ®,,
the regularization parameters are given by

|
A=-=f 1/2sign(A), (10.24a)
1
B=——1-ry), (10.24b)
2r
Cc=0, (10.24¢)

D = —#[(1 —ryg) = (1L —ry +3r7¢"% = Py
+6r7y" + 203" f + (1 — 4ry’ — 3r2¢")rf!
+(1 - rl,ll/)rzf”], (10.244)

in which all functions are to be evaluated at » = r. These
are the regularization parameters for a static electric charge
in any static, spherically symmetric spacetime. The com-
putations that lead to Eq. (10.24) involve the same steps as
those described in Sec. X A.
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