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Localization of 5D Elko spinors on Minkowski branes

Yu-Xiao Liu,* Xiang-Nan Zhou,” Ke Yang,* and Feng-Wei Chen®

Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, People’s Republic of China
(Received 30 September 2011; revised manuscript received 7 June 2012; published 5 September 2012)

Recently, a new spin-1/2 fermionic quantum field with mass dimension one in four dimensions—Elko
field A was introduced as a candidate of dark matter. In this paper, we investigate the localization of 5D
Elko spinors on Minkowski branes by presenting the equation of the Elko KK modes. For the 5D free
massless Elko field, the zero mode can be localized on Randall-Sundrum thin branes but cannot be
localized on the majority of thick branes. There do not exist bound massive KK modes on all these branes.
If the 5D mass term is introduced, there will exist a bound Elko_zero mode in the Randall-Sundrum brane
model. And when we introduce the Yukawa type coupling n¢*AA with ¢ the background scalar field, the
Elko zero mode can be localized on some special thick branes with a particular coupling constant 7.
Nevertheless, the massive KK modes still cannot be localized on these branes. These results are very
different from that of the conventional Dirac spinor field and the scalar field.
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L. INTRODUCTION

The idea that our world is restricted in a 4D hyper-surface
(brane) which is embedded in a multidimensional space-time
(bulk) has drawn more and more attention in recent years.
Braneworld theory was originated from the string/M theory.
In the framework of braneworld scenarios, Standard Model
(SM) fields are bound to the brane, while the gravity can
propagate in the bulk. The possibility that extra dimensions
can be noncompact [1-7] or be large [8—10] gives us a novel
road to solve some long-standing problems in high-energy
physics and cosmology, such as the hierarchy problem,
ie., the large difference between the electroweak scale
Mgy ~ 1 Tev and the Plank scale Mp, ~ 10'® Tev [9,10],
and the cosmological constant problem [2,4,11-15]. The
famous Randall-Sundrum (RS) brane model was presented
at the end of the 1990’s [5,6]. In the RS brane model, extra
dimensions may be noncompact, i.e., the size of extra dimen-
sions can be infinite. But the thickness of the ideal RS brane is
zero. A more realistic brane should have thickness. The thick
brane scenarios are usually based on gravity coupled to a
scalar field [16-21]. Thick brane is naturally generated by
a background scalar instead of by introducing a delta func-
tion artificially [16]. At the same time, the scalar can provide
the “materials” which make the thick brane. More informa-
tion about thick brane solutions can be found in the review
article [22].

An important and interesting issue in braneworld sce-
narios is how are various bulk matter fields localized on
branes by a natural mechanism. What we do know is that
the gravity [5,6,23] and massless scalar field [24] can be
localized on branes of different types. While the spin-1
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Abelian vector fields can be localized on some thick
branes and 6D RS brane instead of 5D RS brane [25-28].
The localization of spin-1/2 fermion is very interesting.
There can exist a single bound state and a continuous
spectrum of massive KK modes with scalar-fermion
coupling in some cases [29-37]. On some other thick branes,
there can exist discrete KK modes (mass gaps) and continu-
ous spectrum which starts at a positive value [27,28,38-41].
In Refs. [42,43], the spectra of 4D fermions on some sym-
metric and asymmetric thick branes and anti-de Sitter thick
branes are constituted of bound KK modes. Furthermore, it
was found that there exist fermion resonances on some thick
branes, and the lifetimes of the resonances are decided by
the structure of the branes, the Yukawa coupling between the
fermionic field and the background scalar field, and the
coupling constant [39,42,44-49].

On the other hand, in 2005, Ahluwalia and Grumiller
introduced a new quantum field which is a spin-1/2 fermi-
onic quantum field with mass dimension one [50,51]. It was
named as Figenspinoren des Ladungskonjugationsoperators
(Elko) in German, i.e., eigenspinors of the charge conjugation
operator. Elko belongs to nonstandard Wigner classes [50,52]
and it will be better to understand Elko in the scope of the
very special relativity framework [53]. One of the consequen-
ces of mass dimension one is that Elko can interact with itself,
gravity, and Higgs doublet, but the mismatch of mass dimen-
sions with Dirac fermions prevents it from entering the
fermionic doublets of the SM [51]. In addition, Elko is a
nonlocal field and the Lorentz symmetry is broken because
there exists a preferred direction. Elko is localized along this
direction [54,55]. Ahluwalia and Grumiller suggested that
Elko can be considered as a first-principle candidate of dark
matter [50,51]. Elko also can be used to investigate some
cosmological problems such as the horizon problem, the dark
energy problem and so on. All of these interesting properties
of Elko have attracted more and more attention [56-82].
Therefore, Elko is a new matter field which we cannot ignore.
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In the framework of braneworld scenarios, the localiza-
tion of various matter fields except Elko on branes has been
studied and the mass spectra also have been given. All of
these researches about Elko motivate us to investigate the
interesting problem that whether a higher dimensional
Elko field can be localized on various kinds of branes.
The peculiar properties of Elko may result in that its
localization is very different from the ones of other matter
fields. At the same time, among these brane models, the
Minkowski (flat) one is the simplest brane model. For the
first investigation about the localization of the new matter
field, we choose the Minkowski branes as our subjects. We
will show in this paper that only the Elko zero mode, i.e.,
the 4D massless Elko field, can be localized on RS brane
and on some special thick branes with coupling term.
There will not exist bound massive KK modes on these
Minkowski branes. The conclusion is very different from
the ones of other SM matter fields about localization on
branes. It tells us that the coupling between 4D Elko
and Higgs, which can generate the mass of 4D Elko [51],
is crucial.

The organization of the paper is as follows: In Sec. II,
we first briefly review the Elko quantum field. Then, in
Sec. III, we discuss the localization of a 5D free massless
Elko field on various Minkowski branes by presenting
the equation of the Elko KK modes. And in Sec. IV,
we discuss the localization of a 5D Elko with coupling
term on these Minkowski branes. Then we will list the
advantages of choosing Elko as the candidate of dark
matter in Sec. V. These advantages give us the motivation
of investigation of Elko’s localization on branes. Finally,
the conclusion is given.

II. REVIEW OF ELKO FIELD

Elko cannot be expressed in Weinberg’s formalism and
it belongs to nonstandard Wigner classes [50,52]. Elko can
originate from very special relativity [53] and obey the
unusual property (CPT)> = —I. Here charge conjugation

C is defined as
C= o 0 K (D
-i® 0)"°

where K is the complex conjugation operator, and © is the
spin one half Wigner time reversal operator satisfying
0(5/2)®" ! = —(5/2)*. Thus, the O is given by

® — 0 -1 )

1 0 )
Elko spinors are eigenspinors of the charge conjugation
operator: CA(k*) = = A(k*) (k* is a polarization vector).
The plus sign generates the self-conjugate spinors which

are denoted by s(k*) and the minus sign generates the anti-
self-conjugate spinors which are denoted by 7(k*). In
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addition, we indicate the two possible helicity eigenstates
with y. (k*), then the four types of Elko can be written as

(1O ()T
m(kﬂ)—( ) ) 3)
_i®[XI(k'u)]*
T+ k'u = =* . 4
ey = =( TP @

Here y- (k*) can be read as

. 1 . 0
X+(k“)=e“¢’/2\/r7<o>, )(_(k“)=e‘¢/2\/ﬁ<l)- 5)
It can always transform k* as p* by a transformation

operator I' [p* is a general vector and represents
(E, py, Py, P.)1, and A(p*) is also an Elko. The I is given

by [53]
oo VEE 0 N
0 0 Er
N Gk

One can get 4D massless Elko from the form of A(p#)
by taking the massless limit, and the s_(p#) and 7, (p*)
will vanish but s, (p*) and 7_(p#) will not in the mas-
sless limit.

The dual spinors for Elko are defined as

s+ (p*) = =[sz(p)]y°,
;t(P#) = i[TI(PM)]]LYO-

When the Dirac operator vy, p* acts on Elko spinors, the
results are

(7)

Yup*s+(p*) = Fms=z(p*), ®)
'Y,up’uTt(PM) = *m7=(p*).

Here we choose the gamma matrices y* and y° in the
following form:

o (O il ,_( O o
"\t o) V- 0)

I ©)
Yo a1/

It is clear that y* satisfy the relation: {y*, y*} = 2n*”l
with p#* = diag(—, +, +, +). And when 9’ acts on the
four types of Elko one gets

Y 7o (pH)=Fsz(p*). (10)

Making use of the Fourier transformation we can obtain the
following equations:

Ys.(p#) = x75(p"),
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Y#9,5+(x) = Fimsz(x), Y9 ,7+(x) = Tim7+(x);

(11

’Ysgt(x) = *7:(x), ’)’STt(X) = Fs:(x). (12)

As we know, it should be y#d,4¢ o« ¢ if ¢ is a Dirac
spinor. Therefore, Elko spinors do not satisfy the Dirac
equation. On the other hand, via further discussion, it is
found that Elko satisfies the Klein-Gordon (KG) equation:
(9,9, — m*)A(x) = 0. Thus, we get the Lagrangian

density of a free Elko in 4D flat space-time: gy, =

—39#2d,A —tm*AA. For a general curved space-time,

the Lagrangian density should be written as [51,57,60]
171 N N N
oo = — 5| 58 (DuAD,A + D,42,0 | - VW),
(13)

where V(:\A) is the potential of the Elko field, and
D, represents covariant derivative.

III. THE LOCALIZATION OF 5D FREE
MASSLESS ELKO SPINORS

In this section, we will study the localization of
free massless Elko spinors on Minkowski branes in 5D
space-time. The metric describing a 4D Minkowski brane
embedded in a 5D bulk is generally assumed as

ds? = ey, dxtdx’ + dy?, (14)

where e2A) is the warp factor and y the extra coordinate.
Further, by performing the coordinate transformation

dz = e 40y, (15)
the metric (14) transforms to a conformally flat one
ds? = e (n,,,dxtdx" + dz?), (16)

which is more convenient for discussing the localization of
gravity and various matter fields.

The action of a free massless Elko field A in 5D
space-time should be

SEiko = fdsx\/_gBElkw (17

Here the Lagrangian density for the Elko field is

o = —%B N DADNA + DADN | (19
In this paper, M,N---=0,1,2,3,5and p, v--- =0, 1,
2, 3 denote the 5D and 4D space-time indices, respectively,
andA,B---=0,1,2,3,5anda,b--- =0, 1,2, 3 denote
the 5D and 4D local Lorentz indices, respectively. The
covariant derivatives are

PHYSICAL REVIEW D 86, 064012 (2012)

where the tangent space connection (), is defined as

; o
Qy = - E(eAPeger}t}N — ez dpeiy)StP, (20)

Here ¢#), is the vierbein and satisfies the orthonormality
relation gy = e*),e8yni5. We define yM as the 5D flat
gamma matrices which satisfy {y™, yN} = 2nMN] with
MV = diag(—, +, +, +, +). The representation of the
5D flat gamma matrices y™ is the same as the one of 4D
flat gamma matrices y* which is given by (9). Form (16)
the vierbein is given by

_ etea 0
ety = ( . ’ " ) e, =1 (22)

So the nonvanishing components of the spin connection
Q,, for a flat brane are:

1
Q# =582A7#75' (23)

Since the Lagrangian density for the Elko field is similar
to the one for the scalar field, the equation of motion for
Elko is just like the one for the scalar field as expected:

1
— Dy (/=g Dyr) = 0. (24)
\/-:g M 88 N
By considering the conformally flat metric (16) and using
the nonvanishing components of the spin connection (23),
we can rewrite Eq. (24) as

1 N N
=3,/
Nar it
1 1 .
+ [— AP yu A+ SA(D (@M, ysA)
+ gy, ysD,A) + e-3Aaz(e3AaZ/\)] = 0. (25)

Here g, is the induced metric on the brane, and D uh =
(0, + O ) A with O w the spin connection constructed by
the induced metric g ,,.

For the case of flat branes considered here, §,, = 1,,
and hence © u = 0, and the equation of motion (25) can
be simplified as

A — Ay yrg A — AP + e 7349 (e¥49,4) = 0.
(26)
The existence of the term —A’y>y*9 pA in Eq. (26) sug-

gests that the general solution would inevitably be a linear
combination of two different types of an Elko spinor,
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which is based on Egs. (11) and (12). Hence, we first
decompose the Elko field as A = A, + A_, and then
make the general KK decomposition:

be =M (@,@sE0) + BQTI@). @D

Here for simplicity we omit the = subscript for the & and 8
functions. s (x) and T(")(x) are linear independent 4D Elko
spinors and satisfy the 4D massive KG equations:
ELE) s(”) =m2s? and 9% T(f) = m27". Note that
Ay and A_ are linear mdependent and the operators in
Eq. (26) do not change the subscripts “+”" and “—"". We
find that the equations for («,, 8,+) and (a,,_, B,_) are

the same. So we just need to consider the («,,, B, ) case,
which is given by

3 13
(al/’l/ - EANan - Z(A,)zan + m}%an - imnA/Bn)ggf)
3 13 . n
+(BY =348, — 5 B + i, — imy Al )
= 0. (28)

Here we omit the summation symbol and the coordinate
symbols. Then, by linear independence of the 5" and 7%,
we would arrive at the following equations of motion for
the pair «,, and B,,:

Z(A’)2 - m%)an —im,A'B,=0, (29)

3 13
n_[ZAM+
n (2

Bl - (3A” (A')Z—m%)ﬁn—imnA'aﬁo. (30)

Now we define a,(z) and b,(z) satisfying the following
relations:

1
(an + bn))

N/

It is obvious that a, and b, satisfy

o, =

1
=—=(a, — b,). 31
IBn \/i(an n) ( )

2

1
b= (347 + @) = = im Yo, = 0. (39

3 13
af = (GA7+ @~ ima)a, =0, (32

For the 5D dual Elko spinor :\, we have the following KK
decomposition:

A= *WQZ(a @Y () + BT (). (34)

And the 4D dual Elko spinors satisfy the equations:

~(n) = )

9,8+ Yt ==*im,sy, 0 T(n)'y/‘—+1m . (35)

I

Py =5 (36)
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Then by substituting the KK decompositions (27) and (34)
into the action (17), and using Egs. (29) and (30), we carry
out the KK reduction. For the purpose of getting the action
of the 4D massless and massive Elko fields from the action
of a 5D free massless Elko:

1 - -
_Z dex\/_ggMN(\gM/\@N/\ + @NA@M/\)

SEiko =

1 n R Sn
—EZfdA'x(a/‘)\ I A"+ mu A A", (37)

where A" are the 4D general Elko spinors, we should
introduce the following orthonormality conditions for
a, and B,:

[ ot ctpdz = S (38)
f B Bndz = B (39)

[ ot Bz — [ anBindz = Sy (40)

From these orthonormality relations one can get the corre-
sponding relations for a, and b,,:

f atapdz =2 f (o + By + By)dz =85, (41)

f bibndz =2 f (] = By — Bu)dz = 0. (42)

The orthonormality relation of b,, indicates that b,, = 0 and
a, = f3,. The result is interesting and it means that the KK
modes of different types of an Elko spinor are the same and
indistinguishable. We cannot distinguish different types of
an Elko spinor by just considering their KK modes. Now
the KK decomposition of the 5D Elko field is

A = 3A/22<an<z)s<"><x) + a,()78 (v))
= e*WZZan(Z)Ai(x), (43)
and the equation of the KK mode «,, reads

3 13
af — (347 + 5 = k4 im Y, = 0. (44

A. The localization of the zero mode
of a 5D free massless Elko

We first focus on the localization of the zero mode of a
5D free massless Elko spinor on Minkowski branes. For the
zero mode «, i.e., the 4D massless Elko spinor, Eq. (44) is
simplified as

[—92 + Vo(2)]ao(z) = 0, (45)
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where V| is given by

313
P + 2
Vo(z) 2A T A", (46)

and the orthonormality condition is given by
[agaodz =1. 47

Next we will consider thin and thick Minkowski brane
solutions respectively, and analyze the localization of the
Elko zero mode on these branes by using Egs. (45) and (47).

1. The thin brane

As the typification of thin brane models, we consider the
RS model, and investigate the localization of the zero mode
of Elko on the RS brane.

In 1999, Randall and Sundrum presented the famous RS
model to solve the hierarchy problem [5]. There are two
types of RS model: the RSI and the RSII. The extra
dimension is compact in the RSI model so that the zero
mode of Elko is indeed a bound mode in this case. So, we
give our attention to the RSII model with a noncompact
extra dimension.

The action in the RSII model is [6]

S= Sgravity + Sbrane’
— 1
Sbrane = f d4x\/ -8 brane(vbrane + 53/brane)’

where R is the 5D Ricci scalar, Gy is the 5D metric,
A and Vi, are cosmological terms in the bulk and
boundary, respectively. G,y is given by (14). The extra
dimension y is noncompact and the solution of the warp
factor A(y) is given by

A(y) = —klyl, (49)

where k is a positive real constant. This solution holds
when the boundary and bulk cosmological terms are
related by [6]

Vine = 6k, A = —6k2 (50)

Working with the conformal metric (16), the coordinate
transformation (15) gives that k|z| + 1 = el and the V,
(46) has the following form:

yo_ 1ok 3k8(2)
O 41+ Kzl 1T kel

(5D
The general solution of Eq. (45) is given by:
ag(2) = Cy(klzl + DV2HE + Co(klz] + DI, (52)

where C,, C, are integral parameters. In order to get localized
Elko zero mode « on the thin brane, the orthonormality
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condition (47) should be satisfied, which indicates that a(z)
must be vanished when z — *o00. The first term of solution
(52) will be divergent when 7z — *o0, so C; should vanish.
C, can be determined according to the requirement of the
orthonormality condition. Then we get the bound zero mode
for a 5D massless Elko field on the RSII brane:

ap(z) = V(=1 + VBk(klz| + DI/25 (53)

So the zero mode of a 5D free Elko can be localized on
RSII brane.

2. The thick brane

Next, we consider the localization of the Elko zero mode
on Minkowski thick branes. As we know, there are various
thick branes and their properties are also different with
each other. We just consider these thick branes embedded
in asymptotically AdS space-time. The majority of
Minkowski thick brane solutions lead to this case, such
as the solutions with a single scalar field, nonminimally
coupled scalar field and so on [16-22,83-85]. As ex-
amples, we just review two solutions: one is for a standard
scalar field [18,19,22] and the other is for a scalar field
nonminimally coupled to the Ricci scalar curvature
[22,83-85].

The thick brane action of a standard scalar coupled to
gravity can be written as

1 1
5= f dSW——g[ER - (09 - V(d))]. (54)
For the sine-Gordon potential
V() = %c2[3bzcos2(b¢) _4sin?(b)] (55

and the Minkowski brane metric (14), the solution is given
by [18,19,22]

eA0) = [cosh(ch?y)]~1/3%, (56)

2 3
o(y) = - arctantanh(i cbzy), (57)

where b and ¢ are parameters related to the brane
thickness.

In addition, Refs. [22,83,85] considered thick brane
solutions of a scalar field nonminimally coupled to the
Ricci scalar curvature, and the action is given by

s= [exmg 1R =306 V)] o9

where f(¢) is a function of the scalar field ¢. The above
action is conformally related to the Einstein frame action
with the Ricci scalar term %R via the conformal trans-
formation gyn — 28yn/(@). With the coupling function
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Fg) =30 = £¢7) (59)

and the metric (14), for a nonzero coupling constant ¢ # 0,
the solution is given by [22,83,85]

eA0) = [cosh(ay)] 77, (60)

$(y) = o tanh(ay), (61)
where the y = 2(3 — 6), and ¢ = a~'¢(0) = 1@8:32

The parameter ¢ satisfies 0 < & < 1/6, which means that
the y > 0.

We write the warp factors of the two solutions in a
unified form

e240) = cosh(ay) =2, (62)

where b is a positive real constant and a an arbitrary
constant parameter. We use (62) to analyze the localization
of the Elko zero mode on these thick branes. The warp
factor 240 is a function of the extra coordinate y. But
Eq. (45) should be expressed with the conformally flat
coordinate z. So, we need the relation between z and y,
which is related by the coordinate transformation (15) and
given by

GG
2|all(1+%)

1+b
+ isign(ay)MF, (63)

W)= a(1+b)

where F is the hypergeometric function

Fe F [1 1+b 3+b
22 2

Here we face the difficulty that for general a and b we

cannot get an analytical form of y(z) from the function

z(y) given in (63). But we can write the V, (46) as a
function of y:

, cosh’(ay) :| (64)

3 19
Volel) = e (Saa + L @A7) (69

As is shown in Fig. 1, we can find that z(y) is a monotonic
function. It means that V(z) has the similar shape and

property to V(z(y)).
Now we consider the massless mode ay(z).
Equation (45) can be written in the extra coordinate y as

[—e*a7 —e* A0, + Vo(zO)]ap(z(y) =0, (66)

where the zero mode a(z(y)) will have the similar figure
and property to a(z). Let ay(z(y)) = e~ /240 p(y), the
above equation is reduced to

[—02 + 5a°b> — a*b(2 + 5b)sech’(ay)]p(y) = 0. (67)
The general solution is given by

p(y) = €, P (tanh(ay)) + C,0" (tanh(ay)),  (68)

PHYSICAL REVIEW D 86, 064012 (2012)
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FIG. 1 (color online). The shapes of the function z(y). The
parameters are set to a = 1, b = 1 for dashed line, b = 2 for
thin line, and b = 3 for thick line.

where C;, C, are integral parameters, g(g—1)=
b(2+5b), P and Q are the first and second Legendre
functions, respectively. Hence, we get the solution of
the massless mode

arg(y) = cosh?’(ay)[C, Py (tanh(ay))
+ C,0Y% (tanh(ay))] (69)

For arbitrary b > 0, cosh?/2(ay) will be divergent when
y — *o0. So the orthonormality condition (47) requires
that p(y) should vanish when y — *oo if we want get a
bound state. From the solution (68), p(y) is a summa-
tion of two Legendre functions. According to the theory
of the special functions, we know that the Legendre
functions P;/Ebl (tanh(ay)) and Q:ﬁ"l (tanh(ay)) are conver-
gent only under some strong restrictions. For the first
Legendre function P, it requires that ¢ — 1 and +/5b
are integers, or q—\/gb or g—1— VBb s zero or
negative integer just while Re(+/5b) < 0. For the second
Legendre function Q, it requires that both ¢ — 1 and V3b
are positive half odd integers when Re(+/3b) >0, or
qg—1- V5b s a negative integer but \V3b is not an
integer while Re(\/gb) < (0. Here we can solve the
equation ¢g(g —1)=0b(2+5b) and get g=3X
(1 =+/1 + 8b + 20b%). Obviously, the solution cannot
converge at y = *oo since these strong restrictions can-
not be satisfied. Thus we cannot get a bound Elko zero
mode. So the zero mode (the 4D massless Elko) of a 5D
free massless Elko field cannot be localized on these
Minkowski thick branes. The result is very interesting.
These thick branes which we consider here have the
similar asymptotical behavior with the RSII brane when
z — o0 and will become RSII brane when the thickness of
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branes approach 0. But the localization of the Elko zero
mode on these thick branes is very different from the one
on RSII brane. If we consider the V; in Eq. (45) as a
“potential,” it will be a volcano potential for these thick
branes. As we know there exist a minimum for a volcano
potential, i.e., the depth of the potential well is finite.
There will exist a bound zero mode only if the shape of
the potential is appropriate (which is depended on the
warp factor and the coefficients of the A”?> and the A”).
But for case of the RSII brane, there exists a delta
function at the location of the brane. With the delta
function, we have an infinitely deep potential well so
that there always exists a bound Elko zero mode. This
is the reason for the difference of the localization of the
Elko zero mode on thin and thick branes.

B. The localization of the massive KK modes
of a 5D free massless Elko

Next we consider the localization of the massive KK
modes of 5D free Elko. The mass spectrum of the massive
modes is generally expected because it can characterize the
geometry of the extra dimension and gives some novel
effects coming from the extra dimension, which may be
observed by experiments in the future. It also may give us a
new viewpoint to comprehend the origin of the mass of
Elko if the massive KK modes can be localized on branes.
Thus we should give a detailed analysis of Eq. (44) on
various kinds of Minkowski branes and we hope to get a
reasonable mass spectrum. Before we solve Eq. (44) in
some concrete models, we can speculate that the solution
should be a complex function just like a wave function
because of the imaginary unit in Eq. (44). So it is difficult
to get the complete bound massive KK modes.

1. The thin brane

First, as the typification of thin brane models, we still
consider the RSII model and Eq. (44) could read as

- ( 1942 3k8(z) )
- - (04
"\l +klz])? 1+ klz) "

_ (m% b ks1gn(z)> )

T+ kzl)®
And the general solution is

(70)

2m
k

ante) = CHEM,  5(i7 (el + 1))
2
+ (=M 517 (el + 1))
2
oo (1w + ), )

where H(z) is the step function and M and W are the
two kinds of Whittaker functions, respectively, C;, C,
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and C; are integral parameters and C1 M, , _ (i %) =
CoM )y f5(i 2%). Let «,(z) = R,(z) +il,(z) and the
orthonormality condition (38) requires [dz(R2+12)=1.
According to the theory of the special functions, the
M,y )y« 5022 (klz] + 1)) and W, ) 5602 (klz] + 1)
are always divergent. It is obvious that the solutions cannot
satisfy the orthonormality condition (38). Thus for any
mass m, we cannot get a bound massive KK mode of a
5D free Elko on the brane in the RSII model. The result is
the same with the one of the scalar field.

2. The thick brane

We still chose (62) as the unified form of the warp factor
in thick brane models. For simplicity we just discuss the
case of b =1, for which we have az = sinh(ay), and
Eq. (44) is read as

- a*(—6+19(az)?)
" 4(1 + (az)?)?

. a’z
a, = mn+1mnm a,.
(72)

It is difficult to get a general analytical solution. But we can
consider the asymptotic behaviors of the above equation.
When z — o the A’(z) and A”(z) will have the similar
behaviors with the ones in the condition of RSII model.
Thus Eq. (72) has the similar asymptotic behaviors with
(70) and the solution should have the similar property.
Thus the result should be the same with the case of RSII
brane, and for this kind of thick branes, the massive Elko
KK modes cannot be localized on the branes. This analysis
is reasonable because these thick branes are all embedded
in asymptotically AdS space-time.

We can also achieve the same conclusion from the
following analysis. The massive KK mode «,(z) should
be a complex function according to Eq. (44). Let a,,(z) =
R,(z) + il,(z) with R, (z) and I,(z) the real functions, then
Eq. (44) is reduced to

3 13
Rl — (5A" + I(A’)Z — m)R, + m,A'l,
3 13
+ I[I,/,l/ - (EAN + Z(Al)z - m%)ln - mnA'Rn] = 0.
(73)
Thus we get the following coupled equations:
- R!'+ V,R, — m,A'l, = m2R,, (74)
- Ill’l/ + VI, + mnA/Rn = mﬁln‘ (75)

Here V, = 3A” + 12 (A")2. In this paper, we just consider
the RSII brane and the thick branes embedded in asymp-
totically AdS space-time, for which we have the A’ — 0
when z— co. Thus when z— oo, the terms m,A’l,
and m,A'R, in Egs. (74) and (75) will vanish so that
Egs. (74) and (75) can be approximated as

064012-7



LIU et al.
—RI'+V,R, = m%R”, (76)

-1+ VI, =m2,. (77)

They are the Schrodinger-like equations and the effective
potential V, is a volcano potential with vanishing value at
the boundary of the extra dimension for these branes em-
bedded in AdS or asymptotically AdS space-time. As we
know, for such a volcano potential, there do not exist bound
massive KK modes. Thus all the massive KK modes cannot
be normalized and hence cannot be localized on these
branes. This is somewhat like the cases of a 5D free mass-
less scalar field and Dirac spinor field. Physically, we can
understand this as the following explains. Usually, a brane
has a power of confining matter fields. Concretely, the
localization is decided by some factors such as the structure
of the brane, the number of the dimensions of extra dimen-
sions, the mass of the KK modes of the matter fields, the
coupling way between the matter fields and the background
field generating the brane. We have known that usually the
zero mode of a 5D free massless scalar field can be localized
on the Minkowski brane embedded in 5D AdS or asymptoti-
cally AdS space-time, but the zero modes of a 5D free
massless vector and a 5D Dirac spinor cannot. For these
branes, the massive modes of the free scalar, vector, and
fermion cannot be localized. However, if we consider de-
Sitter or anti-de-Sitter branes, or introducing the coupling
terms between the matter fields and the background field,
the matter fields may be localized on the branes. Since the
Elko field has some characteristics of both scalar and Dirac
spinor, it is not strange that its massive KK modes cannot be
localized on these Minkowski branes considered in this
paper. Here, even there is an imaginary unit in the dynami-
cal equation of the KK modes of the Elko field, the result is
also similar to the cases of the scalar and Dirac spinor.

IV. LOCALIZATION OF 5D ELKO SPINORS WITH
COUPLING TERM ON MINKOWSKI BRANES

In this section, we will study the localization of Elko
spinors with coupling term on Minkowski branes in 5D
space-time. As is shown in the last section, for a free Elko
field in 5D space-time, we cannot get any bound massive
KK mode on Minkowski branes and even cannot get a
bound Elko zero mode on Minkowski thick branes. As the
localization of Dirac spinors on branes, we introduce here
the interaction between the Elko spinor and the back-
ground scalar, and the simplest choice is the Yukawa
coupling. The corresponding Lagrangian density is

, 1 - - -
Leko = _Z(E.’A/M\’(@M)\@N)l + DNADYyA) — nF(h)AA,
(78)

where the F(¢) is a function of the background scalar
field ¢ and 7 is the coupling constant. When F(¢) is a
constant, the additional term in (78) is a mass term with
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M3, = nF($). Then the equation of motion for the
Elko field coupled with the scalar is read as

= DT D)~ 20F A =0, ()
By considering the conformally flat metric (16), using the
nonvanishing components of the spin connection for the
flat branes (23), introducing the KK decomposition (43),
and noticing the linear independence of the g(ff) and T(Jr")
(r;(_”) and 7)), we can obtain the equation for the KK
mode «,,:

3 13
— ol + (zA” oA 2neZAF(¢))an

= (m; —im,A)a,. (80)
When we just pay our attention to the zero mode of the 5D
Elko, my = 0 and Eq. (80) can be read as

[—02 + Vi(2)]ey(z) = 0, (81)
where
3 13
Volz) = 5A” + IA’2 + 2ne*AF(¢). (82)

As discussed in the last section, if we want to get the action
of the 4D massless and massive Elko spinors from the
action of a 5D Elko with coupling term:

1 -
= ]dsx«/—gl:— ZgMN(fDM)l@N)\

b DYADA) — nF(¢)h]

SElko

A
—n

1 ano .
= —EZjd4x(6“A 9, A"+ mia AT, (83)
we should introduce the orthonormality condition (38).

A. The localization of the zero mode
of 5D Elko with coupling term

First, we still consider the localization of the zero mode
of a 5D Elko spinor with coupling term. As we have
emphasized, 5D free massless Elko fields cannot be local-
ized on Minkowski thick branes. As we know, there exist
many similarities between the Elko field and the scalar
field. Here, let us consider the equation of motion of a 5D
free massless scalar field. It turns out for Minkowski branes
to be

949, ® +e 0, (e*9,P) =0, (84)

from which one can investigate 4D scalar fields by the KK
decomposition ® =¥ ¢, (x)h,(z)e /2 and obtain the
Schrodinger-like equation for the scalar KK modes 4,
[26,27]:

[—07 + Valh, = m3h,, (85)
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where the effective potential Vg is given by

— 3 1 9 2

Vo(z) 2A + 4A . (86)
The zero mode of a 5D free massless scalar can be local-
ized because the corresponding Schrodinger-like equation
can be factorized, which is the result of the fact that the
coefficient of A% is the square of the coefficient of A”.
Obviously, for Minkowski thick branes, the difference of
the coefficients of the A”> between the V) and Vg would
prevent the factorization of the V|, and hence prevent the
localization of the Elko zero mode. When an appropriate
F(¢) is introduced, the coefficient of the A”> may be
adjusted to be the same as the one of the scalar case, so
that there exists the bound Elko zero mode. Thus we
assume

3 13 3 9
=ZA"+—A” + 20’ F(p) =ZA" +-A" 7
Vo(2) 3 2 ne* F(¢) 5 A% (87)
which is identical to
(0,A(2))* + 2 e QD F(p) = 0. (88)

It is more clear when the above equation is written in extra
coordinate y:

(8,A(y))* = —29F($(y)). (89)

This equation depends on the warp factor e*4%), the scalar
field ¢, and the function F(¢). It is reasonable to consider

the scalar-Elko coupling pA¢" A. Hence F(¢) can be taken
as ¢" and F(¢(y)) should be an even function of y accord-
ing to Eq. (89). As we know, for a majority of the brane
models, the scalar field ¢ is a kink, i.e., it is an odd
function of y, so the simplest case is n = 2. Then we have

(0,A(»)* = —2n¢*(y), (90)
or
d,A(y) = (). o1

If the warp factor e and the scalar field ¢ are related by
Eq. (91), the Elko zero mode, i.e., the 4D massless Elko
particle may be localized on the brane. It is exciting that
there are many models satisfying this relation (91). We will
discuss them in the following subsections respectively.

1. The thin brane

First, we still consider the RSII model. From Eq. (48), it
is clear that there does not exist a background scalar field ¢
in this model. Here we introduce the 5D mass term, i.e.,
n¢? = M%,, with Mgy, the 5D Elko mass. At the same
time, notice that A’(y) = —ksign(y) and A?(y) = k2. It is
natural that

M3, = k2. (92)

For an arbitrary constant Mg, the V|, (82) is read as:

PHYSICAL REVIEW D 86, 064012 (2012)

Vo 19%> 2ME,,  3k8(2)
O 41+ kz])? T (L +klz)? 1+ klz]
19 + 8e)k>  3ké
_( €) - (2) _ ©3)
41 + klzl)*> 1+ klz

Here € = M2, /k*. We can get the bound Elko zero mode
by solving the equation (81):

ao(2) =y (=1 + /5 2e)k(1 + k)25 (94)

Here it is required that € > —2. So, for any Mz, , = 0, the
Elko zero mode can be localized on the RSII brane.

2. The thick brane

Generally, for thick brane models based on the general
relativity, Eq. (91) can not be satisfied. Fortunately it can
be satisfied in some thick branes within modified gravity
theory, for example, the thick brane solution of a scalar
field nonminimally coupled to the Ricci scalar curvature
[22,83,85]. The solution is e*®) = (cosh(ay))~™” and
&(y) = ¢y tanh(ay). Obviously, the derivative of the
warp factor A(y) and the scalar field are related by

A'(y) = —vyd, In[cosh(ay)] = —ay tanh(ay)

= - “—Z b (). 95)

Lety = — ‘ggg then Eq. (90) is satisfied.

When Eq. (90) is satisfied, the V|, (82) can be rewritten
as (87). After factorizing Eq. (81), we have

3 3
[o:+ 340 ][0+ 4@ @ = 0. 06
Then we get the bound Elko zero mode:

ay(z) = Ce®), O7)

where C is the normalization constant. For the thick brane
model [22,83,85], the zero mode is

ay(z(y)) = Ccosh(ay) 2. (98)

The normalization constant C depends on the parameters y
and a. When y = 1, az = sinh(ay) and the normalized
zero mode reads

ay(z) =31+ (a2 (99)

The shape of the above Elko zero mode is plotted in Fig. 2.
It is clear that for the thick brane models satisfying
Eq. (91), the Elko zero mode can be localized on the thick

branes if (I) the coupling term 72 AA is introduced and
the coupling constant 7 is taken as some particular ex-
pression determined by the parameters in the models, and
(IT) the Elko zero mode is normalizable.
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M M
-5 5

FIG. 2 (color online). The shape of the Elko zero mode a(z)
(99) in the thick brane model with a scalar field nonminimally
coupled to the Ricci scalar curvature. The parameters are set to
y=1landa=1.

B. The localization of the massive KK modes
of a 5D Elko with coupling term

Next we consider the localization of the massive KK
modes of a 5D Elko with coupling term. As we have shown
in the last section, the massive KK modes of a 5D free Elko
cannot be localized on Minkowski branes. We expect that
the massive KK modes of a 5D Elko can be localized on
branes by introducing a coupling term as in the case of a
Dirac field. We just discuss the simple and meaningful

coupling term nA¢"A which we have considered in the
case of the zero mode. It is foreseeable that the coupling
term may not change the result about the localization of the
massive KK modes because the equation of the KK modes
(80) will have the similar asymptotic behaviors to the one
of a 5D free Elko (44). We still investigate the localization
of the massive KK modes in different kinds of brane
models, respectively.

1. The thin brane
In subsection IV B 1, we introduce the 5D mass term

Mélko;\/\ to the action of a 5D Elko in RSII model. For an
arbitrary constant Mgy, Eq. (80) is given by

" ((19 + 8e)k?  3ké(2) )
- - (64
" 41 + klz])®? 1+ klzl) "

ksign(z))
a,,
"1+ klzl) "

= (mg +im (100)

where € = MZ, /k*. It is obvious that the asymptotic
behavior is the same with (70) and the general solution is

PHYSICAL REVIEW D 86, 064012 (2012)
2m,,
an(2) = CH(EM, _ (i 77 (el + 1)
.2m,,
+ CZH(_Z)M%,«/_SJrZE(IT(klZl + U)

.2m,,

For any e, the Whittaker functions M L m(iz%(klzl +1))
and W, _ m(i%(klzl + 1)) are always divergent. Thus

we still cannot get bound massive KK modes of a 5D Elko on
the brane by introducing a 5D mass term in the RSII model.

2. The thick brane

For simplicity we just investigate the localization of
the massive KK modes of a 5D Elko with coupling term
on the thick brane of a scalar field nonminimally coupled
to the Ricci scalar curvature [22,83,85]. We introduce the

scalar-Elko coupling n:\g{)"/\ and let v = 1, for which we
have az = sinh(ay). Thus the equation (80) is reduced to

- (az(—6 + 19(az)?) 2n(az)" )
! 41+ (a2)?)* (A + (a2 )"

a>
—)a,. 102
1+ (az)z)a" e
When 7 — oo, the additional term 27(az)"/(1 + (az)?):*!,
which comes from the coupling term, has the same asymp-
totic behavior with 27/(az)?> and so it can be combined
with the original term a’(—6 + 19(az)?)/4(1 + (az)?)>.
Hence the solution should be similar with (72) and the
result will not be changed. Thus there does not exist any
bound Elko massive KK mode on this thick brane by

= (m% +im,,

introducing the scalar-Elko coupling nA¢”A. In fact it is
foreseeable that, for any thick brane embedded in asymp-
totically AdS space-time and the kink scalar field ¢, the
n¢" will be a constant when z — o0 so the additional term
2ne*AF(¢p) = 2me* ¢" in Eq. (80) will vanish and the
asymptotic behavior will be the same with (44). The situ-
ation may change when we introduce a special coupling
term for example F(¢) = W When we consider the
thick brane solution of a scalar field nonminimally coupled
to the Ricci scalar curvature [22,83,85] and let the y = 1,

k = 2, Eq. (80) can be read as

, o (a*(=6 +19(az)?)
~ e +< M1+ (a2’

+2n(1 + (az)z))an

2
= (m2 +i L) : 103
(1 + s e (103)

When z — o Eq. (103) has the same behavior with
—a' +2n(1 + (a2)Pa, = mia,,. (104)

This is just a Schrodinger-like equation with an infinite
potential well and we can get a series of bound KK modes
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and a mass spectrum. But it does not make sense to

introduce the coupling term 1A (the coupling

(65—
term nA¢" A can be explained as the Elko spinors coupled

to n scalar particles, but the AA is unreasonable).

n
(p5— )
Thus we cannot get any bound massive KK mode of 5D
Elko by introducing a meaningful coupling term.

V. THE CANDIDATE OF DARK MATTER

Elko is regarded as a natural dark matter candidate for its
interesting properties [50,51]. First, a 4D Elko is a spin-1/2
fermionic field with mass dimension one, which is very
different from mass dimension 3/2 associated with the
conventional Dirac fermionic field. Obviously the mis-
match of the mass dimensions prevents Elko to enter the
fermionic doublets of SM and it can be used to explain the
dark matter interacting very weakly with SM matters and
electromagnetic radiations.

Second, the dark matter is self-interacting, which is
suggested by observational evidences. As we know, for
the usual Dirac fermionic field, the self-interaction will
be suppressed by the Planck scale. For the scalar field
which carries mass dimension one, the suppression will
not happen so the scalar field is also a candidate of dark
matter. The case is the same to Elko. Thus in 4D space-
time, the self-interaction of dark matter can be described
by the following self-interaction of Elko [53]:

gA[AWAX T,

where g, is a dimensionless coupling constant and A(x) is
the quantum field of the Elko spinors (in fact it has two
types). On the other hand, when we choose a fermionic
dark matter, there will be an important advantage. A fer-
mionic dark matter makes it possible to support the dark
matter halo by Fermi degenerate pressure. In Refs. [51,53],
the authors even gave the following relationship between
the Elko mass and Chandrasekhar value for the halo’s size:

(106)

(105)

Ry, ~ x52,6.3 X 1072 pc,

where xgj, is the Elko mass m in unit of keV. From the
relationship we can infer m ~ 1 eV.

For 4D Elko spinors, the only coupling with the SM
fields which will not be unsuppressed is the one with the
Higgs:

gond! (DEAXAR),

where g4 is a dimensionless coupling constant and ¢ (x)
the SM Higgs doublet [53]. As we have emphasized, for a
5D Elko, only the zero mode (massless 4D Elko spinor)
can be localized successfully on Minkowski branes. The
conclusion hints that the coupling with Higgs which can
generate the mass of 4D Elko spinors is crucial. And there

(107)
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exists a chance to obverse the interaction between Elko and
Higgs in LHC, which was investigated in Ref. [77].

Third, for the dark matter, it is proved that the dark
matter couples to an axis, which has come to be known
as the axis of evil. As a nonlocal field, Elko field will be a
local quantum field along a preferred axis, which is in the
direction perpendicular to the Elko plane [54,55], and was
proposed to the axis of locality in the dark sector. This is
also an advantage of choosing Elko as the candidate of dark
matter. Thus Ahluwalia and Grumiller suggested that Elko
can be considered as a first-principle candidate of dark
matter. All these advantages motive us to investigate the
localization of Elko on branes.

VI. CONCLUSION AND DISCUSSION

In this paper, we have investigated the localization of a
5D Elko field on Minkowski branes. First, we briefly
reviewed some fundamental structures of Elko, which
show that Elko is very different from a usual Dirac fermi-
onic field but it is similar to a scalar field on many aspects—
the Lagrangian density and mass dimension, for example.
Then, we considered various kinds of Minkowski branes
and analyze the localization of a 5D Elko field on these
branes by presenting the equation of the Elko KK modes.

The 5D Elko field was investigated in two cases: the 5D
massless free Elko field and the 5D Elko field with
coupling term. In the first case, we found that the Elko
zero mode can be localized on the RSII brane but cannot
be localized on the majority of Minkowski thick branes
embedded in asymptotically AdS space-time. There does
not exist any bound massive KK mode on these Minkowski
branes.

In the second case, the Elko zero mode still can be
localized on the RSII brane for any 5D massive Elko,
and it can also be localized on some specific thick branes

if a certain coupling term such as nF(¢)AA is introduced.
However, we still cannot find any bound massive KK mode
on these branes by introducing a meaningful coupling
term.

For these thick branes generated by a kink scalar, in
order to localize the 5D Dirac field, we usually introduce
the coupling term n¢>"~' ¢ ¢ (n is a positive integer), and
when the coupling constant > 7, (7, is some constant
parameter decided by the branes), then the left or right
chiral Dirac fermion zero mode can be localized on these
branes [29,30,34-39,41-47,49]. But for a 5D Elko field, in
order to localize the zero mode, the similar coupling term

is changed as 7¢>" A A and the coupling constant 7 should
be taken as some particular expression determined by the
parameters in the models. No matter what the exponent of
the ¢ is chosen as, we cannot find any bound massive KK
mode of a 5D Elko on these branes. Thus there may only
exist the bound zero mode of a 5D Elko on Minkowski
branes and the conclusion hints that the coupling with
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Higgs which can generate the mass of 4D Elko spinors is
crucial.

In addition, for a Dirac field, only the left or right chiral
fermion zero mode can be localized on these branes. But
for Elko, it is interesting to find that the KK modes of
different types of Elko are the same and only the zero
modes can be localized on the branes.

There are still some issues. First, we just considered
Minkowski branes embedded in AdS space-time and can-
not find any bound massive KK mode of a 5D Elko. Maybe
the conclusion will be changed when we consider some
other Minkowski thick branes, for example, Weyl thick
Branes [86—88]. Second, in order to investigate the local-
ization of 4D massive Elko fields, some new mechanisms
need to be introduced. It is difficult to find bound massive
KK modes because of the imaginary unit in Eq. (44). But
we may find some Elko resonances like the case of Dirac
field. The resonances for Elko should be redefined because
Eq. (44) is not a Schrodinger-like equation. Third, it is

PHYSICAL REVIEW D 86, 064012 (2012)

interesting to investigate the localization of a 5D Elko on
de Sitter and anti-de Sitter branes. We leave these problems
to further works.
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