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Late time anisotropy as an imprint of cosmological backreaction
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Backreaction effects of the large-scale structure on the background dynamics have been claimed to lead
to a renormalization of the background dynamics that may account for the late time acceleration of the
cosmic expansion. This article emphasizes that generically the averaged flow is locally anisotropic, a
property that can be related to observation. Focusing on perturbation theory, the spatially averaged shear,
that characterizes the anisotropy of the flow, is computed. It is shown that this shear arising from
backreaction differs from a homogeneous shear: its time evolution is different, and its amplitude is
completely determined by the cosmological parameters and the matter power spectrum. It ranges within
2% and 37% at a redshift of order 0.5 so that the isotropy of the Hubble flow may allow us to constrain the

backreaction approach to dark energy.
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I. INTRODUCTION

In the standard cosmological framework [1], one as-
sumes that on large scales, the Universe is well described
by a spatially homogeneous and isotropic spacetime, at
least at the background level, so that its dynamics is
obtained from the Einstein equations for a Friedmann-
Lemaitre (FL) metric. Structure formation is then de-
scribed using perturbation theory, which has proven to be
successful for understanding the existing observations,
from cosmic microwave background anisotropies to the
growth rate of the large-scale structure.

While most of the observations are compatible with the
assumption of a spatially homogeneous and isotropic uni-
verse on large scales, they exhibit a clumpy distribution of
matter on small scales and at late time. This is at the heart
of a lively debate concerning the magnitude of the back-
reaction of the large-scale structure on the background
dynamics. While its magnitude depends on the averaging
procedure [2,3] (see also Ref. [4]) and on the actual small-
scale geometry of the universe, it has been mostly esti-
mated using perturbation theory at linear and second order
either in synchronous gauge [5-7] or in Newtonian gauge
[7-12] (see, e.g., Ref. [13] for reviews). One important
conclusion is the existence of ultraviolet divergences (see,
for example, Refs. [14,15]) when particular observables
are calculated, with no convincing regularization schemes
proposed so far. This lets us open the question of the
magnitude of the backreaction and its ability to explain
the late time acceleration of the cosmic expansion. This is a
rather controversial subject and, according to some authors
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[6,8,16], the backreaction of present inhomogeneities
might explain, by itself, cosmic acceleration while, accord-
ing to others [17], the effect of inhomogeneities is totally
negligible.

This article lies on a very simple, and almost trivial,
remark: the spatially averaged flow has no reason to be
isotropic. While obvious, this fact has been hidden in the
generally adopted backreaction procedure [2], in which
the averaged dynamics is presented in a form mimicking
the Friedmann dynamics so that attention has been focused
on the volume-averaged expansion factor and on the back-
reaction terms (see below for definitions). Late time growth
of a spatial anisotropy may thus be a specific signature of
backreaction. The goal of this work is thus to estimate
the level of anisotropy of the averaged flow and address the
following questions: (1) Is the shear, which is related to the
anisotropy of the Hubble flow (and thus observable), di-
vergent in the ultraviolet? (2) How is the shear magnitude
related to the backreaction magnitude? (3) Can a bound on
the shear on cosmological scales allow us to set a bound on
the backreaction?

To that purpose, we start by recalling the averaging
procedure in Sec. II and propose to split the kinematical
backreaction term into a term describing the anisotropy of
the flow and a genuine backreaction term. Under that form,
the averaged dynamics of any spatially homogeneous (but
not necessarily isotropic) flow on a surface of homogeneity
remains unchanged, and the genuine backreaction term
strictly vanishes. Using perturbation theory, the shear is
computed at lowest order in perturbation theory in Sec. II1
and then computed explicitly in Sec. V after having dis-
cussed the choice of the matter power spectrum in Sec. IV.
We have actually used two power spectra, one motivated
by observations (with a simple analytical form allowing for
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an exact integration) and another motivated by theory,
relying on the initial conditions from inflation and the
transfer function of the standard ACDM model, but which
requires numerical integration. As we shall show, the scalar
shear is divergent in the ultraviolet, which raises several
questions that are summarized in Sec. VI. Appendix A
summarizes the main results of linear perturbation theory
around a spatially Euclidean homogeneous background
spacetime. A detailed description of how to implement
the shear average is given in Appendix B, and the normal-
ization of the power spectra is described in Appendix C.

II. AVERAGED COSMOLOGICAL DYNAMICS

A. Spacetime foliation

The driving idea, as first proposed in Ref. [2], has been
torely on the 1 + 3 splitting of the universe [ 18] associated
with a general reference timelike congruence n* that
defines a foliation of spacetime. The choice of this con-
gruence is often referred to as a choice of observers. The
three-dimensional spacelike hypersurfaces normal to n*
can then be defined by the equation S(x, 1) — S, = 0, with
S(x, 1) a scalar field and S, a constant. Then

9,8

n, = _(—GTSB,,SgT”)l/z’ (1
which is normalized as n,n* = —1. This allows us to
define h,,,, the projector on these hypersurfaces, as

hyw = 8uy T nyn,, 2)
which satisfies by construction h,,hY = h,, and

h,,n* = 0. One can then define the expansion ©, shear
o, and vorticity w,, of the flow as

0., = hehhV,ng 3)
1
= ghw,(@ + 0, T w0, 4

They are explicitly given by

0 =V,n~, (5)

= papB v 1 v T
O'IL“, = h,uhV (anﬂ) - ghaﬁ Mmoo, (6)
©,y = WS RV ng). (7)

Indeed, the assumption of Eq. (1) implies that the vorticity
strictly vanishes, w,, = 0.

B. Buchert’s formalism in a nutshell

In practice, perturbations grow significantly only during
the matter-dominated era, so that one can restrict the
analysis to dust-filled universes, eventually with a cosmo-
logical constant. In such a situation, and as it was assumed
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in the original work by Buchert [2], one can pick up a
foliation defined by a geodesic congruence n, which ac-
cidentally coincides with the four-velocity u,, of comoving
observers, i.e. n, = uﬂ.l
The shear tensor can be expressed as
1

0',“,=®M,,—§h ) (8)

wv=o

and it follows that the scalar shear takes the form
1 1 1
o?=—oho? =—(®ﬁ®z —§®2). 9

The spatial average of any scalar quantity A on a domain
D is then usually defined as [2]

M@ﬂb=éﬂhﬁﬂ%mﬁ& (10)

where Vp is the volume of the domain, defined by the
requirement that (1) = 1, and & is the determinant of the
induced metric h,,. Such a spatial average is associated
with the general reference timelike congruence n* of
Eq. (1) if and only if the average is performed in the gauge
where S(x,f) is homogeneous (see Refs. [20,21] and
Appendix B).

The average [Eq. (10)] does not commute with the time
derivative and gives origin to the so-called Buchert-Ehlers
commutation rule [22]:

I(A(1,x))p — (9,A(1,x))p =(OA)p —(O)p(A)p,  (11)

where (®)p is the spatial average of the expansion ©
defined in Eq. (5). We can then define an averaged scale
factor ap, related to the volume Vp of the integration
domain (normalized by a reference volume scale Vp, ),
by ap = (Vp/Vp,)'/3. Considering Eq. (11), we then
have the useful relation

(®)p =32, (12)
ap
where it is important to emphasize that this scale factor
describes the averaged dynamics of the flow and cannot be
identified with a metric component of a FL spacetime.
The bottom line of the averaging procedure proposed in
Ref. [2] is to allow for the spatial averaging of scalar
quantities and to derive an averaged dynamical flow by
averaging the generalized Friedmann and Raychaudhuri
equations to get

. _ \
(Z_i)z - %WD T3 %(Q—D +(R)p), (13)

'In general n,, which defines a general reference flow, and u,,,
which defines the four-velocity of the observers comoving with
the matter, may be different (see Ref. [19] for details).
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=8y + - 20

, 14
ap 3 3 ( )

where one has defined the kinematical backreaction
term as
2
Qp= §(<®2>D —(0)%) — 2Ad*)p, (15)
and (R)p refers to the spatial average of the curvature of
the three-dimensional metric induced on the hypersurfaces.

Since the average of the continuity equation, p + @p = 0,
leads to

{p)p +(O®)p{p)p =0, (16)

one easily concludes that (p)p < az5.
This formalism has been extended to allow for arbitrary

coordinate systems [12,23] and any choice of gauge and
slicing [19,20].

C. Rewriting of the averaged equations

In the form (13) and (14), the dynamics of the averaged
scale factor mimics the Friedmann equations for a spatially
homogeneous and isotropic FL spacetime. The dynamics
of the averaged flow depends strongly on the backreaction
terms @ p and (R)p. These terms are related each other
by the integrability condition

1
%8 (Q@aD)Jr 6 (R)pap) =0 (17

but there remains a freedom in the determination of Q p.
To this purpose, the value of Q 5 has been computed using
perturbation theories in many studies (see, for example,
Refs [5-12,14,15]), and many alternative models have
been proposed (see, for example, Ref. [24]).

The form (13) and (14) and the splitting of the back-
reaction terms is highly suggestive since they match a
Friedmann form. It is however intuitively clear that the
average of any spatially homogeneous flow should let this
flow unchanged. In particular, we would like the kinemati-
cal backreaction term to strictly vanish when averaging any
spatially homogeneous flow. To that purpose, we rewrite
the system (13) and (14) in the strictly equivalent form

1p\2_ 87G A 2
(E2) "2+ S+ T2 L@ (R (19)
ap
ip _ 4wG A n  9p
D=+ S-SR, 9)
defining a new kinematical backreaction term as
~ 2
0 p=5(6%p — (0)}). 20)

Under this form, the averaged flow is described by a set of
equations that mimics the flow of comoving observers in a
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spatially homegenous universe, but not necessarily iso-
tropic spacetime. It follows that the backreaction term
Q p is generated only by inhomogeneities and is thus
related to deviations from local homogeneity.

Indeed, it is clear that for a FL universe, (o2)p = 0
while when averaging any Bianchi universe, (0?)p = o
and Q p = 0. In both cases the set of equations (18) and
(19) has the homogeneous form, while the standard kine-
matical backreaction @ 5 is different from zero for the
later case despite no genuine backreaction. With such a
rewriting it is possible to compare the backreaction terms
induced by the perturbations on a background flow with
either FL. or Bianchi symmetry [25] but more important to
compare the magnitude of the anisotropy of the averaged
flow with the true backreaction term.

The averaging of spatially anisotropic cosmological
models has been considered in Ref. [26]. Our definition
of Q p, and the split of the kinematical backreaction term
in 9 p and (o), differs from their proposal. We empha-
size that their definition relies on the use of (o)%,, where o
itself is not well-defined, contrary to o%. For instance,
considering a FL background, the lowest order for o
will be quadratic in first order perturbations (see
Appendix A and next section) which are stochastic fields
and one needs to define properly the square root of
these stochastic fields before ensemble average. Indeed,
starting with a non-isotropic background, one can define o
as +/(¢?)© at lowest order and then perform a perturbative
expansion. Given this, we prefer to adopt a more straight-
forward and pedestrian rewriting of the standard equation.

III. QUANTIFYING THE DEVIATION
FROM ISOTROPY

As explained above, the goal of this study is to quantify
the anisotropy of the averaged flow. For that purpose, we
start from a FL universe with perturbations in order to
compute {o?)p. In such an approach, one needs to be
reminded that the perturbations are stochastic fields, usu-
ally with Gaussian initial conditions. It follows that the
spatially averaged quantities are also stochastic quantities.

Taking X as a function of the perturbations and (X)p as
its average on a spatial domain, then, from a theoretical
point of view, we only have access to the distribution of
(X)p; that is, to (X)p, which is the ensemble average of
(X)p. In this section, we compute the lowest contribution
to the shear in perturbation theory. The perturbation equa-
tions at linear order are summarized in Sec. III B, and the
shear is explicitly computed in Sec. III C.

A. Background dynamics

For simplicity, we consider a spatially Euclidean
Friedmann-Lemaitre universe so that the late time dynam-
ics is dictated only by the pressureless matter and the
cosmological constant with density parameters
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A
$7Como =2

Q = >
mo 3H, 3H,

that satisfy Q0 + Qa¢ = 1. The Friedmann equation then
takes the usual form

— = Quo(l +2)° + Q) (22)

the solution of which is
3
a(t) « sin}12/3(E JQ AOHOt). (23)

The normalization to the Hubble constant today, H,

implies that
3 a2 3/
sinh(—\/Q AOHOtO) =20 =,/ (29

2 (1— Q)" °

so that the redshift is given by
Ko

1+z= .
sinh?/3 (3 \/Q rgHot)

(25)

B. Perturbation equations

For our concern, it will be sufficient to assume that our
Universe can be described by a spatially homogeneous and
isotropic FL spacetime with perturbations.

We decide to fix the gauge freedom by explicitly choos-
ing the gauge in which the scalar S(x, ¢) is homogeneous. In
this way we can use the simple definition of Eq. (10) for the
spatial average of a general scalar (see Appendix B). As
already mentioned, considering a ACDM model and the
scalar S(x,#) which defines the reference hypersurface
comoving with the matter—namely, choosing the matter
comoving gauge in which one imposes that T} =0
(with i = 1, ..., 3)—we choose observers which are also
geodesic. We fix the remaining gauge freedom by impos-
ing E = 0 and E; = 0 (see Appendix A for the definitions).
The metric thus takes the form

ds? = a?’[—dn® + 2(8,;B + B,)dndx’
+(1+ 2Co;; + 2Eij)dxidxf], (26)
Whe_re B and C_ are scalars, B,- is a transverse vector
(9;B'=0), and E;; is a traceless and transverse tensor

(3,E" = 0 = E!). The gauge-invariant Bardeen potentials
are then given by

=-C—-HB ®=HB+B (27)

and the density contrast and peculiar velocity by
8¢ =5, V=v=-B. (28)
The perturbation equations reduce to the four Einstein
equations and the Euler equation (again, we restrict our-

selves to a dust plus cosmological constant universe, where
the sound velocity c; is zero):
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1
Vg = 256€, 29
2M1%1a p (29)

V=, (30)

U+ HY =— 2hV, 31
2Mgla p (31)

W+ 3HY + [2H + H2 WY =0, (32)

Vi+ HV = -, (33)
with Mp> = 87G.

C. Scalar shear

Following the definition of Eq. (9), the scalar shear is by
construction a second-order quantity,

(@) = () = 0. (34)

As a consequence, it can be specified to its lowest order
using only first-order perturbation theory. Considering the
particular gauge choice specified in Eq. (26), we obtain
(see Appendix A for the expression in a general gauge)

2a*(c?)® = B, ;B — g(alB,»)2 — 2B, ;E7 + E[EV,
35)

where B; = 9,B + B, and we use the notation X, =0X
for any field X.

At first order in perturbations, vector and tensor modes
are negligible compared to scalar modes so that we
can safely neglect them. The average on a domain D is
then obtained by inserting the expression from Eq. (35) in
Eq. (10):

1 d*x 1
Np=— | —>5| BB —= szz].
<0- >ﬂ VD ,[D 2a2 [ Jij 3 ( ) (36)

Its ensemble average is easily obtained by shifting to
Fourier space (see Appendix B for details) to get

— 1 &k

2 =—— | —= KB 2 37

@) o0 = 55 [ KIBIE 37
where, for any field X, X denotes its Fourier modes, and
X Xp = |X,126P(k + k') because of statistical homoge-
neity and isotropy. The former integral can be evaluated by
the use of Egs. (28), (30), and (33), so that the Fourier
components of B and V¥ are related by

Bi(m) 2%77) f TalWdy. (38)

As already concluded in many works [5,12,15] and shown
here in Appendix B, the ensemble average of a spatial
average of any second-order quantity on a domain D
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does not depend on the size and shape of the domain at
lowest order in perturbation theory.

The anisotropy of the flow is characterized by the
dimensional quantity

(0)p
S=3_"_"=. (39)
(®)p)*
In perturbation theory it is given by
1 {(eH)P)p 2((0@)p
==l —=—F =4 ... 40
ST ) @
so that at lowest order, it reduces to
1 {(6®)?)p
=_Y77 "7 41
3 3T 1] 41)

IV. CHOICE OF THE POWER SPECTRUM

To go further and compute the quantities derived in the
previous section, we need to specify the power spectrum.

We shall consider two power spectra. The first one relies
on the inflationary prediction and the transfer function of
the standard ACDM model [27]. Our second choice is
obtained from observation, and we decide to use the APM
power spectrum [28]. Even if it is not the most up-to-date
observational power spectrum, it gives a good description
and has a particular simple form that allows us to perform
the computations analytically. The two choices are comple-
mentary and will allow us to get a good estimate of the order
of magnitude of the averaged shear.

The spectrum Pg(k, 7) of the matter density contrast
with Fourier components 8;(17) = 8pme(m)/pm(n) is de-
fined from the two-point correlation function

81(m)dp(m) = Ps(k, 1)V (k + k'), (42)

and we also introduce the notation

Ps=——P 43
6=73Ps 43)
and use similar definitions for any field.

The power spectra of 6 and W are indeed related, since
Eq. (29) implies that

1 1 \2a*p?
Py=—(—) 2L2p, 44
v 2772<2Mg) kP @9

A. First choice: Theory based

A first and natural choice is to use the power spectrum
that is deduced from inflation and the transfer function
computed in a ACDM model. Following Ref. [12], the
power spectrum takes the form

_ (2A&Y 21
Py = (5) @, 45)
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where Ay is the primordial power of the curvature pertur-
bation and is given by

5 k \ns—1
Ay = A(k ) (46)
CMB
with keygs = 0.002 Mpe ™, , = 0.96, and
A=241X107% 47)

so that it is CMB normalized [29].

For a ACDM model, the growing mode of the matter
density perturbation is given in terms of a hypergeometric
function as [1]

D, () = a(?) 2Fl[l : H;—sinhze\/—ﬂ—/;(—)Hot)], (48)

'376
so that the growth factor takes the form
2(2) [ 111 Ky ]
— =,F|lLz;—;———| 49
Lo 1736 (1+2z)° “49)
The transfer function is parameterized as
Lo(q)
To(q) = 7> (50)
" Lo(g) + Colg)g?
with
Lo(g) = In(2e + 1.8¢g), (51)
731
C =142+ —, 52
o(4) 1+ 62.5¢ 42
q being defined as
k k
q= (53)

1341k Quoh? Mpe !

B. Second choice: Observation based

We can also use a form of the power spectrum motivated
by observations and, for simplicity, we assume that its form
is similar to the one obtained from the APM survey [28]:

k

Pa(k) = Am,

(54)

with k, = (1/20)h Mpc~'. The normalization constant A
is related to o2,

o2 = (% [ @xam, )

where Wg, is a top-hat (spherical) window function with
radius Rg = 8h~! Mpc, o3 is typically of order unity today
(see, e.g., Ref. [30]), and it is equivalent to the variance ‘T%e
defined in Appendix C.

In the following, we decide to take as the value for oy
the one obtained using as a starting point the theory-based

power spectrum described above. Namely, in order for the

2

(55)
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FIG. 1 (color online). Comparison of the matter APM power
spectrum Py (dashed line) and the ACDM power spectum (solid
line) assuming (Q 0, Qx9) = (0.27,0.73) and a spectral index
ng, = 0.96.

two spectra to match, we compute o-% with the inflationary
spectrum, which is CMB normalized, and a set of cosmo-
logical parameters. We then impose that the value of o3
obtained from the APM spectrum is the same, which
determines A. Assuming 4 = 0.7 and a standard ACDM
model, we get A = 4.21 X 10°03 Mpc*. The details are
given in Appendix C.

The power spectrum for W, given by Eqs. (44) and (54),
is almost constant in the infrared (k << k) and behaves as
k=3 in the ultraviolet. It thus has the same behavior as the
spectrum obtained from assuming standard inflation in the
case of a spectral index n, = 1 in the infrared but differs in
the ultraviolet. The two power spectra for the matter den-
sity contrast are compared in Fig. 1 for z = 0. As one can
note, they are in extremely good agreement in the range of
values of k from which we get the main contribution to the
shear [see Egs. (61)-(67)] and where the nonlinear effects
can still be neglected.

V. SHEAR CALCULATION

We are now in a position to actually compute the shear
of the averaged flow (o?)p using these two power spectra.
As already mentioned, the ensemble average of the
spatially averaged shear loses reference to the averaging
domain D, so that we can drop the dependence on D.

For a ACDM model, Eq. (29) implies that ¥ « D, /a,
so that

202

80

Vi(z) = Vi(z =0 (56)

where g, = g(z = 0). Considering Eq. (38) to evaluate By,
one gets

=—(1 +z)

7 O / di—to 8@ s

HEZ)1+2Z) g

The integral has to be performed numerically, and the
solution can be written as
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=—(1 +z)

‘I'k(o)l (2 Qo Qao) (58)
with

z H, !

1(z, Qumo, Qao) =[ d7 ———" 8()

H(Z)1+2) go

where z; is an initial redshift deep in the matter era, the
choice of which does not impact the final result.

Going on, we find that, starting from Eq. (37), the
ensemble average of the shear is given by

5% 1 1
() = oz () (1% PP Do Do)

. (39

X f dkKS|W,(0) 2. (60)

A. APM power spectrum

Using the expression of the power spectrum
[Egs. (44)-(54)], the previous computation can be per-
formed analytically to obtain

2 A
<3(17512> 82 Hg Q701+ 2P (2, Qo, Qao)
k3
X [dk— " 6l
f [+ (k/k)?P? v

This integral is clearly convergent in the infrared but
diverges in the ultraviolet.” It can be regularized in two
different ways: either by introducing an UV cutoff kyy, or
with the method introduced in Ref. [12] in which | ¥, (0)|?
is replaced by W(kR,)?|W,(0)|2, with W(kR,) = e ¥'&/2,
R, is a smoothing scale (and we will assume that
Ry = kgy)-
The result of the integration then takes the form

{2\
o) ) = 2K 2 oW i), ()

Ak . .
where ffg 02, is a constant but depends on the particular

set of cosmological parameters considered, the redshift
evolution is characterized by

(1+2)°*
Z =
f(@) 5G)
and W(kyy) is a function depending on the regularization

scheme and the cutoff (but not on the cosmological
parameters). With a simple cutoff,

12 (Z’ QmO’ ‘Q’AO)’ (63)

2We should note that, on the contrary, the value of the
expansion rate (ap/ap) given in Eq. (13) is not divergent in
the ultraviolet. This is a consequence of the fact that the
divergent term in the shear cancels with a similar divergence
in the genume kinematical backreaction (which at leading order
is QD ~ 2(?)p). Therefore, this divergent behavior can imprint
on the level of anisotropy of the averaged flow while not
affecting the total backreaction on (ap/ap) if calculated with
the standard Buchert procedure.
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k¢ ki \~1/2
Wkyy) = —1 + 1+ﬂ)(1+ﬂ) , 64

while the regularization based on a Gaussian window
function gives

l\)lr—‘

W(kyy) =

YT ko ee ( kz)

4 k. v

[ (i)l )

where Erf is the error function.

B. ACDM power spectrum

Let us now repeat this calculation with the power spec-
trum [Eq. (45)]. The expression of the shear is now given by
24 k4

@ 8o
) W< O rowikw), (66

where we now have

W(kyy) >

1 (dkk [ k \n—1

kCMB

L3 1 1 1 1 1 1
0.01 0.02 0.05 0.10 0.20 0.50 1.00
keuy Mpe™")

FIG. 2 (color online). Dependence of the window function W
on the UV cutoff scales kyy, assuming the APM (thin lines) or an
inflationary (thick lines) power spectrum. The solid line refers to
a sharp cutoff and the dashed line to a Gaussian regularization.
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This expression is clearly convergent in the infrared while it
diverges in the ultraviolet, so we have to regularize it.

Proceeding as in the previous paragraph, the use of an
UV cutoff leads to

kuv dkk% k n,—1
—_ T*(k 68
- G (kCMB> ® 68

or

o dkk n—1
W= [ 'y ( . ) e W THE)  (69)
CMB

for a window function. In both cases, the integration cannot
be performed analytically and we have to rely on a nu-
merical integration. Note, however, that the result will
depend only mildly on the spectral index as long as n; ~ 1.

These two window functions are compared in Fig. 2,
considering both the APM and the inflationary power
spectrums. In both cases, it can be concluded that the
dependence on the choice of the window function,
Eq. (64) or Eq. (65) for the APM power spectrum, and
Eq. (68) or Eq. (69) for the inflationary power spectrum, is
mild. As long as kg remains small compared to 1 Mpc™!,
there is almost no difference. See also Fig. 3 below, where
we have depicted, for the APM case, the time evolution of
the shear for the two window functions assuming kyy =
0.1 Mpc™!, kyy = 0.5 Mpc ™!, and kyy = 1 Mpc™!

C. Properties of the shear

The two previous sections show that the choices of the
cutoff scale and the power spectrum affect the overall value
of the shear. However, since, as seen from Fig. 1, the two
spectra are very similar in shape, we do not have an
important difference between the two choices. It is also
important to realize that the redshift dependence of the
shear is dictated by the function f(z), which is the same in
the two cases.

Let us first discuss the amplitude. The typical amplitude
of X is almost unaffected by the choice of power spectrum.
Typically the value of 3 computed with the inflationary
spectrum will be from 3% to 9% smaller than the value
computed with the APM spectrum when ky;y changes from
0.1 Mpc™! to 1 Mpc~!. For that reason, we will now

0.018F o016k

0.016F 014k
/ /
0.014F// ] /
Ma g N 012F)
L | T 0012 S ‘
v ™ v | e o10f
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FIG. 3 (color online).

Dependence of the anisotropy 3 as a function of the redshift z assuming UV cutoff kyy =

0.1,0.5, 1 Mpc™!

(from left to right) and assuming the APM power spectrum with ) o = 0.73. We plot both the solution using Eq. (64) (solid lines) and

the solution using Eq. (65) (dashed lines).
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present just one set of results. Fig. 3 depicts the evolution
of X for different values of kyy, and it can easily be
checked that the ratio between the overall amplitudes of
two curves coincides with the ratio of the corresponding
two window functions W (kyy). Typically, the overall am-
plitude is multiplied by a factor of order 9 or 19, respec-
tively, when using kyy = 0.5 Mpc™! or kyy = 1 Mpc™!
instead of kyy = 0.1 Mpc ™.

Let us now discuss the time evolution of 3, which
follows from the form of the function f(z) defined in
Eq. (63). The evolution of I(z, Q 9, () ao) at large redshift
(typically z > 1) can be obtained by assuming that g(z) is
almost constant and g(z) = g.. In this case we have

1 8o - Ji+ap(l+2)P° -1
12, Qg Dpo) = 5 8e 2 1m 0 —,

with ag = Q,0/Q po-. It follows that

(0 _ Ak} (gm)z 1
P (2= W(k — 70
3H2 977_2 g() ( UV) Z2 ( )

for z > 1. This is indeed consistent with our numerical
results, as depicted on Fig. 3.

In z =0, the function f can be expanded as f(z) =
f(0) + f(0)z so that the function starts increasing only if
f'(0) > 0, in which case 2(z) will peak at a redshift z,,,.
The condition for the existence of such a peak takes the
form

2
- 0> O’
I(O, QmO’ QAO)

since from Eq. (59), I'(0, Q0. Qr0) = 1. This condition
cannot be easily translated into a condition on the cosmo-
logical parameters, but for a flat ACDM, one gets that there
exists a peak if ()5, > 0.44. Interestingly, the position of
the peak depends on the value of the cosmological con-
stant. Figure 4 depicts the value z,,,, of the position of the

4-3Q0,,+ (71)

0.8F .

0.6f .

Zmax

0.4fF

0.2f

00r T
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Qo

FIG. 4 (color online). Value z,,,, of the position of the peak of
3, as a function of ) ,,. Such a peak exists only if the condition
of Eq. (71) is satisfied; that is, for o > 0.44.
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FIG. 5 (color online). Dependence of 2 (z) on the value of ),
for an UV cutoff kyy = 0.5 Mpc~!. The position of the peak
corresponds to the value of z,,,, depicted in Fig. 4. )5, ranges
from 0.2 to 0.9 by steps of 0.1 (with the addition of the curve
correspondent to (), = 0.73). The dashed curves do not satisfy
the condition of Eq. (71) and have no maximum. The thick curve
is the one which corresponds to o, = 0.73.

peak as a function of (),,. This computation can be
compared to the explicit form of 3(z), allowing € ,, to
vary between 0.2 and 0.9; see Fig. 5. Note that one needs to
compute A for each value of the cosmological parameters,
since the relation between o3 and the theory-based power
spectrum depends on the growth rate and k.q. The ampli-
tude of the peak decreases with () ,, which can be traced
back to (1) the fact that the growth rate is smaller for larger
A and (2) the fact that k., decreases with (),,. We will
have a longer radiation era with more modes entering the
Hubble radius during this era. As a consequence, they will
be significantly damped with respect to those which be-
come sub-Hubble during the matter era (see, for example,
Ref. [15]).

The behavior of 2(z) has to be compared with the
behavior of a homogeneous shear, e.g., in a Bianchi I
universe, for which it scales as o « (1 + z)°, so that in
the matter era, it decays as Spjncni ~ 2 [31] while the
spatially average anisotropy induced by the large-scale
structure grows as 3 ~ z 2 to eventually peak and then
slowly decay as 3 ~ z. Its typical amplitude is set by the
value of the cosmological parameters and the normaliza-
tion of the matter power spectrum, contrary to a Bianchi
universe for which it is a pure initial condition.

VI. DISCUSSION

This article relies on the simple remark that generically a
spatially averaged flow has no reason to be isotropic. We
have thus focused our analysis of the shear in order to
quantify the expected deviation from isotropy that arises
from the backreaction of large-scale structure.

For that purpose, we have used the averaging procedure
designed in Ref. [2] but rewritten in a way that makes
explicit the anisotropy of the averaged flow. Under this new
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form the kinematical backreaction term arises only from
inhomogeneities and, e.g., the spatial average of a Bianchi
dynamics remains unchanged, so that it is physically more
sound (in particular, one can think of comparing the back-
reaction that arises from similar inhomogeneities with
respect to different background homogeneous flows). In
order to evaluate the order of magnitude of the scalar
anisotropy 2, it is sufficient to work at first order in
perturbation theory.

Concerning the questions that were raised in the
Introduction, we can give the following answers.

First, (o) diverges in the ultraviolet, and it must be
regularized by the introduction of an UV cutoff kyy; see
Egs. (64) and (65) or Egs. (68) and (69). Such UV diver-
gence has a large impact on the final result, and the same
problem of UV-divergent terms is also found in other
approaches [e.g., the one based on the all-sky average
(monopole) of the redshift-distance relation, obtained
from the Kristan and Sachs approach [32], as clearly shown
in Ref. [15]].% The question regarding this cutoff is central
in the backreaction debate. Indeed, since we have used
linear perturbation theory, it is probably not safe to ex-
trapolate at scales larger than k ~ 1 Mpc ™! without taking
into account the nonlinear effects which turn on beyond
such scales. This divergence is particulary problematic for
the shear, since this is related to an anisotropy of the
Hubble flow and can thus, in principle, be observed. We
see that its amplitude can shift from 2% to 37% when kyy
varies from 0.1 to 1 Mpc ™! for the standard ACDM model
(see Fig. 3), and it varies with the value of the cosmological
constant (see Fig. 6).

Since the amplitude of some backreaction effects can
also depend on kyjy (see Ref. [15]), a constraint of the scalar
shear can be translated into a constraint on the backreaction,
hence possibly resolving the debate of the ability for these
effects to explain the late time acceleration of the Universe.
The average Friedmann equation [Eq. (18)] can be rewritten
as 1=Qm+QA+QU+QK+QQ. It is well known (see,
for example, Refs. [5,12]) that Q, = Q, + QQ, which
usually characterizes the backreaction, is not UV divergent,
while both (), and QQ are. This arises from the fact that the
divergence does not appear in {®)p, while it does in both
(o)p and (@?)p. This shows trivially that ), ~ —QQ for
large kv, so that the amplitude of the anisotropy and the
kinematical backreaction are related in this regime.

Let us stress that there is no total agreement about the
physical meaning of the Buchert procedure and its connec-
tion to observable quantities. For example, quantities con-
nected to spatial averages are not, strictly speaking,

*However, note that the use of a well-defined procedure to
average over the light cone [33], applied to the perturbative
expansion up to the second order of the exact redshift-distance
relation, gives a well-defined result with no ultraviolet
divergences [34].
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FIG. 6 (color online). Amplitude of the peak (zn.) as a
function of € ,,. From bottom to top, kyy = 0.1, 0.5, 1 Mpc™!,
and we have used the two regularization schemes [Eq. (64) (solid
lines) and Eq. (65) (dashed lines)]. It decreases with () 5.

observable, because we only have observational access to
our past light cone (see, for example, Ref. [15]). On the
other hand, if we take seriously these equations, we have an
important observational impact via the averaged shear.

It is then important to realize that the anisotropy arising
from the averaged flow, as a specific signature of backreac-
tion, may allow us to discriminate with dark energy models
[35] (unless dark energy has an anisotropic stress, as e.g. in
Ref. [36]) or modification of general relativity. We argue that
this is a key quantity to discriminate these models as a
possible explanation of the late time acceleration of the
cosmic expansion. We have shown that its amplitude is fixed
by the cosmological parameters and the matter power spec-
trum, and not as an initial condition, as e.g. for Bianchi
universes. Its time evolution is also different from the homo-
geneous shear of a Bianchi universe, since it increases with
time to eventually reach a maximum. In an effective way,
this can indeed be rephrased as a dark energy anisotropic
stress, the time evolution of which is determined by the
growth of the structures.

We have shown that for a standard ACDM background
dynamics, 2 peaks between 2% and 37% at a redshift of
order 0.5. Any bound on the anisotropy of the Hubble flow
can probably set constraints on backreaction effects. In
particular, it shows explicitly that a cutoff scale larger
than or on the order of 1 Mpc~! induces too strong an
anisotropy. Indeed, it does not make sense to derive the
value of a cutoff from observation, but it emphasizes,
again, the necessity to design a proper regularization
scheme for this mechanism to be fully predictive. An
anisotropy with that amplitude can potentially be observ-
able, in particular with weak lensing experiment such as
Euclid [37] via the B modes [38].

From a technical point of view, we have used two matter
power spectra. One is more realistic, while the second has a
more simple form. Interestingly, we have shown that they
give similar results as long as kyy remains small. This is
thus a excellent tool that allows us to make analytical
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estimates and, for instance, to derive scalings and order of
magnitude without numerical integrations of the spectrum.

Our analysis, while restricted to simple power spectra and
linear perturbation theory, points toward a specific signature
of backreaction. This may offer the possibility of constrain-
ing this class of explanations for the dark energy.
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APPENDIX A: LINEAR PERTURBATION THEORY

We summarize here the main result of linear perturbation
theory around a spatially Euclidean FL spacetime. We use
the notation of Ref. [1]. The standard scalar-vector-tensor
decomposition of the metric component takes the form

5(1)g00 = _2(12A, 5(1)gi0 = ClzBi = az(aiB + Bi)’

with four scalar degrees of freedom (A, B, C, and E), two
transverse vectors (B; and E; with 9'B; = 0, 9'E; = 0) with
four degrees of freedom, and a traceless and transverse
tensor (E;; with 9'E;; = 0 = E?) with two degrees of free-
dom. One can then define six gauge invariant degrees of
freedom, usually defined as

=-C—-HB-FE), (A1)
d=A+HB—-FE)+(B-E), (A2)
di=E" - B, (A3)

E, (A4)

where the prime denotes the derivative with respect to
conformal time, and H = d'/a.

Considering a matter sector described by a perfect fluid
with the stress-energy tensor

Ty, =(p+ Puyu, +Pg,, (A5)

where the density and pressure can be split as p(x, ) =
p(n) + 8p(x, n) and P(x, ) = P(n) + 6P(x, i), and the
velocity of the comoving observers is decomposed as u* =
ut* + du* with u,ut = —1, it follows that

ut=a"'(1-Av"), u,=a(—1—Av;,+B,)),

o

(A6)
and we decompose v; into scalar and a vector component
according to

v, = (")iv + ‘ljl'. (A7)

Some of the gauge-invariant variables associated to the
matter sector are then given by
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!
s¢=6+2w+n), (A8)

p
V=v+E. (A9)

The scalar shear, given in Eq. (9), is by construction a
second-order quantity, so that

(030 = () =o0.

Thus, at the lowest order and for a general metric, we have

(Al1)

1 1
(02)@ = 5257 [55,1755’ i §(v25s)2:|
1 A
+_—1| B B — —(98'B,)?
2a2[ L 3( l) ]
1 g |
+ ﬁ[b\s,ijB = E(V%‘S)(a Bi)]
_ LBS ”],;/,l'j _ LB 'ﬁ/,ij + L}?Hﬁ/’lj
(12S/ ' az L] 202 1] ’

(A12)

where h;; = 9;0,E —18,V?E + 9,E; + 9,E; + E;;, and
we use the notation X ; = 9,X for any field X.

It is clear that first-order perturbation theory is sufficient
to obtain the general expression for the shear up to second
order, since second-order perturbations will contribute
only to the third or fourth order of o?.

Let us stress that if we neglect vector and tensor pertur-
bations at first order (considering their contribution negli-
gible with respect to the scalar ones), then there will be no
vector or tensor contributions in (¢2)@. In fact, genuine
second-order vector and tensor contributions, that are al-
ways sourced by first-order scalar perturbations, are also
not present in (02)?@, as we have seen. We can note that
this is also a consequence of a general property valid for
any scalar field at any order in perturbation theory. Namely,
at a given order n the vectors B\" and E™ and the tensor
hg-') can appear in a scalar quantity only as 9'B™, a'E\"
9o/ hf-;'), or h{("), but since the vectors and the tensors are,
respectively, transverse, and traceless and transverse to all
order, these terms are always identically zero.

APPENDIX B: SHEAR AVERAGE

Following Refs. [19,20], the spatial average prescription
described in Eq. (10) can be generalized to take a mani-
festly gauge-invariant form, which allows the use of differ-
ent gauges independently of the choice of the spacelike
hypersurface on which the average is performed. For
instance, the average of a scalar quantity A(f,x) on a
hypersurface S(z, x) = S, can be obtained from the four-
dimensional integral
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I(A, Q) = fmz )d4x,/— 2(1 V)AL x)
- / dy[—g(t DAL OWa (1 x).  (BI)

Here g is the determinant of the four-metric g,,, and the
window function is given by

W (t, x) = n*V 0[St x) — SolWq (1, x), (B2)

where W, (1, x) defines the three-dimensional domain D
inside the three-dimensional hypersurface S(z, x) = S.
Then the average is simply given by [19,20]

fzSO /1710, ©)[D(tg, X)W o[ (10, x), x)]
fzso d3x Vv 7(t0’ x)lwﬂ[h(t()’ .X'), x)]
(B3)

(D)) s,y =

where 7 is the determinant of the three-metric g;;, and the
bar indicates that the quantities are evaluated in a new bar
coordinate system in which the scalar S is homogeneous
li.e., S(r, x) = S©(7)]. This corresponds to a redefinition of
the time coordinate, t — 7 with t = h(Z, x). Furthermore, ¢,
is the time 7 at which S©(7) takes the constant value S,.
The suffix X s, on the integral recalls that we are averaging
a scalar quantity A on a section of the three-dimensional
hypersurface 2 , where the given scalar field S(z, x) takes
the constant value .

On the other hand, for the aim of the paper, the simpler
definition given by Eq. (10) is sufficient to average the
scalar shear without running into problems related to the
gauge choice. In fact, a double simplification appears as a
consequence of the fact that the scalar shear is nonvanishing
only from the second order on [see Eqs. (34) and (35)]. First,
performing the computations only up to second order, we

can take /| y| = \/ |79 = a(r)?, and the particular form of
the perturbations of the spatial metric is irrelevant. Second,

the shear will be gauge invariant up to this second order, i.e.
(%)@ = (02)@. Therefore there is no difference between
the particular bar gauge and any other gauge for such a
quantity. As a final result, we obtain that, up to second order
in perturbation theory, the average of the shear over a three-
dimensional domain D can be simply written as
1
@p = [ Exe) 0. B
VD D
Considering now the gauge introduced in Eq. (26) of
Sec. III B, using Eq. (35), and neglecting tensor and vector
contributions, we end up with
(0%)p = f d3xi[3 B~ 1(v219)2:|. (B5)
Vp Jo 2a%L Y 3
Let us now consider the Fourier expansion of the first-
order perturbation B as
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k.
B(%, 1) = [ (2(:7)3 75 "X By(7).

The integral becomes

&3k |
2 — 31 I A — Z 21112
(oD p= f [(277 &k {(k,k]k k 3k k )

X Bk'Bk/fei(k/Jrk//)"‘}.

(B6)

(B7)

If, as predicted from inflation, the cosmological perturba-
tions are related to the primordial perturbations which
enjoy Gaussian statistics with zero mean [1], the average
can be computed by taking an ensemble average over many
domains [39]. We denote this additional average by an
overbar. As a consequence, if B is statistically homoge-
neous, then

B(k)B(k') = |B,|6®(k + K'). (BS)
The ensemble average of () is thus given by
1 1 1 2
(2N = Pr— — Bk 21K 14 B2
o= [, 5 o [ STIB
1
3Kk |*| By |? B9
=3 oy | CEWHIBE (B9)

and it will be independent from the domain of integration
D, whatever is the window function which defines such
domain of integration. This is a general property for the
ensemble average of the spatial average of a second-order
contribution. However, it is worth underlining that the
result of Eq. (B9) holds only because the higher contribu-
tions arising from the ensemble average, and involving also
the induced metric (which is also present in the definition
of V), will be at least fourth order in perturbation theory.

APPENDIX C: NORMALIZATION OF THE
MATTER POWER SPECTRA

1. Definition of o2

For any density field 6 that can be decomposed in
Fourier modes as

&k )
000 = [ e

and any window function Wy(x) of typical width R, the
smoothed density field is given by

(CDH

Brlx, 1) = [ Bys(y, OWellx — 3. (C2)

Decomposing the window function in Fourier modes W}, as
in Eq. (C1), it is easily concluded that the Fourier compo-
nents of the smoothed density field are

Sr(k, 1) = (2m)3 /28, W,. (C3)
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It is then clear that the variance g% = 8%(x, 1) can be
expressed as

dk k3 dk
oh = | 7 a2 PekWE = [ - PsRWE. (C4)

For a top-hat filter of width R, we have that

_ 1 3ji(kR)
T omr kR

(C5)

where j; is a spherical Bessel function of order 1 and is
explicitly given by
sinx — x cosx

jl(x) = X2

(Co)
It follows that

dk
oh = [ Pat]

3j1(kR)7?
R ] ((eF))]

2. Determination of A

The power spectrum determined by inflation is CMB
normalized, which fixes the value of A [see Eq. (47)]. The
power spectrum of the gravitational potential is given by
Eq. (45), which implies that the matter power spectrum at
redshift z = 0 is given, after use of the Poisson equation

[Eq. (29)] by
4 K
Psk)=-——7F—
075 o7
It follows that the value of o3 determined from this spec-
trum is, using the definitions of Sec. IVA, given by

ot =0} = gﬁz—A

P 5 8/ Qf0aj
L
k H

Py (k). (C8)

kCMB kR 8

(C9)

with Ry = 8h~! Mpc. This value of o depends on the
cosmological parameters, in particular via the ratio g¢/ge

and k.y, and on ng.
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FIG. 7 (color online). Dependence of A on the cosmological
parameters, normalized to its value for ),y = 0.73.

In order to determine A, we impose that the two power
spectra give the same o3. With the notations of Sec. IV B,
we have that

= dn [ [PedT

— CI10
272 (1 + u?)2L  au (10)
with @ = Rgk, = 8h~! Mpe X ©/20 Mpc~! = 2/5.
This latter integral evaluates to ~0.158, so Ak*~6.32073.
We thus use

A =632k *a(A, Qo Qo 1)

= 1.01 X 10°h402(A, Qo Qao. n;) Mpet.  (C11)

Such a choice allows us to tune the APM power spectrum
to match the inflationary power spectrum with the draw-
back that it is not CMB normalized (see Fig. 1). As
explained in the text, this is not too much of a problem
since we only use it to derive analytical orders of magni-
tude and since the computations can be performed numeri-
cally with the inflationary power spectrum. The scaling of
A with the cosmological parameters is depicted in Fig. 7.
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